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Abstract The present paper is devoted to the construction of small reducible
quasi—periodic solutions for the completely resonant NLS equations on a d—dimensional
torus T¢. The main point is to prove that the normal form is reducible, block diag-
onal and satisifies the second Melnikov conditon block wise. From this we deduce
the result by a KAM algorithm.

Keywords KAM theory for PDEs - Quasi-periodic solutions.

Mathematics Subject Classification (2000) 37K55 - 35Q55

1 Introduction

The present paper is devoted to the construction of small reducible (see Definition
@) quasi—periodic solutions for the completely resonant NLS equations on a d—
dimensional torus T:

iue — Au = k|u*%u + 92G(|ul?). (1)

Here u := u(t,¢), ¢ € T A is the Laplace operator and G(a) is a real ana-
lytic function whose Taylor series starts from degree ¢ + 2, ¢ > 1. Finally k is a
coupling constant which can be normalised to +1. Since in our results the sign
is irrelevant we will set it equal to one. Note that we have restricted our atten-
tion to p-independent non-linearities G. The corresponding symmetries imply the
presence of d + 1 constants of motion given by the L? norm and the momentum
(translation invariance).

The first author is supported by ERC project HamPDEs, under FP7

M. Procesi
Universita di Roma, La Sapienza, Tel.: +390649913250, E-mail: mprocesi@mat.uniromal.it

C. Procesi
Universita di Roma, La Sapienza E-mail: procesi@mat.uniromal.it



2 M. Procesi, C. Procesi

A relevant feature is that the NLS equation is completely resonant near u = 0
(i.e. all the linear solutions are periodic), hence we look for our quasi-periodic
solutions close to some periodic solutions

n Sle 12 s
Z\/gelhw:\ teldive (2)
=1

of the linear equation involving n frequencies S = {j1,...,jn} C Z%. Tt is well
known, see for instance [8], that due to the presence of resonances, there exist
choices of the frequencies S for which the solutions of the non-linear system differ
drastically from the ones of the linear system. In order to avoid such phenomena
we restrict to gemeric choices of S, where generic means that this list of vectors
does not satisfy some explicit, although quite complicated, polynomial equations
which express the resonances to be avoided.

Our results are obtained by exploiting the Hamiltonian structure of equation
(1), and by studying a simplified Hamiltonian, denoted Hp; 1 see Formula ,
obtained from H by removing all terms of degree 2¢ + 2 which do not Poisson
commute with the quadratic part. Its Hamiltonian vector field is tangent to in-
finitely many subspaces obtained by setting some of the coordinates equal to 0 (cf.
[13], Prop. 1). On infinitely many of them the restricted system is completely inte-
grable, thus the next step consists in choosing such a subset S which, for obvious
reasons, is called of tangential sites.

In this step the linear solution of deforms to a quasi—periodic solution

s (1) ..
Z \/ae‘t(lmzﬂ"l1 ©)eidid  for wgl)(é) see Formula (53). (3)

We then apply a KAM algorithm, starting from the small quasi—periodic orbits
parametrised by ¢ in a suitable domain. To be precise

Theorem 1 For any choice of n generic frequencies S = {j1,...,jn}t C 7%, and
for e sufficently small, there exists a compact set Ooo contained in {(&1,...,&n)},
€22 < & < %} of measure of order €™, parametrizing bijectively a set of quasi—
periodic solutions of which are a small perturbation of the solutions of type (3)
of the equations associated to the hamiltonian Hgiy. Moreover the quasi-periodic
solutions for all £ € O are reducible KAM tori, see Definition[9

As is well known KAM algorithms require strong non-degeneracy conditions
(namely the the eigenvalues of the operator linearized in a neighborhood of zero
be bounded away from zero and distinct) not always valid, even for finite dimen-
sional systems, this has for long time been an obstacle for applications to PDEs
on tori. Indeed existence results for quasi-periodic solutions (with no control on
the reducibility) for such equations were proved, starting from the late 90, by
"multiscale" techniques (see [6],[3]). In the case of the resonant NLS we mention
the paper [I6] which covers our equation and provides an existence result. The
breakthrough result in KAM theory was in the paper [9], where the authors proved
reducibility for a class of non-resonant NLS equations (see also [17] and [7], [10]
for the beam equation). A main point in these papers was to impose a quantitative
lower bound on the difference of the eigenvalues, this required the introduction of
Toplitz Lipschitz functions.
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In the case of resonant PDEs the first problem that arises in KAM schemes
is to prove (when it holds) reducibility for the Birkhoff normal form, for the NLS
this was done in [I5]. Then, in order to proceed with the KAM scheme one needs
further non-resonance assumptions on the normal form (the so called Melnikov
conditions) which are in general much harder to prove that in the non-resonant
cases.

In the case of the cubic NLS, i.e. ¢ = 1, in [14] we have discussed in detail the
KAM algorithm and proved the existence of families of stable and unstable quasi-
periodic solutions. This required a very subtle combinatorial analysis (performed in
[15]) which enabled us to prove the second Melnikov conditions (which amounts to
proving that the NLS equation linearised at an approximate solution has distinct
eigenvalues on the space of quasi-periodic functions). This combinatoric is not
available for ¢ > 1 except in dimension d < 2 (see. [I1]).

In the present paper we discuss the general case d > 1,q > 1 and prove that,
for a generic choice of the excited frequencies S, the multiplicity of the eigenvalues
of the corresponding linearised system is uniformly bounded, and moreover there
is a normal form with a block diagonal non—degeneracy, see Proposition [I]

Using the properties of this normal form in section §4] we explain how a KAM
algorithm leads to existence and reducibility of quasi-periodic solutions. This re-
quires some minor variations in the KAM scheme of [I4] in order to take into
account the block diagonal structure (essentially one needs to control more deriva-
tives in the & variables). Since the material is quite standard, but very heavy and
lengthly, we only give a schematic proof, contained Propositions [3] and [4] see
For a detailed exposition we refer the reader to [I4].

Finally we mention that very similar kind of problems appear in the preprint
[L0] where the authors study the non-linear beam equation.

2 The Hamiltonian formalism

Passing to the Fourier representation
i(k,
ult, @) = Y ur(t)e' ™ (4)
kezd

we have, up to a rescaling of u and of time, in coordinates, dropping the part of
G which will be placed in the perturbation, the Hamiltonian:

H = Z |k‘|2ukﬂk + Z Uy Uy Uy Uy - - - uk2q+lﬂk24+2. (5)
kezd ki €zd: 32972 (—1)ik;=0
The complex symplectic form is izk duy N dug, and we work on the scale of
complex Hilbert spaces (u, ) € 7P 7lP)  where:
74P = fu = {uptreze | Juol® + Y funP Mk = JullZ, < oo}, (6)
kezd

Where a > 0, p > d/2. Note that both H and its Hamiltonian vector field Xy are
analytic functions on these spaceﬂ We denote as usual by {A, B} the associated

1 it is well known that the NLS is locally well posed under much weaker regularity conditions.

This is not the purpose of the present paper.
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Poisson bracket and, if we want to stress the role of one of the two variables, we
also write ad(A) for the linear operator B — {A, B}E|

We systematically apply the fact that we have d + 1 conserved quantities: the
d—vector momentum M := Y, ;4 |ux|*k and the scalar mass L := 3, _za |uk|?
with

{M, uh} = iuph, {M,ﬁh} = —iuph, {]L,uh} = iup, {]L, ﬁh} = —iup. (7)

The terms in equation commute with L. The conservation of momentum is
expressed by the constraints Z?iﬁ%—l)iki =0.

We partition Z¢ = SUS®, S := (j1,...,jn) where the elements of S play
the role of tangential sites and those of the complement S° the normal sites. We
divide v € £*? in two components u = (u1,uz2), where u1 has indexes in S and
ug in S¢. Here we always assume that S is subject to the constraints which make
it generic and which are fully discussed in [13] and finally refined in [I5]. Further
constraints will appear later in this paper.

We apply a standard semi-normal form change of variables v =
which is well defined and analytic: Be, X Be, — Bae, X Bae,, for €9 small enough,
see [13].

The map ¥V brings (5)) to the form H = Hp; + P?712(u) + P*9+2 () where
P29%2(y) is of degree 2¢+2 in u and at least cubic in uz while P49+2(u) is analytic
of degree at least 4¢ 4+ 2 in w, finally

Hpiri = Z |kPuptip + Z (Z) (2>uau’6. (8)

kezd a,Bec’

ad(FBirk)
b

oz + |62l <2 Jal = |l =q+1, o)
>orlow = Br)k =0, 3, (ax — Br)|k[” = 0.
The constraint |az| + |B2| < 2 comes from the definition of P?972(u), the other

three constraints in this formula express the conservation of L, M and of the
quadratic energy:

¢ :a,Be @)

K=Y [kl upix. (10)
kezZ?

Switching to polar coordinates we set

ug =z, for k € 8¢, wy, == /& + yie'™ = V& (1 + 2y£ +...)€ (11)

fori=1,...,n. Here we conside the & > 0 as parameters |y;| < & while y, z,w :=
(z,z) are dynamical variable We denote by £(*P) .= Ega’p) the subspace of
7LP) % 7LoP) of the sequences u;, @; with indices in S¢ and denote the coordinates
w = (z,Z). We define
A= [1, §} " .
2°2

2 ad stands for adjoint in the language of Lie algebras.

3 To be completely formal one should think of z, Z as independent dynamical variables, to
this purpose they are often denoted by 2T, z~, then one shows that the real subspace, where
zt = 27 is invariant w.r.t. the dynamics
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We choose € > 0 small and note that for all £ € e*A and for all r < /2, formula
is an analytic and symplectic change of variables ®¢ in the domain

Dap(s,r) = D(s,r) :=
{z,yw: 2 €Th, |yl <r?, Jlwllap <} C T x C" x £, (12)

Here e > 0, s > 0 and 0 < r < ¢/2 are auxiliary parameters while T} denotes the
compact subset of the complex torus T¢ := C"/27Z"™ where z € C", |Im(z)| < s.
Moreover there exist universal constants ¢1 < 1/2, c2 such that if

r<ce and V2nearPe e <6y, k= max(|ji|) (13)

the change of variables sends D(s,r) — Be, so we can apply it to our Hamiltonian.

We thus assume that the parameters ¢, r, s satisfy . Formula puts in
action angle variables (y;x) = (y1,...,Yn;Z1,...,%n) the tangential sites, close to
the action &, parameters for the system. The symplectic form is now dy A dx +
) ZkESC dzk NdZk. By abuse of notations we still call H the composed Hamiltonian
HowWo De.

Remark that, in polar coordinates the Hamiltonians L, M, K, after dropping
some constant terms which Poisson commute with everything become

M= > wiji+ Y klal’, L= wi+ Y |al,

keSec (3 keSec
K=3P 5+ 3 k2, 5@ = (5 13al?). (14)
keSc

The standard form By the rules of Poisson bracket, on the real space spanned by
z,z, we have {a,b} = —{a,b} = {a,b} so {a,b} = —{a,b} = {b,a} is imaginary:

Definition 1 (a,b) :=i{a,b} is a real symmetric form, called the standard form.

For the variables we have (zp,,zx) = 08, (Zn,Zx) = —01, so the form is positive
definite on the space spanned by the z, which give an orthonormal basis, negative
on the space spanned by the z and of course indefinite if we mix the two types
of variables. Thus we may say that an element a in the real space spanned by
2,z is of type z (resp. z) if (a,a) = 1 resp. (a,a) = —1. For a quadratic real
Hamiltonian H = H we have {H, {a,b}} = 0 since {a, b} is a scalar. The map z
i{H,z} preserves the real subspace spanned by z, Z hence by the Jacobi identity
(a,i{H,b}) = (i{H,a},b) so the operator i{H, —} is symmetric with respect to
this form.

2.1 Functional setting

Following [12] we study regular functions F : A x D, p(s,7) — C, that is whose
Hamiltonian vector field X (+;€) is M-analytic from D(s,7) — C" x C" x £g7. In
the variables £ we require lossd regularity. Let us recall the definitions from [4].

Let us consider the Banach space V := C" x C" x £§* with (s, r)-weighted norm

[zllap  1Zlla.p
’ * 15
P (15)

7 = (I,y,Z,Z) € V? ||7||V73y7“ =
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where, || := maxp—1,...n x|, [yl1 == D5 [yn| and we restrict 7, s with 0 <
s<1,0<r<ce.
For a vector field X : D(s,r) — V, described by the formal Taylor expansion:

X = Z Xl(,:”i)yawﬁei(V’QT)yizaZﬁaV’ V=XV, %, z

vyi,a,f

we define the majorant and its norm:

MX = Z |X£Yg’a,5|esly‘yiza268‘,, v=1x,9,2,2
v,i,a,3

1 X|]s,r == sup IMX|lv,s,r - (16)
(y,2,2)€D(s,r)

The different weights ensure that, if || X p||s,» is sufficiently small, then F' generates
a close-to—identity symplectic change of variables from D(s/2,7/2) — D(s,r).

In our algorithm we deal with functions which depend in a C* way on some
parameters ¢ in a compact set @ C e2A, the integer ¢ in fact will be chosen
to be (2d + 1)?, the maximal size of diagonal blocks of the normal form of the
NLS. To handle this dependence one introduces weighted norms for a map X :
O x D(s,r) = V setting:

A k| || ok A A
XI5, == Z NNOEX oy I1IX1120 = sup | X (€130 (17)
kEN™: k| <£ £€0

where ) is a parameter of order £2. Sometimes when O is understood we just write
IX 12 0 = X2,

During the KAM algorithm we shall use a stronger norm, called quasi—Toplitz,
depending on various parameters 7 given by A, s, 7, O and three parameters K, 9, "
with K a large positive integer and 3 < ¥, < 4. We denote such norm by || - ||%
Since the definition is quite long we do not restate it in the present paper but
refer the reader to [I7] and [14], we only give in the appendix |B| an informal
presentation of quasiT6plitz Hamiltonians and their main properties. The main
point is that this norm is closed w.r.t Poisson brackets and moreover it controls the
behaviour of linear Hamiltonian vector fields with respect to linear stratifications
(cf. Definition , this will be essential in the KAM algorithm for controlling the
measure estimates.

Definition 2 We define by Vi s,r.0 = Vs,r, Hx,s,r,0 = Hs,r, resp. ’H% with ? =
(A, s, 7,0, 1, K,O), the space of M—analytic vector fields, resp. regular analytic
and finally quasi—-T6plitz, Hamiltonians depending on a parameter £ € O with the
norm

XIS IFIS = IXF]S, < oo, resp [ Xr|F < oo, (18)

where 7 = (A sy, 9, 4, K, O).

4 in fact Hamiltonians should be considered up to scalar summands and then this is actually
a norm
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The main properties of the majorant norm, contained in [2], Lemmata 2.10, 2.15,
2.17, express the compatibility of the norm with projections and Poisson brackets.
Similarly the main properties of the quasi—T6plitz norm may be found in §8.17.1
and in Proposition 9.2 of [14].

Since ’H% is a space of M—analytic functions it is naturally spanned by the
monomials ei”'zyizo‘iﬁ. It is natural to give degree 0 to the angles x, degree 2 to
y and 1 to w. In this way each element F' € ’H% is expanded as F' = Z?io FU),
We will need the projections onto various subspaces, in particular those defined
by the degree, which are all continuous w.r.t the majorant norm.

Definition 3 A linear operator L on HL has degree j if it maps elements of
degree k into elements of degree k + j for all k.

Notice that the degree of the composition of two linear operators of degree 1, j is
their sum ¢ + j.

