LINEAR SCHRODINGER EQUATION WITH AN ALMOST
PERIODIC POTENTIAL*

RICCARDO MONTALTO! AND MICHELA PROCESI?

Abstract. We study the reducibility of a linear Schrédinger equation subject to a small un-
bounded almost-periodic perturbation which is analytic in time and space. Under appropriate as-
sumptions on the smallness, analyticity and on the frequency of the almost-periodic perturbation,
we prove that such an equation is reducible to constant coefficients via an analytic almost-periodic
change of variables. This implies control of both Sobolev and Analytic norms for the solution of the
corresponding Schrodinger equation for all times.
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1. Introduction. The problem of control of Sobolev norms for linear Schrodinger
operators on a torus with smooth time dependent potential has been studied by vari-
ous authors. Groundbreaking results were proved by Bourgain in [Bou99a] in the case
of quasi-periodic bounded potentials with a Diophantine frequency, then in [Bou99b]
for general time dependent potentials. The main result was an upper bound on the
growth in time of the Sobolev norm, respectively logarithmic and polynomial in time.
Such results were generalized to unbounded potentials in [Del10], [MR17], [Mon18],
[BM18],[BGMR17], [Mon19a], [Mon19b], [BM19], [FM19].

The main feature of such results is that they are very general, require little or no
conditions on the time dependence of the potential and can often be applied also in
non-perturbative settings. At this level of generality such results are in fact optimal
as showed in [Bou99b]. See also [Mas19], [HIM20] for examples of growth.

A parallel point of view is to study the reducibility of Schrédinger equations with small
quasi-periodic potentials by requiring stronger non-resonance conditions on the fre-
quency, see [EK09]. We recall that a first order linear differential equation @ = L(t)u
is said to be reducible if there exists a (uniformly bounded) time dependent linear
operator which conjugates it to an equation © = Dv where D is time independent and
diagonal (or block diagonal). Thus one gets a uniform control in time of the Sobolev
norms to the price of restricting to small quasi-periodic potentials with rather invo-
luted non-resonance conditions on the frequency. We remark that reducibility is a
key argument in KAM for non-linear PDEs. This is a strong motivation for studying
reducibility for linear PDEs. Conversely many KAM results can be adapted to the
reducibility setting.

As can be expected the (block) diagonalization algorithm relies on lower bounds on
the difference of distinct eigenvalues (the spectral gaps) as well as on a strong control
on their possible multiplicity. Indeed the first results were for bounded potentials in
the case of Dirichlet boundary conditions on [0, 7], where the eigenvalues are sim-
ple (see for instance [Kuk87], [P&s89], [P96], [KP96], [Kuk9s]). The last ten years
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have seen considerable progress in this field, particularly in the case of unbounded
potentials. The first results were in [IPT05] in the case of periodic potentials and
[BBM14], [BBM16] for the quasi-periodic case. Regarding Schrodinger equations we
mention [FP15], [Feol5],[Bam17],[Bam18]. Note that all the preceding papers deal
with Sobolev stability; generalizing to the analytic case, especially in the case of un-
bounded potentials of order two and in the context of a nonlinear KAM scheme, is
not straightforward. A strategy was discussed in [CFP19],[FP]. While the literature
on reducibility of quasi-periodic potentials is quite extensive in the case of one space
dimension, the case of higher dimensional manifolds is still largely open. We men-
tion [EK10], [BG16], [EGK16] and finally [BGMR18], [FGMP19],[Mon19b], [CM18],
[BLM19] for an unbounded potential.
Common features of the reduction algorithms are : 1. they are perturbative, 2. they
require complicated non-resonance conditions depending on the potential, 3. they
strongly depend on the number of frequencies.

In the present paper we study the reducibility of Schrodinger equations on the
circle with a small unbounded almost periodic potential of the form

Byu = 1(33 + 5P(t)>u,

1.1
- P(t) := Va(z, )02 + Vi (2, 1)0, + Vo(z,t), z€T:=R/(27Z),t €R.

Here Vy, V1, V4 are analytic (in an appropriate sense) almost periodic functions of time
with frequency w which is an infinite dimensional Diophantine vector in ¢°°(N,R)
(see definitions 1.3 and (1.1)). For small ¢ we prove a reducibility result under the
assumption that for any ¢ € R, the operator P(t) is L? self-adjoint and that w belongs
to some (explicit but convoluted) Cantor set of asymptotically full measure.

Of course the difficulty of such a result is strongly related to the regularity of

the almost-periodic potential. Indeed, by definition, an almost periodic function is
the limit of quasi-periodic ones with an increasing number of frequencies. If the limit
P, — P is reached sufficiently fast, the most direct strategy is to reduce iteratively
the approximations of (1.1) with quasi-periodic potentials, by considering at each step
n the operator P, as a small perturbation of the one of the previous step. This pro-
cedure in fact works if one considers a sufficiently smoothing and regular potentials
but becomes very delicate in the case of unbounded potentials.
Good comparisons are: [POZ] which studies a smoothing nonlinear Schrédinger equa-
tion with external parameters and proves existence of almost-periodic solutions with
super exponential decay in the Fourier modes. [Bou05], on almost-periodic solutions
for a nonlinear Schréodinger equation with external parameters with sub-exponential
decay in the Fourier modes. In the first paper the very fast decay implies that at
each KAM step, one only needs to construct quasi-periodic solutions (with increasing
number of frequencies) which is a well known result; the only point is to show that
they converge super-exponentially to a non-trivial almost periodic solution. In the
second paper the author does not rely on quasi-periodic approximations, this requires
to completely revisit the KAM scheme but leads to solutions with much less regularity.
In this paper we follow the general point of view of [Bou05], see also [BMP19], us-
ing the same infinite dimensional Diophantine vectors and various technical lemmata
(detailed proofs of all the technical Lemmata can be found in [BMP]). The strategy
is to generalize the approach of [BBM14] to the context of almost-periodically forced
PDEs. This requires developing pseudo-differential calculus in the context of analytic
functions on infinite dimensional tori, see page 5 for a more detailed presentation of
the novelties.
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In order to give the precise statement of our theorems, we introduce some notations
and definitions.

We define the parameter space of frequencies as a subset of! />°(N, R), where we recall
that

(°(N,R) := {w = (w))jen € RY ! ||w]|oo := sup |w;| < oo}.
JEN
More precisely, our set of frequencies is the infinite dimensional cube
N
(1.2) Ry = [1 : 2} .
We endow the space of parameters Ry with the /> metric, namely we set

(13) doo(wl,WQ) = le — w2||oo, le,WQ € R() .

Furthermore, we endow Ry with the probability measure P induced by the product
measure of the infinite-dimensional cube Rg.

We now define the set of Diophantine frequencies. The following definition is a slight
generalization of the one given by Bourgain in [Bou05]. Here and in the following we
denote by (j) := max{1, |j|}.

DEFINITION 1.1. Given v € (0,1), p > 1, we denote by D, the set of Diophan-
tine frequencies
(1.4)
1

D%HZ: WERO:|W'€|>7HW

. WeZV:0< ) || <o
e il 2 16

JEN
In the following we shall fix ;n = 2 and denote D, := Dy 2.

For all ;4 > 1, Diophantine frequencies are typical in the set Ry in the sense of the
following measure estimate, proved in [Bou05] (see also [BMP]).

LEMMA 1.2. For u > 1 there exists a positive constant C(u) > 0 such that

P(Ro \ Dy,) < C(p)v -
For n > 0, we define the set of infinite integer vectors with finite support
(1.5) 72 = {z eZV: |t = 5] < oo}.
JEN
Note that ¢; # 0 only for finitely many indices j € N.

DEFINITION 1.3. Given w € D, and a Banach space (X,| - ||x), we say that
F(t) : R = X is almost-periodic in time with frequency w and analytic in the strip
o > 0 if we may write it in totally convergent Fourier series

F(t)y= > F()e*“" suchthat F()€ X,V eZX and Y |[F(0)|xe! < co.
1/ tely

!Here and in the following N does not contain {0}.
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We shall be particularly interested in almost-periodic functions where X = H(T,)

H(To) = {U = Zﬁneirm, aj cC: ||u||7-L('1TU) = Z mn‘e‘ﬂm < OO}

neEZ nez

is the space of analytic functions T, — C, where T, := {9 € C: Re(p) € T, [Im(p)| <
o} is the thickened torus.
Now we are ready to state precisely our main result. We make the following assump-
tions.
e (H1) The functions Vp, Vi, Vo are almost-periodic and analytic, in the sense
of Definition 1.3, for & > 0 and X = H(T%).
e (H2) We assume that

Va(e,t) = Va(md), W(,t) €T xR,
(1.6) Vi(z,t) = 20, Va(x,t) — Vi(a,t), V(z,t) e TxR
Vo(t, ) = Vo(a,t) — O Vi(x,t) + OpsVa(a,t), V(x,t) € T xR.

This implies that the operator P(t) in (1.1) is L? self-adjoint for t € R.
Here and in the following we denote by B(E, F') the space of bounded linear
operators from F to F. If E = F, we write B(E) instead of B(E, E).

THEOREM 1.4 (Reducibility). Leta > 0 and assume the hypotheses (H1) and
(H2). Then there exists a subset Q. C Ry = [1, 2]V satisfying

(1.7) lim P(2.) = 1
e—0

such that the following holds. For any w € Q., t € R, 0 < o <o’ <T/4, p > 0 there
exists 6 = 6(o,0’) € (0,1) such that if ey~! < § then there exists a unitary (in L*(T))
operator Weo(t) = W (t;w) such that:

1. Woo(t), Weo (t)~1 are almost periodic and analytic maps on the strip @ /4 into

XzﬂMR%MRD
2. u(-,t) is a solution of the Schridinger equation (1.1) if and only if v(-,t) =
Weo(t) " u(-, t)] is a solution of the time independent equation

(1.8) O = iDoov

where Doy is a linear, self-adjoint, time independent, 2 x 2 block-diagonal
operator® of order two such that the commutator [Duo, Ozz] = 0.

3. For any s > 0, the maps R — B(HS(T)>, t = Wao(t)*! are bounded.
From the Theorem stated above, we can deduce the following Corollaries:
COROLLARY 1.5 (Asymptotics of the eigenvalues). The spectrum of the operator
Do is given by
(1.9) spec(Dsc) = {uo(w)} U {5 (@), 15 (@) }jem, C R,

. . A1(w ry o
pg (w) = Aoj? 4+ oA + Ao(w) + Uj() + j% ,3>0
2We recall that an operator L on a vector space V is d x d block diagonal if there exists a

decomposition of V' = @V} such that L maps each V} in itself and all the V; have dimension at most
d.
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where Ay — 1, Ay ~ & do not depend on w, while Ao, A_1,7§ are Lipschitz w.r. to w
and of order €. Finally po is Lipschitz w.r. to w and of order €.

For compactness of notations we set ,u(()+) = ,u(_) = lo.

COROLLARY 1.6 (Characterization of the Cantor set). The Cantor set Q., given
in Theorem 1.4, is defined explicitly in terms of the spectrum of the block diagonal
operator Doo. More precisely it is equal to the set Qoo (), v = €% for some a € (0,1),
where
(1.10)

o o’ 2y
Qoo (7) == {w€D7:|w~€+u§- )—,u;, )|27

a0y’
(o) (") 27 . 00 /
O -z g VD) € @) xNo. oo’ € (.-}

V(£aj7j/)€Z:oXNOXNO7 j#j/a

lw- €+ p

where
a(0) == [T+ 1eal* (), veezz.
neN
COROLLARY 1.7 (Dynamical consequences). Under the same assumptions of
Theorem 1.4 the following holds
e Analytic stability. For any 0 < 0 <7/4, p > 0, ug € H(Tz), the unique
solution of the equation (1.1) with initial datum u(z,0) = uo(x) satisfies the
estimate ||u(-,t)|lu(r,) Soz [uoll2(r,) uniformly w.r. tot € R.
e Sobolev stability. For any s > 0, ug € H*(T), the unique solution of
the equation (1.1) with initial datum u(z,0) = wuo(x) satisfies the estimate
llu(, )l as(my Ssllwoll s (ry uniformly w.r. tot € R.

Remark 1.8. By Theorem 1.4, items (1) and (3), one gets boundedness properties
of the maps Wy (t)*! both on analytic and Sobolev spaces. This is the reason why
in Corollary 1.7, we get a stability result for both analytic and Sobolev initial data,
see Section 7.

Strategy of the Proof. The overall strategy of the proof is the one proposed
in [BBM14] and consists of two main steps: a regularization procedure and a KAM
reduction scheme. The aim of the first step is to conjugate (1.1) to a simpler dynam-
ical system where the vector field is space and time independent up to a sufficiently
smoothing remainder. Here one uses the fact that the linear operator in (1.1) has a
pseudo-differential structure.

In the second step one completes the reduction by applying a KAM scheme, which
relies on the fact that the eigenvalues are at most double, with a quantitative control
on the differences.

In order to explain which are the main difficulties to overcome in order to deal with
almost-periodic potentials let us describe the strategy more in detail.

It is convenient to think of almost-periodic in time functions as restrictions of
functions on an infinite dimensional torus. To this purpose we define analytic func-
tions of infinitely many angles as the class of totally convergent Fourier series with a
prescribed (and very strong) decay on the Fourier coefficients. One may verify that
in fact this definition coincides with the set of holomorphic functions on the thickened
torus

Tgo = {SD = (on)jENa Pj eC: RG(QD]) eT ) |Im(¢])| < 0—<j>7l}’

so not only we consider analytic functions, but the radius of analyticity increases as
7 — oo. This is quite a strong condition but it is not at all clear to us whether it may

o0 € {+,—}
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be weakened, even in apparently harmless ways like requiring [Im(¢;)| < o log(1+(j))?
with p > 1.

In a nutshell the main novelties are the following: in the regularization step, we
need a normal form procedure which uses 1) operators induced by diffeomorphisms
of infinite dimensional tori, 2) pseudo differential operators with symbols depending
analytically on ¢ € T*°. This basically requires to develop a pseudo differential cal-
culus for “classical” symbols a(y, x, &), with ¢ € T°. On the other hand in the KAM
reducibility scheme the main difficulty is the presence of extremely small divisors,
which have to be controlled by shrinking the radius of analiticity appropriately.

