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ARTICLE INFO ABSTRACT
Keywords: Sound scattering by deforming bodies is investigated through a novel nonlinear boundary-field
Nonlinear sound scattering integral formulation based on the velocity potential equation. The proposed approach applies an

Deforming scatterer
Deformable-boundary integral formulation
Harmonic-nonlinear boundary element method

iterative cascade solution strategy to account for nonlinearities due to irrotational flow field gen-
erated by moving boundaries. The resulting formulation is solved numerically through a boundary
element method combined with the harmonic-balance technique to capture the multi-chromatic
scattered signal. The numerical investigation studies the sound scattered by a pulsating sphere
impinged by a plane wave. It shows that the proposed iterative solution algorithm is able of pro-
viding convergent nonlinear scattered solution in a few iterations. The results demonstrate that
fluid nonlinearities associated with the amplitudes of the sphere pulsation and the incident wave
significantly affect the directivity pattern of the scattered signal.

1. Introduction

The emergence of novel aircraft architectures conceived for next-generation aeronautical operations has opened promising op-
portunities to enhance mobility and support new mission profiles. The feasibility of these innovative concepts, however, is strongly
conditioned by their environmental impact, with particular emphasis on chemical emissions and noise generation [1].

Addressing these issues requires the integration of acoustic analyses from the earliest phases of the design process. Incorporating
such evaluations at the conceptual and preliminary levels is essential for limiting noise exposure and for ensuring compliance with
the stringent quantitative objectives established by international regulatory bodies [2] and by the Flightpath 2050 strategic vision
[3]. These increasingly demanding targets motivate the development and adoption of robust and computationally efficient prediction
methodologies.

Compared with conventional aircraft, the acoustic behaviour of these emerging configurations is influenced by a wider range
of physical mechanisms. Key factors include the aerodynamic interactions arising in configurations with distributed propulsion and
the aeroacoustic and aerodynamic effects produced by structural deformations in highly flexible airframes [4,5]. These complexities
highlight the need for accurate modelling strategies capable of capturing the coupled flow-structure-acoustic dynamics inherent in
such systems.

Furthermore, the vehicle’s airframe itself drastically alters the noise radiated by the propulsion system. Understanding these
installation effects is a primary concern, typically modeled using scattering formulations. These methods assume that the incident
pressure wave is uncoupled from the scatterer’s surface, allowing the acoustic field to be split into incident and scattered components.
This decoupling enables independent evaluations: the incident field is first calculated assuming an isolated, "frozen" source, while
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amplitude of sphere pulsations

amplitude of incident velocity potential plane wave
covariant basis vectors

BEM surface coefficients

Boundary Element Method

matrices of harmonic-BEM coefficients

local and undisturbed speed of sound

distance of observers from sphere center

vectors of harmonic-BEM forcing terms

spatial term of Green’s function

Jacobian of curvilinear coordinate transformation
BEM volume coefficients

deformation wave number, w,/c,

wave number of incident potential

Mach number of scatterer surface points

Mach number in normal direction, n

outward unit normal vector of boundary surface
number of harmonics

number of parallel circles

number of meridians

number of observers

number of surface discretization panels

number of radial volume elements

number of significant scattered potential components
number of discretization volume elements
distance between emitting and receiving points
radius of undeformed sphere

body surface of scatterer

intensities of external frozen sources

fluid velocity vector and magnitude

velocity of scatterer surface points

volume mapping in (¢!, &2, £3)-domain

emitting and receiving point positions

signal propagation delay

non-linear terms of the velocity potential equation
external forcing terms of velocity potential equation
total velocity potential

vector of harmonic-BEM velocity potential
velocity potential radiated by scatterer motion
incident and scattered velocity potential

jth cascade component of ¢¥

normal derivative of the velocity potential
normal derivative of ¢°

normal derivative of ¢/

boundary surface mapping in (¢!, £2)-plane
fundamental angular frequency of Fourier series
angular frequency of sphere pulsations

angular frequency of impinging wave

the remaining vehicle components act solely as scatterers. This avoids the severe computational burden of solving the source and
scatterer simultaneously.

Extensive literature has addressed this topic, primarily modeling the airframe as a rigid stationary or moving object (e.g., Refs.
[6-10]). Many of these models rely on velocity potential or acoustic pressure formulations derived from the Lighthill [11] or Ffowcs
Williams and Hawkings (FW-H) [12] equations (see, for instance, Refs. [13,14]). Notably, linear boundary integral formulations
for the FW-H equation and those for velocity potential perturbations yield distinct scattering predictions for moving bodies. This
discrepancy arises because neglecting nonlinear field terms affects the two formulations differently in the presence of a non-uniform

meanflow [14].
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Beyond rigid bodies, the problem of sound scattered by deforming surfaces has also been explored. Using a perturbation method
applied to the linear wave equation, Censor [15,16] introduced analytical solutions for simple geometries like cylinders and spheres.
He demonstrated that kinematic nonlinearities in the boundary conditions generate a multi-harmonic spectrum, which depends on
both the scatterer’s motion and the chosen perturbation order.

Alternatively, multiple tones can be generated by fluid nonlinearities arising from the flow induced by the scatterer’s dynamic
deformations. This phenomenon was analyzed by Piquette [17] for a 2D infinitely long, radially vibrating cylinder interacting with a
plane wave, under the assumption of a rigid scatterer where nonlinearities emerge from combining incident, radiated, and scattered
waves. To weigh the relative impact of these two multi-harmonic sources, Mujica et al. [18] experimentally investigated waves
scattered by a vibrating piston. They successfully identified two distinct scattering regimes: one dominated by the boundary conditions
on the vibrating surface, and another driven primarily by fluid nonlinearities.

In this framework, this paper considers the analysis to an arbitrarily shaped three-dimensional body impinged by an incident
wave. To this aim, it introduces a novel velocity-potential solution approach for nonlinear sound scattering.

