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1. Introduction

1.1. Motivation

In this motivational section, we consider a product probability measure P on a n−di
mensional measurable space (Ω,ℱ) =

⨂︁n
i=1(Ωi,ℱi). 

Variance tensorization We write E[f ] and Var(f) for the expectation and variance of 
a random variable f ∈ L2(Ω,ℱ ,P). For i ∈ [n], we let Zi : Ω → Ωi denote the projection 
onto the i−th coordinate, and we define Ei[f ] := E[f |Z1, . . . , Zi−1, Zi+1, . . . , Zn] and 
Vari(f) := Ei[f2] − E2

i [f ]. With this notation, the celebrated Efron-Stein inequality 
asserts that

∀f ∈ L2, Var (f) ≤
n ∑︂

i=1 
E [Vari(f)] . (1)

This property is the starting point of the well-developed theory of concentration of 
Lipschitz observables on product spaces, as exposed in the comprehensive textbook [10] 
or the beautiful lecture notes [39]. From a dynamical viewpoint, it can also be regarded 
as a dimension-free Poincaré inequality for the Gibbs sampler associated with P.

Entropy tensorization A far-reaching observation is that a similar relation holds be
tween the entropy Ent(f) := E[f log f ] − E[f ] log E[f ] and its conditional versions 
Enti(f) := Ei[f log f ] − Ei[f ] logEi[f ], i ∈ [n]. Specifically, we have

∀f ∈ L logL, Ent (f) ≤
n ∑︂

i=1 
E [Enti(f)] , (2)

where L logL denotes the set of measurable functions f : Ω → R+ such that E[|f log f |] <
∞. The functional inequality (2) implies (1) by a classical perturbation argument around 
constant functions. It admits several notable consequences, including a sub-Gaussian con
centration estimate for Lipschitz observables, and a dimension-free modified log-Sobolev 
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inequality for the Gibbs sampler associated with P. We again refer the reader to [10,39] 
for details. In fact, this entropy tensorization happens to be a special case of an even more 
general inequality due to Shearer, which we refer to as block factorization of entropy.

Block factorization Given a set A ⊂ [n], we write EA[·] := E[·|Zj : j ∈ Ac] for 
the conditional expectation given all coordinates in Ac := [n] \ A, and EntA[f ] :=
EA[f log f ]−EA[f ] logEA[f ] for the corresponding conditional entropy. With this nota
tion at hand, Shearer’s inequality (see, e.g., [31]) asserts that

∀f ∈ L logL, θ⋆ Ent (f) ≤
∑︂

A⊂[n]

θA E [EntA(f)] , (3)

for any non-negative weights (θA)A⊂[n], where θ⋆ := min1≤i≤n

∑︁
A∋i θA is the smallest 

marginal weight. This functional inequality considerably generalizes the entropy ten
sorization (2), which corresponds to the choice θA = 1|A|=1. It implies a dimension-free 
modified log-Sobolev inequality for the Block Dynamics on (Ω,ℱ ,P) that consists in 
re-sampling any block of coordinates (Zi : i ∈ A) at rate θA according to its conditional 
law given (Zj : j ∈ Ac).

Approximate block factorization The concept of entropy factorization, and its use in the 
analysis of log-Sobolev inequalities go back to classical work on the Glauber dynamics for 
non-product measures such as lattice spin systems [30,38,32,24,21]. This point of view 
was then revisited in [33,16,34]. Motivated by the powerful consequences of Shearer’s 
inequality in probability, combinatorics, and functional analysis, [18,9,13] have recently 
investigated more systematically the possibility of establishing approximate versions of 
(3) that apply to non-product measures. More precisely, given a non-negative vector 
θ = (θA)A⊂[n] and an arbitrary probability measure P on an n−dimensional measurable 
space (Ω,ℱ) =

⨂︁n
i=1(Ωi,ℱi), one looks for a constant κ = κ(P, θ) > 0, as large as 

possible, such that

∀f ∈ L logL, κ Ent (f) ≤
∑︂

A⊂[n]

θA E [EntA(f)] . (4)

As in the case of Shearer’s inequality, one important motivation for studying approximate 
block factorizations is the fact that the constant κ in (4) provides a lower bound on the 
modified log-Sobolev constant for the block dynamics associated with the weights θ. We 
refer the reader to the recent lecture notes [15] for a self-contained introduction to this 
active line of research.

Entropy subadditivity and Brascamp-Lieb inequalities Another important motivation 
stems from the equivalence between block factorizations, entropy subadditivity and the 
Brascamp-Lieb inequalities. Indeed, using the classical chain rule for entropy, for any 
sub σ-algebra 𝒢 ⊂ ℱ we write
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∀f ∈ L logL, Ent(f) = E[Ent(f |𝒢)] + Ent(E[f |𝒢]), (5)

where E [Ent(f |𝒢)] := E [f log(f/E(f |𝒢))] is the averaged conditional entropy of f with 
respect to 𝒢. Assuming (without loss of generality) that the weights (θA)A⊂[n] are nor
malized so as to sum to 1, we can rewrite the approximate entropy factorization (4)
equivalently as an entropy subadditivity statement of the form:

∀f ∈ L logL, 
∑︂

A⊂[n]

θA Ent (EA[f ]) ≤ (1 − κ)Ent(f). (6)

On the other hand, it is well known [19] that by Legendre duality, the subadditivity (6)
is equivalent to the Brascamp-Lieb inequality

E
[︂∏︁

A⊂[n]gA(ZAc)cA
]︂
≤
∏︁

A⊂[n]E [gA(ZAc)]cA , (7)

for all bounded measurable functions gA : R|Ac| ↦→ R+, where, for all A ⊂ [n], cA := θA
1−κ , 

and ZA denotes the set of variables (Zi, i ∈ A). We note that if f is a probability density 
with respect to P, so that fP defines a probability measure on Ω, then EA[f ] is the 
density of the pushforward of fP under the projection Z ↦→ ZAc (the marginal of fP
on ZAc). In fact, the equivalence between (7) and (4) applies more generally when the 
projection Z ↦→ ZAc is replaced by an arbitrary measurable map Z ↦→ BA(Z), and 
EA[f ] is replaced by the conditional expectation E[f |BA(Z)]; see [19, Theorem 2.1]. 
The inequalities (7) obtained in this way are referred to as Brascamp-Lieb (B-L) type 
inequality, in analogy with the classical B-L inequality, which corresponds to the setting 
where P is the Lebesgue measure on Rn and the measurable maps BA are linear; see 
[11,28,5,8,27]. Note that the same name refers to a variance estimate for log-concave 
measures, also due to Brascamp and Lieb [12].

Our contribution We adopt a more general viewpoint on the inequalities (7) and (4), 
by replacing conditional expectations EA[f ] with arbitrary, not necessarily self-adjoint, 
Markov operators f ↦→ TAf . It turns out that it is not hard to extend the duality to the 
new framework, thus generalizing the equivalence proved in [19]; see Section 1.2.

Within this general framework, we propose a new approach towards establishing the 
approximate entropy factorization (4), based on non-negative sectional curvature. This 
simple probabilistic and geometric notion, an L∞ version of Ollivier’s Ricci curvature 
[36], has recently been shown to play a fundamental role in quantifying the entropy dissi
pation rate of Markov processes [37,35,17]. In fact, our main result, stated in Section 1.2
below, is sufficiently general to also contain the main finding of [17]. We demonstrate the 
robustness of our method through various applications in both continuous and discrete 
settings. For instance, the method enables us to derive optimal entropy factorizations 
for Gaussian free fields on arbitrary networks, providing optimal bounds on the spec
tral gap and relative entropy decay of any weighted block dynamics. We also discuss 
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analogous bounds for the uniform measure over permutations and over the unit sphere 
in Rn. Although obtaining optimal constants for these models with any choice of weights 
is significantly challenging, our method achieves bounds that match the state-of-the-art. 
Additionally, we apply our method to the down-up walk for uniform n-sets, a special 
case of the well-studied down-up walk on the bases of a matroid. Recent studies have 
obtained remarkable entropy contraction bounds for these processes using properties of 
log-concave polynomials (see [23,2]). In the special case of uniform n-sets, our method 
produces a slightly better bound than that derived from log-concavity. Finally, we high
light the versatility of our method by providing a straightforward coupling proof of the 
well known Bakry-Émery criterion for Langevin diffusions in a convex potential.

1.2. General framework

We consider a generalized version of the inequality (6) where the conditional expec
tations are replaced with arbitrary Markov operators.

Markov operators From now on, we consider an arbitrary probability space (Ω,ℱ ,P), 
and we simply write Lp for Lp(Ω,ℱ ,P), p ∈ [1,∞]. We recall that a transition kernel 
on Ω is a function T : Ω ×ℱ → [0, 1] such that

(i) for each point x ∈ Ω, the function E ↦→ T (x,E) is a probability measure;
(ii) for each event E ∈ ℱ , the function x ↦→ T (x,E) is measurable.