Let us give a more detailed description of our approach. In the regularization
procedure the first step is to reparametrize the x variable (x ~» x + (z,wt)), in order
to remove the space dependence in the leading order term Vs of (1.1). This induces
an invertible linear operator which acts on the dynamical system removing the x
dependence from V5. Here the time behaves as a parameter, so no condition on the
time dependence of the potential is needed. Note however that this change of variables
mizes time and space. Namely if we start with a potential which is analytic in time
but only Sobolev in space, after the change of variables it will have finite regularity
both in time and in space. For this reason, since we need to preserve analyticity in
time throughout our procedure, we require that our potentials are analytic also in
space.

In the second step one reparameterizes the variables ¢ € T2 so as to remove the
angle dependence in V5. Here there are various non-trivial points to discuss, both in
order to guarantee that the change of variables is well defined and “invertible” and in
order to describe the action on analytic functions.

Indeed even in the much simpler case of a finite number of angles, the regularization
procedure is usually performed on C*° potentials and working in the analytic class
requires some extra care (see also [FP]).

In dealing with infinitely many angles one uses the fact that w is Diophantine in the
sense of (1.4) as well as the fact that the potentials are analytic with growing radius
of analyticity as j — oo (see formula (1.11) and the comments following it).

The remaining steps in the regularization procedure do not introduce further problems
w.r.t. the first two steps. Asis typical in this kind of results one could further push the
regularization procedure up to an arbitrarily smoothing remainder. We have chosen
to regularize our problem up to order —2 because this is the “minimal action” required
in order to complete the successive KAM iterative procedure.

An interesting point is that all the regularization steps apart from the first three, do
not mix the regularity of time and space so that one could work with potentials that
are only analytic in time. A simple consequence is that if in (1.1) we assume that V5
and V7 are constant in time then we can require that Vj has only finite regularity in
space (but is still analytic in time).

Since we work with a perturbation which is a differential operator whose coefficients
are analytic both in time and space, we cannot apply as a black box the regularization
procedure as in [BGMR17], [Mon18], which is based on Egorov-type theorems and is
developed for general pseudo-differential perturbations of class C*°. Indeed developing
a general Egorov-type theorem in analytic class does not appear a straightforward
question (actually the quantitative estimates that we need might not hold true in a
general setting).
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Therefore we perform the regularization procedure in the class of analytic func-
tions, with quantitative estimates, see Sections 3.1 and 4. The main feature which we
exploit is that our perturbation P is a classical pseudo-differential differential operator
(i.e. it admits an expansion in homogeneous symbols of decreasing order).

We remark that in the regularization procedure, one could impose much weaker ana-
lyticity conditions. One sees that in fact the only condition needed here is that there
exists p > 0 such that

(1.11) sup (1 + ()22)e P Zit0" 161 < oo
LEZ GeN

If we choose different radii of analyticity, such as

T == {p = (¢;)jen, ©;j €C : Re(p;) €T, |Im(p;)| < pF(j)}, F(j) > 1,

condition (1.11) becomes

aup T[0+ (77T IO < oo
e jen

and one can construct many examples where this holds.

In the KAM scheme most difficulties come from quantitative issues, particularly
measure estimates. At a purely formal level our scheme is essentially classical. At
each step one considers a linear operator of the form D + P(¢) where P is very small
while D is time independent and block-diagonal with blocks of dimension at most two.
First we introduce an “ultraviolet cut-off” operator, so that IIxP depends on finitely
many angles (depending on N), while the remainder (Id — IIx)P is very small.
Then one applies a linear change of variables e”(?) where F solves the homological
equation

~

—w - 0,F + [iD, F] + NP = [P(0)],
where [73(0)] is the time-independent and block-diagonal part of P.
Direct computations show that (at least at a purely formal level) this change of
variables conjugates D+ P () to an operator of the form D, + Py (p) where Py (p) <
P(¢). In order to ensure that a solution to the homological equation exists and in
order to give quantitative estimates, one restricts w to a set where the spectrum of
the operator

(1.12) L(p) = —w - 0,L(p) + [iD, L()]

is appropriately bounded from below. Iterating this KAM step infinitely many times
one reduces the operator D + P(y), for all w in some implicitly defined set where the
condition (1.12) holds throughout the procedure.

The difficult part is to verify that the Melnikov conditions (1.10) are such that: 1.
The Cantor set Q4 () has positive measure; 2. for all w € Q4 () (1.12) holds at each
KAM step with a quantitative control in the solution of the homological equation; 3.
the iterative scheme converges.

Here one needs not only for (1.11) to hold for all p > 0 but also that the supremum
in (1.11) does NOT diverge too badly when p — 0. It is here that the special choice
of analyticity comes into play, and it is not clear to us if it can be weakened in any
significant way.
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The paper is organized as follows. In Section 2 we state the properties of the analytic
functions on the infinite dimensional torus that we need in our proofs. In Section 3,
we provide some definitions and quantitative estimates for the class of linear operators
that we deal with. In particular we define the norms that we use in Sections 4, 5 and
their corresponding properties. In Section 4 we show that our equation can be reduced
to another one whose vector field is a two-smoothing perturbation of a diagonal one.
This is enough to perform the KAM reducibility scheme of Section 5. In Section 6
we provide the measure estimate of the non resonant set of parameters Q. () (see
(1.10)) and in Section 7 we conclude the proofs of Theorem 1.4 and Corollary 1.7.
Finally, in the appendices A and B we collect some technical proofs of some lemmas
that we use along our proofs.

2. Analytic functions on an infinite dimensional torus. As is habitual in
the theory of quasi-periodic functions we shall study almost periodic functions in the
context of analytic functions on an infinite dimensional torus. To this purpose, for
1,0 > 0, we define the thickened infinite dimensional torus TS° as

© = (pj)jen, ©; €C: Re(p;) €T, [Im(p;)| < o(f)"

Given a Banach space (X, || - ||x) we consider the space F of point-wise absolutely
convergent formal Fourier series To® — X
(2.1) ulp) = Y _ a0, a() e x

teze

and define the analytic functions as follows.

DEFINITION 2.1. Given a Banach space (X, ||-||x) and o > 0, we define the space
of analytic functions TS — X as the subspace

HTE, X) = {ule) = 3 A0 € F o o= Y elia

ez ez
In the case H(TS°,C), we shall use the shortened notation H(T)

Remark 2.2. We have chosen to work with an infinite torus TS® whose angles are
¢; with j € N which in our notations does not contain 0. Of course it would be
completely equivalent to working on T, x TS® with angles §; with j € Ny := NU{0}.
To this purpose one just needs to define Z> := {k e ZNo : |k|, = D ien, () ki| <
oo} = Z x Z3° and consider Fourier series

u = Z u(k)e k-9 such that Z [a(k |60\7€\n < oo,
keZe keZge

O)llx < oo}

This notation is useful when working with the space H (TS, H(T,)) which can thus
be identified with H(T, x T2, C) = H(T, x T). Indeed u € H(T, H(T,)) means

o

U= Z a(l, z)eltv = Z Uy (0)eltPTine — Z a(k)eik'o
LEL (4,n)€ELL X7 keZe
where 0 = (z,¢p) € T, x TS and k = (n, ).

With this definition an almost-periodic function as in Definition 1.3 is the re-
striction of a function in H(TS, X) to ¢ = wt. Given F € H(TP, X) we define
f(t) = F(wt). Note that the condition v € H(TS°, X) implies that the series in (2.1)
is totally convergent for ¢ € T°.
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2.1. Reformulation of the reducibility problem.. In order to prove Theo-
rem 1.4, we then consider analytic ¢-dependent families of linear operators R : T —
B(L3(T.)), ¢ = R(p). Recall that the definition of B(E), for any Banach space E,
is given above Theorem 1.4. Given a frequency vector w € Ry and two operators
L,® : T — B(L2), under the change of coordinates u = ®(wt)v, the dynamical
system

Ou = L(wt)u
transforms into
(2.2)
O = Ly(whu, Li(p) = (Pun)L(p) = D(p) ' L(9)D(p) — D(p)'w- 0P (),

where 2

(2.3) w0, P = > i(f-w)B(0)e ¥

0L

A direct calculation shows that if £(wt) is skew-self adjoint and ®(wt) is unitary, then
L4 (wt) is skew self-adjoint too.

In conclusion our goal is to prove the existence of maps W, W~1! H(TS),, B(H(To), H(Te)),

such that W (t) = W(wt) and W (t) = W~ (wt) which solve the reduction equation:
(2.4) W) (02 + eP(9))W(0) = W(p)'w - 9,W(¢) = iDws ,

where the operator P(p) € H(T, B(H(T,), H(T,))) is of the form P(yp) = Va(z, )02+
Vi(x, )0r + Vo(z, ) with V; € H(TS®, H(T,)) and is such that P(t) = P(wt). Note
that for ¢ € T, (924 eP(yp)) is self-adjoint, hence W(¢p) is unitary. We remark that

solving (2.4) is equivalent to diagonalizing the linear operator
iw- 0, + 02+ eP € B(H(T, x T, C), H(TY x Ty, C))

via a bounded change of variables with the special property that it is Tdplitz in time.

2.2. Properties of analytic functions. We now discuss some fundamental
properties of the space H(T2°, X), note that all the results hold verbatim for H(T, x
T, X).

For any function v € H(TS°, X), given N > 0, we define the projector I yu as

(2.5) Myu(p) := Z a(0)e? and MOyu:=u—yu.
[eln <N

The following Lemma holds:
LEMMA 2.3. Let o,p >0, u € H(T5S ,, X). Then the following holds:

Mxulle < e *fullos -

3 If we set F(t) = ®(wt), since the series expansion for ¢ € R is totally convegent we have clearly
Ot F(t) = w- 0, P(wt).
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Proof. One has

Myuls = D e hla))x <e ™ > el x
€] >N Lez>

and the lemma follows. ]
LEMMA 2.4. Let 0 >0, u € H(T;°, X). Then ||lul g1, x) < [Jul|o-

Proof. For any ¢ € T°, one has

lu(@)llx < D la@lxe” M = Jlull, .

tezze

LEMMA 2.5. Assume that X is a Banach algebra and u,v € H(TS, X). Then
wo € H(T5, X) and [luvlls < [lulls|[v]ls-

Proof. One has

and therefore, one obtains that

luvlle < > eMInace — k)llx [5(k)l1x -

0,kez>

Using the triangular inequality [¢|, < |¢ — k|, + |k, one gets elfln < eolt=klnealkln,
implying that

luolly < 3 e Ha(e — k)| x e B (k) Ix < lullollollo -
0,kEL>

LEMMA 2.6. Let u € H(T,X). Then

(2.6) /oo u(p)dp == lim

Notoo (2m)N /11‘1\' u(p)deps ... den = u(0).

Moreover, for any £ € Z° \ {0}:

(2.7) a(e) = / ulp)e P dp = Jim 1 /T e,

N—oo (27T)N
Proof. Let £ € Z°\ {0} and let N7 < |¢|,,. Then surely ¢; = 0 for all j > N, thus

el — giipr  Lilnen

implying that

1 il-p _
(27T)N/TN€ dey...dpon =0.
Hence
1 1 ~ o e o e
G~ /’JTN u(p)dpr ...don = W/JTN (u(O) + Z a(0)e? + Z u(é)e“”)dcpl...dgmv

0< €|, <N7 [£]y>Nn

_ 1 -~ il-p
=u(0) + @~ /TN WE;N" u(0)e* ?dp; ... don .
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Since u € H(TS°, X), the tail of the series Z\€|n>N’7 goes to zero as N — oo. This

proves (2.6).
Now let £ € Z° \ {0}. Then we set

up(p) == u(c,o)e*i“’ _ Z a(k)ei(kfé)-tp _ Z a(h + E)eih"p.
kezZe hEZX

By applying the claim (2.6) to the function u, and observing that @,(0) = @(¥¢), the
equality (2.7) follows. |

Given two Banach spaces X and Y, for any k € N, we define the space My (X,Y) of
the k-linear and continuous forms endowed by the norm

(2.8) | M| pyx,vy = sup |1 Mug,. .. ,ue]lly, YM e Mp(X,Y).

llwallx s llukllx <1

To shorten notations, we denote £° := ¢*°(N, C), moreover for k € N, we write
My, instead of My (€>°, X)) where X is an arbitrary Banach space.

Let us now discuss the differentiability of functions. We define for @1, ..., @k € £
k
(2.9) diul@y, ..., 8kl = > P gt
teze  j=1

Note that if u € H(T5S, ,, X) for any p > 0 then the series in (2.9) is totally convergent
on T,

LEMMA 2.7 (Cauchy estimates). Leto,p >0 and u € H(T5S ,, X). Then for
any k € N, the k-th differential df;u satisfies the estimate

dEullaecree pe) Skp~Fllosp -

Proof. Forany k € N, o € T, @1,..., 0, € L, ||@jlloc < 1forany j=1,...,k,
one has by duality |£- @] < ||€][1]|@]lcc < |€]5]|#]|oc, and substituting in (2.9) one gets

ld5u(@)pr, - @l < S elhe M @Wlx < sup (1lhe™ )l
LEZ® FEL

A straightforward calculation shows that

sup |€|’f]efp|e‘" <supzfe Pt = kkpRe k< pTH
tez x>0

which implies the claimed estimate. O

Remark 2.8. Note that if we endow the torus TS° with the £°° metric , namely
given two angles @1 = (¢1,5)jen € TS and @2 = (p2,5)jen € TS, we define

(210)  duo(p1, ¢2) = supjen( IRe(@15 = 2)lmoaze + Mmlpr,) — Im(gz) )

then (2.9) is the k’th differential in the usual sense. Moreover the tangent space to
Tee is £2°(C).
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Given a frequency vector w € Ry and u € H7(X), we define w - O, u as in 2.3

(2.11) w - Opu(yp) == Z i(w- 0T ? = du(p)w].

tez
If we set f(t) = u(wt), since the series expansion for ¢ € R is totally convergent we
have clearly 0, f(t) = w - Opu(wt) .
The following Lemma holds
LEMMA 2.9. (i) Let o,p >0, u € H°P(X), w € Rg. Then

oo - Bpulle < P~ lullos -

Proof. The lemma follows by the formula (2.11) and by applying Lemma 2.7 in
a straightforward way. O

Parameter dependence. Let Y be a Banach space and v € (0,1). If f: Q = Y,
Q) C Rg := [1,2)" is a Lipschitz function we define

Ii [ f(w1) = f(wa)lly
17 = sup )l 1137 = sup Lo =Telly.
(2.12) . A °°

Lip(v,Q li
AP = | IS A F 5P

If Y = H(TX, X) we simply write ||-[|$"P, ||-||1P, H-||I<;ip('y’m. If Y is a finite dimensional
space, we write | - [P, |- [, | - [P0,

The following result follows directly
LEMMA 2.10. In Lemmata 2.3, 2.5,2.7, 2.9, if u(-;w) is Lipschitz w.r. to w €
Q C Ry, the same estimates hold verbatim replacing || - || by || - H](;IP(W’Q).