The scattered velocity-potential field is obtained through application of a deformable-boundary integral formulation derived as
a specific case of the integral solution of the arbitrarily forced wave equation recently developed by the authors [19,20]. Building
upon the study presented in [21], which introduced a linear boundary-integral approach for sound scattering capable of captur-
ing multi-harmonic effects induced by boundary conditions on strongly deforming surfaces, the present work provides a significant
methodological extension. In particular, the formulation proposed here includes, for the first time within this framework, the con-
tribution of the nonlinear field terms that arise from the flow generated by the scatterer’s deformation and that act as sources in
the forced wave equation. This advancement enables a more complete and physically consistent prediction of the scattered field for
configurations involving large, dynamically evolving structural motions.

The scattered sound is described through a technique consisting of the superposition of incremental velocity potential solutions
(here called velocity potential cascade solution) combined with a harmonic-balance technique. Specifically, the incremental velocity
potential solutions are forced by progressively decreasing fluid nonlinearities given by the combination of incident and scattered
signals with the velocity potential related to the flow-field generated by the motion of the scatterer. These incremental velocity
potentials are determined through the application of the deformable-boundary integral formulation introduced in [19,20].

The description of the velocity potential cascade solution is given in Section 2, while the boundary-element-method/harmonic-
balance numerical algorithm applied to determine the solution of the deformable-boundary integral formulation is outlined in Sec-
tion 3. The results of a numerical investigation are discussed in Section 4. The analyses concern the sound scattered by a pulsating
sphere impinged by a plane acoustic waves, considering sphere motions for which the nonlinear terms associated with the radiated
sound are negligible, so as to focus on nonlinear scattering effects. The numerical investigation examines the convergence rate of the
proposed nonlinear solution algorithm and the effects of the fluid flow generated by the surface pulsations on the scattered signal.
The influence of the amplitude of the incident signal on the directivity pattern of the scattered sound is also investigated.

2. Nonlinear integral formulation for sound scattered by deforming bodies

Let us consider a body moving in a perfect, inviscid gas, initially at rest, and a frame of reference, R(x), fixed with the far-field
undisturbed fluid (referred to as FFR). Then, let us express the generated irrotational flow field velocity, u, with respect to FFR through
the velocity potential ¢ such that u = V. Combining the mass conservation equation with Bernoulli’s theorem for isentropic flows,
the following inhomogeneous wave equation governing the velocity potential is obtained

1 0%
To=Vo- == =oc+c™" €y
[ t

where []? represents the d’Alembert operator, ¢, is the speed of sound of the undisturbed fluid, o is the nonlinear forcing term that
is given by

o= L[ - Vo +290 o+ %v(p V)] )
C
0

with ¢ denoting the local speed of sound, while (') = d/dz. In addition, 6FXT takes into account the effects deriving from the possible
presence of external forcing sources independent of the body motion.

The differential problem is completed by the boundary condition of perturbation potential vanishing infinitely far from the moving
body (¢ — 0 as x — oo, Dirichlet type) and the imposition of impermeability of the body surface (Neumann type)

_9%2 _,
“on ¢
where n is the unit vector normal to the surface S of the scattering body, and v, represents the velocity of its points.

As demonstrated and discussed in [19,20] (to which the reader is referred for details), the solution of Eq. (1) for the velocity
potential around moving and deforming bodies is obtained by the application of the boundary integral equation method, which is
based on the introduction of the free-space Green’s function. This function, G, is defined as the fundamental solution of the wave
equation, namely, the solution of the following wave equation forced by time and space impulses
1 0°G
G- =2 =6(x-x)8(t—1,) €

cot

n -m, XES (3)

VZ
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associated with the boundary condition G = 0 for |x — x,| = oo, and the time conditions G = G = 0 for t — oo, and reads [22]

G(X—X*,t—t*)=4_—”lr5<t—t*+cL> (5)
0

where r = [r| = |x, — x|

The next steps of the method consist of: (i) recasting the problem in Eq. (1) into an equivalent infinite-space one by extending the
velocity potential to the entire R? domain as @ = ¢ H(f), where H represents the Heaviside function and the function f = f(x,1) is
such that f =0ifx € S, f > 0 if x is outside the body, f < 0 if x is inside the body; this yields

1 %@ 1[oH @ o/ 0H
Vo-~2? He4VH-Vo+V- vin - 5|5 —( —) 6
2 2 o o+ @+V-(pVH) [az o T\ P, 6

(ii) combining the multiplication of function G w1th Eq. (6) with Eq. (4) multiplied by the function @; (iii) integrating over the
entire R?> domain and over time by exploiting the generalized time and space functions.

For x, and ¢, representing, respectively, external position and time of observation, this yields the following boundary integral
solution

(p(x*,z*)=// [(1—M3)0—¢00]J‘ déldéz—/ [MnM~V,<pGo]J‘ de'ae?

060 0_(p M, ) // M, | X
an fle ] de'de @az pGyJ 0 de'de (7
+/// 0 Gy J| dg'agag’
Vo 0

which corresponds to Eq. (27) of Ref [19]., once the correction given in [20] is considered and the symbols ¥, k. k,,z,Z, w, y,
there introduced to express the arbitrarily-forced acoustic wave equation, are defined as ¥ = ¢,z = Vo, Z = ¢l, k; = -1/ cé (0g/on),
ky=—@/ cg, w =0, y = Ho, with I denoting the identity tensor. In the above equation, (¢!, £2, &%) is a system of curvilinear coordinates
defined over the body surface and the region around it, with the points of the body surface identified as those for which &* = 0. The
symbols Q and V, denote, respectively, the domains in the (¢!, £2)-space and in the (&', &2, £3)-space onto which the body surface
and the adjacent fluid region are mapped. In addition, Gy = —1/(4xr), M= v;/cy, M, =M-n, e, =1/r, J = |a; X a, - a5|/|0| is the
Jacobian of the curvilinear coordinate transformation (a, are the covariant base vectors related to (¢!, £2,&3)) with ® = (1 —=M -e,).
Furthermore, the symbol (...)|, indicates that the integrands must be evaluated at time ¢ = ¢, — 6, which is the instant at which the
surface of the body emitted the signal that at time 7, reaches the observer. Finally, note that the integral formulation in Eq. (7) is
obtained by expressing the gradient operator as Vg = V, ¢ + (d¢/dn) n and noting that the time derivative at FFR fixed points is recast
as
de _ dg