Remark 1 If A € H,,» has degree j the linear operator ad(A) has degree j — 2. By
the Cauchy estimates (Lemma 2.17 of [2]) this is continuous as operator Hs,, —
Hsr o with 8 < s and r’ <.

Definition 4 The normal form N collects all the terms of Hp;r of degree < 2
(dropping the constant terms). We then set P:= H — N or H =N + P.

For a basic finiteness property of the normal form we need the following;:

Definition 5 A linear stratification of R™ is a finite decomposition R™ = Uj Y;
where the closure Y; of each Yj is a linear affine subspace, and Y; is obtained from
Yj by removing a finite number of proper linear affine subspaces.

A given stratum Y lies in a minimal affine space ¥ and the group Ty of
translations of Y is the group of translations of Y.

Remark 2 A linear stratification is obtained by choosing a finite list of linear affine
subspaces A;. Then to each A; is associated, as stratum, the set of points in A;
which do not lie in any of the affine spaces A; of the list which do not contain A;.

Thus Y is obtained from any of its elements y as y + Ty and then removing the
lower dimensional strata.

Remark 3 If each Y; is defined by linear equations over Z we speak of an integral
linear stratification, this induces by intersection a linear stratification of Z".

The integral points satisfying £ independent linear equations with coefficients
in Z form a subgroup I" of Z? isomorphic to Z¢~* (with an integral basis which
can be extended to a basis of Z%). Correspondingly the intersection of an affine
space Y (defined over Z) of dimension k = d — ¢ with Z is of the form I"4u where
weZland ' c Z%is a group of integral translations isomorphic to /i (usually k
is called rank). Each stratum has thus a rank and is obtained from such a translate
by removing a finite number of translates of subgroups of strictly lower rank.

The linear stratifications appearing in this paper come from two sources, the theory
of graphs and block diagonal structure of the Normal form and the Theory of cuts,

see § [7.J] and Appendix [B]
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3 Properties of the normal form

Here we state the main properties used in the KAM algorithm. These properties
are detailed and proved in §5]

We need to explain the following notation and fact. First given a sign o = +1
and a variable z we write 2z, = z if o =1 and z; if 0 = —1.

Denote by F the space of Hamiltonians of degree < 2 (which form a Lie algebra
under Poisson bracket). In our treatment we have a normal form Hamiltonian with
normal variables zg, Zr k € S¢. The Hamiltonian is block diagonal w.r.t a block
decomposition with finite blocks D¢ C S¢ indexed by a denumberable index set ¥.
In turn this set is divided into an infinite set s and a finite set T¢. For each t € ¥
we have a finite set of indices k € Dy C S¢ and, for the finitely many elements in
T also a sign function s(k) = £1 for k € Di. When we have such a sign we need to
divide the corresponding variables {zx, Zk }xep, in the set z,‘z(k) and its conjugate.
The variables span a symplectic space and the two sets each span a lagrangian
subspace.

Definition 6 An z independent quadratic Hamiltonian on the space {zx, Zx } kep,
will be called Lagrangian if under Poisson bracket it preserves these two spaces,
this means that we never have in its expression a term of type zpz or ZxZx (with
h,k € Dy) if s(k) = s(h) or zZ; if s(k) = —s(h). In matrix terms this is the
standard embedding of m x m matrices into the Lie algebra of the symplectic
group of dimension 2m.

In fact, by Formula (21]), this Lagrangian structure is equivalent to conservation
of momentum (or of quadratic energy). We then have the main properties of the
normal form summarized as follows:

Proposition 1 For any generic choice of the tangential sites S = {j1,...,jn},
there exists a homogeneous algebraic hypersurface A, whose complement in R is
union of simply connected open regions R with the property:

For each a there is an analytic family of symplectic changes of variables Rq X
D(s,r) = Be, which conjugates the NLS Hamiltonian to the following form H =
NG L AL P ohere:

N = w(@) g+ 3 20e) Y |zl + Y 208 D skl
teT, keD, teTy keb,
Nnil _ Z Q?il. (19)

teTy

The set Ts is a denumerable index set while Ty is finite. Each index t identifies
a point ry € S¢ and an algebraic function 6y, homogeneous of degree q, chosen
from a finite list Y (see Formula (69))). The map t — (ry,6y) is injective. To t is
associated a finite set Dy C S¢ .

The cardinality d¢ of the set Dy is dy < 2d+ 1 forte Ty and de < d+1 for
t € T (note that one may have that r¢ ¢ D).

Moreover the sets D¢ give a disjoint decomposition of the normal sites S¢ =
74\ 8.
i) Non-degeneracy We have w(€) = j® +w (€) where w™ (€) is homogeneous
of degree q in the variables £. The map (&1,...,&m) — (Wi(€),...,wm(&)) is an
algebraic local diffeomorphism for & outside some real algebraic hypersurface.
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11) Asymptotic of the normal frequencies: We have
() = [re +0:(6)

where all the functions 0t are chosen from the finite list T .

Finally s(k) = +1 while Q' is a Lagrangian (see Definition @ nilpotent
quadratic Hamiltonian in the variables {zk, Zk tkep, independent of x.

11) Translation invariance: The infinite set Ts decomposes into finitely many
components Ts(i) with the following property.

For all t € T5(i) the dimension d¢ is the same.

For each given T(i), the elements ry, —r¢,, t1,t2 € Ts(i) generate a subgroup
of translations I} C Z% of rank ki = d — d¢ + 1, (that is isomorphic to some
ZF Ky < d). Choosing an element to € T(i) gives a subset I c Iy obtained
from the group Iy by removing finitely many translates of subgroups of lower rank
so that

Vi1, t2 € Ts(i), Dy, =Dy, + 1, — Ty, Ty, — Ty €15

UJ o= U by +a (20)

teT4 (1) ael?y

i) Affine structure: Formula determines an integral linear stratification
Yo of Z such that the set of roots T¢ 18 a union of strata.

We take all points in some D¢, t € Ty to be zero dimensional strata.

Then for each i, the set Ute‘fs(i) D¢ is the union of the parallel strata I +k, k €
Dy, -
v) Piecewise Toplitz: The function 0¢(§) is the same for all t € T,(3).

vi) Constants of motion: in the new coordinates, mass and momentum are:

L=Y yi+y sk)=l, M= ZszHrZrt > skl (21)
% k

teT  keD,

moreover N has as further constant of motion the quadratic energy:

K= Z|Jz| yi+ Y [* (Y s(k)l=l) (22)

tex ke

vii) Smallness: Consider any compact domain O in RaNe?A. If e < r < cie, the
perturbation P in the new variables is small, more precisely we have the bounds:

IXplF < O™ r 4277571 (23)

where P = (A, s,7,90, o, No, O) with 9o = 1, po = 2 and No = 8(d 4 1)!x4*?
(see . for k) while C' is independent of s,r and depends on £, \ only through
M/e2.

Proof Most of these statements are part of Proposition and Corollary [3] The
smallness condition in the A norm is the content of Theorem 1 of [13], the corre-
sponding estimate for the quasi-T6plitz norm follows verbatim from part 4 of [14]
extending Proposition 11.19. a
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Remark 4 Here generic means that the list of excited frequencies S, thought of as
a vector in Z" is not a solution of a (complicated) polynomial P (in dn variables)
with integer coefficients, the polynomial P is the product of explicit polynomials
associated to a finite list of graphs which represent resonances to be avoided. Of
course this list grows exponentially with the dimension and with ¢ so, although the
polynomial is described explicitly, it is not possible to write down the polynomial
in a file. Nevertheless the density of generic choices clearly tends to 1 (cf. [14]).

Remark 5 The index set ¥ and the corresponding decomposition of the space as
well as the affine structure depend only on the chosen connected component.

In the case of the cubic NLS the picture simplifies drastically since there is no
nilpotent part and moreover, all the sets D¢ reduce to one element. This depends
on the fact that the normal form is diagonalizable with distinct eigenvalues, while
here we have to take into account the multiplicities.

Proposition 2 (Melnikov conditions) For any a and for all £ € Ra, the
kernel of ad N'®) in the space F (of hamiltonians with degree < 2) is given by the
subspace Fyer, of hamiltonians of the form

(&) y+ Y Qu& w)
teT
where (&) € R™ and Q¢(&,w) are x independent Lagrangian quadratic Hamilto-
nians depending only on the variables {zx, Zx t kep, -
Proof The proof is in Proposition O
This proposition induces a decompositiorEI of F into:

Definition 7 The subalgebra Fy., and its unique complement F;z stable under
adjoint action of Fier.

Definition 8 We consider the free abelian group Z"™ with canonical basis e; and
define the following linear maps n: Z" — Z, w: Z"™ — 2%, 7 . 2" - 7Z

nie;— 1, Tie i, w2 cei e |34 (24)

Warning In Z" we always use as norm || the L* norm 3™, [I¥)|. On the other
hand in Z¢, and hence in S¢, we use the euclidean L? norm.

The space F decomposes as a direct sum of its parts of degree 0, 1, 2 respectively
with basis

—iv-x —iv-x _o —iv-x oy, o9 —iv-x
0) e , 1) e e, 2) e zptzpt, e Yi

satisfying mass and momentum conservation, deduced from Formula . We
usually denote zT = z, z~ = Z for convenience. We exclude the constants. We
denote this degree decomposition as F := FOe FOlg F?, F2=F%2gF10
We now decompose F! as orthogonal sum (with respect to the symplectic
form), of subspaces (blocks) (D¢, v)*! with t € T and v € Z™ costrained by the

conservation laws. Each (D¢, 7)™ has as basis the elements ei”'mz;(k) where k € Dy.

5 Roughly speaking this is just dividing a space of matrices into some block diagonal subal-
gebra and the stable off-diagonal part.
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For each index (t, ) the contraints
7(v)+re=v-j+re=0, nv)+1=0 (25)

express respectively the conservation of momentum and mass.

These blocks are obviously stable under ad(N') and on each block this action
is invertible. On the blocks (D¢, v)? ad(N) is self adjoint for the standard form. If
t € T, the standard form is positive definite if 0 = 1 negative if o = —1.

The previous decomposition of F%! induces a block decomposition of F%2.
The product of two blocks (Dti,l/i)il, i = 1,2 produces a quadratic block in
F%2 stable under ad(N) with basis the products of basis elements. In order to
avoid repetitions we index different quadratic blocks by (v, t1,t2)s,,0, Where the
conservation laws are:

nw)+1+o0102=0, 7(v)+ry +0102r8, =0 (26)

iciv-z a'ls(k)zo'zs(h)
h

while the basis elements are e z, where k € D¢, and h € Dy,. For
o102 fixed the blocks come in conjugate pairs and we usually exhibit the one with
o1 = 1.

The action of ad(N) is invertible on all the blocks different from (0,t,t,0,—0)
which add up to the part of Fier in F(0:2)

4 A KAM theorem

Having now prepared our normal form we need to explain how to perform a suc-
cessful KAM algorithm.

We follow the same path as in [I4] but with some differences due to the fact that
our normal form is no more diagonal with different eigenvalues but rather block
diagonal with uniformly bounded blocks corresponding to different eigenvalues.

The starting point for our KAM Theorem is a class of Hamiltonians

H:=N+P, N:=wl) y+Y Q=z52, P=PyzzE. (27)
te¥

which is a small variation the class described in Proposition [I] from which we
maintain all the notations. The Hamiltonians are defined in D(s,r) x O, where
O C €?A is a compact domain of diameter of order £ contained in one of the
components RoNe? A where the local diffeomorphism w(€) is injective. Here w(§) =
i@+ w(l)(f) + &(&) where 3, w1 are the ones of the NLS normal form, defined
in Proposition [I] item 4i), while @(¢) is small of the order of Formula (23)). The
finite (at most 2d 4+ 1 degrees of freedom) dimensional quadratic Hamiltonians
Q¢ depend on the variables zg, Zx with £ € D¢. By the lagrangian structure of the
blocks (D, ) we represent these Hamiltonians by the matrices, denoted by 2¢(¢),
acting on the blocks (D¢, ~)". Note that these are independent of v. We have that
for all t € T, the matrix 2¢(&) is self-adjoint (the basis is orthonormal for the
standard form). For all t € T we have:

Q&) = (Ize® + () e + 27 + (&), (28)
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where r¢ is the root of the stratum indexed by t € €. 2! is a nilpotent matrix
chosen from a finite list of matrices depending on £ in an analytic way and homo-
geneous of degree ¢, similarly for ;. Moreover the functions 0y satisfy the piecewise
Téplitz property (iv) of Proposition Finally the 2¢(¢) define a quadratic Hamil-
tonian which is quasi T6plitz and small of the order of Formula . The same

properties hold for the perturbation P.

It is well known that the Hamiltonian equations of motion for the normal form
N admit the special solutions (z,0,0,0) — (z + w(£)t,0,0,0), that correspond
to invariant tori in the phase space, for each £ € O. These special solutions are
solutions also of the perturbed system if and only if the Hamiltonian vector field
associated to P vanishes on these invariant tori.

Our aim is to prove that, under suitable hypotheses, there is a set Qo C O
of positive Lebesgue measure, so that, for all £ € O the Hamiltonians H still
admit invariant tori (close to the ones of the unperturbed system) given (in the
new variables) by the equations y = z = 0. Moreover, the associated Hamiltonian
vector field X g restricted to these toriis ) . ; wi®(§)0x, while X linearised at a
torus is block-diagonal in the normal variables with z-independent block matrices

25°(8)-

Definition 9 (reducible KAM tori) A quasi-periodic solution of frequency w™
is a reducible KAM torus if (in appropriate sympectic variables) it is expressed
by the equations y = z = 0 and moreover the associated Hamiltonian vector field
Xp restricted to the torus is Yo ; wi®(§)0e,, while Xg linearized at the torus is
block-diagonal in the normal variables with z-independent block matrices £2¢°(€)
of uniformly bounded dimension.

4.1 The algebraic algorithm

Let us explain the algebraic part of the algorithm. We have seen that the space
F=F'@F o F? F?=F% @F'0 can be canonically decomposed in an
orthogonal sum of two parts, F = Fig @ Fier Where, for generic values of £ the
space Frg is the range of the normal form operator ad(N®) and Fier the Kernel.
Denote by Il;g, Ilxer the corresponding projections.

Recall the degree projections IT<7, IT7, IT>7 onto polynomials of degree <
4, 4,> j, we also denote by ASJ := IT<J A for any Hamiltonian A. We shall also
need to perform a ultraviolet cut, that is separate the subspace where the frequency
v is bounded by some |v| < K and the rest, these projections will be denoted by
putting K as pedex as in Ilig <k, Ixer,<k, <k, II>K etc..

Up to now we have considered F as an algebraic object by describing a basis but
we will soon need to consider infinite linear combinations of these basis elements,
defining regular quadratic Hamiltonians on some of the regions D(r, s), moreover
these will depend on parameters & on suitable compact domains, nevertheless the
projections still make sense.

In fact it is convenient to define I1;¢, Ilker on the entire space of series of which
F is the part of degree < 2. We hence decompose

Hs,'r - »err S3) ]:rg 52 Hs>,72" (29)
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Remark 6 [The goal| By definition, the normal form A of Propositionis in Frer-
In general, the condition for a hamiltonian H = N+ P, N = Iy, H to have KAM
tori is II;g H = II.; P = 0. So our goal is to find a symplectic transformation & so
that

I1,s&(H) = 0.

The strategy is to construct this as a limit of a quadratic Nash-Moser algorithm.