Integrating with respect to such a kernel naturally gives rise to a bounded linear operator 
on L∞, which is also denoted by T , and whose action is as follows:

∀x ∈ Ω, (Tf)(x) :=
∫︂
Ω 

f(y) T (x,dy). (8)

Of course, Tf is non-negative as soon as f is, and T1 = 1: such operators are usually 
known as Markov operators. Note that the underlying transition kernel can be recovered 
from the operator via the formula T (x,E) = (T1E)(x), so that the above identification 
is legit. We will always assume that T is measure preserving, in the sense that for all 
f ∈ L∞,

E[Tf ] = E[f ], (9)

where we recall that E[·] denotes the expectation w.r.t. P. Thanks to this stationarity and 
Jensen’s inequality, the formula (8) actually defines a bounded linear operator T : Lp →
Lp with operator norm 1, for any p ∈ [1,∞]. Its adjoint T ⋆ is also a measure-preserving 
Markov operator, characterized by the relation

∀f, g ∈ L2, E[(T ⋆f)g] = E[(Tg)f ]. (10)
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As above, we write f ∈ L logL to mean that f : Ω → R+ is measurable with E[|f log f |] <
∞. Note that Tf is then well-defined and in L logL, with

Ent(Tf) ≤ Ent(f).

We are now in position to introduce the general inequality that we propose to investigate.

General functional inequality For an integer M ≥ 1, we assume to be given a fam
ily (T1, . . . , TM ) of measure-preserving transition kernels on our workspace (Ω,ℱ ,P), 
identified with the corresponding Markov operators, along with a probability vector 
(θ1, . . . , θM ). Our aim is to find a constant κ ∈ [0, 1], as large as possible, such that

∀f ∈ L logL, 
M∑︂
i=1 

θi Ent(T ⋆
i f) ≤ (1 − κ)Ent(f). (11)

Since, for any σ−field 𝒢 ⊂ ℱ , the conditional expectation f ↦→ E[f |𝒢] is a measure
preserving self-adjoint Markov operator, the inequality (11) contains (6) as a special 
case. Also note that, by the convexity of the functional f ↦→ Ent(f), the inequality (11) 
implies that the average Markov operator T :=

∑︁M
i=1 θiTi satisfies the 1-step entropy 

contraction property

∀f ∈ L logL, Ent(T ⋆f) ≤ (1 − κ)Ent(f), (12)

which we can iterate to deduce exponential convergence to equilibrium, in relative en
tropy, at rate κ, for the Markov chain with transition kernel T . In light of those two 
observations, it seems of considerable interest to find simple and broadly applicable 
criteria that guarantee (11) with an explicit (and, ideally, sharp) constant κ. This is 
precisely the aim of the present paper.

Duality and generalized B-L inequalities Before presenting our main result, we observe 
that the equivalence between (7) and (4) established in [19] admits the following gener
alization in our setting.

Theorem 1 (Duality). Consider Markov operators (T1, . . . , TM ), a constant κ ∈ (0, 1), 
and a probability vector (θ1, . . . , θM ), and define

ci = θi
1 − κ

, i = 1, . . . ,M.

The following statements are equivalent.
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(a) Entropy subadditivity:

∀f ∈ L logL, 
M∑︂
i=1 

θi Ent(T ⋆
i f) ≤ (1 − κ)Ent(f) . (13)

(b) Generalized B-L inequality:

∀φ1, . . . , φM ∈ L∞, E
[︄

M∏︂
i=1

eciTiφi

]︄
≤

M∏︂
i=1

E [eφi ]ci . (14)

We remark that when the Markov operators Ti are conditional expectations of the 
form Tif = E[f |ℱi] for some sub σ-algebras ℱi, Theorem 1 yields the duality proved in 
[19, Theorem 2.1]. In that case, Ti is an orthogonal projection in L2, and is therefore 
self-adjoint. By the chain rule (5), both statements (13) and (14) are equivalent to an 
entropy factorization statement of the form

∀f ∈ L logL, 
M∑︂
i=1 

θi E [Ent(f |ℱi)] ≥ κ Ent(f) . (15)

We note that the case where Ti is not a conditional expectation goes beyond the common 
B-L inequality setup. The proof, however, boils down to essentially the same argument 
as in [19], which is based on the well known variational principle for relative entropy 
stating that

Ent(f) = sup
h 

{︁
E[fh] − logE[eh]

}︁
, (16)

where h ranges over all functions on Ω such that eh ∈ L1.

Proof of Theorem 1. Suppose (b) holds. Let f ∈ L logL and set h =
∑︁M

i=1 ciTi log(T ⋆
i f). 

Without loss of generality we may assume that f ∈ L∞ and E(f) = 1. From the 
variational principle (16), one has

Entf ≥ E[fh] − log E[eh] =
∑︂
i 

ciE [fTi log(T ⋆
i f)] − logE

[︄∏︂
i 
eciTiφi

]︄
, (17)

where we define φi := log(T ⋆
i f). From the assumption (b) it follows that

logE
[︄∏︂

i 
eciTiφi

]︄
≤
∑︂
i 

ci log E [eφi ] .

Since E [eφi ] = E [T ⋆
i f ] = 1, using also E [fTi log(T ⋆

i f)] = Ent(T ⋆
i f), (17) implies
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Entf ≥
∑︂
i 

ci Ent(T ⋆
i f) . (18)

This proves (b) =⇒ (a). To prove the converse, take arbitrary functions φi ∈ L∞, and 
set h =

∑︁M
i=1 ciTiφi. Taking f = eh/E[eh], we observe that

Entf = E[fh] − log E[eh] =
∑︂
i 

ciE[T ⋆
i fφi] − logE

[︄∏︂
i 
eciTiφi

]︄
. (19)

From the assumption (a) and (19) it follows that

log E
[︄∏︂

i 
eciTiφi

]︄
≤
∑︂
i 

ciE[T ⋆
i fφi] −

∑︂
i 

ciEnt(T ⋆
i f) . (20)

From the variational principle (16), for each i ∈ [n] one has

Ent(T ⋆
i f) = E [T ⋆

i f log T ⋆
i f ] ≥ E [T ⋆

i fφi] − logE [eφi ] . (21)

If we multiply by ci and sum over i in (21), and then take exponentials in (20) we obtain

E
[︄∏︂

i 
eciTiφi

]︄
≤
∏︂
i 

E [eφi ]ci .

This proves (a) =⇒ (b). □
After completing this work, we learned that the generalized form of duality proposed 

in Theorem 1 had already been observed; see [1] for an early result in the case M = 1, and 
[29] for a general result analogous to the one considered here. We also refer to [29] for a 
list of interesting applications of this generalized framework, such as hypercontractivity, 
strong data processing inequalities and other information-theoretic questions.

1.3. Main result

We henceforth assume that Ω is equipped with a metric dist(·, ·), which we are free 
to choose as we want as long as the square-integrability condition

∫︂
Ω 

dist2(o, x)P(dx) < +∞, (22)

holds for some (and hence every) point o ∈ Ω. We write W1 and W∞ for the resulting L1

and L∞−Wasserstein distances, defined for probability measures μ, ν ∈ 𝒫(Ω) as follows:
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W1(μ, ν) := inf 
X∼μ,Y∼ν

E[ dist(X,Y )],

W∞(μ, ν) := inf 
X∼μ,Y∼ν

ess sup dist(X,Y ),

where the infimum runs over all random pairs (X,Y ) with marginals μ and ν. Also, we 
define the essential Lipschitz constant of a function f : Ω → R as

Lip(f) := inf 
N∈𝒩

sup
{︃
|f(x) − f(y)|

dist(x, y) : (x, y) ∈ (Ω \N)2, x ̸= y

}︃
,

where 𝒩 ⊂ ℱ denotes the set of zero-probability events, henceforth called null sets.

Theorem 2 (Main result). Consider Markov operators (T1, . . . , TM ), and a probability 
vector (θ1, . . . , θM ). Assume that, for some numbers ℓ1, . . . , ℓM ≥ 0, and a constant 
κ ∈ [0, 1], the following conditions are satisfied:

(i) (Sectional curvature). For each 1 ≤ i ≤ M and all x, y outside a null set,

W∞ (T ⋆
i (x, ·), T ⋆

i (y, ·)) ≤ ℓi dist(x, y).

(ii) (Average curvature). For all x, y outside a null set,

M∑︂
i=1 

θiℓiW1 (Ti(x, ·), Ti(y, ·)) ≤ (1 − κ) dist(x, y). (23)

(iii) (Regularity). For each 1 ≤ i ≤ M , we have

∀f ∈ L∞, Lip(Tif) < ∞.

Then, the entropy contraction property (11) holds with constant κ.

There are several important remarks to make about this result.

Remark 1 (Regularization). Assumption (iii) trivially holds when Ω is finite and, more 
generally, when the metric dist(·, ·) is discrete. When it fails, it can often be bypassed 
by an appropriate regularization. More precisely, suppose that our workspace (Ω,ℱ ,P)
admits a family of measure-preserving transition kernels (Pτ )τ∈(0,1) such that

1. (Continuity). For each f ∈ L2, we have Pτf −−−→
τ→0 

f in L2.
2. (Regularity). For each τ ∈ (0, 1), and each f ∈ L∞, we have Lip(Pτf) < ∞.
3. (Non-negative sectional curvature). For some sequence ϵτ → 0, as τ → 0, for all 

x, y ∈ Ω outside a null set,
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W∞ (Pτ (x, ·), Pτ (y, ·)) ≤ (1 + ϵτ ) dist(x, y)

W∞ (P ⋆
τ (x, ·), P ⋆

τ (y, ·)) ≤ (1 + ϵτ ) dist(x, y) .

Then, Assumption (iii) in Theorem 2 is unnecessary: indeed, we can apply the theorem to 
the operators (PτTi)1≤i≤M -- which do fulfill all the requirements -- instead of (Ti)1≤i≤M

and then let τ → 0 to obtain the desired conclusion. This regularization trick will be 
implemented in the Gaussian case in Section 3.1, using the Ornstein-Uhlenbeck semi
group.