2.1. Cascade solution approach for nonlinear velocity potential scattering

When the boundary integral formulation in Eq. (7) is applied to problems for which the nonlinear field term is not negligible,
the numerical evaluation of the velocity potential over the body surface and its neighborhood requires the adoption of an iterative
solution scheme. This is the case examined in this work, whose objective is the prediction of sound scattering in the presence of
fluid nonlinearities due to dynamic deformation of the scatterer. Therefore, for predicting nonlinear scattering, an iterative method is
introduced in the following, which consists of the superposition of a sequence of velocity potential solutions forced by progressively
decreasing nonlinear field terms.

As typically done in sound scattering analysis, let us introduce an incident velocity potential field, ¢, associated with the propa-
gating impinging wave, which is assumed to be independent of the body and governed by the equation

e’ =c™T =) sl sx-x) (8)

with the forcing terms consisting of a suitable combination of "frozen sources" of time-variant intensities, Si’ (1), located at x;.

Then, the total velocity potential is defined as the superposition of the incident velocity potential with the perturbation field
generated by the presence of the body. In turn, this is given by the superposition of the velocity potential perturbation generated by
the motion of the body (radiated velocity potential), °, such that

-1’0’ = o(¢") 9
and the scattered potential, ¢, such that
-0’¢° = o(p) — 0 (0" (10)

where ¢ = ¢° + ¢% + ¢’

Previous research has demonstrated that the flow-field generated by the body motion may significantly affect the scattered field,
and that its effects are taken into account by the fluid nonlinearities appearing in Eq. (10) [13,14,23-26]. Thus, the nonlinear
scattering problem is solved by iteratively superposing incremental contributions of ¢*.

4
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First, the radiated velocity potential, ¢°, is solved through application of the boundary integral formulation in Eq. (7) with the
boundary condition
0¢°

_ 0 _
n=n = W =V

and the corresponding field term

c=0"=0(¢"

Next the scattered velocity potential field induced by the incident field is decomposed into several sub-components, namely
Ng
oS =3 % an
j=1

such that
@St > @52 > |57 > ...

and with Ng denoting the order of the component still providing non-negligible contribution.

It is assumed that ¢! is obtained from the formulation in Eq. (7) with the boundary condition
1299 _ el
on on

and the nonlinear term given by the incremental contribution due to ¢’ given by
o=0c' =0’ +¢")-a(e") a2

Therefore ¢! represents the component of the scattered field forced by the incident wave both through the impermeability boundary
conditions (the dominating term) and the nonlinear field terms due to ¢° and ¢’. The contribution of ¢5-! to ¢! is omitted so as to
have known field terms.
However, once ¢! is evaluated, its incremental contribution to ¢ yields the second element of the scattered potential series, ¢52.
Specifically, 5 is obtained as solution of Eq. (7) with the boundary condition
a(pS,Z

2
=t = =0
n=n on

(note that the impermeability condition is satisfied by the combination of ¢° and ¢*'!) and the nonlinear term as given by the
incremental contribution

c=0>=0@"+¢" +¢5") -0c(e" + o)) 13)

Therefore 52 represents the first correction to the scattered potential due to scattered potential nonlinearities (note that, the com-
parison between Egs. (12) and (13) shows that the sum of the first and second scattered components, ¢5-! + 52, obtained from
Eq. (7) satisfies Eq. (10) with the first term on the right-hand side depending only to the first scattered component, ¢°-').

This procedure is repeated until the j—th incremental correction of the scattered velocity potential, ¢/, obtained as solution of
Eq. (7) with the homogeneous boundary condition

S.j
_p 2227
on
and
6=0'=c(@+ o' +05 + ...+ 5T =6+ o' + o5 + ...+ 5P 14

becomes negligible for j = Ng. It is worth noting that summing the progressively decreasing forcing terms, ¢/, over all cascade steps
yields a telescoping series where all intermediate terms cancel out. As a result, the superposition of the equations governing all the
incremental components, ¢S+, perfectly reconstructs Eq. (9), recovering exactly the total nonlinear forcing term, o(¢) — o(¢"), on its
right-hand side.

The sum of all the Ng components of the scattered field obtained from the application of Eq. (7) satisfies Eq. (10), with the first
term on the right-hand side of that equation coinciding with the first term on the right-hand side of Eq. (14) for j = Ng.

Finally, it is worth noting that the cascade methodology described above can also be applied to determine the radiated potential,
@Y, as the solution of the nonlinear problem in Eq. (9). This is achieved by removing the incident-field contribution, replacing the
scattered-potential subcomponents with the corresponding radiated-field components, and taking the first component as the solution
of the associated linear problem subject to impermeability boundary conditions.

3. Velocity potential cascade BEM solution through harmonic balance

For the purpose of the numerical application of the above boundary integral formulation, the surface of the body is discretized
into N, quadrilateral panels, while N, volume elements are used to discretize the fluid domain where the field integral is evaluated.

5
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In these surface panels and volume elements the velocity potential and its space and time derivatives are assumed to be uniformly
distributed, equal to those evaluated at their centroids (zeroth-order Boundary Element Method, BEM).