‘Warning We deviate from the standard notation to put in evidence the intrin-
sic decomposition of H, s given by Formula . In particular for a Hamiltonian
H € H, s we will denote:

N = ITyr(H), Pug:=IL(H), P>?:=1"*H), (30)

so that H = N 4 Pz + P>2. The first two terms correspond to the canonical
decomposition of the Lie algebra (under Poisson bracket), F into the subalgebra
Fiker and its complement Fig, which is stable under the action of Fye,.

By Remark [1|if A has degree i we have that ad(A) has degree i — 2 so as soon
as © > 3 these operators have positive degree and are nilpotent on F, the cube is
always 0.

We start with Ho := No 4+ Prg,0 + P0>2, where No is close to N and Prg0 is
appropriately small. We wish to find a convergent sequence of changes of variables,
dependent on a sequence K, of ultraviolet cuts, Sy,41 := e®Fn &, so that at each
step Hmt1 = Gmi1(Ho) is such that N, stays close to N, P,.? stays bounded
while Pyg,m converges to zero (super—exponentially).

At a purely formal level we would like that Prg m+1 is quadratic w.r.t. Prg m.
The generating function Fy, € Fig <k,.,, is fixed by solving the homological
equation

{va Fm} + Hrg,m{P£2, Fm} = H§K7n+1prg7m ) Hrg/m = g, <Ky (31)

which uniquely determines F), as a linear function of P.g ,, provided that the
linear operator:

Lo = ad(Np,) + Hrg mad(P;?) = ad(Np) + g, mad(Pp,) + g mad(Pp),

is invertible on Fig <k (clearly we also need some quantitative control on the

inverse).

m+1

Remark 7 On F the operators ad(Nm,), ITrg,mad(Py,), ITrg mad(Pyy) have respec-
tively degree 0,1,2 so it should be be clear that L,, is invertible if and only if
ad(Np,) is invertible and in this case one inverts

Ly, = ad(Ny) (1 + ad(Nm)*lnrg,mad(Pni?))

by inverting the second factor. This is of the form 1 + A with A a sum of two
linear operators of degree 1,2 respectively, so A3 = 0 and we invert 1+ A with the
3 term Neumann series 1 — A + A2
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We now justify our choice by computing one KA M step, for notational convenience
we drop the pedex m in H,, etc.. and substitute Hy,4+1 with Hy etc....

Let us compute H, := ¢** H. First split the operator e**(F) = 14ad(F)+EF,
by definition Er is quadratic in F' and hence quadratic in Prz. Regarding the term

(14 ad(F))(N + Pog+ P7%) = N+ Py + P72 — {N + P72 F} + {F, P}

we first notice that, since F' is linear w.r.t. P,z then the last summand is quadratic
moreover since F' solves the homological equation we have

Prg — {N + P72 F} = (Ilxer + M52 + s g I1){P”? F} + I+ jc Prg.
Then we deduce that
Iere® T H := Ny = N + Ier {P”?, F} + IiexQ(Prg)
HrgeadFH = P-§2 =15k (Prg + Hrg{P>27 F}) 4+ 115 Q(Prg)
526" H := P7? = P72 4 [1-2{P7% F} + T-2Q(Prg)
where Q(Prg) , is quadratic in P:g and collects the terms from Er(H) and {F, Py }.

4.2 The quantitative estimates

In the course of our computations we will often have a statement for functions f, g
of the following type:

there is a constant C' depending only on some of the parameters d,n,q,t with
|f| < C|g| we then will replace this statement by the formula

|fl <dm.qzlgl, orjust |f] <lgl

Notice that the relation |f| < |g| satisfies all the usual properties of the relation <,
that is it is a partial order compatible with sums and products.

At a more quantitative level, we start by choosing a domain Oy C R Ne?A
where some appropriate quantitative non-degeneracy conditions (see Lemma
hold.

By construction the measure of Op is of the order of 2. Then we choose two
positive parameters 7, Ko, bounded from below by some estimate depending only
on n,d, q and the set Op. Such a choice determines bounds on €, r through formula
of the type re ' + &1 < CK{". When these bounds hold our algorithm
converges for all £ in some set whose complement, in the starting domain Og, has
measure of order £2" K, /(")
Proposition [4]

Each Hamiltonian H is constrained by several parameters, s,r,©,L, M, a,
¥, u, K, which control the quantitative structure. The frequency cut-off parameter
K grows exponentially while the other parameters shall be proved to be telescopic.

where f is some linear increasing function of 7, see

Definition 10 We say that a positive parameter b is telescopic if for each step
m we have bg/2 < by, < %bo (usually by, is either an increasing or a decreasing
sequence).
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Note that a sufficient condition is that

- b
D lbmgr = bn| < 2 (32)
m=0

Finally the domain O shrinks at each step but its measure remains bounded from
below.

Definition 11 The parameters s,r control the decreasing domain D(s,r) of def-
inition in the dynamical variables.

The parameters 9, i, K control the quasi—T6plitz norm of P and of the quadratic
Hamiltonian associated to the §2;, and we set ||PH% <o.

The parameters M, L control the derivatives up to order £ = (2d + 1)? of w
and (2¢, the fact that w is invertible and an estimate on the dilation factor.

|0w€loe < Le™?7D 1w — 3P |0 |20 — Jre*Lif oo < M

|08 wloo + 108 01| + 108 2™ |0 + |08 R0 < 2@V pglel, (33)

for all a # 0 such that |a| < £.
Finally the parameter a is defined by

|- )7, <e™a, |(w-v+ )7 <e Ma,

| (w-v+ L(2) + 00’ R(2¢)) ' < e, Yv: |v| < So (34)
where Sp is some fixed positive number, see Lemma Here (2 is defined by
and L(f2), resp. R({2y), are the operators of left respectively right multiplication
by the matrices {2, resp. 2¢, on d¢ X dy matrices. Finally | - | is the L? operator
norm.

We choose as in [14]:

Tm+1 = (1 — 2im73)7"m s Sm+1 = (1 — 27m73)8m 5

Oma1 = Om + 902772, fimg1 = pim — 02~ "2, Km=4"Ko.  (35)

m—2

This choice allows us to perform the Cauchy and ultraviolet estimates.

We choose any sequence of nested domains O, as followsﬂ The domain Oy,
is a subset of O,, where not only admits a unique solution but moreover
; (36)

m

T —2 T T
||Fm||7;n < e KL Pl

Where ?m = (Amvsﬂ%TWhﬁnvmeaOm)v ?{m = ()\m,S;n,’l”;n, ;na,u';naonrl’l) Wlth
b = (b + bmt1)/2, for b= s,7,9, u, and A\, = €2 M0

Proposition 3 For Ko, 7 large and for all e,r such that re P 4edrTl < Ky7, at
each step m, in the set O, one has the estimate

_ _am
e Pgmll g, Se2 (37)
Moreover all the constants s,r,0, L, M,a, 9, i are telescopic. Finally our algebraic
algorithm converges on the set Ny Om, and we obtain a Hamiltonian Hoo which
has reducible KAM tori.

6

of course we will need to show that we can make non-empty choices
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Proof These estimates are all standard and follow the same lines as the corre-
sponding ones in [I4]. The procedure is recursive, suppose we have reached some
step m and computed all the necessary estimates, then using for instance Lemma
10.20 of [14], one proves the estimate for Fr,.

Then F,, defines a symplectic change of variables and one proves, see Propo-
sition 10.16 and section 10.17 of [14], that in the new Hamiltonian H,,+1 both
the perturbation P,,+1 and the quadratic Hamiltonian associated to the f)fm'H)
are well defined in the domain D(sm+1,7m+1) and quasi—Toplitz with parameters
(Km+1,%m+1, bm+1). Note that by definition of Er and since F solves the Ho-
mological equation we have that Q(Prg,m) is quasi-Toplitz. The variation in the
parameters s, 7,9, u is due to Cauchy estimates, namely it is used in order to con-
trol the norm of the Poisson bracket of two Hamiltonians, following Proposition
10.16 of [14].

The corrections of the parameters L, M, a,® are obtained from the coordinate
change, which is very close to the identity due to the super—exponential decay of
the norm of F', this implies easily the telescopic nature of the parameters used, as
lbm-+1 — bm| < const boe™3/2" see Lemma 10.20 of [14].

Then one easily sees that the algorithm converges.

By the nature of the majorant norm, for all j, the part of homogeneous degree
j of Hy, converges to the part of homogeneous degree j of Hu.

In particular, since P;g,m converges to 0 this implies that N,, and P;? converge
to Noo and PZ? respectively. a

The main problem is thus to exhibit some domain of parameters £ where the
estimates hold and prove that at the end of the algorithm we are left with a
set O := Ny O, (of Cantor type) of positive measure (in particular non—empty)
of order 2.

4.3 Measure estimates

For the remaining discussion we drop the indices ,, and assume we are working
at some undefined step, with F, H, N etc. the hamiltonians at this given step.
By remark [7| the linear operator F' + IT,o{F, P>?} is nilpotent of order three so
in order to invert the homological equation we only need to invert the operator
F — ad(N)(F) which is of degree 0 hence block diagonal on the decomposition
oo FO' @ F2

Indeed, by the formulas and , ad N acts on F° and on F*° as w- 8, and
on each block (v,t), of FV'' as

o(w- v+ 2). (38)

Finally on each block (v, t,t)s o of F%2 thought of as di X dy matrices, ad N acts
as
o(w-v+ L) + o0’ R(2)) (39)

where the notations are those of ‘

In each case we have to show that these linear operators (which we represent as
matrices of dimension resp. one, d¢ and didy ) are invertible and moreover estimate
the norm (we choose the L? operator norm) of the inverse. This will be done, when
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the matrices are self-adjoint (i.e. both t and t’ in T,), by lower bound estimates on
the eigenvalues. By momentum conservation, the remaining set of matrices is finite
and we estimate it by lower bounds on the determinants. We impose as constraint
on the parameters £ to have estimates of the form:

(@ -) 7 @ v+ 207, (- v+ L(20) + 00" R(20)) | < e 7K (40)
for all v such that |v| < K and for some (K independent) value of p.

Lemma 1 Fizing o = o(7) := (1 — 1)/3((2d + 1) 4 4), in the set of the & for
which holds one has the estimate (36)).

Proof The result follows directly from Lemma We apply it with s,7 = (Sm,rm),
§=2"""5 P s Pp, F~» Fpyand K ~ K1 = 4™ Ky, Then by our choices
672 < K (provided Ko > 29). O

Definition 12 We choose O,,+1 to be the set of £ € On, for which holds
with o = (7 — 1)/3((2d + 1)* + 4), w ~ Wy, and 2 ~ 2, for all ¢, t'.

Proposition 4 i) The measure of Om \ Om+1 is bounded by EQ"K;Ein+1 with
b = 3(4d)*T.
ii) Provided that 7 > b(n + 3), we have |Oso| > |Oo| — EQ"K(;FHWQ, and

thus is a parameter set of positive measure by taking Ko large.

The proof of this Proposition occupies the rest of this section and concludes the
proof of Theorem [I]

Proof (Proof of Theorem) By Propositionwe have reducible KAM tori for all
&€ € Oco = N O, for all choices of the sets Oy, for which one has . By Lemma
the choice done in Definition [I2] satisfies this requirement. Then Proposition [
ensures that Os has positive measure provided Ky is large enough. a

In order to prove Proposition [ we drop the index m and first give some notation.

Definition 13 [Resonant sets] For all |v| < K, t,t' € T we define the resonant
sets R} (5 o With 0,0" = 0,+£1 as the sets of £ € O where

l(w-v4oL(2) + 0" R(2¢)) 71 > e 2K, (41)

Note that this formula includes all cases of the complement of the region given by
Formula . When one (or both) of the o equals zero then we drop it and the
corresponding symbol t, for instance R, , o =NR7 ;.
Proof (Proof of Proposition[J]) Part ii) of Proposition [d] follows trivially from part
i) since K, = 4™ Ko and |Og| ~ ™. Indeed by hypothesis —3+n+1<-2and
hence [Owe| > |00 = 32, [Om—1 \On| >

> 0p] — 2Ky TS 4T > 0| - 2y T
m

In order to prove part i), the first thing (Lemma is to show that for all choices
of g and for any |v| < K, and t,t, 0, o', we may impose the corresponding estimate
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(40), by only removing, from the domain O, a resonant set of parameters %ﬁ’t’t,’o’g,

of measure < Ce2" K¢~V for some C, ¢ depending only on ¢, d, n.

Then we evaluate the measure of the union of resonant sets. Since t,t’ vary in
an infinite set it is not sufficient to simply count the resonant sets. In Lemma [3]
we prove that for all g and for all v, t,t, 0,0’ such that |v| < K and 0o’ # —1 one
has that the non-empty sets 9{5,{,{,’070, belong to a finite list G with cardinality

|Gk | < KP. Hence we need to remove a set of measure < Ce?" K ~¢(¢~1 KP where
we choose ¢ to be the minimum over the possible ¢ and C' the maximum.

In the case of the second Melnikov condition with oo’ = —1 we proceed in a
slightly subtler way. We use the quasi-T6plitz property which is defined in terms
of (among others) a free parameter go, then we prove, in Lemma that fixing
0a+2 = (4d)¥2 g there exists a set R of measure at most e2" K ~2T" such that
for all v, ¢, t' :

Ry CR.

70770

In conclusion fixing go so that p412 = o we have proved that, provided p is
sufficiently large, by removing a small measure resonant set we may impose all
the Melnikov conditions . We then verify (Corollary [1) that the measure is of
order £2" K —¢/(4)" P41 \When we substitute 0 = o(7) we easily obtain item 1)
of Proposition [ O

Lemma 2 For |[v| < K,t,t € %, 0,0' = 0,+1, we have:
2n 7-—c(o—1
IR; (ool SCETK (e=1) "

where ¢ =1 if eitherc =0’ =0 orifo’ =0 and t € T4 or if t,t' € T,.
Ifo’ =0 and t € T¢ then ¢ = d; ', otherwise ¢ = (ddy) ™',

Proof We give a brief overview of the proof, the details are in the appendix.

The first remark is that all the resonant sets with |v| < Sy are empty since
formula implies provided that K is large enough.

Moreover if |u| := |w - v+ o|ri® + o'|ry|*| > 2(2d + 1)*Me? then the bounds
hold trivially and the resonant sets are empty.

Indeed, by , we have |2y — |rt|2|oo < Me?? and we have to invert some
matrix of the form u 4 Z with Z a matrix of size p < (2d 4+ 1)? deduced from 2
in such a way that also |Z|ec < Me?9. Since the operator norm of Z is bounded
by pMe?? if 2|Z|s < 2pMe*? < |u| we invert in Neumann series and obtain
the estimate |(u + Z)"!2 < 2|u|™" < cost €729, So we only need to consider
So < |v] € K and given v, t,t', 0,0’ we only need to work in the subset of w where

w-v+oled® + o |re)?] < 2(2d + 1) Me*. (43)

Remark 8 The condition |v| > So is used so that one can perform the measure
estimates not on the set O but on its image O under w, by multiplying by the dila-
tion constant. For this, an upper bound for the absolute value of the determinant
of the Jacobian of the inverse map is estimated, by Formula , as Le—2nla—1),
This is justified by two remarks, first O is contained in a hypercube of length 222
and second the dilation constant is uniformly bounded in both ways.
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Then the basis of our measure estimates is Lemma [7] which shows how to
control the resonant set |f(w)| < a of a C* function f provided that one has a
uniform lower bound on some derivative |0% f| with |h| < k.

We now discuss each of the three inequalities of (40]) separately, the technical
parts are in the appendix.
On F° (i.e. o0 = ¢/ = 0) the estimate is classical, see the appendix.

