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ha sempre avuto la capacità di farmi sentire parte attiva dei suoi ragionamenti. La ringrazio
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Grazie perché la stima e la fiducia che mi ha sempre dato mi sono servite nei momenti più
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Notations

Throughout this work, we adopt the following conventions:

N0,N N0 denotes the set of natural numbers {0, 1, 2, . . . }, while N denotes the set of posi-
tive natural numbers {1, 2, . . . }.

T T denotes the one dimensional torus R/2πZ.

X(Y ) Given X,Y ⊆ Z, we denote the set of sequences with finite support as:

X(Y ) :=

{
(λk)k∈Y : λk ∈ X ∀k ∈ Y, |λ| :=

∑
k∈Y
|λk| <∞

}
.

zλ Multi-index notation for a list z = (zk)k∈Y ∈ CY and λ ∈ X(Y ):

zλ :=
∏
k∈Y

zλkk .

|z|n For any z ∈ CY , n ∈ N, the list: |z| := (|zk|n)k∈Y .

ej For j ∈ N, the standard basis vector ej = ((ej)k)k∈N where (ej)k = δjk.

Ur(X) Given a normed space (X, | · |X), the open ball of radius r centered at the origin is
Ur(X) := {x ∈ X : |x|X < r}. Its closure is denoted by U r(X).

Ur,x0(X) For X ⊂ CZ and x0 ∈ CZ, the open ball centered at x0 is:

Ur,x0(X) := x0 + Ur(X) = {x ∈ CZ : |x− x0|X < r}.

The closure is denoted by U r,x0(X).





Introduction

The primary objective of this thesis is to generalize ideas and techniques from the theory of finite-
dimensional Hamiltonian systems to the infinite-dimensional setting. We focus specifically on con-
cepts related to Liouville-Arnold integrability, with particular emphasis on systems on infinite lattices
and PDEs on the circle. Although several results concerning the complete integrability of infinite-
dimensional Hamiltonian systems have been established (see for e.g. [ZF71] for seminal results on
the KdV, [AS81] for the IST method, or [KP03] for a modern approach), none of them provides a de-
composition of the phase space as rigid as the one provided by the Liouville-Arnold theorem in the
finite-dimensional case. This is largely due to the choice of the topology for the phase space, a crucial
issue that will be discussed in detail later on.

In this context, the present work aims to fill this gap. To the best of our knowledge, the results
presented in this thesis provide the first instance of analytic invariant foliations by infinite tori for infinite-
dimensional Hamiltonian systems, alongside the first construction of action-angle coordinates that are
analytic in an open neighborhood of the phase space (see Theorems 2.6.1 and 3.1.4). These results
establish a more faithful analogue of the Liouville-Arnold theorem in the infinite-dimensional setting.

Specifically, this work addresses the following questions:

• Foliation into infinite-dimensional tori (Theorem 1.3.2): When do the level sets of a family of
analytic Hamiltonians induce a regular foliation of an open subset of the phase space into infinite-
dimensional invariant tori?

• Action-Angle variables (Theorem 2.5.12): Assuming the family of Hamiltonians is in involution,
what additional analytical regularity assumptions are required to construct a set of action-angle
coordinates adapted to the foliation?

• Liouville-Arnold integrability (Theorem 2.6.1): When the integrals of motion induce both a
regular foliation and a set of action-angle coordinates, is it possible to establish an infinite-
dimensional analogue of the Liouville-Arnold theorem for a given analytic Hamiltonian commut-
ing with the family?

• Applications to Hamiltonian PDEs (Theorem 3.2.7): Are there Hamiltonian PDEs for which a
complete family of first integrals in involution is already known and to which our results can be
applied to prove Liouville-Arnold integrability?

The simplification provided by the Liouville-Arnold theorem shifts the analysis of the dynamical
properties of an integrable system towards the characterization of Kronecker flows, whose properties
in finite dimension are well understood through the lens of arithmetic relations between frequencies
(see Properties A and B, page 9). However, extending this analysis to the infinite-dimensional torus
introduces a significantly higher level of complexity. As suggested by recent results in [SV24], the
behaviour of linear flows in infinite dimensions can be far more involved than in the finite-dimensional
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case, exhibiting phenomena that lack a direct finite-dimensional counterpart, such as the existence of
orbits whose closure is not a torus (contradicting Property B, page 9).

In this setting, the choice of the topology is not merely a technical detail but a pivotal matter. Indeed,
key dynamical properties, such as the continuity, density, and ergodicity of the flow, depend heavily on
the specific topological framework. Our study is based on a topological setting designed to allow for
direct applications to Hamiltonian systems in Hilbert spaces, as well as to spaces modelled on `∞ but
endowed with the weak* topology. In particular, we tackle the following issues:

• Generalization of Kronecker flows (see Chapter 4): To what extent can the dynamical properties
of finite-dimensional Kronecker flows be extended to infinite tori, and how does the frequency
module determine the topology of the closure of the orbits and their homeomorphism classes?

• Exotic orbits in Hamiltonian PDEs (Theorem BO): Are we able to exhibit examples of Hamil-
tonian PDEs admitting almost-periodic solutions whose orbit closures exhibit a more complex
topological structure than the usual invariant tori encountered in finite-dimensional integrable
Hamiltonian systems?

The rest of this introduction is dedicated to providing a historical and theoretical context for these
topics, tracing the evolution of integrable systems from their classical roots to the modern infinite-
dimensional framework.

1 Historical Perspectives on Integrable Systems

In the immediate aftermath of the publication of Newton’s Philosophiae Naturalis Principia Mathemat-
ica, which introduced the fundamental principle of dynamics F = ma, and despite a calculus not yet
established on rigorous foundations, the scientific community began to tackle the challenge of finding ex-
act solutions for non-trivial mechanical problems. While Newton himself analytically solved the Kepler
problem on planetary motion, it became clear that such cases were exceptional. Beyond this example,
only a handful of problems could be treated exactly, i.e., avoiding intermediate approximations, addi-
tional modelling hypotheses, or numerical methods, all of which inherently introduce approximations.

Thus, despite the publication of Lagrange’s Mécanique Analytique and the establishment of the de-
terministic mechanistic paradigm, by the early 19th century, the examples of dynamical models with
solutions known in analytical form were few: the aforementioned Kepler problem, the systems of har-
monic oscillators, the rigid body with a fixed point in the absence of external forces (Euler’s top), and
the Lagrange top. Their solvability was guaranteed by the existence of a sufficient number of analytical
conserved quantities, which allowed for the reduction of the problem to the computation of integrals, a
process known as reduction to quadratures.

Throughout the first half of the 19th century, Hamilton, Jacobi, and Liouville refined the notion of
integrability for what are now termed Hamiltonian systems. These systems are of great relevance in
physics, as they describe the evolution of mechanical systems obeying Newton’s laws. In this context,
the Liouville theorem, later generalized by Arnold, represent the cornerstones of the theory, leading to
what is known today as complete integrability à la Liouville-Arnold, which constitutes the primary focus
of this thesis.

In such integrable systems, the dynamics is characterized by the superposition of periodic motions.
This specific type of evolution is said to be quasi-periodic and can be modelled as a linear flow on a
compact torus, that is, a Kronecker flow. The existence of these tori ensures that the trajectories remain
confined and predictable, representing the highest degree of order within Hamiltonian mechanics.

However, H. Poincaré in his Les méthodes nouvelles de la mécanique céleste called the task to study
perturbations of integrable systems the Problème général de la dynamique. The scientist was motivated
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by the celestial mechanics, where perturbed integrable systems play a very important role1. Poincaré
proved that the three-body problem lacks a general analytical solution in terms of algebraic expressions
and integrals. He further showed that many scenarios exhibit a sensitive dependence on initial conditions:
by studying motions near periodic orbits and employing first-order approximations, Poincaré observed
that the generic situation involves an exponential divergence from regular motion. He thus provided the
first description of a dynamics that, nearly a century later, would be termed deterministic chaos.

This led to a conceptual crossroads: if mechanical systems generally tend toward chaotic behaviour
and integrable systems are a rarity, are the latter merely mathematical curiosities? The question then
becomes: to what extent can an integrable system be deformed before its integrable structure breaks
down? The theory initiated by the seminal work of Kolmogorov (see [Kol54]) and later extended by
Arnold and Moser (see [Arn63] and [Mos61, Mos66], respectively), now widely known as KAM theory,
establishes that most of the recurrent motions exhibited by an integrable system persist under small
perturbations. This result validates the use of perturbative methods and demonstrates that the dynamics
is not necessarily lost to chaos even under perturbation, provided the underlying integrable structure is
sufficiently robust. This, however, also implies the challenge of identifying integrable systems to serve
as starting points for such analysis, beyond the classical examples already established. It suggests that
the study of integrable systems is far from being a closed chapter; rather, it remains a fertile field of
research.

This perspective remains equally relevant when moving from finite-dimensional mechanics to the do-
main of field theories and continuum mechanics. Indeed, many physical systems with an infinite number
of degrees of freedom admit a Hamiltonian formulation. During the sixties, a significant breakthrough
occurred with the realization that some of these models possess an infinite number of independent con-
stants of motion in involution (see, for e.g., [ZS] and [Gar71]). This suggests that the dynamics is
constrained to specific invariant subsets of the phase space which are homeomorphic to tori of pos-
sibly infinite dimension. In this setting, the resulting motion is characterized by an almost-periodic
behaviour, that is, a generalization of the quasi-periodicity observed in finite dimension to cases involv-
ing an infinite number of combined frequencies. These structures appear in continuous models, such as
the Korteweg–de Vries equation for shallow water waves, as well as in discrete systems like the Toda
lattice [Tod89]. The study of such systems has been intensively pursued using techniques ranging from
algebraic geometry to Riemann-Hilbert problems, depending largely on the topology of the manifold of
independent variables (see, for e.g., [AS81]).

While KAM theory does not generally guarantee the persistence of quasi-periodic solutions in the
infinite-dimensional setting, the study of the complete integrability and the search for almost-periodic
solutions is an active and challenging topic in the study of global solutions for evolution Hamiltonian
PDEs.

2 Finite-Dimensional Completely Integrable Hamiltonian Systems:
the Liouville-Arnold Theorem

In the seminal work [Lio55], Liouville identified that the common denominator of most of the systems
that can be reduced to quadratures, such as the aforementioned Kepler problem, the harmonic oscillators,
the Euler’s top and the Lagrange top, was the existence of a sufficient number of constants of motion
independent and in involution. He further proved that, under such conditions, the equations of motion can
be solved through elementary formulas. This result was significantly advanced by Arnold [Arn89], who
unveiled the underlying geometric architecture of such systems. The synthesis of these two contributions

1For example, the solar system, regarded as a system of 8 interacting planets rotating around the Sun, is a small perturbation
of the Kaplerian system. The latter is integrable.
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is now known as the Liouville-Arnold theorem, which constitutes the foundational framework of the
present thesis. Indeed, the present work is motivated by the aim of extending this classical result to
Hamiltonian systems with infinitely many degrees of freedom.

Let us recall the basic definitions and statements of the theory of Hamiltonian mechanics of finitely
many degrees of freedom. Throughout this discussion, we shall work within the real-analytic setting.
Nevertheless, we emphasize that all definitions and results remain applicable to the C∞ (smooth) regu-
larity class.

A symplectic manifold is a real analytic manifold M of even dimension 2N , with N ∈ N, endowed
with a closed, non-degenerate differential 2-form α. According to the Darboux theorem, any symplectic
manifold is locally indistinguishable from the standard symplectic manifold (R2N

(p,q), ω), where ω is the
standard symplectic form given by

ω :=
N∑
k=1

dpk ∧ dqk, (1)

meaning that there always exists a system of Darboux coordinates such that α takes the form (1).
Given a real-analytic function H on M , which we shall refer to it as Hamiltonian function, there is

an associated Hamiltonian vector field VH defined as follows through the symplectic structure:

ω(·, VH) = dH[ · ]. (2)

The existence and uniqueness of this vector field are guaranteed by the non-degeneracy and skew-
symmetry of the symplectic form.

We now introduce another structure intimately connected to the symplectic form. Given a real-
analytic manifold M , let A(M) denote the space of real valued analytic function. Then, a Poisson
bracket on M is a bilinear, skew-symmetric map

{·, ·} : A(M)×A(M)→ A(M)

that obeys both the Leibniz rule and the Jacobi identity.

Remark 1. Crucially, the non-degeneracy of the symplectic form allows for the definition of an associ-
ated Poisson bracket:

{f, g} := α(Vf , Vg), for all f, g ∈ A(M).

Explicitly, by setting a Darboux coordinate system (pk, qk)
N
k=1, one has

{f, g} =
N∑
k=1

(
∂f

∂pk

∂g

∂qk
− ∂f

∂qk

∂g

∂pk

)
.

Notice that, by virtue of (2), the Lie derivative of a real analytic function f in the direction of the
Hamiltonian flow φH induced by a Hamiltonian vector field VH can be equivalently expressed as

d

dt
(f ◦ φtH) := df [VH ] ◦ φtH = α(VH , Vf ) ◦ φtH = {H, f} ◦ φtH . (3)

The Hamilton’s equations for a N -degrees of freedom Hamiltonian system with Hamiltonian H ,
defined on a simplectic manifold of dimension 2N , describe the flow φtH induced by the Hamiltonian
vector field VH . In a Darboux coordinate system (pk, qk)

N
k=1, these equations take the form:

ṗk = {H, pk} = −∂H
∂qk

q̇k = {H, qk} =
∂H

∂pk

, k = 1, . . . , N.
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These equations are invariant under symplectomorphisms, namely coordinate transformations that pre-
serve the standard symplectic form ω, or, equivalently, the Poisson bracket {·, ·}. While physicists
typically refer to the variables q as positions and p as conjugate momenta, there is no fundamental math-
ematical necessity to distinguish between them, as they can be interchanged via symplectomorphisms.

Generally, this system of first-order ordinary differential equations is non-linear and can be arbitrar-
ily complex. However, if the Hamiltonian depends solely on the conjugate momenta, the Hamilton’s
equations reduce to:

ṗk = 0, q̇k =
∂H

∂pk
, k = 1, . . . , N.

In this case, the system can be integrated directly, leading to the following solution:

φtH(p, q) = (p, q + λ(p)t),

where the frequencies λk(p) = ∂pkH are clearly constant. Moreover, if the motion is constrained to
compact level sets, the q coordinates are identified as angles, and this dynamics is equivalent to a linear
flow on an N -dimensional torus.

An illustrative example is provided by the system of uncoupled harmonic oscillators, which is de-
scribed by the Hamiltonian HHO given by

HHO(p, q) =
N∑
k=1

λk
2

(p2
k + q2

k).

Although this Hamiltonian depends on both positions and momenta, it can be reduced to the previously
discussed integrable form through the symplectomorphism that defines the so called symplectic polar
coordinates (I, θ):

pk =
√

2Ik cos θk, qk =
√

2Ik sin θk.

In these new variables (I, θ), called action-angle coordinates, the Hamiltonian takes the form H(I) =∑N
k=1 λkIk. Since H now depends exclusively on the actions Ik, the equations of motion become linear:

İk = 0 and θ̇k = λk. Consequently, the dynamics is a linear flow on the N -dimensional torus TN :=
RN/(2πZ)N , with constant frequencies given by λk, k = 1, . . . , N .

In order to produce symplectomorphisms, one often employs the generating function approach. In
this framework, a generating function S(I, q) of the coordinates q and the new actions I defines the
transformation (p, q)→ (I, θ) through the relations:

p =
∂S

∂q
, θ =

∂S

∂I
,

whenever they are invertible. To verify that this transformation is indeed a symplectomorphism, we
check the invariance of the standard symplectic form:

N∑
k=1

dIk ∧ dθk =
N∑
k=1

N∑
`=1

∂2S

∂q`∂Ik
dIk ∧ dq` =

N∑
k=1

N∑
`=1

∂p`
∂Ik

dIk ∧ dq`

=
N∑
`=1

(
N∑
k=1

∂p`
∂Ik

dIk

)
∧ dq` =

N∑
`=1

(
dp` −

N∑
k=1

∂p`
∂qk

dqk

)
∧ dq`

=
N∑
`=1

dp` ∧ dq` −
N∑
`=1

N∑
k=1

∂2S

∂qk∂q`
dqk ∧ dq`

=
N∑
`=1

dp` ∧ dq`.
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The last step holds due to the symmetry of the second derivatives of S and the skew-symmetry of the
wedge product, which causes the corresponding term to vanish. This approach becomes extremely pow-
erful when the Hamiltonian system possesses a sufficient number of analytic constant of motions inde-
pendent and in involution, and it plays a crucial role in the Liouville-Arnold theorem.

Definition 2. Given a symplectic manifold M of dimension 2N , a momentum map is an analytic map-
ping F : M → RN whose components (F (m))Nm=1 are independent and in involution:

• (Independence) The differential dF is surjective on a dense open set;

• (In involution) {F (m), F (n)} = 0 for all m,n = 1, . . . , N .

Consider an N -degree-of-freedom Hamiltonian system (M,α,H). We say that the system admits a mo-
mentum map if there exists a map F as defined above such that the Hamiltonian H Poisson-commutes
with each component F (m), namely {F (m), H} = 0 for all m = 1, . . . , N . In this setting, the compo-
nents of F are called first integrals or, equivalently, constants of motion. This nomenclature is justified
by the property described in equation (3).

A Hamiltonian system admitting a momentum map is said to be completely integrable. The following
celebrated theorem provides the motivation for this terminology.

Theorem 3 (Liouville-Arnold integrability). Consider aN -degrees of freedom Hamiltonian system with
Hamiltonian H and assume that it admits a momentum map F . Let c ∈ RN be such that the level set
F−1(c) is non-empty, compact and connected. Then, the following hold:

(i) F−1(c) is an N -dimensional Lagrangian torus2 that is invariant under the Hamiltonian flow φtH .

(ii) There exists an open neighborhood U ⊂ RN of c such that F−1(U) is analytically foliated by the
level sets of F , all of which areN -dimensional invariant Lagrangian tori. Specifically, there exists
a bi-analytic diffeomorphism χ such that the following diagram commutes:

F−1(U) U × TN

U

F

χ

p1

where p1 denotes the projection onto the first factor.

(iii) There exist action-angle coordinates (I, θ) adapted to this foliation and such that

α =
N∑
k=1

dIk ∧ dθk and H = H(I).

As a straightforward consequence, Hamilton’s equations simplify to

İk = −∂H
∂θk

= 0, θ̇k =
∂H

∂Ik
(I(0)),

meaning that the Hamiltonian dynamics is conjugate to a linear flow on the torus TN .
2A Lagrangian submanifold L ⊂ M of a symplectic manifold is a submanifold such that α|L ≡ 0 and dim(L) =

1
2
dim(M). Namely, any Lagrangian submanifold has maximal dimension, which is exactly half the dimension of the manifold.
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The proof of Theorem 3 also provides a prescription for constructing this powerful set of action-angle
coordinates via the generating function method, provided that a momentum map and a parameterization
of its compact fibers are available. In particular, the fact that the level sets are Lagrangian submanifolds
allows for the construction of a generating function by integrating the Liouville 1-form

∑N
k=1 pkdqk along

paths lying on the invariant tori. The canonical transformation induced by this generating function maps
the original system into a framework where the Hamiltonian depends exclusively on the new momenta,
effectively reducing the motion to a linear flow. Explicitly, the Arnold formula defines the action variables
for a Hamiltonian system with momentum map F as:

Ik(c) :=
1

2π

˛
σk

p dq, (4)

where {σk}nk=1 is a basis of cycles for the fundamental group of the invariant torus F−1(c).
It is therefore evident that the problem of integrating Hamilton’s equations is reduced to the task of

identifying a momentum map for the system and characterizing its level sets. To date, no general method
exists that is applicable in every context for this purpose. Later, we shall discuss a modern approach
widely used in the infinite-dimensional setting, known as the Lax pair method.

The significance of the Liouville-Arnold theorem lies in the fact that it provides a decomposition
of the phase space into simple invariant objects, each supporting an elementary motion. Indeed, the
Hamiltonian dynamics is conjugate to a linear flow on a torus; such a motion, often referred to as a
Kronecker flow, represents a radical simplification of the problem. Indeed, this reduction allows one to
translate the complexity of the evolution into the study of the arithmetic relations between the frequencies
λ(I) = ∇H(I), as Kronecker flows on finite-dimensional tori satisfy the following properties:

A The (non-resonance) condition that the frequencies are rationally independent is equivalent to topo-
logical transitivity, to minimality, and to unique ergodicity (see [Laz93] for a modern exposition).

B Any Kronecker flow is topologically conjugate by an automorphism of the torus to another Kro-
necker flow having the property that the non-zero frequencies are rationally independent (see, for
e.g., [FM10]). Consequently, by Property A, the closure of any orbit is still a torus.

Remark 4. It is worth remarking on the quotient space structure of the level sets. This structure arises
from the fact that the Hamiltonian vector fields (VF (m))Nm=1 associated with the integrals induce an
abelian, differentiable, and transitive action of the group RN on the compact level sets via the joint flow:

RN × F−1(c)→ F−1(c), (t1, . . . , tN , (p, q)) 7→ ΦtN
V
F (N)
◦ · · · ◦ Φt1

V
F (1)

(p, q).

Consequently, the level sets of the momentum map are diffeomorphic to the quotient of the acting group
by the stabilizer subgroup.

The above remark highlights the algebraic nature of this notion of integrability. Indeed, the existence
of a momentum map effectively reduces the study of the solutions to that of the orbits of a specific
group action. Since the action is abelian and transitive, the stabilizer is necessarily a discrete subgroup
(specifically a lattice) which, under the compactness assumption, ensures that the resulting quotient
space possesses the topology of a torus. From this perspective, the fact that the Hamiltonian dynamics is
conjugate to a linear flow emerges as a direct consequence of compactness and the symmetries encoded
by the integrals of motion, which constrain the evolution to such a rigid geometric configuration.
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3 Infinite-Dimensional Integrable Systems

In the infinite-dimensional setting, the most effective method for producing an infinite family of first
integrals relies on the existence of a Lax pair (see the original contribution in [Lax68]). This approach
consists in representing the equations of motion in the form

d

dt
L(t) = [B(t), L(t)],

where L and B are operators, self-adjoint and anti-self-adjoint, respectively, acting on an appropriate
auxiliary Hilbert space. A fundamental property of this formulation is that the flow induced by the sys-
tem is isospectral, namely its spectrum remains invariant over time (actually, more is true: the L(t)’s
are unitary equivalent). Consequently, the spectrum of L provides a natural set of conserved quanti-
ties. This framework characterizes a restricted but fundamental class of infinite dimensional integrable
Hamiltonian systems. Notable examples of Hamiltonian PDEs admitting a Lax pair include the cubic
nonlinear Schrödinger (NLS) in dimension (1+1), the Benjamin-Ono, and the Korteweg-de Vries (KdV)
equations, alongside the Camassa-Holm and Degasperis-Procesi equations, and the Szegő equation (see
[ZS], [BK79] and [Nak79], [Lax68], [CH93], [DHH02], [GG10]). Beyond the continuous setting, this
approach also extends to infinite lattice systems, such as the Toda lattice (see [Fla74]).

For instance, in the case of the Korteweg-de Vries equation in L2(R/Z,R):3

ut + uxxx − 6uux = 0, x ∈ R/Z,

a celebrated example of Hamiltonian PDE, the operator L is the second-order differential operator
L = −∂2

x + u, whose spectrum, known to be composed of bands and gaps, yields an infinite family
of integrals of motion. Typically these constants of motion are encoded in the lengths of the spectral
gaps, which, together with the mean value of the potential u, completely characterize the spectrum (see
[GT84]). A closer inspection of the isospectral sets shows that, for any finite N , they are compact ana-
lytic submanifolds homeomorphic to N -dimensional tori, where N corresponds to the number of open
gaps. While this topological identification also holds for N = ∞ (see [MT76]), such level sets cannot
be analytic submanifolds of L2(R/Z,R) since an infinite-dimensional compact subset of a Banach space
can never be a submanifold (see e.g. Appendix C of [PT87]). If we vary the widths of the open gaps
(g1, . . . , gN ) ∈ U ⊂ RN , we obtain a set of functions isomorphic to U ×TN . This subset is invariant for
the dynamics, and the restriction of the KdV system is a finite (2N -)dimensional integrable system. In
[MT76], it was shown that the squared gap lengths g2

j are real analytic functions of u that Poisson com-
mute with each other, representing the meeting point between the Lax pair structure and the Hamiltonian
framework.

From a Hamiltonian perspective, the ultimate goal is to determine whether these spectral invariants
can be used to construct a bi-analytic symplectomorphism, often referred to as a Birkhoff map, ensur-
ing that, in the new coordinate frame, the Hamiltonian depends exclusively on the conjugate momenta.
The strategy can be understood through the lens of algebraic geometry, a perspective that is not ex-
plicitly developed in this thesis. We limit ourselves to briefly give the basic idea for the case of the
KdV. In [FM76], Flaschka and McLaughlin obtained an explicit formula for the action-angle variables
(Ik, θk)

N
k=1 in a neighbourhood of any invariant torus of dimension N by interpreting the spectral data

as coordinates on a Riemann surface whose genus is determined by the number of open spectral gaps.
The action variables are then recovered as integrals of the Liouville 1-form along the cycles surrounding
these gaps as described by the Arnold formula (4). Consequently, the Hamiltonian dynamics is linearized
on the associated Jacobian variety, which serves as the algebraic counterpart to the Liouville tori.

3The Hamiltonian structure of the KdV equation is a classic result in the theory of integrable systems; for a brief review,
we refer the reader to Chapter 3. For a more detailed and modern overview, see [KP03] and references therein.
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In [Kap91] it was proved that in the neighborhood of any finite-dimensional torus associated with an
isospectral set with N open gaps, there exists a local fibration into tori of the same dimension N . While
this provides a beautiful geometric structure to the results of Flaschka and McLaughlin, the analysis still
remains restricted to finite-dimensional invariant submanifolds. Consequently, the codimension of these
tori within the Hilbert space L2(R/Z,R) is infinite, suggesting that such a description does not capture
the full complexity of the infinite-dimensional setting.

Topological obstruction. One might think of repeating the construction of Flaschka and McLaughlin
for all N and then taking the limit N → ∞ to cover the whole phase space. However, as pointed out in
[HK14], the limit is singular on the dense subset of L2(R/Z,C) given by

a := {u : gn(u) = 0 for some n ∈ N}.

This is actually a consequence of the topological obstruction imposed by the Hilbert norm, which pre-
vents the possibility of foliating an open subset of the phase space with infinite-dimensional tori. To
see this, let us identify L2(R/Z,R) with `2(N,C) via the Fourier transform u 7→ (uk)k∈N. Given
I = (Ik)k∈N ∈ `1(N,R) such that Ik > 0 for all k ∈ N, consider the torus4

TI := {u ∈ `2(N,C) : |uk| =
√
Ik for all k ∈ N}.

Finally, note that for every ε > 0, there exists N ∈ N such that every u ∈ TI is ε-close in `2 to the
N -dimensional truncated torus

T NI := {u ∈ `2(N,C) : |uk| =
√
Ik for all k ≤ N, and uk = 0 for all k > N}

leading to the conclusion that any neighborhood of an infinite-dimensional torus contains tori of finite
dimension. It is worth stressing that, since each T NI is compact, this approximation property implies that
TI is a compact subset of the Hilbert space. Consequently, it cannot be an analytic submanifold, as any
infinite-dimensional compact subset of a Banach space fails to satisfy the definition of a submanifold
(see, for e.g., Appendix C of [PT87]).

The solution for overcoming the topological obstruction, as developed in [BKM96] (see also [KP03]),
relies on the introduction of the so-called Birkhoff coordinates

xk =
√

2Ik cos(θk), yk =
√

2Ik sin(θk),

which represent the Cartesian version of the action-angle coordinates. The Birkhoff coordinates are well-
defined and analytic on the entire phase space. In these variables, the symplectic form takes the standard
form ω =

∑
k∈N dxk ∧ dyk, and the Hamiltonian flow is linearized on the invariant tori.

Nevertheless, the foliated structure provided by the Liouville-Arnold theorem is still far from being
achieved. This leads to a fundamental question:

is it possible to recover a version of the Liouville-Arnold theorem by weakening the compactness
requirement, namely by choosing a different topological setting?

The results presented in this thesis (see Theorems 1.3.2, 2.5.12 and 2.6.1) give a positive answer to this
question by proposing a new construction for analytic invariant foliations and action-angle coordinates
in a more suitable functional framework.

4Note that TI is indeed an infinite product of circles, as it is parametrized by (θk)k∈N where uk =
√
Ike

iθk .
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4 Structure of the Thesis and Summary of Main Results

This section serves as a conceptual roadmap for the research problem and the primary findings of this the-
sis. The dissertation is organized into four chapters: the first three establish a progressive analytical and
Hamiltonian framework, whereas Chapter 4, which investigates Kronecker flows on infinite-dimensional
tori, stands as a self-contained study that can be consulted independently of the previous chapters.

Throughout this text, we adopt the following notation: N0 denotes the set of natural numbers, while
N denotes the set of positive integers {1, 2, . . . }. The one-dimensional torus is denoted by T := R/2πZ.

4.1 Analytic Foliations by Infinite Tori

The first part of this work addresses the challenge of the topological obstruction to the foliation by
infinite tori inherent to the L2 setting. To overcome this issue, we shift the functional framework to a
phase space constructed as a generalization of the cotangent bundle of a finite-dimensional torus T ∗Tn ∼=
Rn ×Tn. Specifically, we consider as phase space the product `∞w ×T∞, where `∞w is the Banach space
of sequences:

`∞w :=

{
y = (yk)k∈N ∈ RN : ‖y‖`∞w := sup

k∈N
|yk|wk <∞

}
,

and w = (wk)k∈N is a weight sequence of positive real numbers. The infinite-dimensional torus

T∞ := `∞/2πZN

is then endowed with the metric induced by the `∞-norm.
While the robustness of these foliations is a general property independent of the specific weights w,

a more delicate analysis is required when introducing a symplectic structure, as discussed in Subsec-
tion 2.3.1. Roughly speaking, to ensure that ∑

k∈N
dyk ∧ dϕk (5)

gives well-defined (weak)-symplectic form, the weight sequence must satisfy the summability condition
cw :=

∑
j∈Nw

−1
j < ∞. Geometrically, this requirement ensures that `∞w embeds (compactly) into

`1(N,R), which in turn embeds isometrically into the space of continuous functionals acting on `∞ (the
tangent space at any point of T∞); in particular, this assumption implies that `∞w × T∞ is a sub-bundle
of the weak*-cotangent bundle of the infinite torus, which is an infinite-dimensional weak-symplectic
manifold when endowed with the weak-symplectic form (5).5

Since all the results only require the structure given by the Poisson bracket, we shall see that the
condition cw <∞ is not strictly required for our analysis in our functional setting.

In this framework, we consider a class of analytic functions representable as Taylor-Fourier series,
which are majorant-analytic in the sense of the functional setting presented in Section 1.2.1. The chosen
norm for such space of functions allows for effective Cauchy estimates, which are essential for the
analytical steps of our construction. In this framework, we prove that the trivial foliation of the phase
space induced by the projection onto the first factor, namely

p1 : `∞w × T∞ → `∞w , p1(y, ϕ) = y,

is robust under sufficiently small analytic perturbations. Our first main result (see Theorem 1.3.2 for the
precise statement) can be informally stated as follows:

5In contrast with the strong-symplectic case, a weak-symplectic form ω on an infinite-dimensional manifold M is not
required to be non-degenerate but only weakly-non-degenerate, meaning that the map ω# : TM → T ∗M defined by ω#(V ) =
ω(·, V ), for all V ∈ TM , is injective but not surjective.
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Theorem. Let Γ : `∞w × T∞ → `∞w be a sufficiently small real analytic perturbation of the projection
onto the first factor. Then its level sets are infinite tori analytically diffeomorphic to T∞ and form a real
analytic foliation in a neighbourhood of {0} × T∞.

We prove this theorem essentially by constructing a majorant analytic map A such that

Γ(γ −A(γ, ϕ), ϕ) = γ ∀ϕ ∈ T∞. (6)

In fact, the statement of Theorem 1.3.2 remains valid for more general functions of the form

Γ(y, ϕ) = f(y) + P (y, ϕ),

where f is analytic with an invertible differential. Indeed, by expanding f in a Taylor series about a
point y0, one can locally reduce Γ to the form f(y0) + df(y0)[y − y0] + O(‖y − y0‖2`∞w ) + P (y, ϕ).
This generalization is consistent with the fact that the constant term f(y0) merely shifts the codomain of
the map Γ. Explicitly, this generalized problem can be solved following the same procedure as in (6),
provided one sets γ̃ = y0 + df(y0)−1[γ − f(y0)] and requires the smallness condition on the redefined
perturbation P̃ (y, ϕ) = df(y0)−1(O(‖y − y0‖2`∞w ) + P (y, ϕ)).

Notably, this particular setting will allow us to recover the invariant tori for a completely integrable
Hamiltonian system no longer through a purely algebraic construction, but by describing them analyti-
cally as graphs of majorant analytic functions. This establishes the necessary geometric structure for the
infinite-dimensional Liouville-Arnold theorem developed in Chapter 2.

4.2 Symplectic Straightening and the Liouville-Arnold Theorem

The second part of this thesis, developed in Chapter 2, extends the previous analytical construction
to a Hamiltonian setting. In the classical finite-dimensional framework, the Liouville-Arnold theorem
ensures the existence of a symplectomorphism that straightens the foliation induced by a momentum
map; however, in our infinite-dimensional setting, the transition from a merely analytic foliation to a
Lagrangian one is far from trivial.

To bridge this gap, we first establish a consistent theory of analytic vector fields and Poisson struc-
tures on the Banach manifold `∞w ×T∞. The primary objective is to achieve the symplectic straightening
of a foliation induced by a momentum map belonging to a specific regularity class.

Notation 1. For simplicity of exposition, throughout this introduction we shall denote by X the class
of analytic maps Γ : `∞w × T∞ → `∞w whose Hamiltonian vector fields associated with its component
functions are analytic maps from the phase space to its tangent space, and such that the adjoint of its
differential is bounded. For more details, see Definition 2.3.8, Remark 2.3.9 and Proposition 2.3.10.

Notably, this condition mirrors the “summability assumption” on vector fields adopted by Bambusi
and Stolovitch in [BS20], as well as the boundedness requirement on the adjoint of the differential of
normally analytic germs considered by Kuksin and Perelman in their work on the infinite-dimensional
Vey theorem [KP10].

Within this framework, we prove that for any momentum map Γ ∈ X satisfying a suitable smallness
assumption, one can construct a change of coordinates that is not only a bi-analytic diffeomorphism but
also a symplectomorphism. This map straightens the perturbed foliation back to the trivial one while
preserving the underlying Poisson structure. This result, proved in Subsection 2.5.2 (Theorem 2.5.12),
can be heuristically outlined as follows:

Let Γ ∈ X be a sufficiently small perturbation of the projection onto the first factor. If the components
of Γ Poisson-commute, there exists a symplectomorphism that “straightens” the leaves of the foliation
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given by the level sets of Γ and defines a set of action-angle coordinates in a neighbourhood of {0}×T∞.

This symplectic straightening provides the necessary geometric foundation for a local version of
the Liouville-Arnold theorem in infinite dimension. Indeed, once the momentum map is reduced to
its canonical form, the integration of any Hamiltonian H that commutes with the components of Γ
becomes straightforward. In these straightened coordinates, the complex dynamics of the original system
is conjugate to a Kronecker flow. This result, presented here in an informal version, constitutes, to the
best of our knowledge, the first instance of a local Liouville-Arnold theorem in an infinite-dimensional
setting (see Theorem 2.6.1 for the correct statement and proof).

Theorem. Consider a majorant analytic Hamiltonian H : `∞w × T∞ → R that commutes with the
components of a momentum map Γ ∈ X which is a sufficiently small perturbation of the projection onto
the first factor. Then, the system is completely integrable in a neighborhood of {0} × T∞. Specifically:

(i) the Hamiltonian H generates a well-defined flow;

(ii) the phase space is foliated by invariant analytic tori, which coincide with the level sets of the
momentum map;

(iii) there exists a symplectomorphism that gives action-angle coordinates such that the dynamics is
reduced to a linear flow on T∞.

These results find a natural application in the context of Hamiltonian systems on infinite lattices and
PDEs, which we shall now briefly discuss.

4.3 Application to Hamiltonian sytems on infinite lattices and PDEs

A fundamental question in the study of Hamiltonian systems on infinite lattices and Hamiltonian PDEs
is under what conditions a family of first integrals ensures the integrability of the system. In the finite-
dimensional analytic setting, a powerful, local counterpart to the Arnold-Liouville theorem is provided
by Vey’s Theorem on the convergence of the Birkhoff normal form.

The extension of these ideas to the infinite-dimensional setting has been the subject of significant
research, notably in the works of Kuksin and Perelman [KP10] and Bambusi and Stolovitch [BS20].
In both these frameworks, as well as in the setting adopted in this thesis, a key requirement is the ex-
istence of a family of first integrals possessing sufficient regularity to induce the necessary coordinate
transformations.

Before stating our result, let us give some definitions. Given a sequence of positive real numbers
(ηj)j∈N, we consider as a phase space the complex weighted Banach space `∞η (C) defined by

`∞η (C) :=

{
u ∈ CN : ‖u‖`∞η (C) := sup

j∈N
ηj |uj | <∞

}
.

Note that `∞η (C) can be embedded into `2(C) if the weight η satisfies the condition that cη :=
∑

j∈N η
−2
j

is finite. From this embedding, one can inherit the standard symplectic form of `2(C), namely

ω := i
∑
j∈N

duj ∧ dūj ,

by pulling it back onto `∞η (C). Finally, let ξ = (ξk)k∈N be a sequence of real numbers such that

0 < inf
k∈N

η2
kξk ≤ sup

k∈N
η2
kξk <∞.
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It then follows that the set

Tξ :=
{
u ∈ `∞η (C) : |uk|2 = ξk for all k ∈ N

}
is analytically diffeomorphic to T∞ via the map T∞ 3 ϕ 7→ (

√
ξke

iϕk)k∈N.
We are now ready to informally state our theorem on the complete integrability for systems on infinite

lattices (see Theorem 3.1.4 for the precise statement). This result should be compared with [BS20]
and [KP10].

Theorem. Consider a majorant real analytic Hamiltonian H : `∞η (C) → R that commutes with the
components of a majorant analytic momentum map Γ(m)(u) = |um|2 +P (m)(u), where the perturbation
P is such that the quantity

sup
k∈N

ηk

∞∑
m=1

∥∥∥∥∂P (m)

∂uk

∥∥∥∥
R

is sufficiently small. Here, ‖ · ‖R denotes a majorant analytic norm which will be properly defined in
Section 3. Then, for a suitable range of values ξ, the system is completely integrable in a neighborhood
of the torus Tξ. Specifically:

(i) the Hamiltonian H generates a well-defined flow in a neighborhood of the torus;

(ii) the phase space is locally foliated by invariant analytic manifolds, each diffeomorphic to the infi-
nite torus T∞;

(iii) there exists a symplectomorphism providing action-angle coordinates (x, θ) that reduce the dy-
namics to a linear flow on T∞.

In Section 3.2, we apply Theorem 2.6.1 to show that the Korteweg-de Vries (KdV) equation can be
viewed as a completely integrable infinite-dimensional Hamiltonian system in the sense of Liouville-
Arnold. This statement is proved in Theorem 3.2.7. By the nature of our results, this integrability is
established in a small annulus surrounding the origin. Unlike the global results obtained through the
Birkhoff map in L2(T), our approach provides a local decomposition of the phase space that mirrors the
geometry provided by the Liouville-Arnold theorem.

It is important to emphasize that a foliation into infinite-dimensional invariant tori for the KdV equa-
tion could also be obtained by exploiting the fact that the Birkhoff map is the identity plus a 1-smoothing
operator [BKM96], combined with standard Sobolev embeddings. In contrast, our approach proceeds
by verifying whether the spectral gaps of the Lax operator associated with the KdV system satisfies the
specific regularity assumptions required by our general theorems.

4.4 Kronecker flow on the infinite torus

Initial investigations on Kronecker flow on infinite tori can be traced back to Jessen [Jes34], who es-
tablished a specific instance of Birkhoff’s Ergodic Theorem. Further analysis of the ergodic proper-
ties of Kronecker flows on infinite tori, equipped with the product topology, was conducted in [Koz21]
and [SV24]. In the latter, Sakbaev and Volovich [SV24] demonstrated the emergence of a novel class
of trajectories that are absent in the finite-dimensional case, namely, orbits whose closure fails to be a
torus. These findings indicate that the typical dynamical behavior of finite-dimensional flows does not
necessarily apply to the case of Kronecker flows on infinite tori.

Let us give the basic definitions. In the following discussion, the infinite torus is endowed with the
product topology and it will be denoted by TN. Some comments on the concrete realizations of TN are
given in Appendix D.
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Given ω = (ωj)j∈J ∈ RJ , we define the Kronecker flow associated with the “frequency vector” ω
as the topological dynamical system (TJ ,Φω) induced by the continuous R-action

Φω : R× TJ → TJ , (t, θ) 7→ Φt
ω(θ) := (Θj + ωjt+ 2πZ)j∈J ,

where, given θ ∈ TJ , Θ := (Θj)j∈J denotes any list of real numbers such that θ = (Θj + 2πZ)j∈J .6

The real numbers ωj are called “frequencies”.

1. The Main Results. In Section 4.3, we show that for non-resonant Kronecker flows on TN, the same
properties of the finite-dimensional analogue hold. More precisely, the first purpose of Chapter 4 is to
give a proof of the following assertion.

Theorem A. For a Kronecker flow (TN,Φω), the following statements are equivalent:

(a) it is non-resonant;

(b) it is uniquely ergodic;

(c) it is minimal;

(d) it is topologically transitive.

This theorem should be compared with [Jes34], where the author essentially proves that the average
of any integrable function along the orbits of a non-resonant Kronecker flow on the infinite torus equals
the average over the entire torus with respect to an appropriate invariant integral. The ergodic properties
of Kronecker flows on infinite-dimensional tori are also studied in [Koz21] and [SV24].

It is worth stressing that non-resonant Kronecker flows are in a certain sense “typical”. This was first
observed by Bourgain [Bou05] who proved that, for all δ > 0, the set

Ωδ :=

{
ω ∈ [−1, 1]N :

∑
j∈N

ωjνj ≥ δ
∏
j∈N

(1 + ν2
j j

4)−1, ∀ν ∈ Z(N)

}

has measure m(Ωδ) = 1−O(δ), where m is the product Lebesgue measure on [−1, 1]N.

Next we consider the resonant case. In the infinite-dimensional setting, Property B does not hold in
general: in the above mentioned paper [SV24], Sakbaev and Volovich give examples of linear flows on
the infinite-dimensional torus where the closures of the orbits are not tori, even though these orbits are
accumulated by periodic ones. However, a legitimate question to ask is whether a Kronecker flow on
TN is topologically conjugate to another Kronecker flow whose non-vanishing frequencies are rationally
independent. In Section 4.2 we present an algorithm to reduce resonant Kronecker flows on the infinite
torus in the presence of finitely many independent resonances. More precisely, in Proposition 4.2.23
we show that for a Kronecker flow (TN,Φω) where the resonance module Rω has finite dimension
1 ≤ d <∞, the system is topologically conjugate to another Kronecker flow (TN,Φω̃) characterized by
a frequency vector ω̃ = (0d, ω̄) where 0d is the null vector in Rd and ω̄ is non-resonant. Aiming to fill the
gap left by the assumption of a finite-dimensional resonance module, we establish the following more
general result, which connects an algebraic property of the frequency vector with the C 0-conjugacy class
to which the resonant Kronecker flow belongs (see Section 4.4.1 for the proof).

6Given an element g of an additive abelian groupG and a subgroupH ofG, we denote by g+H the equivalence class of g
with respect to the relation g ∼ g′ if and only if g−g′ ∈ H , that is, g+H := {g′ ∈ G : ∃h ∈ H such that g = g′+h} ∈ G/H .
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Theorem B. Let ω ∈ RN and let (TN,Φω) be the corresponding Kronecker flow. Then, Mω is a free
abelian group if and only if (TN,Φω) is topologically conjugate to another Kronecker flow (TN,Φω̃)
whose non-vanishing frequencies are rationally independent. If this is the case, Mω is isomorphic to
Z(supp(ω̃)).

In particular, if the frequency module is free, TN is fibered by invariant, minimal embedded tori such
that the projection of the flow on each fiber is conjugate to a non-resonant Kronecker flow. This implies
that the closure of any orbit is still a torus, of possibly infinite dimension.

Note that Property B of the finite-dimensional case follows from the fact that, as already pointed out
in Remark 4.2.11, if the frequency vector has finite support, then Mω is finitely generated, and hence, by
the structure theorem for finitely generated abelian groups without torsion, it is free.

Furthermore, in the presence of finitely many resonances, Proposition 4.2.23 provides a conjugacy
to a flow (TN,Φω̃) whose non-vanishing frequencies are rationally independent. By Theorem B, this
ensures that Mω must be a free abelian group, even though it is necessarily no longer finitely generated.

Nevertheless, in the general case, linear dynamics on an infinite torus can be much more complex.
In Theorem 4.4.7 of Section 4.4.2, we construct a special class of Kronecker flows with the property
that the closure of any orbit is a solenoid (see Definition 4.4.6), which is the total spaces of a particular
fiber bundle over the circle with a Cantor set as fiber. By Lemma 4.4.24, the frequency module of any
Kronecker flow in such class is isomorphic to a non-free subgroup of (Q,+).

Next, we show that the closure of any orbit induced by a Kronecker flow on the infinite torus is home-
omorphic to the Pontryagin dual of the associated frequency module (Proposition 4.4.23). At the end of
Section 4.4.3, we use this result, together with Theorem 4.4.7 and classical results from Pontryagin’s
theory of locally compact abelian groups, to prove the following statement.

Theorem C. Let I be a countable set of indices and (Gi)i∈I a family of subgroups of (Q,+). Then,
there exists a Kronecker flow whose frequency module is isomorphic to

⊕
i∈I Gi. Moreover, the closure

of any orbit is homeomorphic to a product
∏
i∈I Xi, where each factor Xi is a circle if Gi is free, and a

solenoid otherwise.

This is an extension of the recent result in [SV24] concerning the existence of Kronecker flows on
the infinite torus inducing orbits whose closure is not a torus (see Remark 4.4.26), as we exhibit a well-
defined class and we provide a more refined understanding of the topological structure.

In Section 4.4.4 we apply these results to the Benjamin-Ono equation, namely, we prove the follow-
ing

Theorem BO. Consider the Benjamin-Ono equation for a real-valued function u(t, x) that is 2π-periodic
in space:

ut = H(uxx)− 2uux, x ∈ T, t ∈ R,

where H(·) denotes the Hilbert transform defined in (4.2). Let

Ψ : L2
0(T) 3 u 7→ z ∈ h1/2

be its Birkhoff map [GK21]. Given z ∈ h1/2, if there exists β ∈ R \ Q such that |zj |2 ∈ βQ \ {0} for
all j ∈ N, then the closure of the orbit with initial data u = Ψ−1(z) under the Benjamin-Ono flow is
homeomorphic to the product of a circle and a solenoid.

It would be of interest to determine whether this family of almost-periodic solutions corresponds to
specific physical features, such as a novel form of turbulence.
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We conclude this work by discussing a general classification problem for Kronecker flows on the
infinite torus. First, we prove the following statement.

Theorem D. Given ω, ω̃ ∈ RN, let (TN,Φω) and (TN,Φω̃) be two Kronecker flows on the infinite torus.
The closure of any orbit of Φω is homeomorphic to the closure of any orbit of Φω̃ if and only if the
associated frequency modules Mω and Mω̃ are isomorphic as abelian groups.

Finally, we show how to associate to each countable abelian group G without torsion a Kronecker
flow (TN,Φω) in such a way that G is isomorphic to Mω. Therefore, by Remark 4.2.10, Theorem D
implies that completely classifying Kronecker flows on TN up to homeomorphism of the closure their
orbits is a highly complex issue, as it is equivalent to the classification problem for countable abelian
groups without torsion. To date, a complete classification is known only for those groups having rank7

1, namely, additive subgroups of the rationals (see [Bae37], [BZ51] and [Fuc15]) which corresponds to
the class of Kronecker flows (constructed in Section 4.4.3) whose orbits are dense in a product of circles
and solenoids, in the sense of Theorem C.

7See Appendix E for the definition of rank and other classical results from the theory of abelian groups.



Chapter 1

Foliations by Infinite Tori

The main concern of this chapter is the study of the robustness of foliations of Banach manifolds by
infinite tori under real analytic perturbations. To give an idea of what we are going to do, let T := R/2πZ
and consider the cotangent bundle of the n-dimensional torus Tn, n ∈ N, which is naturally isomorphic
to Rn × Tn. The projection onto the first factor

Γ0 : Rn × Tn → Rn , Γ0(y, ϕ) = y , y ∈ Rn , ϕ ∈ Tn ,

gives rise to a real analytic foliation with leaves Γ−1
0 (γ) ∼= Tn, ∀γ ∈ Rn. A real analytic perturbation of

the map Γ0 is a function ΓP of the form

ΓP (y, ϕ) = y + P (y, ϕ) ,

where P is real analytic on an open neighbourhood Ur(Rn)× Tn of {0} × Tn and “small” with respect
to some suitable norm. Then one can ask the following question:

Do the level sets of ΓP give rise to a real analytic foliation whose leaves are n-dimensional tori for an
open set of “sufficiently small” values of ΓP ?

In this chapter (see Theorem 1.3.2) we give a positive answer to an infinite-dimensional version of
this question. Let us briefly illustrate our procedure in this finite-dimensional context. The idea is the
following: since the perturbation is small, we look for a real analytic map

A : Ur−ρ(Rn)× Tn → Uρ(Rn)

such that, for all γ ∈ Ur−ρ(Rn), the equation for the level set ΓP (y, ϕ) = γ can be solved by parametriz-
ing y as y = γ −A(γ, ϕ), namely

ΓP (γ −A(γ, ϕ), ϕ) = γ ∀ϕ ∈ Tn .

By using the definition of ΓP , the above equation is equivalent to

A(γ, ϕ) = P (γ −A(γ, ϕ), ϕ) ,

which has a (unique) solution if the map A 7→ P ◦ Φ−A, where

Φ−A : Ur−ρ(Rn)× Tn → Ur(Rn)× Tn , Φ−A(γ, ϕ) = (γ −A(γ, ϕ), ϕ) ,

is a contraction on a closed ball about the origin of the space of real analytic functions from an open
neighbourhood of {0}×Tn in the cotangent bundle of the torus to Rn. It is then clear that we shall need
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to understand the behaviour of the chosen norm under the operation of composition and to give suitable
estimates on the derivatives of the involved maps in order to produce a contraction. If this is the case,
then for all γ ∈ Ur−ρ(Rn), the level set Γ−1

P (γ) is identified with the graph of the real analytic function1

Tn 3 ϕ 7→ γ −A(γ, ϕ) ∈ Ur(Rn) ,

namely it is analytically diffeomorphic to Tn. Since such a function depends analytically on the param-
eter γ, we get that the neighbourhood of {0}×Tn given by the image of Ur−ρ(Rn)×Tn under the map
Φ−A is analytically foliated by the level sets of ΓP , which are all analytically diffeomorphic to Tn.

In order to apply this general scheme in an infinite-dimensional context, we must first specify the
setting. Unlike the finite-dimensional case, the choice of the topology for the product space, as well as
the selection of the functional space, is crucial. In particular, we shall prefer a topology that allows us
to perform differential calculus and to deal with functions in normed spaces in which it is possible to
provide suitable Cauchy estimates for the differentials. Let us start by giving some basic definitions to
introduce our infinite-dimensional setting.