As is typical in KAM reduction schemes, a fundamental tool in reducibility is to solve
the ”homological equation”, i.e. to invert the operator w - 0.

LEmMA 2.11 (Homological equation). Let o,p > 0, f € H(T ,, X), w €

D, (see (1.4)). with f(O) = 0. Then there exists a unique solution u := (w-0,) ' f €
H(T, X) of the equation
w-Oou=f,

satisfying the estimates
T T

(2.13) lulls S exp( =5 10 (£)) 1 £llo+
p P

for some constant 7 = T(n,pu) > 0. If f(5w) € H(T,,, X) is Lipschitz w.r. to
w € CD,, then

i T T Lip(v,Q
ol < exp(Zx tn (7)) £
pT/

for some constant T(n, u) > 0 (eventually larger than the one in (2.13)).
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Proof. Since w € D, the solution u of the equation w - d,u = f is given by

up) = (w-0,) ) = Y LD,

Hence, using that w € D,

lullo <97t > TIO+ @l @Ixe <371 sup (e TT+ @2 16)) 1o+
tez\{0} i ter i

and the claimed estimate follows by applying Lemma B.1-(7). d

We conclude this section by discussing how the definition of H (TS, X) (or equivalently
H(TS® x Ty, X)) depends on the coordinates on T5°.

DEFINITION 2.12. Recall £ := (> (N,C). We say that a function a € H(TE,)
is real on real if a(p) € R for all ¢ € T*. Similarly, o« € H(T, ,,£°) is real on real
if aj(¢) € R, for all g € T, j € N.

PROPOSITION 2.13 (Torus diffeomorphism). Let a € H(T3, ,, £>°) be real on
real. Then there exists € = €(p) such that if ||&||o4, < €, then the map ¢ — ¢ + a(p)
is an invertible diffeomorphism of the infinite dimensional torus TS (w.r. to the £>°-
topology) and its inverse is given by the map ¥ — ¥ + a(¥), where a € H(T U+p,€°°)
is real on real and satisfies the estimate |al, 42 S [|allotp. Furthermore if a(-;w) €

H(T5,, %) is Lipschitz w.r. to w € Q2 C Ry, then ||aHL1p(7’ S Ha||1;iff(;y’m,

o+p?

COROLLARY 2.14. Given oo € H(TS2, ,,€>°) as in Theorem 2.13, the operators

o+p?
(2.14) Qo H(TE, X) = H(TF, X),  ulp) = ule + alp)),
Dg : H(T ors X) = H(TE, X)), u()— u(d+ a&))

are bounded, satisfy

[®all 1 ®all <1
(H(TW,X»H(Tzc,X)) (H(TW,X),ngo,X))

and for any ¢ € T, u € H(T, ), X),v € H(T™

o X) one has

o+580
Do Paulp) =u(p), PaoPav(p)=1u(p).

In order to prove our result we shall proceed in steps, proving a series of technical
lemmata.

LEMMA 2.15. For a,p >0, let u € H(TgS ,, X) and o € H(T2, £>°) with ||afls <
p. Then the function f(p) := u(p+a(p)) belongs to the space H(TL®, X) and || fl, <
|ul|o4p- As a consequence, the linear operator

o H(T ), X) = H(TT, X)), ulp) = ule + alp))

is bounded and satisfies | Pq|| (

<1.
H(Tg+p,X)7H(’JI‘g°7X))

Proof. One has that

(2.15) fle) = Z a(0)eteeltale)

LeLR
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Moreover for any ¢ € Z$°, one has
(2.16)

) =S (a@) =Y Y (- E0). ()

neN neNLy,... .0, ELX

By the formulae (2.15), (2.16) one then gets that

= > F(k)ere,

kez

FR =Yt Y a). (e a))ac).

neN 4+l 4. 40, =k

(2.17)

Using that for k = £+ €1 + ...+ £, one has that e?lkln < eoltneolliln  eolinln  and
[(€- ()] < [0l &) | one gets that
(2.18) 0
£l = > ™| F (k)] x
kezse
1 o ~ olly ~ o ~
< Zg > (e I fae) | x e I jaen) oo - e [@() oo
neN " £,0y,...,0, ELX
el <lely

2 e ST S et
LEL> neN " j=04¢;€Z>
R I
< Z ea\z\n”u(g)nx Z %
LeZ° neN
< > eha)xesp(lllal, )
L7
lelle <p
<N ()| x = [ullo, -
LeL
For a € H(T5% ,, £>°) we now consider the map
(2.19) Vo)) = —alp +u(y))

which, by Lemma 2.15 (with 0 ~ o + § and p ~ £ ) is well defined B, (0, R) —
H(Tg"+p,€ ), where

we B, (0. R) i= {u € H(TF, ) : ull, < R}

provided R < £

LEMMA 2.16. Let o € H(TS2 ,,£°). Then there exists ¢ = e(p) such that if

£2°) of the fized point equation

o+p?
lallo+p < €, there exists a unique solution u € H (T

o+57
u = Vo(u) satisfying the estimate ||ullgrs < |laflosp. If a(sw) € H(T,,, ),
w € Q C Ry =[1,2]N is Lipschitz, then Hu||15ip(7 ) < e ||I(;1J1fp7 )

Proof. To start with we show the following claim.
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e CrLAIM. There exist € = ¢(p), R = R(p) > 0 such that if |a| s+, < €, then
the map 2.19 is a contraction on

B,(0,R) = {u € H(TZ, 0 : ||ull, < R} .

PROOF OF THE CLAIM. By taking R = R(p) sufficiently small, by applying Lemma
2.15, one gets that for any u € B, 12 (0, R), ¥a(u) € H(T(‘ﬁ%,éw) and [|¥q (u)[lg4e <
[allotp. Then, if [lafl,4, < e < R, one has that ¥q : B,y 2(0,R) — By 2(0,R).
Now, given ui,us € Byy2(0,R), we want to bound [[Wa(u1) — Va(us)lls. By the
mean value theorem, one has

(220)  Wo(ur) — Uo(ug) = /0 doar(ip + tur () + (1= ua() ) [uz — wa] dt .

Since [|u1ly4e, [[uzllo42 < R, by taking R < £, by Lemmata 2.7 and 2.15 one has
the estimate

[Wa(u1) = Waluz)llots < lldpcllzgeree , ao)llun —uzllotg
(2.21) o
S llellospllur — uallors -

Hence by taking ||a||o4, < €(p) small enough, one gets that the map ¥, is a con-
traction and by recalling Lemma 2.15 the unique solution of the fixed point equation
satisfies [lul[o4 2 < [|a[lg+p. Now assume that o(;w), w € 2 is Lipschitz w.r. to w.
Recalling the definition (2.19) and using the fixed point equation u = ¥, (u), one
computes for any wy,ws € Q

Auwu(p) = ale +u(p;wr);wr) — a(e + u(p; ws); wa)
= a(p +u(p;wi);wi) — alp + u(p;wr);wa)
+a(p +u(p;wr);we) — alp +u(p; we);wa) -

By taking R = R(p) small enough, using the mean value Theorem, the Cauchy esti-
mates of Lemma 2.7 and the composition Lemma 2.15, one gets

”AwlwzuHaJr% < [Awviwallo+p + Clp) Slelg ”a(';w)||a+pHAw1w2u||o+§ :
w

Hence, by taking C(p) sup,,cq ||a(;w)|o+p < %, one gets that [Awiwsttllor s < 2[|Auws oty

and the claimed Lipschitz estimate follows. ]
Proof of Proposition 2.13. Clearly the map ¢ — ¢ + a(p) is invertible by taking
lallo4+p, < € small enough. By applying Lemma 2.16 there exists a unique & €
H(']I‘go+g,€°°) with [|a], 42 < [|aflo4, satisfying the equation
a(9) + a(®+ a(?) =0
for ¥ € ’H‘g‘jr%. The same holds exchanging ¥ ~» ¢ and a ~» a for ¢ € T°. Hence
¥ = 9+a(dd) is the inverse of ¢ — p+a(yp) and vice-versa and the proof is concluded.0
3. Linear operators. Given a linear operator R : L?(T) — L?(T), we identify
it with its matrix representation (R’,j )ik ez with respect to the exponential basis
where

’ ]_ 1t .
RE = %/TR[e‘k Tlem kT qy .
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Clearly given R as above, the adjoint w.r.t the standard hermitian product in L?(C)
is given by

(3.1) (R =Ry -

We may also give a block-matrix decomposition by grouping together the matrix-
Fourier indices with the same absolute values. More precisely, we define for any j € Ny
the space E; as

(3.2) E( := span{1}, E; :=span{e’" e "} VjeN

and we define the corresponding projection operator m; as

(3.3)

mo: L*(T) — LA(T), wu(z) = Zﬂ(j)eijx — mou(x) :=u(0),
JEL

mjt LAT) = LA(T), u(x) =Y a(j)e’" = mju(z) = 0(j)e’” +i(—j)e V", jeN.
JEL

The following properties follow directly from the definitions (3.2), (3.3):

(3.4)

m=m, VjeNy, mmy=0, Vi#j €Ny, Y m=Id, L*T)=aenE;.

j€No
Hence, any linear operator R : L?*(T) — L?*(T) can be written in 2 x 2 block-
decomposition

(35) R: Z 7TjR7Tj/.

J,3"€No

where j,j' € Ny the operator 7; R/ is a linear operator in B(E;/,E;). If j,j' € N,
the operator 7;Rm;, can be identified with the 2 x 2 matrix defined by

' 4

The action of any linear operator M € B(E;/,E;), j,j' € N is given by

(3.7) Mu(x)= Y MFa(K)e*™, YueBy, ul@)=7a(j")ed™ +a(—j)e .
k=%

k/:ij/

The operator moRmy € B(Ey) is identified with the multiplication operator by the
matrix element RY and if j, ;' € N, the operators m;Rmg, myR; are identified with
the vectors

0 -/ -/
<77§(J_J]> and (R} ,Ry”).

We denote by [R] the block-diagonal part of the operator R, namely

(3.8) [R] := ZjeNoijwj :
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If m;Rmj = 0, for any j # j', we have R = [R] and we refer to such operators as
2 x 2 block-diagonal operators. Note that for any j,j’ € Ng, the adjoint operator
M* € B(E;,E;/) is thus defined as *

(3.9) (M) =M.

We denote by S(E;) the space of self-adjoint matrices in B(E;).
For any j,j’ € Ny, we endow B(E;/,E;) with the Hilbert-Schmidt norm

(3.10) X lhs = VIR XX) = (01X

k=7

For any ¢ > 0, m € R we define the class of linear operators of order m (densely
defined on L*(T)) B°™ as

BI™ = {R L L2(T) = LA(T) : |R|| g < oo} where

[Rl|gem == sup Y =3 M| Ry [lus ()~ -
]/e OjGNo

(3.11)

The following monotonicity properties hold:
(3.12)  [Rlgom < [[Rllgorm, o <0’ [Rlpom < [Rllgomrs m' <m.

As a notation, if m = 0, we write B instead of B70. Note that a direct consequence
of the definition is that if R € B™ then (recall that D = —i0,,)

(3.13) IRl go.m = [IR(D)™"™ | 5~
where for any « € R, the diagonal operator (D) is defined by
(D)u(x) =Y _(j)*A(j)e’" .
JEZ
Note that B? is contained in the set of bounded linear operators B(#H(T,)) as shown
in the following.

LEMMA 3.1. Let 0 > 0 and ® € B?. Then
(@) [1@llsw(T,)) < [1@lB
(1) For any s > 0, @ (r)) Ss o[ ®] 5o -

Proof. PROOF OF (i) Let ® € B°. According to (3.3), (3.5), for u € H(T
set Qu(x) = >, vew, Tj®mj[mju]. Then, using that for any j,j' € No, el

y -/ -/ . . o, .
e?li=3'le?17’l one gets the chain of inequalities

l@ulle = 3 €| 32 momyfmeal|

o)
<

€N §'€No
<y e"‘j/'ij/uHLz( ¥ ea|j—j’|||ﬂ—j(1)71—j,HHs)
J’€No Jj€Ng
o, (3.11)
< sup (Z 7= ||\7Tj‘1’7fj/||ﬂs>||U||a < [[@llsellullo-
7'€No * jenN,

4If j,j' €N, A € B(Eo), B € B(E;/,Eq), C € B(Eo, E;), then
(A9 := A%, (B)Y=BF, k=+j', (C)§=0C% k==j.
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PROOF OF (ii). Let s > 0 and u € H*(T). Then, using that for any j,;’ € Ny,
NS U+ =3 <) —J'), one gets that

[l = 3 60| 3wl }jH}: )y

j€Ng j'€Ng €Ny j’€Ng

2

ngj(zj (= 7 s @y s o 2
Jj€Ng  j’€Ng

Moreover, by using the Cauchy-Schwartz inequality, one gets

IPullfe <5 Y ) Imjrullie D45 =32V lms @mye s

j'€No Jj€Ng
(3.11)
Ss sup (K2 M@ 5o [full e S5 07|19 [l 1o
k€Ng
which proves the claimed estimate. 0

3.1. Toplitz in time linear operators. We now consider ¢-dependent families
of linear operators on L?(T) i.e. absolutely convergent Fourier series TS® — L?(T).

DEFINITION 3.2. For o > 0, m € R we consider R € H(T°,B7™). We define
the decay norm

(3.14) Rlom = Y e IR gom .

ez

Moreover, given v € (0,1) and if R = R(p;w) depends on the parameter w € ), we
define

o,m

Rl = = sup [R(@)lom + AR5z
S

(3.15 o R0 R
‘ |a,m+2 = sup )
w1,w2€Q ”wl - o"'2”00
w1 Fwa

If m = 0 we write | - |, instead of | - |5.,. By recalling (3.12), one can easily see that
the following properties hold:

Li ,Q
3.16) o < 1 lorms |- [HRO < [ EPD yo < o
' Lip(v,Q
| lon < |- logmrs |- 500D < |- P20 v/ < .