When the formulation in Eq. (7) is applied as a boundary integral equation with unknown velocity potential over the body surface
and known field contributions (as for the solutions of the scattered potential cascade), the satisfaction of the equation is imposed
at the center of each surface discretization panel (collocation method). This yields the following set of algebraic equations whose
solution provides the piecewise constant values of the velocity potential over the surfaces of the panels

N N N N
1 )4 14 14 . 14
E(pk(t*) = Z Akmnm(t* - ekm) + z Bkm(pm(t* - ekm) + z Ckm(pm(t* - ekm) + z ka(ptm(t* - 0km)
m=1 m=1 m=1 m=1 (15)

N,
+ Z Hypon(t, = Op)
h=l

where ¢,,,7,, and ¢! denote, respectively, velocity potential, the normal derivative of the velocity potential (see Eq. (3)), and deriva-
tive of the velocity potential along the direction of the tangential local body Mach number, M, = M — M, n, evaluated at the center
of the mth panel. In addition, 6,,, represents the signal transmission delay 6 related to the observer at the center of the kth panel and
the emitting source at the center of the mth panel, while o), is the nonlinear forcing term evaluated at the center of the Ath volume.
The time-varying influence coefficients are defined as

Akm(t*)=// (1-M»GyJ | de'de
Q, Okm

G 190 L2
B, (t.)= —— 7+ =Z](GyA)|| dela
et //Q[ 5 Go )]%5 £

M
ckm(t*)z//[ "GOJ+GOQ] de'de?

Q,L € ) Okm

delde?

km

ka(z*)=—// M, M,GyJ

Q, 0

Hkh(t*)=/// GoJ
Vgh

where A = J (=e, - n+ M,)/c,, while Q,,,V, indicate, respectively, the (¢ 1 £2).domain and the (£!, £2, £3)-domain where the surface
of the mth panel and the volume of the hth field element are mapped.

The factor 1/2 appearing at the left-hand side of Eq. (15) takes into account the contribution of the free terms deriving from the
singularity of the kernel function 0G/on arising when the position of the observer tends to the limit on the emitting surface (as
happens in a boundary integral equation problem such as the present one). Thus, when k = m the coefficients B,,, are intended as
Cauchy principal values of the surface integral (namely, integrals taken symmetrically around the singularity) [27].

Once the velocity potential over the body surface is known, it may be readily used to determine the velocity potential field radiated
at external points and, in particular, to evaluate the velocity potential at the centroids of the discretization volumes for the definition
of the forcing field terms in the cascade solution process. This is obtained through application of the discretized boundary integral
representation. Indeed, in this case, the observers are far from the scattering surface, no singularities occur and, thus, the boundary
integral solution is formally identical to Eq. (15) with the factor 1/2 at the left-hand side replaced by 1 (all surface integrals are
regular) [27].

delde2de’
On

3.1. Multi-harmonic solution algorithm

The integral formulation in Eq. (7) is expressed in the time domain. However, acoustic scattering problems are generally repre-
sented in the frequency domain because acoustic scattering phenomena typically deal with high-frequency signals, for which time-
domain solution algorithms are subject to the occurrence of numerical instabilities that prevent the evaluation of accurate and reliable
solutions (see, for instance, Ref. [21]).

Considering an arbitrarily deforming scatterer in arbitrary motion, the above coefficients of the BEM formulation turn out to be
time-varying. To determine a frequency-domain expression of the scattered field, let us assume that the incident velocity potential
is harmonic with frequency ;, and that the influence coefficients are periodic, with their fundamental harmonic (whose frequency
coincides with that of the scatterer deformation, w,) being a multiple or a sub-multiple of the harmonic of the incident signal. Note
that this assumption is not too limiting nor unrealistic. It is applicable, for example, in all those cases where the deformation of the
scatterer is the result of the response of an elastic structure to an incident harmonic pressure wave.

Thus, following the approach applied in Refs. [21] and [28], it is convenient to express the velocity potential at each centroid of
the discretized BEM domain in terms of its Fourier series as

N, N,
Opt, —0) =@, 0+ Z @, cos [na)(t* - 0)] + Z @, Sin [na)(t* - 0)] (16)

n=1 n=1
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with o representing the frequency of the fundamental harmonic, such that w = min[w,, w;]. In this equation N, is the number of
harmonics included in the analysis, ¢, and ¢} are the cosine and sine components of the nth harmonic of the velocity potential at
the center of the mth panel, while ¢,,, denotes its time-average value.

The application of Eq. (16) to express the velocity potential in Eq. (15) yields

o, )-ZBkm(r )¢MO+ZZD . >rpmn+ZZD 1)@, + [l + (2 a7)

n=1 m=1 n=1m=1

with the time-varying coefficients given by

NP
D (1,) = % Sim + Bim(t) + Z Fy (1) Gju(t,) |cos [noo(t, — 0,,)] — no Cy,,(2,) sin [na(t, — 6,)] (18)
j=1
_ v, B}
D (1) = % Stm + B (t) + Z Fj (1) G (1) [sin [no(t, — 0y,,)] + nw Cpy (2,) cos [neo(t, — 64,,)] (19)
j=1
1 3
Bip(t) = 5 6 + Bin(t) + X Fij(1,) G2, (20)

=1
where G,,(t,) are the coefficients providing ¢’ at the center of the jth panel from the knowledge of the velocity potentials ¢,,, for
m=1,..., N,. In addition, the forcing terms derived from the Neumann boundary condition are expressed as
N,

fk(t ) = Z Akm(t )nm(t Bkm

m=1

while those derived from the nonlinear field contributions are given by

Ny
fr@) = ZHkh(t*)o'h(t* —6kn) @1
=1
Next, determining the Fourier series expansion of the coefficients B,,,, Dye, D° and of the forcing terms f, Z , f{» and balancing
the left-hand-side and right-hand-side harmonics in Eq. (17) provides the following form of the solution (see Refs. [21] and [28] for
details)

p=01-D)'f (22)
where
"

Po f'? + f(‘)’
{2
Pic f1}"0 + flc
{2
o= ¢.1s ot £ + £,

¢Nac fjr(f c + flo\-fuc

¢Na5 fy\l s + ]‘{/ K

with ¢, and @, denoting, respectively, the vector collecting the nth cosine and sine components of the velocity potentials at the N,
body surface centroids. Moreover, f,., £ and f,,f° indicate the vectors collecting the nth cosine and sine components of the forcmg
terms, respectively. The matrix D is a square matrix of dimensions N,2N, + 1) X N,2N, + 1)