1. Infinite torus. We denote by T∞ the infinite torus, i.e., the countably infinite direct product of circles

T∞ :=
∏
j∈N

Tj , Tj = T ∀j ∈ N ,

endowed with the topology induced by the uniform distance

dT∞(ϕ,ϕ′) := sup
j∈N

d(ϕj , ϕ
′
j) , ∀ ϕ = (ϕj)j∈N , ϕ

′ = (ϕ′j)j∈N ∈ T∞,

where d is the usual distance on T = R/2πZ. We shall see in the next section that such a metric space
has a natural structure of Banach manifold modelled on `∞.

We emphasize that there are other possible infinite-dimensional extensions that one could consider.
For example, if one equips the infinite product of circles with the product topology, there would be no
way to introduce a topological manifold structure on the resulting infinite torus. Roughly speaking, the
cylinders form a basis for the product topology, and non-contractible loops can be found in each cylinder.
This contrasts with the local simple connectedness required of any topological manifold.

2. `∞-weighted space. Given a sequence of positive real numbers w = (wj)j∈N, we define the real
weighted (by the weight w) Banach space `∞w based on `∞ := `∞(N,R) by setting

`∞w :=

{
y ∈ RN : |y|`∞w := sup

j∈N
wj |yj | <∞

}
.

Clearly, `∞w = `∞ if wj = 1 for all j ∈ N. In the following, we shall denote by `∞w (C) the complex
analogue of `∞w .

Since we shall need to consider holomorphic extensions of real analytic functions on `∞, given s > 0,
let us define `∞s (C) as the open subset of the complex Banach space `∞(C) := `∞(N,C) given by

`∞s (C) :=

{
ϕ = (ϕj)j∈N ∈ CN : |ϕ|`∞(C) := sup

j∈N
|ϕj | <∞, sup

j∈N
|Imϕj | < s

}
.

This chapter is devoted to the formulation and proof (see Theorem 1.3.2) of a theorem that can be
informally stated as follows:

1Geometrically, it represents a one-form on Tn.
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If Γ : `∞w × T∞ → `∞w is a sufficiently small real analytic perturbation of the projection onto the first
factor, its level sets are infinite tori and form a real analytic foliation.

In the next sections we describe the Banach manifold structure of the infinite torus and introduce a
class of real analytic functions on `∞w ×T∞ for which we provide Cauchy estimates (see Lemma 1.2.13).
In Proposition 1.2.19, we give estimates for the composition of functions in this class with close-to-
identity analytic maps `∞w × T∞ → `∞w × T∞, and we apply these results to construct a contraction, as
explained before.

For the sake of clarity, we stress that all the results presented in this chapter hold for all choices of
the weight w.

1.1 Quotient Space and Banach Manifold Structures of T∞

Here we explore different ways to view the infinite torus defined in the previous section as a product
space. In particular, we will examine how T∞ can be understood as:

• a quotient space, offering a way to understand T∞ through equivalence classes and the identifi-
cation of certain elements;

• a Banach manifold, providing a smooth and geometrically rich framework that ties T∞ to the
world of functional analysis and geometry.

Each of these views not only broadens our understanding of the infinite torus but also opens up
different techniques and tools that can be applied to study more effectively analytic functions defined on
it.

Definition 1.1.1. Let us denote by Λ the submodule Λ := (2πZ)N ∩ `∞. Hereafter, π∞ denotes the
surjective map π∞ : `∞ → `∞/Λ defined as

π∞(ϕ̂) = [ϕ̂] := {ϕ̂+M : M = (Mj)j∈N ∈ Λ}, for all ϕ̂ = (ϕ̂j)j∈N ∈ `∞.

We endow `∞/Λ with the metric d given by

d([ϕ̂], [ϕ̂′]) := inf
ϕ̂∈[ϕ̂],ϕ̂′∈[ϕ̂′]

|ϕ̂− ϕ̂′|`∞ = min
M∈Λ

sup
j∈N
|ϕ̂j − ϕ̂′j +Mj |.

Remark 1.1.2. π∞ : `∞ → `∞/Λ is the universal covering of `∞/Λ.

The following proposition gives a characterization of the infinite torus as a quotient space. In partic-
ular, T∞ is isometric to the quotient of `∞ with respect to the submodule of all bounded sequences of
real numbers that are integer multiples of 2π.

Proposition 1.1.3. The metric spaces `∞/Λ and T∞, endowed with the metrics d and dT∞ , respectively,
are isometric.

Proof. It is straightforward to see that the map

Φ : `∞/Λ→ T∞, Φ([ϕ̂]) = (ϕ1, . . . , ϕj , . . .), (1.1)

where ϕj := {ϕ̂j +m : m ∈ 2πZ}, is a bijection. To prove that Φ is an isometry, we show that for any
ϕ̂, ϕ̂′ ∈ `∞,

min
M∈Λ

sup
j∈N
|ϕ̂j − ϕ̂′j +Mj | = sup

j∈N
min
m∈2πZ

|ϕ̂j − ϕ̂′j +m|.
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For any fixed j ∈ N, the set {|ϕ̂j − ϕ̂′j + m| : m ∈ 2πZ} is discrete and bounded from below; hence,
there exists mj ∈ 2πZ such that

|ϕ̂j − ϕ̂′j +mj | = min
m∈2πZ

|ϕ̂j − ϕ̂′j +m|.

It follows that

min
M∈Λ

sup
j∈N
|ϕ̂j − ϕ̂′j +Mj | ≤ sup

j∈N
|ϕ̂j − ϕ̂′j +mj | = sup

j∈N
min
m∈2πZ

|ϕ̂j − ϕ̂′j +m|.

Conversely, for any M ∈ Λ, the following inequality holds for each j ∈ N:

|ϕ̂j − ϕ̂′j +Mj | ≥ min
m∈2πZ

|ϕ̂j − ϕ̂′j +m|.

Taking the supremum over j ∈ N and subsequently the minimum over M ∈ Λ, we obtain the reverse
inequality, which establishes that Φ is an isometry. �

We now turn to the issue of showing that T∞ can be endowed with a natural structure of analytic
Banach manifold modelled on `∞. For the basic theory of differentiable and analytic functions on Banach
spaces and manifolds, we refer to [PT87], Appendices A, B, and C, and references therein.

For all σ = (σj)j∈N ∈ {0, 1, 2}N, let ϕσ denote

ϕσ := ({2σjπ/3 +m : m ∈ 2πZ})j∈N ∈ T∞ ,

and let Uσ be the open set

Uσ := {ϕ ∈ T∞ : dT∞(ϕ,ϕσ) < 2π/3} .

Note that (Uσ)σ∈{0,1,2}N is an open covering of T∞. Let

Φσ : Uσ →
∏
j∈N

(
− 2π

3
(1 + σj),

2π

3
(1 + σj)

)
⊂ `∞

be the map that associates to any ϕ = (ϕj)j∈N ∈ Uσ the list (ϕ̂j)j∈N, where, for all j ∈ N, ϕ̂j is the
unique representative of ϕj in (

− 2π

3
(1 + σj),

2π

3
(1 + σj)

)
⊂ R .

Then (Uσ,Φσ)σ∈{0,1,2}N is an analytic atlas for T∞. Indeed, the transition functions

Ψσ,σ′ : Φσ(Uσ ∩Uσ′)→ Φσ′(Uσ ∩Uσ′)

are all equal to the identity map Id : `∞ → `∞, which is clearly analytic.
The same argument holds verbatim if one replaces T∞ with `∞/Λ: write [ϕ̂σ], where ϕ̂σ = (2σj/3)j∈N,

instead of ϕσ and d in place of dT∞ . It follows that

(Φ−1(Uσ),Φσ ◦ Φ)σ∈{0,1,2}N ,

where Φ is defined in (1.1), is an analytic atlas for `∞/Λ. Then we have the following:

Remark 1.1.4. The infinite torus T∞ and `∞/Λ are also analytically diffeomorphic as Banach mani-
folds.

Remark 1.1.5. Noting that the covering map π∞ is analytic, the latter remark together with Remark
1.1.2 allows us to identify real analytic functions on T∞ with real analytic, multi-periodic functions
defined on the universal covering `∞ of `∞/Λ.
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1.2 Functional Setting and Preliminaries

Throughout this chapter, we fix a weight w, namely a sequence of positive real numbers w = (wj)j∈N,
once and for all. In this section, we introduce a class of real analytic functions on `∞w × T∞ and discuss
Cauchy estimates and their behaviour under the operation of composition.

1.2.1 Space of functions

We restrict to analytic functions on infinite tori which are represented by trigonometric series on the
universal covering `∞ of T∞, in the sense explained in the previous section. In the following, we shall
adopt the notation ϕ not to denote elements of T∞, but instead to refer to elements of the universal
covering `∞.

Definition 1.2.1 (The space of formal seriesA). For any r, s > 0, we denote byAr,s the space of formal
power-trigonometric series f

f(y, ϕ) =
∑
ν∈Z(N)

∑
α∈N(N)

0

fναy
αeiν·ϕ , y ∈ Ur(`

∞
w ) , ϕ ∈ `∞ , (1.2)

with fνα ∈ C, fνα = f̄−να for all (ν, α) ∈ Z(N) × N(N)
0 , such that

|f |r,s :=
∑
ν∈Z(N)

∑
α∈N(N)

0

|fνα|vαw,res|ν| <∞ ,

where ∀r > 0, vw,r ∈ `∞w denotes the sequence defined by (vw,r)j = rw−1
j for all j ∈ N. We denote by

A the space of formal power-trigonometric series defined by

A :=
⋃
r,s>0

Ar,s .

We shall now show that the formal series in A are in fact totally convergent and define functions
that can be uniformly approximated by analytic functions of finitely many variables. To state it more
precisely, let us give the definition of exhaustion of a set of indices by finite subsets.

Definition 1.2.2. An exhaustion of a countable set of indices X is a nested sequence of subsets Sn,
n ∈ N, of X (i.e., S1 ⊂ S2 ⊂ S3 ⊂ . . .) such that X = ∪n∈NSn. An exhaustion by finite subsets is an
exhaustion such that each Sn is a finite set.

We have the following proposition.

Proposition 1.2.3. If f ∈ Ar,s for some r, s > 0, then it is absolutely convergent and defines a function

Ur(`
∞
w )× `∞ → R , (y, ϕ) 7→ f(y, ϕ) ,

whose complex extension fC, obtained by considering (y, ϕ) ∈ Ur(`
∞
w (C)) × `∞s (C) in formula (1.2),

is totally convergent. In particular, for all exhaustions (Sn)n∈N of Z(N) ×N(N)
0 by finite subsets, one has

lim
n→∞

sup
(y,ϕ)∈Ur(`∞w (C))×`∞s (C)

∣∣∣∣fC(y, ϕ)−
∑

(ν,α)∈Sn

fναy
α eiν·ϕ

∣∣∣∣ = 0 . (1.3)
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Proof. Consider the complex extension of f obtained by formula (1.2) assuming that (y, ϕ) extend to
variables defined in Ur(`

∞
w (C))× `∞s (C). Clearly, it is totally convergent because∑

ν∈Z(N)

∑
α∈N(N)

0

sup
(y,ϕ)∈Ur(`∞w (C))×`∞s (C)

|fναyαeiν·ϕ| = |f |r,s <∞ .

In particular, f is absolutely convergent and hence the attained values do not depend on the order of
summation. Namely, f defines a function

Ur(`
∞
w )× `∞ → R , (y, ϕ) 7→ f(y, ϕ) ,

whose complex extension fC is represented by a totally convergent power-trigonometric series. Formula
(1.3) follows by the total convergence. �

Definition 1.2.4 (Majorant). Given f ∈ A, we define its majorant fM as the formal series

fM (y, ϕ) :=
∑
ν∈Z(N)

∑
α∈N(N)

0

|fνα|yαeiν·ϕ .

Proposition 1.2.5 (Majorant analyticity). If f ∈ Ar,s for some r, s > 0, then the function

Ur(`
∞
w )× `∞ → R , (y, ϕ) 7→ f(y, ϕ) ,

is majorant real analytic.

Proof. Let (Sn)n∈N be an exhaustion of Z(N) ×N(N)
0 by finite subsets. Define the sequence of functions

(fM,n)n∈N ⊂ Ar,s of finitely many variables as

fM,n(y, ϕ) :=
∑

(ν,α)∈Sn

|fνα|yαeiν·ϕ.

Now, being each fM,n a trigonometric polynomial with polynomial functions as coefficients, it extends
to a complex valued analytic function by considering (y, ϕ) ∈ Ur(`

∞
w (C)) × `∞s (C) in formula (1.2).

Moreover, by Proposition 1.2.3, the sequence (fM,n)n∈N converges uniformly in Ur(`
∞
w (C))×`∞s (C) to

fM (more precisely, it converges to its complex extension obtained by considering each yj and each ϕj
as complex variables as before). The conclusion follows by the fact that the uniform limit of a sequence
of analytic functions on Banach spaces is an analytic function. Of course, the limit is real on reals. �

Proposition 1.2.6 (Algebra). For all r, s > 0, Ar,s are Banach algebras with respect to the product of
series. More precisely, for all f, g ∈ Ar,s, the following algebra estimate hold:

|fg|r,s ≤ |f |r,s|g|r,s .

Proof. Formally, one has

(fg)(y, ϕ) =
∑
µζ

( ∑
ν+ν′=µ
α+α′=ζ

fναgν′α′

)
yζeiµ·ϕ.

Then,

|fg|r,s =
∑
µζ

∣∣∣∣ ∑
ν+ν′=µ
α+α′=ζ

fναgν′α′

∣∣∣∣vζw,res|µ| ≤∑
ν,α

|fνα|vαw,res|ν|
∑
ν′,α′

|gν′α′ |vα
′

w,re
s|ν′| = |f |r,s|g|r,s .

Hence, the claim follows. �
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1.2.2 Taylor-Fourier series interpretation and comments on the | · |r,s-norm

Now we prove that the series in A are indeed the Taylor-Fourier series of the associated function. The
theory of analytic functions depending on infinitely many angles, in a slightly different setting, has been
developed, for e.g., in [MP21] and [CGP24]. The Taylor part follows from the fact that any f ∈ A
defines a real analytic function, as proved in Proposition 1.2.5. More precise Cauchy estimates are given
in the next subsection. Let us focus on the periodic variables.

Definition 1.2.7. Given f ∈ Ar,s, with r, s > 0, and ν ∈ Z(N), we denote by fν the majorant analytic
function

fν : Ur(`
∞
w )→ R , fν(y) =

∑
α

fναy
α

and by fν,M its majorant fν,M (y) =
∑

α |fνα|yα.

Remark 1.2.8. Note that f(y, ϕ) =
∑

ν fν(y)eiν·ϕ for all ϕ ∈ `∞, and

|f |r,s =
∑
ν

sup
y∈Ur(`∞w )

fν,M (y) es|ν| .

The next lemma, together with the Cauchy estimates for the nth-order derivatives with respect to
each of the yk-variables (see Lemma 1.2.13 and Proposition 1.2.14), implies that the formal power-
trigonometric series f ∈ A can be interpreted as the Taylor-Fourier series of the function associated with
f . In particular, it shows that, for all r, s > 0 and every f ∈ Ar,s, the majorant real analytic function f0

(see Definition 1.2.7) is such that, for all y ∈ Ur(`
∞
w ), the real number

f0(y) =
∑
α

f0αy
α

can be interpreted as the average of f on the infinite torus {y} × T∞, namely2

f0(y) = lim
N→∞

1

(2π)N

ˆ
TN

f(y, ϕ)dϕ1 . . . dϕN . (1.4)

More precisely, we prove the following:

Lemma 1.2.9 (Fourier series). Consider f ∈ Ar,s, with r, s > 0. Then, for all ν ∈ Z(N), the equality

fν(y) =

ˆ
T∞

f(y, ϕ)e−iν·ϕ dϕ := lim
N→∞

1

(2π)N

ˆ
TN

f(y, ϕ)e−iν·ϕ dϕ1 . . . dϕN (1.5)

holds pointwise for any y ∈ Ur(`
∞
w ).

Proof. First note that, since for all y ∈ Ur(`
∞
w ) the series

∑
ν fν(y)eiν·ϕ converges uniformly for ϕ ∈

`∞, one has ˆ
TN

f(y, ϕ)dϕ1 . . . dϕN =
∑
ν

fν(y)

ˆ
TN

eiν·ϕdϕ1 . . . dϕN

for all N ∈ N. Moreover, for any N ∈ N, let SN denote the subset of Z(N) given by

SN := {ν ∈ Z(N) : ν 6= 0 , νj = 0 ∀j > N} .
2Note that the functional in (1.4) is the integral with respect to the product measure on T∞ as described in Chapter 4.
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Thus, for all N ∈ N and any ν ∈ SN , one has

1

(2π)N

ˆ
TN

eiν·ϕ dϕ1 . . . dϕN = 0 .

Hence,

1

(2π)N

ˆ
TN

f(y, ϕ) dϕ1 . . . dϕN

=
1

(2π)N

ˆ
TN

(
f0(y) +

∑
ν∈SN

fν(y)eiν·ϕ +
∑

06=ν /∈SN

fν(y)eiν·ϕ
)
dϕ1 . . . dϕN

= f0(y) +
∑

06=ν /∈SN

fν(y)
1

(2π)N

ˆ
TN

eiν·ϕ dϕ1 . . . dϕN .

The latter integral can only take the values 0 or 1. Moreover, by Remark 1.2.8, the tail of the series with
0 6= ν /∈ SN goes to zero as N →∞. This proves (1.5) for ν = 0.

Now, take ν ′ ∈ Z(N) \ {0} and set

f(y, ϕ, ν ′) := f(y, ϕ)e−iν′·ϕ =
∑
ν

fν(y)ei(ν−ν′)·ϕ =
∑
ν

fν+ν′(y)eiν·ϕ .

By applying (1.5) with ν = 0 to f(y, ϕ, ν ′) and using the fact that ν ′ is arbitrary, the equality (1.5)
follows for ν 6= 0 as well. �

We conclude this subsection with some comments on the | · |r,s-norm; in particular, we discuss the
presence of the weight es|ν|. In the finite-dimensional case, a formal, real trigonometric series

f(ϕ) =
∑
ν∈ZN

fνe
iν·ϕ , ϕ ∈ RN ,

that admits an absolutely and uniformly convergent complex extension obtained by extending each vari-
able ϕk to a complex strip |Imϕk| < s, for some s > 0, defines a real analytic multi-periodic function.
Moreover, the formal series coincides with the Fourier series of the function, whose Fourier coefficients
are controlled by e−|ν|s. This decay for the Fourier coefficients is sufficient for proving Cauchy estimates
on the derivatives. This is essentially due to the following facts:

(a)
∑

ν∈ZN e
−|ν|σ <∞ for all σ > 0;

(b) limn→∞ sup|Imϕk|<s

∣∣∣∣f(ϕ) −
∑

ν∈Sn fνe
iν·ϕ
∣∣∣∣ = 0 for all exhaustions (Sn)n∈N of ZN by finite

subsets.

In the case of functions depending on infinitely many angles, the exponential decay of the Fourier
coefficients does not ensure even the pointwise convergence of the Fourier series. The main point is that
the bound in (a) is false whenever the sum is taken over ν ∈ Z(N).

Note that, in both the finite and infinite-dimensional settings, the Fourier coefficients decay exponen-
tially if either the sup-norm or the weighted Fourier-norm, defined respectively below, is finite:

|f |sup
s := sup

|Im(ϕk)|<s

∣∣∣∣∑
ν

fνe
iν·ϕ
∣∣∣∣ , |f |s :=

∑
ν

|fν |e|ν|s . (1.6)
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Furthermore, we stress that these norms are equivalent in the finite-dimensional case. More precisely, in
[BBP13], the authors proved that, for multi-periodic functions of m variables, the bounds

|f |sup
s ≤ |f |s ≤ 2m|f |sup

s (1.7)

hold for all s > 0, whenever one of the due norms is finite. This is why the sup-norm and the weighted
Fourier norm are interchangeably used to characterize the class of multi-periodic analytic functions of
finitely many variables as Banach spaces.

Let us prove that the norms defined in (1.6) are not equivalent in infinite dimension. We first prove
that the bounds in (1.7) are optimal.

Proposition 1.2.10. Let m ∈ N. Then for any c1 < 1 and for all c2 < 2m there exist s1, s2 > 0 such
that the trigonometric polynomial

p(m)(ϕ1, . . . , ϕm) =
m∏
j=1

cos(ϕj)

satisfies
|p(m)|sup

s1 > c1|p(m)|s1 , |p(m)|s2 > c2|p(m)|sup
s2 .

Proof. Given s > 0, the sup-norm of the function ϕ 7→ cos(ϕ) is cosh(s). Indeed, writing ϕ = x + iy,
with x, y ∈ R, one has

sup
|Im(ϕ)|<s

| cos(ϕ)| = sup
|Im(ϕ)|<s

| cos(x) cosh(y)− i sin(x) sinh(y)|

= sup
|Im(ϕ)|<s

√
cos2(x) cosh2(y) + sin2(x) sinh2(y)

= sup
|Im(ϕ)|<s

√
cosh2(y)− sin2(x) = cosh(s) .

Then, since p(m) is a product of functions that depend on only one variable, the supremum is attained
when the functions attain their supremum separately, namely we have that

|p(m)|sup
s = (cosh(s))m .

Moreover, the weighted Fourier-norm of p(m) is equal to ems. Then we have

|p(m)|s
|p(m)|sup

s
= 2m(1 + e−2s)−m . (1.8)

The claim follows by the fact that, for all s > 0, the above ratio is larger than 1, it goes to 1 as s → 0,
and it tends to 2m for s→∞. �

Now we use equation (1.8) of the above proposition to prove that the sup-norm and the weighted
Fourier-norm are not equivalent in infinite dimension.

Proposition 1.2.11. With the same notation of Proposition 1.2.10, for all M > 0, there exists m ∈ N
such that

|p(m)|s > M |p(m)|sup
s , for all s ≥ 1 .
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Proof. Given m ∈ N, let s ≥ 1. Then, by equation (1.8), one has

|p(m)|s
|p(m)|sup

s
= 2m(1 + e−2s)−m ≥ 2m(1 + e−2)−m .

Since 2(1 + e−2)−1 is larger than 1, there exists m ∈ N such that 2m(1 + e−2)−m > M . This concludes
the proof. �

Note that, regardless of the dimension, the boundedness of the sup-norm implies the absolute con-
vergence of the formal trigonometric series, and hence it defines a multi-periodic function, but we are
not able to prove the uniform convergence nor to provide a counterexample. Therefore, we cannot assert
that such a multi-periodic function is the uniform limit of trigonometric polynomials and hence analytic.
This reflects the difficulty (or, possibly, the impossibility) of performing Cauchy estimates with respect
to the sup-norm in our infinite-dimensional setting.

Let us explain why the weighted Fourier-norm allows us to overcome this problem. It is worth stress-
ing that one can give another definition of majorant (suggested by C. Procesi, private communication).
Namely, given a formal, real trigonometric series f(ϕ) =

∑
ν fνe

iν·ϕ, we define the {}-majorant of f as

f{M}(ϕ) =
∑
ν

|fν |ei{ν}·ϕ ,

where, for all ν = (νj)j∈N ∈ Z(N), {ν} := (|ν1|, |ν2|, . . . , |νn|, . . . ). Now, define z = (zk)k∈N, where
zk := eiϕk , and consider the formal power series

gf (z) :=
∑
ν

|fν |z{ν} .

This definition is remarkable because it allows us to associate with each formal trigonometric series f a
formal power series gf such that the | · |s norm of f is nothing but the usual sup-norm of gf in the ball
Ues(`

∞(C)), namely

|f |s =
∑
ν

|fν |e|ν|s = sup
z∈Ues (`∞(C))

∣∣∣∣∑
ν

|fν |z{ν}
∣∣∣∣ .

Therefore, the Cauchy estimates for a function associated with f follow from the Cauchy estimates for
the function with Taylor series given by gf in the ball Ues(`

∞).
On the other hand, defining in Z(N) the ?-norm as

|ν|? :=
∑
j∈N

hj |νj |, hj ∈ R+ ∀ j ∈ N, hj+1 ≥ hj , lim
j→+∞

hj = +∞,

one has
∑

ν∈Z(N) e−|ν|?σ < ∞ for all σ > 0. The ?-norm has been used in [CGP24] to define a space
of functions on the infinite torus which can be analytically extended to holomorphic functions on the
thickened infinite torus:

T∞s,h :=

{
ϕ ∈ CN : Re(ϕ) ∈ T∞, sup

j∈N

∣∣∣h−1
j Im(ϕj)

∣∣∣ < s

}
,

which is a complex Banach manifold. Many of the difficulties of our setting come from the fact that we
make a much weaker analyticity assumption: a holomorphic function on T∞s,h has the property that the
width of the strip of analyticity with respect to the kth periodic variable goes to infinity as k →∞.
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1.2.3 Cauchy estimates

By virtue of Proposition 1.2.5, the elements of A define analytic functions on their domain of con-
vergence. Throughout the remainder of this text, we shall therefore refer to them as either power-
trigonometric series or functions, depending on the context, without further distinction. In this subsection
we prove Cauchy estimates for the differential of functions in the class A.

Definition 1.2.12. Given r, s > 0 and f ∈ Ar,s, for all n ≥ 0 and any k1, . . . , kn ∈ N, we define the nth

partial derivative of f by setting

∂nf

∂yk1 . . . ∂ykn
(y, ϕ) :=

∑
ν,α

fνααk1

n∏
j=2

(
αkj −

j−1∑
`=1

δkjkj−`

)
y
α−

∑n
j=1 ekj eiν·ϕ ,

∂nf

∂ϕk1 . . . ∂ϕkn
(y, ϕ) :=

∑
ν,α

fνα in
n∏
j=1

νkjy
αeiν·ϕ .

Lemma 1.2.13 (Cauchy estimates). For all r, s > 0 and any f ∈ Ar,s, the following estimates

∑
k1,...,kn∈N

n∏
j=1

w−1
kj

∣∣∣∣ ∂nf

∂yk1 . . . ∂ykn

∣∣∣∣
r−ρ,s

≤
(

r

r − ρ

)n nne−n
ρn
|f |r,s , (1.9)

∑
k1,...,kn∈N

∣∣∣∣ ∂nf

∂ϕk1 . . . ∂ϕkn

∣∣∣∣
r,s−σ

≤ nne−n

σn
|f |r,s (1.10)

hold for all ρ ∈ (0, r) and σ ∈ (0, s).

Proof. The left-hand side of (1.9) is equal to

∑
k1,...,kn∈N

n∏
j=1

w−1
kj

∑
ν,α

|fνα|αk1
n∏

m=2

(
αkm −

m−1∑
`=1

δkmkm−j

)
v
α−

∑n
j=1 ekj

w,r−ρ es|ν|,

which is bounded by(
1

r − ρ

)n∑
ν,α

|fνα||α|nvαw,r−ρes|ν| ≤
(

1

r − ρ

)n
sup
x≥0

[
xn
(
r − ρ
r

)x]
|f |r,s

≤
(

r

r − ρ

)nnne−n
ρn
|f |r,s.

Let us perform the second estimate. The left-hand side of (1.10) is∑
ν,α

|fνα||ν|nvαw,re(s−σ)|ν| =
∑
ν,α

|fνα|vαw,res|ν||ν|ne−σ|ν|

and is bounded by

sup
x≥0

(
xne−σx

)∑
ν,α

|fνα|vαw,res|ν| ≤
nne−n

σn
|f |r,s .

This concludes the proof. �

The functions defined in Definition 1.2.12 are indeed the partial derivatives, as proved in the follow-
ing proposition.
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Proposition 1.2.14. Given r, s > 0, consider f ∈ Ar,s. Then,

(a) the nth Gateaux derivative of f in the direction of h(1), . . . , h(n), with h(j) = (h(j), 0) ∈ `∞w × `∞
for all j = 1, . . . , n, is

∂ny f(y, ϕ)[h(1), . . . , h(n)] :=
d

dt1

∣∣∣∣
t1=0

. . .
d

dtn

∣∣∣∣
tn=0

f

(
y +

n∑
j=1

tjh
(j), ϕ

)

=
∑

k1,...,kn∈N

n∏
j=1

h
(j)
kj

∂nf

∂yk1 . . . ∂ykn
(y, ϕ) ;

(1.11)

(b) the nth Gateaux derivative of f in the direction of h(1), . . . , h(n), with h(j) = (0, h(j)) ∈ `∞w × `∞
for all j = 1, . . . , n, is

∂nϕf(y, ϕ)[h(1), . . . , h(n)] :=
d

dt1

∣∣∣∣
t1=0

. . .
d

dtn

∣∣∣∣
tn=0

f

(
y, ϕ+

n∑
j=1

tjh
(j)

)

=
∑

k1,...,kn∈N

n∏
j=1

h
(j)
kj

∂nf

∂ϕk1 . . . ∂ϕkn
(y, ϕ) .

Proof. Formula (1.11) holds pointwise in (y, ϕ) for all monomials of the form f(y, ϕ) = yαeiν·ϕ, α ∈
N(N)

0 , ν ∈ Z(N) and both the series

∑
ν,α

fνα

(
y +

n∑
j=1

tjh
(j)

)α
eiνϕ

∑
ν,α

fνα
∑

k1,...,kn∈N
h

(1)
k1
αk1

n∏
j=2

h
(j)
kj

(
αkj −

j−1∑
`=1

δkjkj−`

)(
y +

n∑
j=1

tjh
(j)

)α−∑n
j=1 ekj

eiν·ϕ

converge for all (y, ϕ) ∈ Ur−ρ(`
∞
w ) × `∞ absolutely and uniformly in a neighbourhood of t1 = · · · =

tn = 0. More precisely, let ε1, . . . , εn > 0 be such that y +
∑n

j=1 tjh
(j) ∈ Ur−ρ(`

∞
w ) for all t1, . . . , tn

with |tj | ≤ εj . Then one has

sup
|tj |≤εj

∑
ν,α

∣∣∣∣fνα(y +
n∑
j=1

tjh
(j)

)α
eiνϕ

∣∣∣∣ ≤ sup
y∈Ur−ρ(`∞w )

∑
να

|fναyα| ≤ |f |r,s
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and

sup
|tj |≤εj

∑
ν,α

∣∣∣∣∣∣∣fνα
∑

k1,...,kn∈N
h

(1)
k1
αk1

n∏
j=2

h
(j)
kj

(
αkj −

j−1∑
`=1

δkjkj−`

)y +

n∑
j=1

tjh
(j)

α−
∑n
j=1 ekj

eiν·ϕ

∣∣∣∣∣∣∣
≤ sup

y∈Ur−ρ(`∞w )

∑
ν,α

|fνα|
∑

k1,...,kn∈N
|h(1)
k1
|αk1

n∏
j=2

|h(j)
kj
|

(
αkj −

j−1∑
`=1

δkjkj−`

)
y
α−

∑n
j=1 ekj

≤
n∏
j=1

|h(j)|`∞w sup
y∈Ur−ρ(`∞w )

∑
k1,...,kn∈N

n∏
j=1

w−1
kj

∑
ν,α

|fνα|αk1
n∏
j=2

(
αkj −

j−1∑
`=1

δkjkj−`

)
y
α−

∑n
j=1 ekj

≤
n∏
j=1

|h(j)|`∞w
∑

k1,...,kn∈N

n∏
j=1

w−1
kj

∣∣∣∣ ∂nf

∂yk1 . . . ∂ykn

∣∣∣∣
r−ρ,s

Lemma 1.2.13
≤

n∏
j=1

|h(j)|`∞w

(
r

r − ρ

)n nne−n
ρn
|f |r,s .

An analogous argument holds for the nth Gateaux derivative of f ∈ Ar,s in the direction of h(1), . . . , h(n),
with h(j) = (0, h(j)) ∈ `∞w × `∞ for all j = 1, . . . , n, that is

∂nϕf(y, ϕ)[h(1), . . . , h(n)] :=
d

dt1

∣∣∣∣
t1=0

. . .
d

dtn

∣∣∣∣
tn=0

f

(
y, ϕ+

n∑
j=1

tjh
(j)

)

=
∑

k1,...,kn∈N

n∏
j=1

h
(j)
kj

∂nf

∂ϕk1 . . . ∂ϕkn
(y, ϕ),

which proves the claim. �

Remark 1.2.15. The maps ∂ny f(y, ϕ) and ∂nϕf(y, ϕ) correspond with the restriction of the nth-differential
of f at (y, ϕ), namely dnf(y, ϕ), on the subspaces `∞w × {0} and {0} × `∞, respectively.

1.2.4 Pullback of functions by close to identity maps

We now define suitable norms that we shall use to provide estimates for the pullback of functions by
close to identity maps.

Definition 1.2.16. Given r, s > 0, we denote by A∞,wr,s the space of functions

N : Ur(`
∞
w )× `∞ → `∞w , N(y, ϕ) = (N (m)(y, ϕ))m∈N,

such that, for any m ∈ N, N (m) ∈ Ar,s, with

|N |∞,wr,s := sup
m∈N

wm|N (m)|r,s <∞.

Accordingly, A∞r,s denotes the space of functions

Ω : Ur(`
∞
w )× `∞ → `∞, Ω(y, ϕ) = (Ω(m)(y, ϕ))m∈N,

such that, for any m ∈ N, Ω(m) ∈ Ar,s, with

|Ω|∞r,s := sup
m∈N
|Ω(m)|r,s <∞.
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Remark 1.2.17. The spaces A∞,wr,s and A∞r,s are Banach spaces when endowed with the norms | · |∞,wr,s

and | · |∞r,s respectively.

Given r, s > 0, let Cr,s(A) be the affine space passing through the identity and directed by A∞,wr,s ×
A∞r,s, namely

Cr,s(A) :=
{

Φ : Ur(`
∞
w )× `∞ → `∞w × `∞ : Φ = id + (N,Ω) , N ∈ A∞,wr,s , Ω ∈ A∞r,s

}
.

For any ρ, σ > 0, let Cρ,σr,s (A) be the subset of those maps Φ = id + (N,Ω) ∈ Cr,s(A) such that

|N |∞,wr,s ≤ ρ and |Ω|∞r,s ≤ σ .

In this case, we say that Φ is close to identity. Accordingly, we denote by C(A) the space of functions

C(A) :=
⋃
r,s>0

Cr,s(A) .

Notation 1.2.18. In the following, given two functions

Φ : U → V , f : V → Z ,

we denote by Φ∗f the pullback of f by Φ, namely the function f ◦ Φ : U → Z.

Proposition 1.2.19 (Estimate on the pullback of functions). Given r0, s0 > 0, let ρ ∈ [0, r0) and σ ∈
[0, s0). Consider a function Ψ = id + (N,Ω) ∈ Cρ,σ/2r0−ρ,s0−σ(A). Then, for all r ∈ (ρ, r0], s ∈ (σ, s0],
and every f ∈ Ar,s, the pullback of f by Ψ belongs to Ar−ρ,s−σ with estimate

|Ψ∗f |r−ρ,s−σ ≤ 2|f |r,s.

Proof. Let r ∈ (ρ, r0], s ∈ (σ, s0], and f ∈ Ar,s. First, we formally manipulate the series

f(Ψ(y, ϕ)) =
∑
ν,α

fνα(y +N(y, ϕ))αeiν·(ϕ+Ω(y,ϕ)) (1.12)

with the aim of obtaining a representation of the form∑
λ,β

(f ◦Ψ)λβy
βeiλ·ϕ.

Given α ∈ N(N)
0 , let supp(α) denote the support of α. For all µ ∈ Z(N), ζ ∈ N(N)

0 , we denote by Λµ,ζ(α)
the set of lists of multi-indices (µ, ζ)α := ((µ(k,jk), ζ(k,jk))jk=1,...,αk)k∈supp(α) defined by

Λµ,ζ(α) :=

{
(µ, ζ)α :

∑
k∈supp(α)

αk∑
jk=1

µ(k,jk) = µ,
∑

k∈supp(α)

αk∑
jk=1

ζ(k,jk) = ζ

}
,

where, for any k ∈ supp(α) and any jk = 1, . . . , αk, µ(k,jk) ∈ Z(N) and ζ(k,jk) ∈ N(N)
0 . Let us define

aµζα :=
∑

(µ,ζ)α∈Λµ,ζ(α)

∏
k∈supp(α)

αk∏
jk=1

N̂
(k)

µ(k,jk)ζ(k,jk)
, where N̂(y, ϕ) := y +N(y, ϕ);

bµ′ζ′ν :=

(
δµ′,0δζ′,0 + iν · Ωµ′ζ′ +

1

2!
iν ·

∑
µ′′,ζ′′

Ωµ′′ζ′′ × iν ·
∑

µ′′′=µ′−µ′′
ζ′′′=ζ′−ζ′′

Ωµ′′′ζ′′′ + · · ·
)
.

(1.13)
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Then,

(1.12) =
∑
ν,α

fναe
iν·ϕ
(
y +

∑
µ,ζ

Nµζy
ζeiµ·ϕ

)α ∞∑
n=0

1

n!

(
iν ·

∑
µ′,ζ′

Ωµ′ζ′y
ζ′eiµ′·ϕ

)n
=
∑
ν,α

fνα
∑
µ,ζ

aµζα
∑
µ′,ζ′

bµ′ζ′νy
ζ+ζ′ei(ν+µ+µ′)·ϕ

=
∑
λ,β

( ∑
ν+µ+µ′=λ
ζ+ζ′=β

fναaµζαbµ′ζ′ν

)
yβeiλ·ϕ.

Now we perform estimates on the latter series.∑
λ,β

∣∣∣∣ ∑
ν+µ+µ′=λ
ζ+ζ′=β

fναaµζαbµ′ζ′ν

∣∣∣∣vβw,r−ρe(s−σ)|λ| ≤
∑
ν,µ,µ′

∑
ζ,ζ′

|fνα||aµζα||bµ′ζ′ν |vζ+ζ
′

w,r−ρe
(s−σ)|ν+µ+µ′|

≤
∑
ν,α

|fνα|e(s−σ)|ν|
∑
µ,ζ

|aµζα|vζw,r−ρe(s−σ)|µ|
∑
µ′,ζ′

|bµ′ζ′ν |vζ
′

w,r−ρe
(s−σ)|µ′|

(1.14)
By implementing again triangular inequalities and recalling (1.13) we obtain

(1.14) ≤
∑
ν,α

|fνα|e(s−σ)|ν|
∑
µ,ζ

∑
(µ,ζ)α∈Λµ,ζ(α)

∏
k∈supp(α)

αk∏
j=1

|N̂ (k)

µ(k,jk)ζ(k,jk)
|vζw,r−ρe(s−σ)|µ|

×
(

1 +

∣∣∣∣iν ·∑
µ′,ζ′

Ωµ′ζ′v
ζ′

w,r−ρe
(s−σ)|µ′|

∣∣∣∣
+

1

2!

∣∣∣∣iν · ∑
µ′′,ζ′′

Ωµ′′ζ′′v
ζ′′

w,r−ρe
(s−σ)|µ′′|iν ·

∑
µ′′′,ζ′′′

Ωµ′′′ζ′′′v
ζ′′′

w,r−ρe
(s−σ)|µ′′′|

∣∣∣∣+ . . .

)

≤
∑
να

|fνα|
(∑

µ,ζ

|N̂µζ |vζw,r−ρe(s−σ)|µ|
)α
e(s−σ)|ν|

∞∑
n=0

1

n!

∣∣∣∣iν ·∑
µ′ζ′

Ωµ′ζ′v
ζ′

w,r−ρe
(s−σ)|µ′|

∣∣∣∣n
≤
∑
να

|fνα|
(∑

µ,ζ

|N̂µζ |vζw,r−ρe(s−σ)|µ|
)α
e(s−σ)|ν|

∞∑
n=0

|ν|n

n!

(
sup
m∈N

∑
µ′ζ′

|Ω(m)
µ′ζ′ |v

ζ′

w,r−ρe
(s−σ)|µ′|

)n
≤
∑
να

|fνα|
(

(r − ρ+ |N |∞,wr−ρ,s−σ)vw,1

)α
e(s−σ)|ν|

∞∑
n=0

|ν|n

n!
(|Ω|∞r−ρ,s−σ)n

≤
∞∑
n=0

∑
να

|fνα||ν|nvαw,re(s−σ)|ν| 1

n!
(|Ω|∞r0−ρ,s0−σ)n. (1.15)

Therefore, by (1.10), we have

(1.15) ≤
∞∑
n=0

nne−n

σn
1

n!
(|Ω|∞r0−ρ,s0−σ)n|f |r,s ≤

∞∑
n=0

nne−n

n!

( |Ω|∞r0−ρ,s0−σ
σ

)n
|f |r,s

≤
∞∑
n=0

(
1

2

)n
|f |r,s = 2|f |r,s,

which ends the proof. �
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Now we prove a formula for the derivative of the pullback of functions by Φ = id + (N,Ω) ∈ C(A).
In order to do this we shall need to require a smallness condition on N to ensure that the image of Φ is
contained in the domain of real analyticity of the given function with respect to the y variable.

Proposition 1.2.20. Given r0, s0 > 0, let ρ ∈ [0, r0). Consider Φ = id + (N,Ω) ∈ Cr0,s0(A) such that
|N |∞,wr0,s0 < ρ. Let us denote by N̂ and Ω̂ the functions N̂(y, ϕ) = y+N(y, ϕ) and Ω̂(y, ϕ) = ϕ+Ω(y, ϕ).
Then, for all r ∈ (ρ, r0 + ρ], s > 0, and every f ∈ Ar,s, the pullback of f by Φ satisfies

(i)
∂Φ∗f

∂yk
(y, ϕ) =

∑
να

fνα
∂(N̂αeiν·Ω̂)

∂yk
(y, ϕ)

(ii)
∂Φ∗f

∂ϕk
(y, ϕ) =

∑
να

fνα
∂(N̂αeiν·Ω̂)

∂ϕk
(y, ϕ)

(1.16)

for all (y, ϕ) ∈ Ur−ρ(`
∞
w )× `∞.

Proof. Given r ∈ (ρ, r0 + ρ], s > 0, and f ∈ Ar,s, the series∑
να

fναN̂
αeiν·Ω̂

converges to Φ∗f . Now, given (y, ϕ) ∈ Ur−ρ(`
∞
w )× `∞, let ε > 0 be such that U ε,y(`

∞
w ) ⊂ Ur−ρ(`

∞
w ).

Let us show that the series in (1.16) are totally convergent in Uε,y(`
∞
w ) × `∞. Let r′ > 0 be such that

ρ < r′ < r, and Uε,y(`
∞
w ) ⊂ Ur′−ρ(`

∞
w ). Then we have

∑
να

|fνα| sup
(y,ϕ)∈Uε,y(`∞w )×`∞

∣∣∣∣∂(N̂αeiν·Ω̂)

∂yk
(y, ϕ)

∣∣∣∣ ≤∑
να

|fνα| sup
(y,ϕ)∈Ur′−ρ(`∞w )×`∞

∣∣∣∣∂(N̂αeiν·Ω̂)

∂yk
(y, ϕ)

∣∣∣∣ .
The right-hand side of the above inequality is bounded by

∑
να

|fνα| sup
(y,ϕ)∈Ur′−ρ(`∞w )×`∞

∑
m∈N

αm

∣∣∣∣∂N̂ (m)

∂yk
(y, ϕ)

∣∣∣∣|N̂(y, ϕ)|α−em

+
∑
να

|fνα| sup
(y,ϕ)∈Ur′−ρ(`∞w )×`∞

∑
m∈N
|νm|

∣∣∣∣∂Ω(m)

∂yk
(y, ϕ)

∣∣∣∣|N̂(y, ϕ)|α

≤
∑
να

|fνα|
∑
m∈N

(
αm

∣∣∣∣∂N̂ (m)

∂yk

∣∣∣∣
r′−ρ,s0

∏
`∈N
|N̂ (`)|α`−δ`mr−ρ,s0 + |νm|

∣∣∣∣∂Ω(m)

∂yk

∣∣∣∣
r′−ρ,s0

∏
`∈N
|N̂ (`)|α`r−ρ,s0

)
.

(1.17)
By Lemma 1.2.13, and by the fact that N ∈ A∞,wr0,s0 and Ω ∈ A∞r0,s0 , there exists a constant c such that

(1.17) ≤ c
(∑
να

|fνα||α|
∏
`∈N
|N̂ (`)|α`r−ρ,s0 +

∑
να

|fνα||ν|
∏
`∈N
|N̂ (`)|α`r−ρ,s0

)
≤ c
(∑

να

|fνα||α|
(

(r − ρ+ |N |∞,wr0,s0)vw,1

)α
+
∑
να

|fνα||ν|
(

(r − ρ+ |N |∞,wr0,s0)vw,1

)α)
.

Since |N |∞,wr0,s0 < ρ, we have that (r − ρ+ |N |∞,wr0,s0)/r < 1, and hence

c′ := sup
|α|
|α|
(
r − ρ+ |N |∞,wr0,s0

r

)|α|
<∞ .
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Therefore ∑
να

|fνα||α|
(

(r − ρ+ |N |∞,wr0,s0)vw,1

)α
≤ c′

∑
να

|fνα|vαw,r ≤ c′|f |r,s <∞ .

Moreover, for all σ ∈ (0, s), one has∑
να

|fνα||ν|
(

(r − ρ+ |N |∞,wr0,s0)vw,1

)α
≤
∑
να

|fνα||ν|vαw,re(s−σ)|ν|

≤
(

sup
|ν|
|ν|e−σ|ν|

)
|f |r,s <∞ ,

which gives formula (i) of (1.16). Analogous estimates allow to prove that formula (ii) of (1.16) holds
as well. �

Remark 1.2.21. For the sake of clarity, we now prove that functions belonging to either A∞,wr,s or A∞r,s
are majorant real analytic, meaning that, if one defines the majorant FM of a given F ∈ A∞,wr,s (A∞r,s) by
setting

FM (y, ϕ) = (F
(m)
M (y, ϕ))m∈N ,

then FM admits an extension to an analytic function on Ur(`
∞
w (C)) × `∞s (C) taking values in `∞w (C)

(`∞(C)). The proof relies on Theorem 1.2.24 and on the fact that the map `∞w (C) 3 (yj)j∈N 7→
(wjyj)j∈N ∈ `∞(C) is globally bi-analytic. As a consequence, it will turn out that any Φ ∈ C(A)
is analytic (being a sum of analytic functions).

Definition 1.2.22. Let X,Y be Banach spaces and U ⊆ X an open subset. A countable family of
functions (f (m))m∈I , f (m) : U → Y , where I is a countable set of indices, is uniformly bounded if
there exists C <∞ such that

sup
m∈I

sup
x∈U
|f (m)(x)|Y ≤ C.

Remark 1.2.23. Let F ∈ A∞,wr,s , F (y, ϕ) = (F (m)(y, ϕ))m∈N. For any m ∈ N, consider the com-
plex extension F (m)

M,C of F (m)
M on the complex domain Ur(`

∞
w (C)) × `∞s (C) as in Remark 1.2.5. Then

(f (m))m∈N, where
f (m) : U → C , f (m) := wmF

(m)
M,C ∀m ∈ N ,

and U denotes the open subset Ur(`
∞
w (C)) × `∞s (C) of the complex Banach space `∞w (C) × `∞(C),

defines a uniformly bounded family of analytic functions.

Theorem 1.2.24. Let X be a complex Banach space and U ⊆ X an open subset. Let (f (m))m∈I be a
uniformly bounded countable family of analytic functions f (m) : U → C. Then, the function f defined
by f(x) := (f (m)(x))m∈I defines an analytic function

f : U → `∞(I,C) .

Proof. For any n ∈ N, let LnS(X, `∞(C)) denote the space of all bounded n-linear symmetric maps from
Xn, i.e., the direct product of n copies of X , taking values in `∞(C), and let us define the map

dnf : U → LnS(X, `∞(C)), x 7→ dnf(x) := (dnf (m)(x))m∈I ,

where, for any m ∈ I , dnf (m) denotes the nth-differential of f (m). Namely, for any n ∈ N and for all
(h(j))nj=1 ∈ Xn and all x ∈ U ,

dnf(x)[h(1), . . . , h(n)] = (dnf (m)(x)[h(1), . . . , h(n)])m∈I .
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Note that, for all x ∈ U , by the n-linearity and the symmetry property of each dnf (m)(x), dnf(x) is
indeed an n-linear and symmetric map. Moreover, given x ∈ U and h(1), . . . , h(n) ∈ X , let r > 0
be such that U r,x(X) ⊂ U and let (ρj)

n
j=1 be a list of real numbers such that, for all j ∈ {1, . . . , n},

0 < ρj < r/(n|h(j)|X). Then, for all m ∈ I , since each f (m) is analytic (and hence weak-analytic), by
the Cauchy’s integral formula applied to the complex valued functions of n complex variables

n∏
j=1

Ur/(n|h(j)|X) 3 (z1, . . . , zn) 7→ f (m)

x+

n∑
j=1

ξjh
(j)

 ∈ C,

we have

dnf (m)(x)[h(1), . . . , h(n)] =
1

(2πi)n

ˆ
|ξ1|=ρ1

. . .

ˆ
|ξn|=ρn

f (m)(x+
∑n

j=1 ξjh
(j))∏n

j=1 ξ
2
j

dξ1 . . . dξn,

and the integrals do not depend on (ρj)
n
j=1 as long as, ∀j = 1, . . . , n, 0 < ρj < r/(n|h(j)|X). Therefore,

one immediately has the estimate

|dnf (m)(x)[h(1), . . . , h(n)]| ≤ C
n∏
j=1

1

2π

ˆ
|ξj |=ρj

|dξj |
|ξj |2

= C
n∏
j=1

1

ρj
,

whereC := supm∈I supx∈U |f (m)(x)|, from which, by taking the limits ρj → r/(n|h(j)|X), one derives
the boundedness of dnf(x), namely,

|dnf(x)[h(1), . . . , h(n)]|`∞(C) ≤ C
nn

rn

n∏
j=1

|h(j)|X .

Now we show that, for all n ∈ N, dnf is indeed the nth-differential of f . Of course, we set d0f := f .
Now, given x ∈ U and (h(j))nj=1 ∈ Xn, let r and (ρj)

n
j=1 be as before. Then, one has

dn−1f (m)(x+ h(n))[h(1), . . . , h(n−1)]

=
1

(2πi)n−1

ˆ
|ξ1|=ρ1

. . .

ˆ
|ξn−1|=ρn−1

f (m)(x+
∑n−1

j=1 ξjh
(j) + h(n))∏n−1

j=1 ξ
2
j

dξ1 . . . dξn−1.
(1.18)

By implementing again Cauchy’s integral formula applied to the analytic function

Ur/(n|h(n)|X) 3 z 7→ f (m)

x+
n−1∑
j=1

ξjh
(j) + zh(n)

 ∈ C,

one gets

(1.18) =
1

(2πi)n

ˆ
|ξ1|=ρ1

. . .

ˆ
|ξn|=ρn

f (m)(x+
∑n

j=1 ξjh
(j))∏n−1

j=1 ξ
2
j (ξn − 1)

dξ1 . . . dξn.

Furthermore, the expansion
1

ξn − 1
=

1

ξn
+

1

ξ2
n

+
1

ξ2
n(ξn − 1)

,

and further applications of Cauchy’s integral formula, yield

(1.18) = dn−1f (m)(x)[h(1), . . . , h(n−1)] + dnf (m)(x)[h(1), . . . , h(n)]

+
1

(2πi)n

ˆ
|ξ1|=ρ1

. . .

ˆ
|ξn|=ρn

f (m)(x+
∑n

j=1 ξjh
(j))∏n

j=1 ξ
2
j (ξn − 1)

dξ1 . . . dξn.