Remark 2 (Peres-Tetali conjecture). The result is already highly non-trivial in the special 
case where M = 1, ℓ = 1 and Ω is finite: indeed, it is then exactly the main result of 
the recent preprint [17], devoted to the celebrated Peres-Tetali conjecture. The present 
paper can be seen as a (powerful) refinement of the method used therein.

Remark 3 (The product case). Recovering the original Shearer inequality (3) from The
orem 2 is easy: consider a product space (Ω,ℱ ,P) =

⨂︁n
i=1(Ωi,ℱi,Pi), for some n ∈ N, 

and define a family of self-adjoint Markov operators (TA)A⊂[n] by the formula

TAf := EA[f ] = E[f |Zi, i ∈ Ac],

where we recall that Z = (Z1, . . . , Zn) denotes the identity map on Ω. More explicitly, 
TA(x, ·) is the law of the random vector obtained from x by replacing xi with Zi for 
each i ∈ A. Now, equip Ω with the Hamming distance dist(x, y) := #{i ∈ [n] : xi ̸= yi}. 
Then,

W∞ (TA(x, ·), TA(y, ·)) ≤ #{i ∈ Ac : xi ̸= yi} ≤ dist(x, y),

as witnessed by the trivial coupling that consists in replacing both xi and yi by Zi for 
each i ∈ A. Since W1 ≤ W∞, we moreover have, for any probability vector (θA)A⊂[n],

∑︂
A⊂[n]

θAW1 (TA(x, ·), TA(y, ·)) ≤
n ∑︂

i=1 
1xi ̸=yi

(︄
1 −
∑︂
A∋i 

θA

)︄
≤ (1 − θ⋆) dist(x, y).

Thus, Theorem 2 applies with M = 2n, ℓ ≡ 1, κ = θ⋆. Therefore, for all f ∈ L logL,∑︂
A⊂[n]

θA Ent (EA[f ]) ≤ (1 − θ⋆)Ent(f).

Using the chain rule (5), this is equivalent to (3).

1.4. Some examples

We consider several applications of our main result, to both continuous and discrete 
settings.
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Discrete Gaussian Free Field The discrete Gaussian free field is a Gaussian probability 
measure on Rn, with covariance of the form Γ = (Id − P )−1, where P is a symmetric 
n× n sub-stochastic matrix, that is Pi,j ≥ 0 for all i, j ∈ [n], 

∑︁
j Pi,j ≤ 1 for all i ∈ [n], 

and such that Id−P is invertible. We also assume that P is irreducible, that is for all i, j
there exists k ∈ N such that P k

i,j > 0. A well studied example in equilibrium statistical 
mechanics is obtained by taking P as the transition matrix of the random walk on Zd

that is killed upon exiting a finite domain V ⊂ Zd, see e.g. [25, Chapter 8].
Thus, we fix a positive definite covariance matrix Γ = (Γij)1≤i,j≤n as above, and 

consider the probability space

Ω := Rn, ℱ := ℬ(Rn), P(dx) := 1 √︁
(2π)n det(Γ)

exp
(︃
−x⊤Γ−1x

2 

)︃
dx. (24)

As motivated in Section 1.1, we assume to be given a probability vector (θA)A⊂[n], and 
we seek to estimate the optimal constants λ and κ in the inequalities

∀f ∈ L2, λ Var(f) ≤
∑︂

A⊂[n]

θAE [VarA(f)] , (25)

∀f ∈ L logL, κ Ent(f) ≤
∑︂

A⊂[n]

θAE [EntA(f)] . (26)

The constant λ coincides with the spectral gap of the weighted block dynamics, that is the 
Markov chain where at each step a block A ⊂ [n] is picked with probability θA and the 
variables (Xi, i ∈ A) are resampled according to the conditional distribution P(·|XAc). 
Indeed, (25) can be written in the form λ Var(f) ≤ ℰ(f, f) where ℰ denotes the Dirichlet 
form of the weighted block dynamics

∀f, g ∈ L2, ℰ(f, g) :=
∑︂

A⊂[n]

θAE [CovA(f, g)] , (27)

and CovA(f, g) = EA[fg] − EA[f ]EA[g] is the covariance w.r.t. P(·|XAc). On the other 
hand, the constant κ in (26) provides a lower bound on the modified log-Sobolev constant, 
describing the rate of exponential decay of the relative entropy for the same dynamics 
in continuous time. Indeed, the modified log-Sobolev constant ρMLS is defined as the 
largest ρ ≥ 0 such that

∀f ∈ L logL, ρ Ent(f) ≤ ℰ(f, log f), (28)

and, since by convexity CovA(f, log f) ≥ EntA(f) for all f ∈ L logL, A ⊂ [n], it follows 
that κ ≤ ρMLS. Moreover, it is well known that λ ≥ κ and 2λ ≥ ρMLS. We refer e.g. to 
[15] for more background and a proof of these standard relations.

An application of our general framework will allow us to control the fundamental 
constants λ, κ in terms of the least eigenvalue of the ``Laplacian'' Δ := Id − P̃ , where P̃
is defined by
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P̃i,i = 0 , P̃i,j = (1 − Pi,i)−1Pi,j , i, j = 1, . . . , n, i ̸= j (29)

and to show that they actually coincide for the Glauber dynamics, that is the process 
obtained when θA = 1 

n 1|A|=1.

Theorem 3. For any irreducible, symmetric, sub-stochastic matrix P such that Id−P is 
invertible, the Gaussian free field P with covariance Γ = (Id − P )−1 satisfies

κ ≥ δ θ⋆ , (30)

where δ denotes the smallest eigenvalue of the matrix Δ = Id − P̃ , and θ⋆ =
min1≤i≤n

∑︁
A∋i θA. Moreover, the Glauber dynamics satisfies

λ = κ = δ

n
. (31)

Theorem 3 can be seen as the Gaussian Free Field version of Shearer inequality, which 
is shown to be optimal for the Glauber dynamics. In fact, as the proof will show, in that 
case the inequality (25) is saturated by a linear function f(x) = z⊤x, where z ∈ Rn is 
such that Δ⊤z = δ z. Thus the spectral gap is achieved at a linear function. From the 
above mentioned inequalities κ ≤ ρMLS ≤ 2λ, this also shows that the Glauber dynamics 
has a modified log-Sobolev constant satisfying

δ

n
≤ ρMLS ≤ 

2δ
n 

. (32)

Quantifying the speed of convergence to equilibrium of the Glauber dynamics for Gaus
sian free fields is a natural problem which, to the best of our knowledge, has only been 
investigated in the two-dimensional square lattice [26], that is when P is the transition 
matrix of the random walk on Z2 that is killed upon exiting a finite domain V ⊂ Z2. 
As a consequence of Theorem 3, one can compute explicitly both the spectral gap and 
the entropy contraction constant κ of the lattice Gaussian free field, for any dimension 
d ≥ 1, and for any domain V of the form V = [n1] × · · · × [nd] ⊂ Zd, since in that case 
λ = κ = δ/n, and

δ = 
2 
d

d ∑︂
k=1

[︃
1 − cos

(︃
π

nk + 1

)︃]︃
,

which behaves like 2π2/n2 in the regime n1 = n2 = · · · = nd = n and n → ∞.

Remark 4. Combining Theorem 3 with Theorem 1 one obtains equivalent B-L inequalities 
for the Gaussian measures. The latter were in fact already known, since they can be 
directly related to the classical B-L inequalities for Lebesgue measures, see e.g. [6, Fact 
6]. A direct proof of the Gaussian B-L inequality is also possible along the lines of [27], see 
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[22, Theorem 3]. Thus, one could have obtained Theorem 3 from these known estimates. 
However, the purpose of Theorem 3 is to illustrate that an entirely different approach 
based on curvature can be used to obtain optimal entropy factorization estimates, and, 
in principle, it can yield an alternative proof of the classical B-L inequalities as well. 
One caveat is that we assume the specific form Γ = (Id − P )−1 for the covariance 
matrix of our Gaussian measure, whereas it would be desirable to have the result for 
all positive definite matrices Γ. For technical reasons, in this more general setup at the 
moment we can only prove the desired estimate up to a factor 2, that is we can show 
that σ ≤ 2κ ≤ 2σ, for an explicit spectral quantity σ = σ(Γ, θ), see Remark 5 for more 
details. We believe it should be possible to obtain κ = λ = σ for all (Γ, θ), as we prove 
in the case of Γ = (Id − P )−1 with Glauber dynamics in Theorem 3, thus obtaining full 
applicability of our argument to derive Gaussian and classical B-L inequalities.

Permutations and weighted block shuffles The next example we consider is the case 
where P is the uniform measure over Sn, the set of permutations of [n]:

Ω := Sn, P(σ) := 1 
n! , σ ∈ Ω . (33)

As above, we consider the weighted block dynamics associated to a given probability 
vector (θA, A ⊂ [n]), with Dirichlet form formally given exactly by the expression in 
(27). If we think of the configuration σ ∈ Ω as representing the positions of n cards, the 
weighted block dynamics is the Markov chain where at each step a block A is chosen with 
probability θA and all cards located in A get uniformly reshuffled among themselves. We 
refer to this as the θ-weighted block shuffle. The case θA = 1 

(n2 )
1|A|=2 is the well known 

random transposition dynamics.

Theorem 4. For any choice of the probability vector (θA, A ⊂ [n]),

∀f ∈ L logL, θ⋆⋆ Ent(f) ≤
∑︂

A⊂[n]

θAE [EntA(f)] , (34)

where θ⋆⋆ := min1≤i<j≤n

∑︁
A⊃{i,j} θA.