. N N
B, D D . D9V”C D%f
B, D¢ DI D%"C D%"S
B, D¢ Dt . D D

D= " . s N s (23)
P le 1s Ngc Ngs
BNaC DNat DNac DNac DNac
ﬁ 1le 1s Ngc Ngs
Ngs Ngs Ngs Ngs Ngs |

obtained by assembling sub-matrices, each of which collects a specific component of the Fourier-series expansion similar to that in
Eq. (16) of the time-varying coefficients in Egs. (18)—(20), and has dimensions N, » X N,. For instance, the matrices D}i and D}i collect,
respectively, the first cosine and sine components of the coefficients D}{fn(t*) expressed by Eq. (18), while B, collects the first sine
components of the coefficients f;km(t*) expressed by Eq. (20), for k,m=1,..., N p.

As mentioned above, once the values of the scattered potential over the body’s panels are obtained, it is necessary to determine
the scattered potential in the field in order to evaluate the contributions ¢/ and hence the forcing terms f’ 0 (see Egs. (14) and (21)).
It may be readily determined through the proposed numerical algorithm applied to the integral formulation conceived as an integral

7
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Fig. 1. Flowchart of the proposed numerical procedure for nonlinear sound scattering analysis.

representation. In this case, the integral solution can be formally expressed through Eq. (17) applied at the N, centroids of the volume
elements surrounding the scatterer, with the free term contributions 1/26,,, in the coefficients in Eqgs. (18)-(20) removed (no singular
integrals appear). Indeed, for ¢ , denoting the vector of dimensions N,(2N,, + 1) which collects the Fourier coefficients of the scattered
pressure at these points we have

¢, =D;p+f, 24

where D is the rectangular matrix of dimensions N,(2N, + 1) X N,(2N, + 1) (similar to matrix D in Eq. (23)) that collects the Fourier
components of the BEM coefficients for external observers, while f, collects the Fourier components of the forcing terms evaluated
for the same observers.

Fig. 1 shows a flowchart summarizing the proposed numerical procedure for the determination of nonlinear sound scattering from
deforming bodies, where e represents the limit of convergence of the iterative process.

It is worth highlighting that the results presented in [21] correspond to the first scattering component, ¢5-!, under the assumption
of neglecting the effects of the fluid nonlinearities.

Finally, note that the proposed solution procedure can be applied to an arbitrarily deforming scatterer. Indeed, if w, and w,; are
arbitrary, the set of harmonics of the scattered sound is given by w, = w; + kw,. In this case, the fundamental harmonic, w, and the
number of harmonics, N,, of the Fourier series introduced in Eq. (3.1) must be chosen so as to adequately capture the harmonics, wy,
appearing in the resulting scattered signal (indeed, in this case, the proposed frequency solution process can be considered equivalent
to the application of discrete Fourier transforms).
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Table 1

Numerical convergence on discretization mesh and computational effort.
Mesh €2, €2,y 2], Time RAM
12x6%6 0.08% 4.53% 3.33% Oh 41m 78.4 MB
16 x8x7 0.02% 2.85% 1.82% 5h 38m 302 MB
20x 10x 8 0.007% 0.85% 0.53% 30h 22m 881 MB
24x12%x9 - - - 124h 20m 2.15GB

4. Numerical results

The objective of this paper is to present a novel theoretical-numerical formulation for the analysis of sound scattering by moving
and deforming bodies, accounting for fluid nonlinearities. Accordingly, and without loss of generality, the capabilities of the proposed
approach are assessed through a numerical investigation of the canonical problem of a pulsating sphere subjected to an incident plane
wave, for which an analytical solution for linear sound scattering is available [15,21].

For simplicity, and to focus on nonlinear scattering effects, the cases considered in the following concern pulsating spheres with
a maximum surface Mach number equal to 0.06, and nonlinearities associated with the radiated field, ¢° = o(¢"), which remain
negligible. The maximum Mach number associated with the considered traveling waves is approximately 0.012, so that the flow field
is free from shock formation. It is worth noting that, if non-negligible, the nonlinear terms ¢° would not formally alter the solution
procedure for the scattered sound field, but would affect only the computation of the radiated field (see Eq. (9)).

Initially, let us consider a sphere of radius r, = 1 m subject to pulsations of amplitude a, = 0.2r, and frequency, w,, such that
kyro = 0.3 (with k; = w, /¢, denoting the deformation wave number), impinged by a plane wave of velocity potential, ¢!, of amplitude
AT and wave number k; = k. For this problem and for all pulsating spheres considered in the following, the radiated potential, ¢°,
is determined through the method for determining the linear analytical solution presented in [28], while, for simplicity, and without
loss of generality, the wave numbers k, and k; associated with the sphere pulsation and the incident sound wave, respectively, are
assumed to be identical (as explained in Eq. (3.1), the proposed solution algorithm can always be suitably applied to any arbitrarily
deforming scatterer impinged by a sound wave).

First, a preliminary numerical convergence study is carried out. In particular, four different discretizations of the sphere surface and
the surrounding fluid domain are considered. The external domain is assumed to extend radially up to 0.4 r, (a preliminary numerical
investigation, not reported here for brevity, indicated that beyond this distance the field contributions become negligible), and four
harmonics, N, = 4, are retained to represent the time evolution of the signals (this aspect is further discussed later). Convergence is
investigated by progressively increasing the number of meridians and parallels used to discretize the sphere surface, as well as the
number of radial elements employed in the discretization of the surrounding volume.