Section 1.2. Functional Setting and Preliminaries 37

Therefore, ∣∣∣(dn−1
x+h(n)

f (m) − dn−1f (m)(x))[h(1), . . . , h(n−1)]− dnf (m)(x)[h(1), . . . , h(n)]
∣∣∣

≤ C 1

ρn(ρn − 1)

n−1∏
j=1

1

ρj
,

from which, by taking the limits ρj → r/(n|h(j)|X) one gets

sup
h(1),...,h(n−1)∈U1(X)

|(dn−1f(x+ h(n))− dn−1f(x))[h(1), . . . , h(n−1)]− dnf(x)[h(1), . . . , h(n)]|`∞(C)

≤ Cn
n

rn
|h(n)|2X

(r/n− 1)
= o(|h(n)|X).

We conclude the proof by showing that, for any x ∈ U , there exists r0 > 0 such that the Taylor
series

∞∑
n=0

1

n!
dnf(x)[h, . . . , h]

converges to f(x+ h) uniformly for h ∈ Ur0(X). The thesis follows by Pöschel-Trubowitz, Appendix
A, Theorem 1. First of all, let r > 0 be such that U r,x(X) ⊂ U , h ∈ X , and take any ρ ∈ (1, r/|h|X).
Then, Cauchy’s integral formula gives

dnf (m)(x)[h, . . . , h] =
n!

2πi

ˆ
|ξ|=ρ

f (m)(x+ ξh)

ξn+1
dξ.

This formula, together with the expansion

1

(ξ − 1)
=

N∑
n=0

1

ξn+1
+

1

ξN+1(ξ − 1)
,

yields

f (m)(x+ h)−
N∑
n=0

1

n!
dnf (m)(x)[h, . . . , h] =

1

2πi

ˆ
|ξ|=ρ

f (m)(x+ ξh)

ξN+1(ξ − 1)
dξ.

Therefore, ∣∣∣∣∣f(x+ h)−
N∑
n=0

1

n!
dnf(x)[h, . . . , h]

∣∣∣∣∣
`∞(C)

(1.19)

is bounded by

C
|h|N+1

X

rN (r − |h|X)
.

From this estimate, we conclude that
lim
N→∞

(1.19) = 0

uniformly for h ∈ Ur0(X), for any r0 < r. �

Remark 1.2.25. Note that the proof of Theorem 1.2.24 implies that, for all r, s > 0 and for all n ∈ N,
the nth differential of any F belonging to either A∞,wr,s or A∞r,s, at (y, ϕ) ∈ Ur(`

∞
w )× `∞, is given by

dnF (y, ϕ)[h(1), . . . , h(n)] = (dnF (m)(y, ϕ)[h(1), . . . , h(n)])m∈N.

Analogous relations hold for ∂nyF and ∂nϕF .
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1.2.5 Changes of coordinates

As announced in the introduction to the chapter, in the next section we shall prove a theorem about
foliations. It follows that we need to introduce the notion of change of coordinates.

Definition 1.2.26 (Changes of coordinates). A function Φ ∈ Cr0,s0(A) is a change of coordinates if there
exist ρ ∈ [0, r0/2) and σ ∈ [0, s0/2) such that:

(a) for all r ≤ r0,
Φ : Ur(`

∞
w )× `∞ → Ur+ρ(`

∞
w )× `∞

with the property that, for all r ∈ (ρ, r0 + ρ], s ∈ (σ, s0 + σ], and every f ∈ Ar,s, the pullback
Φ∗f belongs to Ar−ρ,s−σ with

|Φ∗|ρ,σr,s := sup
f 6=0

|Φ∗f |r−ρ,s−σ
|f |r,s

<∞;

(b) there exists Ψ ∈ Cr0−ρ,s0−σ(A) such that, for all r ≤ r0 − ρ,

Ψ : Ur(`
∞
w )× `∞ → Ur+ρ(`

∞
w )× `∞

and, for all r ∈ (ρ, r0], s ∈ (σ, s0], and every f ∈ Ar,s, Ψ∗f ∈ Ar−ρ,s−σ with

|Ψ∗|ρ,σr,s := sup
f 6=0

|Ψ∗f |r−ρ,s−σ
|f |r,s

<∞,

which is the inverse of Φ in the following sense:

Φ ◦Ψ = idUr(`∞w )×`∞ , ∀r ≤ r0 − ρ, Ψ ◦ Φ = idUr(`∞w )×`∞ , ∀r ≤ r0 − 2ρ.

Note that, given r0, s0 > 0, ρ ∈ [0, r0) and σ ∈ [0, s0), any invertible map Φ ∈ Cρ,σ/2r0,s0 (A) with
inverse Ψ ∈ Cρ,σ/2r0−ρ,s0−σ(A) is a (close to identity) change of coordinates, as follows by Proposition
1.2.19.

Remark 1.2.27. Any change of coordinates Φ is a bi-analytic diffeomorphism because, in particular,
both Φ and its inverse Ψ belong to C(A). Hence, by Remark 1.2.21, Φ is an analytic map with an
analytic inverse.

Note that, given r0 > 0 and ρ ∈ [0, r0), any map

Φ : Ur0(`∞w )× `∞ → `∞w × `∞, Φ = id + (N,Ω),

satisfying condition (a) of the above definition is such that N ∈ A∞,wr0−ρ,s0−σ. Indeed, one has the bound:

sup
k∈N

wk|N (k)|r0−ρ,s0−σ = sup
k∈N

wk|Φ∗yk − id∗yk|r0−ρ,s0−σ

≤ r0 sup
k∈N

|Φ∗yk|r0−ρ,s0−σ
wkr0

+ r0 − ρ

= r0

(
1 + sup

k∈N

|Φ∗yk|r0−ρ,s0−σ
|yk|r0,s0

)
− ρ

≤ r0(1 + |Φ∗|ρ,σr0,s0)− ρ.
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The same argument does not apply to Ω because the maps (y, ϕ) 7→ ϕk, k ∈ N, are not periodic
and, hence, do not belong to the class A. One is tempted to follow the same reasoning using the family
of functions (y, ϕ) 7→ eiϕk , k ∈ N, and subsequently attempt to provide an estimate for the logarithm.
It can be shown that this approach works if Ω depends only on finitely many angles; however, we are
neither able to extend the result to the general case nor to provide a counterexample. For this reason, we
decided to consider the condition Ω ∈ A∞r0−ρ,s0−σ as an assumption.

1.3 Robustness of Foliations by Infinite Tori

In this section, we prove the main theorem of the chapter, which asserts the robustness of foliations
by infinite tori under real analytic perturbations. The result is established for an open neighborhood of
{0}×T∞ within the Banach manifold `∞w ×T∞. Before stating the theorem, let us introduce a notation.

Notation 1.3.1. Given P ∈ A∞,wr,s , we denote by ΓP the map

ΓP : Ur(`
∞
w )× T∞ → `∞w , ΓP (y, π∞(ϕ)) = y + P (y, ϕ), ∀y ∈ Ur(`

∞
w ), ϕ ∈ `∞.

Accordingly, Γ0 denotes the projection onto the first factor.

Our goal is to show that if P is sufficiently small, namely if ΓP is a perturbation of the projection
onto the first factor, then its level sets are infinite tori and give rise to a foliation of a neighborhood of
{0} × T∞. More precisely, we have the following:

Theorem 1.3.2 (Foliation by infinite tori). Given r0 > 0, if P ∈ Ur0/6(A∞,wr0,s0) for some s0 > 0, then
for all r ≤ r0 − 3|P |∞,wr0,s0 one has that:

(a) for all γ ∈ Ur(`
∞
w ), the level set Γ−1

P (γ) is the graph of a majorant analytic function from T∞ to
`∞w and hence it is analytically diffeomorphic to T∞;

(b) N0 := Γ−1
P (Ur(`

∞
w )) is a neighborhood of {0} × T∞, and there is a bi-analytic map χ such that

the following diagram commutes:

N0 Ur(`
∞
w )× T∞

Ur(`
∞
w )

ΓP

χ

Γ0

Remark 1.3.3. It is worth noting that Theorem 1.3.2 extends to a broader class of maps of the form

Γ(y, ϕ) = f(y) + P (y, ϕ),

provided that f is analytic and possesses an invertible differential. In fact, by performing a local Taylor
expansion of f around a point y0, the map Γ can be recast as f(y0)+df(y0)[y−y0]+O(‖y−y0‖2`∞w )+

P (y, ϕ). Therefore, the statement still holds provided one sets γ̃ = y0+df(y0)−1[γ−f(y0)] and requires
the smallness condition on the redefined perturbation P̃ (y, ϕ) = df(y0)−1(O(‖y − y0‖2`∞w ) + P (y, ϕ)).

Remark 1.3.4. A less quantitative version of Theorem 1.3.2 (with no explicit upper bound on r) would
have a simpler proof based on the implicit function theorem in the analytic Banach manifolds setting.
Nevertheless, this quantitative version requires the more delicate analysis.
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The approach for proving Theorem 1.3.2 has already been outlined in the introduction to this chapter.
However, since we prefer to work with functions defined on the universal cover of T∞, we need to
provide a more detailed explanation of the strategy.

Definition 1.3.5. We denote by q the projection q : `∞w × `∞ → `∞w × T∞ defined by

q(y, ϕ) = (y, π∞(ϕ)).

Definition 1.3.6. Given a function Φ : Ur(`
∞
w ) × `∞ → `∞w × `∞ such that Φ − id is 2π-periodic in

each ϕk-variable, we denote by Φ̃ the map that makes the following diagram commute:

Ur(`
∞
w )× `∞ `∞w × `∞

Ur(`
∞
w )× T∞ `∞w × T∞

Φ

q q

Φ̃

Remark 1.3.7. If Φ is a change of coordinates with inverse Ψ, then Φ̃ is a bi-analytic diffeomorphism
with inverse Ψ̃. This follows from the fact that, if Φ has inverse Ψ, then Φ̃ is also invertible with inverse
Ψ̃; moreover, any change of coordinates is a bi-analytic diffeomorphism (see Remark 1.2.27), and π∞ is
analytic.

Notation 1.3.8. Given G ∈ A∞,wr,s , we denote by ΦG the map

ΦG(y, ϕ) = (y +G(y, ϕ), ϕ), ∀y ∈ Ur(`
∞
w ), ϕ ∈ `∞.

Clearly, ΦG ∈ Cr,s(A).

The procedure for proving Theorem 1.3.2 can be summarized as follows:

• In Corollary 1.3.11, we show that if the perturbation P satisfies a suitable smallness condition such
as the one in Theorem 1.3.2, there exists r > 0 and a family of multi-periodic, majorant analytic
maps (A(γ, ·) : `∞ → `∞w )γ∈Ur(`∞w ) such that, for any γ ∈ Ur(`

∞
w ), the level set associated with

the value γ of the function

Ur0(`∞w )× `∞ 3 (y, ϕ) 7→ y + P (y, ϕ) ∈ `∞w

is the graph of the majorant analytic function `∞ 3 ϕ 7→ γ − A(γ, ϕ) ∈ Ur0(`∞w ). Clearly, the
functions A(γ, ·) must satisfy the condition

A(γ, ϕ) = P (γ −A(γ, ϕ), ϕ), for all γ ∈ Ur(`
∞
w ), ϕ ∈ `∞.

It is then clear that a good strategy consists in formalizing our question as a fixed point problem
for the nonlinear operator G 7→ Φ∗GP acting on a closed ball of the Banach space A∞,wr,s0 , where
Φ∗GP (y, ϕ) := (Φ∗GP

(m)(y, ϕ))m∈N. In order to show that the operator Φ∗(·)P acts as a contraction,
we show that it is differentiable in the sense of Fréchet and provide a suitable estimate for the
differential. These technical results are proved in Proposition 1.3.9 and Lemma 1.3.10. Therefore,
Corollary 1.3.11 follows directly from Lemma 1.3.10. This proves claim (a) of Theorem 1.3.2.

• Note that the function

Ur(`
∞
w )× T∞ 3 π∞(ϕ) 7→ γ −A(γ, ϕ) ∈ `∞w
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depends analytically on γ because A is the fixed point of a contraction acting on a closed ball of
a Banach space of analytic functions. Thus, one expects that the level sets (Γ−1

P (γ))γ form an
analytic foliation by maximal tori for all γ ∈ Ur(`

∞
w ). We prove that this intuition is correct in the

following way: first, in Theorem 1.3.12, we show that ΦP is a (close to identity) change of coordi-
nates with inverse Φ−A such that Φ−A(Ur(`

∞
w )× `∞) is a neighborhood of {0} × `∞. Following

Remark 1.3.7, it follows that Φ̃P is a bi-analytic diffeomorphism from an open neighborhood of
{0} × T∞ onto its image, with inverse Φ̃−A. Combining these results, we can provide the proof
of Theorem 1.3.2.

Given r, s > 0, let F ∈ A∞,wr,s and consider the action of the nonlinear operator

F : G 7→ Φ∗GF

on the open ball of radius ρ < r about the origin of the space of analytic functions A∞,wr−ρ,s. Note that the
action is well defined because

sup
m∈N

wm sup
Ur−ρ(`∞w )×`∞

|ym +G(m)(y, ϕ)| ≤ r − ρ+ |G|∞r−ρ,s < r,

i.e., the image of Ur−ρ(`
∞
w ) × `∞ under the action of ΦG is contained in the domain of F . Let us start

by investigating the differentiability properties of this action.

Proposition 1.3.9. Given r, s > 0, let F ∈ A∞,wr,s . Then, for any ρ ∈ (0, r), the map

F : Uρ(A∞,wr−ρ,s) 3 G 7→ Φ∗GF ∈ A
∞,w
r−ρ,s

is Fréchet differentiable. Moreover, the following estimate holds:

|dF (G)|op ≤
r

r − ρG
2

eρG
|F |∞,wr,s , (1.20)

where ρG := min{ρ− |G|∞,wr−ρ,s, r/2}.

Proof. Let us show that the Fréchet differential dF (G) of F at G ∈ Uρ(A∞,wr−ρ,s) is the linear map that
associates to each H ∈ A∞,wr−ρ,s the function in A∞,wr−ρ,s given by

(Φ∗G ∂yF )[H] : (y, ϕ) 7→ ∂yF (y +G(y, ϕ), ϕ)[H(y, ϕ)].

Let H ∈ A∞,wr−ρ,s be such that G + H ∈ Uρ(A∞,wr−ρ,s). We must provide a suitable estimate for the
following quantity:

|F (G+H)−F (G)− (Φ∗G ∂yF )[H] |∞,wr−ρ,s. (1.21)

Note that, for |t| ≤ 1, the equality

(F (m)(G+ tH))(y, ϕ)− (F (m)(G))(y, ϕ)− t∂yF (m)(y +G(y, ϕ), ϕ)[H(y, ϕ)]

=
∑
ν,α

F (m)
να

(
(y +G(y, ϕ) + tH(y, ϕ))α − (y +G(y, ϕ))α

− t
∑
k∈N

H(k)(y, ϕ)αk(y +G(y, ϕ))α−ek
)
eiν·ϕ

holds pointwise for all (y, ϕ) ∈ Ur−ρ(`
∞
w )× `∞. Defining the analytic function

gα : t 7→ gα(t) := (y +G(y, ϕ) + tH(y, ϕ))α,
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one can write the above formula as∑
ν,α

F (m)
να

(ˆ t

0
g′′α(τ)(t− τ)dτ

)
eiν·ϕ,

which is equivalent to

∑
ν,α

F (m)
να

ˆ t

0

∑
k1,k2∈N

(H(k1)H(k2))(y, ϕ)
∂2yα

∂yk1∂yk2
◦ ΦG+τH(y, ϕ)(t− τ)dτ

 eiν·ϕ,

where, by abuse of notation, yα denotes the majorant analytic function (y, ϕ) 7→ yα. By Proposition
1.2.6 and the triangle inequality, the | · |r−ρ,s norm of the above expression is bounded by

(|H|∞,wr−ρ,s)
2
∑
ν,α

|F (m)
να |

ˆ t

0

∑
k1,k2∈N

w−1
k1
w−1
k2

∣∣∣∣ ∂2yα

∂yk1∂yk2
◦ ΦG+τH

∣∣∣∣
r−ρ,s

(t− τ)dτ

 es|ν|. (1.22)

Evaluating at t = 1, Proposition 1.2.19 yields

(1.22) ≤ 2(|H|∞,wr−ρ,s)
2
∑
ν,α

|F (m)
να |

ˆ 1

0

∑
k1,k2∈N

w−1
k1
w−1
k2

∣∣∣∣ ∂2yα

∂yk1∂yk2

∣∣∣∣
r−ρ′,s

(1− τ)dτ

 es|ν|,

for any ρ′ such that 0 < ρ′ ≤ ρ− |G|∞,wr−ρ,s− |H|
∞,w
r−ρ,s. Furthermore, by Lemma 1.2.13, one can estimate

the above expression by (
r

r − ρ′

)2 4e−2

(ρ′)2
(|H|∞,wr−ρ,s)

2|F (m)|r,s.

Hence,

(|H|∞,wr−ρ,s)
−1 × (1.21) ≤

((
r

r − ρ′

)2 4e−2

(ρ′)2
|F |∞,wr,s

)
|H|∞,wr−ρ,s,

which tends to 0 as |H|∞,wr−ρ,s → 0.
It remains to show that A∞,wr−ρ,s 3 H 7→ (Φ∗G ∂yF )[H] ∈ A∞,wr−ρ,s is a bounded operator. Proposition

1.2.6 and the triangle inequality imply:

| (Φ∗G ∂yF )[H] |∞,wr−ρ,s ≤ sup
m∈N

∑
k∈N
|H(k)|r−ρ,s

∣∣∣∣∣∂F (m)

∂yk
◦ ΦG

∣∣∣∣∣
r−ρ,s

≤ |H|∞,wr−ρ,s sup
m∈N

∑
k∈N

w−1
k

∣∣∣∣∣∂F (m)

∂yk
◦ ΦG

∣∣∣∣∣
r−ρ,s

.

(1.23)

Invoking again Proposition 1.2.19 and Lemma 1.2.13, we obtain:

(1.23) ≤ 2|H|∞,wr−ρ,s sup
m∈N

∑
k∈N

w−1
k

∣∣∣∣∣∂F (m)

∂yk

∣∣∣∣∣
r−ρ′,s

≤ 2|H|∞,wr−ρ,s
r

r − ρ′
1

eρ′
|F |∞,wr,s ,

where 0 < ρ′ ≤ ρ− |G|∞,wr−ρ,s. The function

(0, r) 3 ρ′ 7→ 1

(r − ρ′)ρ′
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is strictly convex and attains its minimum at ρ′ = r/2. Hence, F is Fréchet differentiable and its
differential satisfies:

|dF (G)|op = sup
H∈U 1

| (Φ∗G ∂yF )[H] |∞,wr−ρ,s ≤
r

r − ρG
2

eρG
|F |∞,wr,s ,

where ρG := min{ρ− |G|∞,wr−ρ,s, r/2}. This concludes the proof. �

Lemma 1.3.10 (First Fixed Point Lemma). Given r, s > 0, let F ∈ Ur/4(A∞,wr,s ) and define ρ :=
3|F |∞,wr,s . Consider the map

F : U 2ρ/3(A∞,wr−ρ,s) 3 G 7→ Φ∗GF ∈ A
∞,w
r−ρ,s

with ΦG as in 1.3.8. Then, there exists a unique Ĝ ∈ U 2ρ/3(A∞,wr−ρ,s) such that

Ĝ = Φ∗
Ĝ
F.

Proof. The strategy is the following: first, we show that

sup
G∈U 2ρ/3(A∞,wr−ρ,s)

|Φ∗GF |
∞,w
r−ρ,s ≤ 2ρ/3 ;

then, we prove that F acts as a contraction on U 2ρ/3(A∞,wr−ρ,s) and the thesis will follow by Remark
1.2.17 and by the fact that U 2ρ/3(A∞,wr−ρ,s) ⊂ A

∞,w
r−ρ,s is closed.

The first point follows as an immediate consequence of Proposition 1.2.19 by setting, with the same
notations of Proposition 1.2.19, Ψ = ΦG , i.e., N = G , Ω ≡ 0 . Indeed,

|G|∞,wr−ρ,s ≤ 2ρ/3 ≤ ρ.

Then, for all G ∈ U 2ρ/3(A∞,wr−ρ,s), the sequence (Gn)n∈N defined by

Gn+1 := F (Gn), G1 := G (1.24)

is contained in U 2ρ/3(A∞,wr−ρ,s).
Since F is Fréchet differentiable3 (see Proposition 1.3.9), if we show that its Fréchet differential dF

satisfies
sup

G∈U 2ρ/3(A∞,wr−ρ,s)

|dF (G)|op ≤ K < 1,

by Lagrange’s inequality, one has

|F (G)−F (G′)|∞,wr−ρ,s ≤ sup
G∈U 2ρ/3(A∞,wr−ρ,s)

|dF (G)|op|G−G′|∞,wr−ρ,s ≤ K|G−G′|
∞,w
r−ρ,s.

Namely, F would turn out to be a contraction with a Lipschitz constant equal toK < 1. We make use of
(1.20) for obtaining a uniform bound for the operator norm of the Fréchet differential of F . First, note
that

min
G∈U 2ρ/3(A∞,wr−ρ,s)

ρG = min{ρ/3, r/2} = ρ/3.

3Actually, Gateaux differentiability would have been sufficient for our purposes.
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Then, (1.20) gives

sup
G∈U 2ρ/3(A∞,wr−ρ,s)

|dF (G)|op ≤
2

e

r

r − ρ/3
3|F |∞,wr,s

ρ
=

2

e

r

r − ρ/3
<

8

3e
< 1.

Therefore, there exists Ĝ ∈ U 2ρ/3(A∞,wr−ρ,s) such that, for all G ∈ U 2ρ/3(A∞,wr−ρ,s), the sequence
(Gn)n∈N defined in (1.24) satisfies

lim
n→∞

|Gn − Ĝ|∞,wr−ρ,s = 0.

Of course, Ĝ satisfies Ĝ = Φ∗
Ĝ
F . �

Let us address the claim (a) of Theorem 1.3.2. Namely, we prove the following proposition, which
is of interest in its own right.

Corollary 1.3.11 (Level sets as graphs). Given r, s > 0, let P ∈ Ur/4(A∞,wr,s ) and consider

ΓP : Ur(`
∞
w )× T∞ → `∞w , ΓP (y, π∞(ϕ)) := y + P (y, ϕ) .

Then, there exists a unique A ∈ A∞,wr−ρ,s , where ρ := 3|P |∞,wr,s such that, ∀γ ∈ Ur−ρ(`
∞
w ) ,

ΓP (γ −A(γ, ϕ), π∞(ϕ)) = γ , ∀ϕ ∈ `∞. (1.25)

Proof. Parametrizing y as y = γ −A(γ, ϕ), with A ∈ U2ρ/3(A∞,wr−ρ,s) , one has the following:

ΓP (γ −A(γ, ϕ), π∞(ϕ)) = γ −A(γ, ϕ) + P (γ −A(γ, ϕ), ϕ), ∀γ ∈ Ur−ρ(`
∞
w ) ,

which, when substituted into equation (1.25), gives

A(γ, ϕ) = P (γ −A(γ, ϕ), ϕ).

The claim follows by Lemma 1.3.10, by setting F = −P and Ĝ = −A . �

Let us show that a function ΓP : Ur(`
∞
w ) × T∞ → `∞w as the one in the above theorem induces a

change of coordinates. More precisely, we have the following

Theorem 1.3.12. Given r0, s0 > 0 , if |P |∞,wr0,s0 < r0/6 , the map

ΦP : Ur0(`∞w )× `∞ → `∞w × `∞, (y, ϕ) 7→ (y + P (y, ϕ), ϕ),

is a change of coordinates, with ρ = 3|P |∞,wr0,s0 , σ = 0 , and inverse given by

Φ−A : Ur0−ρ(`
∞
w )× `∞ → `∞w × `∞, (y, ϕ) 7→ (y −A(y, ϕ), ϕ),

where A ∈ U 2ρ/3(A∞,wr0−ρ,s0) is defined by (Φ−A)∗P = A . Moreover, Φ−A(Ur0−ρ(`
∞
w )× `∞) is an

open neighborhood of {0} × `∞ .

Proof. Since for all r ≤ r0 and s ≤ s0 , |P |∞,wr,s ≤ |P |∞,wr0,s0 ≤ ρ/3 , one has |y + P |∞,wr,s ≤ r+ ρ/3 ≤
r + ρ . Then

ΦP : Ur(`
∞
w )× `∞ → Ur+ρ × `∞ , for all 0 < r ≤ r0 .

Moreover, by Proposition 1.2.19 with N = P and Ω = 0 , for all r ∈ (ρ, r0 + ρ] , s ∈ (0, s0] , and
every f ∈ Ar,s

|Φ∗P f |r−ρ,s ≤ 2|f |r,s.
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Note that, by Lemma 1.3.10, A is well defined and satisfies |A|∞,wr0−ρ,s0 ≤ 2ρ/3. Let us prove that Φ−A
satisfies all the properties stated in (b) of Definition 1.2.26. Since for all r ≤ r0 − ρ and s ≤ s0 ,
|y −A|∞,wr,s ≤ r + 2ρ/3 ≤ r + ρ , one has

Φ−A : Ur(`
∞
w )× `∞ → Ur+ρ × `∞ .

Proposition 1.2.19, with N = −A and Ω = 0 gives that, for all r ∈ (ρ, r0] , s ∈ (0, s0] , and every
f ∈ Ar,s

|(Φ−A)∗f |r−ρ,s ≤ 2|f |r,s.

The fact that Φ−A is the inverse of ΦP follows from Lemma 1.3.10. The further condition |P |∞,wr0,s0 <
r0/6 ensures that the left inverse is also well defined. To conclude, note that, given a change of coordi-
nates Φ ∈ Cr0,s0(A) with inverse Ψ ∈ Cr0−ρ,s0−σ(A), one has that

{0} × `∞ ⊂ Ur0−2ρ(`
∞
w )× `∞ = Ψ ◦ Φ(Ur0−2ρ(`

∞
w )× `∞) ⊂ Ψ(Ur0−ρ × `∞) . (1.26)

The last inclusion follows because Φ : Ur(`
∞
w )× `∞ → Ur+ρ(`

∞
w )× `∞ for all r ≤ r0 . �

The preceding results provide sufficient information to establish the main theorem.

Proof of Theorem 1.3.2. Let us prove that, given r0, s0 > 0 , for all P ∈ Ur0/6(A∞,wr0,s0) , claims (a) and
(b) of Theorem 1.3.2 hold for all r ≤ r0− 3|P |∞,wr0,s0 . The first point was proved in Corollary 1.3.11. To
prove that N0 := Γ−1

P (Ur(`
∞
w )) is a neighborhood of {0} × T∞ , it is sufficient to note that

Γ−1
P (Ur(`

∞
w )) = q ◦ Φ−A(Ur(`

∞
w )× `∞) .

Indeed, by Theorem 1.3.12, Φ−A(Ur(`
∞
w )× `∞) is an open neighborhood of {0}× `∞ , and the image

of a neighborhood of {0} × `∞ under the action of q is a neighborhood of {0} × T∞ . Finally,
the diffeomorphism χ that makes the diagram in (b) of Theorem 1.3.2 commute is the one defined by
χ ◦ q = q ◦ ΦP , namely χ = Φ̃P (see Remark 1.3.7). �

Theorem 1.3.2 provides the essential geometric framework for extending the Liouville-Arnold theo-
rem to an infinite-dimensional setting by interpreting ΓP as a momentum map. Nevertheless, a funda-
mental distinction from Arnold’s original derivation (see, e.g., [Arn89]) lies in the characterization of the
level sets of the momentum map: while the classical (finite-dimensional) approach recovers the tori as a
quotient of the group action defined by the joint flow (an algebraic-geometric construction) with respect
to the stabilizer, our method is fundamentally analytic, describing the tori as graphs of majorant func-
tions. It should be noted, however, that this result is perturbative in nature, as it requires the momentum
map to be a small perturbation of the projection onto the first factor, thus restricting the class of systems
to which it applies. A primary focus of the next chapter is the construction of an infinite-dimensional
version of action-angle coordinates adapted to a foliation by tori, such as the one investigated in this
chapter.





Chapter 2

Local Liouville-Arnold Theorem
in Infinite Dimension

2.1 Puroposes, General Strategy and Formal Framework

As established in the previous chapter, more precisely, in Theorem 1.3.2, the level sets of an analytic
map from an open neighbourhood of {0} × T∞ to `∞w , that is sufficiently close to the projection onto
the first factor, are analytically diffeomorphic to T∞ and form an analytic foliation. Let us recall the
precise statement. Let ΓP denote the map ΓP : Ur0(`∞w )× T∞ → `∞w defined by

ΓP (y, π∞(ϕ)) = y + P (y, ϕ) , P ∈ A∞r0,s0

for all y ∈ Ur0(`∞w ) , ϕ ∈ `∞ . Accordingly, Γ0 denotes the projection onto the first factor. Then,
Theorem 1.3.2 asserts that

Given r0 > 0 , if P ∈ Ur0/6(A∞,wr0,s0) , for some s0 > 0 , then for all r ≤ r0 − 3|P |∞,wr0,s0 one has that:
- for all γ ∈ Ur(`

∞
w ) , the level set Γ−1

P (γ) is the graph of a majorant analytic function from T∞ to
`∞w and hence it is analytically diffeomorphic to T∞ ;
- N0 := Γ−1

P (Ur(`
∞
w )) is a neighbourhood of {0} × T∞ , and there is a bi-analytic map χ such that

the following diagram commutes

N0 Ur(`
∞
w )× T∞

Ur(`
∞
w )

ΓP

χ

Γ0

More precisely, the bi-analytic map χ is defined by the relation χ(y, π∞(ϕ)) = ΦP (y, ϕ) for all (y, ϕ) ∈
Ur0(`∞w )× `∞, where ΦP is given by

ΦP (y, ϕ) = (ΓP (y, π∞(ϕ)), ϕ).

Moreover, it was shown in Theorem 1.3.12 that ΦP is a well-defined change of coordinates.
In the following discussion, for the sake of simplicity, we shall slightly abuse notation by using

the same symbol for functions defined on the torus T∞ and their associated multi-periodic counterparts
defined on `∞.
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The primary goal of this chapter is to show that, under a further smallness condition on the perturba-
tion relative to a more restrictive norm (see Definition 2.3.8), and assuming that the components of the
map ΓP Poisson-commute, namely

{Γ(m)
P ,Γ

(n)
P } = 0 for all m,n ∈ N,

there exists a symplectic straightening of the foliation provided by the aforementioned theorem. More
precisely, we construct a coordinate transformation ∆ such that the composition

Φ := ∆ ◦ ΦP (2.1)

defines a symplectomorphism (cf. Definition 2.3.18). This map induces a new coordinate system (x, θ)
where x depends on the original variables (y, ϕ) exclusively through ΓP . Such a coordinate frame,
which we refer to as action-angle coordinates, is adapted to the foliation: the coordinates x = (xk)k∈N
act as labels for the leaves, while θ = (θk)k∈N serves as the coordinate system along each leaf. To this
end, we lift the classical generating function framework, as presented in the introduction (see Subsection
2 or [Arn89] for more detailed discussion) to an infinite-dimensional setting by adapting the standard
Hamiltonian machinery to our context. It is clear that in infinite dimension one has to carefully check that
all the algebraic manipulations make sense at a quantitative level. This is were the functional setting we
are going to introduce, and in particular the notion of majorant analyticity and regularity (see Definitions
2.3.4, 2.3.8 and 2.3.11), come into the foreground. To provide some intuition, let us sketch the underlying
heuristic, which follows the ideas developed for the finite-dimensional setting.

2.1.1 Candidate action coordinates

Using the same notation as in Theorem 1.3.2, the statement of which is recalled above, for all γ ∈
Ur(`

∞
w ) , we endow the infinite torus Γ−1

P (γ) with the pullback measure λ := p∗ϕµ , where pϕ is the
projection onto the second factor pϕ : `∞w ×T∞ → T∞ and µ is the Lebesgue product measure of the
infinite torus, namely ˆ

T∞
dµ = lim

N→∞

1

(2π)N

ˆ
TN

dϕ1 . . . dϕN .

In this way, for all γ ∈ Ur(`
∞
w ) and for all f ∈ Ar+ρ,s0 , with ρ := 3|P |∞,wr0,s0 , one has that

ˆ
Γ−1
P (γ)

f dλ :=

ˆ
T∞

f ◦ (ΦP |Γ−1
P (γ))

−1 dµ = lim
N→∞

1

(2π)N

ˆ
TN

f(γ −A(γ, ϕ), ϕ) dϕ1 . . . dϕN ,

where the map A ∈ Ar,s0 is obtained in Proposition 1.3.11 and it is uniquely defined by

ΓP (γ −A(γ, ϕ), ϕ) = γ for all (γ, ϕ) ∈ Ur(`
∞
w )× `∞ . (2.2)

Drawing an analogy with statistical mechanics, we refer to the quantity above, which is well defined by
Lemma 1.2.9, as the average of f over the infinite torus Γ−1

P (γ).
In the following discussions, we shall assume that components of ΓP pairwise Poisson commute:

{ΓmP ,Γ
(n)
P } :=

∑
k∈N

(
∂Γ(m)

∂yk

∂Γ(n)

∂ϕk
− ∂Γ(m)

∂ϕk

∂Γ(n)

∂yk

)
= 0 for all m,n ∈ N. (2.3)

Consider the map γ 7→ x(γ) = (xk(γ))k∈N defined by

Ur(`
∞
w ) 3 γ 7→ x(γ) :=

(ˆ
Γ−1
P (γ)

yk dλ

)
k∈N
∈ `∞w (2.4)
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and note that, since for all k ∈ N we have

yk ◦ (ΦP |Γ−1
P (γ))

−1(γ, ϕ) = γk −A(k)(γ, ϕ), (2.5)

the definition of the integral over Γ−1
P (γ) with respect to the pullback measure λ yields the explicit

formula

xk(γ) = γk −A
(k)
0 (γ), ∀γ ∈ Ur(`

∞
w ), k ∈ N. (2.6)

Notice that definition of the map x(γ) in (2.4) provides the infinite-dimensional analogue of the inte-
gral of the Liouville one-form

∑
n yndϕn along the kth-cycle of the torus defined by the level set Γ−1

P (γ).
It is important to remark that the consistency of this identification relies on the commuting property (2.3).
Indeed, as a consequence of the relations (2.12) (which we shall derive in the next subsections), the inte-
gral of the Liouville form along the full cycle parametrized by ϕk results in a constant value. Since the
torus is endowed with a probability measure, this constant must coincide with the average over the torus,
justifying the expression for the candidate action coordinates xk as the mean values of the momenta yk.

We shall prove that, under a suitable smallness condition on the perturbation P with respect to an
appropriate stronger norm, as specified in Definition 2.3.8, the map

Ur(`
∞
w )× `∞ 3 (γ, ϕ) 7→ (x(γ), ϕ) ∈ `∞w × `∞

indeed defines a change of coordinates. We claim that the coordinates x = (xk)k∈N defined above will
play the role of action coordinates for the given foliation. However, the definition of action variables
is inherently incomplete without their canonical counterparts; indeed, their characterization as actions
is only fully realized when they are paired with the corresponding angle variables θ = (θk)k∈N that
satisfy the standard Poisson bracket relations. To complete this framework, we now briefly illustrate
the construction of the associated angles. We achieve this by adapting the classical generating function
method to the present infinite-dimensional setting.

2.1.2 Candidate angle coordinates

We seek an analytic generating function S = S(x, ϕ) that satisfies

yk(x, ϕ) =
∂S

∂ϕk
(x, ϕ) for all k ∈ N (2.7)

and such that the relations

θk(x, ϕ) =
∂S

∂xk
(x, ϕ) for all k ∈ N (2.8)

are invertible in `∞ with respect to ϕ . Assuming that, for all k ∈ N , the functions θk(x, ϕ) −
ϕk and yk(x, ϕ) are 2π-periodic in each ϕj-variable, j ∈ N , equations (2.7) and (2.8) define a
symplectomorphism, and the list (θk)k∈N constitutes a system of angle coordinates (with respect to the
actions (xk)k∈N defined above) on each leaf of the foliation. Let us show the validity of this assertion.
For the moment, we disregard any issues concerning the regularity of the maps and the convergence
of the series involved, which will be addressed rigorously later in Section 2.5.2. At a formal level, as
in finite dimension, the preservation of the Poisson brackets and the invariance of the symplectic form
are equivalent. Therefore, we verify the symplectomorphism property by showing the invariance of the
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canonical symplectic form, which streamlines the algebraic manipulations.

∑
k∈N

dyk ∧ dϕk =
∑
k∈N

∑
`∈N

∂2S

∂x`∂ϕk
dx` ∧ dϕk =

∑
k∈N

∑
`∈N

∂θ`
∂ϕk

dx` ∧ dϕk

=
∑
`∈N

dx` ∧
∑
k∈N

∂θ`
∂ϕk

dϕk =
∑
`∈N

dx` ∧
(
dθ` −

∑
k∈N

∂θ`
∂xk

dxk

)
=
∑
`∈N

dx` ∧ dθ` −
∑
`∈N

∑
k∈N

∂2S

∂xk∂x`
dx` ∧ dxk

=
∑
`∈N

dx` ∧ dθ` .

The last equality follows by the antisymmetry property of the wedge product. Hence, the map (y, ϕ) 7→
(x, θ) is a symplectomorphism. The role of x = (xk)k∈N as a label for the leaves is guaranteed by
the fact that x depends on the original variables only through ΓP . Finally, since, for all k ∈ N , the
functions θk(x, ϕ)−ϕk are 2π-periodic in each ϕj variable, j ∈ N , (θk)k∈N are indeed angles that
parametrize each torus.

We assume that the generating function S is an analytic perturbation of the generator of the identity,

S(x, ϕ) =
∑
k∈N

xkϕk −W (x, ϕ), (2.9)

The perturbation W is assumed to be 2π-periodic in each ϕk-variable, k ∈ N . Then, Equation (2.7)
reads

yk(x, ϕ) = xk −
∂W

∂ϕk
(x, ϕ) for all k ∈ N . (2.10)

Given m ∈ N , let Λm be the subset of Z(N) defined by

Λm := {ν ∈ Z(N) : νm 6= 0 , νj = 0 for all j < m} .

We claim that the function

W (x, ϕ) =
∑
m∈N

∑
ν∈Λm

A
(m)
ν (γ(x))

iνm
eiν·ϕ (2.11)

satisfies equation (2.10). To justify this assertion at a formal level, deferring analytic technicalities to
Section 2.5.2, we first show that if the components of ΓP Poisson commute, the function A ∈ Ar,s ,
whose definition is recalled in (2.2), satisfies the relations

ν`A
(m)
ν = νmA

(`)
ν for all `,m ∈ N . (2.12)

Note that, by the definition of the function A , see (2.2), it follows that

∂

∂ϕk

∣∣∣∣
γ=ΓP (y,ϕ)

ΓP (γ −A(γ, ϕ), ϕ) = 0 ,

which implies

∑
`∈N

∂Γ
(m)
P

∂y`
(y, ϕ)

∂A(`)

∂ϕk
(ΓP (y, ϕ), ϕ) =

∂Γ
(m)
P

∂ϕk
(y, ϕ) , for all m ∈ N . (2.13)
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To ease the notation, in the following computations it is understood that the derivatives of A are pre-
composed with the map (y, ϕ) 7→ (ΓP (y, ϕ), ϕ) , even if not explicitly indicated. Using the assumption
that the components of ΓP Poisson commute, we have:

0 = {Γ(m)
P ,Γ

(n)
P } =

∑
k∈N

(
∂Γ

(m)
P

∂yk

∂Γ
(n)
P

∂ϕk
−
∂Γ

(m)
P

∂ϕk

∂Γ
(n)
P

∂yk

)
(2.13)
=
∑
k∈N

∂Γ
(m)
P

∂yk

∑
`∈N

∂Γ
(n)
P

∂y`

∂A(`)

∂ϕk
−
∑
k∈N

∑
`∈N

∂Γ
(m)
P

∂y`

∂A(`)

∂ϕk

∂Γ
(n)
P

∂yk

=
∑
k∈N

∑
`∈N

∂Γ
(m)
P

∂yk

∂Γ
(n)
P

∂y`

(
∂A(`)

∂ϕk
− ∂A(k)

∂ϕ`

)
.

Notice that the operator ∂yΓP is invertible, being a small bounded perturbation of the identity. Then
the above equalities yield

∂A(`)

∂ϕk
=
∂A(k)

∂ϕ`
,

which proves formula (2.12). Consequently, the following equalities hold for all k ∈ N :

∂W

∂ϕk
(x, ϕ) =

∑
m∈N

∑
ν∈Λm

iνk
A

(m)
ν (γ(x))

iνm
eiν·ϕ

(2.12)
=

∑
m∈N

∑
ν∈Λm

A(k)
ν (γ(x))eiν·ϕ

=
∑
ν 6=0

A(k)
ν (γ(x))eiν·ϕ = A(k)(γ(x), ϕ)−A(k)

0 (γ(x))

= γk(x)−A(k)
0 (γ(x))− (γk(x)−A(k)(γ(x), ϕ))

= xk − yk(x, ϕ) .

The last equality follows from Equations (2.5) and (2.6). Hence, the claim is formally proved. According
to (2.8), and recalling (2.9) and (2.11), we can assert that the candidate angle variables are formally
defined by

θk(x, ϕ) = ϕk −
∑
m∈N

∑
ν∈Λm

1

iνm

∂A
(m)
ν (γ(x))

∂xk
eiν·ϕ , k ∈ N . (2.14)

2.1.3 Complete integrability in infinite-dimension

The symplectic straightening provides the geometric basis for a formulating an infinite-dimensional ver-
sion of the Liouville-Arnold theorem. In Section 2.4, we extend the definition of Hamilton’s equations
to our infinite-dimensional framework. This is a delicate point; indeed, in infinite dimensions, even the
analyticity of the Hamiltonian is not sufficient to guarantee local well-posedness.

In section 2.6, we prove the main theorem about the complete integrability of Hamiltonian systems
in infinite dimension. By using the symplectic straightening theorem 2.5.12, we show that, once the mo-
mentum map is in its canonical form, any Hamiltonian H that commutes with Γ can be easily integrated.
In these new coordinates, the dynamics of the original system is conjugate to a Kronecker flow. This re-
sult, though presented here informally, is, to our knowledge, the first example of a local Liouville-Arnold
theorem in an infinite-dimensional setting.

We shall devote the next sections to the introduction of the functional setting and the quantitative
treatment of the analytical issues, aimed at completing the argument rigorously.
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2.2 Vector Fields and Lie Derivative

We begin with a brief introduction to vector fields on Banach spaces and state the fundamental result
concerning the existence and uniqueness of solution curves. Afterwards, we introduce a particular class
of analytic vector fields that are 2π-periodic with respect to each of the ϕk-variables, k ∈ N , and study
the properties of the Lie derivative of an analytic function f ∈ A in the direction of a vector field in this
class, establishing the foundations required to proceed to the more advanced topics discussed in the next
section.

Following [PT87], let U be an open subset of a real Banach space X . A vector field on U is a map

V : U → X.

A solution curve of the vector field V with initial value x in U is a differentiable map

φV (x) : (−ε, ε) 3 t→ φtV (x) ∈ U

such that φ0
V (x) = x and

d

dt
φtV (x) = V (φtV (x)), t ∈ (−ε, ε).

The local existence and uniqueness of solution curves is established by the following

Theorem 2.2.1 (Local Existence and Uniqueness Theorem, [PT87] Appendix B). Suppose V is a locally
Lipschitz vector field on U . Then, for every x ∈ U , there exists ε > 0 and a unique solution curve

φV (x) : (−ε, ε)→ U .

If V is (real) analytic, then φV is a real analytic function of t and x.

Let q : `∞w × `∞ → `∞w × T∞ be the map q(y, ϕ) = (y, π∞(ϕ)) introduced in Definition 1.3.5.
Motivated by the considerations in Remark 1.1.5, from now on, we shall identify analytic vector fields
defined on an open neighbourhood N0 ⊂ `∞w × T∞ of {0} × T∞ with analytic vector fields on the
lifted neighbourhood q−1(N0) ⊂ `∞w × `∞ that are 2π-periodic in each variable ϕk , k ∈ N .

Definition 2.2.2 (Space of analytic vector fields). Consider the real Banach space `∞w ×`∞ and two real
numbers r, s > 0. We denote by Xr,s the space of vector fields

V : Ur(`
∞
w )× `∞ → `∞w × `∞, V (y, ϕ) = (Vy(y, ϕ), Vϕ(y, ϕ)),

Vy(y, ϕ) = (V (k)
y (y, ϕ))k∈N, Vϕ(y, ϕ) = (V (k)

ϕ (y, ϕ))k∈N,

such that,

∀k ∈ N, V (k)
y , V (k)

ϕ ∈ Ar,s, with max

{
|Vy|∞,wr,s , |Vϕ|∞r,s

}
<∞. (2.15)

Accordingly, we denote by X the space of vector fields

X :=
⋃
r,s>0

Xr,s .

Note that, as a consequence of Theorem 1.2.24, any vector field in X is real analytic as a map from
Ur(`

∞
w )× `∞ to `∞w × `∞ and hence admits a solution curve.
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Definition 2.2.3 (Lie derivative). Given a vector field V ∈ Xr,s , we define the Lie derivative of any
f ∈ Ar,s in direction of V as

LV f :=
d

dt

∣∣∣∣
t=0

(φtV )∗f.

Proposition 2.2.4. Given r, s > 0 , the Lie derivative of f ∈ Ar,s in the direction of V ∈ Xr,s is the
function defined on Ur(`

∞
w )× `∞ given by

LV f =
∑
k∈N

(
∂f

∂yk
V (k)
y +

∂f

∂ϕk
V (k)
ϕ

)
. (2.16)

Moreover, for all V ∈ Xr,s , the map f → LV f is a bounded linear operator

LV : Ar,s → Ar−ρ,s−σ

for all ρ ∈ (0, r) and every σ ∈ (0, s) . More precisely, the following estimate holds

|LV f |r−ρ,s−σ ≤
(

r

eρ(r − ρ)
|Vy|∞,wr,s +

1

eσ
|Vϕ|∞r,s

)
|f |r,s . (2.17)

Proof. By the analyticity of φV with respect to t, one can easily verify that (2.16) holds pointwise for
any monomial f(y, ϕ) = yαeiν·ϕ, with α ∈ N(N)

0 and ν ∈ Z(N).
Given (y, ϕ) ∈ Ur(`

∞
w )× `∞ , we denote (y(t), ϕ(t)) = φtV (y, ϕ). Suppose that the series∑

ν,α

fνα(y(t))αeiν·ϕ(t) (2.18)∑
ν,α

fνα
∑
k∈N

αkV
(k)
y (y(t), ϕ(t))(y(t))α−ekeiν·ϕ(t) + iνkV

(k)
ϕ (y(t), ϕ(t))(y(t))αeiν·ϕ(t) , (2.19)

converge totally in a neighborhood of t = 0 . Then, the derivative of f ◦ φtV with respect to t is equal
to the series of the derivatives of each monomial. Furthermore, in this case, the order of the summations∑

ν,α and
∑

k can be swapped, yielding formula (2.16).
Let us prove that the series in (2.18) and (2.19) converge totally in a neighbourhood of t = 0 . Let

ε > 0 be such that y(t) ∈ Ur(`
∞
w ) for all |t| ≤ ε . Then one has

sup
|t|≤ε

∣∣∣∣∣∑
ν,α

fνα(y(t))αeiν·ϕ(t)

∣∣∣∣∣ ≤ sup
y∈Ur(`∞w )

∑
ν,α

|fναyα| ≤ |f |r,s

and, for all r′ < r such that sup|t|≤ε |y(t)|`∞w ∈ Ur′(`
∞
w ),

sup
|t|≤ε

∣∣∣∣∑
ν,α

fνα
∑
k∈N

(
αkV

(k)
y (y(t), ϕ(t))y(t)α−ekeiν·ϕ(t)

+ iνkV
(k)
ϕ (y(t), ϕ(t))y(t)αeiν·ϕ(t)

)∣∣∣∣
≤ sup

y∈Ur′ (`
∞
w )

sup
ϕ∈T∞

∑
ν,α

|fνα|
∑
k∈N

(
αk|V (k)

y (y, ϕ)yα−ek |+ |νk||V (k)
ϕ (y, ϕ)yα|

)
which is bounded by∑

ν,α

|fνα|
∑
k∈N

αk sup
(y,ϕ)
|V (k)
y (y, ϕ)|vα−ekw,r′ e

s′|ν| +
∑
ν,α

|fνα|
∑
k∈N
|νk| sup

(y,ϕ)
|V (k)
ϕ (y, ϕ)|vαw,r′es

′|ν|

≤ |Vy|∞,wr′,s′

∑
ν,α

|fνα|
∑
k∈N

αkw
−1
k vα−ekw,r′ e

s′|ν| + |Vϕ|∞r′,s′
∑
ν,α

|fνα||ν|vαw,r′es
′|ν| ,
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for all s′ < s. Therefore, by Lemma 1.2.13 with n = 1, we get that the latter quantity is smaller or equal
than

r

e(r − r′)r′
|Vy|∞,wr,s |f |r,s +

1

e(s− s′)
|Vϕ|∞r,s|f |r,s .

Then, (2.16) holds pointwise for all f ∈ Ar,s .
Finally,

|LV f |r−ρ,s−σ ≤
∑
k∈N

(∣∣∣∣ ∂f∂yk
∣∣∣∣
r−ρ,s−σ

|V (k)
y |r−ρ,s−σ +

∣∣∣∣ ∂f∂ϕk
∣∣∣∣
r−ρ,s−σ

|V (k)
ϕ |r−ρ,s−σ

)

≤ |Vy|∞,wr,s

∑
k∈N

w−1
k

∣∣∣∣ ∂f∂yk
∣∣∣∣
r−ρ,s−σ

+ |Vϕ|∞r,s
∑
k∈N

∣∣∣∣ ∂f∂ϕk
∣∣∣∣
r−ρ,s−σ

≤
(

r

eρ(r − ρ)
|Vy|∞,wr,s +

1

eσ
|Vϕ|∞r,s

)
|f |r,s ,

which proves the bound in (2.17). �

In the next section, we turn to the introduction of a symplectic and a Poisson structure, with the aim
of defining a Hamiltonian dynamics on our phase space.

2.3 Symplectic and Poisson structure

In this section we set the stage for studying infinite-dimensional Hamiltonian dynamics. We begin by
endowing our infinite-dimensional phase space with a symplectic form, defined by considering a direct
infinite-dimensional generalization of the usual symplectic form on the cotangent bundle of the torus.
To this end, we shall need to require that cw =

∑
k∈Nw

−1
k < ∞ . In fact, as already observed in the

introduction of Chapter 1, this condition allows us to interpret `∞w × T∞ as a subset of the weak*-
cotangent bundle of the infinite torus T∞ . Then we give the definition of Hamiltonian vector field and
we introduce a subclass R ⊂ A of functions, which we call regular functions, that generate Hamiltonian
vector fields. Following the standard construction, the Poisson brackets are defined via the underlying
symplectic structure. We prove that the space of regular functions possesses the structure of Poisson
algebra. Furthermore, we remark that one is actually allowed to define the Poisson bracket between any
analytic function H ∈ A and any regular function f , by interpreting the Poisson bracket {f,H}
as the Lie derivative of H in the direction of the Hamiltonian vector field associated with f . If
one takes this as the definition of the Poisson bracket, the condition cw < ∞ is no longer necessary.
In this sense, the finiteness of cw serves only to provide a symplectic interpretation, but it is not a
requirement for our main analysis. Indeed, we shall see that the Poisson structure, which is sufficient
for establishing our main results, remains well-defined even when cw = ∞ . Finally, we consider bi-
analytic diffeomorphisms of the phase space that preserve the Poisson bracket and we present a result
that mirrors the classical finite-dimensional result. Namely, in Proposition 2.3.20 we prove that a regular
change of coordinates preserving the fundamental Poisson bracket is indeed a symplectomorphism. This
result is particularly useful in practical applications, providing an operative way to verify if a given
transformation is a symplectomorphism.