The estimate (34) is equivalent to the subadditivity statement

∀f ∈ L logL, 
∑︂

A⊂[n]

θA Ent (EA[f ]) ≤ (1 − κ)Ent(f) , (35)

with κ = θ⋆⋆, and can be used to obtain equivalent B-L inequalities via Theorem 1. As 
we observed in (28), the bound (34) implies ρMLS ≥ θ⋆⋆, providing a lower bound on the 
rate of exponential decay to stationarity of the continuous time version of the θ-weighted 
block shuffle.
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It is interesting to note that the estimate (34) is equivalent to the B-L bounds proved 
in [6, Proposition 21], which were obtained by an entirely different approach, namely 
using monotonicity along semigroup interpolations for the corresponding B-L inequality. 
On the other hand, in the ``mean field'' case where θA depends only on the size of A, 
that is θA = φ(|A|) for some function φ ≥ 0, optimal bounds on the constant κ in 
(35) were obtained recently in [13]. In particular, [13, Theorem 1.9] shows that for any 
ℓ ∈ {1, . . . , n}, if θA = 1 

(nℓ )
1|A|=ℓ, then (35) holds with the optimal constant

κ = κℓ,n := log(ℓ!) 
log(n!) ,

and that the only extremal functions are Dirac masses. Here one has θ⋆⋆ = ℓ(ℓ−1) 
n(n−1) which 

is smaller than κℓ,n for ℓ ∈ {2, . . . , n − 1}, and therefore Theorem 4 is not optimal for 
such homogeneous weights. However, Theorem 4, as well as [6, Proposition 21], addresses 
the entropy factorization problem for arbitrary weights (θA), and in this generality they 
may provide the best known bounds.

Entropy of ℓnp--spherical marginals A celebrated result of Carlen-Lieb-Loss [20] states 
that the uniform probability measure on the unit sphere Sn−1 satisfies a subadditivity 
estimate with a factor 2, independently of n, with respect to the bound satisfied by a 
product measure, thus quantifying the departure from independence for this distribution. 
An equivalent formulation of this is that when P is the uniform probability measure on 
Sn−1, then the inequality (6), taking the homogeneous weights θA := 1 

n1|A|=n−1, holds 
with constant

κ = 1 − 2 
n
, (36)

for all n ≥ 2. Moreover, the same authors also show that this constant is optimal. 
Extensions of this result were later proposed by [4] and [6]. In particular, it was shown in 
[6, Proposition 11] that for any choice of the probability vector θ, one has the estimate (6)
with κ = θ⋆⋆, where θ⋆⋆ := min1≤i<j≤n

∑︁
A⊃{i,j} θA. Note that this holds for arbitrary 

θ and it recovers the optimal bound (36) in the ``all but one'' case θA := 1 
n1|A|=n−1. 

The proof of these bounds was based on an extension of the approach introduced in 
[20], which used monotonicity along semigroup interpolations for the corresponding B-L 
inequality. In the special case θA := 1 

(n2 )
1|A|=2, the associated weighted block dynamics 

(27) is often referred to as the Kac walk on the sphere. In this case the bound κ = θ⋆⋆
gives

κ = 2 
n(n− 1) . (37)

Letting ρMLS denote the modified log-Sobolev constant from (28), the simple bound 
ρMLS ≥ κ allows one to obtain ρMLS ≥ 2 

n(n−1) , which recovers (and actually improves by 
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a factor 2) an estimate previously shown by Villani in [40, Theorem 6.1] by a different 
type of semigroup interpolation.

Here we discuss how our alternative method could be applied to obtain the same 
estimates, in the general setting of ℓnp--spheres, for all p > 0. Namely, for p > 0, define 
the ℓnp--sphere Sn−1

p as

Ω = Sn−1
p := {x ∈ Rn : ∥x∥p = 1} , ∥x∥p =

(︄
n ∑︂

i=1 
|xi|p

)︄1/p

. (38)

We let P denote the law of the vector X = (X1, . . . , Xn) obtained as

X = (G1, . . . , Gn)
Sp(G)1/p

, Sp(x) :=
n ∑︂

i=1 
|xi|p , (39)

where G = (G1, . . . , Gn) is a vector of i.i.d. real random variables with density pro
portional to e−|x|p , x ∈ R. P is also called the cone measure on Sn−1

p ; see e.g. [7]. A 
characteristic property of this construction is that X and Sp(G) are independent. Note 
that, for p = 1, 2, P coincides with the uniform distribution on Sn−1

1 , and Sn−1
2 = Sn−1

respectively. We believe that it is possible to prove the following statement as a conse
quence of Theorem 2.

Conjecture 1. For all p > 0, all probability vectors θ, the cone measure P on Sn−1
p

satisfies

∀f ∈ L logL, θ⋆⋆ Ent(f) ≤
∑︂

A⊂[n]

θAE [EntA(f)] . (40)

For p = 2 this coincides with the result in [6, Proposition 11]. A related estimate for all 
p > 0, under additional symmetry assumptions on f , was obtained in [6, Corollary 16]. 
Note that the above statement is formally equivalent to Theorem 4. In fact, to prove the 
conjecture one may proceed exactly as in our proof of Theorem 4, namely by exhibiting 
a metric on Ω for which Assumptions (i) and (ii) in Theorem 2 are satisfied with κ = θ⋆⋆, 
when the Markov operators are given by the conditional expectations TAf = EAf . As 
we show in Section 3.3, this can be achieved by taking the special metric

dist(x, y) :=
n ∑︂

i=1 
||xi|p − |yi|p| +

n ∑︂
i=1 

1{xiyi<0} .

Assumption (iii) however fails in this case. As in the case of Theorem 3, the proof 
of Conjecture 1 would be complete if we could establish a regularizing procedure as 
described in Remark 1, but we were unable to find the needed regularizing kernels for 
this model, since the natural diffusion process on Sn−1

p does not seem to have nonnegatve 
sectional curvature with respect to our metric.
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Down-up walk for uniform n-sets Let S be a finite space with cardinality N = |S|. 
Given n ∈ {1, . . . , N − 1}, let Ω =

(︁S
n 
)︁

denote set of all subsets of S with cardinality n, 
and call P the uniform distribution over Ω. For a fixed integer k ∈ {1, . . . , n}, we let Tk

denote the Markov operator associated to the following resampling step. Given X ∈ Ω, 
let X−k denote a uniformly random subset of X with cardinality n− k, and, given X−k, 
let X ′ ∈ Ω denote a uniformly random supset of X−k with cardinality n. Thus X ′ is 
obtained from X by first removing k elements chosen uniformly at random from X, 
thus obtaining X−k, and then by adding k elements chosen uniformly at random from 
S \X−k. The corresponding Markov operator Tk is then written as

Tkf(X) =
∑︂
X′∈Ω

Tk(X,X ′)f(X ′) , X ∈ Ω,

where Tk(X,X ′) denotes the probability of the transition from X to X ′ as a result of the 
above described step. The Markov chain associated to Tk is also called the (n ↔ n− k)
down-up walk on uniform n-sets. By symmetry, Tk = T ⋆

k and the walk is P-reversible.
The (n ↔ n− k) down-up walk on uniform n-sets is a special case of the (n ↔ n− k)

down-up walk on the bases of a matroid, an extensively studied Markov chain which is 
known to satisfy an entropy contraction with rate kn , for all k, that is, for any f : Ω ↦→ R+,

Ent(Tkf) ≤
(︃

1 − k

n

)︃
Entf ,

see [23,2]. Somewhat surprisingly, as a simple consequence of our main result (The
orem 2), we obtain an improvement for the (n ↔ n − k) down-up walk on uniform 
n-sets, and show that for any k one has entropy contraction with the strictly larger rate 
k
n + k

N−(n−k)
(︁
1 − k

n

)︁
. We formulate this in the following slightly more general terms.

Theorem 5. For any θ = (θ1, . . . , θn), with θk ≥ 0 and 
∑︁n

k=1 θk = 1, for any f : Ω ↦→ R+,

n ∑︂
k=1

θkEnt(Tkf) ≤ (1 − κ)Entf, (41)

with κ := κ0(θ) + κ1(θ), where

κ0(θ) :=
n ∑︂

k=1

θk
k

n
, κ1(θ) :=

n ∑︂
k=1

θk
k

N − (n− k)

(︃
1 − k

n

)︃
. (42)

In particular, for any k = 1, . . . , n, the (n ↔ n − k) down-up walk for uniform n-sets 
has entropy contraction with rate kn + k

N−(n−k)
(︁
1 − k

n

)︁
.

The proof is based on showing that Assumptions (i) and (ii) of Theorem 2 are satisfied 
with the required constants. In Section 3.4 we provide the simple coupling argument for 
these curvature bounds.
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Langevin diffusion in a convex potential Finally, we consider the n−dimensional 
Langevin diffusion in a convex potential, that is the stochastic differential equation

dXt = −∇V (Xt) dt +
√

2 dBt, (43)

where B = (Bt)t≥0 is a standard n−dimensional Brownian motion and V : Rn → R a 
smooth (say, twice continuously differentiable) function, which is assumed to be ρ−con
vex:

Hess(V ) ≥ ρ Id, (44)

for some constant ρ > 0. The classical theory ensures that there is a unique strong 
solution X = (Xt)t≥0 starting from any fixed condition x ∈ Rn, and that the formula 
(Ptf)(x) := Ex [f(Xt)] defines a self-adjoint Markov semi-group (Pt)t≥0 on L2(Ω,ℱ ,P), 
where

Ω = Rn, ℱ = ℬ(Rn), P(dx) ∝ e−V (x) dx. (45)

The following fundamental result on the relative entropy decay for Langevin diffusions 
is one of the most emblematic applications of the Bakry-Émery theory. It is equivalent 
to a log-Sobolev inequality for the measure P, with optimal constant in the case where 
V is quadratic, see e.g. [3].