DEFINITION 3.3. We say that R € H(T,B%™) is self-adjoint (resp. skew self-
adjoint or unitary) if for all p € T, the operator R(p) € BZ™ is self-adjoint (resp.
skew self-adjoint or unitary ).

We now state some standard properties of linear operators in H(TS°, B7™).
LEMMA 3.4. Let T, x T3® — C, (x,¢) = a(z,¢) be in H(Toy, x TS ). Then
the multiplication operator M, : u + au satisfies |Malo < p~allogp- If a(z, 5 w),

w € Q CRg is Lipschitz w.r. to w, then |./\/la|,,1p('y D < p~ e ||I;f§’ ),
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LEMMA 3.5. Let N,o,p >0, m,m' € R, R € H(T?,B7™), Q@ € H(T5,,,
(1) The product operator RQ € H(T°, B”’m“‘m/) with RO\ mtm’ Sm P |m‘|R|0m|Q|g+p,
IfR(w), Q(w) depend on a parameter w € 2 C Ry, then |RQ|LIP(W’Q) <m p (|m|+2)|R\Llp v Q)|Q\Llp 75,

om+m’ ~m o+p,m’

Botpm').

i e projected operator om < €7 ot pam- epends on a param-
(i) The projected operator LI R|om < € "N |Rlospm. If R(w) depend p
eter w € Q C Ry, then the same statement holds by replacing | - |5,m with |- LIP(W’Q)

(791) The mean value |[R R(0 NMeom < |Rlom. Moreover, if R = R(w) depends on
a parameter w € Q C Rg, then the same statement holds by replacing | - |om with
|- |gigl(%9)'

Iterating the estimate of Lemma 3.5-(i), one has that if R € H7TP(B7T~™)  then
there exists a constant Co(m) > 0 such that for any N > 1, RN € H7(B™") and

N—-1
|RN‘0,mN < (CO(m)pilm‘|R|a+P,m) |R|o,ma

(3.17)
[RNERG < (Co(m)N =1 p(m D RIEPOD) T R [Liptr ).

o+p,m
Let m € Z. We recall that the operator 9" is defined by setting
(3.18) A1) =0, ™[] =imjmelT jA£0.
Note that this means that 99 = Id — m, see formula (3.3).

LEMMA 3.6. Let o,p >0, m,m’' € Z, a € H(T,4, x T35 ).
(i) We have d7adl € H(TL,Bo"™) and |07'a0™ |gmim S p~ ™ allgsp. If
(

w), w € Q is Lipschitz w.r. to w, then |8$a8§1/|Lip(7’Q) <p7™la ||L1p(ﬂ’ ),

a otp

it) For any N € N

o,m+m/’

(3.19) O ad = Z Com(0La)O ™ 7T L Ry (a)

where the remainder Ry (a) satisfies the estimate
(3.20) RN (@)lo,mtm —N Sm,N pi(QNHmHl)Ha”U-&-p-
Moreover, one has com =1, ¢c1.m =m. If a(-;w), w € Q is Lipschitz w.r. to w, then

Lip(~,Q m Lip(~v,Q
(3.21) IRN(@EPTE) Sy p~ GNHImIED g LiPCr2)

(#it) Let b(;w) € ’H( otp X TS ,), w € Q and set A = a0y, B = bO™ . Then
AB € H(T, go-m+m’ ) satisfies, for any N > 1, the expansion

N—-1
(3.22)  AB=abd ™ + mab, 00 T 4> € ma(@L0)0r ™ T+ Riy(a,b)
=2
where ¢y € R for anyi=2,...,N—1, the remainder R (a,b) satisfies the estimate
Lip(v,9 —k)| 1 Lip(7,Q) (7. Lip (7,2
(3:23) R (@, )l S v " lallg T V1ol

for some constant k = x(m,m',N) > 0. As a consequence for any N > 1, the

commutator [A, B], admits the expansion

[A, B] = (mab,—m'agb)oy ™™ " 4+ " (em,ia(ib)—cmr i(05a)b) 0™ T+ Ry (a, b)) Ry (b, a) .
i=2
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Proof. PROOF OF (7). It follows by Lemmata 3.5, 3.4 and using that for any
PEL >0, |%lop = 085" < 1.
PROOF OF (). Let R := 9™ad™ . Then R(p) = vz R(£)e*#, where for any
{ € 72°, the operator R(£) admits the matrix representation (ﬁg/(ﬁ))j,jzez

(3.24) RI(0) = ™™ jmae,j — 7)5™, V4,4 € 7\ {0}.

We write the Taylor expansion

N-1
(3.25) j7n _ j/m + mj/m—l(j _j/) + Z Cm,kj/m_k(j _j/)k + T'N(j,j/)
k=2
where the remainder ry(j, j') is given by
1
(3.26) N (4, 5') = eNm / A=)V G +7G =) Nar(i - 5N
0

By using the Petree inequality, one has that

J (G — )N o
( G S -9

N+|m|

This latter inequality, implies that

(3.27) N (G, 3] S ()N (GG — 572N ML

By the definition (3.24) and using the expansion (3.24), we get the the operator R
can be expanded as

N—-1
R(¢p) = ad ™™ +m(0,a) 07 ™ 71+ ) i (02a)O T T+ Ry (i)

i=2
where the operator Ry = o ﬁ,N 0)el*¥ and for any ¢ € Z2°, the operator
¥ teze <
Ry (£) admits the matrix representation
(3.28) (Ry(0)] =" a(t,j — 3 )rn (3™, 5.5 € Z\{0}.
By (3.27), using that a(¢,-) € H(T,4,), one gets the estimate
(3.29) R (O)F | S (5 = 32N Hmle e O=al gy m =N G2, ) o4 -
Furthermore, using that
([ — jy2NHml 8=l < =@Nm),
one gets the estimate

(830)  [Rw(0)] | S pm NI EDII G N G(L, ) oy

Now if 4,5 € Ny, using the for any § > 0, e_‘slj“‘j/‘ < ¢7%1i=3"l | the latter estimate
implies also the estimate on the 2 x 2 block 7; Ry (€)7;: of the form

(3.31)

I3 R (o l| Sonv p~ VD e D=L (ymEm NG, |, V], j' € No
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Then for any j” € Ny, one has that

3 I N R (O 1YV S o CNHE(, gy S €75
jENo ]ENO

—(2N+|m|+1) ”a(g

,Sm,N p ")HUer

which implies that

—(2N+|m|+1) Ha(g

RN (Ol gomsm'—x Sm.n p s Motp-

By using this latter estimate one gets that

—(2N 1 ISP
RN omim' N Sm.N P (2N+|m|+1) E : el 1 a(e

& lotp Smav p~ BN a4,
tez

which is exactly the claimed estimate (3.20).

If a depends on the parameter w €  C Ry, given wi,wy € (), one expands the
operator 9™ (A, w,@)d™ as in (3.19) where a is replaced by A,,,.,,a and the remainder
RN (Au,wya) is estimated in term of A, ,a. The Lipschitz estimate then follows.
PROOF OF (iii). The claimed expansion (3.22) follows by a repeated application of
the item (7). The estimates of the remainder Ry (a,b) follows by using the estimates
of the items (¢) and (i7) and by using the composition Lemma 3.5. The expansion of
the commutator follows easily by expanding AB and BA. d

LEMMA 3.7 (Exponential map). Let ¢ > 0, p € (0,1), m > 0 and R(w) €

H(TS,, B7H7~™), w € Q C Ry and assume that

(3.32) PRI <6

o+p
for some § € (0,1) small enough. Then, for any N > 1, the map Py = exp(R) —
SINTURY € 4(Te°, BoN™) with

n=0 nl

. N
(333) |(I>N|L1p(’77ﬂ) < (COP_(‘m‘+2)‘R|U+p,—m)

o, —Nm ~~
As a consequence exp(R) € H(T, B7) and
(334) |exp( )|L1p(’y Q) <1+4Cp- (\m|+2)|R‘L1p(’Y $2)

for some constant C > 0.

4. Normal form. As we said in the introduction we want to conjugate to con-
stant coefficients the Schrodinger equation d,u = L(wt)u where

L(p) :=i(1 + eVa(x,0))0ps + €iVi(z, )0y + €iVo(z, ) .

We assume that the functions Vo, Vi, Vo € H(T x Ts), for some & > 0 satisfy the
condition (1.6), so that L(¢p) is an L? skew selfadjoint linear operator.

4.1. Normalization of the z-dependence of the highest order term. We
consider an operator induced by an analytic diffeomorphism of the torus

(z,0) = (x+ B(x,90), )
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where [ is a real on real analytic function on the infinite dimensional torus that will
be determined later. We make the ansatz that

(4.1) BEMH(Ty xTE), [|Bllo Sorod YO< o1 <6

By Proposition 2.13, for any 0 < o1 < & there exists dp(c1,) such that for any
d < dg, the map (z, ) — (z + S(z, v), @) is invertible, with inverse given by (y, p) —

(y+ By, ¢),¢) and

(4.2) B € H(Toy xT25), 1Bllos Sovz [1Bllors Voo < o1 <.
We now define the operator

(4.3) oD () [u] == 1+ Ba(x, p)u(z + B(x, 0)).

A direct calculation shows that this map is unitary and, if 8 is appropriately small,
invertible with inverse given by

(4.4) W () u] == \/1+ By (y, @)uly + B(y, ¢))

for ¢ € TY® with o < o5. Note that one has the relation

= 1~ 9 1+Bm(l',§0): ~ ! .

(4.5) 14 B,(y, 9)

The following lemma holds.

LEMMA 4.1. For any o < o’ < &, there exists 6 = 0(0,0’,7) € (0,1) such that if
e € (0,0) the following holds. Define

m

1 dx -2
2(p) == (%/T\/W dl”)

Bz, @) = 0! [% - 1] .

(4.6)

(i) The map T — B(H(To ), H(To)), ¢ = M (p)*! is bounded.
(i1) For any s > 0, the map T — B(H*(T)), ¢ — @M (p)E! is bounded.
(iii) M) () transforms the operator L(p) into

(4.7) LD () = (DU L(p) = ima()02 + ar (@, 9)8s + ag(, )

where the functions mo € 'H(']I‘go),ﬁ,g,al,ao € H(T, x TS®) are independent of the
parameter w and satisfy the estimates

(4.8) lm2 = 1o, [1Bllo: 18l 5 llarllos laolls Sos -

Finally LY is skew self-adjoint, hence my(p),a1(x, ) are real on real while ag =
—ag + 0zaz.

Proof. The proof of the item (i) follows by the definitions (4.3), (4.4), by using
the estimates on 3, 8 (4.8) and by applying Lemmata 2.5, 2.15.
To prove the item (i¢) we argue as follows. Since 8 and 8 are analytic, then for any ¢ €
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T one has S(p, ), B(e, -) € C=(T) and supere [|6(;)lles (v) s suPpere [B8(0:)lles () <
oo for any s > 0. A direct calculation then shows that sup,cre [®(9)|5(ms(T)) <

C(supper I8¢ e ) and

sup_ [ @() " liscarsmy) < € sup 1B, )
peT>e pET>®

csmr))
and the result follows.
In order to prove (i4i) we remark that the map ®()(y) satisfies the following conju-
gation rules:
(4.9)

W () oa(z,¢) 0 D (p) = aly + By, »), ¢)

W () 08, 0 W (p) = (14 B.(y + By, 9), )y +

W ()W 9,80 (p) =w- By + By, ¢), )0y + %

1
2
(1+ By(y, 0w - 8By + Bly, ), ) -

Then, recalling (2.2), the transformed operator is
(4.10)

LY (o) = iaz(y, )05 + a1(y, )9y + ao(y, ¢) ,
a9 = ((1 =+ é‘Vg)(l + ﬁx)Z)

e=y+B(y.p)

ar = (201 +EVa) By + V(14 ) — - 0,6)
ag :=1y/1+ By((l +eVs)0pe/ 1+ /Bx)

e=y+B(y.¢)

r=y+5(y,¢)

+eVoly, o + By, 9)) -

r=y+5(y,¢)

By the definitions of the functions S(z, ¢) and ma(p) given in (4.6) one gets

(4.11) as(z,9) = ma(p), namely (14 eVa)(1+ B2)% = ma(y)

hence the operator L) () in (4.10) takes the form (4.7). Since ®() is unitary, by
construction £ is skew self-adjoint.

Since Vo € ’ng by applying Lemma A.4, (applied to the analytic function
flu) = ﬁ, lu| < ) and by the definition (4.6), one gets that for & small enough,
BeH(Ty xT5), me € H(TY) for any 0 < 0y < 7. Using the mean value theorem,
one gets the estimate, |55, [[m2—1|loy So.,5 €. The ansatz (4.1) is then proved. The
ansatz (4.2), follows by Proposition 2.13. Finally, by applying Lemmata A.4, 2.15,
2.7, and using that Vs, V1, Vy € H(Tz x T2), one deduces the claimed properties on
the functions ag and a. 0

4.2. Reduction to constant coefficients of the highest order term. Our
next purpose is to eliminate the ¢-dependence from the highest order coefficient
ma(¢)0ze of the operator £ (¢) in (4.7). To achieve this we conjugate the equation
Opu = iLM (wt)u by means of a reparameterization of time t — t 4 a(wt), where « is
a suitable analytic function which has to be determined. More precisely we consider
the change of variables

(4.12) u(t,z) = ®@u(t, ) == v(z, t + a(wt)), (z,t) e TxR.
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We assume that a(p) is real on real and satisfies the ansatz
(4.13) a € H(TY), llalle, Soved YV0O<o01<0.

By applying Proposition 2.13, for any oo < & there exists dg = do(02,01,5) small
enough such that if § < §g, the map ¢ — ¢ + wa(yp) is invertible with inverse given
by ¥ +— ¥ + wa () and

(4.14) acH(T), lallo, Sov0n oy, Voa <o1 <0
The inverse of the map ®(®) in (4.12) is then given by
(4.15) (@) u(x, ) = u(z, T + d(wr)).