2.3.1 Symplectic form

Let us assume that the weight w is such that cw :=
∑

k∈Nw
−1
k < ∞. Here we introduce a symplectic

structure on the infinite-dimensional phase space under consideration and give the definition of Hamil-
tonian vector field.
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Definition 2.3.1 (Symplectic form). We endow the phase space `∞w ×T∞ with the symplectic form ω ,
defined on pairs of vector fields V,W ∈ X as

ω(V,W ) :=
∑
k∈N

(
V (k)
y W (k)

ϕ − V (k)
ϕ W (k)

y

)
.

Let us briefly discuss the well-posedness of the definition above. First, note that ω is the infinite-
dimensional analogue of the standard symplectic form

n∑
k=1

dyk ∧ dϕk.

To ensure the infinite sum is well-defined, we observe that for all r, s > 0, the map

ω : Xr,s × Xr,s → Ar,s

is bounded. In fact, by Proposition 1.2.6, the bound (2.15), and the assumption that cw =
∑

k∈Nw
−1
k is

finite, we have

|ω(V,W )|r,s ≤
∑
k∈N
|V (k)
y |r,s|W (k)

ϕ |r,s +
∑
k∈N
|V (k)
ϕ |r,s|W (k)

y |r,s

≤ cw
(
|Vy|∞,wr,s |Wϕ|∞r,s + |Vϕ|∞r,s|Wy|∞,wr,s

)
<∞ .

Remark 2.3.2. The closed 2-form introduced in Definition 2.3.1 is actually a weak-symplectic form.
Indeed, the map ω# : `∞w × `∞ → (`∞w )∗ × (`∞)∗ defined by ω#(V ) = ω(·, V ) is injective but fails to
be surjective.

2.3.2 Space of regular functions

We now define a class of functions that generate Hamiltonian vector fields and we show that functions in
this class form a Banach algebra with respect to the product of functions.

Definition 2.3.3 (Hamiltonian vector field). A vector field V ∈ X is said to be hamiltonian if there exists
f ∈ A such that

ω(·, V ) = df [ · ].

Definition 2.3.4 (Regular functions). We say that a function f is regular if there exist r, s > 0 such that
f ∈ Ar,s and

‖f‖r,s := max

{
|f |r,s, sup

k∈N
wk

∣∣∣∣ ∂f∂ϕk
∣∣∣∣
r,s

, r sup
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r,s

}
<∞.

We denote such space by R . Moreover, for any r, s > 0 , Rr,s denotes the subspace of R of functions
with ‖f‖r,s <∞ .

Remark 2.3.5. To any regular function f ∈ R there is an associated Hamiltonian vector field V f ∈ X ,
namely

ω(·, V f ) = df [ · ] .

By a direct computation, one can easily verify that

(V f
y )(k) = − ∂f

∂ϕk
, (V f

ϕ )(k) =
∂f

∂yk
. (2.20)
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In contrast with the finite-dimensional case, the Hamiltonian vector field associated with a general ana-
lytic function is not necessarily a well-defined map from the phase space into its tangent bundle. Indeed,
the differential of a real analytic function defined on a Banach spaceX is a map taking values in the dual
space X∗. This problem is absent in finite dimensions, where the dual of a vector space is isomorphic
to the space itself, and the non-degeneracy of the symplectic form always ensures that the Hamiltonian
vector field associated with any analytic Hamiltonian is a well-defined section of the tangent bundle.

Remark 2.3.6. Note that the condition cw < ∞ is irrelevant for the definition of regular function,
while it is necessary to define the associated Hamiltonian vector field. To overcome this issue, can also
take (2.20) as a definition of Hamiltonian vector field, forgetting about the symplectic structure.

The following proposition, which also holds for every choice of the weight w , shows that the space
of regular functions possesses a Banach algebra structure.

Proposition 2.3.7 (Algebra of regular functions). For any r, s > 0, Rr,s is a Banach algebra with
respect to the product of functions.

Proof. Given f, g ∈ Rr,s, by the triangular inequality and the algebra property enjoyed by the norm
| · |r,s (see Proposition 1.2.6), we have

r sup
k∈N

∣∣∣∣∂fg∂yk

∣∣∣∣
r,s

≤ r sup
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r,s

|g|r,s + |f |r,s r sup
k∈N

∣∣∣∣ ∂g∂yk
∣∣∣∣
r,s

≤ 2‖f‖r,s‖g‖r,s.

The same estimate holds for the derivative with respect to ϕ. Thus, by Proposition 1.2.6, one obtains

‖fg‖r,s ≤ 2‖f‖r,s‖g‖r,s ,

which gives the claim. �

2.3.3 Regular changes of coordinates

Following the approach of the previous chapter, we aim to define appropriate norms for controlling
changes of coordinates that preserve the regularity of functions in the sense of Definition 2.3.4. Given
that the ‖ · ‖r,s-norm controls the Hamiltonian vector fields associated with regular functions, and that
such vector fields transform via the adjoint of the differential of the change of coordinates, we seek to
define norms that ensure the boundedness of this operator. We remark that the finiteness of cw is note
required throughout this subsection.

Definition 2.3.8. Given r, s > 0, we denote byR∞,wr,s the space of functions

N : Ur(`
∞
w )× `∞ → `∞w , N(y, ϕ) = (F (m)(y, ϕ))m∈N,

such that, for any m ∈ N, N (m) ∈ Ar,s, with

‖N‖∞,wr,s := max

{
|N |∞,wr,s , r sup

k∈N

∞∑
m=1

∣∣∣∣∂N (m)

∂yk

∣∣∣∣
r,s

, sup
k∈N

wk

∞∑
m=1

∣∣∣∣∂N (m)

∂ϕk

∣∣∣∣
r,s

}
<∞ .

Accordingly, R∞r,s denotes the space of functions

Ω : Ur(`
∞
w )× `∞ → `∞, Ω(y, ϕ) = (Ω(m)(y, ϕ))m∈N,

such that, for any m ∈ N, Ω(m) ∈ Ar,s, with

‖Ω‖∞r,s := max

{
|Ω|∞r,s, r sup

k∈N

∞∑
m=1

w−1
m

∣∣∣∣∂Ω(m)

∂yk

∣∣∣∣
r,s

, sup
k∈N

wk

∞∑
m=1

w−1
m

∣∣∣∣∂Ω(m)

∂ϕk

∣∣∣∣
r,s

}
<∞ .
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Given r, s > 0 , we denote by Cr,s(R) the affine space passing through the identity and directed by
R∞,wr,s ×R∞r,s, namely

Cr,s(R) := {Φ : Ur(`
∞
w )× `∞ → `∞w × `∞ : Φ = Id +(N,Ω) , N ∈ R∞,wr,s , Ω ∈ R∞r,s} .

For any ρ, σ > 0 , let Cρ,σr,s (R) be the subset of those maps Φ = Id +(N,Ω) ∈ Cr,s(R) such that

|N |∞,wr,s ≤ ρ and |Ω|∞r,s ≤ σ .

In this case, we say that Φ is close to identity.
Accordingly, we denote by C(R) the space of functions

C(R) :=
⋃
r,s>0

Cr,s(R) .

Remark 2.3.9. A map Φ ∈ C(R) has the property that the adjoint of its differential induces a bounded
map from Xr,s to itself. This will be more clear after the proof of the following proposition.

Proposition 2.3.10 (Estimate on the pullback of a regular function). Given r0, s0 > 0 , let ρ ∈ [0, r0)

and σ ∈ [0, s0) . Consider a function Ψ = Id +(N,Ω) ∈ Cρ,σ/2r0−ρ,s0−σ(R) . Then, for all r ∈ (ρ, r0] ,
s ∈ (σ, s0] , and every f ∈ Rr,s , the pullback of f by Ψ belongs to Rr−ρ,s−σ with estimate

‖Ψ∗f‖r−ρ,s−σ ≤ 2(1 + ρ/r + σ/2)‖f‖r,s.

Proof. The hypotheses of this proposition ensure that all the assumptions needed for applying Propo-
sition 1.2.19 are fulfilled. Then, |Ψ∗f |r−ρ,s−σ ≤ 2|f |r,s. Let us perform estimates on the derivatives
of Ψ∗f . Let x, θ be the coordinates defined by x = y + N(y, ϕ), θ = ϕ + Ω(y, ϕ). By the triangular
inequality applied to the formula given by the chain rule, the algebra property proved in Proposition 1.2.6
and the estimate for the pullback of a majorant analytic function stated in Proposition 1.2.19, one has

r sup
k∈N

∣∣∣∣∂ Ψ∗f

∂yk

∣∣∣∣
r−ρ,s−σ

≤ r sup
k∈N

∞∑
m=1

∣∣∣∣Ψ∗ ∂f∂xm
∣∣∣∣
r−ρ,s−σ

∣∣∣∣δmk +
∂N (m)

∂yk

∣∣∣∣
r−ρ,s−σ

+ r sup
k∈N

∞∑
m=1

∣∣∣∣Ψ∗ ∂f∂θm
∣∣∣∣
r−ρ,s−σ

∣∣∣∣∂Ω(m)

∂yk

∣∣∣∣
r−ρ,s−σ

≤ 2r sup
k∈N

∣∣∣∣ ∂f∂xk
∣∣∣∣
r,s

+ 2r sup
k∈N

∞∑
m=1

∣∣∣∣ ∂f∂xm
∣∣∣∣
r,s

∣∣∣∣∂N (m)

∂yk

∣∣∣∣
r−ρ,s−σ

+

∣∣∣∣ ∂f∂θm
∣∣∣∣
r,s

∣∣∣∣∂Ω(m)

∂yk

∣∣∣∣
r−ρ,s−σ

.

By the regularity of f , and applying the assumptions, the above quantity is bounded by

2‖f‖r,s
(

1 + sup
k∈N

∞∑
m=1

∣∣∣∣∂N (m)

∂yk

∣∣∣∣
r−ρ,s−σ

+ r sup
k∈N

∞∑
m=1

w−1
m

∣∣∣∣∂Ω(m)

∂yk

∣∣∣∣
r−ρ,s−σ

)
≤ 2(1 + ρ/r + σ/2)‖f‖r,s .
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At this stage it only remains to give a suitable bound for the term of the norm which involves the deriva-
tives with respect to the periodic variables. By the same argument of before we get

sup
k∈N

wk

∣∣∣∣∂ Ψ∗f

∂ϕk

∣∣∣∣
r−ρ,s−σ

≤ sup
k∈N

wk

∞∑
m=1

∣∣∣∣Ψ∗ ∂f∂xm
∣∣∣∣
r−ρ,s−σ

∣∣∣∣∂N (m)

∂ϕk

∣∣∣∣
r−ρ,s−σ

+ sup
k∈N

wk

∞∑
m=1

∣∣∣∣Ψ∗ ∂f∂θm
∣∣∣∣
r−ρ,s−σ

∣∣∣∣δmk +
∂Ω(m)

∂ϕk

∣∣∣∣
r−ρ,s−σ

≤ 2 sup
k∈N

wk

∣∣∣∣ ∂f∂ϕk
∣∣∣∣
r,s

+ 2 sup
k∈N

∞∑
m=1

∣∣∣∣ ∂f∂xm
∣∣∣∣
r,s

∣∣∣∣∂N (m)

∂ϕk

∣∣∣∣
r−ρ,s−σ

+

∣∣∣∣ ∂f∂θm
∣∣∣∣
r,s

∣∣∣∣∂Ω(m)

∂ϕk

∣∣∣∣
r−ρ,s−σ

,

which is bounded by

2‖f‖r,s
(

1 +
1

r
sup
k∈N

∞∑
m=1

∣∣∣∣∂N (m)

∂ϕk

∣∣∣∣
r−ρ,s−σ

+ sup
k∈N

∞∑
m=1

w−1
m

∣∣∣∣∂Ω(m)

∂ϕk

∣∣∣∣
r−ρ,s−σ

)
≤ 2(1 + ρ/r + σ/2)‖f‖r,s .

The claim is proved. �

Let us introduce a class of change of coordinates which preserves the regularity of functions belong-
ing to the class R .

Definition 2.3.11 (Regular changes of coordinates). A function Φ ∈ Cr0,s0(R) is a regular change of
coordinates if there exist ρ ∈ [0, r0/2) and σ ∈ [0, s0/2) such that

(a) for all r ≤ r0 ,
Φ : Ur(`

∞
w )× `∞ → Ur+ρ(`

∞
w )× `∞

with the property that, for all r ∈ (ρ, r0 + ρ] , s ∈ (σ, s0 + σ] , and every f ∈ Rr,s , Φ∗f ∈
Rr−ρ,s−σ with

‖Φ∗‖ρ,σr,s := sup
f 6=0

‖Φ∗f‖r−ρ,s−σ
‖f‖r,s

<∞ ;

(b) there exists Ψ ∈ Cr0−ρ,s0−σ(R) such that, for all r ≤ r0 − ρ ,

Ψ : Ur(`
∞
w )× `∞ → Ur+ρ(`

∞
w )× `∞

and, for all r ∈ (ρ, r0] , s ∈ (σ, s0] , and every f ∈ Rr,s , Ψ∗f ∈ Rr−ρ,s−σ with

‖Ψ∗‖ρ,σr,s := sup
f 6=0

‖Ψ∗f‖r−ρ,s−σ
‖f‖r,s

<∞,

which is the inverse of Φ in the following sense:

Φ ◦Ψ = IdUr(`∞w )×`∞ , ∀r ≤ r0 − ρ , Ψ ◦ Φ = IdUr(`∞w )×`∞ , ∀r ≤ r0 − 2ρ .

Remark 2.3.12. Note that, given r0, s0 > 0 , ρ ∈ [0, r0) and σ ∈ [0, s0), any invertible map
Φ ∈ Cρ,σ/2r0,s0 (R) with inverse Ψ ∈ Cρ,σ/2r0−ρ,s0−σ(R) is a (close to identity) regular change of coordinates,
as follows by Proposition 2.3.10.
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2.3.4 Poisson braket

In this subsection, we endow the space of regular functions R with a Poisson algebra structure. Addi-
tionally, we establish the well definition of the Poisson bracket between analytic and regular functions,
and we show that it can be expressed in terms of the Poisson bracket between the fundamental power-
trigonometric monomials.

Definition 2.3.13 (Poisson bracket). For any f, g ∈ R, we define their Poisson bracket

{f, g} := ω(V f , V g) =
∑
k∈N

∂f

∂yk

∂g

∂ϕk
− ∂f

∂ϕk

∂g

∂yk
. (2.21)

Note that the Lie derivative of a function g ∈ R in the direction of the hamiltonian vector field V f

associated with f ∈ R can be expressed in terms of the Poisson bracket. Indeed, by Equations (2.16),
(2.20) and (2.21), one has that

LV f g :=
d

dt |0
(φtV f )∗g =

∑
k∈N

∂f

∂yk
(V f
y )(k) +

∂f

∂ϕk
(V f
ϕ )(k) =

∑
k∈N

∂f

∂yk

∂g

∂ϕk
− ∂f

∂ϕk

∂g

∂yk
= {f, g}.

While Definition 2.3.13 requires the symplectic form to be well-defined (i.e., cw < ∞), one may alter-
natively adopt the right-hand side of (2.21) as a definition of the Poisson bracket. By Proposition 2.2.4
and Remark 2.3.6, it follows that this second definition is well-posed even in the case cw = ∞. Since
the Poisson structure is sufficient for establishing our main results, we shall not assume the finiteness of
cw in the sequel; our results will thus remain valid for arbitrary choices of the weight w. Let us show the
Poisson algebra structure of the space of regular functions.

Proposition 2.3.14. The space of regular functions R equipped with the product of functions and the
bracket (2.21) is a Poisson algebra. Namely, for all r, s > 0 and every f, g ∈ Rr,s, we have that
{f, g} ∈ Rr−ρ,s−σ and the following estimate holds

‖{f, g}‖r−ρ,s−σ ≤
2

e

(
r

r − ρ
1

ρ
+

1

rσ

)
‖f‖r,s‖g‖r,s .

for all ρ ∈ (0, r) and σ ∈ (0, s) .

Proof. Let r, s > 0 and f, g ∈ Rr,s. The following bounds hold for any ρ ∈ (0, r), σ ∈ (0, s), by
triangular inequality and Proposition 1.2.6.

|{f, g}|r−ρ,s−σ ≤
∑
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r−ρ,s−σ

∣∣∣∣ ∂g∂ϕk
∣∣∣∣
r−ρ,s−σ

+

∣∣∣∣ ∂f∂ϕk
∣∣∣∣
r−ρ,s−σ

∣∣∣∣ ∂g∂yk
∣∣∣∣
r−ρ,s−σ

, (2.22)

sup
`∈N

∣∣∣∣∂{f, g}∂y`

∣∣∣∣
r−ρ,s

≤ sup
`∈N

∑
k∈N

∣∣∣∣ ∂2f

∂y`∂yk

∣∣∣∣
r−ρ,s

∣∣∣∣ ∂g∂ϕk
∣∣∣∣
r−ρ,s

+ sup
`∈N

∑
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r−ρ,s

∣∣∣∣ ∂2g

∂y`∂ϕk

∣∣∣∣
r−ρ,s

+ f ↔ g ,

(2.23)

sup
`∈N

w`

∣∣∣∣∂{f, g}∂ϕ`

∣∣∣∣
r,s−σ

≤ sup
`∈N

w`
∑
k∈N

∣∣∣∣ ∂2f

∂ϕ`∂yk

∣∣∣∣
r−ρ,s−σ

∣∣∣∣ ∂g∂ϕk
∣∣∣∣
r−ρ,s−σ

+ sup
`∈N

w`
∑
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r−ρ,s−σ

∣∣∣∣ ∂2g

∂ϕ`∂ϕk

∣∣∣∣
r−ρ,s−σ

+ f ↔ g .

(2.24)
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By using the regularity of f and g, and Cauchy estimate on the derivatives with respect to the ϕk-
variables, k ∈ N, one has

(2.22) ≤ 2

e

1

rσ
‖f‖r,s‖g‖r,s.

By invoking Lemma 1.2.13, we obtain the following estimates:

(r − ρ)× (2.23) =(r − ρ) sup
`∈N

∑
k∈N

w−1
k

∣∣∣∣ ∂2f

∂y`∂yk

∣∣∣∣
r−ρ,s−σ

wk

∣∣∣∣ ∂g∂ϕk
∣∣∣∣
r−ρ,s−σ

+(r − ρ) sup
`∈N

∑
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r−ρ,s−σ

∣∣∣∣ ∂2g

∂y`∂ϕk

∣∣∣∣
r−ρ,s−σ

+ f ↔ g

≤ 2

e

(
1

ρ
+

1

rσ

)
‖g‖r,s‖f‖r,s

and

(2.24) = sup
`∈N

w`
∑
k∈N

w−1
k

∣∣∣∣ ∂2f

∂ϕ`∂yk

∣∣∣∣
r−ρ,s−σ

wk

∣∣∣∣ ∂g∂ϕk
∣∣∣∣
r−ρ,s−σ

+

sup
`∈N

w`
∑
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r−ρ,s−σ

∣∣∣∣ ∂2g

∂ϕ`∂ϕk

∣∣∣∣
r−ρ,s−σ

+ f ↔ g

≤ 2

e

(
r

r − ρ
1

ρ
+

1

rσ

)
‖g‖r,s‖f‖r,s .

Hence the assertion follows. �

Remark 2.3.15. Motivated by Definition 2.3.13, given differentiable, real valued functions f and g
defined on Ur(`

∞
w )× `∞, for some r > 0, we denote by {f, g} any expression of the form∑

k∈N

∂f

∂yk

∂g

∂ϕk
− ∂f

∂ϕk

∂g

∂yk

whenever it is well defined. It follows that:

(a) by Proposition 2.2.4 and equation (2.20), the Lie derivative of an analytic function H ∈ A
(not necessarily regular), in the direction of the hamiltonian vector field V f associated with the
regular function f ∈ R, can be expressed as

LV fH = {f,H} ;

(b) the partial derivatives of any analytic function H ∈ A can be written as

∂H

∂yk
= {H,ϕk},

∂H

∂ϕk
= −{H, yk} .

Remark 2.3.16. According to the above remark, given r, s > 0 , for any H ∈ Ar,s and f ∈ Rr,s, by
the estimate in Proposition 2.2.4 and the definition of the ‖ · ‖r,s-norm, the following estimate holds

|{H, f}|r−ρ,s−σ ≤
1

e

(
r

r − ρ
1

ρ
+

1

rσ

)
‖f‖r,s|H|r,s

for all ρ ∈ (0, r) and σ ∈ (0, s).
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Now we prove that, the knowledge of the action of the Poisson bracket on any pair of monomials of
the form yαeiν·ϕ , with (ν, α) ∈ Z(N)×N(N)

0 , is sufficient to calculate the Poisson bracket {H, f} , for
all H ∈ A , f ∈ R . More precisely, we prove the following

Lemma 2.3.17. Given r, s > 0, the Poisson bracket of H ∈ Ar,s with f ∈ Rr,s is the function defined
on Ur(`

∞
w )× `∞ by

{H, f} =
∑
ν,α

∑
ν′,α′

Hναfν′α′{yαeiν·ϕ, yα
′
eiν′·ϕ}.

Proof. By an argument analogous to the one used in the proof of Proposition 2.2.4, it can be shown that,
for all y ∈ Ur(`

∞
w ) and every ε > 0 such that U ε,y(`

∞
w ) ⊂ Ur(`

∞
w ) , the series

∑
ν,α

∑
ν′,α′

Hναfν′α′y
α+α′ei(ν+ν′)·ϕ

∑
k∈N

∑
ν,α

∑
ν′,α′

Hναfν′α′

(
∂yαeiν·ϕ

∂yk

∂yα
′
eiν′·ϕ

∂ϕk
− ∂yαeiν·ϕ

∂ϕk

∂yα
′
eiν′·ϕ

∂yk

)
converge totally on Uε,y(`

∞
w )× `∞ . Then one has

{H, f} =
∑
k∈N

∂H

∂yk

∂f

∂ϕk
− ∂H

∂ϕk

∂f

∂yk

=
∑
k∈N

∑
ν,α

∑
ν′,α′

Hναfν′α′

(
∂yαeiν·ϕ

∂yk

∂yα
′
eiν′·ϕ

∂ϕk
− ∂yαeiν·ϕ

∂ϕk

∂yα
′
eiν′·ϕ

∂yk

)

=
∑
ν,α

∑
ν′,α′

Hναfν′α′
∑
k∈N

∂yαeiν·ϕ

∂yk

∂yα
′
eiν′·ϕ

∂ϕk
− ∂yαeiν·ϕ

∂ϕk

∂yα
′
eiν′·ϕ

∂yk

=
∑
ν,α

∑
ν′,α′

Hναfν′α′{yαeiν·ϕ, yα
′
eiν′·ϕ} ,

as desired. �

2.3.5 Symplectomorphisms

We now provide the definition of symplectomorphism. In the finite-dimensional setting, it is well-known
that a transformation is a symplectomorphism if and only if it preserves the Poisson bracket. This equiv-
alence, however, does not extend to our infinite-dimensional framework because, as already noted in
Remark 2.3.5, the Hamiltonian vector field of a general analytic function does not necessarily take val-
ues in the tangent space. Thus, for our purposes, it is more convenient to define the condition for a map
to be a symplectomorphism in terms of the preservation of the Poisson bracket.

Definition 2.3.18 (Symplectomorphisms). A regular change of coordinates Φ ∈ Cr0,s0(R) is a sym-
plectomorphism if, for all r ∈ (ρ, r0 + ρ] and s ∈ (σ, s0 + σ] , with σ and ρ as in Definition 2.3.11,
the following equalities hold in Ur−ρ(`

∞
w )× `∞ :

(i) Φ∗{H, f} = {Φ∗H,Φ∗f} , for all H ∈ Ar,s , f ∈ Rr,s ,
(ii) Φ∗{H,ϕm} = {Φ∗H,Φ∗ϕm} , for all H ∈ Ar,s , m ∈ N .

Remark 2.3.19. Note that, if Φ ∈ Cr0,s0(R) is a symplectomorphism, then its inverse Ψ ∈ Cr0−ρ,s0−σ(R)
satisfies (i) and (ii) of the above definition for all r ∈ (ρ, r0] and all s ∈ (σ, s0] .
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The following proposition establishes a sufficient condition for a regular map to be a symplectomor-
phism. Specifically, we show that, in analogy with the finite-dimensional case, the symplectic nature of
a transformation can be determined by checking whether it preserves the fundamental Poisson brackets
of the coordinate components.

Proposition 2.3.20. Let Φ = Id +(N,Ω) : Ur0(`∞w ) × `∞ → `∞w × `∞ be a regular change of
coordinates with |N |∞,wr0,s0 < ρ . Let us denote by N̂ and Ω̂ the functions N̂(y, ϕ) = y +N(y, ϕ) and
Ω̂(y, ϕ) = ϕ+ Ω(y, ϕ) , and assume that

{N̂ (`), Ω̂(m)} = δ`m, {N̂ (`), N̂ (m)} = 0, {Ω̂(`), Ω̂(m)} = 0 ,

for all `,m ∈ N . Then, Φ is a symplectomorphism.

The proof of this proposition is deferred to the end of this section, following the proof of the next
lemma, which provides a key technical tool for the argument.

Lemma 2.3.21. Given r0, s0 > 0 , let ρ ∈ [0, r0) . Consider Φ = Id +(N,Ω) ∈ Cr0,s0(R) such that
|N |∞,wr0,s0 < ρ . Then, for all r ∈ (ρ, r0 + ρ] , s > 0 , H ∈ Ar,s and every f ∈ Rr,s , one has that

{Φ∗H,Φ∗f} =
∑
ν,α

∑
ν′,α′

Hναfνα{Φ∗yαeiν·ϕ,Φ∗yα
′
eiν′·ϕ} .

Proof. Since Φ ∈ Cr0,s0(R) , and in particular Φ ∈ Cr0,s0(A) with |N |∞,wr0,s0 < ρ , it follows by
Proposition 1.2.20 that the derivatives of the series∑

ν,α

HναΦ∗yαeiν·ϕ and
∑
ν,α

fναΦ∗yαeiν·ϕ

are equal to series of the derivatives. Then, to prove the claim it is sufficient to show that the series∑
k∈N

∑
ν,α

∑
ν′,α′

Hναfν′α′

(
∂ Φ∗yαeiν·ϕ

∂yk

∂ Φ∗yα
′
eiν′·ϕ

∂ϕk
− ∂ Φ∗yαeiν·ϕ

∂ϕk

∂ Φ∗yα
′
eiν′·ϕ

∂yk

)
converges absolutely. Let us show that, given r ∈ (ρ, r0 + ρ] , for all y ∈ Ur−ρ(`

∞
w ) and every ε > 0

such that U ε,y(`
∞
w ) ⊂ Ur−ρ(`

∞
w ) , the above series converges totally on Uε,y(`

∞
w ) × `∞ . We denote

by N̂ and Ω̂ the functions N̂(y, ϕ) = y +N(y, ϕ) and Ω̂(y, ϕ) = ϕ+ Ω(y, ϕ) . By the Leibniz rule,
for all α ∈ N(N)

0 and every ν ∈ Z(N) , one has that

∂ Φ∗yαeiν·ϕ

∂yk
=
∂ N̂αeiν·Ω̂

∂yk
=
∑
m∈N

αm
∂N̂ (m)

∂yk
N̂α−emeiν·Ω̂ +

∑
m∈N

iνm
∂Ω(m)

∂yk
N̂αeiν·Ω̂

∂ Φ∗yαeiν·ϕ

∂ϕk
=
∂ N̂αeiν·Ω̂

∂ϕk
=
∑
m∈N

αm
∂N (m)

∂ϕk
N̂α−emeiν·Ω̂ +

∑
m∈N

iνm
∂Ω̂(m)

∂ϕk
N̂αeiν·Ω̂ .

Therefore, the terms of the series decompose into several components. Since the estimation procedure is
essentially the same for all of them, we shall only detail the argument for the term∑

k∈N

∑
ν,α

∑
ν′,α′

∑
m∈N

∑
n∈N

∣∣∣∣Hναfν′α′αm
∂N̂ (m)

∂yk
N̂α−emeiν·Ω̂α′n

∂N (n)

∂ϕk
N̂α′−eneiν′·Ω̂

∣∣∣∣ ; (2.25)

the bounds for the other terms can be obtained similarly. Clearly, the above expression is equal to∑
k∈N

∑
n∈N

∣∣∣∣∂N (n)

∂ϕk

∣∣∣∣(∑
ν,α

|Hνα|
∑
m∈N

αm

∣∣∣∣∂N̂ (m)

∂yk

∣∣∣∣|N̂α−em |
)(∑

ν′,α′

|fν′α′ |α′n|N̂α′−en |
)
,
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which is bounded by

sup
k∈N

wk
∑
n∈N

∣∣∣∣∂N (n)

∂ϕk

∣∣∣∣(∑
ν,α

|Hνα|
∑
m∈N

αm
∑
k∈N

w−1
k

∣∣∣∣∂N̂ (m)

∂yk

∣∣∣∣|N̂α−em |
)

×
(

sup
n∈N

∑
ν′,α′

|fν′α′ |α′n|N̂α′−en |
)
.

Now, given y ∈ Ur−ρ(`
∞
w ) , let ε > 0 be such that U ε,y(`

∞
w ) ⊂ Ur−ρ(`

∞
w ) . Then

sup
k∈N

wk
∑
n∈N

sup
U ε,y(`∞w )×`∞

∣∣∣∣∂N (n)

∂ϕk

∣∣∣∣(∑
ν,α

|Hνα|
∑
m∈N

αm
∑
k∈N

w−1
k sup

U ε,y(`∞w )×`∞

∣∣∣∣∂N̂ (m)

∂yk

∣∣∣∣|N̂α−em |
)

×
(

sup
n∈N

∑
ν′,α′

|fν′α′ |α′n sup
U ε,y(`∞w )×`∞

|N̂α′−en |
)

≤ ‖N‖∞,wr0,s0

(∑
ν,α

|Hνα|
∑
m∈N

αm
∑
k∈N

w−1
k

∣∣∣∣∂N̂ (m)

∂yk

∣∣∣∣
r−ρ−ρ′

∏
`∈N
|N̂ (`)|α`−δm`r−ρ

)
×
(

sup
n∈N

∑
ν′,α′

|fν′α′ |α′n
∏
`∈N
|N̂ (`)|α

′
`−δn`
r−ρ

)
for all ρ′ > 0 such that U ε,y(`

∞
w ) ⊂ Ur−ρ−ρ′(`

∞
w ) . By performing a Cauchy estimate on the derivative

of N̂ (m) we get that there exists a constant c such that the above quantity is bounded by

c ‖N‖∞,wr0,s0

(∑
ν,α

|Hνα||α|
∏
`∈N
|N̂ (`)|α`r−ρ

)(
sup
n∈N

∑
ν′,α′

|fν′α′ |α′n
∏
`∈N
|N̂ (`)|α

′
`−δn`
r−ρ

)

≤ c ‖N‖∞,wr0,s0

(∑
να

|Hνα||α|
(

(r − ρ+ |N |∞,wr0,s0)vw,1

)α)

×
(∑

να

|fνα|α′n
∏
`∈N

(
(r − ρ+ |N |∞,wr0,s0)w−1

k

)α′`−δn`)
.

(2.26)

Since |N |∞,wr0,s0 < ρ , we have that (r − ρ+ |N |∞,wr0,s0)/r < 1 , and hence

c′ := sup
|α|
|α|
(
r − ρ+ |N |∞,wr0,s0

r

)|α|
<∞ .

Therefore ∑
να

|Hνα||α|
(

(r − ρ+ |N |∞,wr0,s0)vw,1

)α
≤ c′

∑
να

|Hνα|vαw,r ≤ c′|H|r,s <∞ ,

and

sup
n∈N

∑
να

|fνα|α′n
∏
`∈N

(
(r − ρ+ |N |∞,wr0,s0)w−1

k

)α′`−δn`
≤ sup

n∈N

∑
να

|fνα|α′nvα−enw,r ≤ ‖f‖r,s .

Then we finally get
(2.26) ≤ cc′ ‖N‖∞,wr0,s0 |H|r,s‖f‖r,s ,

which proves the total convergence of (2.25) in the open set Uε,y(`
∞
w )× `∞ . The claim follows by the

fact that this argument holds for all y ∈ Ur−ρ(`
∞
w ) . �
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We conclude this section with the proof of Proposition 2.3.20.

Proof of Proposition 2.3.20. We prove this statement in several steps. First, we show that

{Φ∗y`,Φ∗eiϕm} = Φ∗{y`, eiϕm} and {Φ∗eiϕ` ,Φ∗eiϕm}

for all m, ` ∈ N . Then, by the Leibniz rule we shall get that

{Φ∗(yαeiν·ϕ),Φ∗(yα
′
eiν′·ϕ)} = Φ∗{yαeiν·ϕ, yα

′
eiν′·ϕ}

holds for all (ν, α) ∈ Z(N) × N(N)
0 . Then, the thesis will follow by Lemmas 2.3.17 and 2.3.21.

Let m ∈ N . Since the power series defining the exponential function converges in any ball, and
given that Ω(m) , together with its derivatives, is bounded on Ur0(`∞w )× `∞ , the series

∞∑
n=0

in

n!
(Ω̂(m))n ,

∞∑
n=0

in

n!

∂(Ω̂(m))n

∂yk
and

∞∑
n=0

in

n!

∂(Ω̂(m))n

∂ϕk
,

converge uniformly on Ur0(`∞w )× `∞ for all k ∈ N . Moreover, for all `,m ∈ N , both the series

∑
k∈N

∞∑
n=0

∂N̂ (`)

∂yk

1

n!
(Ω̂(m))n

∂Ω̂(m)

∂ϕk
and

∑
k∈N

∞∑
n=0

∂N̂ (`)

∂ϕk

1

n!
(Ω̂(m))n

∂Ω̂(m)

∂yk

converge absolutely for all (y, ϕ) ∈ Ur0(`∞w )× `∞ . Indeed, consider for e.g. the first one. We have that

∑
k∈N

∞∑
n=0

∣∣∣∣∂N̂ (`)

∂yk
(y, ϕ)

∣∣∣∣ 1

n!
|Ω̂(m)(y, ϕ)|n

∣∣∣∣∂Ω̂(m)

∂ϕk
(y, ϕ)

∣∣∣∣
= e|Ω̂

(m)(y,ϕ)|
∑
k∈N

∣∣∣∣δ`k +
∂N (`)

∂yk
(y, ϕ)

∣∣∣∣∣∣∣∣δmk +
∂Ω(m)

∂ϕk
(y, ϕ)

∣∣∣∣
≤ e|Ω̂(m)(y,ϕ)|

(
δ`m +

∣∣∣∣∂N (`)

∂ym
(y, ϕ)

∣∣∣∣+

∣∣∣∣∂Ω(m)

∂ϕ`
(y, ϕ)

∣∣∣∣+
∑
k∈N

∣∣∣∣∂N (`)

∂yk
(y, ϕ)

∣∣∣∣∣∣∣∣∂Ω(m)

∂ϕk
(y, ϕ)

∣∣∣∣) .
The latter quantity is finite because N (`) and Ω(m) are regular for all `,m ∈ N . Similar estimates give
that the other series is also absolutely convergent. Consequently, the order of the summations over n and
k may be interchanged, yielding

{N̂ (`), eiΩ̂
(m)} =

∞∑
n=0

in

n!
{N̂ (`), (Ω̂(m))n} ,

for all `,m ∈ N. Then we have

{Φ∗y`,Φ∗eiϕm} = {N̂ (`), eiΩ̂(m)} =

∞∑
n=0

in

n!
{N̂ (`), (Ω̂(m))n}

=
∞∑
n=0

in

n!
n(Ω̂(m))n−1{N̂ (`), Ω̂(m)} = iδ`m

∑
n=0

in

n!
(Ω̂(m))n

= iδ`me
iΩ̂(m)

= iδ`mΦ∗eiϕm = Φ∗{y`, eiϕm} .

(2.27)

Following an analogous argument, one can prove that

{Φ∗eiϕ` ,Φ∗eiϕm} = {eiΩ̂(`)
, eiΩ̂(m)} = Φ∗{eiϕ` , eiϕm} = 0 . (2.28)
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By a direct calculation, and by using the Leibniz rule, it is easy to prove that the results in (2.27) and
(2.28) imply that

{Φ∗(yαeiν·ϕ),Φ∗(yα
′
eiν′·ϕ)} = Φ∗{yαeiν·ϕ, yα

′
eiν′·ϕ}

holds for all (ν, α) ∈ Z(N) × N(N)
0 . The above equation together with Lemmas 2.3.17 and 2.3.21 gives

formula (i) of Definition 2.3.18. Moreover,

{Φ∗H,Φ∗ϕm} = {Φ∗
∑
ν,α

Hναy
αeiν·ϕ,Φ∗ϕm} =

∑
ν,α

Hνα{Φ∗yαeiν·ϕ,Φ∗ϕm}

=
∑
ν,α

Hνα{N̂αeiν·Ω̂, Ω̂(m)} =
∑
ν,α

Hνα{N̂α, Ω̂(m)}eiν·Ω̂ .

By the Leibniz rule, and by the fact that {N̂ (`), Ω̂(m)} = δ`m , it follow that {N̂α, Ω̂(m)} = αmN̂
α−em .

Therefore, ∑
ν,α

Hνα{N̂α, Ω̂(m)}eiν·Ω̂ =
∑
να

HνααmN̂
α−emeiν·Ω̂ = Φ∗

∂H

∂yk
= Φ∗{H,ϕm} ,

which yields formula (ii) of Definition 2.3.18. This concludes the proof. �

We now have the necessary tools to introduce a Hamiltonian dynamics on our phase space. In the
next section, we shall employ the Poisson structure developed herein to introduce an infinite-dimensional
version of the Hamilton’s equations.

2.4 Hamilton’s Equations

In this section, we extend the classical Hamiltonian formalism to our infinite-dimensional framework,
defining the equations of motion and investigating their behavior under symplectic transformations.

Remark 2.4.1. In light of the discussion in Section 1.1 and to ease the notation, throughout the re-
mainder of this chapter we shall identify the elements of the torus T∞ with their representatives in the
universal cover `∞. With a slight abuse of notation, we shall use the same symbol ϕ for both, as well
as for functions defined on the torus and their associated multi-periodic counterparts defined on `∞,
provided that this does not lead to confusion.

2.4.1 Hamilton’s equations and Hamiltonian flow

Given r, s > 0 and a function H ∈ Ar,s , we say that H induces a Hamiltonian flow φH on an open
neighbourhood N0 ⊆ Ur(`

∞
w )× T∞ of {0} × T∞ if there exists a group action φH of R on N0

R×N0 3 (t, y, ϕ) 7→ φtH(y, ϕ) ∈ N0

such that, denoting φtH(y, ϕ) = (y1(t), . . . , yk(t), . . . , ϕ1(t), . . . , ϕk(t), . . .), the maps t 7→ yk(t) and
t 7→ ϕk(t) are differentiable functions for all k ∈ N and satisfy the Hamilton’s equations{

ẏk = {H, yk}
ϕ̇k = {H,ϕk}

, k ∈ N .

In the following, we shall refer to H as the Hamiltonian function.
Note that, in general, a Hamiltonian flow is not even continuous in time as a function of the time

t ∈ R taking values in the Banach manifold. This is essentially due to the fact that, as already pointed
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out in Remark 2.3.5, the gradient of an analytic function defined on an infinite-dimensional Banach space
X does not take values in X , in general. Let us see this with a simple example. Given an unbounded
sequence of real numbers ω = (ωj)j∈N such that

∑
j∈N ωjw

−1
j is finite, consider the Hamiltonian

function
H =

∑
j∈N

ωjyj , y ∈ Ur(`
∞
w ) . (2.29)

Clearly, H belongs to Ar,s for all r, s > 0 . The Hamilton’s equations associated with the Hamiltonian
H are given by {

ẏk = 0

ϕ̇k = ωk
, k ∈ N ,

which can be easily integrated yielding the solutions yk(t) = const , ϕk(t) = ωkt+ const . Therefore,
for all r > 0 , H induces the Hamiltonian flow on Ur(`

∞
w )× T∞ defined by

φtH(y, ϕ) = (y, ϕ1 + ω1t, . . . , ϕk + ωkt, . . .) .

Since (ωj)j∈N is unbounded, this flow cannot be continuous in time. Indeed, for any (y, ϕ) ∈ `∞w ×`∞ ,
any two distinct points on the orbit of (y, ϕ) under the action of φH are infinitely separated. Specifically,
for any t1 6= t2 , one has

‖ϕ+ ωt1 − ϕ− ωt2‖`∞ = sup
j∈N
|ωj(t1 − t2)| =∞.

For the sake of clarity, we emphasize that, in accordance with standard arguments from the theory of
differentiable functions between Banach spaces, the gradient of the Hamiltonian defined in (2.29) belongs
to the topological dual of `∞w × `∞ . This follows directly from the fact that the sum

∑
j∈N ωjw

−1
j is

finite.

2.4.2 Invariance of the Hamilton’s equations under symplectomorphisms

We now show that the Hamilton’s equations are invariant under symplectic changes of coordinates.
Namely, we prove that for any H ∈ A inducing a Hamiltonian flow and any symplectomorphism
Φ , the Hamilton’s equations in the coordinate frame (x, θ) := Φ(y, ϕ) take the form{

ẋk = {H ◦ Φ−1, xk}
θ̇k = {H ◦ Φ−1, θk}

, k ∈ N.

To this end, we first establish the following lemma, which is central to our argument.

Lemma 2.4.2. Let r, s > 0 and let H ∈ Ar,s be a Hamiltonian function that induces a Hamiltonian
flow. Then, for all f ∈ Rr,s ,

d

dt
(f ◦ φtH) = {H, f} ◦ φtH .

Proof. The above equality follows easily for any power-trigonometric polynomial. The claim then fol-
lows for all f ∈ Rr,s by an argument strictly analogous to the proof of Proposition 2.2.4. �

With the help of the result established in the above lemma, let us prove the invariance of the Hamil-
ton’s equations under symplectic changes of coordinates. More precisely, we prove the following propo-
sition, which is sufficient and crucial for our purposes.
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Proposition 2.4.3. Given r, s > 0 , let H ∈ Ar,s and consider a symplectomorphism Φ ∈ Cr,s(R) .
Assume that H ◦ Φ−1 induces a Hamiltonian flow φH◦Φ−1 on Ur−ρ(`

∞
w ) × T∞ , with ρ > 0 as in

Definition 2.3.11. Then, H induces a Hamiltonian flow on the neighbourhood N0 := Φ−1(Ur−ρ(`
∞
w )×

T∞) of {0} × T∞ . In particular, we have that

φtH = Φ−1 ◦ φtH◦Φ−1 ◦ Φ

holds for all t ∈ R .

Proof. First, note that H ◦Φ−1 is a well defined analytic function belonging to Ar−ρ,s−σ , with σ > 0
as in Definition 2.3.11. Moreover, since Φ is in particular a change of coordinates, as already noted in
the proof of Theorem 1.3.12 (see (2.33)), the open set Φ−1(Ur−ρ(`

∞
w )×T∞) is indeed a neighbourhood

of {0} × T∞ . Now, by assumption, H ◦ Φ−1 induces a Hamiltonian flow. Hence, the above Lemma
implies

d

dt
(yk ◦ Φ−1 ◦ φtH◦Φ−1) = {H ◦ Φ−1, yk ◦ Φ−1} ◦ φtH◦Φ−1 .

Since Φ is a symplectomorphism, by Remark 2.3.19, the right-hand side of the above equation is equal
to

{H, yk} ◦ Φ−1 ◦ φtH◦Φ−1

By a similar, slightly refined argument one can prove that

d

dt
(ϕk ◦ Φ−1 ◦ φtH◦Φ−1) = {H,ϕk} ◦ Φ−1 ◦ φtH◦Φ−1 .

We remark that the argument requires refinement because, in general, ϕk ◦ Φ−1 does not belong to
R . This precludes the direct application of Lemma 2.4.2. Nevertheless, this is not a real obstacle: by
the definition of change of coordinates and denoting the new angular variables by θk (with k ∈ N ),
it follows that ϕk ◦ Φ−1 is simply the projection onto the θk coordinate plus a function in Rr,s .
Therefore, we conclude that Φ−1 ◦ φtH◦Φ−1 ◦ Φ is the Hamiltonian flow induced by H . �

Let us make some comments on the above proposition. The fact that H ◦Φ−1 induces a Hamiltonian
flow on Ur−ρ × T∞ means that there exists a group action φH◦Φ−1

R×Ur−ρ × T∞ 3 (t, x, θ) 7→ φtH◦Φ−1(x, θ) ∈ Ur−ρ × T∞

such that, denoting φtH◦Φ−1(x, θ) = (x1(t), . . . , xk(t), . . . , θ1(t), . . . , θk(t), . . .), the maps t 7→ xk(t)
and t 7→ θk(t) are differentiable functions for all k ∈ N and satisfy the Hamilton’s equations{

ẋk = {H ◦ Φ−1, xk}
θ̇k = {H ◦ Φ−1, θk}

, k ∈ N . (2.30)

Then, by Proposition 2.4.3, the Hamilton’s equations associated with the Hamiltonian H , namely,{
ẏk = {H, yk}
ϕ̇k = {H,ϕk}

, k ∈ N ,

admit a solution (y1(t), . . . , yk(t), . . . , ϕ1(t), . . . , ϕk(t), . . .) for any initial datum (y, ϕ) in the open
neighbourhood N0 := Φ−1(Ur−ρ(`

∞
w )× T∞) of {0} × T∞ . Specifically, the solution is given by

φtH(y, ϕ) = Φ−1(φtH◦Φ−1(Φ(y, ϕ))) , for all (y, ϕ) ∈ N0 ,

and φH is a group action of R on N0 .
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2.4.3 Action-angle coordinates

The above argument suggests that a good strategy to solve Hamilton’s equations for a given Hamiltonian
H ∈ A consists in trying to find a symplectomorphism Φ such that the Hamilton’s equations for the
new Hamiltonian H ◦ Φ−1 are easily solvable. For instance, if H ◦ Φ−1 does not depend on the
variables θk , k ∈ N , the infinite system of ODE in (2.30) admit the unique solution

φtH◦Φ−1(x, θ) = (x, θ1 + ω1(x)t, . . . , θk + ωk(x)t, . . .) , where ωk(x) :=
∂H ◦ Φ−1

∂xk
(x) , k ∈ N .

Namely, H ◦ Φ−1 induces a Hamiltonian flow φH◦Φ−1 such that, for all x , the leaf {x} × T∞ is
invariant and the restriction of the Hamiltonian flow on such invariant manifold, namely

{x} × T∞ ∈ θ 7→ φtH◦Φ−1(x, θ) ∈ {x} × T∞ ,

is simply a linear flow on the infinite torus. Therefore, N0 is foliated by infinite tori of the form
Φ−1({x}×T∞) and, by virtue of Proposition 2.4.3, each leaf is invariant for the Hamiltonian flow φH ,
which is conjugated by Φ to a linear flow on the infinite torus. The set of coordinates (x, θ) defined by
such symplectomorphism are called action-angle coordinates.

A final observation is in order: as previously observed, a Hamiltonian flow is not even continuous in
time, in general. Thus, at this stage, we cannot talk about topological conjugacy, even if the conjugating
map has very strong regularity. We shall see in Chapter 4 that such kind of dynamics is always continuous
if one endows the infinite torus with the product topology.

In the next sections, we provide conditions for a Hamiltonian H ∈ A to admit a symplectomorphism
Φ such that the new Hamiltonian H ◦Φ−1 is independent of the variables θk for k ∈ N . The strategy
follows the generating function method as developed in the context of classical Hamiltonian mechanics
(see, e.g., [Arn89]). Specifically, the construction is divided into two parts: in Section 2.5, we establish
a general geometric result that provides an infinite-dimensional version of symplectic straightening for a
complete set of Poisson-commuting integrals. Then, in Section 2.6, we show that if a Hamiltonian H
Poisson-commutes with these integrals, the resulting symplectic transformation yields a set of action-
angle coordinates, effectively linearizing the dynamics.

2.5 Symplectic Straightening of Foliations by Infinite Tori

Here we give the precise statement of the aforementioned theorem about the symplectic straightening
and we address all the technical issues needed to prove that the set of coordinates formally defined in the
introduction to the chapter are indeed a set of action-angle coordinates for the foliation induced by the
map ΓP .

2.5.1 A technical lemma

Here we prove a lemma that is fundamental to bridge the results of the previous chapter to the present.
We recall that, given G ∈ A∞,wr,s , we denote by ΦG the map

ΦG(y, ϕ) = (y +G(y, ϕ), ϕ) , ∀ y ∈ Ur(`
∞
w ) , ϕ ∈ `∞ .

Then we have the following estimate for the fixed point of the equation G = Φ∗GF := F ◦ΦG, where F
is a sequence of regular functions.
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Lemma 2.5.1. Given r, s > 0, let 0 ≤ ρ < r. Consider F ∈ Ur/2(R∞,wr,s ) and let G ∈ U ρ(A∞r−ρ,s) .
Assume that G = Φ∗GF := F ◦ ΦG . Then, G ∈ R∞,wr−ρ,s and satisfies the estimate

‖G‖∞,wr−ρ,s ≤
2

1− (2‖F‖∞,wr,s /r)
‖F‖∞,wr,s ,

Proof. Let us begin by noting that the bound

|G|∞,wr−ρ,s = |Φ∗GF |
∞,w
r−ρ,s ≤ 2|F |∞,wr,s

follows by Proposition 1.2.19. We now give suitable estimates for the derivatives. We adopt the notation
(x, θ) = ΦG(y, ϕ) . Then, for all m, k ∈ N , by the chain rule one has that

∂G(m)

∂yk
=
∂ Φ∗GF

(m)

∂yk
=
∑
`∈N

Φ∗G
∂F (m)

∂x`

(
δ`k +

∂G(`)

∂yk

)
∂G(m)

∂ϕk
=
∂ Φ∗GF

(m)

∂ϕk
=
∑
`∈N

Φ∗G
∂F (m)

∂x`

∂G(`)

∂ϕk
+ Φ∗G

∂F (m)

∂ϕk

The above equations can also be written as∑
`∈N

(
δm` − Φ∗G

∂F (m)

∂x`

)
∂G(`)

∂yk
= Φ∗G

∂F (m)

∂xk∑
`∈N

(
δm` − Φ∗G

∂F (m)

∂x`

)
∂G(`)

∂ϕk
= Φ∗G

∂F (m)

∂ϕk
,

and they can be inverted by Neumann series, namely

∂G

∂y
=
∞∑
n=0

(
Φ∗G

∂F

∂x

)n
Φ∗G

∂F

∂x

∂G

∂ϕ
=
∞∑
n=0

(
Φ∗G

∂F

∂x

)n
Φ∗G

∂F

∂ϕ
.

Indeed, by the triangular inequality and by the algebra property established in Proposition 1.2.6, one has

sup
k∈N

∑
m∈N

∣∣∣∣∂G(m)

∂yk

∣∣∣∣
r−ρ,s

≤ sup
k∈N

∞∑
n=0

∑
m∈N

`1,...,`n∈N

∣∣∣∣Φ∗G∂F (m)

∂x`1
. . .Φ∗G

∂F (`n−1)

∂x`n
Φ∗G

∂F `n

∂xk

∣∣∣∣
r−ρ,s

≤
∞∑
n=0

sup
`n+1∈N

∑
`0,`1,...,`n∈N

n∏
j=0

∣∣∣∣Φ∗G ∂F (`j)

∂x`j+1

∣∣∣∣
r−ρ,s

.