Theorem 6. Under assumption (44), one has

Ent(Ptf) ≤ e−2ρt Ent(f),

for all times t ≥ 0 and all functions f ∈ L logL.

In Section 3.5 we show how to use our framework to obtain an elementary probabilistic 
proof of Theorem 6.

Acknowledgment We thank Thomas Courtade for helpful conversations on the B-L 
inequalities, as well as Francesco Pedrotti, Sam Power and Clemens Röttger for many 
relevant comments and references. P.C. warmly thanks the research center CEREMADE 
at Paris Dauphine for the kind hospitality.

2. Proof of Theorem 2

2.1. Step 1: Lipschitz contraction

Our first step consists in converting the curvature assumptions into a crucial Lipschitz 
contraction property for the non-linear operator Λ : L∞ → L∞ defined by
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Λf :=
M∑︂
i=1 

θiTi log T ⋆
i exp f.

Proposition 1 (Lipschitz contraction). Under Assumptions (i) − (ii), we have

∀f ∈ L∞, Lip (Λf) ≤ (1 − κ) Lip(f). (46)

We start with an elementary remark that will be used several times throughout the 
proof.

Claim 1 (Null sets). If T is a measure-preserving transition kernel on (Ω,ℱ ,P), and if 
N ⊂ Ω is a null set, then so is {x ∈ Ω : T (x,N) > 0}.

Proof. Simply choose f = 1N in (9) to obtain 
∫︁
Ω T (x,N)P( dx) = P(N) = 0. □

Proof of Proposition 1. Fix f ∈ L∞. By definition, there is a null set N ⊂ Ω such that

∀(x, y) ∈ (Ω \N)2, |f(x) − f(y)| ≤ Lip(f) dist(x, y).

Claim 1 ensures that N ′ :=
⋃︁M

i=1 {x ∈ Ω : T ⋆
i (x,N) > 0} is also a null set. Upon enlarging 

it if necessary, we may assume that N ′ also contains the null sets appearing in Assumption 
(i). Now, fix two points x, y ∈ Ω \ N ′, and an index 1 ≤ i ≤ n. By assumption, there 
is a coupling (X⋆, Y ⋆) of T ⋆

i (x, ·) and T ⋆
i (y, ·) such that almost-surely, dist(X⋆, Y ⋆) ≤

ℓi dist(x, y) and X⋆, Y ⋆ / ∈ N . In particular, this implies that almost-surely,

f(X⋆) ≤ f(Y ⋆) + ℓiLip(f) dist(x, y).

Taking exponentials, then expectations, and then logarithms, we arrive at the key in
equality

(log T ⋆
i exp f)(x) ≤ (log T ⋆

i exp f)(y) + ℓiLip(f) dist(x, y), (47)

valid for any 1 ≤ i ≤ M and any x, y ∈ Ω \N ′. Now, invoking Claim 1 again, we know 
that N ′′ :=

⋃︁M
i=1 {x ∈ Ω : Ti(x,N ′) > 0} is a null set and, upon enlarging it if needed, we 

may assume that it contains the null set appearing in Assumption (ii). Consider a pair 
(x, y) ∈ (Ω \ N ′′)2, and let (X,Y ) be any coupling of Ti(x, ·) and Ti(y, ·). Then, X,Y

are both in Ω \N ′ almost-surely, so that (47) holds almost-surely with x, y replaced by 
(X,Y ). Taking expectations, we obtain

(Ti log T ⋆
i exp f)(x) ≤ (Ti log T ⋆

i exp f)(y) + ℓiLip(f)E [ dist(X,Y )] .

Since this is true for any choice of the coupling (X,Y ), we may replace E [ dist(X,Y )] with 
W1 (Ti(x, ·), Ti(y, ·)). Finally, we simply multiply through by θi and sum over 1 ≤ i ≤ M . 
In view of Assumption (ii) and our definition of Λ, we obtain
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(Λf)(x) ≤ (Λf)(y) + (1 − κ) Lip(f) dist(x, y).

Since this is true for any x, y ∈ Ω \N ′′, the claim is proved. □
2.2. Step 2: variance contraction

With Proposition 1 on hand, the proof of Theorem 2 boils down to establishing that 
the Lipschitz contraction Lip (Λf) ≤ (1−κ)Lip(f) and the regularity assumption (iii) to
gether imply the desired entropy contraction (11). We first establish a weaker statement, 
obtained by replacing entropies with variances.

Proposition 2 (Variance contraction). Under Assumption (iii), the contraction (46) im
plies

∀f ∈ L2, 
M∑︂
i=1 

θiVar (T ⋆
i f) ≤ (1 − κ)Var (f) . (48)

Proof. Without loss of generality, we assume that f ∈ L∞ and that E[f ] = 0 and 
E[f2] = 1. Using the uniform approximation eεf = 1 + εf + o(ε) as ε → 0, we have

1
ε 
Λ(εf) L2 −−−→

ε→0 
Tf,

where we have introduced the operator T :=
∑︁M

i=1 θiTiT
⋆
i . It follows that T inherits the 

Lipschitz contraction property (46) from Λ, i.e.

Lip (Tf) ≤ (1 − κ) Lip(f). (49)

Now, T is clearly a non-negative self-adjoint Markov operator on the Hilbert space L2, 
so the spectral theorem provides us with a Borel probability measure μ on [0, 1] such 
that

∀n ∈ N, 

1 ∫︂
0 

λnμ(dλ) = ⟨f, Tnf⟩. (50)

Iterating the Lipschitz contraction (49), we find

1 ∫︂
0 

λ2nμ(dλ) = Var(Tnf)

= 1
2

∫︂
Ω2

[(Tnf)(x) − (Tnf)(y)]2 P(dx)P(dy)
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≤ Lip(Tnf)2

2 

∫︂
Ω2

dist2(x, y)P(dx)P(dy)

≤ (1 − κ)2n−2 Lip(Tf)2

2 

∫︂
Ω2

dist2(x, y)P(dx)P(dy).

Note that the right-hand side is finite thanks to Assumption (iii) and (22). We may 
thus safely raise both sides to the power 1/(2n) and send n → ∞ to conclude that the 
measure μ is actually supported on [0, 1 − κ]. In particular, we have

⟨f, Tf⟩ =
1 ∫︂

0 

λμ(dλ) ≤ 1 − κ.

By definition of T , the left-hand side is exactly 
∑︁M

i=1 θiVar(T ⋆
i f), and the claim is 

proved. □
2.3. Step 3: entropy contraction

We henceforth fix a parameter m ∈ (0,∞) and consider the compact set K ⊂ L2

formed by those functions f satisfying ∥f∥∞ ≤ m and E[ef ] = 1. We then introduce the 
constant

ρ := sup 
f∈K\{0}

ℋ(f), where ℋ(f) :=
∑︁M

i=1 θiEnt(T ⋆
i e

f )
Ent(ef ) . (51)

We will prove that ρ ≤ 1 − κ, independently of m. This establishes the desired en
tropy contraction property (11) for all positive measurable functions that are bounded 
away from 0 and ∞. By a straightforward approximation argument, the conclusion then 
extends to all functions in L logL, and our proof of Theorem 2 is complete.

Proposition 3 (Entropy contraction). Under Assumption (iii), the Lipschitz contraction 
(46) implies that ρ ≤ 1 − κ, independently of the parameter m.

An essential ingredient is the following structural property of optimizers of ℋ.

Lemma 2 (Optimizers). If f ∈ K \ {0} satisfies ℋ(f) = ρ, then there is α ∈ R such that

• Λf ≤ ρf + α a.-s. on the set {f ̸= m}.
• Λf ≥ ρf + α a.-s. on the set {f ̸= −m}.

In particular, we must have ρ Lip(f) ≤ Lip(Λf).
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Proof. Fix f ∈ K \ {0} such that ℋ(f) = ρ, and let us introduce the short-hands

A := {f ̸= m}, B := {f ̸= −m} and Ψ := Λf − ρf.

With this notation at hands, the two items in the statements are rewritten as

ess supAΨ ≤ ess infBΨ. (52)

Assume for a contradiction that (52) fails. This means that we can find β ∈ R such that

P (A ∩ {Ψ > β}) > 0 and P (B ∩ {Ψ < β}) > 0.

By monotone convergence, this remains true with A and B replaced by A′ := {f ≤ m−δ}
and B′ := {f ≥ −m + δ}, provided δ > 0 is small enough. Now, consider the function

h :=
1A′∩{Ψ>β}

P(A′ ∩ {Ψ > β}) −
1B′∩{Ψ<β}

P(B′ ∩ {Ψ < β}) . (53)

Note that h ∈ L∞, with E[h] = 0 and h ≤ 0 on (A′)c and h ≥ 0 on (B′)c. Those 
properties guarantee that the function fε := log

(︁
ef + εh

)︁
is in K for all small enough 

ε > 0, and a Taylor expansion gives

ℋ(fε) = ℋ(f) + ε⟨h,Ψ⟩ 
Ent(ef ) + o(ε) as ε → 0.