Remark 4.2. If u(z) is a function independent of the ¢, then (®())*ly = 4.
The following lemma holds.

LEMMA 4.3. Let w € D,. For any o < & there exists §(o,6) > 0 such that if
ey~! < 4, then, setting

(4.16) A i=1p(0) = | ma(p)dp, a=(w-0,)7" [@ - 1} ;
Teo A2

then ®2) transforms the operator LM () in

(4.17) L (9) = irgd? + by (0, 2)Dy + bo(V, ) .

The constant Ao € R is independent of w. For allw € Dy the functions a(;w), a(-;w) €
H(T), b1 (5 w), ibo(+;w) € H(Ty xT) are well defined and real on real. Furthermore,
for any ) C D, the following estimates hold:

Az = 1], Bl or 5P S ey al g a)gPte ) S eyt

Proof. A direct calculation shows that formula (2.2) reads
(4.18)

LD W) = ()LD (p) = — LD W+ wa(¥)), p() =1+ w-doa(d +wd(V)).

p(0)

Note that, since £ (wt) is skew self-adjoint then also £(?)(wt) is skew self-adjoint.
By (4.18), one has

L) = by ()37 + b1 (9, 2)0, + bo 0, )
)= gl s
(4.19) bi(¥, ) = [1+w P aHg, ()
bo (¥, ) := [1+w B a”¢ Iwd ()

By the definitions of a(y) and A2 € R given in (4.16), one obtains that

_ ma(p) _
(4.20) ba(¥) = A2, namely Tow-0.0(0) D0(9) = Ay 0
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and therefore the linear operator £)(y) defined in (4.19) takes the form given in
(4.17). Note that the function ma(p) defined in (4.6) is independent of w and
therefore also Ay does not depend on w. By applying Lemma 4.1, by the defini-
tion (4.16) and by Lemmata 2.11-(4i), 2.13, one gets that [A2 — 1| < e and that for
any 0 < 0 < &, for ey~! < §, for some § = §(c,5) small enough, o, & € H(TL) with
||Oz||1;ip(%ﬂ) 7 ||~HL1P(’Y )«

~0,5

ey~ L. Finally, recalling the definitions (4.19), using the
properties on ag and a; stated in Lemma 4.1 and by applying Lemmata A.4 (with
flu) = 1_%“, lu| < 1), 2.15, 2.9-(ii), we can deduce the claimed properties on by and
b.

4.3. Elimination of the z-dependence from the first order term. The
next aim is to eliminate the dependence on z from the first order term in (4.17). T
this aim, we conjugate the vector field £(2) (¢) by means of a multiplication operator

(4.21) D) () : u s eP@P)y

where p is an analytic real on real function which has to be determined. The following
lemma holds.

LEMMA 4.4. Let w € Dy. For any 0 < 0 < & there exists §(o,5) > 0 such that if
ey~! < 6, the following holds. Define

9; b (z, ) — mi(p)]
29 '

@2 m()= g [heedn plag) =

(i) The map T — B(H(T,)), ¢ — ®3) ()*! is bounded.
(i1) For any s > 0, the map T> — B(H*(T)), ¢ — @G (p)*! is bounded.
(iii) The operator ®©) (@) transforms 13(2)(4,0) in

(4.23) L () = iAa0ys + m1 )0y + colz, ¥)

where the functions p(-;w),ico(;w) € H(Ty xTS), m1(-;w) € H(TS®) are real on real,
well defined for w € Dy and satisfy for Q0 C D, the estimates

(4.24) IPIIZP Yo [P, [l 5P S0 e

Proof. Ttem (i) follows by the definition (4.21), by Lemmata 2.5, A.4 and by the
estimates (4.24) on p, which are a straightforward computation.

(#) Since p is analytic, then p(p, -) € C*(T) for any ¢ € T and M(s) := supgere [[P(¢; ) [lcs(T)

oo for any s > 0. A direct calculation shows that
supgeree |®3) (@) |5+ (1)) S SUPeros [lexp(ip)
ter estimate proves item (7).
(#i1) A direct calculation shows that
(4.25)
LO(p) = (@51 LA () = 2P () LD ()P () — 2O () T - 9,2 ()

= 1)\28xa: + C1 ((E? Qﬂ)am + Co (xﬂ SD)

<s exp(M(s)). The lat-

where

Cpo ‘= _1>\2pi - )‘2pww + lblpa: —lw- ale + bO ’

(4.26)
C1 = _2>\2pm + bl .

<
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The definions of p and m; given in (4.22) allow to solve the equation

(427) - 2)\2])1(1'7 90) + b1 (Z‘, 30) = ml(‘P) .

Therefore, the operator £3) () in (4.25)takes the form (4.23).

Note that the skew self-adjoint structure guarantees that im4 (¢) is a real function
(meaning that it is real on real). The claimed properties on the functions p and m;
follow by their definitions (4.22) and by applying Lemma 4.3. The claimed properties
on the function ¢y defined in (4.26) follow by Lemma 4.3 and by applying Lemmata
2.7-(14), 2.9-(47). d

4.4. Reduction to constant coefficients of the first order term. In or-
der to reduce to constant coefficients the first order term in (4.23), we consider the
transformation

(4.28) W (p) : ulx) = u(@ +q(p))

where ¢ is an analytic function on T%° to be determined. Clearly, the inverse of ®®*) (i)
is given by
oW ()7 u(x) = ulz — q(p))-

LEMMA 4.5. Let w € Dy. For any o < & there exists 6(0,5) > 0 such that if
ey~ <4, and define

(4.29) A= | mi(p)de =1 (0), q(p) = (w- ) mulp) — M.
(i) The map T — B(H(T,)), ¢ — W (9)*! is bounded.

(i1) For any s > 0, the map T — B(H*(T)), ¢ — @@ (p)*! is bounded.
(iii) The map ®) () transforms the operator L) (p) as

(4.30) £0(0) = \aDsw + s + do(a, )

where the constant A\; € R does not depend on w and q(-;w) € H(T),ido(;w) €
H(Ty x TS®) are real on real functions defined for w € D. Furthermore, the following
bounds hold for any Q C D,

(4.31) IgllZ® Y dollg™ ™ Soo e, Ml Se.

Proof. Ttems (i)-(ii) follow as the corresponding ones of Lemma 4.1, by using the
estimate (4.31) on the function ¢(¢), which is a direct computation.
(#i1) A direct calculation shows that

(4.32) LD() = (@D LD () = iMadas + (= w - () +m1(9)) D + do(a, ),
do(z, p) == co(z, 0 — q(¢)) -

By the definition (4.29), we solve the equation
(4.33) —w - 9pq(p) +ma(p) = A1

Then, the operator £*) defined in (4.32) takes the form given in (4.30). We now show
that A; is independent of w. By (4.22), (4.29), one has that

7i/ /bl(ﬁ,x)dxdﬁ
™ oo JT
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where by (4.19) and using the properties (A.12), one has that

ai

bi(V,z) = {m] ‘¢:ﬂ+wa(19)

— a1 (9 + wa(9), z) (1 Yw- aﬂaw)) .

By expanding ai(z, ¢) in Fourier series, i.e. ai(z,¢) = 3 ;07> peze Q1 (€,5)elt#eli®
one has that

1
)\1 = %/m‘/ﬂ‘bl(ﬁ,x)d(ﬂdﬁ
SN aey) / e da / eif'<19+wa<19>>(1+w-aﬁa(z9)) ]
T e8]

JEL LELX

S a(6,0) /

ez

emma S BN 1
L :Agal(O,O):—// ay(z, ) dpdz.
27T T oo

S O+T(D) (1 w- aﬂa(ﬁ)) 9

oo

By Lemma 4.1, the function a; does not depend on w and therefore also A; is inde-
pendent of w.

The estimates on A1, q,dp given in (4.32), (4.29) follow by applying Lemmata 4.4,
2.15, 2.11-(id). 0

4.5. Elimination of the z-dependence from the zero-th order term. In
order to eliminate the x-dependence from the zero-th order term in the operator
L®) () in (4.32), we conjugate using (2.2), by a transformation

(4.34)  ®O)(p) == exp(V(¢)) where V(p):= (v(z, ) 00,1 4+ 0, ov(z, )

DN =

where v(z, ) is a real on real function to be determined. Note that for real values of
the angle ¢ € T, one has that V(p) = —V(p)*, implying that ®®)(p) is a unitary
operator.

LEMMA 4.6. Let w € Dy. For any 0 < o < & there exists §(c,5) > 0 such that if
ey~ < 4, the following holds. Define

(4.35) vi= Tl/\zagl ((d())x - do) .

(i) The map T — B(H(T,)), ¢ = ®) ()*! is bounded.
(i1) For any s > 0, the map T> — B(H*(T)), ¢ — @O (p)E! is bounded.
(iii) The map ®©®)(p) transforms the operator LM (p) in

(4.36) LO)(g) == (@) LD () = MOz + My + (do)a () +e—1(z, )0yt + RO ()

and the functions v(-;w) € H(Ty x TL) and the operator R®) (w) € H(TY, B ~2)
defined for w € D, satisfy the estimates

(4.37) V]| 5P ey LR | RO)LPGD < e
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Proof. By the definition (4.35), using the estimates on dy given in Lemma 4.5,
one gets that v satisfies the estimate (4.37). By Lemma 3.6, one has that the operator
V() admits an expansion of the form

1
(4.38) V(p) = v(z,9)0; t — 5%(37, )05 2 + c_30.20; % + Ry(p)
where c¢_3 € R is a constant and for any 0 < 0 < &, Ry € H(T?,BU’%) and

(4.39) VIO |73v|1<;,il—)(4%m Soz €-

o,—1

By (4.34), (4.39), Lemma 3.6-(i ) and the estimate (3.34), there exists § = 6(0,7) €
(0,1) such that if ey~ < 4, |(®®))*!|, <, 5 1. Ttems (i)-(ii) then follow by applying
Lemmata 2.4, 3.1.

(#i1) A direct calculation shows that
(4.40)

LO(p) = (@) LW (p) = <I><5>< ) 1£ (p)@© >< = <I><5><so>-1w 9,2 (i)
— O () 'w - 9,® 5)(<p) +RD(p)

where the remainder R)(¢p) is given by
(4.41)

1
RD(p) := /O (1 = t)exp(—1V()) [IA2Dzz + A10s, V()], V()] exp(TV(¢)) dr
+ /1 e~ V(@) [do,V(gp)]eTV(m dr .
0

By recalling (4.38), (4.39), by applying Lemma 3.6, using that 09 = Id — 7y and that
A2 =14 0(e), A1 = O(¢), one obtains that

[(A20zz + A0z, A(p)] = 2ihovz (2, @) + ag_l)(% 90)695_1 + R(II)(@)
where for any 0 < 0 < 7, att € H(Ty x TF), RUD € H(T, B5~2) with

(4.42) alD || HP() IR H)|L1pvn)< -

and

Hl>\28zz + )\18123 V], V] € ’H(Tgoa 80,72) 9
4.43 Lip(v,9)
(4.43) Mo + MOVIV] T Some.

o,—2

Moreover, using the estimate on dy provided in Lemma 4.5 and by applying again
Lemma 3.6, one gets that

(4.44) [do, V] € H(TZ,B772),  |[do, V]IEPG S e

By applying Lemma 3.5, using Lemma 3.7 and the estimate (4.39) to bound exp(+7V(p))
and by applying the estimates (4.43), (4.44), one obtains that

(4.45) RO € H(TE,B77%), [ROEPGD < e
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Moreover, recalling the definition of the operator ®®) given in (4.34), using (4.38),
(4.39) and by applying Lemmata 3.6, 3.7, one obtains that
() w - 0,80(p) = —w - Dyu(z, )0, + R (p),

4.46
( ) R(HI)(<,0) c H(T?,Bg’72), |R(III)|L1P("/Q <00 e, Vo< o <&

and therefore by (4.40) one gets
(4.47)
£(5) ((P) = )‘2aww + )\la;v + dO + 2/\2Uw + 6_1(.1?, (P)aw_l + R(s) (QD) )

e_1(z,0) = al (@, 0) —w-dpu(z,), RO (p):=RD(p) +RUD(p) + RUID ().

The claimed statement then follows since dy + 2idgv, = (do), (see (4.35)), by the

estimate (4.37) on v, the estimate (4.42) on ai™" and the estimates (4.42), (4.45),
(4.46) on R RUD RUII), .

4.6. Elimination of the x dependence from the order —1.. In order to
eliminate the 2-dependence from the term of order —1 in the operator £ given in
(4.36), we conjugate such an operator by means of a transformation

(448) 2O (p) == exp(Gp)) where G(p) := 5 (g(z,9) 0 0;% + 0,7 0 g(x,¢))
and g(x,¢) is a real on real function to be determined. Note that for real values of
the angle p € T, one has that G(p) = —G(p)*, implying that ®©) () is unitary.

LEMMA 4.7. Let w € D,. For any o < & there exists 6(0,5) > 0 such that if
ey~ <4, the following holds. Define

(4.49) g(x,p) = ia;l le—1(z, ) — (e—1)(p)] -

(i) The map T — B(H(T,)), ¢ — @O (p)*! is bounded.
(i1) For any s > 0, the map T> — B(H*(T)), ¢ — @) (p)*! is bounded.
(iii) The map ®©) (@) transform the operator L) () as

(4.50) £O(0) = (D)L (0) = AoBrs + MOy + (do)a (0) + (1) ()05 + RO ()

where the function g(-;w) € H(Ty x T) is real on real and the operator R (w) €
H(Tgo78"’_2) is skew self-adjoint. Moreover they are defined w € D., and satisfy for
all 2 € D, the estimates

(4.51) [lg||EiPCr2) | |R(6)|L1pvﬂ)< e

Proof. By the definition (4.49), using the estimates on e_; given in Lemma 4.6,
one gets that g satisfies the estimate (4.51). By Lemma 3.6 and by the estimate on g
one has that for any 0 < 0 < 7,

(4.52) GeH(TE,B772), [GEPT <, ¢
The above estimate and Lemma 3.7, using that w - 0, = w - 9,,(®©®) — Id), imply
that forany 0 < o <&

Lip(v,Q)
_92 <o’ g €.