By Proposition 1.2.19, above quantity is bounded by

∞∑
n=0

2n+1 sup
`n+1∈N

 ∑
`0,...,`n∈N

n∏
j=0

∣∣∣∣∂F (`j)

∂x`j+1

∣∣∣∣
r,s


≤
∞∑
n=0

2n+1
n∏
j=0

sup
`j+1∈N

∑
`j∈N

∣∣∣∣∂F (`j)

∂x`j+1

∣∣∣∣
r,s

≤
∞∑
n=0

(
2‖F‖∞,wr,s

r

)n+1

=
2‖F‖∞,wr,s

r − 2‖F‖∞,wr,s
.
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Therefore,

r sup
k∈N

∑
m∈N

∣∣∣∣∂G(m)

∂yk

∣∣∣∣
r−ρ,s

≤ 2

1− (2‖F‖∞,wr,s /r)
‖F‖∞,wr,s .

By analogous computations one can prove the same bound for the derivatives with respect to the periodic
variables, yielding the claim. �

This result connects the fixed-point argument developed in the first chapter (see First Fixed Point
Lemma 1.3.10) with the specific analytical framework of the current one. While the previous chapter
established the existence of the fixed point in a broader functional space, this lemma ensures that the
fixed point inherits the more stringent regularity properties of F . In particular, we have shown that
if F is bounded with respect to the stronger norm ‖ · ‖∞,wr,s , the same holds for the fixed point. This
consistency is what allows us to carry out the subsequent steps of the analysis in the present setting.

2.5.2 Symplectic straightening

Let us start by proving that the map

Ur(`
∞
w ) 3 γ 7→ x(γ) :=

(ˆ
Γ−1
P (γ)

yk dλ

)
k∈N
∈ `∞w

induces a regular change of coordinates. Recalling that, for all k ∈ N , we have the explicit formula
ˆ

Γ−1
P (γ)

yk dλ = γk −A
(k)
0 (γ) ,

where A0 is the average of the function A defined by A = Φ∗−AP (see Lemma 1.3.10), it is clear that
the following theorem gives the desired claim.

Theorem 2.5.2. Given r0, s0 > 0, let P ∈ R∞,wr0,s0 satisfy ‖P‖∞,wr0,s0 < r0/24. Then the map

Φ−A0 : Ur0−ρ(`
∞
w )× `∞ → `∞w × `∞, (γ, ϕ) 7→ (γ −A0(γ), ϕ),

is a regular change of coordinates for all ρ such that 7‖P‖∞,wr0,s0 ≤ ρ < r0/2 and 0 ≤ σ < s0/2. Its
inverse is given by

ΦB : Ur0−2ρ(`
∞
w )× `∞ → `∞w × `∞, (x, ϕ) 7→ (x+B(x), ϕ),

where B ∈ R∞,wr0−2ρ,s0
is defined by B = Φ∗BA0. Furthermore, the following bounds hold:

‖A0‖∞,wr0−ρ,s0 ≤ ‖A‖
∞,w
r0−ρ,s0 ≤

24

11
‖P‖∞,wr0,s0 , ‖B‖∞,wr0−2ρ,s0

≤ 48

7
‖P‖∞,wr0,s0 . (2.31)

Proof. We first verify that Φ−A0 is a well-defined change of coordinates. Recalling that A = Φ∗−AP ,
Proposition 1.2.19 implies that |A|∞,wr0−ρ,s0 is bounded by 2|P |∞,wr0,s0 , which leads to the chain of inequalities

|A0|∞,wr0−ρ,s0 ≤ |A|
∞,w
r0−ρ,s0 ≤ 2|P |∞,wr0,s0 .

Under the smallness assumption ‖P‖∞,wr0,s0 < r0/24, it follows directly from the above inequalities that

|A0|∞,wr0−ρ,s0 <
r0 − ρ

6
.
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Thus, the hypotheses of Theorem 1.3.12 are satisfied. Consequently, the map

Φ−A0 : Ur0−ρ(`
∞
w )× `∞ → `∞w × `∞

is a change of coordinates with ρ′ = 3|A0|∞,wr0−ρ,s0 and σ = 01. Its inverse is

ΦB : Ur0−ρ−ρ′(`
∞
w )× `∞ → `∞w × `∞,

where B ∈ A∞,wr0−ρ−ρ′,s0 is defined by B = Φ∗BA0 and satisfies the bound |B|∞,wr0−ρ−ρ′,s0 ≤ 2|A0|∞,wr0−ρ,s0 .
Finally, since ρ′ ≤ ρ, to complete the proof, it suffices to show that Φ−A0 is also a regular change

of coordinates with 7‖P‖∞,wr0,s0 ≤ ρ < r0/2. To this end, we first note that the smallness condition on
P and Lemma 2.5.1 directly imply the bounds in (2.31). In particular, the norms ‖A0‖∞,wr0−ρ,s0 and
‖B‖∞,wr0−2ρ,s0

are smaller than ρ . Then Remark 2.3.12 ensures that Φ−A0 is indeed a regular change of
coordinates with inverse ΦB . This completes the proof. �

It is worth highlighting that the estimates stated in above theorem imply that the proposed generating
function S defined by

S(x, ϕ) =
∑
k∈N

xkϕk −W (x, ϕ), W (x, ϕ) :=
∑
m∈N

∑
ν∈Λm

A
(m)
ν (γ(x))

iνm
eiν·ϕ, (2.32)

is indeed a real majorant analytic function S : Ur(`
∞
w ) × `∞ → R, r ≤ r0 − 2ρ: In fact, by the nature

of the elements involved, the first sum is totally convergent, and |W |r,s can be bounded by ‖A‖∞,wr,s , up
to a multiplicative constant, for any r ≤ r0 − 2ρ.

We now prove an important intermediate result which plays a crucial role in the construction of the
aimed symplectic straightening of the foliation induced by ΓP .

Theorem 2.5.3. Given r0, s0 > 0, let P ∈ R∞,wr0,s0 satisfy ‖P‖∞,wr0,s0 < r0/27. Then the map

Φ−A0 ◦ ΦP : Ur0−2ρ(`
∞
w )× `∞ → `∞w × `∞

is a regular change of coordinates for all ρ such that 9‖P‖∞,wr0,s0 ≤ ρ < r0/3 and 0 ≤ σ < s0/2. Its
inverse is given by

Φ−A ◦ ΦB : Ur0−2ρ(`
∞
w )× `∞ → `∞w × `∞.

Moreover, the set (Φ−A ◦ ΦB)(Ur0−3ρ(`
∞
w )× `∞) is an open neighbourhood of {0} × `∞.

Finally, assuming that
{Γ(m)

P ,Γ
(n)
P } = 0 for all m,n ∈ N ,

and denoting (x, ϕ) = (Φ−A0 ◦ ΦP ) (y, ϕ), the following hold

{xn, xm} = 0 for all n,m ∈ N.

Proof. First, note that the maps defined above are indeed the inverse of each other. In fact, by Theorem
2.5.2, we have:

Φ−A0 ◦ ΦP ◦ Φ−A ◦ ΦB
Thm1.3.12

= Φ−A0 ◦ IdUr0−ρ(`∞w )×`∞ ◦ΦB = Φ−A0 ◦ ΦB

Thm2.5.2
= IdUr0−2ρ(`∞w )×`∞

1Note that there is no loss of regularity with respect to the variables ϕk , k ∈ N , because the transformation does not
change the angles.
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Φ−A ◦ ΦB ◦ Φ−A0 ◦ ΦP
Thm2.5.2

= Φ−A ◦ IdUr0−2ρ(`∞w )×`∞ ◦ΦP = Φ−A ◦ ΦP

Thm1.3.12
= IdUr0−3ρ(`∞w )×`∞ .

We now verify that the composition

Φ−A0 ◦ ΦP : Ur0−2ρ(`
∞
w )× `∞ → `∞w × `∞

is indeed a regular change of coordinates. We write the explicit action of the maps involved:

(Φ−A0 ◦ ΦP )(y, ϕ) = (y + P (y, ϕ)−A0(y + P (y, ϕ)), ϕ) ,

(Φ−A ◦ ΦB)(x, ϕ) = (x+B(x)−A(x+B(x), ϕ), ϕ) ,

for all (y, ϕ) ∈ Ur0−2ρ(`
∞
w )× `∞. Therefore, by defining the maps N and M as

N(y, ϕ) = P (y, ϕ)−A0(y + P (y, ϕ)) , M(x, ϕ) = B(x)−A(x+B(x), ϕ) ,

we have that Φ−A0 ◦ ΦP = Id +(N, 0) and Φ−A ◦ ΦB = Id +(M, 0). By using the bounds in
(2.31) and estimating the composition of functions with respect to the ‖ · ‖∞,wr,s -norm, it follows that
both ‖N‖∞,wr0−2ρ,s0

and ‖M‖∞,wr0−2ρ,s0
are smaller than ρ. Consequently, the first claim follows from Re-

mark 2.3.12.
To prove the second claim, note that, given a change of coordinates Φ ∈ Cρ,0r0−2ρ,s0

(A) with inverse
Ψ ∈ Cρ,0r0−2ρ,s0−σ(A), one has that

{0} × `∞ ⊂ Ur0−3ρ(`
∞
w )× `∞ = Ψ ◦ Φ(Ur0−3ρ(`

∞
w )× `∞) ⊂ Ψ(Ur0−2ρ × `∞) . (2.33)

The last inclusion follows because Φ : Ur(`
∞
w )× `∞ → Ur+ρ(`

∞
w )× `∞ for all r ≤ r0 − 2ρ .

We conclude the proof by showing that the coordinate functions (xk)k∈N induced by the map Φ−A0 ◦
ΦP Poisson commute. To simplify the notation, in the following computations we assume that the
derivatives of xk with respect to γ` (for k, ` ∈ N) are evaluated at (ΓP (y, ϕ), ϕ), even if not explicitly
indicated. Then we have:

{xn, xm} =
∑
k∈N

∂xn
∂yk

∂xm
∂ϕk

− ∂xn
∂ϕk

∂xm
∂yk

=
∑
k∈N

∑
`∈N

∑
h∈N

∂xn
∂γ`

∂xm
∂γh

(
∂Γ

(`)
P

∂yk

∂Γ
(h)
P

∂ϕk
−
∂Γ

(`)
P

∂ϕk

∂Γ
(h)
P

∂yk

)
.

Since, by assumption, the components of ΓP Poisson commute, the latter expression is formally equal to
0. By performing Cauchy estimates and exploiting the strong regularity of the involved maps (expressed
in terms of the ‖·‖∞,wr,s -norms), one can prove, by following the same argument as in the proof of Lemma
2.3.21, that for every (y, ϕ) ∈ Ur0−2ρ(`

∞
w ) × `∞, there exists a neighbourhood in which the series is

totally convergent. This concludes the proof. �

We now turn to the issue of proving that the angles defined formally by (see Equation (2.14) and the
previous discussion)

θk(x, ϕ) = ϕk −
∑
m∈N

∑
ν∈Λm

1

iνm

∂A
(m)
ν (γ(x))

∂xk
eiν·ϕ , k ∈ N (2.34)

define indeed a regular change of coordinates. Let us start by justifying the algebraic manipulations that
we performed for proving the relations in (2.12), which we recall below

ν`A
(m)
ν = νmA

(`)
ν for all `,m ∈ N . (2.35)
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Based on the construction of the candidate angle coordinates presented in Subsection 2.1.2, to prove
(2.12), we must show that involved formal series are in fact totally convergent.

Lemma 2.5.4. Given r, s > 0 , and 0 < ρ < r , let P ∈ R∞,wr,s be such that |P |∞,wr,s < ρ and
consider A ∈ A∞,wr−ρ,s . Then, for all (y, ϕ) ∈ Ur−2ρ(`

∞
w )× `∞ , there exists a neighbourhood such that

the formal series ∑
`∈N

∂Γ
(m)
P

∂y`
(y, ϕ)

∂A(`)

∂ϕk
(ΓP (y, ϕ), ϕ) , m ∈ N ,

∑
k∈N

∑
`∈N

∂Γ
(m)
P

∂yk
(y, ϕ)

∂Γ
(n)
P

∂y`
(y, ϕ)

(
∂A(`)

∂ϕk
(ΓP (y, ϕ), ϕ)− ∂A(k)

∂ϕ`
(ΓP (y, ϕ), ϕ)

)
, m, n ∈ N ,

are totally convergent.

Proof. Regarding the first series, the statement actually holds for all P ∈ Uρ(A∞,wr,s ); that is, the regular-
ity of P is not required. In fact, total convergence in a neighbourhood of any point in the given domain
can be shown as follows: following the same argument as in the proof of Lemma 2.3.21, by performing
a Cauchy estimate on the derivative of A and subsequently providing a bound for the composition (see
Proposition 1.2.19), the analyticity of ΓP allows one to complete the argument with a further Cauchy
estimate. For the second series, the reasoning is similar, with the difference that one must exploit the
regularity of P to achieve the desired estimate. �

Adopting the same notations as in Theorems 2.5.2 and 2.5.3, we now show that the function Q :
Ur0−3ρ(`

∞
w )× `∞ → `∞w × `∞, defined for all (x, ϕ) ∈ Ur0−2ρ(`

∞
w )× `∞ by

Q(k)(x, ϕ) =
∑
m∈N

∑
ν∈Λm

1

iνm

∂A
(m)
ν ◦ ΦB

∂xk

∣∣∣∣∣
x

eiν·ϕ, k ∈ N, (2.36)

belongs toR∞r0−3ρ,s0
. More precisely, we have the following result:

Proposition 2.5.5. Given r0, s0 > 0 , let P ∈ R∞,wr0,s0 satisfy ‖P‖∞,wr0,s0 < r0/28 . Assume that the
components of ΓP Poisson commute. Then the function Q defined in (2.36) belongs to R∞r0−3ρ,s0

, for
all ρ such that 7‖P‖∞,wr0,s0 ≤ ρ < r0/4 , and satisfies the bound

‖Q‖∞r0−3ρ,s0 ≤ c‖P‖
∞,w
r0,s0 ,

for some constant c > 1.

Proof. First, note that all assumptions of Theorem 2.5.2 are satisfied; thus, the functionB is well-defined
and belongs to U ρ(R∞,wr0−2ρ,s0

). Consequently, the compositionA◦ΦB ∈ R∞,wr0−2ρ,s0
is also well-defined.

The additional condition ρ < r0/4 ensures sufficient analyticity width to perform Cauchy estimates
that are uniform with respect to ρ. Without this condition, the constant c would depend on ρ such
that limρ→r0/3 c(ρ) = ∞. By the aforementioned lemma, the fact that the components of ΓP Poisson
commute implies that the formulas in (2.35) hold. Consequently, for any k ∈ N, the derivative of Q with
respect to ϕk can be expressed as∑

m∈N

∑
ν∈Λm

iνk
iνm

∂A
(m)
ν ◦ ΦB

∂xk

∣∣∣∣∣
x

eiν·ϕ =
∑
ν 6=0

∂A
(k)
ν ◦ ΦB

∂xk

∣∣∣∣∣
x

eiν·ϕ .

Therefore, the claim then follows by applying the properties of the ‖ · ‖∞,wr,s -norm under composition,
following the same idea as in the proof of Lemma 2.5.1. �
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We now discuss the invertibility of the map (x, ϕ) 7→ (x, θ) , where the coordinates θ = (θk)k∈N ,
according to (2.34) and using the notation (2.36), are defined by

θk(x, ϕ) = ϕk −Q(x, ϕ) , for all k ∈ N .

Then, parametrizing ϕ as ϕ = θ +R(x, θ) , we want to solve

R(x, θ) = Q(x, θ +R(x, θ)) . (2.37)

Let us introduce a notation:

Notation 2.5.6. Given G ∈ A∞r,s , we denote by ΨG the map

ΨG(x, ϕ) = (x, ϕ+G(x, ϕ)) , ∀ x ∈ Ur(`
∞
w ) , ϕ ∈ `∞ .

Therefore, Equation (2.37) can be written as R = Ψ∗RQ , where

Ψ∗RQ(x, θ) :=
(

Ψ∗RQ
(m)(x, θ)

)
m∈N

= (Q(m)(x, θ +R(x, θ))m∈N .

As in the previous chapter, the strategy consists in formalizing our question as a fixed-point problem for
the nonlinear operator G 7→ Ψ∗GQ acting on a closed ball of the Banach space A∞r,s . In order to do
this, we show that it is Fréchet differentiable and provide a suitable estimate for the differential. These
technical results are contained in Proposition 2.5.7 and Lemma 2.5.8. Once the existence and uniqueness
of the fixed point in the regularity class A∞ have been established, we shall prove, by applying Lemma
2.5.9 (which is analogous to Lemma 2.5.1), that the fixed point inherits the stronger regularity properties
of Q. Namely, we show that if Q is bounded with respect to the stronger norm ‖ · ‖∞r,s , the same
property holds for the fixed point.

Our first step is to establish the differentiability of this operator. We shall omit the details of the proof
because it follows by the same argument as in Proposition 1.3.9.

Proposition 2.5.7. Given r, s > 0 , let F ∈ A∞r,s. Then, for any σ ∈ (0, s), the map

F : Uσ/2(A∞r,s−σ) 3 G 7→ Ψ∗GF ∈ A∞r,s−σ

is differentiable in the sense of Fréchet. Moreover, the following estimate holds

|dF (G)|op ≤
2

e(σ − 2|G|∞r,s−σ)
|F |∞r,s . (2.38)

The estimate (2.38) suggests that the operator F is a contraction provided that F is sufficiently
small. This ensure the existence and uniqueness of the fixed point, as proved in the following lemma.

Lemma 2.5.8 (Second Fixed Point Lemma). Given r, s > 0, let F ∈ Us/8(A∞r,s) and define σ :=
8|F |∞,wr,s . Consider the map

F : U σ/4(A∞r,s−σ) 3 G 7→ Ψ∗GF ∈ A∞r,s−σ

with ΨG as in 2.5.6. Then, there exists a unique Ĝ ∈ U σ/4(A∞r,s−σ) such that

Ĝ = Ψ∗
Ĝ
F.
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Proof. We follow the same strategy pursued for proving Lemma 1.3.10. Namely, we first we show that

sup
G∈U σ/4(A∞r,s−σ)

|Ψ∗GF |∞r,s−σ ≤ σ/4 ;

then, we prove that F acts as a contraction on U σ/4(A∞r,s−σ) and the thesis will follow by the fact that
a closed ball in a Banach space is indeed a complete metric space.

The first point follows as an immediate consequence of Proposition 1.2.19 by setting, with the same
notations of Proposition 1.2.19, Ψ = ΨG , i.e., N = 0 , Ω ≡ G . Indeed,

|G|∞r,s−σ ≤ σ/4 ≤ σ/2 .

Then, for all G ∈ U σ/4(A∞r,s−σ), the sequence (Gn)n∈N defined by

Gn+1 := F (Gn), G1 := G (2.39)

is contained in U σ/4(A∞r,s−σ).
Since F is Fréchet differentiable, if we show that its Fréchet differential dF satisfies

sup
G∈U σ/4(A∞r,s−σ)

|dF (G)|op ≤ K < 1,

by Lagrange’s inequality, one has

|F (G)−F (G′)|∞r,s−σ ≤ sup
G∈U σ/4(A∞r,s−σ)

|dF (G)|op|G−G′|∞r,s−σ ≤ K|G−G′|∞r,s−σ.

Namely, F would turn out to be a contraction with a Lipschitz constant equal to K < 1 . Note that,
by (2.38) we have that

sup
G∈U σ/4(A∞r,s−σ)

|dF (G)|op ≤
4

eσ
|F |∞r,s =

1

2e
< 1 .

Therefore, there exists Ĝ ∈ U σ/4(A∞r,s−σ) such that, for all G ∈ U σ/4(A∞r,s−σ) , the sequence
(Gn)n∈N defined in (2.39) satisfies

lim
n→∞

|Gn − Ĝ|∞r,s−σ = 0.

Of course, Ĝ satisfies Ĝ = Ψ∗
Ĝ
F . �

We now focus on the regularity of the fixed point Ĝ . The next lemma shows that if F is bounded
and sufficiently small with respect to the ‖·‖∞,wr,s -norm, then Ĝ is also bounded with respect to the same
norm. Since this result is analogous to Lemma 2.5.1 and follows the same logic, we omit the proof.

Lemma 2.5.9. Given r, s > 0, let 0 ≤ σ < s. Consider F ∈ U1/2(R∞r,s) and let G ∈ U σ/2(A∞r,s−σ).
Assume that G = Ψ∗GF . Then, G ∈ R∞r,s−σ and satisfies the estimate

‖G‖∞r,s−σ ≤
2

1− 2‖F‖∞r,s
‖F‖∞r,s .

With these technical results at hand, we now have all the necessary ingredients to prove the theorem
concerning the invertibility of the map (x, ϕ) 7→ (x, θ).
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Theorem 2.5.10. Given r0, s0 > 0, let P ∈ R∞,wr0,s0 satisfy

‖P‖∞,wr0,s0 < min

{
r0

28
,
s0

16c
,

1

4c

}
and define r1 := r0 − 27‖P‖∞,wr0,s0 . Assume that the components of ΓP Poisson-commute. Then the map

Ψ−Q : Ur1(`∞w )× `∞ → `∞w × `∞, (x, ϕ) 7→ (x, ϕ−Q(x, ϕ)),

is a regular change of coordinates with ρ = 0 and 8c‖P‖∞,wr0,s0 ≤ σ < s0/2. Its inverse is given by

ΨR : Ur1(`∞w )× `∞ → `∞w × `∞, (x, θ) 7→ (x, θ +R(x, θ)),

where R ∈ R∞r1,s0−σ is defined by R = Ψ∗RQ. Furthermore, the following bounds hold:

‖Q‖∞r1,s0 ≤ c‖P‖
∞,w
r0,s0 , ‖R‖∞r1,s0−σ ≤ 4c‖P‖∞,wr0,s0 . (2.40)

Proof. Note that all the assumptions of Theorem 2.5.2 and Proposition 2.5.5 are satisfied. Thereferore,
using the notation established previously, the maps A and B are well-defined together with Q ∈ R∞r1,s0 ,
ensuring that Ψ−Q is also well-defined.
Moreover, the condition ‖P‖∞,wr0,s0 < s0/(16c) together with the bound ‖Q‖r1,s0 ≤ c‖P‖

∞,w
r0,s0 implies that

‖Q‖r1,s0 < s0/16. Therefore, we can apply the Second Fixed Point Lemma (see 2.5.8, setting F = Q
and Ĝ = R) to conclude that Ψ−Q is a change of coordinates with inverse ΨR, where R ∈ A∞r1,s0−σ
satisfies the bound |R|∞r1,s0−σ ≤ 2|Q|∞r1,s0 . Note that while |Q|r1,s0 < s0/8 would suffice to apply
Lemma 2.5.8, the stronger requirement ‖P‖∞,wr0,s0 < s0/(16c) ensures that 2σ < s0, so that the domain
of the inverse is well-defined.

The first bound in (2.40) was established in Proposition 2.5.5. The second bound follows from
Lemma 2.5.9, which is applicable since

|R|∞r1,s0−σ ≤ 2|Q|∞r1,s0 ≤ 2‖Q‖∞r1,s0 ≤ 2c‖P‖∞,wr0,s0 =
2cσ

8c
=
σ

4
≤ σ

2
.

Indeed, the assumption ‖P‖∞,wr0,s0 ≤ 1/(4c) combined with the first bound of (2.40) implies ‖Q‖∞r1,s0 ≤
1/4. Thus, Lemma 2.5.9 yields

‖R‖∞r1,s0−σ ≤
2

1− 2‖Q‖∞r1,s0
‖Q‖∞r1,s0 ≤

2

1− 1/2
‖Q‖∞r1,s0 = 4‖Q‖∞r1,s0 ≤ 4c‖P‖∞,wr0,s0 .

Since the right-hand side of these inequalities is equal to σ/2, both ‖R‖∞r1,s0−σ and ‖Q‖∞r1,s0 are

bounded by σ/2. This implies that Ψ−Q ∈ C0,σ/2
r1,s0 (R) and ΨR ∈ C0,σ/2

r1,s0−σ(R), and the claim follows
from Remark 2.3.12. �

To make a connection with the discussion at the beginning of this chapter, we emphasize that the
composition Ψ−Q ◦ Φ−A0 provides the explicit construction of the map ∆ (see (2.1) and the related
discussion). This transformation is precisely the regular change of coordinates required to straighten the
foliation, ensuring that the resulting map Φ = ∆ ◦ ΦP defines a symplectomorphism. By gathering the
arguments developed so far, we are now in a position to prove the following theorem; from this result,
the Symplectic Straightening Theorem, which was informally stated in the introduction, will follow as a
direct corollary.
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Theorem 2.5.11. Given r0, s0 > 0, let P ∈ R∞,wr0,s0 and assume that the components of ΓP pairwise
Poisson-commute. Then, there exists a constant C > 1 such that, provided

‖P‖∞,wr0,s0 <
1

4C
min{r0, s0, 1},

the map
Ψ−Q ◦ Φ−A0 ◦ ΦP : Ur0−4ρ(`

∞
w )× `∞ → `∞w × `∞ (2.41)

is a symplectomorphism with inverse given by

Φ−A ◦ ΦB ◦ΨR : Ur0−3ρ(`
∞
w )× `∞ → `∞w × `∞.

for every ρ and σ satisfying C‖P‖∞,wr0,s0 ≤ ρ < r0/4 and 2C‖P‖∞,wr0,s0 ≤ σ < s0/2.

Proof. Note that, by assuming C ≥ max{9, 4c}, all the hypotheses of Theorems 2.5.2, 2.5.3, and 2.5.10
are simultaneously satisfied. Consequently, both maps introduced in the statement are well-defined. To
show they are the inverse of each other, we note that

Ψ−Q ◦ Φ−A0 ◦ ΦP ◦ Φ−A ◦ ΦB ◦ΨR
Thm1.3.12

= Ψ−Q ◦ Φ−A0 ◦ IdUr0−2ρ(`∞w )×`∞ ◦ΦB ◦ΨR

= Ψ−Q ◦ Φ−A0 ◦ ΦB ◦ΨR

Thm2.5.2
= Ψ−Q ◦ IdUr0−3ρ(`∞w )×`∞ ◦ΨR

= Ψ−Q ◦ΨR
Thm2.5.10

= IdUr0−3ρ(`∞w )×`∞ ,

and

Φ−A ◦ ΦB ◦ΨR ◦Ψ−Q ◦ Φ−A0 ◦ ΦP
Thm2.5.10

= Φ−A ◦ ΦB ◦ IdUr0−3ρ(`∞w )×`∞ ◦Φ−A0 ◦ ΦP

= Φ−A ◦ ΦB ◦ Φ−A0 ◦ ΦP

Thm2.5.2
= Φ−A ◦ IdUr0−3ρ(`∞w )×`∞ ◦ΦP

= Φ−A ◦ ΦP
Thm1.3.12

= IdUr0−4ρ(`∞w )×`∞ .

Next, recall the maps N and M introduced in the proof of Theorem 2.5.3:

N(y, ϕ) = P (y, ϕ)−A0(y + P (y, ϕ)) , M(x, ϕ) = B(x)−A(x+B(x), ϕ) .

In terms of these maps, we can write

Φ−Q ◦ Φ−A0 ◦ ΦP = Id +(N,Q ◦ Φ−A0 ◦ ΦP ), and Φ−A ◦ ΦB ◦ΨR = Id +(M ◦ΨR, R) .

To establish that Ψ−Q ◦Φ−A0 ◦ΦP is a regular change of coordinates, it remains to verify the following
smallness conditions:

max{‖N‖∞,wr0−4ρ, ‖M ◦ΨR‖∞,wr0−4ρ} ≤ ρ

max{‖Q ◦ Φ−A0 ◦ ΦP ‖∞r0−3ρ, ‖R‖∞r0−3ρ} ≤
σ

2
.

If these hold, the thesis follows from Remark 2.3.12. Clearly, by using bounds established previously,
and performing estimates for the norms of the compositions, one can prove that there exist constants
C1, C2 > 1 such that

max{‖N‖∞,wr0−4ρ, ‖M ◦ΨR‖∞,wr0−4ρ} ≤ C1‖P‖∞,wr0,s0
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max{‖Q ◦ Φ−A0 ◦ ΦP ‖∞r0−3ρ, ‖R‖∞r0−3ρ} ≤ C2‖P‖∞,wr0,s0 .

Thus, by defining
C := max{9, 4c, C1, C2}, (2.42)

we deduce that Ψ−Q ◦ Φ−A0 ◦ ΦP is indeed a regular change of coordinates.
To conclude, we observe that the map preserves the Poisson brackets by construction. Indeed, this

change of variables is induced by the generating function S in (2.32), which, as shown at the beginning
of this chapter, formally defines a symplectomorphism. The estimates provided above ensure that these
algebraic manipulations are well-defined on the respective domains, thereby completing the proof. �

Consistent with the explanation in Remark 2.4.1, we utilize a simplified notation exploiting the cor-
respondence between T∞ and its universal cover `∞ established in the section dedicated in the first
chapter.

Theorem 2.5.12 (Symplectic Straightening). Let r0, s0 > 0, P ∈ R∞,wr0,s0 and let

ΓP : Ur0(`∞w )× T∞ → `∞w (y, ϕ) 7→ ΓP (y, ϕ) = y + P (y, ϕ)

be such that {Γ(m)
P ,Γ

(n)
P } = 0 for all m,n ∈ N. Then, there is a constant C > 1 such that, the

smallness condition

‖P‖∞,wr0,s0 <
1

4C
min{r0, s0, 1}

implies that, for all ρ, σ such that

C‖P‖∞,wr0,s0 ≤ ρ < r0/4 and 2C‖P‖∞,wr0,s0 ≤ σ < s0/2,

there exists a symplectomorphism

Φ : Ur0−4ρ(`
∞
w )× T∞ → `∞w × T∞, (y, ϕ) 7→ Φ(y, ϕ) = (x, θ),

that straightens the foliation induced by the map ΓP . Namely for all γ ∈ Ur0−ρ(`
∞
w )

Φ(Γ−1
P (γ)) = {x} × T∞, x = γ −A0(γ),

where A0 is defined in Theorem 2.5.2.
In particular Φ is a regular change of coordinates of class Cρ,σ/2r0−4ρ,s0

(R) , with Φ−1 ∈ Cρ,σ/2r0−3ρ,s0−σ(R).

Proof. The result follows directly from the construction developed in the previous paragraphs. By The-
orem 2.5.11, the composition ∆ := Ψ−Q ◦ Φ−A0 provides the regular change of coordinates required
to define the symplectomorphism Φ = ∆ ◦ ΦP . The straightening property is a consequence of the fact
that ΦP maps the level sets of ΓP into the standard horizontal leaves {γ = const} × T∞, while the
transformation ∆ preserves this foliation while restoring the symplectic structure. �

In this sense, the transformation (x, θ) = Φ(y, ϕ) defines a set of action-angle coordinates adapted to
the foliation, where the geometry of the perturbed level sets is reduced to the standard product structure of
the action-angle space. This geometric rectification has profound implications in Hamiltonian dynamics.
In the following section, we shall see how the existence of such a straightening transformation allows
us to integrate the equations of motion for a class of infinite-dimensional systems, leading to a natural
generalization of the Liouville-Arnold Theorem.
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2.6 An Infinite-Dimensional Liouville-Arnold Theorem

In this section, we provide the dynamical counterpart to the geometric results established in Section
2.5. In the classical finite-dimensional setting, the Liouville-Arnold Theorem ensures that a Hamiltonian
system admitting a complete set of Poisson-commuting integrals is integrable by quadratures and can be
described in terms of action-angle variables. Here, we prove that under suitable smallness conditions on
the perturbation, an analogous conclusion holds for systems defined on `∞w ×T∞. Specifically, we show
that if a Hamiltonian H commutes with a set of integrals that define a Poisson-commuting foliation, the
straightening symplectomorphism Φ constructed in Theorem 2.5.12 acts as the linearizing transformation
for the Hamilton’s equations.

We shall slightly abuse notation in the sense explained in Remark 2.4.1.

Theorem 2.6.1 (Complete Integrability). Let r, s > 0 and consider a majorant real analytic Hamilto-
nian

H : Ur(`
∞
w )× T∞ → R

with H ∈ Ar,s. Assume that there exists P ∈ R∞,wr0,s0 , with r0 ∈ (0, r] and s0 ∈ (0, s], satisfying the
following properties:

(a.1) the following bound holds

‖P‖∞,wr0,s0 <
1

4C
min{r0, s0, 1}, (2.43)

where the constant C is defined in (2.42);

(a.2) the map ΓP defined by

ΓP : Ur0(`∞w )× T∞ → `∞w ΓP (y, ϕ) = y + P (y, ϕ)

is such that, for all m,n ∈ N, {Γ(m)
P ,Γ

(n)
P } = 0 and {Γ(m)

P , H} = 0 for all m ∈ N.

Then,

(i) H induces a Hamiltonian flow φH on a neighbourhood N0 of {0} × T∞ ;

(ii) there is a neighbourhood U0 of γ = 0 in `∞w such that, for all γ ∈ U0, the level set Γ−1
P (γ)

is an analytic Banach manifold, diffeomorphic to the infinite torus T∞, which is invariant for the
Hamiltonian flow φH ;

(iii) there exists a set of action-angle coordinates (x, θ) in which Hamilton’s equations read

ẋk = 0

θ̇k =
H ◦ Φ−1

∂xk

, k ∈ N, (2.44)

where Φ is the symplectomorphism defined in (2.41) and (x, θ) = Φ(y, ϕ).

In particular the Hamilton’s equations can be integrated by quadratures and the Hamiltonian flow re-
duces to a linear flow on the infinite torus T∞.

Proof. To prove (i), we first address point (iii). In the new coordinates (x, θ) = Φ(y, ϕ) provided by
Theorem 2.5.12, the Hamiltonian takes the formK := H◦Φ−1. The fact that {H,Γ(m)

P } = 0 implies, via
the symplecticity of Φ, that {K,xm} = 0 for all m ∈ N. Consequently, K is independent of the angular
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variables θ. As discussed in the dedicated section, the Hamilton’s equations for K take the form (2.44)
and such a HamiltonianK induces a flow φK on Ur0−3ρ(`

∞
w )×T∞, with ρ = C‖P‖∞,wr0,s0 , which is easily

solvable and linear in the angles. Therefore, by applying Proposition 2.4.3, the symplectomorphism
Φ conjugates the flow of K to the flow of H on the neighbourhood of {0} × T∞ given by N0 :=
Φ−1(Ur0−3ρ(`

∞
w )× T∞).

Point (ii) follows from the regularity of Φ and the straightening property: since Φ is a diffeomorphism
and, for all γ ∈ U0 := ∆−1(Ur0−3ρ(`

∞
w ) × T∞), maps Γ−1

P (γ) to the torus {x = const} × T∞, the
level sets are indeed analytic Banach manifolds diffeomorphic to T∞. The invariance of these manifolds
under φH is a direct consequence of the fact that ẋk = 0 for all k ∈ N. �

Despite the formal analogy with the classical Liouville-Arnold Theorem, some crucial distinctions
must be emphasized. In the finite-dimensional case, integrability is often a global or semi-global geo-
metric property derived from the algebraic structure of the symmetry groups involved. In this infinite-
dimensional setting, however, our result relies heavily on the specific functional form of the momentum
map ΓP . The requirement that P belongs to the class of majorant analytic functions R∞,wr0,s0 and sat-
isfies the smallness condition (a.1) indicates that our approach is inherently perturbative, reflecting the
technical challenges posed by the infinite-dimensional setting. Nonetheless, this version of the Liouville-
Arnold Theorem provides a rigorous framework for studying several physically relevant models. As we
shall see in the next chapter, while the `2 topology presents obstructions to the existence of foliations
by infinite tori, our setting allows us to recover a form of complete integrability for systems defined on
infinite lattices and for certain classes of Hamiltonian PDEs on the circle.



Chapter 3

Hamiltonian Systems on Infinite Lattices
and PDEs on the Circle

A broad class of physical models characterized by an infinite number of degrees of freedom admits a
Hamiltonian formulation. During the 1960s, it was discovered that certain nonlinear evolution equa-
tions possess an infinite number of conserved quantities ([Gar71]); consequently, their integrability has
been rigorously investigated through diverse mathematical frameworks. Depending on the topological
properties of the underlying manifolds, these approaches include algebraic geometry, inverse scattering
transforms, and Riemann-Hilbert problems ([AS81]). Such integrable structures arise both in continu-
ous models—notably in the context of shallow water waves described by the Korteweg–de Vries (KdV)
equation—and in discrete lattices, such as the Toda lattice, which models the dynamics of an infinite
chain of interacting particles [Tod89]. The case of Hamiltonian PDEs on the circle is particularly inter-
esting because, in an appropriate set of coordinates, these infinite dimensional Hamiltonian systems look
like infinitely many coupled harmonic oscillators, namely systems on an infinite lattice. In this chapter,
we exploit this correspondence by embedding these systems into a weighted complex Banach space of
sequences framework and provide conditions that allow to construct a set of action-angle coordinates.

3.1 Systems on Infinite Lattices

Building upon the results of the previous chapter, we provide here a class of Hamiltonian systems on
infinite lattices that admit action-angle coordinates on an open subset of the phase space. Let us introduce
the setting.

3.1.1 The phase space

Given a sequence of positive real numbers (ηj)j∈N, we consider as a phase space the complex weighted
Banach space `∞η (C) defined by

`∞η (C) :=

{
u ∈ CN : ‖u‖`∞η (C) := sup

j∈N
ηj |uj | <∞

}
.

Note that `∞η (C) can be embedded into `2(C) if the weight η satisfies the condition

cη :=
∑
j∈N

η−2
j <∞.
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From this embedding, one can inherit the standard symplectic form of `2(C), namely

ω := i
∑
j∈N

duj ∧ dūj ,

by pulling it back onto `∞η (C).

Remark 3.1.1. The embedding ι : `∞η (C) ↪→ `2(C) is compact, and hence the pull back of the standard
symplectic form of `2(C) to `∞η (C) is represented by a bounded operator (ι∗ω)# : `∞η (C)→ (`∞η (C))∗,
ω#(V ) = ω(·, V ), which is compact. Therefore (ι∗ω)# is injective but not surjective, making ι∗ω a
weak symplectic form on `∞η (C).

Let us begin to draw a connection with the phase space `∞w ×T∞ introduced in the previous chapter.
Let ξ = (ξk)k∈N be a sequence of real numbers such that

0 < inf
k∈N

η2
kξk ≤ sup

k∈N
η2
kξk <∞. (3.1)

It then follows that the set

Tξ :=
{
u ∈ `∞η (C) : |uk|2 = ξk for all k ∈ N

}
(3.2)

is analytically diffeomorphic to T∞ via the map T∞ 3 ϕ 7→ (
√
ξke

iϕk)k∈N. Indeed, by Theorem
1.2.24, this map is analytic as it is defined by a uniformly bounded family of analytic functions. The
condition on the infimum in (3.1) ensures both the invertibility of the map and the analyticity of its
inverse, (uk 7→ −i ln(uk/

√
ξk))k∈N, which again follows from Theorem 1.2.24. Consequently, Tξ is an

analytic Banach submanifold.1

Furthermore, the condition 0 < infk∈N ηk|uk| defines an open subset of `∞η (C), which allows for the
possibility of a foliation whose leaves are analytically diffeomorphic to T∞. Specifically, any ξ satisfying
(3.1) possesses an open neighborhood foliated by infinite tori. To see this, let w be the weight defined by
wk = η2

k for all k ∈ N and note that, for any r < infk∈N η
2
kξk, the map

Φξ : Ur(`
∞
w )× T∞ 3 (y, ϕ) 7→ (

√
ξk + yke

iϕk)k∈N ∈ `∞η (C) (3.3)

is bi-analytic onto its image, providing the desired local coordinates for the foliation. This property is
remarkable for the following reason: while `2(C) appears to be the most natural candidate for an infinite-
dimensional Hamiltonian phase space, as it inherently provides a symplectic form via its Hermitian
product, its topology does not allow for a foliation by infinite tori. Indeed, in `2(C), the set of finite-
dimensional tori of the form (3.2) (with ξk = 0 for all but finitely many k) is dense. Equivalently, as
pointed out in [HK14], the locus

a := {u ∈ `2(C) : uk = 0 for some k ∈ N}

is dense in the strong topology. This density constitutes a topological obstruction that prevents Liouville-
Arnold integrability, directing research in recent years towards the closely related concept of Birkhoff
integrability for infinite-dimensional Hamiltonian systems.

Finally, provided that η is such that cη is finite, the symplectic form defined in the previous chapter
(see Definition 2.3.1) can be obtained by pulling back the symplectic form i

∑
k duk ∧ duk through Φξ,

where ξ satisfies (3.1), leading to the conclusion that Φξ is a symplectomorphism.

1We refer the reader to [PT87] for a comprehensive treatment of analytic submanifolds in Banach spaces.
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3.1.2 Space of Hamiltonians

For R > 0, letHR be the space of Hamiltonians

H : UR(`∞η (C))→ R

such that there exists a pointwise absolutely convergent power series expansion2

H(u) =
∑

a,b∈N(N)
0

Habu
aub

satisfying the following properties:

(i) Reality condition:
Ha,b = Hb,a

(ii) Majorant analyticity: Given H as above, we define its majorant as

HM (u) =
∑
a,b

|Hab|uaub .

Then we require that
bHcR := sup

u∈UR(`∞η (C))
|HM (u)| <∞ .

Note that, given R > 0, if we let vη,R ∈ `∞η (C) be the vector defined by (vη,R)j = Rη−1
j , then

bHcR =
∑
a,b

|Hab|va+b
η,R .

It is worth stressing that the finiteness of the b·cR-norm guarantees that the function is majorant-analytic
in the ball UR(`∞η (C)), meaning that its majorant is itself an analytic function, as it is the uniform limit
of polynomials (see, e.g., [Muj86]).

We now show that, given ξ = (ξk)k∈N, ξk ∈ R for all k ∈ N, satisfying (3.1), the pullback of any
majorant analytic Hamiltonian H ∈ HR by Φξ admits a Taylor-Fourier series which belongs to the class
A. More precisely, we fix a sequence of positive real numbers η = (ηk)k∈N and we prove the following

Proposition 3.1.2. Let ξ−, ξ+ ∈ R satisfy 0 < ξ− ≤ ξ+. Then, for every sequence of real numbers
ξ = (ξk)k∈N such that

0 < ξ− ≤ inf
k∈N

η2
kξk ≤ sup

k∈N
η2
kξk ≤ ξ+ ,

and for all R, r, s > 0 satisfying

ξ
1/2
+ es

∞∑
m=0

|am|
(
r

ξ−

)m
≤ R, (3.4)

where (am)∞m=0 are the Taylor coefficients of the function x 7→
√

1 + x, the pullback of any majorant
analytic Hamiltonian H ∈ HR by the map

Φξ : Ur(`
∞
w )× T∞ 3 (y, ϕ) 7→ (

√
ξk + yke

iϕk)k∈N ∈ `∞η (C), wk = η2
k for all k ∈ N,

belongs to Ar,s and satisfies the bound

|Φ∗ξH|r,s ≤ bHcR .
2For the sake of brevity, the index set in summations will be omitted in the following.
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Proof. At a purely formal level, one has

(H ◦ Φξ)(y, ϕ) =
∑
a,b

Hab

∏
k∈N

(ξk + yk)
(ak+bk)/2 ei(a−b)·ϕ

=
∑
ν∈Z

∑
a−b=ν

Hab

∏
k∈N

(ξk + yk)
(ak+bk)/2 eiν·ϕ

=
∑
ν∈Z

∑
a−b=ν

Hab

∏
k∈N

(
ξ

1/2
k

√
1 +

yk
ξk

)(ak+bk)

eiν·ϕ

=
∑
ν∈Z

∑
a−b=ν

Hab

∏
k∈N

(
ξ

1/2
k

∞∑
m=0

am

(
yk
ξk

)m)(ak+bk)

eiν·ϕ.

The latter series is formally equal to ∑
ν,α

Kναy
αeiν·ϕ

for suitable coefficients Kνα, with α ∈ N(N)
0 and ν ∈ Z(N). Clearly, by the triangular inequality, and by

using the assumptions on R, r and s, it follows that

∑
ν,α

|Kνα|vαw,res|ν| ≤
∑
ν∈Z

∑
a−b=ν

|Hab|
∏
k∈N

(
ξ

1/2
k

∞∑
m=0

|am|
(
rw−1

k

ξk

)m)(ak+bk)

es|ν|

≤
∑
a,b

|Hab|
∏
k∈N

(
ξ

1/2
+ η−1

k es
∞∑
m=0

|am|
(
r

ξ−

)m)(ak+bk)

≤
∑
a,b

|Hab|
∏
k∈N

va+b
η,R = bHcR.

Therefore, H ◦ Φξ admits a power-trigonometric series representation, namely (H ◦ Φξ)να = Kνα, and
belongs to Ar,s with |Φ∗ξH|r,s ≤ bHcR. �

3.1.3 Hamiltonian vector fields

In this paragraph we assume that the constant cη is finite. A vector field V : UR(`∞η (C)) → `∞η (C) is
Hamiltonian if there exists H ∈ HR such that

ω(·, V ) = dH[·]. (3.5)

In this case, we say that the vector field is associated with the Hamiltonian H and denote it by VH . It
should be noted that, in general, not all Hamiltonians in HR induce a Hamiltonian vector field. Indeed,
the majorant-analyticity property only ensures that the differential belongs to the topological dual of
the phase space. In the following, in line with the previous chapter, we introduce a class of analytic
Hamiltonians that do induce Hamiltonian vector fields.

3.1.4 Space of regular Hamiltonians

We say that a Hamiltonian f ∈ HR is regular if the norm

|bfc|R := max

{
bfcR, R sup

k∈N
ηk

⌊
∂f

∂uk

⌋
R

}
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is finite. Note that, if cη <∞, the finiteness of the |b·c|R-norm ensures that the function defines a Hamil-
tonian vector field in the sense of (3.5), as the gradient of any such regular Hamiltonian is necessarily
an element of `2(C). Explicitly, the Hamiltonian vector field associated with a regular Hamiltonian f is
given by

V
(k)
f = i

∂f

∂uk
, k ∈ N. (3.6)

It is worth noting that, even when cη = ∞, the regularity of f ensures that the associated Hamiltonian
vector field is analytic as a map Vf : UR(`∞η (C)) → `∞η (C). This is in contrast to the case where f is
merely analytic; in the latter situation, the Hamiltonian vector field, defined as the sequence of derivatives
as in (3.6), is only guaranteed to be bounded when viewed as a map taking values into the dual space
(`∞η (C))∗.

With the aim of exploiting the analytical background developed in the previous chapter, we now
prove that given any regular Hamiltonian f , the composition f ◦ Φξ defines indeed a regular function
in the sense of the previous chapter. Let us first recall that given r, s > 0 the | · |r,s-norm of a regular
function f ∈ Rr,s is defined as

‖f‖r,s := max

{
|f |r,s, sup

k∈N
wk

∣∣∣∣ ∂f∂ϕk
∣∣∣∣
r,s

, r sup
k∈N

∣∣∣∣ ∂f∂yk
∣∣∣∣
r,s

}
<∞.

Proposition 3.1.3. With the same notations of Proposition 3.1.2, and under the same assumptions, we
have that the pullback of any regular Hamiltonian f : UR(`∞η ) → R by the map Φξ belongs to Rr,s
and satisfies the bound

‖Φ∗ξf‖r,s ≤ 2 |bfc|R .

Proof. It follows by Proposition 3.1.2 that |Φ∗ξf |r,s ≤ bfcR ≤ |bfc|R. Furthermore, by using the rela-
tions

∂

∂yk
=

1

2

(
1

uk

∂

∂uk
+

1

uk

∂

∂uk

)
,

∂

∂ϕk
= i

(
uk

∂

∂uk
+ uk

∂

∂uk

)
, for all k ∈ N,

and the reality condition fab = fab, one can follows the same argument as in the proof of Proposition
3.1.2 to prove the following bounds

r sup
k∈N

∣∣∣∣∂Φ∗ξf

∂yk

∣∣∣∣
r,s

≤ r

R2
R sup
k∈N

ηk

⌊
∂f

∂uk

⌋
R

≤ r

R2
|bfc|R

sup
k∈N

wk

∣∣∣∣∂Φ∗ξf

∂ϕk

∣∣∣∣
r,s

≤ 2R sup
k∈N

ηk

⌊
∂f

∂uk

⌋
R

≤ 2 |bfc|R .

Since the assumption (3.4) implies that r/R2 < 1, the claim follows. �

In particular, the Hamiltonian vector field associated with a regular Hamiltonian H ∈ HR is pushed
forward to `∞w × T∞ by Φ−1

ξ , and the resulting vector field is analytic and bounded. More precisely, it
belongs to the space of vector field Xr,s (see Definition 2.2.2).

3.1.5 Poisson bracket

As usual, the symplectic form induces a Poisson bracket on the space of regular functions by setting

{f, g} := ω(Vf , Vg) .
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By a direct calculation, one discovers that

{f, g} = i
∑
k∈N

∂f

∂uk

∂g

∂uk
− ∂f

∂uk

∂g

∂uk
. (3.7)

According to the identification between the symplectic structures i
∑

k duk∧duk and
∑

k dyk∧dϕk just
established, we have that

Φ∗ξ

(
i
∑
k∈N

∂f

∂uk

∂g

∂uk
− ∂f

∂uk

∂g

∂uk

)
=
∑
k∈N

∂Φ∗ξf

∂yk

∂Φ∗ξg

∂ϕk
−
∂Φ∗ξf

∂ϕk

∂Φ∗ξg

∂yk
.

Therefore, in line with the observations in Subsection 2.3.4, one can take (3.7) as a definition on the Pois-
son bracket, overcoming then the necessity of the requirement cη <∞. From now on, we shall dispense
with the embedding into `2(C), as our results do not depend on such an assumption. Another important
property that we inherit from the analysis developed in Section 2.5 is the possibility of extending the
operation induced by the Poisson bracket between pairs of functions in which one of the two is regular
and the other one belongs to HR for some R > 0. This can be easily seen by interpreting this operation
as the Lie derivative of an analytic function in the direction of the Hamiltonian vector field associated
with a regular function.

3.1.6 Hamilton’s equations

Given R > 0 and a function H ∈ HR , we say that H induces a Hamiltonian flow φH on an open
set U ⊆ `∞η (C) if there exists a group action φH of R on U

R×U 3 (t, u) 7→ φtH(u) ∈ U

such that, denoting φtH(u) = (u1(t), . . . , uk(t), . . .), the maps t 7→ uk(t) are differentiable functions for
all k ∈ N and satisfy the Hamilton’s equations

u̇k = {H,uk}, k ∈ N.

According to the notation previously introduced, we denote by VH := ({H,uk})k∈N the (typically
unbounded) Hamiltonian vector field associated with H . Clearly,

V
(k)
H = i

∂H

∂uk
.

The same discussion and remarks of Section 2.4 on the regularity and on the existence of the Hamiltonian
flow hold literally in this setting as well.

3.1.7 The main theorem: Liouville-Arnold integrability

In this section we prove a theorem about the complete integrability (à la Liouville-Arnold) of Hamil-
tonian systems on infinite lattices. The idea is the following: when describing the phase space `∞η (C),
we observed that, given any torus of the form Tξ (see (3.2)), there is a tubular neighbourhood which is
analytically and identified with the product space Ur(`

∞
w )×T∞ via the symplectomorphism Φξ defined

in (3.3). Hence, in light of the results in Propositions 3.1.2 and 3.1.3, Φ−1
ξ pushes the Hamiltonian vector

field i∂uH defined on `∞η (C) forward to `∞w × T∞. Of course, the Hamilton’s equations are preserved.
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Theorem 3.1.4 (Complete Integrability for Systems on Infinite Lattices). Let R > 0 and consider a
majorant real analytic Hamiltonian

H : UR(`∞η (C))→ R

withH ∈ HR. Suppose that there are functions (f (m))m∈N, where f (m) ∈ HR for allm ∈ N, satisfying
the following properties:

(a.1) the Taylor series of every f (m) starts at order larger or equal than three.