On F%! we treat separately t € %y and t € T,. In the second case, since by
hypothesis the §2; are self-adjoint one uses the typical KAM estimates on eigen-
values:

lw-v+ AP > K572 vAY e spec(y), (44)

which are equivalent to the bounds on the operator norm of the inverse matrix.
To estimate the measure of the resonant set of this case, one just passes to the
variables w and then shows that the derivative of the small divisor is bounded
from below by Sp/n, see the appendix.

Regarding the t € T, we cannot bound the L? norm with the eigenvalues since
they do not dominate the L? norm and moreover may not be regular functions of
&.

We can obtain the bound , by requiring

|det(w - v+ 2¢)| > 294 g et! (45)

here d; is the dimension of the matrix (2.

The Lo, norm of the matrix we are inverting is estimated as <Me29 by the
two bounds and . By Cramer’s rule, we have that implies the bounds
provided Kj is large enough (we use the exponent ¢ — 1 in order to absorb
the constants). Thus the measure of R, ¢, is dominated by the measure of the
resonant set where does not hold.

In this case again we obtain the measure estimates by a lower bound on some
derivative. We need to perform d¢ derivatives, thus we use the fact that all our
functions are at least C'%.

We are left with the second Melnikov conditions 0,0’ = +1. If at least one of
the couple t, t’' belongs to T ¢, following the same reasoning as in the case of ¢’ = 0,
we impose

|det(w - v + L(2) + 00’ R(£2¢))| > 2% dv g—ot! (46)

By Cramer’s rule, since |w-v+o|r|?+0’|r¢|?| is small and by the second bound on
, we have that implies the bounds provided Ky is large enough. This
means that the measure of R, i+ is dominated by the measure of the resonant set
where does not hold.

In this case in order to obtain the measure estimates, by a lower bound on
some derivative, we need to perform d¢dy derivatives, thus we use the fact that all
our functions are at least C%4).

When both t,t € T4 then the matrices we need to control are self-adjoint and
we bound their inverse by controlling the eigenvalues, namely we need a condition

lw- v+ AW —I—O')\E,j)| >e?K,
Vo=d=, /\Si) € spec(£2¢) /\E,j) € spec(f2y), (47)
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This measure estimate is done just as in formula (44]), indeed one just passes to
the variables w and then shows that the derivative of the small divisor is bounded
from below by So/n, see the appendix. a

Lemma 3 For all ¢ and for all v,t,t', 0,0’ such that |v| < K and oo’ # —1 one
has taht the non-empty sets %g’t’yya’a, belong to a finite list Gk with cardinality

|Gk| < K? withp:n+%+1,

Proof For the sets 9‘{19“’0 we recall the conservation of momentum r¢ = —n(v),
then a set is determined by |v| < K and o = 0,4+1. We have at most 3(2K)™ sets
of this type.

In the sets 9%5,{,“7670, we preliminarily notice that there are a finite number
of cases where at least one of the pair t,t' belongs to T;. Indeed let us suppose
that t € T5. Then |r¢| < Co < Ko, ry is fixed by momentum conservation, 0y is
chosen in the finite list 1" (see formula ) and the pair identifies the index t'.
Consequently we have at most |1'|?(2Co)?(2K)™ sets of this type.

We are left with %7, . with both t,t' € ;. We notice that

A = e 0+ ALY, (48)

then if 0'c = 4+ the left hand side of is trivially > 1/2 for all £ € O, if
lr|? + |y |? > 4K > 2|w||v|and we only need to consider a finite number of t such
that |r¢|?> < 4K. Consequently we have at most |Y'|?(4K)%2(2K)™ non-empty sets
of this type. a

Treating the case 0’c = — is a well-known problem in the study of NLS
on T which is overcome by exploiting the quasi—Téplitz property of the NLS
Hamiltonian.

As explained in Appendix given K we can construct a stratification X
of Z with the following properties.

(K)

Proposition 5 i) To each stratum X is associated an order parameter g, > 0o
which can be taken from the finite list o; = (4d)‘00, i =1,...,d + 1.

1) For each t € %4, D¢ belongs to a set Xy union of parallel strata each meeting
D¢ in a single point, all of codimension £ < di — 1 whose union is a union
of translates Dy = D¢ + u and with the same cut g,,, moreover the eigenvalue
0(k), k € X depends only on t.

1) If€ = 0 one has that the corresponding matriz is invertible with the bounds
(10).

i) If £ # 0 but w(v) - v is not constant on each stratum again the corresponding

matric is invertible with the bounds .

Proof 1) The order parameter is that of the cut g; associated to the points of X.
ii) Each D¢ determines in the initial stratification a stratum for each of its points
of codimension d¢ — 1. The stratification »(K) is a refinement of he stratification
Yo of Propositionso the properties follow from that. iii) If £ = 0 this means that
for every v € By we have |v - r| > 4K*%¢ in particular we have 7 (v) € Bx so
|7(v) - r¢| > 4K*99 iv) In this case by definition we have |7 (v) - r¢| > 4K*9¢s >
4K* S0 in both cases we need to observe that the matrix (w-v+ L(£2¢) — R(2¢)
has integral part 3@ - v + |re? — |rv|? = §@ - v — |7(V)]? — 27(v) - T since by
conservation of momentum 7 (v) 4+ r¢ — ry = 0.
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Now , if [7(v) - x| > 4K*9%  we have ||r(v)|? + 7(v) -te — §P@ - v| > |7(v) -
vl — |7 ()2 = 7P| (v)| > 4K %2 —2K? is a large positive integer and since the
remainder is small with 9M by formula , we can invert the matrix for all
¢ € Oy, by Neumann series with a good estimate. a

For each stratum X of the stratification of T, given in Remark [I7] we choose one
representative ty; (by fixing D).

Then for each |v| < K such that 7(v) - z is constant for z on the stratum, we
proceed as follows:

— For each X we determine (if it exists) the unique t’ so that (rv,0v) = (¢, +
m(v),0');

— if ' exists we impose
|(w-v+ L(2,) + 00’ R(2¢)) | < e 29K?%s

. . . 2d
The complementary of this set is by definition R, f; » and has measure of order

g2 ~2des by Lemma Now by Lemma we have less than K(?9~2)¢x gtrata

of this type so setting
2dp
R= U U (49)

v|<K 2,0
we have
d+1
E*2HK*H|R‘ < Z K*ngz < |T‘ Z K*deJ'K(Qd*Q)Qj < K¢
.0/ 3=0
/ 04
Lemma 4 For all v,t,t" we have %V’Jf,)a,_a C R.

Proof For each stratum X' of T; we have chosen a representative tx. Now for all
v for which a small divisor may occur we have for the scalar products (v) Ty =
w(v) - r¢ for all t in this stratum. It then follows that

|20 — Qi]oo = |20 — Qoo <MK Vie ¥

by applying Lemma Consequently for each pair t,t' with t € X, ¢/ € X/ we
have

(w- v+ L(20) = R(2¢)) 7' = |(w- v + L(%2s) — R(2,) I+ A) 7
with
A= (w-v+ L(2) — R(2:,,) (20— 2), Al < MK 29
so that
l(w- v+ L(2) — R(20)) 7Y < 26 29K ?40s < 729 2dost!

In conclusion, since ¢, < p4+1, we have proved our claim. a
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Corollary 1 For ¢ large enough, the measure of the union of all resonant sets
R , with [v] < K is bounded by

v,t,t 0,0

2 K aparz Tt

Proof This follows by Lemmas and [] Indeed we fix pg+2 = o so that go =
0/(4d)4*2. Then the Lemmas imply that we need to remove a region of order
L

’

provided p and K are both large.

5 The normal form

We will work with many quadratic Hamiltonians in the variables w (thought of as
a row vector). We represent a quadratic Hamiltonian m F by a matrix F' as

F(w) = %w-wJFt :—%wFJwt, (50)
where J := —i{w’, w} is the standard matrix of the symplectic form.

By explicit computation, and under simple genericity conditions, we have:

N=wE) y+ Y kPl + Qe w), wi(€) =3 +wPE)  (51)

keSe

here Q(§;x,w) is a quadratic Hamiltonian in the variables w with coefficients
trigonometric polynomials in x given by Formula (30) of [13]. The frequency mod-
ulation w® is homogeneous of degree ¢ in £ and given by the following explicit
formula. We introduce

2
Ar(Cr,. o bm) = Y <k1 T km> Hgfi, (52)

> ki=r

and we have
WM (€) = VeAg1(€) — (g +1)2Aq(6)1. (53)

By applying the results of [I3] we decompose this very complicated infinite dimen-
sional quadratic Hamiltonian into infinitely many decoupled finite dimensional
systems reduced to constant coefficients by an explicit symplectic change of vari-
ables.

Since this construction is needed in the following we recall quickly Theorem 1
of [13].

Theorem 2 [Theorem 1 of [13]] For all generic choices S = {j1,...,jn} € Z™
of the tangential sites, there exists a phase shift map L : S¢ — Z", L : k
L(k), |L(k)| < 4qd such that the analytic symplectic change of variables:

Uroge=e Py =y’ + Y Lk, e =2, (54)
kesSe
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from D(s,r/2) = D(s,r) has the property that N in the new variables:

NoW =w) y + Z Ql21])? + Q(w') (55)

kesSe

has constant coefficients, where w(§) is defined in (b1) and furthermore:

1) Non-degeneracy The map (&1,...,&m) — (wi(§),...,wm(§)) is a local diffeo-
morphism for £ outside a homogeneous real algebraic hypersurface.
ii) Asymptotic of the normal frequencies: We have 2), = k2 4+, 13209 (k).
i) Reducibility: The matriz Q(£) (see formula ) of the quadratic form
Q(¢,w") (see formula ) depends only on the variables &, its entries are ho-
mogeneous of degree q in these variables. It is block—diagonal and satisfies the
following properties:

All of the blocks except a finite number are self adjoint of dimension < d+1.
The remaining finitely many blocks have dimension < 2d + 1.

All the (infinitely many) blocks are described, through Formula , by a
finite list of matrices M(E).
i) Smallness: If e3 < r < cie, the perturbation P:=PoV s small, more
precisely we have the bounds:

IXplgr < CE* ™ r 42727, (56)
where C is independent of r and depends on e, X only through \/e2.
Regarding w® given by Formula we will need the following

Lemma 5 For each i the polynomial wgl)(é“) equals —q(q + 1)&7 plus terms which
contain at least two variables.

Proof We do it for i = 1 by symmetry. From V¢ Ag41(§) the terms 53-1 are obtained
by
O, (77" + (e +1)* Y _gle) = (a+ D& + (g + 1) €]
J#1 J#1
From the second summand we subtract (g4 1) j 5}1 getting the desired formula.
O

5.1 The matrix blocks and the geometric graph I's

The quadratic Hamiltonian Q is described, as we shall see in Formula , in
terms of a 2-colored marked graph I's with vertices in Z¢ and labels in Z™ which
encodes the possible interactions between the normal frequencies k € S€. In order
to describe this in a combinatorial way we recall some notation from [13], see
Definition [§| for the meaning of the maps 7, , @,

Definition 14 (edges) Consider a finite set X of elements in Z".

X ={{= Zn:&ei, b eZ £#0,-2¢ Vi, n{)e{0,-2}}. (57)

i=1
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Notice the mass constraint 3, £; = n(¢) € {0,—2}. We call all these elements
respectively the black, n(¢) = 0 and red n(¢) = —2 edges and denote them by
X(O), X2 respectively.

Each edge carries a quadratic energy (which is an integer):

K(0) = 1%”“)“77(@? + 7 (0)), 1%”“) - %.

Of particular interest for the ¢—NLS is
2q m
Xg={0:=) Hei, =Y lies; L#0,-2e;Vi, n(t)€{0,-2}}.  (58)
j=1 i=1

Choose now a finite set of integral vectors S := {j1,...,jn} in Z%. For the NLS
these are the tangential sites but the construction is purely geometric.

Definition 15 Given £ € X9 denote by P, the set of pairs h, k € Z¢ satisfying:

D liiz+h—k=0, > 4|3+ > —[k*=0 e x9.  (59)
j=1

j=1

If ¢ € X(=2 we denote by P, the set of unordered pairs {h,k}, h, k € Z% satisfying:

Sliii+h+k=0, > 415+ R+ [EP =0 £exTP. (60)
j=1

j=1

It is convenient to formalise this definition in the language of graphs with two
types of edges corresponding to the two conditions. When h, k satisfy formula
(59) we join them by an oriented black edge, marked ¢, with source h and target
k=h+ Z;”zl £;jj. Formula is symmetric and we join h, k by an unoriented
red edge marked /.

Note that the two conditions have a geometric meaning expressed through the
quadratic energy. The first means that h lies on the hyperplane

Hy: z-m(0) =K(¢) (61)

while £ lies on the parallel hyperplane H_,.
The second condition means that h, k are opposite points on the sphere

Se: |zl +z-w(l) = K(0). (62)

Our main object of interest are the connected components of this graph, called
geometric blocks. In [13] we have shown that for a generic choice of S the set S is
itself a connected component, called the special component all other components
thus decompose S°.

Definition 16 For a given choice of edges X and vectors S we denote by I's x
the resulting graph.
In the NLS, when ¢ is fixed, we denote I's := I's x,

Remark 9 Note that if S C §" and X C X’ we have I's x C I's x-.
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Proposition 6 For generic choices of S the connected components of I's, x have
at most 2d + 1 vertices.

We have only finitely many components containing red edges, moreover the
components which do not contain any red edge have vertices which are affinely in-
dependent (and hence at most d+1) and are naturally decomposed in a finite family
of subsets in each the connected components are obtained from one by translation.

Proof Our graph is a subgraph of the graph defined in [I3] relative to the edges
of some X, provided that we choose p large enough. Then by Theorem 3 of [13]
for generic choices of j; we have the desired bound. O

In [I3], Definition 17, we have associated to each connected component A a
purely combinatorial graph A which contains only the markings of the edges of A
and hence encodes the information on the equations which the vertices of A must
solve (equations (61) of [I3]) of type as and (62). We then have that there are
only finitely many such combinatorial graphs, called combinatorial blocks, while
there may be infinitely many A which have the same A. In case the graph has
no red edges the equations for the vertex x are all linear. This implies that the
connected components of I's which correspond to a given combinatorial graph
with only black edges and with a chosen vertex are all obtained from a single one
by translations by vectors which are orthogonal to the edges of the graph.

We also have chosen a preferred vertex, called the root, in each connected
component, in such a way that the roots of the translates are the translates of this
root. Formalizing:

— we have a map r : S — S¢ with image the chosen set S®* of roots.

— The fibers of this map are the connected components of the graph I's.

— When we walk from the root r(k) to k the parity £1 of the number of red
edges on the path is independent of the path and we denote it by o(k) (the
color of k).

— There are only finitely many elements k with o(k) = —1, the finitely many
corresponding roots are exactly the roots of the components with red edges.

— In any case the color of the root is always 1 (black).