After obtaining the solutions corresponding to the converged cascade processes (the convergence rate is discussed later), the
relative L2-norm differences, 2, between the first three harmonics of the scattered signal computed using the finest mesh and those
obtained with the coarser meshes are evaluated and reported in Table 1. In the table, each mesh is characterized by the number
of surface-discretization meridians, N,,, parallel circles N,, and radial volume elements, N,, and is denoted as N,, X N, X N,, while
€2|, represents the relative L2-norm difference regarding the n—th harmonic. The relative L2-norm difference for each harmonic is
computed by comparing the scattered signal obtained with the finest mesh, |(pf |, with those obtained using the first three meshes,
|(ij| (j = 1,2,3), and is defined as follows:

N, s s 2
I(GARITH))

ND
S 2
ZdofD

2 _
€ =

where N, denotes the number of observation points located on a circle at a distance d = 10, from the sphere center, lying on a plane
perpendicular to the plane of the impinging wave with AT = 1 m?/s.

These results indicate that a relative L2-norm difference below 1% is achieved using a mesh comprising N, = 200 surface panels
(20 meridians and 10 parallels) and N, = 1600 volume elements in the surrounding field region. This mesh represents an effective
compromise between numerical accuracy and computational cost, as further mesh refinement yields only marginal changes in the
predicted results.

Next, with this mesh kept fixed, the scattered field is also evaluated using different numbers of harmonics of the signal, namely,
N, =2,3,4,5. The relative L2-norm differences, 5%, between the first three harmonics of the scattered signal computed with N, =5
and those obtained with N, =2,3,4 are evaluated and reported in Table 2 (note that, for N, =2 the third harmonic of the signal
cannot be determined). These results indicate that adopting N, = 4 yields converged predictions for the first three harmonics of the
scattered field.

According to the above investigations, all analyses and results presented in the following, including cases characterized by lower
and less critical surface Mach numbers, are obtained using N, = 200, N,, = 1600, and N, = 4.

9
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Table 2
Numerical convergence on number of signal harmonics.
N, 5Z|n:| 53'»1:2 53|n:3
2 1-1072% 5-1071% -
3 3.107% 8- 10™4% 4-1072%
4 6-107°% 4-1074% 2-1073%
135° 90° 45°
; 0.006
0.004
o k 0.002
OO
—Rigid
--—- Linear 1st harm
——Nonlinear 1st harm
--—- Linear 2nd harm
——Nonlinear 2nd harm
Linear 3rd harm
Nonlinear 3rd harm
225° 270° 315°

Fig. 2. Multi-harmonic directivity patterns of the scattered signal provided by linear and nonlinear solutions. a, = 0.2r,, k,r, = 0.3, A = 1 m?/s,
d/r, = 10. Radial values denote |¢5|/|¢p!|.

135° 90° 45°
0.006

0.004

0.002

180 0°
[—1st harm analytical |
« 1st harm BEM
——2nd harm analytical
« 2nd harm BEM
3rd harm analytical
3rd harm BEM

225° 270° 315°

Fig. 3. Directivity pattern of scattered signal provided by linear BEM prediction and analytical solution. a, = 0.2ry, k,ry = 0.3, Al = 1m?/s, d/ry, =
10. Radial values denote |5 |/|@’|.

For completeness, note that Table 1 also reports the computational resources required by each discretization mesh, in terms of
both memory usage and runtime. All numerical experiments were performed on a standard Linux desktop workstation equipped with
an Intel Core i9-14900 processor (24 cores, up to 5.8 GHz) and 192 GB of RAM.

Fig. 2 presents the directivity patterns of the first three harmonics of the scattered signal. In particular, it compares the results
obtained by the linear formulation introduced in [21] (equivalent to the first contribution to the present cascade solution, °-', when
the nonlinear effects of ¢° and ¢’ are negligible), with the proposed nonlinear solution which includes the distortion effects due to the
flow generated by pulsations (represented by field terms involving ¢°, @' and ¢°). In addition, the mono-harmonic solution for the
rigid sphere is depicted. This figure proves that, as expected, the scattered signal is multi-harmonic (both due to pulsating boundary
conditions and fluid nonlinearities), and that the fluid flow generated by sphere pulsations may produce significant distortion to all
harmonics of the scattered signal, and thus its contribution cannot be neglected (a dedicated numerical investigation proved that
nonlinear terms not involving ¢° provide negligible contributions).

10
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135° 90° 45°
0.005
0.004
0.003
.002
180° | 0°
—Ng =1
—Ng =2
Ng =3
—Ng =4
—Ng =5
——Ns =6
225° 270° 315°

Fig. 4. Incremental effect of cascade components on the directivity patterns of the first harmonic of the scattered signal. a, = 0.2r, k,ry = 0.3,
Al =1m?/s, d/r, = 10. Radial values denote |@°|/|p’].

135° 90° 45°

180° —Ng=110°
 Ng=2
——Ng=3
 Ng=—4
—Ng =5
—Ng =6
— Ng=7

225° 270° 315°

Fig. 5. Incremental effect of cascade components on the directivity patterns of the second harmonic of the scattered signal. a, = 0.2r(, k,ry = 0.3,
Al =1 m?/s, d/r, = 10. Radial values denote |¢°®|/|p’|.

135° 90° 45°
0.0012
0.0009
0.0006
180° 0°
—Ns=1
— Ng=2
~Ng=3
— Ns=4
—Ng=5
—Ns=6
225° 270° 315°

Fig. 6. Incremental effect of cascade components on the directivity patterns of the third harmonic of the scattered signal. a, = 0.2r,, k,ry = 0.3,
Al =1m?/s, d/r, = 10. Radial values denote |@°|/|p’].
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--—-Linear 1st harm
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—— Nonlinear 2nd harm
Linear 3rd harm
Nonlinear 3rd harm

225° 270° 315°

Fig. 8. Multi-harmonic directivity patterns of the scattered signal provided by linear and nonlinear solutions. a, = 0.2r,, k,r, = 0.3, A = 1 m?/s,
d/r, = 100. Radial values denote |¢“|/|¢’].
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135° ) 90° ) 45°

—Rigid
\ |-.—.Linear 1st harm 0°
——Nonlinear 1st harm
--—- Linear 2nd harm
——Nonlinear 2nd harm
Linear 3rd harm
Nonlinear 3rd harm

180¢ !