Thus, the maximality of ℋ at f imposes ⟨h,Ψ⟩ ≤ 0. In view of (53), this reads

E [Ψ|A′ ∩ {Ψ > β}] ≤ E [Ψ|B′ ∩ {Ψ < β}] .

This inequality is clearly self-contradictory, and (52) is proved. This means that there 
is a null set N ⊂ Ω such that for all (x, y) ∈ (A \N) × (B \N), we have Ψ(x) ≤ Ψ(y), 
hence

ρf(y) − ρf(x) ≤ |(Λf)(y) − (Λf)(x)|.

On the other hand, this inequality trivially holds when (x, y) ∈ Ω2 \ (A × B), because 
the left-hand side is then non-positive. The conclusion ρ Lip(f) ≤ Lip(Λf) follows. □
Proof of Proposition 3. By definition of ρ, there is a sequence (fk)k≥1 in K \ {0} such 
that

ρ = lim 
k→∞

ℋ(fk). (54)

Upon extracting a subsequence if needed, we may further assume that (fk)k≥1 converges 
in law to some f . Note that f automatically inherits the properties ∥f∥∞ ≤ m and 
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E[ef ] = 1. If f is not a.-s. zero, then f ∈ K \ {0} and ℋ(f) = ρ, so Lemma 2 and (46) 
together yield

ρ Lip(f) ≤ Lip (Λf) ≤ (1 − κ) Lip(f).

Moreover, Assumption (iii) ensures that the middle term is finite, so that Lip(f) < ∞. 
Therefore, we may safely simplify through by Lip(f) to obtain ρ ≤ 1 − κ, as desired. 
Consider now the degenerate case where f = 0 almost surely. We can then write efk =
1+hk with ∥hk∥∞ ≤ em, E[hk] = 0 and hk → 0 as k → ∞. But then, a Taylor expansion 
yields

Ent
(︁
efk
)︁
∼ 1

2Var(hk)

M∑︂
i=1 

θiEnt
(︁
T ⋆
i e

fk
)︁
∼ 1

2

M∑︂
i=1 

θiVar(T ⋆
i hk),

where the notation ak ∼ bk means that ak/bk → 1 as k → ∞. In particular, (54) becomes

ρ = lim 
k→∞

∑︁M
i=1 θiVar(T ⋆

i hk)
Var(hk) 

.

By Proposition 2, the right-hand is at most 1 − κ, and the proof is complete. □
3. Applications

In this section we address the application of Theorem 2 to the main examples discussed 
in Section 1.4.

3.1. Gaussian Free Fields: Proof of Theorem 3

Let us first show that the second part of the theorem follows from the first, namely 
that once we have κ ≥ δθ⋆ for all choices of θ, it follows that for Glauber dynamics one 
has κ = λ = δ/n. Since θ⋆ = 1/n in this case, and, in general, κ ≤ λ, the claim (31)
follows from (30) and the following observation.

Lemma 3. The Glauber dynamics satisfies λ ≤ δ/n.

Proof. By definition,

∀f ∈ L2, λ Var(f) ≤ ℰ(f, f) = 1 
n

E
[︄
f

n ∑︂
i=1 

(f − Eif)
]︄
. (55)
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Let us apply this to the linear observable f(x) = x⊤z, where z ∈ Rn is an eigenvector of 
Δ⊤ corresponding to the eigenvalue δ. If uj(x) = xj , then Ei[uj ](x) = xj for all j ̸= i, 
and Ei[uj ](x) = (P̃ x)i if j = i, where P̃ is defined by (29). Therefore, for all x ∈ Rn,

n ∑︂
i=1 

(f − Eif)(x) =
n ∑︂

i=1 
zi(Δx)i = z⊤Δx = x⊤Δz = δf(x).

Thus, (55) forces λ ≤ δ/n, as desired. □
We turn to the proof of (30). Recall the notation introduced in (24), and let Z : Ω → Ω

denote the identity map on Ω, which forms a random vector with law P. For each set 
A ⊂ [n], we consider the Markov operator TA : L2 → L2 defined by

TAf := E[f |Zj , j ∈ Ac], (56)

where Ac = [n]\A. Note that TA is a self-adjoint, measure-preserving, Markov operator. 
In order to apply Theorem 2, we need to investigate the curvature of the associated 
transition kernel.

A contractive coupling Let us start with an explicit expression for the transition kernel 
associated to our Markov operator TA.

Lemma 4 (Explicit representation). For all f ∈ L2 and x ∈ Rn,

(TAf)(x) =
∫︂
Rn

f (MAz + (Id −MA)x)P(dz), (57)

where MA is the n× n matrix defined by the blocks

MA×A = Id MA×Ac = −ΓA×Ac (ΓAc×Ac)−1

MAc×A = 0 MAc×Ac = 0.
(58)

Proof. From the block definition of MA above, we can readily compute MAΓ:

(MAΓ)A×A = ΓA×A − ΓA×Ac (ΓAc×Ac)−1 ΓAc×A, (MAΓ)A×Ac = 0,
(MAΓ)Ac×A = 0, (MAΓ)Ac×Ac = 0.

(59)
The second line implies that the random vector MAZ is uncorrelated with (Zj : j ∈ Ac), 
hence independent of 𝒢 := σ(Zj : j ∈ Ac). On the other hand, the fact that MA×A = Id
ensures that the random vector (Id−MA)Z is 𝒢−measurable. Thus, the decomposition

Z = (Id −MA)Z + MAZ,
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expresses Z as the sum of a 𝒢−measurable vector and a 𝒢−independent one. The claim 
now follows from a standard property of conditional expectation (see, e.g. [42, Section 
9.10]). □

To ensure that TA has non-negative sectional curvature, we equip Rn with the follow
ing distorted metric instead of the usual Euclidean norm. Let δ > 0 denote the smallest 
eigenvalue of Δ = Id − P̃ , and let ϕ denote an eigenvector of Δ with eigenvalue δ. Note 
that Δ = D−1(Id − P ), where D is the diagonal matrix with Di,i = 1 − Pi,i, and that 
D1/2ΔD−1/2 is symmetric, and thus Δ has nonnegative eigenvalues, with δ > 0 by irre
ducibility of P̃ . Moreover, by Perron-Frobenius theorem we may choose ϕ with positive 
entries, and therefore the vector ψ := Dϕ has ψi > 0 for all i ∈ [n]. We then define the 
metric

dist(x, y) :=
n ∑︂

i=1 
ψi|(Δx)i − (Δy)i|. (60)

Let W1 and W∞ denote the Wasserstein distances associated with this metric.

Lemma 5. For any A ⊂ [n], we have

∀x, y ∈ Ω, W∞ (TA(x, ·), TA(y, ·)) ≤ dist(x, y) − δ
∑︂
i∈A 

ψi|(Δx)i − (Δy)i|.

In particular, for any probability vector (θA, A ⊂ [n]), one has

∀x, y ∈ Ω, 
∑︂

A⊂[n]

θAW∞ (TA(x, ·), TA(y, ·)) ≤ (1 − δθ⋆) dist(x, y) ,

where θ⋆ = mini

∑︁
A∋i θA.

Proof. The second inequality is an immediate consequence of the first. To prove the first, 
fix a subset A ⊂ [n] and two points x, y ∈ Ω. Recalling that Z ∼ P, Lemma 4 shows 
that the random vectors {︄

X := (Id −MA)x + MAZ

Y := (Id −MA)y + MAZ,

form a coupling of TA(x, ·) and TA(y, ·). Thus, taking z = x− y, the proof boils down to 
showing that for all z ∈ Rn,

n ∑︂
i=1 

ψi|[Δ(Id −MA)z]i| ≤ 
n ∑︂

i=1 
ψi|(Δz)i| − δ

∑︂
i∈A 

ψi|(Δz)i|. (61)

To prove this, observe that the matrix in (59) is symmetric, and therefore MAΓ = ΓM⊤
A , 

or equivalently,
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(Id − P )(Id −MA) = (Id −M⊤
A )(Id − P ). (62)

Next, we observe that Id −M⊤
A has nonnegative entries. To see this, write

Id −M⊤
A =

(︃
0 0

(ΓAc×Ac)−1ΓAc×A Id

)︃
,

and note that ΓAc×A(Id − P )A×A + ΓAc×Ac(Id − P )Ac×A = (Γ(Id − P ))Ac×A = 0, or 
equivalently

(ΓAc×Ac)−1ΓAc×A = −(Id − P )Ac×A((Id − P )A×A)−1.

Now, −(Id − P )Ac×A = PAc×A has nonnegative entries, as well as

((Id − P )A×A)−1 =
∞ ∑︂
k=0

(PA×A)k . (63)

This proves that Id −M⊤
A has nonnegative entries.

Thus, recalling that Δ = D−1(Id − P ) and using (62), one has

|[Δ(Id −MA)z]i| ≤ 
n ∑︂

j=1 
D−1

i,i (Id −M⊤
A )i,j |((Id − P )z)j |

= |(Δz)i| −
n ∑︂

j=1 
D−1

i,i (MA)j,i|((Id − P )z)j | .