(a.2) denoting f = (f (m))m∈N, the following quantity is bounded

|||f |||R := max

{
sup
m∈N

ηmbf (m)cR, R sup
k∈N

ηk
∑
m∈N

⌊
∂f (m)

∂uk

⌋
R

}
;

(a.3) let wk = η2
k for all k ∈ N, then the map Γ : UR(`∞η (C))→ `∞w defined by

Γ(m)(u) = |um|2 + f (m)(u)

is such that, for all m,n ∈ N, {Γ(m),Γ(n)} = 0 and {Γ(m), H} = 0 for all m ∈ N.

Then, there exists ξ−, ξ+ ∈ R, with 0 < ξ− ≤ ξ+ < R2, such that for every sequence of real numbers
ξ = (ξk)k∈N satisfying

ξ− ≤ inf
k∈N

η2
kξk ≤ sup

k∈N
η2
kξk ≤ ξ+

(i) H induces a Hamiltonian flow φH on a neighbourhood Mξ of Tξ ;

(ii) there is a neighbourhood Uξ of γ = ξ in `∞w such that, for all γ ∈ Uξ, the level set Γ−1(γ)
is an analytic Banach manifold, diffeomorphic to the infinite torus T∞, which is invariant for the
Hamiltonian flow φH ;

(iii) there exists a set of action-angle coordinates (x, θ) in which Hamilton’s equations readẋk = 0

θ̇k =
H ◦ Φξ ◦ Φ−1

∂xk

, k ∈ N, (3.8)

where Φ and Φξ are the symplectomorphisms defined in (2.41) and 3.3, respectively, and (x, θ) =
Φ ◦ Φ−1

ξ (u).

In particular the Hamilton’s equations can be integrated by quadratures and the Hamiltonian flow re-
duces to a linear flow on the infinite torus T∞.

Proof. Note that the requirement that the perturbations f (m), for all m ∈ N, are of order three or higher
implies that the quantity R−2|||f |||R can be made arbitrarily small by simply reducing the radius R. Then,
there exists R0 > 0 such that

R0 ≤ min{R, 25/2
√

ln(2)} (3.9)

R−2
0 |||f |||R0

≤ 1

29C
, (3.10)

where the constant C is defined in (2.42). Let ξ− := 32C|||f |||R0
and ξ+ := R2

0/16. Clearly, (3.10)
implies that ξ− ≤ ξ+. Finally, define r0 = ξ−/2 and let s0 := ln(2). It is immediate to verify that
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R0, r0, s0 satisfies (3.4). Therefore, by setting P = Φ∗ξf and ΓP = Φ∗ξΓ, it follows directly from
Proposition 3.1.3 that

‖P‖∞,wr0,s0 ≤ 2|||f |||R0
.

This bound allows the smallness assumption of Theorem 2.5.12 to be met. Indeed, one has the following
chains on inequalities

‖P‖∞,wr0,s0 ≤ 2|||f |||R0
=

ξ−
16C

=
r0

8C
<

r0

4C

‖P‖∞,wr0,s0 ≤ 2|||f |||R0

(3.10)
≤ R2

0

28C

(3.9)
≤ ln(2)

8C
<

ln(2)

4C
<

1

4C
,

which imply

‖P‖∞,wr0,s0 <
1

4C
min{r0, s0, 1}.

Thus, since Φξ is a symplectomorphism, the claim follows by Theorem 2.6.1 and Proposition 2.4.3 by
setting, with the same notations of Theorem 2.6.1, Mξ := Φξ(N0) and Uξ = ξ + U0. �

It is worth stressing that, besides providing a connection (established in Proposition 3.1.3) with the
theory developed in the previous chapter, the boundedness of the ||| · |||R norm ensures that the momentum
map is a majorant analytic map taking values in the space of actions, and that the adjoint of the differential
of Γ induces a bounded operator from the space of analytic vector fields to itself. This property, together
with result established in the above theorem, should be compared with [BS20], where he authors show
how a family of commuting analytic vector fields can be reduced to a normal form near the origin via an
analytic coordinate transformation. Their approach provides an abstract framework to construct Birkhoff
coordinates for infinite-dimensional systems in a small neighbourhood around the origin, with direct
applications to the KdV, the NLS equation, and the Toda lattice. Similarly to their approach, our result
is local in nature; however, it applies to an open region of the phase space that excludes the origin,
whose existence is fundamentally linked to the `∞-based topology. On the other hand, our construction
provides a more detailed geometric description in terms of foliations into infinite-dimensional invariant
submanifolds.

Another remarkable point is that, by interpreting the functions u 7→ |um|2 for all m ∈ N as Hamil-
tonians of harmonic oscillators, the first integrals f (m) can be seen as small (with respect to the ||| · |||R
norm) perturbations of these systems. Finally, we point out that one has the explicit expression for the
actions

xm =

ˆ
Γ−1(γ)

(|um|2 − ξm)dλ′, m ∈ N,

where λ′ is the pushforward by Φξ of the measure λ defined in Subsection 2.1.1. This directly follows
by the definition of the actions (see (2.4)) and by the fact that |um|2 = ξm + ym for all m ∈ N. Since,
by (3.8), these actions are preserved by the Hamiltonian flow, we find that, although the energies of the
harmonic oscillators u 7→ |um|2 are not preserved, the averages of such energies on the invariant tori are
constant in time.

3.1.8 Connection with Hamiltonian PDEs on the circle

Many Hamiltonian PDEs on the circle can be viewed as Hamiltonian systems on infinite lattices, where
this correspondence is realized via the Fourier transform. Consider, for instance, the Schrödinger equa-
tion for the wave function u ∈ H1

0 (T,C)3 of a free particle in a box of length 2π with periodic boundary

3As usual, for anyN > 0,HN
0 (T,C) denotes the Hilbert space of 2π-periodic functions with zero mean whoseN -th weak

derivative is in L2(T,C).
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conditions, which, in natural units where ~ = 14, reads as

iut = uxx, t ∈ R, x ∈ T.

By expanding the wave function u in a Fourier series as u(t, x) =
∑

k∈Z uk(t)e
ikx, the Schrödinger

equation for the Fourier coefficients becomes

u̇k = ik2uk, for all k ∈ Z.

It is then clear that this dynamics can be viewed as a Hamiltonian system on the infinite lattice Z with
Hamiltonian H and symplectic form ω given by

H(u) =
∑
k∈Z

k2|uk|2, ω = i
∑
k∈Z

duk ∧ dūk. (3.11)

One can easily see that the solutions of the above equation are given by

uk(t) = uk(0)eik2t, for all k ∈ Z,

where u(0, x) =
∑

k∈Z uk(0)eikx represents the state of the particle at time t = 0.
By embedding h1 into `∞η , which is possible if∑

k∈Z
k2η−2

k (3.12)

is finite5, it is easy to see that this system is indeed completely integrable in the sense of Theorem 3.1.4.
Indeed, condition (3.12) ensures that the Hamiltonian in (3.11) is analytic in any ball centered at the
origin of `∞η (C). Furthermore, with the same notation as in Theorem 3.1.4, the momentum map Γ is
given by

Γ(m)(u) = |um|2, for all m ∈ Z,

and, for every sequence of real numbers ξ = (ξk)k∈N satisfying

0 < inf
k∈N

η2
kξk ≤ sup

k∈N
η2
kξk <∞,

the parametrization uk =
√
ξk + xke

iθk , k ∈ Z, provides a set of action-angle variables in a neighbor-
hood of the torus

Tξ :=
{
u ∈ `∞η (C) : |uk|2 = ξk for all k ∈ N

}
. (3.13)

Finally, such a neighborhood is foliated by infinite-dimensional invariant tori, analytically diffeomorphic
to T∞, which support the linear dynamics

φtH(x, θ) = (x, (θk + k2t)k∈Z),

also known as Kronecker flow (see Chapter 4 for an in-depth investigation of this topic).
According to the discussion in Subsection 2.4.1, such a flow is clearly not continuous in time as

a function R 3 t 7→ `∞η (C) because the sequence of frequencies (k2)k∈Z is unbounded. It is worth
stressing that this kind of dynamics is always continuous with respect to the weak* topology, which is
the topology on `∞η (C) defined by the neighborhood system consisting of all sets of the form

UA,ε(u) :=

{
v ∈ `∞η (C) :

∣∣∣∣∑
k∈Z

(uk − vk)φk
∣∣∣∣ < ε , ∀φ ∈ A

}
, u ∈ `∞η (C),

4According to the standard literature, ~ denotes the reduced Planck’s constant.
5GivenN > 0, we denote by hN the complex Hilbert space of Fourier coefficients associated with functions inHN

0 (T,C).
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where A is an arbitrary finite subset of the Banach space

`1η−1(C) :=

{
φ = (φk)k∈Z : ∀k ∈ Z, φk ∈ C, with

∑
k∈Z

η−1
k |φk| <∞

}
.

Indeed, `∞η (C) is the dual space of `1η−1(C). This topology coincides with the topology of pointwise
convergence; hence, a function with values in `∞η (C) is continuous with respect to the weak* topology if
and only if all its component functions are continuous. We shall prove in Appendix D that the invariant
tori of the form (3.13), equipped with the subspace topology induced by the weak*, are homeomorphic
to the infinite torus endowed with the product topology. It will turn out that the restriction of the action-
angle map on each invariant torus provides a topological conjugacy between the Hamiltonian dynamical
system and the associated Kronecker flow.

3.2 The KdV Equation

In this section we shall apply the results established thus far for showing that the KdV equation on
the circle is a completely integrable infinite-dimensional Hamiltonian system in the sense of Liouville-
Arnold (see Theorem 3.2.7). By the nature of our results, complete integrability is to be intended in a
region of small data bounded away from the origin, structured as a product of thin complex annuli of the
form 0 < r < |um| < R for each Fourier component.

3.2.1 Introduction and state of the art

We consider the Korteweg-de Vries (KdV) equation with periodic boundary conditions for a real-valued
function u with zero mean:

ut + uxxx − 6uux = 0, x ∈ R/Z,
ˆ 1

0
u(x, t)dx = 0. (3.14)

The condition
´ 1

0 u(x, 0)dx = 0 is preserved by the KdV flow. Indeed, since 6uux − uxxx = (3u2 −
uxx)x, the total mass is a conserved quantity. By multiplying both sides of the equation by u and inte-
grating, one can also find the conserved Hamiltonian:

H(u) =

ˆ 1

0

(
u2
x

2
+ u3

)
dx.

In [Gar71], Gardner showed that L2
0(R/Z,R)6 carries a Poisson structure defined by the bracket

{F,G} :=

ˆ 1

0
∇L2F · ∂x∇L2Gdx,

where ∇L2 denotes the L2-gradient, making KdV an infinite-dimensional Hamiltonian system with
Hamiltonian vector field VH = ∂x∇L2H .

Defining the Fourier coefficients as uj :=
´ 1

0 u(x)e−ijxdx, j ∈ 2πZ, the Hamiltonian can be ex-
pressed as

H(u) =
1

2

∑
j∈2πZ\{0}

j2|uj |2 +
∑

j,k,`∈2πZ\{0}
j+k+`=0

ujuku`.

6We denote by L2
0(R/Z,R) the subspace of L2(R/Z,R) of functions with zero mean.
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The first term represents an infinite system of independent harmonic oscillators, while the second term
introduces a coupling. In these coordinates, the Hamilton’s equations read

u̇j = ij3uj + 3ij
∑

k∈2πZ\{0}

uj−kuk, j ∈ 2πZ \ {0}.

A natural question is whether this system is integrable in the Liouville-Arnold sense. Specifically,
one seeks a bi-analytic diffeomorphism that decouples the system into a Birkhoff normal form:

H(z) =
∑
j∈2πN

ωj |zj |2 + Z(I), ω = i
∑
j∈2πN

dzj ∧ dz−j ,

where Z depends only on the actions Ij = |zj |2. If such coordinates exist, the set

TI :=
{
z : |zk|2 = Ik for all k ∈ 2πN

}
are invariant tori for the Hamiltonian flow induced by the KdV equation.

In [Lax68], Lax showed that u satisfies KdV if and only if the pair of operators

Lu(t) := − ∂2

∂x2
+ u(x, t), Bu(t) := −4

∂3

∂x3
+ 3u(x, t)

∂

∂x
+ 3

∂

∂x
(u(x, t) · )

satisfies the Lax equation d
dtLu(t) = [Bu(t), Lu(t)]. Since Lu is self-adjoint and Bu is anti-self-adjoint,

the spectrum of Lu, denoted by (λn)n∈N, remains constant in time. This isospectral property provides
an infinite family of conserved quantities, implying that the KdV flow evolves on the isospectral sets

Iso(u0) := {u : spec(Lu) = spec(Lu0)}.

To characterize these sets, one typically appeals to Floquet theory, which describes the spectrum
as a union of disjoint intervals (bands) separated by spectral gaps. Specifically, the gaps are defined
as the intervals of the real line (E2n−1, E2n) that are not contained in the spectrum of the Schrödinger
operator. The endpoints of the spectral gaps correspond to the pure point spectrum of Lu when its action
is restricted on the space of 2-periodic functions, and exhibit the asymptotic behavior

E2n−1(u), E2n(u) = π2n2 +

ˆ 1

0
u(x, 0)dx+ `2n,

where E0 < E1 ≤ E2 < E3 ≤ E4 . . . , and `2n denotes the n-th entry of an `2 sequence. A key result in
[GT84] establishes that the spectrum of the periodic Schrödinger operator is entirely determined by the
mean value of the potential u and by the gap lengths, which are defined by

gn := E2n − E2n−1, n ∈ N,

allowing representing the level sets of the conserved quantities as

Iso(u0) = {u : gn(u) = gn(u0)∀n ∈ N}.

A closer inspection of the isospectral sets shows that for any finite N , they are compact analytic
submanifolds homeomorphic to N -dimensional tori, where N corresponds to the number of open gaps.
While this topological identification also holds for N = ∞ (see [MT76]), such level sets cannot be
analytic submanifolds of L2(R/Z,R) since an infinite-dimensional compact subset of a Banach space
can never be a submanifold (see e.g. Appendix C of [PT87]).
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If we vary the widths of the open gaps (g1, . . . , gN ) ∈ U ⊂ RN , we obtain a set of functions
isomorphic to U × TN . This subset is invariant for the dynamics, and the restriction of the KdV system
is a finite (2N -)dimensional integrable system. In [MT76], it was shown that the squared gap lengths
g2
j are real analytic functions of u that Poisson commute with each other, representing the meeting point

between the Lax pair structure and the Hamiltonian framework.
In [FM76], Flaschka and McLaughlin provided explicit action-angle variables (Ik, θk)

N
k=1 in terms of

spectral gaps. One might think of repeating their construction for allN and then taking the limitN 7→ ∞
to cover the whole phase space. However, the limit is singular in the dense subset of L2(R/Z,C) given
by

a := {u : gn(u) = 0 for some n ∈ N}.

The solution, as developed in [KP03],7 is the introduction of the Birkhoff coordinates

xk =
√

2Ik cos(θk), yk =
√

2Ik sin(θk),

which are well-defined and analytic on the entire phase space. In these variables, the symplectic form
becomes ω =

∑
k dxk ∧ dyk and the Hamiltonian H depends only on the actions. This fundamental

breakthrough is established by the following theorem, which provides a global Birkhoff normal form for
the KdV equation. As usual, HN

0 denotes the Sobolev-Hilbert spaces of zero-mean functions with the
N th weak derivative in L2

0 and hN its image under the Fourier transform.

Theorem ([KP03], Theorem 12.6). There exists a diffeomorphism Φ : L2
0 → h1/2 with the following

properties:

(i) Φ is one-to-one, onto, bi-analytic, and preserves the Poisson bracket.

(ii) For each N ≥ 0, the restriction of Φ to HN
0 , denoted by the same symbol, is a map

Φ : HN
0 → hN+1/2,

which is one-to-one, onto, and bi-analytic as well.

(iii) The coordinates (x, y) in h3/2 are global Birkhoff coordinates for the KdV equation. That is,
the transformed KdV Hamiltonian H ◦ Φ−1 depends only on x2

n + y2
n, n ≥ 1, with (x, y) being

canonical coordinates in h3/2.

We remark that the actions are asymptotically equivalent to the rescaled squared gap lengths, i.e.

Ik = x2
k + y2

k ∼
1

k
g2
k for large k,

which are themselves real analytic integrals in involution. The regularity of the gap lengths coincides
with the regularity of the Fourier coefficients, as proved in [MO75], thereby providing a complete link
between the spectral and Hamiltonian perspectives.

In this section, we place the KdV equation within our `∞-weighted space setting. We show that,
when viewed as a system on an infinite lattice via the Fourier transform, it defines a completely integrable
infinite-dimensional Hamiltonian system in the sense of Theorem 2.6.1. To this end, it is necessary to
investigate the structure and regularity of the spectral gaps of the associated periodic Schrödinger oper-
ator. We achieve this by interpreting the spectral problem as a first-order dynamical system, describing
a perturbed harmonic oscillator where the potential u acts as an external periodic force. We then apply

7See [BKM96] for the original paper. For a different proof of the same result, see [KM01].



Section 3.2. The KdV Equation 93

a reduction scheme to transform this system into one with constant coefficients. Such a reduction sig-
nificantly simplifies the analysis of the spectral gaps, which, in this setting, correspond precisely to the
instability intervals of the associated dynamical system.

For the sake of notational simplicity and to avoid the proliferation of factors of π, we prefer to work
with 2π-periodic functions rather than 1-periodic ones. This choice allows us to identify the Fourier
lattice directly with Z instead of 2πZ. To this end, we perform a rescaling of the parameters by setting
t→ (2π)3t, u→ (2π)−2u, and x→ 2πx. One can easily verify that this transformation leaves the form
of the KdV equation, including all its coefficients, invariant. Therefore, in what follows, we shall adopt
this scaling without changing the notation for the variables.

3.2.2 Spectral problem and Floquet theory

Consider the Schrödinger operator Lu = −∂xx+u, where u is 2π-periodic, with zero mean and analytic.
The eigenvalue equation

−ψxx + uψ = Eψ

can be reformulated as a first-order dynamical system. Setting t = x, q = ψ and p = ψt, we obtain:

d

dt

(
q
p

)
=

[(
0 1
−E 0

)
+

(
0 0
u 0

)](
q
p

)
, (3.15)

namely the Hamilton’s equation for a harmonic oscillator forced by a periodic perturbation. From Floquet
theory, it is well known that the spectrum is composed of bands and gaps, that correspond to bounded
and unbounded solution for the associated dynamical system (3.15). For the unperturbed case u = 0, the
periodic and anti-periodic eigenvalues are doubly degenerate and equal to En = n2/4, with associated
eigenfunctions e±int/2, for n ∈ N. Clearly, for even n ∈ N, one has 2π-periodic eigenfunctions, while
for odd n, the eigenfunctions are 2π-anti-periodic. There is no spectrum for E < 0, while n = 1 yields
the first anti-periodic eigenvalueE1 = 1/4. For small u, the effect of the perturbation is that of open gaps
between the unperturbed doubly degenerate eigenvalues. Moreover, En remains close to its unperturbed
value. Then the study of the spectrum amounts to identifying the regions of λ > 0, where E = λ2, that
yield bounded eigenfunctions. Clearly, the study of the spectral gaps coincides with the identification of
the complementary region.

3.2.3 Complex coordinates and Lie algebra structure

Let us introduce the complex coordinates

z =
1√
2

(
p√
λ

+ i
√
λq

)
and z̄ =

1√
2

(
p√
λ
− i
√
λq

)
.

Under this change of variables, the eigenvalue equation Luψ = λ2ψ recasts as:

d

dt

(
z
z̄

)
=

[
λ

(
i 0
0 −i

)
+

u

2λ

(
−i i
−i i

)](
z
z̄

)
. (3.16)

This system represents a two-parameter family of Hamiltonian dynamical systems, characterized by the
parameters u and λ. The corresponding Hamiltonian function is given by

H(z, z̄ ;u, λ) =
( u

2λ
− λ
)
|z|2 − u

2λ
Re(z2),

and the Hamiltonian vector field is defined via the standard symplectic form ω = idz ∧ dz̄. Clearly, such
vector field is time dependent and depends on t only through the external force u. In this representation
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the state vector evolves in C2, and the matrices driving the evolution must preserve the symplectic form
ω. Namely the flow is represented by an element of the group SU(1, 1),8 which is defined as:

SU(1, 1) :=

{(
α β
β̄ ᾱ

)
: α, β ∈ C, |α|2 − |β|2 = 1

}
.

Consequently, the matrices inducing the dynamics, being the infinitesimal generators of such a flow,
must belong to the corresponding Lie algebra su(1, 1) given by:

su(1, 1) :=

{(
ia b
b̄ −ia

)
: a ∈ R, b ∈ C

}
.

To make this more explicit, we can project the dynamics onto a specific basis (over R) {J1, J2, J3} for
su(1, 1):

J1 =

(
i 0
0 −i

)
, J2 =

(
0 1
1 0

)
, J3 =

(
0 i
−i 0

)
.

In this basis, the Hamilton’s equations (3.16) take the form

d

dt

(
z
z̄

)
= D(u, λ)

(
z
z̄

)
,

where the matrix D(u, λ) ∈ su(1, 1) can be expressed as

D(u, λ) =
(
λ− u

2λ

)
J1 +

u

2λ
J3,

highlighting the underlying algebraic structure.

3.2.4 Purposes and basic ideas of the strategy

We seek a time-dependent change of coordinates in SU(1, 1) that reduces the Hamilton’s equations
(3.16) to a system with constant coefficients. Assuming such a transformation exists, the new equations
of motion will take the form:

d

dt

(
w
w̄

)
= D(u, λ)

(
w
w̄

)
,

where D(u, λ) has constant coeffiecients. Since the transformation is performed via an element of the
group SU(1, 1), the constant matrix D must belong to the Lie algebra su(1, 1). In particular, D is
traceless, and its eigenvalues are given by:

µ±(u, λ) = ±
√
−det(D(u, λ)).

Therefore, if det(D(u, λ)) > 0, the dynamics is equivalent to that of a harmonic oscillator, with the
frequency determined by the eigenvalues. Conversely, if det(D(u, λ)) < 0, the eigenvalues are real,
leading to unbounded dynamics. The intervals of E = λ2 for which this occurs correspond to the
spectral gaps.

1. Outline of the strategy for the reduction to constant coeffiecients. In order to make explicit the
perturbative nature of the external force, we define the matrix

P (u, λ) =
u

2λ

(
−i i
−i i

)
=

u

2λ
(J3 − J1). (3.17)

8The notation is motivated by the fact that, from a complex geometry perspective, ω represents a (1, 1)-differential form.
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With this choice, the Hamilton’s equations (3.16) recast as:

d

dt

(
z
z̄

)
=

[
λJ1 + P (u, λ)

](
z
z̄

)
. (3.18)

The goal is to find a change of coordinates in SU(1, 1), such that the transformed system has constant
coefficients. Evidently, this change of coordinates will inherit the 2π-periodicity of the perturbation.

Given a differentiable, 2π-periodic map R 3 t 7→ B(t) ∈ SU(1, 1), let ξ, ξ̄ be the set of coordinates
defined by (ξ, ξ̄)T = B(z, z̄)T . In this set of coordinates, the equations of motion read

d

dt

(
ξ
ξ̄

)
= D1(λ)

(
ξ
ξ̄

)
, D1(λ) = B (λJ1 + P (λ))B−1 −B d

dt
B−1. (3.19)

At this stage, we proceed by considering only the formal algebraic structure of the transformations.
A rigorous justification, including the definition of the appropriate functional setting and the proof of
convergence for the series involved, will be provided in the next subsections.

Let us assume that B = exp(−A), for some A ∈ su(1, 1). By defining the adjoint action as
ad−AM = [−A,M ], and recalling that

e−AMeA =
∞∑
k=0

(ad−A)k

k!
M and e−A

d

dt
eA =

∞∑
k=1

(ad−A)k−1

k!
Ȧ,

equation (3.19) reads

d

dt

(
ξ
ξ̄

)
=

( ∞∑
k=0

(ad−A)k

k!
(λJ1 + P )−

∞∑
k=1

(ad−A)k−1

k!
Ȧ

)(
ξ
ξ̄

)
. (3.20)

Assuming that A = O(|P |), the transformation intended to eliminate the time dependence yields the
following homological equation at order O(|P |):

Ȧ+ λ[A, J1] = P −Z0, (3.21)

where the matrix Z0 is introduced to account for the (possibly) non-trivial kernel of the operator

Lλ :=
d

dt
+ λ[ · , J1]. (3.22)

A primary issue emerges at this stage: if λ = n/2 for some n ∈ N, the kernel of Lλ, acting on the
space of 2π-periodic functions with values in su(1, 1), consists of time-dependent functions. Specifically,

Ker(Ln/2) =

{(
ia beint

b̄e−int −ia

)
: a ∈ R, b ∈ C

}
.

This property prevents the conjugation of the system to a constant coefficients matrix using only trans-
formations of the form e−A with A ∈ su(1, 1).

To address this, rather than seeking a global reduction for all values of λ, we focus on a neighborhood
of each specific resonance to perform the reduction to constant coefficients. Specifically, for a fixed
n ∈ N, we restrict our study to the region:

|2λ− n| < γ,
1

4
≤ γ ≤ 1

2
. (3.23)
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This condition ensures that the operator Lλ encounters no singularities other than the resonance at λ =
n/2, providing the necessary information to characterize the n-th spectral gap. The lower bound for γ in
(3.23) ensures that the region under consideration is wide enough to encompass the entire gap. Indeed,
according to Floquet theory, the spectrum is expected to persist in regions away from the resonances by
a distance of order O(|P |). Thus, for u sufficiently small, no relevant spectral features are excluded and
the complement of our study region lies entirely within the spectral bands. This local analysis serves
as the basis for the subsequent study of the global map that associates the potential u with the entire
sequence of its spectral gaps.

Our strategy proceeds by performing a contractive iteration in the space of coordinate transforma-
tions to eliminate the time-dependent terms lying in the range of the operator Ln/2. Let us outline the
procedure: the matrix, intended to have constant coefficients in (3.20), can be recast as follows:

λJ1 −
∞∑
k=1

adk−1
−A
k!

(Ȧ+ λ[A, J1]) +
∞∑
k=0

adk−A
k!

P. (3.24)

Recalling the definition of Lλ in (3.22), and noting that J1 ∈ Ker(Lλ) for all λ > 0, and in particular
for λ = n/2, the su(1, 1)-valued function A defining the desired change of coordinates must solve the
equation

Πrg

(
−
∞∑
k=1

adk−1
−A
k!
LλA+ ead−AP

)
= 0,

where Πrg denotes the projector onto the range of Ln/2. Denoting by B(A) the inverse of the opera-
tor X 7→

∑∞
k=1(adk−1

−A )/k!X (see Lemma A.5.1 for details), and noting that the operator Lλ admits
an inverse L−1

λ defined on its range, we can derive an implicit fixed-point equation for the generator.
Specifically, if A is such that

LλA = B(A)Πrg

(
ead−AP

)
,

by applying the linear operator L−1
λ to both sides, one can rephrase the question on the reducibility into

a fixed point problem for the map φP defined by

φP (A) = L−1
λ Πrg

(
B(A)Πrg

(
ead−AP

))
.

After having introduced the appropriate functional setting in the following subsections, we prove in
Theorem 3.2.4 that if the perturbation P is sufficiently small and regular, the map φP is a contraction.
Consequently, the unique fixed point AP ensures that the transformed vector field lies entirely within the
kernel of the operator Ln/2. Since the range of Ln/2 has codimension two in the space of 2π-periodic
analytic functions with values in su(1, 1), this iterative procedure effectively simplifies the dynamics.
Specifically, this process leads to a vector field of the form:

λJ1 + Z̃(u, λ, t),

where the residual perturbation Z̃ belongs to Ker(Ln/2). As observed above, the elements of the kernel
are still time-dependent; however, this dependence is purely oscillatory with frequency n. We can then
reach a frame where the kernel is stationary by applying the additional SU(1, 1) transformation:

Sn(t) =

(
e−int/2 0

0 eint/2

)
. (3.25)

Under this final change of variables, the terms in the kernel are mapped to constant matrices, effectively
completing the reduction to constant coefficients as desired. Namely, in Theorem 3.2.6 we prove that
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the transformation defined by the composition η = Sne
−AP z reduces the Hamiltonian system (3.33) to

a constant coefficient system of the form:

d

dt

(
η
η̄

)
= [(λ− n/2)J1 + Z0(u, λ) + P∞(u, λ)]

(
η
η̄

)
, (3.26)

where

Z0 =

(
0 P+−

n

P+−
n 0

)
=

1

2λ

(
0 iun
−iūn 0

)
is the leading order correction, while P∞ is of order O(|P |2).

2. Spectral gaps and integrability for the KdV equation. The reduction of the system to the constant
coefficient matrix (3.26) allows for an explicit characterization of the instability zones in the energy
spectrum. Indeed, the endpoints of the n-th spectral gap correspond to the values of λ for which the
determinant of the reduced matrix vanishes. By analyzing the structure of (3.26), we can derive an
implicit equation for the gap boundaries (see (3.47)), which we will be able to solve, further deducing
the regularity of the solution, thanks to the chosen functional setting and the fixed-point structure of the
reduced constant-coefficient matrix.

However, in order to establish the complete integrability of the KdV equation (3.14) exploiting our
analysis of the spectral gaps and the theory developed in the previous chapters, it is necessary to express
these spectral quantities in terms of variables satisfying the standard canonical relations. A detail previ-
ously omitted in the introduction to the KdV section is that the symplectic form induced on the space of
Fourier coefficients by the Gardner Poisson brackets,

{F,G} :=
1

2π

ˆ 2π

0
∇L2F · ∂x∇L2Gdx,

is not the standard Darboux one, but is given by i
∑

k∈N k
−1duk ∧ du−k. To recover the canonical

structure, we first perform the change of variables

z` = 〈`〉−1/2u`.

Clearly, since the potential u is real-valued and has zero mean, we have z−` = z̄` for all ` ∈ Z, and z0 =
0. In these coordinates, the symplectic form assumes the standard Darboux form ω = i

∑
`∈N dz`∧dz−k,

and the KdV equation can be rewritten as an infinite system of coupled oscillators:

żk = ik3zk + 3ik
∑

`+m=k
`,m 6=0

√
|`m| z`zm, k ∈ Z \ {0},

where the corresponding Hamiltonian is given by:

HKdV (z) =
∑
k∈N

k3|zk|2 +
∑

k+`+m=0
k,`,m6=0

√
|k`m| zkz`zm.

Our goal is to prove the Liouville-Arnold integrability of the KdV equation (Theorem 3.2.7) by
showing that the map constructed from the complete list of the rescaled squared gaps,9 expressed in
symplectic polar coordinates, satisfies the requirements of the Complete Integrability Theorem 2.6.1.

A significant challenge in this direction is the potential lack of analyticity of the gaps at the origin
(z = 0), due to the implicit definition involving the modulus in (3.42). However, for our purposes, we

9The squared gap lengths must be appropriately rescaled to match the dimension of |z|2.
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can bypass this singularity by restricting the phase space to a neighborhood of an infinite-dimensional
torus Tξ, effectively working in an open set where the moduli |zk| are quantitatively far from 0 for all
k ∈ Z. In this setting, the required regularity and smallness conditions are established by showing that
the derivatives of the gap map are “controlled” by a family of majorant analytic functions (f (n)(z))n∈N.
Namely, we prove the applicability of the integrability theorem by showing the finiteness of the following
quantity:

sup
j∈N
〈j〉pea|j|

∞∑
n=1

∥∥∥∥∥∂f (n)

∂zj

∥∥∥∥∥
a,p,R

<∞,

where p > 3/2, a ≥ 0 and ‖ · ‖a,p,R denotes the majorant norm introduced in Subsection 3.2.6, formula
(3.32). This condition should be compared with the “summably normally analytic” property used in
[BS20]. The verification of these bounds, detailed in Subsection 3.2.8, leads to the final result of this
chapter: the integrability of the KdV equation in the sense of a foliation of an open set of the phase space
by infinite-dimensional invariant tori, and the existence of a set of action-angle coordinates adapted to
such a foliation. This result is stated in Theorem 3.2.7.

3.2.5 Homological equation and spectral gaps at the leading order

While the full reduction is established through the convergence of the contractive scheme, it is highly
instructive to examine the result at the first order in |P |. Solving the homological equation (3.21) explic-
itly at this order provides immediate insight into the leading order behaviour of the spectral gaps and the
role of the Fourier coefficients of the potential.

1. Homological equation. We first introduce a notation: for any matrix W ∈ Mat(2,C), we write

W =

(
W++ W+−

W−+ W−−

)
,

or W = (W σσ′)σσ′=±1. Accordingly, every matrix W in the Lie algebra su(1, 1) satisfies W−− =
−W++ ∈ iR and W−+ = W+− ∈ C. To streamline the presentation, in the following calculations we
shall drop the explicit dependence of the maps on u and λ.

Following the strategy outlined above, we now examine how the system is transformed by solving
the homological equation (3.21), which we recall being

LλA = P −Z0.

Since u is analytic, the matrix-valued function t 7→ P (t) can be expanded in a Fourier series:

P (t) =
∑
`∈Z

ei`t

(
P++
` P+−

`

P−+
` P−−`

)
,

where, from the definition (3.17), we have for all ` ∈ Z:

P++
` = P−+

` =
−iu`
2λ

and P+−
` = P−−` =

iu`
2λ
.

By substituting this expansion into LλA = P − Z0, we obtain a system of algebraic equations for the
Fourier coefficients of the generator A:

i(`− (σ − σ′)λ)Aσσ
′

` = P σσ
′

` − Z̃σσ′0,` .
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Since u has zero mean, the diagonal part of the equation is solved by setting:

A++
` =

P++
`

i`
, A−−` =

P−−`
i`

, Z̃++
0,` = Z̃−−0,` = 0.

For the off-diagonal components, we set for all ` 6= ±n:

A+−
` =

P+−
`

i(`− 2λ)
, A−+

` =
P−+
`

i(`+ 2λ)
, Z̃+−

0,` = Z̃−+
0,` = 0.

The resonant modes ` = ±n are then handled by isolating the terms in the kernel Z̃0(t):

A+−
n = 0, A−+

n =
P−+
n

i(n+ 2λ)
, Z̃+−

0,n = P+−
n , Z̃−−0,n = 0,

A+−
−n = −

P+−
−n

i(n+ 2λ)
, A−+

−n = 0, Z̃++
0,−n = 0, Z̃−+

0,−n = P−+
−n .

Consequently, the matrix Z̃0(t) representing the projection of P (t) onto the kernel of Lλ takes the form:

Z̃0(t) =

(
0 P+−

n eint

P−+
−n e

−int 0

)
.

Under this transformation, the vector field is mapped to λJ1 + Z̃0 +R, where the remainderR collects
all higher-order terms:

R = [−A,P ] +
∑
k≥2

(
(ad−A)k

k!
(λJ1 + P )− (ad−A)k−1

k!
Ȧ

)
.

Finally, by moving to the rotating frame as defined in (3.25), the dynamics is described by:

d

dt

(
η
η

)
=

(
(λ− n/2)J1 + Z0 + SnRS−1

n

)(
η
η

)
, (3.27)

where Z0 is the constant, off-diagonal matrix:

Z0 =

(
0 P+−

n

P−+
−n 0

)
=

1

2λ

(
0 iun
−iūn 0

)
.

The term SnRS−1
n represents the transformed remainder, which is (formally) of order O(|P |2).

2. Spectral gap at order O(P ). We denote by D1 the matrix defining the leading order of the vector
filed (3.27), namely

D1(λ) = (λ− n/2)J1 + Z0(λ).

Our objective is to determine the squared gap between the boundaries of the interval of the squared
parameter λ2 for which det(D1(λ)) ≤ 0. This requirement is satisfied whenever −|un| ≤ 2λ2 − nλ ≤
|un|. Geometrically, this requires the parabola f(λ) = 2λ2 − nλ to be bounded by the horizontal lines
±|un|. Recalling that we are focusing on the region |2λ − n| < 1/2, the endpoints of this instability
interval, λ+ and λ−, correspond to

λ+ =
n+

√
n2 + 8|un|
4

, λ− =
n+

√
n2 − 8|un|
4

.
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Defining E+ = λ2
+ and E− = λ2

−, the squared gap is given by g2
n = (E+ −E−)2. By using the identity

E± = nλ±±|un|
2 , we obtain the exact expression for the difference:

gn = E+ − E− = |un|+
n2

8

(√
1 +

8|un|
n2
−
√

1− 8|un|
n2

)

The Taylor series for
√

1 + x and
√

1− x centered at x = 0 are:

√
1 + x = 1 +

1

2
x− 1

8
x2 +

1

16
x3 − 5

128
x4 + . . .

√
1− x = 1− 1

2
x− 1

8
x2 − 1

16
x3 − 5

128
x4 − . . .

When calculating the difference
√

1 + x−
√

1− x, all terms involving even powers of x (including the
constant 1) cancel out exactly. Conversely, the terms with odd powers of x have opposite signs and thus
reinforce each other: √

1 + x−
√

1− x = x+
1

8
x3 +O(x5)

Substituting x = 8|un|
n2 back into the expression for gn, we obtain:

gn = |un|+
n2

8

[
8|un|
n2

+
1

8

(
8|un|
n2

)3

+O

((
|un|
n2

)5)]
= 2|un|+

8|un|3

n4
+O

((
|un|
n2

)5)
This simple argument shows that, at the leading order, the n-th spectral gap is directly proportional to
the n-th Fourier coefficient of the potential, serving as the formal bridge that links the regularity of the
potential u to the decay properties of the spectral gaps. This expansion provides a heuristic insight into
the classical result by Marchenko and Ostrovskii [MO75]. In their seminal work, they established a
characterization of the spectrum, proving that the sequence of spectral gaps belongs to the Sobolev space
hs if and only if the potential u belongs to Hs for s ≥ 0. Thus, the identity gn ≈ 2|un| is consistent with
the Hs ↔ hs correspondence.

The fact that gn is a series of odd powers of the modulus |un| implies that the nth spectral gap is
analytic in a punctured neighborhood of the origin, possessing a branch-point singularity at un = 0.
Conversely, the squared gap g2

n can be expressed as a power series involving only even powers of |un|:

g2
n = 4|un|2 +

∞∑
k=2

c2k

n4(k−1)
|un|2k (3.28)

and hence it is a majorant analytic function in the whole ball of radius R = n2/8 centered at the origin,
where the radius of convergence R for this series is determined by the branch point where the discrimi-
nant ∆− = n2 − 8|un| vanishes.

However, a fundamental distinction arises when considering the analyticity of the gap map u 7→
(gn(u))n∈N. In the standard `2 framework (or h0 for the coefficients), the set

{u ∈ `2 : un = 0 for some n ∈ N}

is dense. Consequently, the presence of a singularity at un = 0 implies that there is no open neighborhood
in `2 where the gap map is analytic, a fact that reflects the singular nature of the action-angle variables
(In, θn)n∈N constructed by Flaschka and McLaughlin [FM76] in the limit N → ∞. Conversely, in
our setting based on `∞, the situation is qualitatively different. The condition infn |un| > 0 defines an
open set in `∞ which is disjoint from the singular locus. Within this open set, the gap map is not only
well-defined but also majorant analytic.
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3.2.6 Functional setting

Let p > 1 and s ≥ 0. For any ` ∈ Z, we denote the standard weight as 〈`〉 := max{1, |`|}.
1. The spaces `∞s,p(B). Let (B, | · |B, ·) be a Banach algebra with constant Calg(B) ∈ R+, that is, for
all x, y ∈ B, one has

|x · y|B ≤ Calg(B)|x|B|y|B.
We define `∞s,p(B) as the Banach space of sequences X = (X`)`∈Z, X` ∈ B for all ` ∈ Z, equipped
with the norm:

‖X‖Bs,p := sup
`∈Z
〈`〉pes|`||X`|B <∞.

This space serves as the space of Fourier coefficients for the classes of periodic functions considered
herein.

The convolution of two sequences X,Y ∈ `∞s,p(B) is the sequence Z = X ? Y defined component-
wise as

Z` =
∑
k∈Z

X`−kYk.

The definition is well posed because

sup
`∈Z
〈`〉pes|`||Z`| ≤ Calg(B) sup

`∈Z
〈`〉pes|`|

∑
k∈Z
|X`−k|B|Yk|B

≤ Calg(B)‖X‖Bs,p‖Y ‖Bs,p sup
`∈Z

∑
k∈Z

〈`〉p

〈`− k〉p〈k〉p
es(|`|−|`−k|−|k|)

≤ Calg(B)‖X‖Bs,p‖Y ‖Bs,p sup
`∈Z

∑
k∈Z

〈`〉p

〈`− k〉p〈k〉p

≤ C?(p)Calg(B)‖X‖Bs,p‖Y ‖Bs,p, (3.29)

where
C?(p) := 2p(1 + 2ζ(p)) (3.30)

denotes the convolution algebra constant of `∞s,p and ζ(p) =
∑

n≥1 n
−p is the Riemann function.

Concretely, in the following discussion we shall consider the cases B = C, where Calg(C) = 1, and
B = Mat(2,C), endowed with the norm

[[W ]] := max
σ,σ′=±1

|W σσ′ |,

for which Calg(Mat(2,C)) = 2.
For the case B = C, we adopt the shortened notation `∞s,p(C) = `∞s,p.

2. The algebra Ss,p . We define Ss,p as the Banach space of 2π-periodic functions S : R→ su(1, 1),
S(t) =

∑
`∈Z S`e

i`t, with S` = (Sσσ
′

` )σ,σ′=±1 ∈ sl(2,C), satisfying

|S|s,p := sup
`∈Z
〈`〉pes|`| max

σ,σ′=±1
|Sσσ′` |.

It is clear that the list of matrices (S`)`∈Z must necessarily satisfy the constrains

S−−` = −S++
` , and S−+

−` = S+−
` , for all ` ∈ Z,

in order to define a su(1, 1) valued function via the Fourier series.

3. The algebra Ŝs,p . We denote by Ŝs,p the subspace of `∞s,p(Mat(2,C)) consisting of matrix-valued
sequences X = (X`)`∈Z such that, for every ` ∈ Z, the matrix X` satisfies:
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1. X−−` = −X++
` (Trace-free condition);

2. X++
` = −X++

−` (Diagonal antisymmetry);

3. X−+
` = X+−

−` (Off-diagonal conjugation).

These relations ensure that Ŝs,p is the space of Fourier coefficients for maps taking values in the Lie
algebra su(1, 1). The following lemma implies that the Fourier transform defines an isomorphism of
Banach-Lie algebras between Ŝs,p and Ss,p.

Lemma 3.2.1. The space Ŝs,p, equipped with the norm

[[X]]s,p := sup
`∈Z
〈`〉pes|`|[[X`]] = ‖X‖Mat(2,C)

s,p ,

is a Banach-Lie algebra with respect to the Lie bracket [X,Y ]? = X ? Y − Y ? X . In particular, the
bracket is continuous and satisfies the estimate:

[[[X,Y ]?]]s,p ≤ 4C?(p)[[X]]s,p[[Y ]]s,p, (3.31)

where C?(p) the constant defined in (3.30).

Proof. The space Ŝs,p is a closed subspace of the Banach space `∞s,p(Mat(2,C)). To show it is a Banach-
Lie algebra, we verify the algebraic closure and the continuity of the bracket.

Algebraic closure: For any X,Y ∈ Ŝs,p, let Z = [X,Y ]?. The condition Tr(Z`) = 0 follows from
the linearity of the trace and the identity Tr([A,B]) = 0. Regarding the diagonal antisymmetry, a direct
computation on the (++) component of the convolution yields:

−(X ? Y )++
−` = −

∑
k∈Z

(
X++
−`−kY

++
k +X+−

−`−kY
−+
k

)
= −

∑
k∈Z

(
(−X++

`+k)(−Y
++
−k ) +X−+

`+kY
+−
−k
)

= −(Y ? X)++
` .

It follows that −Z++
−` = −(Y ? X)++

` + (X ? Y )++
` = Z++

` . Similarly, evaluating the conjugation of
the (+−) component:

(X ? Y )+−
−` =

∑
k∈Z

(
X++
−`−kY

+−
k +X+−

−`−kY
−−
k

)
=
∑
j∈Z

(
X++
`−jY

−+
j +X−+

`−jY
−−
j

)
= (Y ? X)−+

` .

Thus Z+−
−` = (Y ? X)−+

` − (X ? Y )−+
` = −Z−+

` , confirming that Z−+
` = Z+−

−` .
Continuity of the bracket: The sub-multiplicativity of the convolution product established in (3.29) im-
plies:

[[[X,Y ]?]]s,p ≤ [[X ? Y ]]s,p + [[Y ? X]]s,p

≤ 2C?(p)Calg(Mat(2,C))[[X]]s,p[[Y ]]s,p.

Substituting Calg(Mat(2,C)) = 2, we obtain the bound (3.31). The boundedness of the bracket ensures
that Ŝs,p is a Banach-Lie algebra. �



Section 3.2. The KdV Equation 103

4. The functional spaceHs,p,R. Given R > 0, we denote byHs,p,R the Banach space of functions

f : UR(`∞s,p)→ C

of the form f(u) =
∑

α∈NZ
0
fαu

α, with fα ∈ C, satisfying

‖f‖s,p,R =
∑
α∈NZ

|fα|vαs,p,R <∞, (3.32)

where vs,p,R := (〈`〉−pe−s|`|R)`∈Z. Note that, if one introduces the majorant f of f as the function
defined by

f(u) =
∑
α∈NZ

0

|fα|uα,

the condition (3.32) can be rewritten as

‖f‖s,p,R = sup
‖u‖s,p≤R

|f(u)| <∞.

Crucially, the majorant of a product of functions precedes the product of the respective majorants., i.e.,
fg � fg. This notation means that the inequality holds coefficient-wise for the corresponding formal
power series. Consequently, for any u with non-negative components (such as the weight vector vs,p,R),
one has fg(u) ≤ f(u)g(u). This property ensures thatHs,p,R is a Banach algebra, namely

‖fg‖s,p,R ≤ ‖f‖s,p,R‖g‖s,p,R.

It is worth stressing that any f ∈ Hs,p,R is majorant analytic, as its majorant f is the uniform limit of
continuous polynomials.

5. The Banach-Lie Algebra AπR(`∞s,p, Ŝs,p). Given R > 0, we define the space AπR(`∞s,p, Ŝs,p) as the
space of analytic maps X : UR(`∞s,p) → Ŝs,p. An element X in this space is identified with a sequence
of matrix-valued power series X(u) = (X`(u))`∈Z, where each component X`(u) satisfies a momentum
conservation condition. Specifically, the Taylor expansion of the entries Xσσ′

` ∈ Hs,p,R involves only
multi-indices α ∈ NZ whose momentum π(α) matches the Fourier index `:

Xσσ′
` (u) =

∑
α∈M`

Xσσ′
`,α u

α, with M` :=

{
α ∈ NZ

0 : π(α) :=
∑
m∈Z

mαm = `

}
.

The momentum conservation condition ensures that each Fourier component X` of the map transforms,
with respect to a time shift t, with the same frequency as the phase factor ei`t. This implies that the map
depends on t only through u, as shown by the following chain of equalities:

ei`tX`(u) =
∑
α∈M`

X`,αu
αeiπ(α)t =

∑
α∈M`

X`,α

∏
m

(ume
imt)αm = X`(u(t)).

To equip this space with a Banach structure, we introduce the majorant X as the sequence of
maps X = (X`)`∈Z obtained by replacing each entry with its majorant in Hs,p,R, namely Xσσ′

` (u) :=∑
α∈M`

|Xσσ′
`,α |uα. The majorant X allows us to define the norm |X|s,p,R by considering the supremum

of the Ŝs,p-norm over the ball of radius R:

|X|s,p,R := sup
‖u‖s,p≤R

[[X(u)]]s,p = sup
`∈Z
〈`〉pes|`| max

σ,σ′=±1
‖Xσσ′

` ‖s,p,R,
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which, due to the non-negativity of the coefficients, coincides with evaluating the majorant on the weight
vector vs,p,R.

It should be observed that any X ∈ AπR is majorant analytic. In fact, Theorem 1.2.24 ensures
that X is analytic as it is defined by the uniformly bounded family of (majorant) analytic functions
Xσσ′
` ∈ Hs,p,R.

Lemma 3.2.2. The space (AπR, |·|s,p,R) is a Banach-Lie algebra with respect to the pointwise Lie bracket
[X,Y ]?(u) = X(u) ? Y (u)− Y (u) ? X(u), satisfying:

|[X,Y ]?|s,p,R ≤ K|X|s,p,R|Y |s,p,R,

with K = 4C?(p) (see (3.30)).

Proof. The momentum condition is preserved by the convolution product: if π(α) = `−k and π(β) = k,
then π(α + β) = `, and hence [X,Y ]?(u) ∈ Ŝs,p by Lemma 3.2.1. To prove the continuity, we recall
that for any f, g ∈ Hs,p,R one has fg � fg, which implies that X ? Y � X ? Y in the sense of power
series. Consequently, for any uwith non-negative components (and thus for the supremum over the ball),
it follows that:

|[X,Y ]?|s,p,R = sup
‖u‖s,p≤R

[[[X,Y ]?(u)]]s,p

≤ sup
‖u‖s,p≤R

([[(X ? Y )(u)]]s,p + [[(Y ? X)(u)]]s,p)

≤ 4C?(p) sup
‖u‖s,p≤R

[[X(u)]]s,p sup
‖u‖s,p≤R

[[Y (u)]]s,p,

where we used the algebra property of the Ŝs,p norm established in Lemma 3.2.1 and the fact that the
majorant of a product precedes the product of the majorants. �

3.2.7 Reduction to constant coefficients

In this subsection, we establish the reducibility of the linear Hamiltonian system

d

dt

(
z
z̄

)
=

[
λ

(
i 0
0 −i

)
+

u

2λ

(
−i i
−i i

)](
z
z̄

)
, (3.33)

where u = u(t) ∈ R is a zero-mean, analytic, 2π-periodic function whose sequence of Fourier coeffi-
cients is small in the `∞s,p norm. We provide quantitative estimates for the reducing transformation; these
results will be crucial in the next subsection to investigate the regularity of the spectral gaps with respect
to the potential u. It is worth stressing that, in this dynamical setting, such gaps correspond precisely
to the instability intervals of the periodic forcing. For any fixed n ∈ N, the results hold for all spectral
parameters λ ∈ R+ satisfying |2λ − n| < γ ≤ 1/2. Accordingly, throughout the following discussion,
we fix a natural number n and we assume that λ remains restricted to this region.

Following the strategy outlined in Subsection 3.2.4, we aim to find a 2π-periodic change of coor-
dinates that reduces the Hamiltonian system (3.33) to constant coefficients. To preserve the algebraic
structure, this transformation must take values in the Lie group SU(1, 1).

Given the identification between the space of 2π-periodic functions Ss,p and its Fourier coefficients
space Ŝs,p established in Subsection 3.2.6 (see Lemma 3.2.1), we seek the generator of this transfor-
mation within the functional space AπR(`∞s,p, Ŝs,p). This choice allows us to track the regularity of the
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transformation with respect to the potential u and eventually derive estimates for the spectral gaps. In
this regard, it is worth noting that the perturbation

P (u, λ) =
u

2λ

(
−i i
−i i

)
=

u

2λ
(J3 − J1).

indeed belongs to AπR(`∞s,p, Ŝs,p), with norm |P |s,p,R = R
2λ .