225° 270° 315°
Fig. 9. Multi-harmonic directivity patterns of the scattered signal provided by linear and nonlinear solutions. a, = 0.2r,, k,r, = 0.3, A" =1 m?/s,
d/ry = 2. Radial values denote |@°|/|p"].
135° 90° 45°
s - 0.0009

180 J)i\--=- Linear 1st harm 0

7/ | — Nonlinear 1st harm

--—- Linear 2nd harm

—— Nonlinear 2nd harm
Linear 3rd harm

~L e Nonlinear 3rd harm

225° 270° 315°

Fig. 10. Multi-harmonic directivity patterns of the scattered signal provided by linear and nonlinear solutions. a; = 0.4r,, k,r, = 0.1, A" = 1 m?/s,
d/r, = 10. Radial values denote |¢5|/|¢p!|.

Note that, the linear BEM solver has been extensively validated in [21] against the analytical solution presented in that paper as
an extension of the analytical scattering formulation introduced by Censor [15]. As an example, Fig. 3 shows the excellent agreement
between the predictions obtained by the linear BEM solver and the analytical solution for the first three harmonics of the scattered
signal related to the problem considered in Fig. 2. The nonlinear BEM solver presented here is a straightforward extension of the
linear one, and, to the authors’ knowledge, neither analytical solutions, numerical simulations, nor experimental data are available
in the literature for its validation.

Next, Figs. 4-6 show the incremental effect of the cascade components on the directivity patterns of the first three harmonics of
the scattered signal given by the nonlinear BEM solver. They demonstrate the quite rapid decrease in the contributions of the cascade
components with increasing iterations, and hence the fast convergence rate of the applied algorithm for the nonlinear solution. For
the examined problem, N¢ = 7 is sufficient to obtain solutions with 2% converged tolerance (see Eq. (11)). This is highlighted in Fig. 7
which depicts, as a function of Ny, the values of the first three harmonics of the scattered potential computed at the surface point
first impinged by the incident wave (note that in Figs. 4 and 6 the curve corresponding to Ng = 7 is not depicted since graphically
coincident with that related to Ny = 6).

The comparisons among the different solutions of the scattered field considered in Fig. 2 are repeated for far-field and near-
field observers located on a plane perpendicular to the plane of the impinging wave, still assuming A’ = 1 m?/s. These are shown,
respectively, in Fig. 8 that presents the multi-harmonic directivity patterns of the scattered signal evaluated at a distance d = 100 r,
from the sphere centre, and in Fig. 9 where the results regard observers much closer to the sphere centre, placed at d = 2 r.

While it is observed that, as expected, different far-field and near-field directivity patterns of scattered signal are obtained, in both
cases it is confirmed that all harmonics of the scattered signal are significantly affected by the nonlinear terms associated with the
fluid flow generated by the pulsations of the sphere.

Next, a case with lower pulsation frequency and larger pulsation amplitude, and a case with higher pulsation frequency and
smaller pulsation amplitude are examined, with the incident planar wave still having A’ = 1 m?/s. In particular, Fig. 10 presents the
scattered field at d/r, = 10, for a; = 0.4r; and k,r, = 0.1, while, for the same positions of observers, Fig. 11 shows the scattered field
for a; = 0.1ry and k,ry = 0.4.

In both cases the amplitude of the oscillating Mach number of the sphere surface is equal to k;a,; = 0.04, which is smaller than that
related to the results in Fig. 2 (kza, = 0.06 in that case). For this reason, linear and nonlinear predictions of the scattered signal in
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135° 90° 45°
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0.008
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|—Nonlinear 1st harm

--—-Linear 2nd harm

——Nonlinear 2nd harm
Linear 3rd harm

Nonlinear 3rd harm |

225° 270° 315°

Fig. 11. Multi-harmonic directivity patterns of the scattered signal provided by linear and nonlinear solutions. a; = 0.1ry, k,r, = 0.4, A" = 1 m?/s,
d/r, = 10. Radial values denote |¢5|/|¢p!|.

135° 90° 45°

1
180°| | ) 0°
1

. "= 1st harm AT =1
! |—1st harm AT =10
’ -—-2nd harm A’ =1
——2nd harm A! =10
y A~ 3rd harm A =1
'''''''''' 3rd harm A/ =10

225° 270° 315°

Fig. 12. Multi-harmonic directivity patterns of the scattered signal related to incident waves with A’ =1 m?/s and A’ =10 m?/s. a, = 0.2r,
kyro = 0.3, d/ry = 10. The unit of measure of the values in the legend is m?/s. Radial values denote |¢°|/|¢’|.

135° 90° 45°

0°

180° )i
) i|--—-1st harm AT =1

——1st harm A’ =10

-.—-2nd harm Al =1

——2nd harm A’ =10
3rd harm A =1
3rd harm A’ =10

225° 270° 315°

Fig. 13. Multi-harmonic directivity patterns of the scattered signal related to incident waves with A’ =1 m?/s and A! = 10 m?/s. a; = 0.4,
kyro = 0.1, d/ry = 10. The unit of measure of the values in the legend is m?/s. Radial values denote |¢°|/|¢|.
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Fig. 14. Multi-harmonic directivity patterns of the scattered signal related to incident waves with A’ =1 m?/s and A’ =10 m?/s. a, = 0.1r,
kyro = 0.4, d/ry = 10. The unit of measure of the values in the legend is m?/s. Radial values denote |¢°|/|¢’|.

135° 90° 45°
—Rigid ——Nonlinear 2nd harm 8e-05
e Linear 1st harm Linear 3rd harm
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180° 0°

225° 270° 315°

Fig. 15. Multi-harmonic directivity patterns of the scattered signal provided by linear and nonlinear solutions. a, = 0.5r,, k,r, = 0.01, A’ = 1 m?/s,
d/r, = 10. Radial values denote |¢S|/|¢p!|.