Therefore,

n ∑︂
i=1 

ψi|[Δ(Id −MA)z]i| ≤ 
n ∑︂

i=1 
ψi|(Δz)i| −

n ∑︂
j=1 

(MAD
−1ψ)j |((Id − P )z)j |. (64)

To conclude, observe that MAD
−1ψ = MAϕ = MAΓDΔϕ = δMAΓDϕ, and that

MAΓD =
(︃

(ΔA×A)−1 0
0 0

)︃
,

where the latter follows from a standard Schur complement computation and the expres
sion (59). Thus, MAD

−1ψ = δ(ΔA×A)−1ϕA, and using (ΔA×A)−1 =
∑︁∞

k=0(P̃A×A)k, one 
finds

(MAD
−1ψ)j = δ[(ΔA×A)−1ϕA]j ≥ δ ϕj = δ(D−1ψ)j , j ∈ A ,

and (MAD
−1ψ)j = 0 otherwise. Inserting this in (64) we have proved (61). □
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Since W1 (TA(x, ·), TA(y, ·)) ≤ W∞ (TA(x, ·), TA(y, ·)), Lemma 5 implies that both 
Assumptions (i)-(ii) in Theorem 2 are verified. It remains to check the regularity As
sumption (iii). Unfortunately, Assumption (iii) fails, except in the degenerate case where 
A = [n]. To circumvent this, we use the regularization procedure outlined in Remark 1, 
using the Ornstein-Uhlenbeck semi-group. This will conclude the proof of Theorem 3.

Ornstein-Uhlenbeck regularization Given a parameter τ ∈ (0, 1), we consider the 
Markov operator Pτ defined by

(Pτf)(x) :=
∫︂
Ω 

f
(︁√

1 − τx +
√
τz
)︁
P(dz).

Note that Pτ is measure-preserving, because the image of P⊗P under the map (x, z) ↦→√
1 − τx +

√
τz is P. An easy change of variable yields the alternative expression

(Pτf)(x) =
∫︂
Ω 

pτ (x, y) f (y)P(dy), (65)

where the transition kernel pτ : Ω × Ω → R+ is explicitly given by

pτ (x, y) := τ−
n
2 exp

{︃√
1 − τ

τ
x⊤Γ−1y − 1 − τ

2τ x⊤Γ−1x− 1 − τ

2τ y⊤Γ−1y

}︃
.

The fact that this formula is symmetric in x and y readily guarantees that Pτ is self
adjoint. We now verify that (Pτ )0<τ<1 satisfies the three properties in Remark 1. For 
the continuity, we need to check that for any f ∈ L2, we have

Pτf
L2 −−−→

τ→0 
f.

The claim is clear when f is continuous and bounded. In the general case, consider a 
sequence (fk)k≥1 of bounded measurable functions that converges to f , and write

∥Pτf − f∥2 ≤ ∥Pτfk − fk∥2 + ∥Pτf − Pτfk∥2 + ∥fk − f∥2

≤ ∥Pτfk − fk∥2 + 2∥fk − f∥2.

Taking first a lim sup as τ → 0 and then a limit as k → ∞ concludes the proof.
The second property in Remark 1 is the regularity Lip(Pτf) < ∞ for all f ∈ L∞, 

τ > 0. Since our metric is comparable to Euclidean norm, this follows from the well known 
regularizing property of the Ornstein-Uhlenbeck semi-group, see e.g. [3, Th. 4.7.2].

It remains to check the third property in Remark 1, namely non-negative sectional 
curvature.
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Lemma 6 (Non-negative sectional curvature). For every x, y ∈ Ω, we have

W∞ (Pτ (x, ·), Pτ (y, ·)) ≤
√

1 − τ dist(x, y).

Proof. With Z ∼ P, we deduce from the definition of Pτ that the random vectors
{︄

X :=
√

1 − τx +
√
τZ

Y :=
√

1 − τy +
√
τZ,

form a coupling of Pτ (x, ·) and Pτ (y, ·). Therefore,

dist(X,Y ) =
√

1 − τ
n ∑︂

i=1 
ψi |[Δ(x− y)]i| =

√
1 − τ dist(x, y) ,

which implies the desired property. □
Remark 5. If instead of the Gaussian free field with covariance Γ = (Id−P )−1 as above 
we consider a Gaussian measure (24) with an arbitrary positive definite Γ, then a minor 
modification of our argument yields the following estimate. Let Σ be the matrix

Σ :=
∑︂

A⊂[n]

θAΓ1/2M⊤
A Γ−1MAΓ1/2, (66)

where MA is the matrix defined in (58), and call σ = σ(Γ, θ) the smallest eigenvalue of 
Σ. Then, taking the metric

dist(x, y) :=
√︂

(x− y)⊤Γ−1(x− y), (67)

and adapting our previous argument to this case, one finds W∞ (TA(x, ·), TA(y, ·)) ≤
dist(x, y), for all A ⊂ [n], and

∑︂
A⊆[n]

θAW
2
∞ (TA(x, ·), TA(y, ·)) ≤ (1 − σ) dist2(x, y).

From the crude bound W1 ≤ W∞ and Cauchy-Schwarz, one has that Assumptions (i) 
and (ii) of Theorem 2 are satisfied with κ = 1 −

√
1 − σ. Moreover, it is not difficult 

to check, using a linear test function in (25), that κ ≤ λ ≤ σ. In conclusion, the above 
argument yields the inequality

1 −
√

1 − σ ≤ κ ≤ σ . (68)

Since 1−
√

1 − σ ≥ σ/2 this estimate is sharp up to a factor at most 2. As mentioned in 
Remark 4, we in fact have κ = σ for all positive definite Γ and all probability vector θ, 
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as can be obtained via Theorem 1 using known B-L inequalities for Gaussian measures, 
see [22, Theorem 3]. In light of this, we believe that it should be possible to recover the 
optimal value κ = σ by improving the coupling argument described above.

3.2. Permutations: proof of Theorem 4

Here P is the uniform measure over Ω = Sn, the set of permutations of [n], see (33). 
A permutation σ ∈ Ω is identified with the configuration (σi)i∈[n]. To prove Theorem 4, 
we are going to apply Theorem 2 with Markov operators given by the conditional ex
pectations TA : L2 → L2, A ⊂ [n], defined by

TAf := EA[f ] = E[f |σj , j ∈ Ac], (69)

where, as usual, Ac = [n]\A. We equip Ω = Sn with the transposition distance dist(σ, η), 
σ, η ∈ Ω, which is the minimal number of transpositions needed to turn σ into η. Fix a 
pair of permutations (σ, η) and let σ′ and η′ denote the random permutations with dis
tribution TA(σ, ·) and TA(η, ·). A coupling of (σ′, η′) can be obtained by simply replacing 
the pair (σ, η) by the pair (σ′, η′) = (σπ, ηπ) where π is a uniformly random permutation 
of the labels {j ∈ [n] : j ∈ A}. This produces a valid coupling with the property that 
dist(σ′, η′) = dist(σ, η). Thus, hypothesis (i) of Theorem 2 is satisfied with ℓ ≡ 1.

To check the positive curvature, we use a finer coupling. We first observe that the 
metric dist(σ, η) is generated by pairs of configurations that differ by exactly one swap, 
and thus using a telescopic decomposition, using the so-called Gluing Lemma (see, e.g., 
[41, Lemma 7.6]), we may restrict to a pair (σ, η) such that σℓ = ηℓ, for all ℓ ̸= i, j, and 
(σi, σj) = (ηj , ηi), for a fixed pair of distinct indexes i, j ∈ [n]. This reduction step is 
also known as the path coupling lemma [14]. Given such a pair (σ, η), the coupling of 
(σ′, η′) is described as follows. Let π be a uniformly random permutation of the labels 
{j ∈ [n] : j ∈ A}. If either i or j (or both) are in Ac then we update as before by setting 
(σ′, η′) = (σπ, ηπ). If instead i, j are both in A, then we ensure coalescence by replacing 
(σ, η) with (σπ, σπ). This shows that

∑︂
A⊂[n]

θA W1 (TA(σ, ·), TA(η, ·)) ≤
∑︂

A⊂[n]

θA 1{A̸⊃{i,j}} ≤ 1 − θ⋆⋆, (70)

where θ⋆⋆ := min1≤i<j≤n

∑︁
A⊃{i,j} θA. Thus, we have checked the validity of hypothesis 

(ii) of Theorem 2 with κ = θ⋆⋆. This ends the proof of Theorem 4.

3.3. Contractive coupling for ℓnp--spheres

Here we present a contractive coupling towards the proof of Conjecture 1. As in (38), 
for any p > 0, we take Ω = Sn−1

p , with the associated Borel σ-algebra, and write P
for the cone measure, i.e. the probability measure obtained as in (39). As usual, we 
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write Z : Ω ↦→ Ω for the identity map and take TAf := E[f |ZAc ] for the conditional 
expectation of f ∈ L1 given ZAc . We introduce the distance on Ω given by

dist(x, y) =
n ∑︂

i=1 
||xi|p − |yi|p| +

n ∑︂
i=1 

1xiyi<0 . (71)

Under this metric, TA has nonnegative sectional curvature. More precisely,

Lemma 7. For all p > 0 for all x, y ∈ Ω, and all A ⊂ [n],

W∞(TA(x, ·), TA(y, ·)) =
∑︂
i∈Ac

||xi|p − |yi|p| +
∑︂
i∈Ac

1{xiyi<0} +

⃓⃓⃓
⃓⃓∑︂
i∈A 

(|xi|p − |yi|p)
⃓⃓⃓
⃓⃓ .

In particular, W∞(TA(x, ·), TA(y, ·)) ≤ dist(x, y). Moreover, the same identity applies 
to W1.