Given a map A ∈ AπR, we consider a change of variables (ξ, ξ̄)T = e−A(u,λ)(z, z̄)T . Here, the
exponential e−A and the transformation law are to be understood by identifying the sequence A(u, λ) ∈
Ŝs,p with its corresponding matrix-valued periodic function in Ss,p via the Fourier isomorphism. With
this identification, the time derivative Ȧ acts as a diagonal operator on the Fourier coefficients, namely
(Ȧ)` = i`A`. Under this transformation, the matrix D(u, λ) associated with the linear vector field
inducing the Hamiltonian dynamics defined in (3.18) is transformed into

D(u, λ) = e−A(u,λ)D(u, λ)eA(u,λ) − e−A(u,λ) d

dt
eA(u,λ). (3.34)

By defining the adjoint action as adA(M) := [A,M ]?, where the Lie bracket [·, ·]? is defined in Lemma
3.2.2, and recalling the standard expansion for the adjoint action and the derivative of the exponential
map:

e−AMeA =

∞∑
k=0

(ad−A)k

k!
M, e−A

d

dt
eA =

∞∑
k=1

(ad−A)k−1

k!
Ȧ,

the equation (3.34) can be expressed as:

D(λ) =
∞∑
k=0

(ad−A)k

k!
(λJ1 + P (λ))−

∞∑
k=1

(ad−A)k−1

k!
Ȧ. (3.35)

Thanks to the Banach-Lie algebra structure of AπR, the series in (3.35) is well-defined and convergent,
provided that the norm |A|s,p,R is sufficiently small (see Appendix A for details).

We remark that we restrict our search to generators A belonging to the space AπR, thereby enforcing
the momentum conservation condition. This assumption is not strictly necessary for the reduction to
constant coefficients. However, since the initial perturbation trivially satisfies this property and the Lie
bracket preserves it, the property remains valid at each step of the contractive iteration we shall imple-
ment to construct the solution. While not required for the reducibility itself, this selection rule ensures
that the transformed system inherits the same symmetry, which will be crucial in the subsequent sections
when studying the derivatives of the spectral gaps.

As already noted in Subsection 3.2.4, the reduction to constant coefficients for the component lying
in the range of Ln/2 can be recast as a fixed-point problem for the operator φP , defined as

φP (A) = L−1
λ Πrg

(
B(A)Πrg

(
ead−AP

))
,

where Πrg denotes the projector onto the range of the operator Ln/2. Here, B(A) represents the inverse
of the map X 7→

∑∞
k=1

1
k!(ad−A)k−1X (the details of which are provided in Lemma A.5.1), while L−1

λ

is the inverse of Lλ, which is well defined on range(Ln/2).
Before stating and proving the fixed-point theorem, it is of crucial importance to make some com-

ments on the operator L−1
λ : since Lλ acts diagonally on the components of the generator A, namely

(LλA)σσ
′

` = i(`− λ(σ − σ′))Aσσ′ , for all σ, σ′ = ±1, ` ∈ Z,

L−1
λ naturally preserves both the momentum conservation condition and the range of the operator Ln/2.

Furthermore, we have the following lemma:
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Lemma 3.2.3. The inverse L−1
λ , viewed as an operator from Πrg(AπR) into itself, is bounded. Specifi-

cally, for any X ∈ Πrg(AπR), we have the estimate:

|L−1
λ X|s,p,R ≤ 2|X|s,p,R.

Proof. Recall that for X ∈ Πrg(AπR), the action of L−1
λ on the Fourier components Xσσ′

` is given by
the division by the factor i(` − (σ − σ′)λ). Consequently, the majorant of the transformed component
satisfies: (

1

i(`− (σ − σ′)λ)
Xσσ′
`

)
=

1

|`− (σ − σ′)λ|
Xσσ′
` .

Noting that |` − (σ − σ′)λ| ≥ 1/2 for all terms in the range of Ln/2 within the region |2λ − n| <
γ ≤ 1/2, we obtain:

|L−1
λ X|s,p,R = sup

‖u‖s,p≤R
[[L−1

λ X(u)]]s,p

= sup
`∈Z
〈`〉pes|`| max

σ,σ′=±1
sup

‖u‖s,p≤R

∣∣∣∣( 1

i(`− (σ − σ′)λ)
Xσσ′
`

)
(u)

∣∣∣∣
= sup

`∈Z
〈`〉pes|`| max

σ,σ′=±1

1

|`− (σ − σ′)λ|
sup

‖u‖s,p≤R
|Xσσ′

` (u)|

= sup
`∈Z
〈`〉pes|`| max

σ,σ′=±1

1

|`− (σ − σ′)λ|
‖Xσσ′

` ‖s,p,R

≤ 2 sup
`∈Z
〈`〉pes|`| max

σ,σ′=±1
‖Xσσ′

` ‖s,p,R = 2|X|s,p,R,

yielding the claim. �

Given n ≥ 1, in the following theorem, we require the smallness condition on P to be satisfied for
all λ ∈ R+ such that |2λ − n| ≤ 1/2. This ensures that both the existence of the fixed point and the
derived estimates are valid uniformly throughout this spectral region.

Theorem 3.2.4 (Reduction to constant coefficients in the range of Ln/2). Let |P |s,p,R ≤ (48K)−1,
where the constant K is defined in Lemma 3.2.2. Then the map φP has a unique fixed point AP in the
ball U 8|P |s,p,R(Πrg(AπR)). The fixed point is such that AP=0 = 0 and satisfies the following asymptotic
expansion for small P :

AP = L−1
λ ΠrgP +O(|P |2s,p,R).

Furthermore, AP is analytic in λ and satisfies the estimate

|∂λAP |s,p,R ≤ 96|P |s,p,R.

Finally, LλAP , which is also analytic in λ, is estimated as |LλAP |s,p,R ≤ 4|P |s,p,R and satisfies the
following asymptotic expansion for small P :

LλAP = ΠrgP +O(|P |2s,p,R).

Proof. The proof follows from the application of the general fixed point framework developed in Ap-
pendix A to the Banach-Lie algebra (AπR, | · |s,p,R). According to Lemma 3.2.2, this space satisfies the
sub-multiplicative property with constant K. We identify the operators in the appendix with our specific
case by setting Π = Πrg, T = L−1

λ , and X = A.

Existence and uniqueness. By hypothesis, |P |s,p,R ≤ (48K)−1 < (24K)−1. This satisfies the smallness
condition required by the Fixed Point Theorem A.6.1. Consequently, φP is a contraction on the ball
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U 8|P |s,p,R , ensuring the existence of a unique fixed point AP such that AP=0 = 0. The first-order
expansion follows directly from the same theorem:

AP = L−1
λ ΠrgP +O(|P |2s,p,R).

Analyticity in λ and estimate for the derivative. Since L−1
λ and P are analytic in λ, Corollary A.6.2

implies that AP is also analytic in λ. To derive the bound on ∂λAP , we use the estimate provided in the
same corollary:

|∂λAP |s,p,R ≤
4‖∂λL−1

λ ‖|P |s,p,R + 8|∂λP |s,p,R
1− 24K|P |s,p,R

.

Given the condition |P |s,p,R ≤ (48K)−1, the denominator is bounded as (1 − 24K|P |)−1 ≤ (1 −
1/2)−1 = 2. Using the specific bounds for the derivatives of the operators in this functional setting, and
the fact that ∂λP = −λ−1P , where λ ≥ 1/4, we obtain:

|∂λAP |s,p,R ≤ 96|P |s,p,R.

Estimates for LλAP . Setting U = Lλ as the inverse of T on range(Ln/2), we apply Lemma A.7.1. Since
AP is in the range of L−1

λ , the expression LλAP is well-defined and satisfies:

|LλAP |s,p,R ≤ 4|P |s,p,R.

Finally, the asymptotic expansion for LλAP is given by:

LλAP = ΠrgP +O(|P |2s,p,R),

which concludes the proof. �

As a consequence of Theorem 3.2.4, the matrix associated with the linear vector field (3.33) is now
reduced to the form

λJ1 + Z̃(u, λ, t), with Z̃ ∈ Ker(Ln/2).

By construction, and considering the expression of the conjugated matrix given in (3.24), Z̃ is defined
by

Z̃ = Πker

(
−
∞∑
k=1

adk−1
−A
k!
LλA+ ead−AP

)
, (3.36)

where Πker denotes the projector onto the kernel of Ln/2, and A denotes the fixed point provided by
Theorem 3.2.4. Using the fact that LλA ∈ range(Ln/2), and isolating the term of order O(|P |s,p,R), we
get

Z̃ = ΠkerP + P̃∞ := ΠkerP + Πker

(
(ead−A − Id)P −

∞∑
k=2

adk−1
−A
k!
LλA

)
. (3.37)

The following corollary, proved in Appendix A (see Lemma A.7.2), shows that P̃∞ is indeed of order
O(|P |2s,p,R) and provides an asymptotic expansion near P = 0.

Corollary 3.2.5. The following bound holds:

|P̃∞|s,p,R ≤ 64K|P |2s,p,R.

Furthermore, P̃∞ satisfies the following asymptotic expansion for small P :

P̃∞ = Πker

(
[ΠkerP,L−1

λ ΠrgP ]? +
1

2
[ΠrgP,L−1

λ ΠrgP ]?

)
+O(|P |3s,p,R).
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To understand the final step of the reduction, it is useful to recall the explicit structure of the kernel
of Ln/2, namely

Ker(Ln/2) =

{(
X++

0 X+−
n eint

X−+
−n e

−int X−−0

)
: X−−0 = −X++

0 ∈ iR, X−+
−n = X+−

n ∈ C
}
. (3.38)

The elements in this kernel are still time-dependent, but we can then reach a frame where the system is
stationary by applying an additional SU(1, 1) transformation, specifically a rotation Sn(t) that counter-
acts these oscillations:

Sn(t) =

(
e−int/2 0

0 eint/2

)
.

Under this final change of variables, the resonant terms are mapped to constant matrices, effectively com-
pleting the reduction to constant coefficients. This leads to the conclusive theorem for this subsection.
As before, given n ≥ 1, we assume the smallness condition on P to hold for all λ ∈ R+ within the
closed interval |2λ− n| ≤ 1/2. Then the following result holds for all λ in this region.

Theorem 3.2.6 (Reducibility to constant coefficients). Given p > 1 and s ≥ 0, let |P |s,p,R ≤ (48K)−1,
where the constant K is defined in Lemma 3.2.2, and let AP be the fixed point provided by Theorem
3.2.4. Then, the transformation defined by the composition η = Sne

−AP z reduces the Hamiltonian
system (3.33) to a constant coefficient system of the form:

d

dt

(
η
η̄

)
= [(λ− n/2)J1 + Z0(u, λ) + P∞(u, λ)]

(
η
η̄

)
,

where,

Z0 =

(
0 P+−

n

P+−
n 0

)
=

1

2λ

(
0 iun
−iūn 0

)
and P∞ =

(
ia b
b̄ −ia

)
. (3.39)

The coefficients a(u, λ) ∈ R and b(u, λ) ∈ C are majorant analytic in u and λ, more precisely they
belong toHs,p,R, and satisfy the following estimates:

‖a‖s,p,R, ‖b‖s,p,R, ‖∂λa‖s,p,R, ‖∂λb‖s,p,R ≤ C|P |2s,p,R,

for a suitable constant C > 0, uniformly in the region |2λ− n| ≤ 1/2.

Proof. Let D̃ = λJ1 + Z̃ be the resonant form provided by Theorem 3.2.4, with Z̃ = ΠkerP + P̃∞
defined in (3.36) and (3.37). Following the change of variables η = Sne

−Az, the reduced matrix is
obtained as

D = SnD̃S−1
n + ṠnS

−1
n .

The diagonal part λJ1 commutes with Sn, while the derivative of the rotation contributes the shift:

ṠnS
−1
n =

(
−in/2 0

0 in/2

)
= −n

2
J1,

yielding the term (λ − n/2)J1. For the resonant part, the adjoint action of Sn on any M ∈ Ker(Ln/2)
cancels the time-dependence e±int. Specifically,

Z0 := Sn(ΠkerP )S−1
n and P∞ := SnP̃∞S−1

n (3.40)

are constant matrices. The explicit form of Z0 follows from the Fourier expansion of the perturbation
P in the kernel of Ln/2. The majorant analyticity and the bounds for the coefficients of P∞ are a direct
consequence of the estimates for P̃∞ established in Corollary 3.2.5 and the analyticity of the fixed point
AP with respect to λ. �
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3.2.8 Analysis of the spectral gaps and Liouville-Arnold integrability for the KdV on T

In this subsection, we derive regularity properties for the spectral gaps of the Schrödinger operator with
potential u(t) =

∑
`∈Z e

i`tu`, where u is identified with the sequence of its Fourier coefficients (u`)`∈Z ∈
`∞s,p, with p > 1, s ≥ 0, which are such that u−` = ū` and u0 = 0. These regularity results are essential
for applying the theorems established in the previous chapter. In particular, they allow us to prove
the complete integrability of the KdV equation, characterized by a foliation into infinite-dimensional
invariant tori and the existence of analytic action-angle coordinates that are well-defined in an open set
of the phase space in the sense of Theorem 2.6.1.

As already pointed out in Subsection 3.2.4, to establish the complete integrability of the KdV equa-
tion by applying the theory developed in the previous chapters, it is necessary to express these spectral
quantities in terms of variables that satisfy the standard canonical relations. To this end, we first perform
the change of variables induced by the operator |∂|1/2 : `∞s,p → `∞s,p−1/2, acting as a Fourier multiplier:

u := |∂|1/2z, with u` = 〈`〉1/2z`.

Theorem 3.2.7 (Liouville-Arnold Integrability of KdV on T). Let p > 2 and s ≥ 0. Consider the KdV
equation on T expressed in the canonical variables z ∈ `∞s,p:

żk = i
∂HKdV

∂z̄k
, HKdV (z) =

∑
k∈N

k3|zk|2 +
∑

k+`+m=0
k,`,m6=0

√
|k`m| zkz`zm.

There exist 0 < ξ− ≤ ξ+ such that, for any sequence ξ = (ξk)k∈N of positive real numbers satisfying

ξ− ≤ inf
k∈N

e2s|k|〈k〉2pξk ≤ sup
k∈N

e2s|k|〈k〉2pξk ≤ ξ+,

the following hold in a neighborhood of the torus Tξ = {z ∈ `∞s,p : |zk|2 = ξk}.

(i) Foliation by Infinite Invariant Tori: The phase space is locally foliated by analytic invariant tori
analytically diffeomorphic to T∞. Each torus is a level set of the spectral gaps and supports an
almost-periodic Hamiltonian flow.

(ii) Action-Angle Coordinates: There exists an analytic symplectomorphism Ψ : z 7→ (x, θ) that
introduces action-angle coordinates in a neighborhood of Tξ.

(iii) Integration by Quadratures: In these coordinates, the Hamiltonian HKdV ◦Ψ−1 depends only on
the actions x, and the Hamilton’s equations reduce to the linear flow:{

ẋk = 0

θ̇k = ωk(x)
, k ∈ N,

where the frequencies are given by ωk(x) = ∂xk(HKdV ◦Ψ−1).

The heuristic expansion gn = 2|un| + O(|un|3) discussed in Subsection 3.2.5 provides a formal
bridge between the decay of the potential’s Fourier coefficients and the size of the spectral gaps, re-
covering the Hs ↔ hs correspondence established in [MO75]. However, a rigorous proof of complete
integrability in our `∞-based framework requires moving beyond the leading-order approximation of the
spectral gaps.
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According to Theorem 3.2.6, for any n ∈ N, the Hamiltonian system (3.33) can be reduced to
constant coefficients for all λ in the region |2λ− n| ≤ 1/2. This reduction yields a linear system whose
dynamics is governed by the matrix:

D(u, λ) = (λ− n/2)J1 + Z0(u, λ) + P∞(u, λ).

Explicitly, using the same notation as in formula (3.39),

D(u, λ) =

i(λ− n/2 + a(u, λ)) i
un
2λ

+ b(u, λ)

−i
ūn
2λ

+ b̄(u, λ) −i(λ− n/2 + a(u, λ))

 . (3.41)

Since the constant matrix D is an element of the Lie algebra su(1, 1), it is traceless with eigenvalues
satisfying:

µ±(u, λ) = ±
√
−det(D(u, λ)).

The spectral nature of the system is thus encoded in the sign of this determinant. When det(D) > 0, the
eigenvalues are purely imaginary, and the system’s evolution is conjugate to a harmonic oscillator. On the
other hand, a negative determinant, det(D) < 0, results in real eigenvalues and an unbounded dynamics.
The regions in the energy spectrum E = λ2 characterized by this instability correspond exactly to the
spectral gaps.

By imposing the instability condition det(D(u, λ)) ≤ 0, we can determine the endpoints of the n-th
spectral gap. Given the structure of the reduced matrix in (3.41), the determinant is given by

det(D(u, λ)) =
(
λ− n

2
+ a(u, λ)

)2
−
∣∣∣∣ iun2λ

+ b(u, λ)

∣∣∣∣2 .
The boundaries of the gap, λ+ and λ−, are the roots of the equation det(D(u, λ)) = 0. In the region
|2λ− n| ≤ 1/2, these roots satisfy the equation

λ± −
n

2
+ a(u, λ±) = ±

∣∣∣∣ iun
2λ±

+ b(u, λ±)

∣∣∣∣ . (3.42)

The presence of the term a(u, λ) induces a shift in the center of the gap, while the modulus on the right-
hand side, which includes the higher-order corrections b(u, λ), determines the width of the instability
interval.

Therefore, by looking at the structure of the equation (3.42) defining the end points of the spectral
gaps, it is clear that the first and most fundamental step is to investigate the regularity of the coefficients
α and β defined by: (

iα β
β̄ −iα

)
:= P∞ ◦ |∂|1/2.

From now on, the proof is articulated in the following main steps:

1. Analysis of the regularity of the coefficients α e β.

2. Majorant analyticity of the spectral gaps.

3. Derivatives of the spectral gaps and proof of the main theorem.

Step 1. Let us start by proving the following proposition, whose technical ingredients are provided in
Appendix B.
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Proposition 3.2.8 (Regularity of the coefficients α and β). Given p > 3/2 and s ≥ 0, for sufficiently
smallR > 0, the maps α, β : UR(`∞s,p)→ C (where α is real-valued) are majorant analytic and depends
analytically on λ. Specifically, α, β ∈ Hs,p,R and satisfy the bounds:

‖α‖s,p,R ≤
n

λ2
R2, ‖β‖s,p,R ≤

n3/2

λ2
R2 e

−s|n|

〈n〉p
(3.43)

and

‖∂zjα‖s,p,R ≤
n

λ2
R
e−s|j|

〈j〉p
, ‖∂zjβ‖s,p,R ≤

n3/2

λ2
R
e−s|j−n|

〈j − n〉p
. (3.44)

Proof. The majorant analyticity of α and β follows from Theorem 3.2.6 and from the fact that if f ∈
Hs,p−1/2,R, then f ◦ |∂|1/2 ∈ Hs,p. Analyticity in λ is also inherited from Theorem 3.2.6.

Using the structure of ker(Ln/2) given in (3.38), and the fact that P∞ = SnP̃∞S−1
n (see (3.40)), one

immediately deduces that

iα = P̃++
∞,0 ◦ |∂|

1/2 and β = P̃+−
∞,n ◦ |∂|1/2. (3.45)

Moreover, by Lemma B.4.1, one can deduce the following bound:

sup
`∈Z
〈`〉p−1/2es|`| max

σσ′=±1
‖P̃σσ′∞,` ◦ |∂|1/2‖s,p,R ≤

n

λ2
R2, (3.46)

for R > 0 sufficiently small. Therefore, combining (3.46) and (3.45), we get the bounds (3.43).
Lemma B.4.1, states also that

sup
`∈Z
〈`〉p−1/2es|`| max

σσ′=±1
‖∂zj (P̃σσ

′
∞,` ◦ |∂|1/2)‖s,p,R ≤

n

λ2
R,

from which one can easily derive the bounds in (3.44). �

Step 2. We now have all the necessary ingredients to study the regularity of the spectral gaps.

Remark 3.2.9. Throughout this subsection, K denotes a generic positive constant, independent of n, z,
and R, whose value may change at each occurrence. Furthermore, since we need to recall the majorant
norm |·|r,s for the power-trigonometric series (introduced in Chapter 1), we denote the majorant analytic
norm in the z variables by ‖·‖a,p,R and the corresponding weights by 〈j〉pea|j|, where a ≥ 0. This choice
of notation is intended to avoid any confusion between the decay of the z variables and the regularity
parameter s.

Let us rewrite formula (3.42) as

φ(z, λ±) = ±
∣∣∣∣ i√nzn2

+ λ±β(z, λ±)

∣∣∣∣ , (3.47)

where φ is the function defined by

φ(z, λ) := λ(λ− n/2 + α(z, λ)). (3.48)

Since, by Proposition 3.2.8, α is analytic as a function of λ within the region |2λ− n| ≤ 1/2, it follows
that φ inherits the same regularity properties. In particular, φ is differentiable with respect to λ and its
derivative is

∂λφ(z, λ) = 2λ− n/2 + α(z, λ) + λ∂λα(z, λ).
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This derivative can be bounded from below by a constant proportional to n, provided the domain is
suitably restricted. For instance, assuming |2λ − n| ≤ 1/8, one ensures that 2λ − n/2 ≥ n/4 for all
n ≥ 1. Furthermore, from Proposition 3.2.8, we have ‖α‖a,p,R ≤ nλ−2R2. Since in the considered
region λ ∼ n/2, this term is O(R2n−1). The derivative ∂λα can be estimated via a standard Cauchy
estimate, yielding a bound proportional to R2. Consequently, for R sufficiently small, the perturbation
terms α+ λ∂λα are small compared to n/4. Thus, we conclude that

inf
‖z‖a,p≤R
|2λ−n|≤1/8

|∂λφ(z, λ)| ≥ Kn,

ensuring the invertibility of the map.
This lower bound on the derivative allows us to control the separation between the roots λ+(z) and

λ−(z). By the Mean Value Theorem applied to φ with respect to λ, there exists a value λ̄ in the segment
[λ−(z), λ+(z)] such that:

φ(z, λ+(z))− φ(z, λ−(z)) = ∂λφ(z, λ̄)(λ+(z)− λ−(z)).

Recalling the definition of φ(z, λ±) and the lower bound |∂λφ(z, λ̄)| ≥ Kn, we have:

|λ+(z)− λ−(z)| = |φ(z, λ+(z))− φ(z, λ−(z))|
|∂λφ(z, λ̄)|

≤ 1

Kn

(∣∣∣∣ i√nzn2
+ λ+β(z, λ+)

∣∣∣∣+

∣∣∣∣ i√nzn2
+ λ−β(z, λ−)

∣∣∣∣)
≤ 1

Kn

(√
n|zn|+ |λ+β(z, λ+)|+ |λ−β(z, λ−)|

)
.

From Proposition 3.2.8, we have ‖β‖a,p,R ≤ Kn3/2λ−2R2e−a|n|〈n〉−p. Since λ ∼ n/2, the terms
λ±β(z, λ±) are of order

√
nR2e−a|n|〈n〉−p. Similarly, the contribution from the potential is given by√

n|zn| ≤
√
nRe−a|n|〈n〉−p.

By combining these contributions, the numerator is bounded by K
√
n(R + R2)e−a|n|〈n〉−p. We

then conclude that the following estimate holds uniformly for all z ∈ UR(`∞a,p):

|λ+(z)− λ−(z)| ≤ KR e−a|n|√
n〈n〉p

.

Finally, the estimate for the sum λ+(z)+λ−(z) follows directly from the fact that both roots belong to
the region |2λ−n| ≤ 1/8. This condition implies |λ±| ≤ n/2 + 1/16, and summing these contributions
yields:

|λ+(z) + λ−(z)| ≤ |λ+|+ |λ−| ≤ n+ 1/8 ≤ Kn,

which again holds uniformly for all z ∈ UR(`∞a,p) and n ≥ 1.
By combining the previous results, we can now estimate the term (λ+(z)2 − λ−(z)2). Using the

identity a2 − b2 = (a− b)(a+ b), we can write:

|λ+(z)2 − λ−(z)2| = |λ+(z)− λ−(z)| · |λ+(z) + λ−(z)|.

By substituting the uniform estimates obtained above, we get:

|λ+(z)2 − λ−(z)2| ≤ KR
√
n
e−a|n|

〈n〉p
.
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These quantities will be used to construct the action variables for the Korteweg-de Vries equation. In
order for the actions to have the correct physical dimension (consistent with the order of |z|2) and to
map properly into the considered sequence spaces, it is necessary to introduce a rescaling factor n−1.
Indeed, by squaring the previous estimate and dividing by n, we obtain the bound for rescaled squared
gap lengths:

γn(z) :=
(λ+(z)2 − λ−(z)2)2

n
≤ KR2 e

−2a|n|

〈n〉2p
, (3.49)

which holds uniformly for all z ∈ UR(`∞a,p).
However, a significant challenge arises from the implicit definition of the gaps via the modulus | · |

in (3.42), which introduces a singularity at the origin (z = 0). To establish the regularity of the gaps
without explicitly addressing the singularity, we exploit the possibility of constructing local symplectic
polar coordinates (y, ϕ) around any infinite torus which is sufficiently far form the origin, as explained
in Subsection 3.1.1. Namely, let w = (wk)k∈N be the weight defined by wk = e2a|k|〈k〉2p. For a
fixed sequence ξ = (ξk)k∈N of strictly positive real numbers, we assume that there exist constants
0 < ξ− ≤ ξ+ such that:

0 < ξ− ≤ inf
k∈N

wkξk ≤ sup
k∈N

wkξk ≤ ξ+ <
R2

4
. (3.50)

Under this assumption, for small r > 0, we define the local chart Φξ as in (3.3)

Φξ : Ur(`
∞
w )× T∞ 3 (y, ϕ) 7→ z = (

√
ξk + yke

iϕk)k∈N ∈ `∞a,p

in a neighbourhood of the torus

Tξ :=
{
z ∈ `∞a,p : |zk|2 = ξk for all k ∈ N

}
.

The regularity of the spectral gaps in these coordinates is then established through the norm defining
the Banach space Ar,s of power-trigonometric series introduced in Definition 3.1.2. Recall that for
f ∈ Ar,s, the majorant norm is given by:

|f |r,s :=
∑
ν∈Z(N)

∑
α∈N(N)

0

|fνα|vαw,res|ν|, (vw,r)j = rw−1
j .

Crucially, the right-hand sides of our estimates for γn are composed of functions (such as zn and β(z, λ))
that are majorant analytic in the z variables even at the origin. This allows us to bound their | · |r,s norm
by further estimating them with the ‖ · ‖a,p,R norm.

The transition between these two norms is governed by Proposition 3.1.2. Specifically, for any
Hamiltonian H(z) that is majorant analytic in UR(`∞a,p), its pullback Φ∗ξH belongs to Ar,s and satisfies:

|Φ∗ξH|r,s ≤ ‖H‖a,p,R,

provided the parameters r, s, ξ, R satisfy the consistency condition (3.4). This framework leads to the
following regularity result:

Theorem 3.2.10. Given p > 3/2 and a ≥ 0, let ξ ∈ `∞2a,2p be a sequence satisfying the condition (3.50),
and let R > 0 be the analyticity radius of the coefficients α and β (see Proposition 3.2.8). Then, for
r > 0 and s ≥ 0 sufficiently small (depending on R, as explained in Proposition 3.1.2), the rescaled
squared gaps in the coordinate system (y, ϕ), namely

Φ∗ξγn :=
((Φ∗ξλ+)2 − (Φ∗ξλ−)2)2

n
,
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belong to the space Ar,s (see Definition 1.2.1) and satisfy the following bound:

sup
n∈N

e2a|n|〈n〉2p|Φ∗ξγn|r,s ≤ KR2,

for a suitable positive constant K.

The Theorem above ensures that the rescaled squared gaps are well-behaved as elements ofAr,s and
the map Γ := (Φ∗ξγn)n∈N take values in `∞2a,2p.

Step 3. In order to satisfy the smallness and regularity requirements of Theorem 2.6.1, we must also
ensure a suitable bound for the derivatives of Γ.

Specifically, the applicability of the construction of action-angle coordinates requires the finiteness
of the following quantity:

K(γ) := max

{
r sup
j∈N

∞∑
n=1

∣∣∣∣∂Φ∗ξγn

∂yj

∣∣∣∣
r,s

, sup
j∈N

e2a|j|〈j〉2p
∞∑
n=1

∣∣∣∣∂Φ∗ξγn

∂ϕj

∣∣∣∣
r,s

}
. (3.51)

To estimate (3.51), we relate the derivatives in the local chart (y, ϕ) to those in the canonical variables
(zj , z̄j) via the relations:10

∂

∂yj
=

1

2

(
1

z̄j

∂

∂zj
+

1

zj

∂

∂z̄j

)
and

∂

∂ϕj
= i

(
zj

∂

∂zj
− z̄j

∂

∂z̄j

)
,

and we perform our calculations in the variables z. As already observed, for the rescaled squared gaps
γn the majorant analytic norm ‖ · ‖a,p,R in the z variables is not well defined due to the implicit presence
of the modulus in (3.42), which prevents the Taylor expansion around the origin. Nevertheless, as we
shall see from the explicit calculations, the derivatives of γn can be bounded by functions involving the
coefficients α, β and their derivatives ∂zjα, ∂zjβ, for which the majorant norm ‖ · ‖a,p,R is well defined.

Specifically, we shall prove that the terms in (3.51) are dominated by the majorant norms of these
bounding functions. Namely, by virtue of Proposition 3.1.3, if we denote such functions by f (n), the
quantity K(γ) satisfies:

K(γ) ≤ 2R sup
j∈N
〈j〉pea|j|

∞∑
n=1

∥∥∥∥∥∂f (n)

∂zj

∥∥∥∥∥
a,p,R

. (3.52)

By substituting the bounds from Proposition 3.2.8 into the expressions for f (n), we shall see that this
sum is finite, thus ensuring the applicability of Theorem 2.6.1.

Let us proceed with the explicit calculation of the gradient of the rescaled squared gaps with respect
to the canonical variables zj . From the definition of γn(z) (see (3.49)), we have:

∂zjγn =
(λ2

+ − λ2
−)

n

(
2λ+∂zjλ+ − 2λ−∂zjλ−

)
. (3.53)

The regularity of ∂zjγn depends on the behavior of the gradients ∂zjλ±. To compute these, we differen-
tiate the relation (3.42) squared:

λ2
±

(
λ± −

n

2
+ α(z, λ±)

)2
=

∣∣∣∣ i√nzn2
+ λ±β(z, λ±)

∣∣∣∣2 . (3.54)

10We recall that, being the potential u a real-valued function, we have that z−` = z̄`.
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By differentiating the left-hand side of (3.54) with respect to zj , and recalling the definition of φ(z, λ)
from (3.48), we obtain:

2φ(z, λ±)
[(

2λ± −
n

2
+ α(z, λ±) + λ±∂λα(z, λ±)

)
∂zjλ± + λ±∂zjα(z, λ±)

]
.

Similarly, differentiating the right-hand side of (3.54) yields:(
− i
√
nz̄n + 2λ±β̄(z, λ±)

)[
i
√
n

2
δjn +

(
β(z, λ±) + λ±∂λβ(z, λ±)

)
∂zjλ± + λ±∂zjβ(z, λ±)

]
+

(
i
√
nzn + 2λ±β(z, λ±)

)[(
β̄(z, λ±) + λ±∂λβ̄(z, λ±)

)
∂zjλ± + λ±∂zj β̄(z, λ±)

]
. (3.55)

Let us introduce the phase factor

eiθ± :=
i
√
nzn + 2λ±β(z, λ±)

|i
√
nzn + 2λ±β(z, λ±)|

,

Note that eiθ± is well-defined as long as the denominator is non-zero; this condition is guaranteed within
the neighborhood of the torus Tξ defined by the chart Φξ. Dividing both sides of (3.55) by the factor
φ(z, λ±) = ±|i

√
nzn/2 + λ±β(z, λ±)|, we can isolate the derivative ∂zjλ±. The resulting equation for

the gradient is: [(
2λ± −

n

2
+ α+ λ±∂λα

)
− Re

(
e−iθ±(β + λ±∂λβ)

)]
∂zjλ±

= −λ±∂zjα+
e−iθ±

2

√
nδjn + Re

(
eiθ±λ±∂zjβ

)
. (3.56)

Following the same argument used for the invertibility of φ, the coefficient in the square brackets on
the left-hand side of (3.56) is bounded from below by Kn. Consequently, the derivative ∂zjλ± can be
expressed as:

∂zjλ± =
−λ±∂zjα+ e−iθ±

2

√
nδjn + Re

(
eiθ±λ±∂zjβ

)(
2λ± − n

2 + α+ λ±∂λα
)
− Re (e−iθ±(β + λ±∂λβ))

. (3.57)

By applying the estimates for α and β from Proposition 3.2.8 to (3.57), we obtain:

|∂zjλ±| ≤
K

n

[
√
nδjn +R

(
e−a|j|

〈j〉p
+
√
n
e−a|j−n|

〈j − n〉p

)]
.

Substituting this bound and the estimate for the gap length |λ2
+−λ2

−| ≤ KR
√
ne−a|n|〈n〉−p into (3.53),

we get:

|∂zjγn(z)| ≤ KRe
−a|n|

〈n〉p
δjn +KR2

(
1√
n

e−a(|j|+|n|)

〈n〉p〈j〉p
+
e−a(|j−n|+|n|)

〈n〉p〈j − n〉p

)
. (3.58)

As previously discussed, the right-hand side of (3.57) consists of functions that are majorant analytic in
the z variables, thus providing the required bounding functions f (n)(z) for the estimate (3.52). To verify
the convergence of the quantity that gives the bound for K(γ), we observe that:

sup
j∈N
〈j〉pea|j|

∑
n∈N

e−a(|n|+|j|)

〈n〉p
δjn ≤ 1, (3.59)

and the other terms satisfy:

sup
j∈N
〈j〉pea|j|

∑
n∈N

(
1√
n

e−a(|j|+|n|)

〈n〉p〈j〉p
+
e−a(|j−n|+|n|)

〈n〉p〈j − n〉p

)
≤
∑
n∈N

1

〈n〉p+1/2
+
∑
n∈N

〈j〉p

〈j − n〉p〈n〉p
<∞.

(3.60)
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These bounds ensure that K(γ) < ∞, proving the desired regularity requirement for the map Γ =
(Φ∗ξγn)n∈N in the local coordinates (y, ϕ).

From the estimate (3.58), we observe that the leading contribution (of order R) is purely diagonal
and is given by the term KRe−a|n|〈n〉−pδjn. This term corresponds to the derivative of 4|zn|2, which is
consistent with the linear approximation derived in Subsection 3.2.4. Indeed, as shown in (3.28) when
studying the spectral gaps gn of the approximated system:

g2
n = 4|un|2 +O(|u|4),

where uk = 〈k〉1/2zk and, in our rescaled setting, γn ∼ g2
n/n. This identification allows us to decompose

the map Γ as Γ(y, ϕ) = 4(ξ+y)+P (y, ϕ), where 4(ξ+y) is the pullback of the leading term 4|z|2. The
perturbation P (y, ϕ) collects all higher-order terms and, by (3.52), (3.58), (3.59) and (3.60), satisfies:

max

{
r sup
j∈N

∞∑
n=1

∣∣∣∣∂P (n)

∂yj

∣∣∣∣
r,s

, sup
j∈N

e2a|j|〈j〉2p
∞∑
n=1

∣∣∣∣∂P (n)

∂ϕj

∣∣∣∣
r,s

}
≤ KR3. (3.61)

This bound with R3 is crucial for ensuring the smallness condition needed for the applicability of
Theorem 2.6.1.

We can now summarize these results in the following Theorem.

Theorem 3.2.11. Let ξ be a sequence satisfying (3.50). For r, s > 0 sufficiently small, the rescaled
squared gaps (γn)n∈N satisfy

sup
j∈N

∞∑
n=1

∣∣∣∣∂Φ∗ξγn

∂yj

∣∣∣∣
r,s

<∞ and sup
j∈N

e2a|j|〈j〉2p
∞∑
n=1

∣∣∣∣∂Φ∗ξγn

∂ϕj

∣∣∣∣
r,s

<∞.

Moreover, the map Γ = (Φ∗ξγn)n∈N can be written as

Γ(y, ϕ) = 4(ξ + y) + P (y, ϕ),

where the perturbation P is majorant analytic and satisfies the bound

‖P‖∞,wr,s ≤ KR3 (3.62)

for a suitable positive constantK, wherewj = 〈j〉2pe2a|j|, for all j ∈ N, and the norm ‖·‖∞,wr,s is defined
in Definition 2.3.8.

Theorems 3.2.10 and 3.2.11 provide the final verification of the assumptions of Theorem 2.6.1.
Specifically, the decomposition of the map Γ into a leading diagonal part plus a perturbation P of or-
der R3 ensures that the smallness condition (a.1) is satisfied for a sufficiently small but finite radius R.
Furthermore, it is well-known that the squared gap lengths are integrals of the motion in involution, i.e.,
{γm, γn} = 0 and {γn, HKdV } = 0 for all m,n ∈ N. Since the pullback via Φξ preserves the Poisson
brackets (see the discussion in 3.1.5), the map Γ provides a complete set of integrals in involution for the
Hamiltonian HKdV ◦ Φξ, fulfilling condition (a.2) of Theorem 2.6.1.

Proof of Theorem 3.2.7. The proof consists in verifying that the Hamiltonian HKdV and the map Γ =
(Φ∗ξγn)n∈N satisfy the hypotheses of Theorem 2.6.1.

First, we observe that the Hamiltonian HKdV is majorant analytic on `∞a,p if p > 2. Its pullback via
the local chart, Φ∗ξHKdV , thus belongs to the class A.
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By Theorems 3.2.10 and 3.2.11 the map can be decomposed as Γ(y, ϕ) = 4(ξ+y)+P (y, ϕ), where
P satisfies the cubic bound ‖P‖∞,wr,s ≤ KR3 (see (3.61)), with R > 0 being the analyticity radius of the
coefficients α and β determined in Proposition 3.2.8.

Recalling the conditions (2.43), together with (3.62), and (3.4), one can find 0 < ξ− ≤ ξ+ such that,
there exist R′ ≤ R, r′ ≤ r and s′ ≤ s satisfying

ξ
1/2
+ es

′
∞∑
m=0

|am|
(
r′

ξ−

)m
≤ R′ and K(R′)3 ≤ 1

4C
min{r′, s′, 1},

ensuring the condition (a.1) of Theorem 2.6.1. Finally, the commutativity condition (a.2) follows from
the standard spectral theory: the squared gap lengths γn are integrals of motion in involution. Since the
map Φξ is a symplectomorphism, it preserves the Poisson brackets, ensuring that the components of Γ
commute among themselves and with the Hamiltonian. �





Chapter 4

Kronecker Flow on the Infinite Torus

4.1 Introduction

Kronecker flows play a central role in Hamiltonian dynamics as they describe the almost-periodic mo-
tion on compact, regular common level sets of complete systems of Poisson-commuting first integrals.
The Kronecker flow on the regular sets is defined by a particular Hamiltonian which admits these first
integrals. In the finite-dimensional case, KAM theory establishes the persistence of most of such almost-
periodic solutions under small perturbations. In general, this is not the case in infinite-dimensional
Hamiltonian systems. Still, the search for almost-periodic solutions is an active and challenging topic
in the study of global solutions for evolution PDEs. Therefore, understanding Kronecker flows on infi-
nite tori is crucial for gaining insights into the dynamical and topological properties of almost-periodic
solutions of Hamiltonian PDEs and systems on infinite lattices.

When the dimension of the torus is finite, Kronecker flows satisfy the following properties.

A The (non-resonance) condition that the frequencies are rationally independent is equivalent to topo-
logical transitivity, to minimality, and to unique ergodicity (see [Laz93] for a modern exposition).

B Any Kronecker flow is topologically conjugate by an automorphism of the torus to another Kro-
necker flow having the property that the non-zero frequencies are rationally independent (see, for
e.g., [FM10]). Consequently, by Property A, the closure of any orbit is still a torus.

Preliminaries studies of the infinite-dimensional analogue are due to Jessen [Jes34], who essentially
proves a special case of Birkhoff’s Ergodic Theorem. The ergodic properties of Kronecker flows on
infinite tori with the product topology are also studied in [Koz21] and [SV24]. In the same paper [SV24],
Sakbaev and Volovich also show that there is a new type of trajectories that is absent in the finite-
dimensional case, namely, orbits whose closure is not a torus. Therefore, the properties of Kronecker
flow in the infinite-dimensional setting are much more involved than in the finite-dimensional case.

4.1.1 Purposes and Informal Short Summary of the Main Results

We consider Kronecker flows on (countably) infinite tori endowed with the product topology. This par-
ticular choice of the topology, which coincides with the one considered in [Jes34], [Koz21] and [SV24],
is motivated in Section 4.1.3 and it is related to the topology of the functional spaces typically considered
in the study of Hamiltonian PDEs. We refer to the next section for precise definitions.

1. The first question addressed in this work can be informally rephrased as follows:
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Does there exist a class of Kronecker flows on infinite tori which share the same properties 1 as in the
finite-dimensional case?

We prove that this question has positive answer (see Theorem A and B). Namely, we identify this
special class as the class of Kronecker flows whose frequency module — the Z-module of all integer
(finite) linear combinations of the frequencies — is a free abelian group. In this light, Properties A and
B of the finite-dimensional case follow form the structure theorem for finitely generated abelian groups
without torsion, which ensures that the frequency module is always free in the case of Kronecker flows
with only finitely many non-zero frequencies (see Remark 4.2.11).

2. It is not difficult to provide examples of Kronecker flows on infinite tori whose associated frequency
module is not free. This remark motivates the next question tackled in this chapter.

In the case of Kronecker flows with non-free frequency module, what is the topological structure of the
closure of the orbits?

In Section 4.4.2 and 4.4.3 we construct a class of Kronecker flows with the property that the closure
of any orbit is a product of circles and solenoids2. This can be viewed as an extension of the result of
Sakbaev and Volovich [SV24], who showed that for linear flows on the infinite torus there exist orbits
whose closure is not a torus (see Remark 4.4.26). Indeed, we exhibit a specific class of such flows and
we provide a more refined understanding of the topological structure of such orbits (see Theorem C).

3. At this stage, the following natural question arises.

Are we able to exhibit examples of Hamiltonian PDEs admitting almost-periodic solutions whose
closure is homeomorphic to a product of circles and solenoids?

The Benjamin-Ono equation with periodic boundary condition for a real valued function

ut = H(uxx)− 2uux, x ∈ R/2πZ, t ∈ R, (4.1)

where H(·) denotes the Hilbert transform

H(u)(x, t) = − i

2π

∑
j∈Z

sgn(j)

ˆ 2π

0
u(x′, t)eij(x−x′)dx′, (4.2)

is an infinite-dimensional, completely integrable (see [GK21]), Hamiltonian system that describes one-
dimensional, periodic internal waves in deep water approximation. In Theorem BO of Section 4.4.4,
we show that it admits a family of (non-typical) almost-periodic solutions that are dense on invariant
subsets of L2(R/2πZ) homeomorphic to the product of a circle and a solenoid. It may be interesting
to understand if such family of almost-periodic solutions can be characterized by some physical feature.
One can think of some new type of turbulence.

4. The last question we answer consists in a classification problem.

1In the sense of Properties A and B.
2Solenoids are compact, connected subgroups of the infinite torus. We give the definition in Section 4.4.2 and we also

study their local topological properties (see Proposition 4.4.8). For an intrinsic definition, see for e.g. [HR79], in which they
go under the name of a-adic Solenoids.
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Given two Kronecker flows, are we able to determine whether the closures of their orbits are
homeomorphic?

In Section 4.4.5 we prove that the above question is equivalent to the highly non-trivial classification
problem for countably infinite abelian groups without torsion. To date, a complete classification is known
only for the rank 1 case (see [Bae37], [BZ51] and [Fuc15]), which corresponds to the class of Kronecker
flows whose orbits are dense in a product of circles and solenoids, as we show in Section 4.4.3. The key
result that bridges such correspondence is Theorem D, which we believe is interesting by itself.

4.1.2 Setting

Let us give the fundamental definitions to rigorously introduce the subject of concern.

Notation 4.1.1. In what follows, we denote by N := {1, 2, . . . } the set of positive integers.
The symbol T := R/2πZ denotes the circle group, identified with the additive group of real numbers

modulo 2π and endowed with the quotient topology.
Given an additive abelian group G, a subgroup H ⊆ G, and an element g ∈ G, we denote by g+H

the coset (or equivalence class) of g modulo H , defined as:

g +H := {g + h : h ∈ H}.

This corresponds to the equivalence relation where g ∼ g′ if and only if g − g′ ∈ H .

1. Torus. A torus is a countable direct product of circle groups. More precisely, given a countable set of
indices J , the torus TJ is the topological abelian group defined as

TJ :=
∏
j∈J

Tj , Tj = T = R/2πZ, for all j ∈ J.

endowed with the product topology, that is, the topology of pointwise convergence. Note that any torus
is metrisable and, by Tychonoff’s theorem, it is compact. A basis for the product topology is given by
the open cylinders, where a cylinder is a subset

∏
j∈J Xj of TJ such that, for each j ∈ J , Xj ⊆ T, with

Xj = T for all but finitely many j ∈ J , and an open cylinder is a cylinder in which all the Xj are open.
See Appendix C for more details about the product topology.

Notation 4.1.2. Throughout this work, given θ = (θj)j∈J ∈ TJ , we denote by Θ := (Θj)j∈J any list of
real numbers such that θj = Θj + 2πZ for all j ∈ J .

With this notation, we define the group operation ∗ on TJ componentwise: for any θ, θ′ ∈ TJ , their
product θ ∗ θ′ is the element of TJ whose j-th component is given by

(θ ∗ θ′)j := Θj + Θ′j + 2πZ, for all j ∈ J.

It is straightforward to verify that this definition is well-defined, as it is independent of the choice of the
representatives Θj and Θ′j .

Remark 4.1.3. In the following, we shall improperly use the term “dimension” to refer to the rank
(in the group-theoretic sense) of the torus. This is motivated by the fact that, if the cardinality of J is
finite, the rank of TJ coincides with its dimension when viewed as a topological manifold. Note that, if
the cardinality of J is not finite, TJ cannot be a topological manifold, i.e., locally homeomorphic to a
topological vector space (TVS). Indeed, any open cylinder of TJ contains non contractible loops while
TVS are simply connected.
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2. Kronecker Flow. Given ω = (ωj)j∈J ∈ RJ , we define the Kronecker flow associated with the
“frequency vector”ω as the topological dynamical system (TJ ,Φω) induced by the continuous R-action

Φω : R× TJ → TJ , (t, θ) 7→ Φt
ω(θ) := (Θj + ωjt+ 2πZ)j∈J .

The real numbers ωj are called “frequencies”.

Remark 4.1.4. The closure of any orbit induced by a Kronecker flow is homeomorphic to the closure of
the orbit through the origin. This follows from the invariance by translations.

4.1.3 Motivations

In the sixties, it was realized that many Hamiltonian systems with infinitely many degrees of freedom
possess an infinite number of constants of motion. Some of these systems exhibit characteristics very
similar to those of finite-dimensional completely integrable Hamiltonian systems. Namely, the solutions
are supported on invariant tori of possibly infinite dimension; in this case, if an appropriate topology is
induced on them, they turn out to be homeomorphic to TJ for some countable set of indices J ⊆ Z ,
and the dynamics on them is conjugated to a Kronecker flow. Examples of systems having these features
are provided by Hamiltonian PDEs on the circle having an elliptic fixed point, such as the Korteweg-de
Vries equation (KdV), the Nonlinear Schrödinger equation (NLS) and the Benjamin-Ono equation (BO)
(4.1) with periodic boundary conditions.

These equations have been extensively studied in the Sobolev-Hilbert space Hs
0(T),

Hs
0(T) :=

{
u ∈ Hs(T) :

ˆ 2π

0
u(x) dx = 0

}
,

for suitable s ≥ 0.3 For each of the above equations, there exists s′ ≥ 0 and a global bi-analytic
diffeomorphism

Ψ : Hs
0(T) 3 u 7→ Ψ(u) ∈ hs′ :=

{
z = (zj)j∈N ∈ CN : ‖z‖2

hs′
:=
∑
j∈N

j2s′ |zj |2 <∞
}
,

a “Birkhoff map”,4 such that , for any initial data u ∈ Hs
0(T), the solution is supported on the invariant

set Ψ−1(TI). Here I = (Ij)j∈N is the list defined by Ij := |Ψj(u)|2, where Ψ(u) = (Ψj(u))j∈N, and

TI := {z ∈ hs′ : |zj |2 = Ij , ∀j ∈ N}. (4.3)

Remark 4.1.5. The sets defined in (4.3), as showed in Appendix D, when considered with the subspace
topology induced by the ‖ · ‖hs′ -norm, are homeomorphic to the possibly infinite torus Tsupp(I), where
supp(I) denotes the support of the sequence I . Namely, the map

Ξ : Tsupp(I) 3 θ 7→ Ξ(θ) := (
√
Ije

iΘj )j∈N ∈ TI ⊂ hs
′
,

where one chooses Θj := 0 for all j /∈ supp(I), is a topological embedding. Whenever the cardinality
of supp(I) is infinite, the torus Tsupp(I) has infinite dimension.

3The flows of the equations KdV, NLS and BO preserve the average of the solutions.
4For the case of the NLS, being the unknown a complex valued function, N has to be replaced with Z \ {0}.
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With respect to the coordinate system induced by the Birkhoff map, the solution for the given initial data
u is continuous in time as a map with values in hs

′
and is given by

Ψj(u(t)) = Ψj(u)eiωj(I)t, ωj(I) :=
∂H ◦Ψ−1

∂|zj |2
(
√
I1, ...,

√
In, ...), ∀j ∈ N,

where H : Hs
0(T) → R is the Hamiltonian function of the system under consideration. For references,

see [KP03],[GK21],[GK14] and [KLTZ09]. Therefore, since the Birkhoff map Ψ is a bi-analytic dif-
feomorphism, and hence, a homeomorphism, the Hamiltonian flow on the invariant torus Ψ−1(TI) is
topologically conjugate by H := Ψ−1 ◦ Ξ to the Kronecker flow

Φω : R× Tsupp(I) → Tsupp(I), (t, θ) 7→ Φt
ω(θ) := (Θj + ωj(I)t+ 2πZ)j∈supp(I),

with ω = (ωj(I))j∈N.
In [KM18], the global weak* C 0-wellposedness of the periodic KdV equation in the space of pseu-

domeasures on T is proved. For any given initial data, the solution is supported on an invariant subset
that, when endowed with the subspace topology induced by the weak∗ topology, is homeomorphic to a
torus (possibly of infinite dimension) with the product topology. Furthermore, the KdV flow on these
invariant sets is topologically conjugate to a Kronecker flow.

To underline the ubiquity of Kronecker flows in the context of infinite Hamiltonian systems, we
point out that there are also results about the construction of invariant tori for non-integrable Hamilto-
nian PDEs. For instance, in [Bou05], Bourgain constructs invariant tori of “full dimension” in Gevrey
regularity for the 1D periodic NLS equation with convolution potential V = (Vj)j∈Z ∈ `∞(Z,R) whose
coefficients are considered as external parameters. In [BMP21], the authors extend the result of Bourgain
to an entire ball of initial data in the phase space of Fourier coefficients

w∞p,s,a :=

{
u = (uj)j∈Z ∈ CZ : ‖u‖w∞p,s,a := sup

j∈Z
|uj |〈j〉pea|j|+s〈j〉

α

}
, 〈j〉 := max{1, |j|},

with p > 1, s > 0, 0 < α < 1 and suitable a ≥ 0. Namely, for most choices of ω = (ωj)j∈N ∈ RZ

satisfying supj∈Z |ωj − j2| ≤ 1/2, and for all list I = (Ij)j∈Z of non-negative real numbers such that
(
√
Ij)j∈Z belongs to a suitable neighbourhood of the origin in w∞p,s,a, there exists V ∈ `∞(Z,R) such

that the set TI defined by

TI := {u = (uj)j∈Z ∈ w∞p,s,a : |uj |2 = Ij}

is invariant for the NLS flow with convolution potential V . Furthermore, when TI is endowed with the
subspace topology induced by the weak* topology τ∗,5 the dynamics on such invariant set is topologically
conjugate to a Kronecker flow on Tsupp(I) (with ωj ∼ j2 for large |j|) through the homeomorphism
associated with the embedding6

Tsupp(I) 3 θ 7→ (
√
Ije

iΘj )j∈Z ∈ TI ⊂ (w∞p,s,a, τ∗), Θj := 0, for all j /∈ supp(I).