(4.53) sup |eXp(i7’g)‘Llp(’Y Q) < NU 51, |w . a(p(q)(ﬁ))
7€[0,1]
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Items (¢)-(i7) follow by the estimate (4.53) and by applying Lemmata 2.4, 3.1.
(#i1) A direct calculation shows that
(4.54)
£O0(p) = (@LNLO) () = 20 () LO (2) 2 () = 2O () ' 2,2 ()
= 1)\289c3r + )\16@ + <d0>(90) + 6_1(I, 90)8;1 + [1>‘2amc + /\183:7 g((ﬁ)]
+RD ()

where the remainder R(¢p) is given by
(4.55)

1
R () ¢=/O (1 = )exp(=7G(9)) [[IA20zz + M0z, G(0)], G()] exp(TG () dT

1
+ [ e (o) + 107, 0(0))) 7O dr - 2O () w0 0,80p).
0
By recalling the estimate of Lemma 4.5 on dg, the estimate of Lemma 4.6 on e_1, the
estimate (4.52) on G, by applying Lemmata 3.6, 3.5 and using that Ay = 1+ O(e) and
A1 = O(e), one obtains that for any 0 < o < &
(4.56)

[P‘Zaﬂcz + )\16937 g(@)]v Q(w)] ) [<d0>z + eflax_lﬂ g(@)] € H(TcorovBm_Q) )

Lip(~,9) Lip(v,Q)
[[A20zz + X102, G(9)], G(9)] [(do)a + eflaac_lv G(p)]

9 ~O,0 £.

o,— o,—2

Therefore, the estimates (4.56), (4.53) and Lemma 3.5 imply that the remainder R
defined in (4.55) satisfies

(4.57) R e H(TX,B772), [ROLPTV < o W<o<a.

Recalling the definition of G, using the estimate (4.51) on g, by applying Lemma 3.6,
using that Ag = 14+ O(e), Ay = O(¢), one gets that

(4.58) [(A20za + MOz, G(9)] = —2X20,0; 1 + RUD ()
where for any 0 < 0 < 7,

(459) R(II) GH(T?,B(L_Q), |R(II)|LIP’YQ <o'6'€~

~0,

Therefore by (4.54), one gets

LO(p) = M0 + My + (do) + (= 2029: +e-1)0; 1 + RO (),

(460 () == RD () + RUD ().

The claimed statement then follows since e_1 — 2X2g9, = (e—1), (see (4.49)) and by
recalling (4.57), (4.59). o

4.7. Reduction to constant coefficients up to order —2.. In the last step of
our regularization procedure, we eliminate the p-dependence from the term (dp),(¢)+
{e_1)(¢)05t. To achieve this purpose, we consider the map

(4.61) D (p) == exp(F(p)), F(p) = diag;esfi(p)

where for any j € Z, f; are analytic functions to be determined which are purely
imaginary for any real value of the angle ¢. We prove the following lemma.
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LEMMA 4.8. Let w € Dy. For any 0 < o < & there exists §(c,5) > 0 such that if
ey~! <6, the following holds. Define

A0 = %<d0>m,ga; )\—1 = <€—1>ac,</)7
F(p) = (w - 0p) {do)x — ido] + (w - 0p) He—1 — A_1]0; "

(4.62)

(i) The map T — B(H(T,)), ¢ — @7 (0)*! is bounded.

(i1) For any s > 0, the map T — B(H*(T)), ¢ — @ (p)*! is bounded.

(i4i) The map ®7) () transform the operator L) (o) in

4.63)  LD(g) = (@ LO (0) = iAgDue + MOy + 1Mo + X101 + R ()
where Mo, A_1 € R and the operator R(") 'H(Tgo,B"’*Q) satisfy the estimates

(4.64) o[ MPO, A [P < e [RMLET o

oo €.

Proof. Since the operator F (i) is a diagonal operator, one has that [F (), 0%] = 0
for any k € Z and a direct calculation shows that

(4.65) () w- 0,8 (p) = w- 9, F ().
Therefore, by the definition (4.62), we solve the homological equation
(4.66) —w - OpF () + {do)s + (e—1)20; " =1iho + A_10; '

By the estimates (4.31) on dy and (4.37) on e_; one gets that |Ao|“PO-) |x_; [LP(H2) <
€ and by applying Lemmata 2.11, 3.6 one obtains that for any 0 < ¢ < 7,

(4.67) F e H(T®,B%), |FILPOD < eyt

~

The latter estimate, together with Lemma 3.7 imply that
(468)  (@M)E e H(TE,B7), |@D)E L0 <14+ O(0,5)ey7!

for some constant C(c, &) > 0. Hence, one obtains that
(4.69)
£0(p) = (L)L (p) = Nalaa + X102 = w - 0 F () + {do)e + (e-1)a0; " + RV(),

RD(p) = @0 () 'R ()2 ().
The estimate (4.64) on the operator R("), defined in (4.69), follows by the composition
Lemma 3.5, by the estimate (4.51) on R and by the estimate (4.68) on (®()*1.0

5. The KAM reducibility scheme. In this section we carry out the reducibil-
ity of the equation dyu = Lo(wt)u where the operator Lo = £(7) is given in Lemma
4.8. We fix

(5.1) og 1=

no| Ql

The operator Lo(¢) = Lo(¢;w) defined for w € D, has the form

(5.2) Lo(p) =iDo + Po()
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where for all 2 €D,

1 1
Do := A20zz + ;M@z + o+ T>\—13;1 ;

(53) /\2,)\1,)\0,)\_1 GR, |)\2 - 1|a|>‘1‘7‘)‘O|Lip(%ﬂ)a|>‘—1|Lip(%ﬂ) S,é‘,
|PO|LiP(%Q) <

00,—2 ~00 €.

Note that, as we pointed out in the previous section, the real constants Ao, A\; do not
depend on the parameter w. The linear operator Dy is a 2 x 2 block diagonal operator
Dy = diag;en,Do(j) where for any j € Ny, the 2 x 2 block Dy(j) is given by

(©)
. I 0
Do(j) =" ;
(5.4) 0 u

p = =Xa® + g+ do = it %)= =2 = Mg+ Ao+ AT

In order to state our reducibility Theorem, we fix some other constants. For n > 1,
we set

n

1 L1
(5.5) x€e (1,2, on= 00(1 - 72) Ny = (n)*x"No
j=1

and to shorten notation, we set

(5.6) a(0) = [T+ |ea*(n)h), Veez.
neN

THEOREM 5.1 (Reducibility). Let~ € (0,1). Then there exists § € (0,1) small
enough such that if ey~! < 8, for any n > 0, the following holds.
(S1), There exists a linear skew self-adjoint vector field

where Dy, is a 2 x 2 self-adjoint block diagonal operator D,, = diag;cn,Dn(j), Pn €
’H(’Jl‘gi, B""’_Q) is skew self-adjoint, moreover both are defined for w € Q,(v), where

Qo(7) :==Dy and for anyn > 1
(5.8)

Qn(’y) = {w S anl(’y) : Honfl(&jajl)_luop S — V(ﬁ,],]/) € Z:o X NO X NOv

d(0)j?

A3 and Ou(653) op < V(¢,) € (2 \ {0}) x o, |fly < N1}

Forany (¢,7,5') € Z3° xNoxNy, the operators On_1(¢, j,j") : B(E;/,E;) — B(E;/, E;)
are defined by

(59) Onfl(g,j,j/) =w-¢1Id + ML(anl(j)) — MR(Dn71<j/)) .
For any j € No,

(5.10) 1D () — Do) 5" ") S &
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and

(5.11) P |LPOs ) < O ee X"

Ony—2

for some constant C, > 0.
on_1ton
Forn > 1, there exists a map ®,(p) := exp(Fn(p)), where F,, € H(T?,Onfﬁ,,n ,B+>

2

is skew self adjoint and defined for w € Q,(v), which satisfies
(5.12) Ln(¢) = (Pn)wrLrn-1(p) -

The operator F, satisfies the estimate

n—1

Lip(v,Q2y) 1 —x-

opn_1ton 567 € 2
2

(5.13) | Fn

(S2),, For any j € Ny there exists a Lipschitz extension of the function D,(j;-) :
Q. (v) = S(E;) to the set D, denoted by Dy (j;-) : Dy = S(E;) that, for any n > 1,
satisfies the estimate

sup || Dy (j;w) — Duo1 (i) las S () e ™,
(5.14) wED,
~ . ~ . 1i _ _ . n—1
1D () = Dua()lsg Sev~le ™ .
5.1. Proof of Theorem 5.1. PROOF OF (Si),, ¢ = 1,2. The claims hold by
recalling the properties of the operator Ly listed in (5.2)-(5.4).
(S2), holds, since the constants A and A; are independent of w and \g, A\_; are

already defined on D,.

5.1.1. The reducibility step. PROOF oOF (S1),,,. We now describe the in-
ductive step, showing how to define a symplectic transformation ®,, 1 := exp(Fn+1)
so that the transformed vector field £,,11(¢) = (Ppna1)w«Ln(p) has the desired prop-
erties. We write II,, instead of IIy, to denote the projector on the Fourier modes
|¢|; < Ny, where N, is defined in (5.5). A direct calculation shows that
(5.15)
£n+1(80) = (':I)n-&-l)w*ﬁn(ﬁﬁ) = (I)n+1(90)71£n(§0)(1)n+1(90) - (I)n+1(<;0)71w : 8<p<1)n+1(90)

1
=iD, — w - pFni1 + [iDny Fri1] + I, Py + TP, + / (1 —1)e ™41 [[iD,,, Frii], Fup1le ™+ dr
0

1 1
+ / e~ T nt1 [P, ]:n+1]67f"“ dr — / (1-— T)(f”T"Jrl [w- OpFnt1, Fn+1]er}-"“ dr .
0 0

Our next aim is to solve the Homological equation
(5.16) — w0y Fni1 + (D, Fuyr] + I, Py, = [P(0)]

where the diagonal part of the operator P, (0) is defined according to (3.8).

LEMMA 5.2. For all w € Qn41(y) (see (5.8)), there exists a unique solution

F,i1 € ’H(Tg‘;_p,B”"_p) with p > 0, o, — p > 0 of the Homological equation (5.16)
satisfying the bound
(5.17) P0G & et () Paliny™

P

for some appropriate constant T > 1.
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Proof. In order to simplify notations in this proof, we drop the index n and we
write + instead of n + 1. Passing to the 2 x 2 block representation of operators and
taking the Fourier transform w.r. to ¢, one gets that the equation (5.16) is equivalent
to

l( —w - £7gf+(€)7rj/ —+ D(j)’f('ijr(Z)’]Tj/ — WjﬁJr(g)ﬂ—le(j/)) + Wjﬁ(g)’frj/ =0
(5:18) v(¢,5,5') € Z* x No x No,  (€,5,5') # (0,5,5), [ty <N,
and 7rj]?+(0)7rj =0, VjeN.

According to the definition given in (5.9), for any w € Q4 (y) = Qu41(7), since the
operator

(5.19) O((,4,5') == w - £1d — M1 (D(j)) + Mr(D(j"))

is invertible, one defines Fy as

N - g../_l Af , V»el ..

(5.20) i Fo (O = 10( »J?J./) mP(Omy, V(65,57 # (0,5,7)
0 Y(4j4,5)=1(0,4,7)-
For any (¢,7,7") # (0,4,7), 5 # 7', || < N one obtains that
N a(r N
(5.21) I3 e (O lss < (v)nijmnﬂs
and for ¢ # 0, |¢], < N,
~ d(e)(5)? ~

(5.22) I 74 (€ s < (L”nmwmnas.

Let 0 = 0,,. By recalling the definition (3.11), the estimates (5.21), (5.22) imply that
for any ¢ € Z°°, |¢], < N

(5.23) |4 (@) lso—» < A€y [PO)]ge

Hence in view of the definition (3.14), one obtains that
(5.24)

\Filomp < A1 Z d(f)e("_”)m"||73(£)||Bg,72 < ,y—l(;%p d(ﬁ)e_”lzl”)|77|g772
LeLe €L

Lemma B.1 T T
< ~ 1exp(—l In (*)) |Plo,—2 -
pr P
Now we show the Lipschitz estimate. Let wy,ws € Q4 (7). Then for any (4, 7,j') #
(Oajvj/)v |€|7) S N7
(5.25)
FAVEIS (ij-&-(g)ﬂj’) = —i0(¢, j, j/§w1)71Aw1wz (ij(g)ﬂj/)
+ IO(Z, jvj/;wl)il(Awlsz(&ja j/))0(£7]a j/;w2)7lﬂjﬁ(£; WQ)T"j/ .

By (A.7), (5.3), (5.4), (5.10), one obtains that

8w O, 5, 5 ) lop < llwr — wallool€ly +2 sup [ Aw;w: D ()]s
(5.26) 7€No
S (1 ) ller — wafo -
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Hence since wy,ws € Q4(), the formula (5.25) and the estimate (5.26) imply that
for amy £ € Z°, j # §', [lly < N

~ da()? A
1A (3 (O s < (73 (L4 )1 P (6 o) s

a(¢ ~
T (W)mw (P07 s

(5.27)

and for any ¢ € Z¢° \ {0}, j € Ny, |£], < N,

~ a2 ()4 ~
1B ans (1, Z4 (O s < SO0 (4 4 101, B s o) s oot — oo
.