The vector L(k) =3 Li(k)ei, with k € S, appearing in Theorem [2]is defined
in Lemma 10 of [13] through the edges appearing in a path from the root to k. It
depends only on the combinatorial graph. The vector L(k) tells us how to go from
the root of the component A of the graph I's to which k belongs, to k, namely:

k+ ZLi(’f)ji = o(k)x(k), [k*+ Z:Li(k)Ijil2 = o (k)|x(k),
14> Li(k) = o(k). (63)

This definition is well posed even if A is not a tree, so that one can walk from r(k)
to k in several ways, from our genericity conditions.
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5.1.1 The NLS graph

We now apply the previous geometric construction to the NLS and the tangential
sites S of Theorem [2} With the previous notations we have

0= V@ Ll + D @) Y zhz

keSe LeX? (h,k)eP,
+ 3 e Y [zhak + ZnE (64)
Lex,? {h,k}eP,

where, given an edge ¢, we set £ = ¢+ — ¢~ and define:

2, Lhee” q q a 0
(a+ 1) 2 <£++a) (£—+a>€’ teXq

aEeN™

cq(é) — la+et|i=q o (65)
ety q q
(a+1)g¢ 2 > <£_+a)<£++ )gieex 2

aEeNm
ladet|i=¢g—1

We see now that the graph has been constructed in order to decouple 0 =
>4 Q4. The sum runs over all geometric blocks A € I's and, if Ey(A), Er-(A)
denotes the set of resp. black and red edges in A:

On= Y WO LKA+ D ca@zhzit D co(O)zhzi+217] (66)

kEA CEEL(A) (EE, (A)

is a quadratic Hamiltonian in the variables wy := 2}, 2, with k& running over the
vertices of A, we have {Q4,09p} =0, VA # B. In [I3] we have shown that

Proposition 7 For each geometric block A (with a vertices) we can divide the
corresponding 2a dynamical variables w'y into two conjugate components w'y =
(v, ') each spanning a Q4 stable Lagrangian subspace where u}, = zy, if o(k) =1,
uy = zx if o(k) = —1. In this basis —iQA has a block matriz Ca ® —Ca. By
convention in the first block the oot T corresponds to z.

Given two vertices h # k € A we have that the matrix element Cu, ul, of Cy is
non zero if and only if h, k are joined by an edge (marked say (4, 7)) and then

Cup st = 0(k)eq(0),  cur = o(k) (WM (€), L(K)). (67)

By definition L(k) depends only on the combinatorial graph A of which A is
a realization, therefore the matrix C4 = C 4 depends only on the combinatorial
block A (but the dynamical variables in —iQ 4 depend on the geometric block).

We thus finally have a finite list G := {A1,..., An} of combinatorial graphs
which may appear, together with a list of matrices C'4, which are explicitly de-
scribed using Formula @ The entries of these matrices are polynomials in the
elements /£; and homogeneous of degree ¢ in &.
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5.1.2 The space FO!

In the KAM algorithm we shall need to study in particular the action by Poisson
bracket of A/ on a special space of functions (linear Hamiltonians on glap )) called
FY! defined in [I3], for the readers convenience we recall the basic facts.

It is convenient to write a variable 2z or z as z° where o is 1 resp. —1.

Definition 17 We set FO"l to be the space of functions spanned by the basis
elements el77Fve o — plo(le(kr+L)le) o e §¢ which preserve mass and
momentum.

One easily sees that FO! is a symplectic space under Poisson bracket. The formulas
for mass and momentum in the new variables are for m := el77(F)v-@ 1 o

{]L,m}:iaa(k)(Zui+1)m, {M,m}:iaa(k)(Zuiji—i—r(k))m. (68)

hence the conservation laws tell us that for an element ¢!?7(F)¥ @,/ @ ¢ FO1 the
vector v € Z% is constrained by the fact that — ZZ v;ji must be in the set of roots
in S¢ and moreover the mass constraint ) v; = —1.

For each connected component A of the graph I's with root r, any solution
v of ZZ viji + r = 0, where the mass of v is —1, determines in FO! a block
denoted A, v. This is a symplectic space sum of two Lagrangian spaces (A, v)+
and (A,v)— = (A,v)1. (A,v)+ has basis the elements el77F)V:@ 1 o(k) "} e A
Thus F%! decomposes as orthogonal sum (with respect to the symplectic form),
of these blocks A, v. Notice that, for a given geometric block A there are infinitely
many blocks A, v as soon as n > d.

Proposition 8 The matriz of —iad(N) on the block (A,v)1 is the sum of the
matriz C4 plus the scalar matriz [(|x(m)|® + 3, vi|ji|?) + wB (&) V] 14.

Proof The action of —iQ does not depend on v, it is only through —iQ4 and gives
the matrix C. As for the elements —i[w(€) -y’ + >, cg. 2&|21|?] by Formula (63),
the term —i), - g 23|, |? contributes on the first block the scalar |r(m)|?. As of
—iw(€) -y’ it also contributes by a scalar, this time (3, vi|ji|> + wM(€) - v). O

6 Normal form reduction
6.1 Fitting decomposition

Let us recall some basic definitions of linear algebra, given a linear operator A :
V — V where V is a finite dimensional vector space over a field F (we will
work on function fields so of characteristic 0), we have the Jordan decomposition
A = As + A, where A is semisimple and A,, nilpotent with [As, Ay] = 0. Such
a decomposition is unique so that A is called the semisimple part of A and A,
the nilpotent part. Semisimple may be defined in several ways but for us means
that As is diagonalizable, not necessarily over F' but in some finite extension field
G C F which contains the eigenvalues of A (which are in fact the same as the

7 we deviate from the notations of [13] and in F%! we also impose zero mass
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eigenvalues of Ag). The characteristic polynomials of A and A coincide, on the
other hand A, satisfies its minimal polynomial which has coefficients in F' and as
root all the eigenvalues with multiplicity 1.

If F' contains the eigenvalues of A, call the distinct eigenvalues ai, ..., «a;,
each may appear with some multiplicity, we have the Fitting decomposition of
V = ®;V,, where each V,, is a uniquely determined subspace which is stable
under A and where A has the unique eigenvalue ;. It is easily seen that in fact
Va, is just the eigenspace of A, for the eigenvalue «;.

In our case we are interested in matrices C(§) depending in a polynomial way
from the parameters /€;, we may consider the field F of rational functions in
these parameters so that A = C(€) is a matrix of some size p, with coefficients in
F, denote by Mp(F) the space of these matrices.

Take the Jordan decomposition and notice that, in this decomposition, As has
no more polynomial entries but may acquire denominators. Then we have some
finite field extension G O F and a matrix X € M,(G) such that XC(&)X ! is a
block diagonal form &C; with C; € Mp, (G) has a unique eigenvalue «; € G and the
various eigenvalues are distinct. In fact X is defined up to a scalar multiplication
so that we may further assume that all the entries of X are integral over the ring
of polynomials in the &;, that is satisfy each some monic polynomial (dependent
of the entry) tV + a1tV ! 4+ ... 4+ ax where the coefficients a; are polynomials in
the &.

Now we have to interpret G as field of algebraic functions in the parameters &,
this follows a standard path. The distinct eigenvalues are solutions of the minimal
polynomial, then by removing the discriminant (which gives a algebraic hyper-
surface) on the complement these are distinct as functions, then one can further
remove some real algebraic variety, which we may assume to be homogeneous, so
that the open components of the complement are all simply connected (this follows
for instance from the fact that one has an algebraic triangulation of the sphere
such that it also triangulates the intersection of all these algebraic hypersurfaces
with the sphere, then one takes the corresponding cones of the open triangles [5]).
As a result we have that we may remove from the space of parameters £ (which
for us are real parameters) some algebraic hypersurface (of course real), such that
outside this hypersurface the entries of X are true functions, which are as we have
said algebraic so analytic, and integral in the sense explained, and finally assume
distinct values for each value of £ outside these algebraic hypersurfaces. Of course
once we remove an algebraic hypersurface the complement is open and dense.

If A € End(V) is a linear map and we decompose V = @4V, into a Fitting
decomposition, we have for the linear operator ad(A) : X — [A, X], on the space
End(V) of linear maps on V, the following facts.

ad(A)s = ad(As), ad(A)n = ad(Ay).

The Fitting decomposition of End(V), under ad(A), is deduced from the decom-
position in blocks induced by V = @V, that is first

End(V) = @q, hom(Vy, Va).

The subspace hom(Vg, V4 ) is relative to the eigenvalue o — 3 so that ad(A) on this
space acts as (o — 8)Id + ad(A,). The map ad(A,) is nilpotent, in fact if AX =0
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we have ad(A,)?* = 0. So for the off diagonal blocks, a # 3 we have ad(A) on
such a block is invertible with inverse

2k—1

(@=87 1+ 3 V.

It is possible that for different eigenvalues we may have a1 — 81 = a2 — B2 so
that this decomposition in general refines, but need not be equal, to the Fitting
decomposition of ad(A).

6.1.1 Blocks and matrices

We now apply this analysis to the finitely many matrices C 4, associated to the
list G := {Aq,..., An} of combinatorial graphs which may appear.

Thus we have finitely many distinct eigenvalues (with some multiplicity) of this
finite list of matrices, which are algebraic functions of the parameters £ and defined
outside some homogeneous algebraic hypersurface. To make the discussion precise
from now on one may remove from R™ a homogeneous real algebraic hypersurface
so that the connected components of the complement are all simply connected,
and so that the distinct eigenvalues are functions in each component and with
distinct values pointwise (see .

We fix one of these open simply connected regions, call it R, in which these
algebraic functions are well defined and then we denote this list of functions by

T:={61,...,00} (69)

Contrary to what happens for the cubic NLS we may have various kinds of degen-
eracies in these eigenvalues, one eigenvalue may appear in two different matrices
C 4, and with multiplicity > 1. This is discussed in and

Later we will need to restrict to some compact domain in one of the Ro N A
in order to make estimates on the derivatives.

Decomposing N'. We now want to simplify A by applying the Jordan and Fitting
decomposition to the quadratic Hamiltonians Q4. In oder to do this we first write
QA = QA + QA so that QA and QA commute, QA is represented by a semi-
simple matrix and on 'y is represented by a nilpotent matrix. Note that, since Q A
is a polynomial in v/, then both its nilpotent and semi-simple part are rational
functions in /€, so they are analytic outside an algebraic hypersurface (cf. §6.1)).

Clearly Q° = >~ , Q% and the matrix 1Q% = C5 ® (—C%) where C% is the
semi-simple part of C4.

Notice that all the O 4 such that A does not have red edges are represented
by self-adjoint matrices and hence do not contribute to Q". Moreover since K and
w®(€) -y’ commute with A we can decompose N' = N'® + '™ (semi-simple and
nilpotent parts) where N = Q™ and {N*, N} = 0.

We put N® in normal form by reducing each of the C%. This means that we
only need to work on a finite number of matrices.
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Proposition 9 There exists a homogeneous algebraic hypersurface A such that the
open region R™\ A decomposes into finitely many simply connected components R
with the following property:

For each combinatorial graph A the eigenvalues of the matriz C 4, are algebraic,
hence analytic, functions of & say 01,...,0k which are homogeneous of degree q.

For all £ € R™ \ A there emists a linear symplectic change of coordinates u' —
Ua(&)u' =" such that:

1. Ua(€) is unitary with respect to X4 and it can be chosen homogeneous of
degree zero in €.

2. Ua(&) is analytic in €.

3. Ua(E) conjugates C 4 into a Fitting normal form: that is a block diagonal
matriz such that each block has a unique eigenvalue.

More precisely for each real eigenvalue 6 , C% acts as I on the eigenspace of
0.

For each pair of conjugate complex eigenvalues 0+ = a £ ib, of multiplicity k
we have a real 2k dimensional space such that the two complex eigenvectors lie in
its complezification. Then we have a basis of this subspace such that C% restricted
to this subspace is a 2 X 2 block matrix

aIk —b]k
blk aIk ’

The matriz o of the standard form on this basis is diag(Ix, —1I).

Note that two eigenvalues which are distinct as functions of £ can be assumed to
be distinct for all values of the parameters &; € R™ \ 2.

Change of variables. For each geometric block A we have the two Lagrangian
blocks of variables where the Hamiltonian O 4 acts by Poisson bracket with the
matrix C 4@ (—C 4), we thus perform on the two Lagrangian blocks the symplectic
change of variables induced by the matrix U4 which puts into Fitting decomposi-
tion C 4. This is by construction a symplectic change of variables and we call with
w’’ the new variables obtained. In these new variables we have a further decoupling
of each Q4 as a sum Q4 = Ze QA’Q, since the component A is determined by its
root r we denote also QA’Q = Qng.

For the A with no red edges the variables u}, = 2. So it is obvious that
w' = (UZ',UZ"). In general we have always w"’ = (Uu’, U@’) but we should specify
which of the uj, have o(k) = 1 or —1. We notice that by definition {u}, i} =
i6/'o (k) and since U is unitary with respect to X4 =diag (o(k))kea then also

ul,a)} = iopo(k), so we still may say that uj, = (z”)g(k). By abuse of notation
we still call z,y, 2k, Zr the new variables.

Since U4 mixes only the variables u and since L, M, K are scalar on the com-
ponents u then in the new variables we have still

L=Yy+ Y o®mlal, M= juwi+ Y okr®ll®, (70
7 k 2 k

K= 13il*yi + Y_o(k)lx(k)|*|ze]*. (71)
i k
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Definition 18 We denote by &€ the set of pairs r, 0 where r is a root of a block
A in the geometric graph while 0 is one of the eigenvalues appearing in the corre-
sponding Fitting decomposition of A.

After the change of variables the new basis is still indexed by convention by the
set S°. Then S° is decomposed as a union of finite blocks Sy 4 corresponding to
the elements of &°. Notice that only finitely many of the blocks indexed by &°
contain k with (k) = —1. Therefore all Q, g, except finitely many, have the form,
Qrp = Q(Zkes;ﬁ |Zk|2)

The finite bad blocks have still a semisimple part O 5 = (3, o(k)|2x|?) and
ZkeSﬁg o(k)|zk|? acts as the scalar i,—i on the two corresponding Lagrangian

spaces, since a basis of one of them is zg(k)7 k € S; o (and the other the conjugate).
The normal form N is

N=K+K', K'=w )+ Y 0y (72)
(r,0)e&e

where the decoupled quadratic Hamiltonian QL@ corresponds to the block of the
Fitting decomposition, of eigenvalue 6, of the matrix C 4.

Remark 10 For a given k it is useful to denote by 6(k) the corresponding eigen-
value. Note that the map k +— (k) depends only on the combinatorial graph.

In order to keep track of the information on the eigenvalue in the geometric
and combinatoric graphs, we mark each vertex with its eigenvalue 0(k).

7 the kernel of ad(N)

We now study the subspace of regular analytic Hamiltonians of degree < 2 which
Poisson commute with A/, M, L. for generic values of £. Note that they must
commute separately with K and K' since they are homogeneous of degree 0,q
respectively in &.

Degree zero in w: This space, which we denote by F° can be divided into
F%0 @ F1.0 with basis €'* and e ®y;. Since monomials are eigenvectors of all
the operators we need to verify when all the eigenvalues are identically zero.

0={L,e""} <= i) 1, =0, 0={Me""} < i) 1ji=0,
i i

0={K,e""} < i) uljil>=0, 0={K"e""} <= iV ,v)=0.
The last condition implies that v = 0, by |5} The same rules hold if the monomial
has degree one in y. Hence the Kernel of ad(N) is x independent and hence of the
form c + 8 Y.