Proof. Fix x, y ∈ Ω and consider any coupling (X,Y ) of TA(x, ·) and TA(y, ·). Since only 
the coordinates in A are modified, we have almost-surely

dist(X,Y ) =
∑︂
i∈Ac

||xi|p − |yi|p| +
∑︂
i∈Ac

1{xiyi<0} +
∑︂
i∈A 

||Xi|p − |Yi|p| +
∑︂
i∈Ac

1{xiyi<0}

≥
∑︂
i∈Ac

||xi|p − |yi|p| +
∑︂
i∈Ac

1{xiyi<0} +

⃓⃓⃓
⃓⃓∑︂
i∈A 

(|Xi|p − |Yi|p)
⃓⃓⃓
⃓⃓

=
∑︂
i∈Ac

||xi|p − |yi|p| +
∑︂
i∈Ac

1{xiyi<0} +

⃓⃓⃓
⃓⃓∑︂
i∈A 

(|xi|p − |yi|p)
⃓⃓⃓
⃓⃓ ,

where the last line uses the fact that the norm is conserved ∥XA∥p = ∥xA∥p and ∥YA∥p =
∥yA∥p. Now, the middle inequality is an equality as soon as XA is a positive multiple of 
YA. The latter fact is almost-surely the case under the following coupling:

(Xi, Yi) =

⎧⎨
⎩
(︂

∥xA∥p

∥ZA∥p
Zi , 

∥yA∥p

∥ZA∥p
Zi

)︂
if i ∈ A

(xi, yi) if i ∈ Ac

where we recall that Z has law P. The fact that the above is a valid coupling follows 
from the resampling property of the Dirichlet-type random variable with distribution 
given by (39). Thus we have found an optimal coupling, and the proof is complete. □

We now fix a probability vector θ = (θA, A ⊂ [n]), and we look for a constant κ as 
large as possible, such that for all x, y ∈ Ω,

∑︂
A⊂[n]

θAW1(TA(x, ·), TA(y, ·)) ≤ (1 − κ) dist(x, y) . (72)
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The answer turns out to be remarkably explicit.

Lemma 8. The optimal constant in (72) is exactly κ = θ⋆⋆ = mini<j

∑︁
A⊃{i,j} θA.

Proof. By the triangle inequality, and using the path coupling lemma [14], the validity 
of the inequality (72) can be checked separately on two complementary cases: the ``same 
sign'' case where xiyi ≥ 0 for all i, and the ``sign flip'' case where x, y differ at a single 
coordinate (its sign being the only difference). More precisely, the optimal constant 
that we are looking for is just the minimum of the two optimal constants obtained by 
restricting our attention to same-sign pairs, or to signflip pairs, respectively. The sign
flip case is actually easy: if x, y differ at a single coordinate i, then dist(x, y) = 1 and 
W1(TA(x, ·), TA(y, ·) = 1i∈Ac , so that

∑︂
A⊂[n]

θAW1(TA(x, ·), TA(y, ·)) ≤ (1 − θ⋆) dist(x, y) ,

with equality when i realizes the minimum in the definition of θ⋆ = mini

∑︁
A∋i θA. Let 

us now turn to the ``same sign'' case: given a pair (x, y) ∈ Ω2, with x ̸= y and xiyi ≥ 0
for all i, we introduce two probability vectors μ, ν on [n], with disjoint supports, defined 
by

μi := 2(|xi|p − |yi|p)+∑︁n
i=1 ||xi|p − |yi|p|

, νi := 2(|yi|p − |xi|p)+∑︁n
i=1 ||xi|p − |yi|p|

,

where (a)+ = max{a, 0} denotes the positive part of a ∈ R. Using Lemma 7, we then 
find

W1(TA(x, ·), TA(y, ·))
dist(x, y) = 1 −

∑︁
i∈A ||xi|p − |yi|p|∑︁n
i=1 ||xi|p − |yi|p| 

+
⃓⃓∑︁

i∈A(|xi|p − |yi|p)
⃓⃓

∑︁n
i=1 ||xi|p − |yi|p| 

= 1 − μ(A) + ν(A) − |μ(A) − ν(A)|
2 

= 1 − min{μ(A), ν(A)} .

Consequently,
∑︁

A⊂[n] θAW1(TA(x, ·), TA(y, ·))
dist(x, y) ≤ 1 −

∑︂
A⊂[n]

θAμ(A)ν(A)

= 1 −
∑︂

A⊂[n]

θA
∑︂

i∈A,j∈A

μiνi ≤ 1 − θ⋆⋆.

Moreover, the two inequalities appearing in this computation are both equalities if x and 
y are the i-th and j-th vectors of the canonical basis of Rn, with (i, j) being any pair 
that realizes the minimum in the definition of θ⋆⋆. Thus, the optimal constant in the 
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“same sign'' optimization problem is precisely θ⋆⋆. To conclude, it remains to note the 
simple fact that θ⋆⋆ ≤ θ⋆. □

As we mentioned in Section 3, Lemma 8 would be sufficient to prove Conjecture 1 if 
we could solve the technical problem of replacing Assumption (iii) in Theorem 2 by a 
suitable regularizing procedure as outlined in Remark 1.

3.4. Down-Up walk on uniform n-sets: proof of Theorem 5

To prove the theorem we apply our general result from Theorem 2. In fact, it will 
be sufficient to apply it for each k separately, and then obtain (41) by summing over k. 
Given X,Y ∈ Ω we write |X ∩ Y | for the number of elements in X ∩ Y , and define

dist(X,Y ) = n− |X ∩ Y | ,

for the number of discrepancies in the two sets. Notice that this defines a distance 
in Ω. Indeed, we can identify X ∈ Ω with the function ηX : S ↦→ {0, 1} such that 
ηX(x) = 1x∈X and in this representation one has dist(X,Y ) = 1

2
∑︁

x∈S 1ηX(x) ̸=ηY (x). 
Therefore, Theorem 5 is an immediate consequence of Theorem 2 and the following 
lemma.

Lemma 9. For any k = 1, . . . , n, for any X,Y ∈ Ω, W∞(Tk(X, ·), Tk(Y, ·)) ≤ dist(X,Y ), 
and

W1(Tk(X, ·), Tk(Y, ·)) ≤
(︃

1 − k

n

)︃(︃
1 − k

N − (n− k)

)︃
dist(X,Y ) . (73)

Proof. We want to estimate E[ dist(X ′, Y ′)], where (X ′, Y ′) is a suitable coupling of the 
laws Tk(X, ·) and Tk(Y, ·) respectively. By the path coupling lemma [14] we may restrict 
to the case where X,Y ∈ Ω is an arbitrary pair such that dist(X,Y ) = 1. Thus, there 
exist x, y ∈ S such that x ̸= y, x ∈ X ∩ Y c, y ∈ Y ∩Xc and X ∩ Y = X \ {x} = Y \ {y}. 
Let X−k denote a uniformly random subset of X with cardinality n − k. There are (︁
n
k

)︁
possible choices, 

(︁
n−1
k−1 
)︁

of which do not contain x. If x / ∈ X−k then we may set 
Y−k = X−k and thus define (X ′, Y ′) = (X ′, X ′), where X ′ is a uniformly random supset 
of X−k with cardinality n. If instead x ∈ X−k, we may take Y−k = (X−k \{x})∪{y} and 
we construct (X ′, Y ′) as follows. Let X ′ = X−k ∪Xk, where Xk is a uniformly random 
subset of S \X−k with cardinality k. There are 

(︁
N−(n−k)

k

)︁
possible choices, 

(︁
N−(n−k)−1

k−1 
)︁

of which contain y. If y / ∈ Xk, then we set Y ′ = (X ′ \{x})∪{y}. If instead y ∈ Xk, then 
we set Y ′ = X ′.

It is not hard to check that the above defines a valid coupling of (X ′, Y ′), such that 
dist(X ′, Y ′) = dist(X,Y ) = 1 with probability

P(y / ∈ Xk) =
(︃

1 − k

n

)︃(︃
1 − k

N − (n− k)

)︃
,
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while with the remaining probability one has dist(X ′, Y ′) = 0. In particular, it follows 
that

W∞(Tk(X, ·), Tk(Y, ·)) ≤ dist(X,Y ) ,

and

E[ dist(X ′, Y ′)] ≤
(︃

1 − k

n

)︃(︃
1 − k

N − (n− k)

)︃
. □ (74)

3.5. Langevin diffusion: proof of Theorem 6

The proof is an immediate application of Theorem 2. Given x, y ∈ Rn, we may couple 
two Langevin diffusions X and Y starting from X0 = x and Y0 = y by using the same 
Brownian motion B = (Bt)t≥0, so that

d∥Xt − Yt∥2 = −2⟨Xt − Yt,∇V (Xt) −∇V (Yt)⟩ dt
≤ −2ρ∥Xt − Yt∥2 dt,

where the second line uses the ρ−convexity (44). Thus, the Euclidean distance t ↦→
∥Xt − Yt∥ decays at rate at least ρ, almost-surely. This shows that for all t ≥ 0 and all 
x, y ∈ Rn,

W∞ (Pt(x, ·), Pt(y, ·)) ≤ e−ρt∥x− y∥. (75)

We may now apply the case M = 1 of Theorem 2 to the operator T = Pt, for a fixed 
t > 0. Since P ⋆

t = Pt and W1 ≤ W∞, Assumptions (i)-(ii) hold with ℓ = e−ρt and 
κ = 1 − e−2ρt. Moreover, the regularity property (iii) classically holds in this setting 
(see, e.g., [3, Th. 4.7.2]). The desired conclusion readily follows.

Data availability

No data was used for the research described in the article.
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