(5.28) N af ()7<j>2

18wy, (1P (E)75) s -

Recalling the definition (3.11) and using the estimates (5.27), (5.28), one obtains that

~ d(¢)? ~
[Awyw T (Ol r-r2 S —5= (1 + [€n) IP (6 w2) [ o2 [lwr — wallo
(5.29) g
d(4) 5
+ — 18w, P(O) |87 -
Y
Hence, recalling the definition (3.14), one gets
(5.30)
BuniaFilo—pa S 772( sup A2 7191+ 10],) ) lwn = walloo 5up [P()]o, 2
LeELS® weN
+97(sup a(@)e )| Ay, Pl
tez
Lemma B.1 9 T T
s fep( i (2)) (lwr = wrlloo sup [P@) o2 + 1|Auses Pl
pn p we
for some 7 > 0. The bounds (5.24), (5.30), together with the definition (3.15) imply
the claimed bound. O

By the formula (5.15) and using that the operator F, 1 solves the homological equa-
tion (5.16), one obtains that

Lyt+1(p) = 1Dny1 + Prt1(p),
DnJrl = Dn + Zna Z’ﬂ = [ﬁn(O)] )

.| =

1
(531) Pn+1 = H,',J;Pn + / (1 — T)e_TfnJrl Hpn(())} - ann7]:n+1]eTFn+l dr
0

1
+ / e*Tf"“[Pn,}'nH]eTf"“ dr.
0

The new block-diagonal part D,, 1. Since by the inductive hypothesis the oper-
ator P, () is skew self-adjoint, then also the 2 x 2 block-diagonal operator [P, (0)] =
diag;en, mPn(0)m; is skew self-adjoint, therefore the 2 x 2 block diagonal operator

Zy = %[Pn (0)] is self-adjoint. Hence using the induction hypothesis, one gets that
Dp41 is a 2 x 2 self-adjoint block diagonal operator. We then set

(6.32)  Dpii(j) := TjDpy1mj == Dn(j) + 2n(4), 2Zn(j) == i Znmi, Vj€Np.
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By the inductive estimate (5.11), one gets that for any o < o,

(5.33) 120|225 = [Dpgy — DalfPT ) <P [HP0) < genX”
The latter estimate, implies that

sup (|2 (j;w) lus S eeX ()72,

wE ()
(5.34) sp  NZaliw) = ZulGiwa)lles o 1y
w1,w2E€Q, () ”wl - W2||oo
w1 Fwa2

uniformly w.r. to j € Ng. The estimate (5.9) at the step n+1 then follows by applying
(5.33), using a telescoping argument.

The new remainder P, ;1. By applying Lemma 3.5-(i7), one obtains the estimates

Li Qn — On—Ont1 Li Qp
(5.35) 5P [P0 ) < e Nnlonm i), [P0
Furthermore, by applying iteratively Lemma 3.5-(¢), (i4i) one obtains that if p > 0
satisfies 0,41 + 3p < o,
(5.36)

Lip(7,Qn+1) Lip(7,Qn+1)
eI Py, FugaleT U eI P (0)) - P, PP )
Un+1172 O‘n+1,72
_ Lip(7,Qn Lip(v,Qn Lip(7,2n
Sp a( sup |6:|:T]:n+l|a:)+(;y+3p+l )|P |¢71,p,12 )|‘Fn+ |cr:,l:_?+2p+l)a

T€[0,1]

for some constant a > 0.

R . Lip(+,9
Now we want to use Lemma 3.7 in order to estimate sup, ¢ (o ) [e*77+! (7 nt1)

On+1+3p
We fix p := =" 5o that opy1 +4p = opy1 + gt = G"Z""“ < o,. With
this choice of p, by applying Lemma 5.2 and the 1nduct1ve estimate (5.11) on P,,, one
obtains that

(5.37)

Lip(v,Qn41) _ Lip(7,Qn+1) -1 T T Lip(v,2n)
|‘Fn+1|(rn+on+r; = |Fns1 ‘0n+1+4z S exp T In |7D”|am—2 !
2 (Un - Un+1> n On = On+t1

exp( (=) )
( )

Op — On+41

-1

Sey

< 1 X
NEY e 2,

using that, by (5.5), one has

T T X"
sup{exp( 1ln( )——)}<oo.
neN (o‘n — O—n+1); Op — Op+1 2

The estimate (5.37) proves the estimate (5.13) at the step n + 1. Furthermore,
1

(Jn - Jn+1)

(538) |fn+1|Llp(’Y7 nt1) < )

Un+<fn+1

1

for some § € (0,1) small enough by taking ey~' small enough and using that by (5.5)

] 1 X"
lim 726 2 =0.
n—00 (an — Un-‘rl)
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The smallness condition (3.32) of Lemma 3.7 is verified and therefore we get the
estimate

Lip(7,Qnt1) « 1

(5.39) sup |e*7 | P St <

T7€[0,1]

The estimates (5.35), (5.36), (5.37), (5.39) (recalling the definition of the remainder
Pr+1 given in (5.31)) lead to the inductive estimate

Lip(7,Qn+1) —Np(on—0nt1 Lip(7,92x)
[Py |an+1,72 <e ( + )|7)n|an,72

T Lip(7,Qn
)11n(0 ) JUPal Y

where C' > 0 is a positive constant and a > 0 is the constant appearing in the
estimate (5.36). The latter estuimate, together with the inductive estimate (5.11) on

(5.40)

+Cyt u

exp(
(On = Opnt1)" (0n — Ont1

P50 %) imply that

P gfﬁ,’%ﬂ) < e Nnln=ont) 0 ee™x"

-1 T T 2.2 —2x"
(541) +Cy exp( T ln( ))C*g e X
(an - O-n-ﬁ-l)Cl (Un — Un—&-l)T’ On — On41

< C*ee"‘n+1
provided
(5.42)

1
sup {EXP (X"(X —1) = Ny(on — on+1))} <3
neN
1 1 T T n 1

CCliey sup{ exp( : ln( )—(2—)())( )}gf.

neN (Un - CTn—&-l)a (Un — Jn—i—l)ﬁ Op — On+1 2

The first condition in (5.42) holds by recalling (5.5) and by taking Ny > 0 large
enough. The second condition in (5.42) holds by recalling (5.5) and by taking ey~*
small enough.

PROOF OF (S2),,,. We shall need the following (which is a simple adaptation of the
extension result Lemma M5 in [KP03])

LEMMA 5.3. Let (X, d) be a metric space and let H be a Hilbert space of dimension
d. Let E C X be a subset of X and
f:E—>H

by a function satisfying

- flz1) — fz2)|ln
1flloo = sup [ f@)lln < 00, [P o= sup W@V ZS@Iln
zeFE z1,22€E x1#T2 d(l‘l,xg)

Then there exists a Lipschitz extension f: X — H satisfying

1Flloe Sa I flloes  IFI™ Sa LFI™P

By recalling the estimate (5.34), for any j € Ny, the function Q,41(v) — S(E;),
w i Z,(j;w) = Dpt1(f;w) — Dp(j;w) is a Lipschitz function. Hence we apply the
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extension Lemma 5.3 with E = Q,,41(7), (X,d) = (Dy,doo) (recall the definition 1.1
and (1.3)) and H = S(E;) equipped with the scalar product (A.3). Hence we get

a Lipschitz extension Z,(j;-) : D, — S(E;) of Z,(j) preserving the sup norm and
the Lipschitz seminorm, namely sup, o, | Zx(7:)lss < SuDuco, () |2 (5:) s
120 ()P < || Z,(j)|IP. Therefore, using the bounds (5.34) and defining D,, 41 (j) :=
Dn(j) + Z,.(j), the claimed statement follows.

5.2. Convergence. Final blocks. By applying Theorem 5.1-(S2), the se-
quence of the Lipschitz functions D, (j;-) : Dy = S(E;), j € Ny is a Cauchy sequence

w.r. to the norm || - [|MP(7:%%) and therefore, we can define the final blocks
(5.43) Doo(j) := lim D,(j), VjeNg.

By using a telescoping argument one obtains that for any j € Ny, for any n € N, the
following estimates hold

sup | Doc (jsw) — Du (i w)llis < (7) "2ee ™",
(544) w€EDy B ,
Do (§) — Dn(G) |15 S ey te X"

Lip(v,£2)
m

0-7

Then, recalling the definition of the norm | -
2 x 2 block diagonal operators

given in (3.15), if we define the

(5.45) D, = diag;en, Dn(j), Vn €N, Dy = diagjey, Doo())
one gets that for any o > 0, n € N and {2 € D,
(5.46) Doe — Dy |55 See ™"

Final Cantor set. For any ¢ € Z2°, j,j7 € Ny, we define the linear operator
Ooo(gajvj/) : B(Ejlij) - B(Ej’7Ej)

(5.47) Ooo(&j:j/) =w - L1d = M1(Dso () + MR(Doo(j/))

and we define the set
(5.48)

o d(¢ . oo
Qoo (7) := {weDv O (45,5 Hlop < 2(7), V(4,4,5") € ZL x Ny x Ny,
. o d(¢);* . ~
J#7 and Ot i) op < giﬂ V(. 5) € 22\ {0)) x No .

The following lemma holds
LEMMA 5.4. One has that

Qoo(’y) g mnENOQn(’Y) .

Proof. We proceed by induction. By definition Qs (y) € Dy. Now assume that
Qoo (7) C Qp(y) for some n > 0 and let us show that Qo (y) C Qpi1(y). Let
w € Qoo (y). Since by the induction hypothesis w € Q,,(v), the 2 x 2 blocks D,,(j;w),
j € Ny, are well defined and D, (j;w) = D, (j;w) on such set. By the estimates (5.44),
recalling the property (A.7), one obtains that

1ML (Poo (5) = Pu(5)))llop s MR (Doo(5) = Pu(i)))lop S e(i) e

n
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and using that
On(l,],5") = Oco (£, 4, 5') = =ML (Dn(j) — Deo(j)) + Mr(Dn(j") — Deo(i"));
the latter estimate implies that for any ¢ € Z3°, ||, < Ny, j,j' € No, j # j’
(5-49) 10 (£,5,5") = Oso (£33 Mlop S ™"
and for any ¢ € Z3° \ {0}, [£];, < Nn, j € Ng
(5.50) 1O(£,5,5) = Oco (6,5 ) lop < €€ ()72

Since w € Qoo () C (), we can write

Oull:5.5) = Oncll i)+ On(6,3,3") = Onc(£.5. ')
= 0u(6,,7) (14 + Ouc(0,3,5) 7 [On(t:5.5) = O (65, 5)] )

and using the estimates (5.49), (5.50), we get for any (¢,7,5") # (0,4,7), €], < N,
the bound

10w (b5 57 |Onll,5,5) = Ono(6,3,3") | lop S &7 ™" sup a(6)

[€ln <Nn
LemmaB.2 %
(5.51) < ey le X1+ Nn)C(n,u)J\’é+
_1
< ey lsup exp( —x"+C(n)N,"" In(1 + Nn)) .
neN
By the choice of N,, provided in (5.5), one obtains that
_1
sup exp( X"+ C(n,u) N, In(1 + Nn)> < 00
neN
implying that for ey~! small enough
- . . 1
1056557 [Ou(£5. ) = Onel£5 ) | lop < 5 -
Hence by Neumann series O, (¢, j,j') is invertible and w € Q,,1(7). d

KAM transformations
For every n > 1, we define the transformation ¥,, as

(5.52) U, :=®;0...00,,

where for any n > 1, the transformation ®, = exp(F,) is constructed in Theorem
5.1. Note that for any n € N, the map VU, is invertible and the inverse is given by

(5.53) Ul=d 1o, 0@t

n

We now show the convergence of the sequence of transformations (¥,,)nen, in the
o0

space H(T%,BT).
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LEMMA 5.5. (i) The sequence of transformation (¥,,),en converges to an invert-
ible transformations ¥, for w € Qoo (y) w.r. to the norm \~|I§)(W’Q°°(’Y)). Furthermore
2
the following bounds hold:

|\Iloo _ Idl%P(’YyQoo(’Y)) , |\I/;OI _ Id'{—yiop("hﬂoo('Y)) 5 E’}/—l )
2

(it) For any 0 < o < %, for any s > 0, the maps Ty® — B(H(T,), H(Ts)), ¢
U () and T — B(H*(T), H*(T)), ¢ + Vo (p)*! are bounded.
Proof. PROOF OF (i). This is a completely standard argument.

ProOOF OF (i#i). The claimed statement follows by the item (i) and by applying
Lemmata 2.4, 3.1. 0

Final normal form
We now show the following

LEMMA 5.6. For any w € Quo(7) and for any ¢ € T3 /3 the operator Lo(p;w)
defined in (5.2) is congugated to the 2 x 2 block diagonal operator iDy (see (5.43),
(545)); namely (lI/oo)w*LO(QD;w) = IDw(w)

Proof. By applying Theorem 5.1, by recalling the definition (5.52) of the maps
U,,, n € N and using that by Lemma 5.4, Qoo () € Ny>0€2 (), one gets that for any
neN

(5.54) iDp(w) + Prlp;w) = L = (V) weLo(p;w), Yw € Qoo() -

By (5.2), (5.3) and by Lemmata 5.5, 2.9, one has

(5.55)

|w.a¢(q;oo_\l,n)|gpiﬁl’;ﬂoc(’>’)) < p—l‘\IIOO_\IjnHO;LP(%Qoo(’Y)) —~0 as n—oo, and |£0|L1P(’Y2790<>(’Y)) <1
2 2

00,

for p > 0 so that % — p > 0. Therefore, by recalling the definition (2.2), by the
estimates (5.55) and by applying Lemma 3.5-(7), one gets that

(556) hm l(an)w*»c(] - (\I/oo)w*»coﬁg(%gm(w) == 0 .

n— oo

By the estimates (5.11), (5.46), (5.56) and passing to the limit in (5.54) one obtains
the claimed statement. |

6. Measure estimates. It remains only to estimate the measure of the set
Qoo (), defined in (5.48). In order to do this, let us start with some preliminary
considerations. For any j € Ny, the 2 X 2 block D (j;w), w € Dy is self-adjoint and
depends in a Lipschitz way on the parameter w. By (5.43), (5.44) and by recalling
(5.3), (5.4), for any j € N, we can write that

(6.1) Doo(§) = A2j?Id + Reo(j;w)
where the self-adjoint 2 x 2 block R (j;w) satisfies the estimate

(6.2) sup || Roc i) s S 20) . 1 Roe )RS S 277"

By applying Lemma A.2, one then obtains that for any j € N,

spec(Doo(j;w) = {4 (@), 1)}, spec(Ru (3 w)) = {7 (W), {7 (w)}
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where ugi) and r§i) depend in a Lipschitz way on the parameter w € D, and they
satisfy
+ , +
H (@) = Ao + 10 (@),
6.3 .
(63 Me-1Se. sup B @I Sel), WP gey
weD,y
If 5 = 0 one has |u0|Lip(7’D7) < e. For compactness of notations we set M((JH = u(f) =

to- By applying Lemmata A.1 and A.2-(44) one then obtains that the set Q. () can
be written as

(6.4)
2y
¢

QOO(’}/):{WED,YI|W'£+M§U)_M§*7)|ZW V(f,j,j/)EZ:OXN()XN(), j#j/a U7U/€{+a_}

)’
(@) _ @) 2y : o /
|w'é+:uj — Ky ‘2W7 V(&J)G(Z* \{O})XN(% 0,0 E{-h—}},

where we recall
a(0) = [J A+ |ta*(n)*), veez.
neN
In the remaining part of this section we prove the following Proposition.