Degree one in w: We analyze the action of ad(N') on a block of the space FO1
given by an element of &°. Given k € Sy, in this block the monomial e“’”(’””‘zzg is
an eigenvector for all our operators, by conservation of L, M we have >, v; +1 =
0, >, viji +r(k) = 0 and with eigenvalue for K:

{K, 7™ 22} — oo (k)Y vilgil + Ir(k)) |
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as for K! we have the diagonal contribution
{w(l) -y, eioa(k)y'ng} — ioa(k)w(l) -y

plus the contribution of the term QL@. Now we claim that we may assume that
the determinant of the matrix of ad(N) is non-zero as a function in £. This is clear
if the scalar part >, v;]ji|® + |r(k)|* # 0. Since we are working in the space where
we have the constraint ), v;j; + r(k) = 0 this condition amounts to ask that

Zuilji|2+|2wji|2¢0. (73)

K2

We then choose our tangential sites j; satisfying this constraint for all v with
coordinates |v;| < a where a < 4dq is a common bound for the absolute value
of the coordinates of each L(k) (which form a finite list). We then claim that for
the remaining v the matrix C' 4 has non—zero determinant, as polynomial in £. For
such a v we have some coordinate v; with |v;| > a, we may assume that it is 11
then set £ = 0, Vj # 1 and verify that still the determinant of the specialyzed
matrix is # 0. All the off diagonal entries, which are given by formulas vanish
since they all contain at least 2 variables £ due to Formula .

From Lemma when we set £ =0, Vj # 1 we get w = —q(q+ 1)&éfes.

To prove our claim we need to analyze in more detail the matrix C 4 in par-
ticular its diagonal part which, from Formula comes from w™ (¢) - L(k)|z,|2.
Finally after the specialization the diagonal matrix has entries a non zero con-
stant times £7(v1 — L1(k)) which is non-zero by our constraint on vy since the
coordinates of each L(k) are in absolute value bounded by a.

We have proved that for all £ outside a countable set of algebraic hypersurfaces
the kernel of ad(N) is zero on functions of degree one commuting with L, M.

Since the determinants depend only on the semi—simple part we have the same
statement also for A%,

Remark 11 Note that the genecirity constraints can be imposed since they
are not zero as functions of j;, indeed the only trivial case is when v = —e; which
contradicts r € S°. Actually constraints like appeared already in [13].

Degree two in w: We denote this space by F 92 We do not exhibit explicitly
such a kernel (since we do not control the nilpotent part of N'). We observe that
ker(ad(N)) is contained in ker(ad(N*)) which now depends only on the eigenval-
ues. The eigenvectors of degree two for ad(N*°) in w are obtained by multiplying
eigenvectors of degree one in all possible ways and the eigenvalues are sums of two
eigenvalues. Since each eigenvalue appears together with its negative in the kernel
we have the following two cases. This depends on wether we pair (v1, A1)+ with
(v2, A2)+ (then we set v = v1 + v2 ) or we pair (11, A1)+ with (2, A2)— (and we
set v = vy — v2).

Case 1:

Zl/i:*Q, ZZ/»LJZ+I‘(h)+I‘(k):O

S viliil? e (B + k), WM (€) v+ 0+ 0 = 0. (74)

i
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Case 2:

lei:O, Zuiji—i—r(h)—r(k) =0.

S vlgil )~ ) =0, W) v 0y~ =0.  (75)

Remark 12 Of course in the kernel we always have the case v = 0, therefore we
are in Case 2 with r(h) = r(k) and h, k in the same Fitting block.

On the other hand we may have a kernel arising from different Fitting blocks and
also with v # 0. We want to encode this phenomenon in a new graph, whose edges
we denote by Y = YUY ~2, and defined as follows.

7.1 The graph Fé”

Definition 19 We say that £ € Z" \ {0} is an edge ¢ € Y if n(¢) = 3,4 =0
and we can obtain w(? (€) - £ as difference of two eigenvalues of the list (of the
matrices C4).

Wesay £ € Z™ isanedge L € Y 2ifn(l) =3, i = =2, L # —2¢; (i=1,...,n)
and we can obtain w(l)(g) - ¢ as sum of two eigenvalues of the list .

Remark 13 i) Notice that ¢ is uniquely determined by the polynomial w(® (¢) - ¢
since —g(q + 1)¢; is the coefficient of £], see Lemma

ii) We notice that Y depends only on the structure of the matrices C 4 which form
a list of matrices associated to finitely many combinatorial graphs and do not
depend on the choice of the j;.

iii) Then Y is contained in the set of edges X, (see Definition for some p
sufficiently large.

iv) Notice that in the case of complex eigenvalues we must have that the imaginary
parts cancel.

The basic stratification. The geometric graph I's, Xx,uy is now used to define the
basic stratification of Z? of which all the stratifications used in proposition [1| form
a refinement.

The construction of the stratification is explained in [15], we take as single
point strata all the points in the finite graphs with red edges. Then the graphs
with only black edges come into a finite family such that the graphs of each family
are all isomorphic and obtained each from the other by a translation. The set of
translations, for a given graph I with a + 1 affinely independent points is defined
as follows, one chooses a root r € I' and takes the subgroup of elements u € 74
orthogonal to the a linearly independent elements x — r, € I' \ {r}. Then
generically I'" + u is still a connected component of the graph I's, x, uy while for
some special u this translate is contained in a larger connected component.

Definition 20 The stratum associate to a point k lying in a graph I" with only
black edges is then defined by taking all the points A = k+wu lying in an isomorphic
graph I' + u connected component of I's, X,UY -
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The graph I 5,x,0y - Starting from the geometric graph I's we construct a new
geometric graph, which we denote by r s, x,uy, with vertices in S¢ and edges
X, UY. This is obtained from the geometric graph I's, X,uy, Which contains the
graph I's by keeping only the new edges which connect two roots (of I's) with the
following constraints.

As explained in Remark[I0]we have marked each vertex in S¢ with its eigenvalue
9(k) € T. Consider any two connected components A, B of I's with roots r,r’:

Definition 21 If r,r’ are connected in I’ s, x,uy by a black oriented edge marked
€ YO, that is

dgilitr—x'=0, > [jll+ - =0, (76)

we keep this edge in f57 x,uy if and only if there exists k € A and h € B such
that
w(€) - L+ 6(k) —6(h) = 0.

If r,r’ are connected in I's, x,uy by a red edge marked ¢ € Y 2 that is

Yo dtitrr =0, > 15l + kP + 1K =0, (77)
i i

we keep this edge in fs, X,UY if and only if there exists k € A and h € B such
that
wM(€) - 4 6(h) + 6(k) = 0.

Remark 14 If r,r’ are connected by a black oriented edge marked £ then r’,r are
connected by a black oriented edge marked —/, for red edges instead the relation
is symmetric.

Notice moreover that for most points k& € S¢, in fact outside finitely many
hyperplanes plus a finite set, one has r(k) = k and 6, = 0.

Proposition 10 The connected components of fs’ x,uy for generic choices of S
have at most 2d + 1 vertices moreover the components which do not contain any
red edge have vertices which are affinely independent (and hence at most d +1).

Proof Our graph is a subgraph of I's, x,uy and we may apply Proposition @ a

Some geometry.

Remark 15 There is an equivalent way of looking at this construction, the condi-
tions of Definition define a graph, called the root graph, with vertices the roots
r and edges in Y, a connected component of the graph fs, X,uYy is obtained by a
connected component C' of this graph with vertices roots, by taking the union of
the components of I's with root r € C.

Then we see the following important fact. In I s, x,uy the components containing
only black edges are clearly obtained by the previous gluing construction from all,
except finitely many, the connected components of I's containing only black edges.
In other words we have a set Sg, complement of a finite set, formed by all vertices
of the connected components of T s, x,uy containing only black edges.



Reducible quasi-periodic solutions for the NLS 35

We have that these components come into a finite family of usually infinite
sets each obtained by translations from some subgroup of a given component.

We then have a linear stratification of Z™, which we still denote by Yj, in which
the roots of the components are a union of strata.

So a stratum Y of roots of dimension k determines a subgroup A of Z" of
translations, of its closure, of rank k and for any r € Y we have that Y = A\ A’ 4+
where A’ is a finite union of subgroups of A or rank stricly lower than k.

For a given stratum Y of roots, the graphs having roots in Y are all isomor-
phic as combinatorial graphs marked by the elements 6 under translation by the
difference of the roots their union form a union of strata parallel to Y (i.e. inside
cosets of A).

Definition 22 [Final graph| Notice that this construction induces a graph Féf )
also on the set 6°, seeof pairs (r, 0). We define that (r,6), (', 0") are connected
if r, " are connected and 9(k) = 0,0(h) = ¢’ for some k, h withr(k) = r, r(h) = r’.

In this graph then the eigenvalues 6, 6’ are either both real or both complex. In
the case of complex eigenvalues we must note that if (r,0), (r’,0) are connected
then so are (r,0), (z',0).

Lemma 6 If(r,0),(x’,0') are connected by a path of edges then they are connected
by an edge. Such edge is black if the path contains an even number of red edges
and is red otherwise.

Proof We only need to prove our statement when the path is made of two edges.
Suppose (r,0),(r1,01) are connected by the edge ¢ and (r1,61) is connected to
(r',0") by £'. If £ and ¢ are both black we have 6; — 0 = (W™ (€),¢) and ¢’ — 6, =
(wM(€),£) which implies that 6/ — 0 = (W™ (£),£+ ¢') an hence £+ ¢ € X. In
the same way:

Zji&-—kr—rl:ZjiK’i—Frl—r':O —>Zji(£i+£§)+r—r’:0,

same for the quadratic formulae. We have proved that (r, ), (r’, ") are connected
by a black oriented edge marked £ + ¢'. Similarly if ¢, ¢ are red then (r,0), (z,0")
are connected by a black oriented edge marked £ — ¢. Finally if ¢ is red and ¢’ is
black (r,#), (r’,0’) are connected by a red edge marked £ — ¢'. O

We need now some further constraints of the frequencies j. Since we have seen
that this final graph does not depend on S we can impose the condition that
(r,0),(r,0"), 6 # 0 is never connected by an edge, since we may assume that, if
0+0 = (wh(€),¢) we have always £ - j # 0.

Then we have

Proposition 11 The projection (r,8) — r is a map of the graph I‘éf) toI's, x,uy -
It maps thus a connected component injectively into a connected component.

In each connected component ® of I éf ) we now want to choose a root, we do
this by choosing as root a pair (r, 8) with r a root of a components A of I'g, in other
words we choose a root of the component of the root graph, in order to distinguish
this from the other pairs appearing we shall use the symbol t := (r¢,6¢). By the
previous remarks we can make this choice translation invariant for the components
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with black edges, we always make this choice. We shall denote this last set of roots
by T which therefore is an indexing set for the connected components of I éf ),

It is important to remark that we can divide ¥ into a finite set T, (which
contains all the bad blocks) and the infinite good set T, which by definition is the
part which projects to the part of fs, x,uy made of the components containing
only black edges.

By Lemma@ each vertex (r,0) of the chosen component D is connected to the
root t by an edge £(z, ).

Given a root t € T let us denote by ©; the corresponding component of Féf )
and by Dy, the support of D¢ to be the set of the k € S¢ such that (r(k),0k) € D«.
Notice that by construction this is a union of some of the subsets Sy, defined by
the Fitting decomposition. If k € D¢ we set t(k) = (re(k),0¢(k)) := t. In general
ri(k) # v(k), 0:(k) # O(k).

Corollary 2 The sets Dy decompose the connected components of fs, x,uy - This
decomposition of the components with only black edges is invariant under transla-
tions.

Set £ through the Formulas
o le+x(k) = (n(le) + Dre(k), 0 (€) - b +0(k) = (n(lx) + 1)0u(k).  (T8)

We also define a new color s(k) := o(k)(n(¢) + 1) = £1. Note that we can re-
formulate the Formulas (63), in terms of Ly, ¢y, s(k), t(k) by substituting in those
Formulas the expressions given in Formulas , (77).

We see now that we have a parallel with Take a degree 2 monomial m
product of two eigenvectors as in the previous discussion.

Proposition 12 A monomial m = ei”'xz,fzgl with v # 0 is in the kernel of

ad(N®) if and only if (x(h),0n), (x(k),0k) are connected by an edge £ and v = +£
(here the sign is determined by o,0’o(k),o(h)).
In Formula the edge is a red edge while in Formula it is a black edge.

Proof We apply the commutation rules; we only need to show that the possible
monomials have v # —2e; for all 7. Indeed in this case we see that the equations
for the conservation of M and K have the unique solution r(h) = j; ¢ S¢, a
contradiction. a

7.2 A new phase shift

At this point we can perform a new symplectic change of variables which is done
with the same method of phase shift as in Formula .
We now define ¥:

zp = e REeT gyl e §°
z=a', y=y+ > olk)llzl*.
keSe

Proposition 13 i) ¥ is symplectic analytic and leaves M,L,K, K1 and N in
normal form. ii) For any function f € Rs r of degree < 2 and such that f Poisson
commutes with N°° we have that f oW does not depend on x.
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Proof We first prove item ii). Since f is an absolutely convergent sum of monomials
we only need to prove our claim on single monomials m. If the degree in w is zero
or one the statement follows trivially (by substituting the new variables). In case
of degree two we substitute and get in one case

eiaa(h)l/-ngzg/ _ ei(o’o’(h)V*O’U(h)e(h)fo/a(k)f(k))<x(zl)g(zl)g’ _ (ZI)Z(ZI)Z/

by applying Lemmal6] to the vertices (R, t), (r(h),64), (x(k), 0)) and recalling that

the last two vertices are joined by an edge marked v. The other case is identical.
It is possible that f contains monomials with v = 0. Then by Remark [12]

(r(h),0r) = (x(k),0%) and oo (h) = o’o(k) and such term remains x independent.
i) We can compute the new Hamiltonians explicitly by substitution:

L= Zyz+z k)|ze|? Zyz+ > olk)n(er)|z|? +ZU(/€ ENl
kese
:Zyi+25(k)|zk|

M=j- y+Z R)r(®)|zl =3-v' + > o(k)j - tlzil? +Z (k)x(k)|zi|”

kesSe
=iy +Zs(k ri(B)|zkl? =D r( D s(k)|zkl?).
te® keEDg

As for the nilpotent part Q" in A/ we notice that it is a sum of monomials as
in Remark so Q" remains block diagonal and z independent by the same
argument as in item ii). O

In order to simplify the notations we now drop the apex ' and write v, z the new
coordinates.

Corollary 3 For £ € A,, in the final coordinates the normal form of the Hamil-
tonian has the form

N=K+K', K'=w®©@ y+ Y o+ 0> |lul>) (79

= teT,  keD,
K= Z|Jz| i+ [w* (D sth)lznl). (80)
te® kEDy

As for the finitely many Q¢ each corresponds to a Hamiltonian which can be split
in Jordan decomposition, with a scalar and a nilpotent part QP!

Q=M +0(> s(k)|zl?), Vte Ty
kEDy

The associated matrix corresponds to a map on two Lagrangian blocks each with a
single non—zero eigenvalue +i6¢ but contains possibly also some nilpotent part.

Proof When we substitute in Formula 7 setting &% the support of the finitely
many blocks in Ty

Klzw(l)(£)~y+ Z Oro + Z 9(Z|zk|2)
%

(r,0)€6% (r,0)¢6%
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T A () Al (3 RN EA S N o NP S NS [ N A
k

kese (r,0)€65 (r,0)¢65

For the k in the support of T, we have o(k) = 1, n(£) = 0, the coefficient of |z, |2
comes from two terms, w™® (€) - £ and 6, the sum is by Formula (), 6:(k) = 6.
which gives the last term of Formula , Formula is similar.