Figs. 10 and 11 are closer than those in Fig. 2. Comparing Figs. 10 and 11 it is interesting to observe that larger-amplitude pulsations
produce high harmonics of the scattered signal which are more significant than those arising from the higher-frequency pulsation
case (when related to the first harmonic of the signal). This derives from the kinematic nonlinearities produced by the boundary
conditions applied over the pulsating sphere. At the same time, however, higher-frequency pulsations generate fluid nonlinearities
which significantly affect the higher harmonics of the scattered signal. Indeed, the relative discrepancies between linear and nonlinear
predictions of higher harmonics in Fig. 11 are considerably bigger than those observed in the larger-amplitude results of Fig. 10.
When linear scattering analysis is performed, the directivity patterns expressed in terms of the ratio between scattered and incident
signal (as typically done and as done in this work) is invariant with respect to the amplitude of the incident signal. This is untrue when
nonlinear field terms, o, are considered. Indeed, as explained in Sect. II, these are given by the combination of terms involving products
between ¢°, ¢! and ¢S. As the amplitude of ¢’ increases, the corresponding higher-order contributions to ¢ become significant and the
scattered signal is no longer linearly proportional to it. This is shown in Figs. 12-14 for the pulsating sphere cases already examined
in Figs. 2, 10 and 11, where the directivity patterns of the scattered velocity potential predicted for A’ = 1 m/s? and A’ = 10 m/s?
are compared (still expressed in terms of the ratio |@S|/|@|). The discrepancies between solid and dashed lines are representative of
nonlinear field contributions due to the incident wave. It is interesting to note that when low-frequency/large-amplitude pulsations
are considered, the multi-harmonic contributions to the scattered field are dominated by the kinematic nonlinear terms and the
effects of increased incident wave amplitude are negligible (see Fig. 13). In this case only the first harmonic is slightly affected by the
amplitude of the incident signal. Instead, when higher-frequency pulsations with smaller amplitude are considered, the effects from
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Fig. 16. Multi-harmonic directivity patterns of the scattered signal provided by linear and nonlinear solutions. a, = 0.01ry, k,r, = 0.5, A’ = 1 m?/s,
d/r, = 10. Radial values denote |¢5|/|¢p!|.

fluid nonlinearities are dominant and the influence of the amplitude of the incident wave is stronger, especially on the directivity
pattern of the first harmonic of the scattered signal (see Fig. 14).

Finally, pulsation cases with either large amplitude or high frequency, but very small amplitudes of the surface Mach number
are considered. Specifically, the signals scattered by pulsating spheres with a, = 0.5r(, k,;ry = 0.01 and a; = 0.01ry, kyry = 0.5, both
corresponding to surface Mach number amplitude equal to k, a,; = 0.005, are presented in Figs. 15 and 16, respectively. These results
confirm that large amplitude pulsations generate higher harmonics of the scattered signal which are comparable to the first one, and
that contributions from fluid nonlinearities are negligible because of the very low surface Mach number and pulsation frequency (in
these cases, linear and nonlinear solutions are practically identical, indeed). In addition, it is confirmed also that pulsation frequency
affects fluid nonlinearities. This is highlighted by the zoom of higher harmonics in Fig. 16 which are very small due to the very small
pulsation amplitude, but present significant discrepancy between linear and nonlinear predictions.

5. Concluding remarks

A novel velocity-potential cascade BEM solution based on a harmonic-balance technique has been introduced to study nonlinear
sound scattering of deforming bodies. It takes into account both the kinematic and the fluid nonlinearities produced by the dynamic
deformation of the scatterer. The fluid nonlinearities are strongly related to the flow-field around the scatterer and, to the authors’
knowledge, the effect on sound scattering of fluid nonlinearities due to body deformation has been examined here for the first time.
To focus on nonlinear scattering effects, the numerical investigation considers pulsating spheres impinged by a plane acoustic wave
under conditions for which the nonlinear terms associated solely with the radiated sound are negligible. It is worth noting, however,
that the proposed solution method remains applicable even when this assumption does not hold. The outcomes have proven that:
(i) the proposed harmonic-balance cascade prediction algorithm is capable of providing convergent nonlinear scattered solution in
a few iterations (for the cases examined, no more than seven iterations are necessary to obtain converged results); (ii) for a mono-
chromatic incident wave, both kinematic and fluid nonlinearities produce a multi-harmonic scattered signal, and this occurs both for
near-field and far-field observers; (iii) for a given surface Mach number, the influence of kinematic nonlinearities on the scattered
signal increases with the pulsation amplitude, whereas the impact of fluid nonlinearities grows with the pulsation frequency (in
other words, kinematic nonlinearities are more strongly associated with the pulsation amplitude than with frequency, while fluid
nonlinearities exhibit the opposite behavior); (iv) the amplitudes of the higher harmonics of the scattered signal are strongly related
to kinematic nonlinearities; (v) as the amplitude of the incident wave increases, so does its contribution to the fluid nonlinearities,
thus appreciably affecting the directivity pattern of the scattered signal. These outcomes demonstrate that accurate analyses of sound
scattered by bodies undergoing significant dynamic deformations might require the application of a nonlinear solution approach
like that proposed in the present work. It is also necessary when the amplitude of the incident signal is not small, regardless of the
deformation of the scatterer. To demonstrate the capabilities of the proposed methodology to analyze nonlinear sound scattering from
deforming bodies, the presented study focused on a fundamental case consisting of a pulsating sphere subjected to an incident acoustic
wave. However, in the context of potential applications to more industrially relevant configurations, some critical issues may arise. In
particular, a large number of panels, volume elements and harmonics could be very demanding in terms of available computational
memory. In addition, multi-chromatic incident waves might require the evaluation of a large number of harmonic responses. This
implies the need for adequate computational resources and optimized programming (by introducing, for instance, hierarchical BEM
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algorithms). Scatterer deformations for which the nonlinear terms associated with the radiated sound are non-negligible will be
addressed in future studies.
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