PROPOSITION 6.1. Assume that > 3. For ey™!

that P(Ro \ 2 (7)) S -
We note that

(65) P(Ro\ (1)) < P(Ro \ D, ) + B(D;\ 2ac()

In [BMP], it is proved that

and v small enough one has

(6.6) P(Ro\D,) £,

therefore, we need to estimate the set D, \ Qo (7). In order to shorten notations, we
define

6.7) 2= {(z,j,j') € 7= x Ny x No :j;éj’}, 2, := (2 \ {0}) x Np.
One has that

(6.8) D\ 2% =( U RumU( U 2m)

(£,5,3")EZ1 (£,J)EZ2
where for any (¢, j,5’) € 21, we define
o o’ 2
(69) R@y(ﬁ) = U {WED71|W'£+M§- )_M§/ )|<7}
o,0’'e{+,—}
and for any (¢,7) € 25, we define

- o' 2y
(6.10) Qui(y) = U {wEDW:\w-é—i—ug.)—ug. )|<7,}.
o,0'e{+,—}



42 R. MONTALTO AND M. PROCESI

LEMMA 6.2. (i) Let (£,7,7") € Z1. If Rejjr(y) # 0, then |2 — j2| < C|¢|1 and
P(Rejj (1) S 355
(i) Let (6,) € Za. If Quy(y) #0, then P(Qus(1) S 1

Proof. We prove item (i). The proof of the item (i) can be done arguing in a
similar fashion. Let j,j’ € Ny, j # j' and 0,0’ € {+,—}. By (6.3) one has that for
some constant C' > 0,

157 = 2 Dall® 57| = Ol + ') = Ce.
Using that Ay = 1+ O(e) and that |j + j'| < |7? — j"| one obtains that for & small

enough

(6.11) 0 — S > 31 - 57

implying that Rg;; () = 0 for any j # j'. Hence if (¢,7,5') € Z1 and Ryjjr(y) # 0
one has that ¢ # 0. Furthermore if w € Ry;j/(7) # 0 one has that by using (6.11),
one obtains that

Loy o o' 2y
612) Sl =% <” w7l < gy e S 1t el S+l O

Now let
s:=min{n e N: ¢, #0}, S:=max{neN:/{, #0}.

and e®) = (e %))nEN the vector whose n-th component is 0 if n # s and 1 if n = s.
Similarly we define the vector e®). Let

Y(t) = (w + te®) - £+ pT(w + te®) — ul7) (w + te)).

1

By using the estimate (6.3), for ey~ small enough, one has that

_ 1
[0(t1) = W(t2)] = |tr — tals] = ey~ tn — ta] = Sltr — ta]
The latter estimate implies that

2
Ht cwtel € Ryyi(v), [0(t)] < i}’ S3g

Since Ry;j/(7y) is a cylinder with at most S — s components, one obtains the desired
bound.

PROOF OF PROPOSITION 6.1. By recalling (6.8) and by applying Lemma 6.2, one
gets the estimate

PO\ 2%(M) S D ﬁJr 2 <j>27d(f)

(3.3 )€21 (£,5)EZ2
152 =3 1<114l
Hng LemmaB3
(S S ) TR
LeZLP ZGZOC

The claimed statement then follows by recalling (6.5), (6.6).
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7. Proof of Theorem 1.4 and Corollary 1.7. Let v :=¢% a € (0,1). Then
the smallness condition ey~ < ¢ is fullfilled by taking ¢ € (0,e9) with &g small
enough. By setting . := Q.. (7), the Proposition 6.1 implies (1.7). For any w € .,
we define

(7.1) Wao(p) := @D (@) 0 dP 6., 0@ (p) o U (p) pe T34

where the maps @), ... & are constructed in Section 4 and the map W, is given
in Lemma 5.5. The properties (1) and (2) on the maps Wao (¢)*! stated in Theorem
1.4 are easily deduced from Lemmata 4.1, 4.3, 4.4, 4.5, 4.6, 4.7, 4.8, 5.5-(i¢) and from
remark 4.2. Furthermore, by the same Lemmata and 5.6 one obtains that u(t, z) is
a solution of (1.1) if and only if v(-,t) 1= Wao(wt) " tu(:,t), w € € solves the time
independent equation 0;v = iDy,v where D, is the 2 x 2 time independent self-adjoint
block-diagonal operator defined in (5.43)-(5.45). The proof of Theorem 1.4 is then
concluded.

PROOF OF COROLLARY 1.7. Since D, is a 2 x 2 block diagonal self-adjoint operator,
the general solution of the equation 0;v = iD,.v can be written as

v(x,t) = Z et P [T ug) .
J€Ng

Since m;Door; : E; — E; is self-adjoint (recall (3.2)), one has that ||el™P=m [wjvo]HL2
||mjvol L2 for any j € No. This implies that both analytic and Sobolev norms are pre-
served, namely for any o > 0, |[v(-,t)|lc = |lvo]ls and for any s > 0, |[v(-,¢)||g= =
||lvo|| r=- Hence, by using the properties (1) and (2) stated in Theorem 1.4, one obtains
that for any w € Q., the solution u(-,t) := W (wt)v(-, ) of (1.1) satisfies the desired
bounds both in analytic and Sobolev norms. The proof of the Corollary is therefore
concluded.

Appendix A. technical lemmata.

A.1. Linear operators in finite dimension. Given an operator A € B(E;),
we define its trace as

Te(A) = A0, A € B(Ey),
Tr(A) = A+ ATM, AcB(E;), jeN.

—j>

(A1)

It is easy to check that if A, B € B(E;), then
(A.2) Tr(AB) = Tr(BA).

For all j,j' € No, the space B(E;, E;) is a Hilbert space® equipped by the inner
product given for any X,Y € B(E;/,E;) by

(A.3) (X,Y) = Te(XY™).
This scalar product induces the L?-norm || - ||ys defined in (3.10).

Given a linear operator L : B(E;/,E;) — B(E;/,E;), we denote by ||L| oy its opera-
torial norm, when the space B(E;/, E;) is equipped by the L?-norm (3.10), namely

(A4)  Lllop == sup {[L(OM)lls : M € BBy, Ey),  [|M]ls <1}

5Actually all the norms on the finite dimensional space B(E;/,E;) are equivalent.
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For any operator A € B(E;) we denote by My (A4) : B(E;,E;) — B(E;,E;) the
linear operator defined for any X € B(E;/, E;) as

(A.5) Mp(A)X = AX .

Similarly, given an operator B € B(E; ), we denote by Mgr(B) : B(E; E;) —
B(E;,E;) the linear operator defined for any X € B(E;/,E;) as

(A.6) Mgr(B)X :=XB.

The following elementary estimates hold:

(A7) IML(A)llop < |Alles,  [[Mr(B)llop < || Bllas -

We denote by S(E;), the set of the self-adjoint operators form E; onto itself, namely

(A.8) S(E;) = {A €B(E;): A= A*} .

Furthermore, for any A € B(E;) denote by spec(A) the spectrum of A. The following
Lemma can be proved by using elementary arguments from linear algebra, hence the
proof is omitted.

LEMMA A.l. Let j,j' € Ng, A€ S(E;), B € S(Ej/), then the following holds:
(i) The operators My, (A), Mr(B) defined in (A.5), (A.6) are self-adjoint operators
with respect to the scalar product defined in (A.3).

(13) Let j,j' € N, A € S(E;), B € S(Ej/). The spectrum of the operator M (A) +
Mg(B) satisfies

spec(ML(A) + MR(B)> = {/\ +p:Aespec(d), pe spec(B)} .
(133) Let j € N, A € S(E;) and B = Ao € S(Eg). Then, the spectrum of the operators

ML(A) :tMR()\o) = ML(A) ﬂ:)\oId : B(Eo,Ej) — B(Eo, Ej) and ML()\()) + MR(A) =
Aold + MR(A) : B(Ej, Eo) — B(Ej7E0) satisfy

spec (ML(A) + )\old) = spec()\old + MR(A)) = {)\ tX:AE spec(A)} )

We finish this Section by recalling some well known facts concerning linear self-adjoint
operators on finite dimensional Hilbert spaces. Let H be a finite dimensional Hilbert
space of dimension n equipped by the inner product (-, -)%. For any self-adjoint
operator A : H — H, we order its eigenvalues as

(A.9) spec(A) := {A1(4) < X (A) < ... <\ (4)}.

LEMMA A.2. Let H be a Hilbert space of dimension n. Then the following holds:
(i) Let Ay, As : H — H be self-adjoint operators. Then their eigenvalues, ordered as
in (A.9), satisfy the Lipschitz property

|)\k(A1)—)\k(A2)‘ § ||A1_A2||B(H)v szl,...7n.
(i) Let A = yldy + B, where y € R, Idy : H — H is the identity and B : H — H is

selfadjoint. Then
Me(A) =y+M(B), Vk=1,...,n.

(13i) Let A : H — H be self-adjoint and assume that spec(A) C R\ {0}. Then A is
invertible and its inverse satisfies

AT = '
H HB(H) ,,,,, n |)‘k(A)|
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A.2. Properties of torus diffeomorphisms. In Subsection 4.2, we have con-
sidered diffeomorphisms of the form

(A.10) @ © +wa(p)

where o € H(TS, ), 0, p > 0 and w € D,,. By Lemma 2.13, for € = £(p) small enough,
if ||a|l3o+r < €, then the diffecomorphism (A.10) is invertible and its inverse has the
form

(A.11) 9 9 + wa ()

where & € H(TS®) and ||&|s < ||f|o4,- Note that by (A.10), (A.11), one can easily
deduce the formulae

1
1+w-0 a(19+wa( )’

1+ w-0ya(9) =
(A.12)

1+w-8¢a(¢):1+w.aﬁa<w+wa( )

The following lemma will be used in the reduction procedure of Section 4, in order to
show that some averages do not depend on the parameter w € 2.

LEmMMA A.3. The following holds:
Let w € Dy be a Diophantine frequency and let a be a function in H(T). Then
Jpoe w - B9a(V) d¥ = 0. As a consequence one has

(A.13) / ) (1 tuw- 819&(19))6119 —1

and for any ¢ € 22 \ {0},

(A.14) / (5 0) (14 - 0,3(9)) d = 0.
Proof. Let N € N. Then We split

w-dga®)= Y iw @O+ S w-fa)e?.

(0, 6], <N €]y >N

Since a is an analytic function, the second term on the right hand side goes to zero
as N — 4o00. Moreover

/ Yo iw-@@etdy = > iw- () / e dy =0.
T 00, e, <N (0, |6, <N ™
Therefore one deduces that
a(¥9)dd = lim / iw - La)e? dv = 0.
/oo N—oo 27T TN |ZZ>N

The equality (A.13) follows immediately by the previous claim. The equality (A.14),
follows observing that since ¢ € Z$° \ {0} and w is Diophantine, one has that

(it (9+wa () <1+W'aﬁa(’ﬂ)) _ ﬁw By ( (19+wa(19))>

hence the result follows by applying the first claim. 0
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LEMMA A.4 (Moser composition lemma). Let f: Br(0) — C be an holo-
morphic function defined in a neighbourhood of the origin Br(0) of the complex plane
C. Then the composition operator F(u) := f owu is a well defined non linear map
H(TS?) = H(TF).

Proof. Clearly, since f(z) = >, an2" is analytic, for any z € C, |2] < R, the
series Y <o |an||z|™ is convergent. Moreover, Let v € H(T) with |lul, < r < R.
By applying Lemma 2.5, for any n > 1, u™ € H(T) and ||u" ||, < |lul|2 < r™. The

series > o, anu” is absolutely convergent w.r. to || - ||,. Indeed , one has
| S o], < 3 feutlullz < 3 Jentr < oo
n>0 n>0 n>0

this implies that F'(u) = >, -+, anu™ belongs to the space H(T°) and the proof of
the lemma is concluded. - 0

Appendix B. some estimates of constants.
LEMMA B.1. (i) Let pi1, 2 > 0. Then
sup H 1+ (@) |0;]2)e™ rleln < exp( " n (I))

LeLE pn P
|€\,,<o<>

for some constant T = T(n, p1, p2) > 0.

(ii) Let p > 0. Then' Y ez e Pl < exp(% In (%)), for some constant T = 1(n) >
. o7

0.

Proof. PROOF OF (7). We remark that the left hand side can be expressed as

exp (32 o)1l +1n (14 () 6542)) = exp(3 (1)

K2

where
(B.1) fil@) == (14 ()" a"*) — p(i)'z. |

The result follows word by word from Lemma 7.2 of [BMP] where it is proved in the
special case p1 =24 q, po = 2.
PROOF OF (i1). By Lemma 4.1 of [BMP], one has

Therefore

Z’@M”_ZHH 12[4,2¢ —POME (1 4 ()16 ?)

LeZe LeLX i

< sup (He pli |Z| (1+ (2 |€|))

LELS

The claimed statement then follows by item (i) with 1 = pe = 2.
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LEMMA B.2 (Small divisor estimate). Let p1,pue > 1. We have the following
estimate for N > 1

1
(B.2) sup JJ(U+ (@) feale) < (14 N)Slmmne N
€€z €], <N =
for some constant C(n, u1, pe) > 0.
Proof. For (¢ fixed, let us denote by k the number of non-zero components of /.

We claim that k£ <, N ﬁ, indeed

k k

k
N>y = )", | =Y (i) =Y 5" =y kM7
=1

j=1 j=1

and the claim follows. Now if n > 1 we have (i)|¢;| < (i)"|¢;] < N and setting
o= max{jy, pia}

sup Y In(1+ (i) |,]#2) <, N7 In(1+ N*) <, N¥7 In(1 + N).

LELS: L]y <N i
Otherwise if n < 1 one has (i)|¢;] < ((z)"\élD% < N and again

sup S In(L+ () 6]) Sy N7 In(1+ N%) S, N7 In(1+ N).
LELE: [L|n<N i 0

=

LEMMA B.3. For py,pe > 3, one has that ), ;o
[Lien( + (@F €:]2).

Proof. The proof is very similar to the one of the measure estimate Lemma 4.1
of [BMP]. a0
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