The remaining terms are collected in the finite sum namely, for a given t €
%; the contribution to Q¢ is the sum of the sum Z(r,G)GD‘ O, ¢ plus the sum

> kep, (k) w W (&) - by, |z, |%. Formula gives the statement on the eigenvalues.
O

Remark also that, if k € D¢, t € T4 then s(k) = 1. Thus N® is the sum of the

terms
Z(IJ 1+ @i + D (O + 00 sth)[z]). (81)

tex ke

That is in y, given by Zz(|31|2 + wgl)(g))yi, the infinite real diagonal part given
by Zteig (Jx(6)]* + 00) (X ke, |2k |?) and finally the finite semisimple part involving
the bad sites Zte:f (r(®)]* + 0¢) (> 1ep, 5(k)|zx|?). These finitely many blocks may
also contribute to the nilpotent part of N’

Recall that 3, s(k)|zk|* acts as the scalar i, —i on the two corresponding

. . . . k
Lagrangian spaces, since a basis of one of them is zZ( ) (

gate).

and the other the conju-

F%! and the algebra Fier. We now decompose F*'! as orthogonal sum (with re-
spect to the symplectic form), with blocks each decomposed as sum of two conju-
gate Lagrangian subspaces, (D¢, )" @ (D¢, v)” with t € T and v € Z™ constrained
by the conservation laws.

For each index t, v the constraints

7(V)+ri=v-j+re=0, n¥)+1=0

express respectively the conservation of momentum and mass. We have as basis
for (D,v)" the elements ei”"”z,‘z(k) where k € D¢ and for (D¢,v)” the conjugate
elements.

These blocks are obviously stable under ad(N') and the action is deduced from
corollary [3} note that on each block this action is invertible.

The product of two blocks (D, l/i)i17 i = 1,2 produces a quadratic block in
F%2 stable under ad(N) with basis the products of basis elements. In order to
avoid repetitions we index different quadratic blocks by (v, t1, t2, 01, 02) where the
conservation laws are:

nw)+1+o0102 =0, =w(v)+ry + 01021, =0

while the basis elements are eigl”'mz,zls(k)zzzs(h) where k € Dy, and h € Dy,.

For o102 fixed the blocks come in conjugate pairs and we usually exhibit the
one with o1 = 1.

Proposition 14 The action of ad(N) is invertible on all the blocks different from
(0,t,t,0,—0).
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Proof Tt is enough to prove that the action of the semisimple part ad(N°®) is
invertible on all these blocks.

Now from Formula (8I) on a block (v,t,t',0,0’) the action is via the scalar
function

S5l + @)+ o (2O + 00 + o' ((¢) +00)

K3
so we only need to observe that if (v, t,t', o, ¢’) is different from (0, t,t, 0, —c) this

function is non zero. If this expression equals 0 we must have separately

ST 13ilPw ol @ + @) =0, Y wi(€)vi + b+ 0’00 = 0.
'3 )

Now we also have conservation of momentum 7(v) + oz (t) + o’z (t') = 0.

These properties then imply that the two roots r(t), r(t') are joined by the edge
v but in the final graph this implies that v = 0 and r(t) = r(t') the final graph
was built so that these equalities imply that (v, t,t',0,0) = (0,t,t, 0, —0). O

This Proposition allows us to define the decomposition of F(%-2) given by Definition
|Z| into the subalgebra Fie, and its unique complement F,g stable under adjoint
action of Fyer.

A Measure estimates

Lemma 7 Consider a C? function f of n variables in a domain A contained in some hyper-
cube of side of length ¢. If for some k € N™ such that |k|1 < q one has

. k k|
>
Jinf 16z f| 2 ™ >0
then for all a > 0 we have, setting:
Ag:={z e A: |f(x)]<al*l}, meas(4o) < 2/k|¢C" lac ! (82)

Proof By induction. If |[k| = 1 this is a standard argument (which one can develop also for
Lipschitz functions). Without loss of generality let us suppose that k = e;. We consider the
map F : z — (f(x),x2,...,2xn) which, since |0z, f| > 0, is a diffeomorphism from Ag to some
set B which is contained in the product of an n — 1-dimensional hypercube with size of length
¢ times a segment of length 2a, hence the volume of F(Ap) is < meas(B) = 2a¢" 1.

The Jacobian of F~1 is 8, f ! so in absolute value is < ¢~1. Therefore the volume of the
set Ag = F~1(F(Ap)) can be estimated by 2a¢"1c1.

Let us now write (again without loss of generality) 8% = 928,, (where |h| = |k| — 1) and
set g(z) := ¢~ 10z, f(x). So that we know

inf, [0ty > e,
Then by the inductive hypothesis
Api={zeA: |g)<a™}, meas(41)<2h|¢" Tac .
On the region A\ Ay we have ¢|g(z)| = |0z, f(z)| > cal?l. Then by case |k| = 1 we have
Ag:={z e A\ A1 : |f(x)] <a*1}, meas(As) < 2¢" talklcla~IP = 2¢n1ae!
and this concludes the proof since As = Ag \ A1 so Ag C A1 U Az and:

meas(Ap) < meas(A;) 4+ meas(Az) < 2|A|¢C"  tac™t +2¢" T = 2/k[¢" T TacT L.
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We shall often apply this Lemma as follows, we have our domain O in the coordinates &
and its image O in the coordinates w. We want perform an estimate of a set Ag C O as before.
We first perform the estimate for the corresponding By C O which satisfies the hypotheses
of Lemma with ¢ = €29, The dilation factor of the inverse of the transformation & — w is
bounded by Lme~2n(a—1) (Remark g). In all the estimates which we shall perform we have
o = €293 where usually 8 = K~°°. We deduce

Corollary 4 If the measure of By = w(Ao) is bounded by C¢" la = Ce2e(n—Dg2a5 =
Ce29" B that of Ag is bounded by CBL"e—2n(a=Dg2an < /g2,

Let f, g be inverse functions between two domains in R™, i.e. go f = 1 and both diffeomor-
phisms of some class CP, we write in coordinates w; = f;(1,...,&n) and & = g;(w1,...,wn).
Then there are universal formulas due to Faa di Bruno, to express the derivatives by := 0% g
as polynomials in terms of ag := 8? f and the first derivatives b; := dw;g (computed at the
corresponding points, &, w = f(&)).

We do not need the explicit formulas but only to know that the nature of such a polynomial
is the following. We give a weight |8| to ag and —1 to b;. Then the polynomial expressing ba
is a linear combination with rational coefficients of monomials of weight —1.

So let h = |a|, in each monomial we have some number k of factors b; which contribute
—k to the weight and other factors of type ag of total weight £ — 1, the total number k of
factors b; can be seen to be bounded by 2h — 1.

We assume to have some estimates \8?w| = lag| < 29281018119, €] = |b;| < e2729L
and LM < ¢, ¢ > 1. In our setting these estimates come from Proposition@amd are justified by
the fact that we work on a domain of width £2 and we start the algorithm from w homogeneous
of degree q.

Under these estimates we obtain for bo = 0% an estimate, with h = ||, (and € < 1)

lbe| < Ce?Le=2Pa (LM =1 < Cg2(1—ha) [2h—2 (83)

where the order comes from estimating the worst monomial in the polynomial expression of
ba. The constant C' is some positive number, sum of the absolute values of the coefficients of
this combinatorial expression and so depending only on n and 8. Summarising

Lemma 8 Let P(§) be such that \BgP(f)\ < e2@=IhD prIhl and consider the map € — w(€)
with derivatives |8§w| < 2= D pIRl gnd its inverse €(w) with |8,€| < e2(A=D L. Then if
LM <c

|89 ¢| < Ce?—lila) f,2191-2
|07, P(E(w))| < C'e2at=1aD 21l =2 (84)
Proof The first is formula and the second follows from the chain rule. O
Lemma 9 Consider a p X p matriz A(w) and given v € Z™, set
f(w) =det(w - vl + A(w))
and suppose that |w - v| < pMe?? and
107, Al < C1?90 =11 (85)

for some C1 > pM.Then there exists Ca (depending on C1,q,p) such that if |vi]| > C2 we
have

|65, f| > C§
Proof Clearly
flw)=Py(w-v)=(w-v)P 4+ (w- V)Pfltr(A) + -+ det(A).

For the derivative we have that 0%, [(w-v)P~%c;(A)] is a sum of terms 8&1 (w- V)P_iaffgha'i(A),
with |h| < p — 4. We estimate

|00, (@ - V)P = [Af (w - v < Rl (pM TPt
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As for 85,:}]0'1'(14) we have that o;(A) is a sum, with signs, of (f) products of 4 entries of A.

For such a product Gg;h is again a sum of some C(h,?) products where each factor has been
derived some u; > 0 times with > u; = p — h. For these factors we apply the estimate (85))

getting an estimate C}e24(!=PTh) for their product. Thus for each \81},1 (w - V)P_iaf,:ha'i(A)\
we have an estimate h!(8)vf(pM)P=i=hCt < h!(g)y{lC}l’_h. Then:
S S A le =N (G e e e b}
l7l<p—1 J

The coefficients x; are purely combinatorial so given C1 we just need to choose C1/C3 so that
C .
Zﬁj(;)pflj\ < pl/2.
;@

0

In our compact set @ C €24 C R™ we now consider the pointwise A norm associated to
the C* maps from O — CP with the Loo norm, [[b(€)[Ix := 32,4 <¢ Al*02b(€)|oc-

Lemma 10 Take a p X p matriz A(§) satisfying the bounds:
|0 Al < X710 Vo] <0

and a p vector b(§) with finite A norm. Suppose now that A is invertible for all £ € O and
that |A= 12 < e 29K? then y(&) = AL (€)b(€) satisfies the bounds

2 —
lyllx < €r2@p?Hrem2a g EHhe by,
Proof We preliminarily note that
|98 bloo < AT [B]].
Then we derive a times the equation Ay = b and obtain
Adgy=0gb— > Ciuga (01 A) 02y, 1+ S g =20
J1tig=o, Jitiz=c,
Jj1#0 Jj1#0
This gives the bound
08 yloe < IAT 2 (PO Ve +97 D0 ciyal02 Alool0Pylec )
J1+iz=a, j17#0
We now prove by induction that

98y| < e—2ax~ 1812181 53181+1 (814D |
3

by simply substituting in the right hand side of the formula all our bounds

108yle < e729K2 (pATI o]+

2 —1411 -2q .—2q y —|j2|9li2] 3lj2|+1 jol+1 l711+152]=la
P Z i1\ 1711 g2a =20 \— |52l 9fl52 | p3li2l+1 f¢ (721 + )QHb”A) 72

Jj1tiz=«o
j1#0
~2qy~al tlia] 3(121+1) (g2l +1)0) P21
e 2NTNIAK (P DD ey, 20 lpt el (L2l ) TG
Jj1tiz=a
J1#0
< e2axlel||p||y K eltDe(p 4 pilalgflial=1) Z Cj1n) <
Jj1tis=«a
J1#0

< e2axlel|p||y K UeltDe(p 4 pdlaltlal — 1)) < g=2ay~lelgtlaldlal+1 gal+De|p)| .

multiplying by Al*! and summing over « (at most £) we obtain the desired estimate. O
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A.0.1 NLS estimates

Consider the NLS equation restricted to some domain Ry N €2 A. This defines w and £2¢ by
setting £2¢ = 0. By [14] we know that the perturbation P is quasi-Toplitz for some parameters
Ko, 6o, po-

Lemma 11 i) There exist constants Lo, Mo so that formule (33]) hold.
1) Given Sp, we can choose the domain Ogp and a constant ag so that Formule hold for
w, 2¢ defined by N with O = Op and a = ap.

Proof i) We have that the functions w — j(2) and its inverse are homogeneous and invertible,
moreover the functions 6¢ and Q?“ are also homogeneous and from a finite list so we satisfy
these formulas by taking the appropriate maximum on a compact domain of the unit sphere
contained in some R, and such that its cone from the origin contains the domain Q.

ii) By the Melnikov conditions, Proposition [14] the matrices under consideration are all
invertible as functions outside the algebraic hypersurfaces where the determinant is 0. All
these matrices evaluated at £ = 0 are an integer multiple of the identity, the remaining part
is homogeneous and runs in a finite list. If this integer is non—zero then the estimates hold
provided ¢ is small enough. Otherwise we have to restrict the domain so to avoid the finite
number of hypersurfaces where one of these determinants vanish and estimate on the unit
sphere. 0

As for Sp we need to fix it as nC2 so to apply lemma@at all steps where A(w) are the matrices,
appearing in Formulaz (40) in the coordinates w.

Proof (Conclusion of the proof of Lemma @) By the non-degeneracy condition insured by
Lemma [11] we may assume |v| > Sp so one of the coordinates v; has |v;| > So/n and we may
assume this happens for v1. We will fix Sg sufficiently large as seen in the course of the proof.

If 0 = ¢/ = 0 we claim that we remove from the set @ a region of order ¢2" K —¢. For this
follow the strategy of Remark Namely, apply Lemmato f(€) = w- v we then estimate the
measure of the set Ag where |w - v| < €29 K¢ as follows.

First by Formula the measure of the image By of Ag under w is bounded by 2¢* 129 K ~¢c~!
where ( is the size of the side of a hypercube containing By and c is a lower bound for one of
the derivatives v; = Oy, (w - ¥). We may take for ¢ the maximum of the absolute values of the
v; which is > Sp/n. As for ¢ we have ¢ < Me2? so we have a bound

meas(Ag) < L9 Vmeas(Bg) < L™ 20~ (Me20)n~1 K029~ < 2" K0,
If t,t' are both in T4 we set for 0 = 0, £1
f@)=w-v+ AP +orl).

By definition of M we have |(95)\E]) |) < €29=1 M so by applying Lemma A.2. we know that
10 f(@)] = |1 + 8y A 4+ oA > 1] — 18, AP + 0A7)| > So/n — 02971 for some
constant C, so taking So sufficiently large the proof is concluded by applying Lemma [7] with
x replaced by w.

We get that the resonant set in the variables w has measure of order ¢2¢(P—1+2a4g—e —
€29 K¢ In order to obtain the estimates in the variables £ we multiply by the dilation factor
Lne2n =214 getting < 2" K 9.

When either t or t' are in T; we need to study
f(w) =det((w-v)I + L(§2¢) + cR(2y)).

This is a matrix of dimension p = §¢dy (resp. of dimension p = é¢ if o = 0). By hypothesis
setting F(€) = L(£2(€)) + o R(2y (€)) we get |92 Floo < 26207212101

We have that A(w) = F({(w)) satisfies estimates as in and under the hypothesis
|w-v| < pMe2? we can apply Lemma A.2. Since we are assuming |v1| > So/n we only need to
choose Sy large enough in order to prove |85, f| > C> some positive constant.

By our definitions the resonance condition is |f(w)| > €29 K—¢+! where p = d¢dy. Then
we apply Lemma [7| with |k| = p and a = €20 K—¢/P, We get that the resonant set in the
variables w has measure of order 2p¢"~1e2¢ K (—et+1)/p S0 by Corollary [4] the resonant set in
the variables £ has measure of order e2"~24g20 | —e/p = ¢2n (=e+1)/p, o
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Consider a normed space of sequences v := (v;) we say that v < w if and only if v; < w;, Vi.

Given k sequences v(7), j =1, < m we have by definition sup; o) = (supj vgj)). Assume
that the norm | - | satisfies
0<v<w = v < |w|

Lemma 12 ]fv(j> >0, 7=1,...,m arem positive sequences we have then @) < sup; @) <
> v) hence
sup [0 < |supv@| < Z [0 | < msup o). (86)
J J J J

If a; are positive numbers

13 a4 <3 a0 | < mfsupaje | <m| > a0 (87)
J j 7 J

Lemma 13 Consider a Hamiltonian

Q(:E,’w) = § ey‘zQu,a,Bza'EBy
[v|<K,a,B
lal+181=1

(i-e. independent of y, of degree at least one in w and in x a trigonomentric polynomial of
degree |v|1 < K ). Denote its associated vector field by

Xo=XP + x5, XY =0.Qx,w) - 8,, X5 =-i0:Q(z,w) - 0 +i0:Q(z,w) - D ,

then one has that ) (w)
IXP e < KIXE v (8)

Proof We can write (collecting is some arbitrary way the monomials)
Q= Z Ak(xv w)zk + By (CE, w)2k~
k

Then, by definition

n
IX$ s =772 sup S IY (MO, Ap(x, w)|zi + [Ms, By (z, w) 5]
||w|‘a,‘p§Tj:1 k

now we know that 377" | [M9z; Ay (2, w)| < K|MAy(z,w)| then by Cauchy-Schwartz we have

s <r72K  sup \/Z |2k |2 + |zk|2\/z |MAg|? 4+ |[MBy|?
k k

X5

lwlla,p<r

and we have that |[MAg| < |[M9., Q| (same for B) since >_, |2x|?+|zk|? < r? and the £2 norm
is dominated by the || - ||a,p norm the claim follows. O

Now in ¢,4,p we can define the norm

v="{vtpeze W2, =D 2 r? sup [v]?.
n keDy

Remark 16 This norm is built so that if for v,w € £a,p we have for all t € T that supyep, |vi| <
SUpgep, |wi| then |[v]e,p < |wla,p. One sees that the norms | - [la,p and |- [q,p are equivalent,
namely ca,plvla,p < ||[V]la,p < Ca,plv]a,p, with:

e L ' kl—|rc]) 16IP
Capi= sup /deetFIZImD 2L = inf eallkl=In) 2L
“p t, k€D [rp” P T g ken, |ze|P
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Lemma 14 Given a hamiltonian H = N+ P with P a quasi—T6plitz function with parameters
(K,0,u), and N as in . Consider the linear operator

L :=ad(N) 4 Iy < gad(IT52P)

and the equation LF = Il,; < P. In the set of £ for which formulae hold, for all |v| < K,
t, ¥ € T, such equation admits a unique solution F = I, F' which is a quasi—Téplitz function
with parameters (K, 0, n) and satisfies the bounds

IXpll% <6 2K3 e xp |1,
where T+ = (s — 20s,7 — 267, K, 0 4 260, u — 26p) and T = (s,r, K, 0, 11).

Proof We discuss in detail the estimates on the A norm, the ones on the T6plitz norm follow
verbatim from Proposition 10.16 of [I4].
We recall that by remark@, setting D = ad([Iye, P) and A = D’lﬂrgVSKad(H>2P) we
have
L=D(1+A4) — L '=D711-A+42%).

Let us now work in the set of £ where hold. We first prove that for any quadratic Hamil-
tonian b € Frg <, setting Y = D~1b, we have
Xy 12, < e 2K X512, (89)

As a first step we notice that if we divide Y = YO +Y @) 1Y (2) w.r.t the degree inw = 2,z

then it is sufficient to bound each || Xy (i) ||§‘T in terms of the corresponding || X, )| Q’T.

The term Y (9 is trivial. We now study Y, b of degree one.
In studying linear real Hamiltonians of the form h = ka’u hok(v)e
we only need to bound the w component of the vector field, namely

i"'zzg, by Lemma

1
IXnllsr < 20K +1Dr (DO Ihe w(@)]eh2e2e ! r)?P) 2
k v

Now we use this formulas with h = 8?Y(1) , la] < €. Then, by using with a; = el m <
€+ 1) 05 = {5, X108 h(hy ()} eza and |+ | = [+ la,p, we have that

Xy 12, < @K +2)(0+ 1"~ MY ||a.p,

M =D e S A9g by k(D) }eeza- (90)
v lal<e

Now we have by Lemmathat for each t and for each k € D¢

Z )\|a\ ksgnp ‘8?Ys(k),k(y)‘ S E*2LZK(€+2>Q Z A‘Oé| ksup |8?bs(k>yk(l/)|
lal<e ‘ laj<e €

We exchange the sup with the sum over v using with |[{v, }| = 32, e*/*!|v, |, then we have
that

sup |[(MAY)g] < dee 29K 22 gup |(MA b))

keDy k€EDy

By Remarkwe conclude that [MAY g, < le20 KU+2)e|MAb), ,, and
||M>\Y||a,p < ECa,pC;;572qK(z+2)gHM)\b”a,p- (91)
Then by

IMb]lap < >0 N e N0g bk 1 () rezallap < TIXII -
la|<e v
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Substituting (91]) in and then using this last bound we obtain

Xy 12 < K +2)(€+ 1)"€Ca,peg pe K22 X |12, < e 292 X012,

s, =

provided K is large (note that o > 1).

We need to treat now the case of (regular) quadratic Hamiltonians (with conservation of
momentum) which belong to the range. To any quadratic hamiltonian Q(z,w) we associate an
x dependent linear operator Q(z) on ¢4, by Poisson bracket. By Formula (50) this amounts

to writing Q(z,w) = f%wé(az)‘]wt. Then in the basis 2y, Zr we can define the majorant (of
the operator ad(Q) ) in matrix terms as

o~ ’ ~ ’
Qs =S ey vl
v
Similarly to the linear case we only need to control

IX5 s = sup [Qullap, w = {2k 5t }pesa-
wlla,p<

Then passing to the equivalent norm | - |q,p of Remark we have

1XQlls.r < (K + 1)z ,Cap  sup  [Qulap.

|wla,p<1
Now as in the linear case we pass to the A norm and get
—1 oy
”XQ”;r < (Z + l)n(K + l)ca,pcflm SUP\w|u,p§1 |Q>\w|a,l7 ’
~ ’ ~ ’
@75 = T Al S, e 1927 (v) (92)

We consider Y = D~ 'b where b is a quadratic Hamiltonian in the range. Since D preserves
the range we have that also Y is in the range. Now we claim that for all w and for all t we
have
sup |(Yrw)y| < e 29K+ qup |(620),|, @, = sup |wg| Vh € De. (93)
ke keEDy ke

If this holds true by remark @ we have
Y Mwla,p < Le™2IK EFDe|pA g, ),
then since |W|a,p = |W|a,p (by definition) we have

sup Y wlep < Le72KEFDe sup M ulg,p.
[wla,p<1 |ula,p<1

Now we can apply (87) to take out the sum over a from the norm |- |4, and we get

D ulap < (€4 D™D ANOZD ula, < €+ 1D)™X]2,

«@

Xy 12 < €4+ D)™ + 1) pCaple 2 KEED(0 4+ 17X |12, < KEFD2T20 X2 .
For the proof of we first use Lemma [10[ to deduce

a avyrs(k),s(h) —2 £+2 a ais(k),s(h)
DAl sup 9g ¥ ()] < eTRKFD S SN sup (ogBL) T )

@ @

hepy, hebyy

By repeated use of and and using the fact that didy < £ the formula follows. This
completes the proof of . Now we turn to F' = L~ !Pg. For any regular hamiltonian h
and for all s’ < s,7/ < r, we can bound ||X{p,h}H>‘ by Cauchy estimates recalling that

st
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1Xplls,r <O <L %90 (here O is one of the telescopic parameters defined in section . Then
by using at most three times we get
2K3(€+3)QI|X (94)

P2

A
HXFHS—st,'r—msr <"

Then passing to the T6plitz norm we follow word by word [14], Proposition 10.16.

By definition the quasi—T6plitz property for F' depends only on the quadratic part F®),
Then proving that F' is quasi-T6plitz requires that we produce a piece-wise Téplitz approxi-
mation and an error. As in Proposition 10.16 for the part of F' with oo’ = 1 we take zero as
piece-wise To6plitz approximation.

For given v we treat the quadratic part as sum of blocks F), ( . When oo’ = —1 by
conservation of momentum 7 (v)+r¢ —ry = 0 so only 8y = 6’ must be fixed (and must belong
to a finite list) then the couple (7(v) 4 r¢,0’) identifies (at most) one t' and hence the block
Dy . Then we identify the parallel strata Z to which D¢ belong and the same for Dy,. We define
the quasi- Tophtz approximation as follows. Recall that F, ¢ ¢ solves the equation discussed
in remark (7)) inverting the operator L,,. This solution is a 3 step algorithm in each step we
either perform a Poisson bracket, which preserves the Quasi—T06plitz property or we solve an
equation of type

(@w-v) = 2m() v = |7 + 0+ 2 — 00 = Bv ) Fyyv = Poos (95)

by induction P, has a quasi-T6plitz approximation Pfiy ¢ same for ¢ and 2. We dis-
tinguish two cases, if 7(v) - « is not constant on X we have seen that 7(v) - r¢ is large hence
F, ¢ is quite small and we can again take zero as its piece-wise ToOplitz approximation.
Otherwise in Formula , the only terms which are not constant on the stratum are
Q¢ — 2. By induction they have a quasi—T6plitz approximation th .Qq,t and the final error
will produce the error of the quasi-T6plitz approximation.
That is we take the solution F‘;}i v of

P

<(w ) = 2m(v) - re — | (V)2 + 0 + 200 — 0y — mt)th . (96)

[
as quasi-Toplitz approximation of F,, ¢ ¢+ on this stratum.

The final point is now to show that we can bound the inverse of the matrix on the left-
hand side of by K. on this stratum the constraint on a single point is sufficient to
constraint on all points of the stratum. For this one has to compute the value of o to be used
on the stratum and compare it with the error term in the quasi—T6plitz approximation.

IXEIT, <8 2K3E e Xp 1T,
7t = (s —26s,r —20r, K, 0 + 260, u — 201) , 7= (8,7, K, 6, 1) (97)

B Quasi Toplitz structure

We group here an informal description of the main properties of quasi-T'oplitz functions needed
through the KAM algorithm. Recall that the notion of quasi-Téplitz is given through some
parameters K, V¥, u.

First one has to identify, for each N > K a natural affine structure. This is done by
introducing the notion of optimal presentation for a point m and the notion of cut.

The stratification by cuts. The optimal presentation of a point m € Z¢ is a combinatorial
notion dependent on N. One presents the point m as the intersection of d hyperplanes (v;, z) =
p; with v; of norm < N and such that the list p;,v; is minimal in an explicit lexicographic

order. This presentation, called optimal is unique and denoted mg[vi; Dil-

Then, given an open interval I = (a,b), one says that a point mﬁ[vi;pi] has a cut at I if
no coordinate p; lies in I. If it has such a cut then we have some py < a, pg41 > b and the first
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£ equations of the optimal presentation of p define some affine space of codimension ¢, denoted
[vi; pile. This defines a linear stratification at least on the set of points which have such a cut.

If one gives d + 1 disjoint increasing intervals I;, j =1,...,d 4 1 clearly for any point m
there is a minimum j such that m has a cut for I;. To this cut is then associated an affine
space and in this way one constructs the desired stratification as explained in remark [2} We
introduce a parameter gg which will be fixed at the end. We start from intervals (;, gi+1) in
the scale logy with

01 =4dgo, 0i+1 = 4do;

and impose for the condition that mﬁ)[vi;pi} has a cut at ¢ if there exists j such that,

logn 2pe < 04, logn P(z»l > 0j+1- This indeed is a cut associated to d + 1 disjoint inter-

vals and hence provides a stratification X2, see section 3.1 of [I7]. We shall usually drop the
symbol ¢ and write just XN

Thus given any point m this construction determines the stratum XY to which it belongs
to and the linear space, of some codimension ¢, spanned by the stratum. If v is a vector with
|v]1 € N consider the scalar product (v, ), = € ). If this is not constant on the stratum by
the definitions it is large with 4N@i+1.

Lemma 15 The number of strata with a cut at g; is less than N@d—1ej

Proof This is Remark 7.7 of [14] with p = 4N 9, indeed summing over the codimension

d
Z(QKN)Ed(4NQj)Z < Ndlej+d+1) < N(2d=2)0;
=0
provided that oo > d(d+1)/(d — 2). O

The stratification X, provided that N is large enough, refines the stratification given by
Definition [20] (cf. Theorem 5 of [I4]). In fact given any element t € T, this determines the set
D¢ and the root r¢ (which in general is NOT in the set D).

We then have that, the stratum through r¢ and the ones passing through each individual
point of D¢ are all parallel to each other and the union of these strata is also a union of some
family of sets {D“rf}ﬂ

Remark 17 In other words we have a decomposition of the set T, into sets (i) (which are
the ones introduced in Proposition , so that each stratum Ts(7) is the indexing set of the
strata through the points in D¢ and r¢ for all t € T,(4).

T=bilinear and quasi—Tdplitz functions The quasi-T6plitz property can not be given only
on the quadratic terms of a Hamiltonian since we need a class of functions closed w.r.t. Poisson
brackets, so we first relax the notion of quadratic Hamiltonian.

Given % < p,¥ <4 and g1 < 4dt < 441 we define (cf. 8.6 of [14]) the (N, 0, i, 7)-bilinear

functions to be the functions which are bilinear in the high variables zg,, zg/. By this we mean
that |m|, |n| > 9N%+1 and both m and n have a cut at (uN7,0N*7). These functions may
depend on z,y and on the small variables z{ with |j| < N3 in a possibly complicated way
but with the constraint that the coefficients have low momentum (cf. 8.2 of [14]).

Finally we define the piecewise Toplitz functions as those (NN, 6, pu, 7)-bilinear functions
which are constant when restricted to each stratum (cf. 8.10 of [14]).

We can now define the (K, 0, u)—quasi-Toplitz functions. Informally speaking given a func-
tion f, for all N > K, o1 < 4dt < 441, we project it on the (N, 0, 1, 7)-bilinear functions and
we say that f is quasi—T6plitz if all these projections are well approximated by a piecewise
Toplitz function. To be more precise, 7 controls the size of the error function, namely the
(N, 0, u, 7)-bilinear part of f is approximated by a piecewise Toplitz function with an error of
the order N~=447 for all N > K.

The role of the parameters K, 0, i is to ensure that if f, g are quasi-T6plitz with parameters
K, 0, u then {f, g} is quasi-T6plitz for all ¥/ > 9 and u/ < p provided K’ > K is large enough.

8 strictly speaking one needs a slight refinement of the definitions adding some more strata

but with the same estimate on the number of strata.
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The stratification £V described above is connected to the quasi-T6plitz structure, in-
deed if m belongs to a stratum Enl\i of codimension £ then, by construction, m has a cut at
(MNQJ',GNM@J') for all % < u,9 < 4 where p; is fixed by 2N and we shall denote it by Os -
Then one can show that all points n close to m have a similar cut, see Lemmata 7.21 to 7.24 of
[14]. In §8.12 of [I4] there are several properties of diagonal quasi-T6plitz functions which are
needed in the KAM algorithm. These properties are in fact also valid with the obvious mod-
ifications for the block diagonal quasi-T6plitz functions in the subalgebra Fie, of Definition
@

This is due to the fact that, provided we start from N > Ky and Ky is large enough the
corresponding stratifications refine the affine stratification of Proposition [1} part iii).

When we apply it to the hamiltonians in the KAM algorithm we exploit the fact that, by
part iv) of the same proposition the corresponding function 6y is the same on all points of the
stratum. Moreover we need the following

Lemma 16 Take a quasi—-Téplitz function F quadratic in w and its projection Ilye,F =
> Fi. Then for each N > K consider the stratification X(N). If r¢,ry belong to the same
stratum 'Y (of codimension £) and D¢ =Dy + Ty (as in Proposition 113.) then 0y = Oy and

[P — Fyl < N™*es || Xp |5

Proof This follows word by word as the proof of Lemma 8.20-Formula (92) of [14]. O
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