The analysis carried out in the present chapter yields a connection between algebraic properties of
the characteristic frequencies of the infinite Hamiltonian system under consideration and the topological

5Being the topological dual of the Banach space

`1p,s,a := {v = (vj)j∈Z : ‖v‖`1p,s,a :=
∑
j∈Z|vj |〈j〉

−pe−a|j|−s〈j〉
α

<∞},

w∞p,s,a can be endowed with the weak* topology, i.e., the coarsest topology that makes w∞p,s,a 3 u 7→ u(v) ∈ C continuous for
all v ∈ `1p,s,a.

6See Appendix D.
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structure of the minimal invariant sets. In Section 4.4.4 we apply our results to the Benjamin-Ono
equation (4.1).

Before moving on, it is worth noting that Kronecker flows on infinite tori are deeply connected with
the theory of almost-periodic functions. We refer the interested reader to [Fin74].

4.2 Preliminaries

4.2.1 Basics of Topological Dynamics

A topological dynamical system is a pair (X,Φ), where X is a topological space and Φ is a continuous
flow Φ : R × X → X . An invariant probability measure for (X,Φ) is a probability Borel measure µ
on X such that, for any t in R and any Borel subset U ⊆ X , µ((Φt)−1(U)) = µ(U). In terms of the
pushforward measure, this states that Φt

∗(µ) = µ for all t ∈ R.
We now recall the definitions of the properties of a topological dynamical system that will be relevant

to our study.
A topological dynamical system (X,Φ) is

• topologically transitive if there exists a dense orbit, and minimal if every orbit is dense;

• uniquely ergodic if it admits a unique invariant probability measure.

Let µ be an invariant probability measure for (X,Φ). Then, (X,Φ, µ) is

• ergodic if the only invariant sets have measure 1 or 0.

Remark 4.2.1. A topological dynamical system Φ : R × X → X admitting a unique invariant prob-
ability measure must be ergodic. Indeed, let µ be an invariant probability measure for (X,Φ). If
the system is not ergodic, there exists U ⊂ X invariant and such that 0 < µ(U) < µ(X) = 1.
But then, we can define another invariant probability measure simply normalizing by µ(U), namely,
µU (V ) := (µ(U))−1µ(V ∩ U), ∀V ⊂ X .

A central notion in topological dynamics is that of topological conjugacy. In particular, all the afore-
mentioned properties of a topological dynamical system are preserved under topological conjugacy.

Definition 4.2.2. Two topological dynamical systems (X,Φ) and (Y,Ψ) are said to be topologically
conjugate if there exists a homeomorphism h : X → Y such that, for any t ∈ R,

h ◦ Φt = Ψt ◦ h.

4.2.2 Resonance Module and Frequency Module of a Kronecker flow

In this subsection, we introduce two abelian groups that one can associate with every Kronecker flow:
the resonance module and the frequency module, both of which play a crucial role in the following
discussion.

Remark 4.2.3. Given a countable set of indices J , and a countable family of abelian groups (Gj)j∈J ,
the direct sum

⊕
j∈J Gj is the abelian subgroup of

∏
j∈J Gj consisting of all (gj)j∈J ∈

∏
j∈J Gj such

that gj differs from 0 only for finitely many j ∈ J .
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Notation 4.2.4. Given a set of indices J and an abelian group G, we adopt the convention

GJ :=
∏
j∈J

G :=
∏
j∈J

Gj , Gj = G, ∀j ∈ J,

G(J) :=
⊕
j∈J

G :=
⊕
j∈J

Gj , Gj = G, ∀j ∈ J.

If J = {1, ..., n}, with n ∈ N, we set Gn := GJ = G(J).

Definition 4.2.5 (Resonance module). Given ω ∈ RJ , we define the resonance module associated with
ω as

Rω :=

{
ν ∈ Z(J) :

∑
j∈J

ωjνj = 0

}
. (4.4)

We say that, the real numbers (ωj)j∈J are rationally independent if and only if Rω = {0}, in which
case, we say that ω = (ωj)j∈J is non-resonant, otherwise we say that ω is resonant. Accordingly, the
Kronecker flow (TJ ,Φω) associated with ω is said to be (non-)resonant if ω is (non-)resonant.

Definition 4.2.6. An abelian group is said to be free if it admits a basis. Namely, an abelian group G is
free if and only if there exists a set of indices J and an isomorphism of groups between G and Z(J) (see
Corollary E.2.9).

Remark 4.2.7. Being a subgroup of the free abelian group Z(J), the resonance module Rω is itself free
as an abelian group (see, for e.g., [Rot02]).

Definition 4.2.8 (Frequency Module). The frequency module associated with ω ∈ RJ is the subgroup of
(R,+) generated by the integer (finite) linear combinations of the frequencies, i.e.,

Mω :=

{∑
j∈J

ωjνj : ν ∈ Z(J)

}
⊂ R.

Remark 4.2.9. As the map Z(J) 3 ν 7→ ω · ν ∈ (R,+) is a group homomorphism, by the first isomor-
phism theorem, the frequency module Mω is isomorphic to the quotient group Z(J)/Rω, where Rω is
the resonance module defined in (4.4).

Remark 4.2.10. Mω is countable and without torsion, namely, for each element g ∈Mω, if there exists
a non-zero integer n such that ng = 0, then, g = 0.

The following remark highlights the most fundamental difference between the finite-dimensional and
infinite-dimensional settings and, as we shall see in Theorem B, reveals the reasoning behind why the
simple, well known properties A and B that hold for Kronecker flows on finite-dimensional tori do not
apply in general to this infinite-dimensional context.

Remark 4.2.11. If the cardinality of J is finite, then Mω is a free abelian group: this follows from
Remark 4.2.10 and the general structure theorem for finitely generated abelian groups without torsion,
noting that the finiteness of the cardinality of J ensures that the frequency module is finitely generated.

If the cardinality of J is not finite, Mω may be not free: it is no longer guaranteed that Mω is finitely
generated. As an example, for J = N and ω = (ωj)j∈N with ωj = 1/j, one has Mω = (Q,+).
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4.2.3 The Finite-Dimensional Case

Let n ∈ N and ω = (ωj)
n
j=1 ∈ Rn. For the Kronecker flow Φω on Tn, topological transitivity, minimal-

ity, and unique ergodicity are equivalent to the non-resonance condition Rω = {0}.
Furthermore, if 1 ≤ rank(Rω) =: d < n, there exists an automorphism A of Tn that conjugates

(Tn,Φω) to another Kronecker flow (Tn,Φω̃); specifically,

A ◦ Φt
ω = Φt

ω̃ ◦A for all t ∈ R,

where ω̃ = (0d, ω̄), ω̄ is non-resonant, and 0d is the null vector in Rd. In particular, if we denote by qd

the projection
qd : Tn → Td, (θj)

n
j=1 7→ (θj)

d
j=1,

the continuous surjection qd ◦ A : Tn → Td defines a (trivial) fiber bundle with fibers homeomorphic
to Tn−d. Each fiber is a minimal invariant set for the Kronecker flow (Tn,Φω), and the restriction of the
flow to each fiber is topologically conjugate to the non-resonant Kronecker flow (Tn−d,Φω̄).

We now provide a characterization of the group Aut(TN) of automorphisms of the topological group
TN (see Proposition 4.2.19) and apply this result to develop an algorithm for reducing resonant Kronecker
flows (see Proposition 4.2.23).

4.2.4 Characterization of Aut(TN)

Notation 4.2.12. We shall adopt the following notations throughout this section:

• For any j ∈ N, qj : TN → T denotes the projection onto the j-th factor, namely, qj(θ) = θj .

• For any m ∈ N, qm : TN → Tm denotes the projection (θj)j∈N 7→ (θj)
m
j=1.

• For any m ∈ N, im : Rm → RN denotes the inclusion (Θj)
m
j=1 7→ (Θ1, . . . ,Θm, 0, . . . ).

• For any m ∈ N, πm : Rm → Tm denotes the standard quotient projection Θ 7→ Θ + (2πZ)m.

• πN : RN → RN/(2πZ)N denotes the projection Θ 7→ Θ + (2πZ)N.

Remark 4.2.13. All the spaces defined above are endowed with the product topology. This choice en-
sures that all the maps introduced in Notation 4.2.12 are continuous.

We first show that TN is naturally isomorphic as a topological group to the quotient RN/(2πZ)N,
where RN is endowed with the product topology and the quotient carries the induced quotient topology.

Proposition 4.2.14 (Infinite torus as quotient space). The torus TN is isomorphic as a topological group
to the quotient RN/(2πZ)N.

Proof. The algebraic group isomorphism is immediate. To prove that the map

Φ : RN/(2πZ)N → TN, Θ + (2πZ)N 7→ (Θj + 2πZ)j∈N

is a homeomorphism, we recall that a set U ⊆ RN/(2πZ)N is open if and only if its preimage π−1
N (U) is

open in RN.
Since the product topology on TN is generated by the subbase of open cylinders of the form q−1

j (A)
(with A ⊆ T open), it suffices to check that their preimages under Φ are open. To this end, observe that

π−1
N

(
Φ−1(q−1

j (A))
)

= {Θ ∈ RN : Θj ∈ π−1(A)},
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where π : R→ T is the standard projection. This set is an open cylinder in RN; hence, Φ is continuous.
Conversely, the image under Φ ◦ πN of any open cylinder in RN is an open cylinder in TN. Since

Φ ◦ πN maps the basis of the product topology of RN to the basis of TN, it follows that Φ ◦ πN is an open
map. By the properties of the quotient topology, this implies that Φ is an open map as well, and thus a
homeomorphism. �

Remark 4.2.15 (Not a covering map). To avoid misunderstandings, we stress that the previous proposi-
tion does not imply that πN is a covering map. In fact, πN cannot be a local homeomorphism, since RN

is simply connected, whereas inside each cylinder of the torus one can find non-contractible loops.

Remark 4.2.16 (Abuse of notation). In what follows, we shall identify TN with RN/(2πZ)N and Tm
with Rm/(2πZ)m in the sense of Proposition 4.2.14.

Theorem 4.2.17 (Lifts). Given a continuous function F : TN → TN such that F (0) = 0, there exists
a unique continuous function F̂ : RN → RN, which we call “lift”, such that πN ◦ F̂ = F ◦ πN and
F̂ (0) = 0.

Proof. For every m ∈ N, consider the map

fm := qm ◦ F ◦ πN : RN → Tm.

Since RN is connected and simply connected, and πm : Rm → Tm is the universal covering of Tm
with πm(0) = 0, there exists a unique continuous lift f̂m : RN → Rm such that πm ◦ f̂m = fm and
f̂m(0) = 0.

We then define F̂m : RN → RN via the inclusion im:

F̂m := im ◦ f̂m.

By construction, each F̂m is continuous and satisfies F̂m(0) = 0. We now show that for any j ≤ m, the
j-th component F̂mj is independent of m.

Observe that for j ≤ m, the component fmj = (F ◦ πN)j does not depend on m. Thus, both F̂mj and
F̂m+1
j are lifts of the same map fmj : RN → T. Specifically:

F̂mj (Θ) + 2πZ = fmj (Θ) = fm+1
j (Θ) = F̂m+1

j (Θ) + 2πZ.

Since RN is connected and F̂mj (0) = F̂m+1
j (0) = 0, the uniqueness of lifts implies that:

F̂mj = F̂m+1
j for all m ≥ j.

This consistency allows us to well-define the map F̂ : RN → RN by setting, for each j ∈ N:

F̂j := F̂mj for any m ≥ j.

By definition, F̂ (0) = 0 and πN ◦ F̂ = F ◦ πN holds component-wise. Finally, F̂ is continuous because
each of its components F̂j is continuous, which is the defining property of the product topology.

Regarding uniqueness, any other lift F̃ satisfying the same conditions would necessarily have com-
ponents F̃j which are continuous lifts of fj = (F ◦ πN)j such that F̃j(0) = 0. Since π : R → T is a
covering map and RN is connected, each component F̃j is uniquely determined, whence F̃ = F̂ . �

Let Aut(TN) be the group of automorphisms of TN, namely, the set of bijective maps A : TN → TN

such that both A and A −1 are continuous group homomorphisms. To characterize these automorphisms,
we first introduce a particular group of infinite invertible matrices.
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Definition 4.2.18 (The group FGLN(Z)). We denote by FGLN(Z) the set of infinite matrices A =
(aij)i,j∈N with aij ∈ Z satisfying the following conditions:

1. each row of A has finite support, i.e., for every i ∈ N, the set {j ∈ N : aij 6= 0} is finite;

2. the matrix A is invertible, meaning there exists an infinite matrix A−1 = (a′ij)i,j∈N with integer
entries and finite support rows such that AA−1 = A−1A = I , where I is the infinite identity
matrix.

The condition on the finite support of the rows ensures that the action of the matrix on RN is well-
defined. Specifically, for any Θ = (Θj)j∈N ∈ RN, the i-th component of the image AΘ is given by the
sum:

(AΘ)i =
∑
j∈N

aijΘj .

Since each row has finite support, this sum is always finite, and thusAΘ is a well-defined element of RN.
Furthermore, the resulting linear map A : RN → RN is continuous with respect to the product topology,
as each component (AΘ)i depends only on a finite number of coordinates of Θ.

Matrix multiplication for A,B ∈ FGLN(Z) is defined by the standard rule (AB)ij =
∑

k∈N aikbkj .
This sum is always well-posed because each row of A contains only finitely many non-zero entries.
Moreover, FGLN(Z) is closed under multiplication: the i-th row of the product AB is a finite linear
combination of the rows of B, namely

(AB)i· =
∑
k∈Si

aik(B)k·,

where Si := {k ∈ N : aik 6= 0} is the finite support of the i-th row of A. Since the union of finitely
many finite sets is itself finite, the i-th row of AB also has finite support. This structure, combined with
the existence of the inverse (which by definition belongs to the same set), ensures that FGLN(Z) forms
a group under matrix multiplication.

Proposition 4.2.19. Aut(TN) is isomorphic to FGLN(Z) via the correspondence

FGLN(Z) 3 A = (aij)i,j∈N 7→ A ∈ Aut(TN), (4.5)

where, for all θ = (Θj + 2πZ)j∈N ∈ TN, the map A is defined by

A (θ) =

(∑
j∈N

aijΘj + 2πZ
)
i∈N

. (4.6)

Proof. It is immediate to verify that any A ∈ FGLN(Z) defines, through (4.5) and (4.6), an automor-
phism of TN.

Let us prove the converse. Given A ∈ Aut(TN), we first recall the identification TN ∼= RN/(2πZ)N

established in Proposition 4.2.14. By Theorem 4.2.17, there exists a unique continuous lift Â : RN →
RN of A such that Â (0) = 0 and πN◦Â = A ◦πN. Since RN is connected and A is an endomorphism,
Â is an endomorphism as well; its continuity then ensures that it is an R-linear map.

Let ej be the j-th canonical vector in RN. For any Θ ∈ RN, let (Θn)n∈N, where Θn :=
∑n

j=1 Θjej ,
be the sequence of its truncations. By the definition of the product topology, Θn → Θ as n→∞. Since
Â is continuous, it preserves the limits of convergent sequences; thus, for each component i ∈ N, we
have

(Â (Θ))i =
(
Â
(

lim
n→∞

Θn
))

i
= lim

n→∞
(Â (Θn))i. (4.7)
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By the linearity of Â and the fact that Θn has finite support, it follows that, for any n ∈ N, (Â (Θn))i =∑n
j=1 aijΘj , where aij := (Â (ej))i. Substituting this into (4.7), we obtain (Â (Θ))i =

∑
j∈N aijΘj .

The convergence of this series for every Θ ∈ RN implies that each row ofAmust have finite support.
Indeed, if for some i there were infinitely many non-zero entries (aijk)k∈N, one could define Θ ∈ RN by
setting Θjk = k/aijk (and Θj = 0 otherwise), making the i-th component of Â (Θ) diverge, which is a
contradiction.

Furthermore, the relation πN ◦ Â = A ◦ πN requires that Â maps the kernel of the projection πN,
namely (2πZ)N, into itself; hence aij ∈ Z for all i, j ∈ N. Finally, since A is an automorphism, there
exists a continuous inverse A −1 which, by the same arguments, possesses a unique continuous linear
lift (Â −1) represented by an integer matrix A′ with finite support rows. By the uniqueness of lifts, the
relations A ◦A −1 = IdTN and A −1◦A = IdTN imply that Â ◦(Â −1) = IdRN and (Â −1)◦Â = IdRN ,
respectively. In terms of matrices, this yields AA′ = A′A = I , confirming that A ∈ FGLN(Z). �

4.2.5 Reduction of Resonant Kronecker Flows

Let Aut(Z(N)) be the group of bijective maps B from Z(N) to itself such that both B and B−1 are
homomorphisms of Z-modules.

Example 1 (Permutations in Aut(Z(N))). Let σ : N → N be a bijection. We define the operator Pσ by
its action on the basis: Pσ(ej) = eσ(j), extending it by linearity to any ν =

∑
νjej ∈ Z(N).

Since any ν ∈ Z(N) has finite support, its image Pσ(ν) also has finite support, making Pσ a well-
defined Z-module homomorphism from Z(N) into itself. The associated matrix (bij)i,j∈N is:

bij =

{
1 if i = σ(j),

0 otherwise.

Since σ is a bijection, each row i has exactly one non-zero entry at column σ−1(i). This ensures that the
inverse operator Pσ−1 is also a well-defined homomorphism on Z(N), thus Pσ ∈ Aut(Z(N)).

Proposition 4.2.20. An operator B belongs to Aut(Z(N)) if and only if its representing matrix B =
(bij)i,j∈N with respect to the canonical basis {ej}j∈N satisfies B∗ ∈ FGLN(Z), where B∗ denotes the
transpose matrix of B.

Proof. ( =⇒ ) Let B ∈ Aut(Z(N)). As a Z-module homomorphism, B is uniquely determined by its
action on the canonical basis {ej}j∈N. Since B(ej) ∈ Z(N) for all j ∈ N, we can write its image as a
finite linear combination of the basis vectors:

B(ej) =
∑
i∈N

bijei,

where bij ∈ Z are zero for all but finitely many i. This defines the representing matrix B = (bij)i,j∈N,
which has integer entries and columns with finite support. Furthermore, as B is an automorphism,
there exists an inverse homomorphism B−1 on Z(N) whose matrix B−1 = (b′jk)j,k∈N must also have
integer entries and columns with finite support. The infinite matrix products BB−1 and B−1B are well-
defined because each entry is a sum with only finitely many non-zero terms: specifically, (BB−1)ik =∑

j∈N bijb
′
jk involves only finitely many terms due to the finite support of the columns of B−1, while

(B−1B)ik =
∑

j∈N b
′
ijbjk is finite due to the finite support of the columns of B. This property ensures

that the standard algebraic identity for the transpose of a product (BB−1)∗ = (B−1)∗B∗ holds. Thus,
transposing BB−1 = B−1B = I yields (B−1)∗B∗ = B∗(B−1)∗ = I , showing that B∗ is invertible in
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the sense of FGLN(Z) with (B∗)−1 = (B−1)∗. Since the rows of B∗ and (B∗)−1 are the columns of B
and B−1 respectively, we have B∗ ∈ FGLN(Z).

( ⇐= ) Conversely, suppose B∗ ∈ FGLN(Z). By definition, both B∗ and its inverse (B∗)−1

have integer entries and rows with finite support. This ensures that B = (bij)i,j∈N and the matrix
B′ := ((B∗)−1)∗ have integer entries and columns with finite support. The finite support of the columns
of B, together with the fact that bij ∈ Z for all i, j ∈ N, ensures that the linear extension B of the
map ej 7→

∑
i bijei is a well-defined homomorphism from Z(N) into itself; similarly, the operator B′

associated to B′ is a well-defined homomorphism on Z(N). Again, the finite support of the columns of
B and B′ justifies the identity (B′B)∗ = B∗(B′)∗ = B∗(B∗)−1 = I , which implies B′B = I . A
symmetric argument shows BB′ = I , proving that B′ is the inverse of B and thus B ∈ Aut(Z(N)). �

Lemma 4.2.21. Let ν ∈ Z(N) \ {0}. Then, there exists B ∈ Aut(Z(N)) such that ν̃ := Bν satisfies
ν̃1 6= 0 and ν̃j = 0 for all j ≥ 2.

Proof. If the support of ν consists of a single element, say j∗, then it is sufficient to consider the per-
mutation operator Pσ (as in Example 1.1) that swaps the first and the j∗-th component. By Proposition
4.2.20, Pσ ∈ Aut(Z(N)).

Consider now the case where the cardinality of the support of ν is N > 1. Let B1 be the matrix
that assigns to the given ν the list (|νj1 |, . . . , |νjN |, 0, . . . ), where indices are chosen such that 1 ≤
|νj1 | ≤ · · · ≤ |νjN |. This matrix represents an automorphism of Z(N) as it is a finite composition of
permutations Pσ and a diagonal matrix with ±1 on the diagonal. Define ν1 ∈ Z(N) by setting ν1

k = |νjk |
for k = 1, . . . , N and ν1

k = 0 for k > N , and let

S1 :=

N∑
j=1

ν1
j .

Consider the transformation ν1 7→ ν2 defined by ν2
1 = ν1

1 , ν2
j = ν1

j − ν1
1 for 2 ≤ j ≤ N , and ν2

j = 0 for
j > N . This transformation is induced by a matrix B2 representing an automorphism of Z(N):

B2 =



1 0 · · · · · · · · ·
−1 1 0 · · · · · ·

... 0
. . .

−1
...

. . .

0
...

. . .
...

...


B−1

2 =



1 0 · · · · · · · · ·
1 1 0 · · · · · ·
... 0

. . .

1
...

. . .

0
...

. . .
...

...


Note that ν2

1 = ν1
1 ≥ 1 and, for j = 2, . . . , N , we have 0 ≤ ν2

j < ν1
j . Thus, if we define

S2 :=
∑N

j=1 ν
2
j , we obtain 1 ≤ S2 < S1.

At this stage, two cases may occur:

1. If ν2 has only one non-zero component, then by construction this component is ν2
1 and the process

terminates.

2. If ν2 still has more than one non-zero component, we denote byK ≥ 0 the number of components
that have become zero (i.e., ν2

j = 0 for some j ∈ {2, . . . , N}). We then apply a permutation Pσ to
move the N −K remaining non-zero components to the first N −K positions.
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After this rearrangement, we reorder the remaining non-zero components in non-decreasing order
and repeat the entire procedure. Let Sα denote the sum of the components of the resulting vector at the
end of the α-th step. By iterating the process, we generate a strictly decreasing sequence of positive
integers:

S1 > S2 > S3 > · · · > Sα > · · · ≥ 1.

This procedure must terminate in a finite number of steps ᾱ because a strictly decreasing sequence of
positive integers cannot be infinite. Specifically, the process stops when the sum Sᾱ consists of only one
non-zero term.

By construction, this remaining term is moved to the first position. Since the overall transformation
B is a composition of a finite number of automorphisms, it follows from Proposition 4.2.20 and the
group property of Aut(Z(N)) that B ∈ Aut(Z(N)), which completes the proof. �

Lemma 4.2.22. Given ω ∈ RN, if there exists ν ∈ Z(N) such that
∑

j∈N ωjνj = 0, then, there is an
ω̃ ∈ RN, with ω̃1 = 0, such that the Kronecker flow (TN,Φω) is topologically conjugate to (TN,Φω̃).

Proof. Let ν ∈ Z(N) \ {0} be such that
∑

j∈N ωjνj = 0. By Lemma 4.2.21, there exists B ∈ Aut(Z(N))
such that ν̃ := Bν satisfies ν̃1 6= 0 and ν̃j = 0 for all j > 1. Remark 4.2.20 tells us that such
a B is represented by a matrix B such that B∗ ∈ FGLN(Z). By Proposition 4.2.19, there exists an
automorphism A of TN that is represented by B∗. But then, the Kronecker flows (TN,Φω̃), with ω̃ :=
B∗ω̃, and (TN,Φω) are topologically conjugate, and ω̃1 = 0. �

Proposition 4.2.23. Let ω ∈ RN be such that 1 ≤ d := rank(Rω) < ∞. Then, (TN,Φω) is topologi-
cally conjugate to another Kronecker flow (TN,Φω̃) with ω̃ = (0d, ω̄), where ω̄ is non-resonant and 0d
is the null vector in Rd.

Proof. By the above lemma, a resonant Kronecker flow (TN,Φω) is topologically conjugate to another
Kronecker flow such that the first component of the frequency vector vanishes. If the restriction to the
support of such a new frequency vector is still resonant, we get rid of another frequency following the
same procedure as before. If the dimension of the resonance module is finite, this process will end after
a number of iteration equal to the dimension of Rω, because it is sufficient to do it for a basis of Rω. The
resulting frequency vector ω̃ will be such that its non-vanishing frequencies are rationally independent
by construction. �

4.3 The Non-Resonant Case

1. The Haar Measure. Let P(TN,R) be the space of trigonometric polynomials on TN, i.e.,

P(TN,R) :=

{
p : TN → R : p(θ) =

∑
ν∈Z(N)

aνe
iΘ·ν , (aν)ν∈Z(N) ∈

⊕
ν∈Z(N)

C, aν = a−ν

}
.

Consider the linear functional

Λ̃ : P(TN,R) 3 p 7→ lim
N→∞

1

(2π)N

ˆ
TN

p(Θ) dΘ1 . . . dΘN . (4.8)

It is easy to verify that the limit exists for any trigonometric polynomial. In fact, given ν ∈ Z(N), there
exists M <∞ such that eiΘ·ν = eiν1Θ1eiν2Θ1 · · · eiνMΘM . Thus, for N ≥M ,

lim
N→∞

1

(2π)N

ˆ
TN

eiΘ·ν dΘ1 . . . dΘN = lim
N→∞

M∏
j=1

ˆ 2π

0
eiνjΘj

dΘj

2π

N∏
k=M+1

ˆ 2π

0

dΘk

2π
.
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The right-hand side of this equality can only take the values 0, if there is νj 6= 0, or 1, if ν = 0. In
particular, denoting by 1 the trigonometric polynomial identically equal to one, we have

Λ̃(1) = 1. (4.9)

Furthermore, Λ̃ is Lipschitz relative to the uniform norm, i.e.∣∣∣∣ lim
N→∞

1

(2π)N

ˆ
TN

p(Θ) dΘ1 . . . dΘN

∣∣∣∣ ≤ ‖p‖∞ · 1.
Since P(TN,R) is a unital subalgebra of C 0(TN,R) which separates the points of the compact space TN,
by the Stone-Weierstrass Theorem, each continuous function on TN is a uniform limit of some sequence
of trigonometric polynomials. Then, Λ̃ extends uniquely to a Lipschitz (and hence, continuous) linear
functional

Λ : C 0(TN,R)→ R, Λ(f) := lim
n→∞

Λ̃(pn), (4.10)

where (pn)n∈N is any sequence in P(TN,R) converging uniformly to f . Moreover, Λ enjoys also the
property well explicated in the proposition just below.

Proposition 4.3.1. The linear functional Λ is positive, meaning that, if f ∈ C 0(TN,R) is such that
infθ∈TN f(θ) ≥ 0, then Λ(f) ≥ 0.

Proof. Let (pn)n∈N be any sequence in P(TN,R) uniformly converging to f . Then,

Λ(f) = lim
n→∞

Λ̃(pn) = lim
n→∞

lim
N→∞

1

(2π)N

ˆ
TN

pn(Θ) dΘ1 . . . dΘN

≥ lim
n→∞

inf
θ∈TN

pn(θ) = inf
θ∈TN

f(θ) ≥ 0 .

�

In what follows, we will repeatedly apply the following celebrated theorem.

Theorem 4.3.2 (Riesz Representation Theorem [Rud87]). Let X be a locally compact space, and let
Λ be a positive and continuous linear functional on C 0(X,R). Then there exists a σ-algebra M on
X which contains all Borel subsets of X , and there exists a unique positive measure λ on M which
represents Λ in the sense that

Λf =

ˆ
X
f dλ, ∀f ∈ C 0(X,R),

and which has the following additional properties:

(a) λ(V ) := sup{Λ(f) : supp(f) ⊂ V } for any open set V ⊂ X;

(b) λ(K) <∞ for every compact set K ⊂ X;

(c) λ is inner and outer regular, meaning that for every E ⊂M we have

λ(E) = inf{λ(V ) : E ⊂ V, V open} = sup{λ(K) : K ⊂ E, K compact}.
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Hence, TN admits a σ-algebra M containing all Borel sets such that there exists a unique positive measure
λ on M associated to the linear functional Λ (defined in (4.8) and (4.10)) in the sense of the above
theorem. Thus, by restricting λ to the Borel algebra B and taking (4.9) into account, we conclude that
µ := λ|B is the unique regular Borel probability measure on TN that represents Λ, i.e.,

Λ(f) =

ˆ
TN
f dµ, ∀f ∈ C 0(TN,R).

Theorem 4.3.3. Let θ′ ∈ TN and let Rθ′ : TN → TN be the translation defined by Rθ′(θ) = θ ∗ θ′, for
all θ ∈ TN. The unique Borel measure µ associated to Λ (as defined in (4.10)) in the sense of Theorem
4.3.2 is Rθ′-invariant.

Proof. By Theorem 4.3.2, specifically properties (a) and (c), it suffices to show that Λ(f ◦Rθ′) = Λ(f)
for all f ∈ C 0(TN,R). First, observe that this equality clearly holds for any trigonometric polynomial
p ∈P(TN,R).

Now, let f ∈ C 0(TN,R) and let (pn)n∈N be a sequence of trigonometric polynomials in P(TN,R)
that converges uniformly to f . It follows that the sequence (pn ◦Rθ′)n∈N converges uniformly to f ◦Rθ′ .
Consequently, by the continuity of the functional Λ, we have:

Λ(f ◦Rθ′) = lim
n→∞

Λ(pn ◦Rθ′) = lim
n→∞

Λ(pn) = Λ(f).

�

In particular, µ is Φt
ω-invariant for all ω ∈ RN and any time t. Thus, (4.8) and (4.10) define a

probability invariant Borel measure for any Kronecker flow (TN,Φω).

Remark 4.3.4. The measure just constructed is nothing but the Haar measure on the infinite torus,
and corresponds to the invariant integral introduced by Jessen in [Jes34]. For references on the Haar
measure, see for e.g. [Die68].

2. Proof of Theorem A. Let us first prove that, given f ∈ C 0(TN,R), its time average along any orbit of
a non-resonant Kronecker flow converges uniformly to the integral of f with respect to the Haar measure
over the whole torus. This step is crucial for the proof of Theorem A.

Theorem 4.3.5. If Rω = {0}, then ∀f ∈ C 0(TN,R)

lim
T→∞

∥∥∥∥ 1

T

ˆ T

0
f ◦ Φt

ω dt−
ˆ
TN
f dµ

∥∥∥∥
∞

= 0. (4.11)

Proof. Fix f ∈ C 0(TN,R). If f is constant, then (4.11) is trivial. Moreover, ∀ν ∈ Z(N) \ {0},

lim
T→∞

sup
θ∈TN

∣∣∣∣ 1

T

ˆ T

0
eiν·(Θ+ωt) dt−

ˆ
TN
eiν·Θ dµ

∣∣∣∣ = lim
T→∞

sup
θ∈TN

∣∣∣∣ 1

T
eiν·Θ e

iν·ωT − 1

iω · ν

∣∣∣∣ = 0.

This is also true for any finite linear combination, i.e., for any trigonometric polynomial. Now, given
ε > 0, let p ∈P(TN,R) be such that ‖f − p‖∞ < ε

3 and let T ε
3

be such that∥∥∥∥ 1

T

ˆ T

0
p ◦ Φt

ω dt−
ˆ
TN
p dµ

∥∥∥∥
∞
<
ε

3
∀T > T ε

3
.
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Then, ∥∥∥∥ 1

T

ˆ T

0
f ◦ Φt

ω dt−
ˆ
TN
f dµ

∥∥∥∥
∞
≤
∥∥∥∥ 1

T

ˆ T

0
(f − p) ◦ Φt

ω dt

∥∥∥∥
∞

+

∥∥∥∥ 1

T

ˆ T

0
p ◦ Φt

ω dt−
ˆ
TN
p dµ

∥∥∥∥
∞

+

∣∣∣∣ˆ
TN

(f − p) dµ
∣∣∣∣

≤ 2‖f − p‖∞ +

∥∥∥∥ 1

T

ˆ T

0
p ◦ Φt

ω dt−
ˆ
TN
p dµ

∥∥∥∥
∞

< ε.

Therefore, for all ε > 0, we have∥∥∥∥ 1

T

ˆ T

0
f ◦ Φt

ω dt−
ˆ
TN
f dµ

∥∥∥∥
∞
< ε ∀T > T ε

3
.

�

Theorem A. The following properties of a Kronecker flow on TN are equivalent:

(a) it is non-resonant;

(b) it is uniquely ergodic;

(c) it is minimal;

(d) it is topologically transitive.

Proof. (a) ⇒ (b). Let µ′ be an invariant regular probability Borel measure for the Kronecker flow
(TN,Φω). Then, for any continuous function f : TN → R, one has

ˆ
TN
f dµ′ = lim

T→∞

1

T

ˆ T

0

(ˆ
TN
f dµ′

)
dt = lim

T→∞

1

T

ˆ T

0

( ˆ
TN
f ◦ Φt

ω dµ
′
)
dt . (4.12)

Since |f ◦Φt
ω| is a continuous function on the compact domain [0, T ]× TN, its integral over the product

Borel measure space [0, T ] × TN is finite. Therefore, by Fubini’s Theorem, we can exchange the order
of integration, namely,

(4.12) = lim
T→∞

ˆ
TN

1

T

(ˆ T

0
f ◦ Φt

ω dt

)
dµ′.

For all θ ∈ TN and T > 0, we observe that∣∣∣∣ 1

T

ˆ T

0
f ◦ Φt

ω(θ) dt

∣∣∣∣ ≤ sup
θ∈TN
|f(θ)| = ‖f‖∞.

Since f ∈ C 0(TN,R) and TN is compact, the constant ‖f‖∞ is finite and thus provides an integrable
dominating function on the probability space (TN, µ′).

Furthermore, if ω is non-resonant, Theorem 4.3.5 ensures that the time average converges uniformly
(and thus pointwise) to

´
TN f dµ as T →∞. Since the map

T 7→ 1

T

ˆ T

0
f ◦ Φt

ω dt

is continuous and its limit as T →∞ exists, this limit is uniquely determined and coincides with the limit
along any sequence (Tn)n∈N such that Tn → ∞ as n → ∞. This allows us to invoke the Lebesgue’s
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Dominated Convergence Theorem for any such sequence, effectively justifying the interchange of the
limit and the integral over TN. Therefore, we obtain:

(4.12) =

ˆ
TN

(
lim
T→∞

1

T

ˆ T

0
f ◦ Φt

ω dt

)
dµ′ =

ˆ
TN

(ˆ
TN
f dµ

)
dµ′.

Using the fact that µ′ is a probability measure, we finally get
ˆ
TN
f dµ′ =

ˆ
TN
f dµ .

Since f ∈ C 0(TN,R) is arbitrary, by Theorem 4.3.2, we conclude that µ′ = µ.

(b) ⇒ (a). Assume that there exists ν ∈ Z(N) \ {0} such that ω · ν = 0. By Lemma 4.2.22, (TN,Φω)
is topologically conjugate to another Kronecker flow whose frequency vector ω̃ has the first component
equal to zero. Given x ∈ T, define the linear functional

Λ̃x : P(TN,R) 3 p 7→ lim
N→∞

1

(2π)N−1

ˆ
TN−1

p(x,Θ2,Θ3, . . . ) dΘ2 . . . dΘN .

As in the case discussed in the introduction to this section, all these functionals extend to positive linear
functionals Λx on the entire space C 0(TN,R). To each of them, there is associated a unique regular
Borel probability measure µx in the sense of Theorem 4.3.2.

Moreover, these measures are all invariant under the Kronecker flow (TN,Φω̃). Let A be the auto-
morphism of TN that conjugates (TN,Φω) to (TN,Φω̃). Then, for any x ∈ T, the pullback probability
Borel measures A ∗µx are invariant under (TN,Φω). Clearly, for distinct values of x ∈ T, the resulting
pullback measures A ∗µx are distinct, thereby proving the existence of multiple invariant probability
measures for the flow (TN,Φω).

(a) ⇒ (c). Let ω ∈ RN be non-resonant. Suppose that there exists a non-empty open set V ⊂ TN

that is never visited by a certain orbit. Then the statement of Theorem 4.3.5 would be violated, for
instance, by any continuous function f which is strictly positive on a compact subset K ⊂ V and such
that f |(TN\V ) ≡ 0; such a function exists by Urysohn’s Lemma.

(c)⇒ (a). We prove the contrapositive. As in the proof of (b)⇒ (a), if a Kronecker flow is resonant, it
is topologically conjugate through a certain A ∈ Aut(TN) to another Kronecker flow whose frequency
vector has the first component equal to zero. Let θ ∈ TN. Then, the open set A −1(C), where C is the
open cylinder

C := (T \ {Θ1 + 2πZ})×
∞∏
j=2

T ⊂ TN,

is never visited by the orbit of A −1(θ).

(d)⇒ (c). It is an immediate consequence of Remark 4.1.4.

(c)⇒ (d). It follows trivially by definition. �

4.4 The Resonant Case: an Algebraic Viewpoint

4.4.1 The “Free” Case

The main goal of this subsection is to give a proof of Theorem B, which gives a dynamical characteriza-
tion of the class of Kronecker flows whose frequency module is a free abelian group.
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Notation 4.4.1 (Closure of the orbit through the origin). Given a frequency vector ω ∈ RN, we denote
byOω the compact subgroup of TN obtained by taking the closure of the orbit through the origin induced
by the Kronecker flow (TN,Φω):

Oω := {Φt
ω(0) : t ∈ R}.

Remark 4.4.2. To see that Oω is a subgroup, let E = {Φt
ω(0) : t ∈ R}. Since the map t 7→ Φt

ω(0) is a
continuous group homomorphism, its image E is a subgroup of TN. Now, let θ, ϕ ∈ Oω. By definition of
closure, there exist sequences (θn)n∈N, (ϕn)n∈N ⊂ E such that θn → θ and ϕn → ϕ as n → ∞. Due
to the continuity of the group operations in TN, we have:

1. θn ∗ ϕn → θ ∗ ϕ. The fact that E is a subgroup ensures (θn ∗ ϕn) ∈ E for all n ∈ N, so
(θ ∗ ϕ) ∈ E = Oω.

2. −θn → −θ. Since E is a subgroup, −θn ∈ E for all n ∈ N, hence −θ ∈ E = Oω.

Thus, Oω is a subgroup. Its compactness follows from being a closed subset of the compact space TN.

Lemma 4.4.3. Let ω, ω̃ ∈ RN be two frequency vectors. Assume that:

(i) the Kronecker flows (TN,Φω) and (TN,Φω̃) are topologically conjugate via a homeomorphism
h : TN → TN such that h(0) = 0;

(ii) the non-vanishing components (ω̃j)j∈J are rationally independent, where J ⊆ N is the support of
ω̃.

Then, Mω = Mω̃.

Proof. By the conjugacy relation h ◦ Φt
ω̃ = Φt

ω ◦ h, h maps the orbit of the origin of the first flow into
the orbit of the origin of the second. Since the infinite torus is compact, the continuity of h implies
h(Oω̃) = Oω.

We first prove that the restriction h|Oω̃ is a group isomorphism. Let θ ∈ Oω̃; by definition of the
closure of the orbit, there exists a sequence (tk)k∈N ⊂ R such that θ = limk→∞Φtk

ω̃ (0). Now, let
ϕ ∈ Oω̃ be any other point. Using the conjugacy and the fact that Φt(ϕ) = Φt(0) ∗ ϕ, we compute:

h(θ ∗ ϕ) = h

(
lim
k→∞

Φtk
ω̃ (0) ∗ ϕ

)
= lim

k→∞
h(Φtk

ω̃ (ϕ))

= lim
k→∞

Φtk
ω (h(ϕ)) = lim

k→∞
(Φtk

ω (0) ∗ h(ϕ))

=

(
lim
k→∞

h(Φtk
ω̃ (0))

)
∗ h(ϕ)

= h(θ) ∗ h(ϕ).

Thus, h|Oω̃ is an injective group homomorphism. Since h is a homeomorphism and h(Oω̃) = Oω, the
same argument applied to h−1 shows that h|Oω̃ is an isomorphism of topological groups between Oω̃
and Oω.

Now, let ĥ : RN → RN be the unique lift of h that fixes the origin (see Theorem 4.2.17). Since h|Oω̃
is a continuous homomorphism and Oω̃ = πN(E) for E =

∏
j∈NXj (where Xj = R if j ∈ J and {0}

otherwise), the restriction ĥ|E is linear. From the conjugacy, we obtain ĥ(ω̃) = ω.
Since h is a continuous map on TN that restricts to a homomorphism on Oω̃, its lift ĥ on E is

represented by an integer matrix A = (aij)i∈N,j∈J where the continuity in the product topology ensures
that each row has finite support (this follows by an argument analogous to that of Proposition 4.2.19).
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Thus, ωi =
∑

j∈J aijω̃j for all i ∈ N. Similarly, for h−1, there exists an integer matrix B = (bij)i∈J,j∈N
with rows of finite support such that ω̃i =

∑
j∈N bijωj for all i ∈ J .

Substituting ωj into the expression for ω̃i (i ∈ J):

ω̃i =
∑
j∈N

bij
∑
k∈J

ajkω̃k =⇒
∑
k∈J

∑
j∈N

bijajk − δik

 ω̃k = 0.

By the rational independence of (ω̃k)k∈J , we have
∑

j∈N bijajk = δik. This implies that for any ν̃ ∈ Z(J)

there exists ν ∈ Z(N) such that ν̃j =
∑

i∈N νiaij (specifically, νi =
∑

j∈J ν̃jbji). Consequently:

Mω =

∑
i∈N

ωiνi =
∑
j∈J

ω̃j
∑
i∈N

aijνi : ν ∈ Z(N)

 =

∑
j∈J

ω̃j ν̃j : ν̃ ∈ Z(J)

 = Mω̃.

This concludes the proof. �

Note that one can give a shorter and less cumbersome proof of the above lemma by invoking Pon-
tryagin’s Duality Theorem.

Remark 4.4.4. From an algebraic point of view, for a Kronecker flow the property of having non-zero
frequencies that are rationally independent implies that the frequency module is free. Indeed, in that
case, the map ⊕

j∈J
Z 3 ν →

∑
j∈J

ωjνj ∈Mω,

where J ⊆ N is the support of ω ∈ RN, is an isomorphism of abelian groups.

The observation above inspires the following

Theorem B. Let ω ∈ RN and let (TN,Φω) be the corresponding Kronecker flow. Then, Mω is a free
abelian group if and only if (TN,Φω) is topologically conjugate to another Kronecker flow (TN,Φω̃)
whose non-vanishing frequencies are rationally independent. If this is the case, Mω is isomorphic to
Z(supp(ω̃)).

Proof. ( =⇒ ) Let (ν(α))α∈Λ, Λ ⊆ N be a set of elements of Z(N) such that(∑
j∈N

ωjν
(α)
j

)
α∈Λ

is a basis for Mω. Then, Z(N) is isomorphic to

Rω

⊕
spanZ(ν(α))α∈Λ. (4.13)

Indeed, since Mω is isomorphic to the group of cosets Z(N)/Rω (Remark 4.2.9), for any ν ∈ Z(N),
there exists a unique set of natural numbers (nα)α∈Λ such that ν + Rω =

∑
α∈Λ nα(ν(α) + Rω),

where only finitely many nα are different from zero. Then, every ν ∈ Z(N) can be decomposed into
ν = (ν −

∑
α∈Λ nαν

(α)) +
∑

α∈Λ nαν
(α). Of course, ν −

∑
α∈Λ nαν

(α) ∈ Rω. This proves (4.13).
Being a submodule of a free Z-module, Rω is also free (see for e.g. [Rot02]). Let (ξ(β))β∈Γ, where Γ
is a countable set of indices, be a basis for Rω. Consider any matrix A constructed so that each row is
either an element of (ν(α))α∈Λ or of (ξ(β))β∈Γ, and such that each element of (ν(α))α∈Λ and of (ξ(β))β∈Γ
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appears exactly once as a row of A. This matrix corresponds to an automorphism A ∈ Aut(TN) that
conjugates (TN,Φω) to (TN,Φω̃), where ω̃ := Aω. By construction, the non-vanishing components of
ω̃ are rationally independent.

(⇐= ) Let h : TN → TN be a homeomorphism such that, for all t in R,

h ◦ Φt
ω̃ = Φt

ω ◦ h ,

where ω̃ ∈ RN is such that the non-vanishing components of ω̃ are rationally independent. Without loss
of generality, we assume h(0) = 0. Then, the claim follows from Lemma 4.4.3 and Remark 4.4.4. �

We already pointed out in the introduction that if Mω is finitely generated, and in particular if ω has
finite support, then Mω is free. This follows from the structure theorem for finitely generated abelian
groups without torsion.

Finally, if the resonance module Rω has finite rank, Proposition 4.2.23 provides a conjugacy to a
flow (TN,Φω̃) whose non-vanishing frequencies are rationally independent. By Theorem B, this ensures
that Mω must be a free abelian group, even though it is no longer finitely generated.

4.4.2 Solenoidal Orbits

In the general case, the topological structure of the orbits of a Kronecker flow on the infinite torus
can be much more complicated. Inspired by Sakbaev and Volovich [SV24], here we construct a class
of Kronecker flows such that the closure of any orbit induced by Kronecker flows in such class is a
solenoid, namely a compact, connected subgroup of TN which is locally homeomorphic to the product of
an interval and a Cantor set (see Proposition 4.4.8). These orbits have the property that they are uniformly
in time approximated by periodic ones, with the period diverging as the approximation becomes more
accurate. In accordance with the previous section, the frequency modules associated with such Kronecker
flows must fail to be free abelian groups. More precisely, we shall see in the next section that they are
isomorphic to non-free subgroups of the additive rationals (see Lemma 4.4.24 and Remark 4.4.25).

Notation 4.4.5. We denote by Σ the set of sequences of natural numbers a = (aj)j∈N with a1 = 1, and
aj > 1 for all j > 1.

Definition 4.4.6 (Solenoid). Given a ∈ Σ, the solenoid σa is the compact, connected subgroup of TN

defined as

σa :=

{
θ = (Θj + 2πZ)j∈N ∈ TN : Θj = aj+1Θj+1 mod 2π, ∀j ∈ N

}
.

Theorem 4.4.7. Let a ∈ Σ, and consider ω(a) = (ωj(a))j∈N defined by

ωj(a) =

j∏
k=1

a−1
k for all j ∈ N.

Then, the closure of any orbit induced by the Kronecker flow (TN,Φω(a)) is homeomorphic to the solenoid
σa.

Proof. By Remark 4.1.4, it is sufficient to prove the statement for the orbit through the origin. Note that
for any time t ∈ R, the point (ωj(a)t + 2πZ)j∈N belongs to σa. Since σa is closed, the closure of the
orbit through the origin is necessarily contained in σa.
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To show the reverse inclusion, let θ ∈ σa. We seek a sequence of real numbers (tk)k∈N such that
limk→∞(ωj(a)tk + 2πZ) = θj + 2πZ for all j ∈ N. To this end, we first establish a one-to-one
correspondence between σa and the set

[0, 1)×
∞∏
j=2

{0, 1, . . . , aj − 1}.

Indeed, θ ∈ σa if and only if, for each j ≥ 2, there exists nj ∈ Z such that aj θ̌j − θ̌j−1 = nj , where θ̌j
is the unique representative of (2π)−1θj in [0, 1). Since 0 ≤ θ̌j < 1, it follows that

−1 < −θ̌j−1 ≤ aj θ̌j − θ̌j−1 = nj < aj ,

which implies nj ∈ {0, 1, . . . , aj − 1}. Thus, each θ ∈ σa uniquely determines a pair (τ, (nj)j≥2) with
τ = θ̌1 ∈ [0, 1) and nj = aj θ̌j − θ̌j−1.

Conversely, given τ ∈ [0, 1) and (nj)j≥2 in the specified ranges, we associate the unique θ ∈ σa
such that θ̌1 = τ and

θ̌j = ωj(a)

(
τ +

j∑
m=2

nm
ωm−1(a)

)
for all j ≥ 2. (4.14)

This association is well-defined since θ̌j belongs to [0, 1), as shown by the following estimate:

0 ≤ τ +

j∑
m=2

nm
ωm−1(a)

= τ +

j∑
m=2

nm

m−1∏
k=1

ak < 1 +

j∑
m=2

(am − 1)

m−1∏
k=1

ak =

j∏
k=1

ak =
1

ωj(a)
.

It is straightforward to check that θ ∈ σa and that these two mappings are inverses of each other.
Finally, for a fixed θ ∈ σa, we define the sequence of times (tk)k∈N as

t1 := 2πθ̌1, tk := 2π

(
θ̌1 +

k∑
m=2

nm
ωm−1(a)

)
for all k ≥ 2.

By construction, for any fixed j ∈ N, we have limk→∞(ωj(a)tk + 2πZ) = θj + 2πZ in the product
topology. This confirms that Oω(a) = σa. �

Let us give a simple description of the local topological structure of solenoids.

Proposition 4.4.8. For all a ∈ Σ, any point of σa admits a neighbourhood which is homeomorphic to
the product of an interval and a Cantor set.

Proof. Let ϕ = (ϕj)j∈N ∈ σa. Without loss of generality, we can always assume that ϕ1 = π + 2πZ.
Consider the open neighbourhood U of ϕ in σa obtained by taking the intersection

U :=

[(
T \ {0 + 2πZ}

)
×
∞∏
j=2

T
]
∩ σa.

We shall show that U is homeomorphic to the product of the interval (0, 1) and the Cantor set K :=∏∞
j=2{0, 1, . . . , aj − 1}. By the same argument used in the proof of Theorem 4.4.7, U is in a one-to-one

correspondence with (0, 1)×K.
Let us show that the map

f : U 3 θ 7→ (θ̌1, (aj θ̌j − θ̌j−1)∞j=2) ∈ (0, 1)×K
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is a homeomorphism, where (0, 1) carries the standard topology, each {0, 1, . . . , aj−1} is considered as
discrete, and the infinite product is endowed with the product topology. Consider θ ∈ U and let (θk)k∈N,
θk ∈ U for all k ∈ N, be a sequence converging to θ. Then,

lim
k→∞

(θk1 + 2πZ) = θ1 + 2πZ,

lim
k→∞

(θkj + 2πZ) = θj + 2πZ, ∀j > 1.

Since θ ∈ U , the first limit reads limk→∞ θ̌
k
1 = θ̌1. The second limit is

lim
k→∞

(
ωj

j∑
m=2

nkm
ωm−1

+ Z
)

= ωj

j∑
m=2

nm
ωm−1

+ Z, ∀j ≥ 2, (4.15)

where nkm = amθ̌
k
m − θ̌km−1 and nm = amθ̌m − θ̌m−1. But, for all k ∈ N, we have

ωj

j∑
m=2

nkm
ωm−1

≤ 1− ωj < 1, for all j ≥ 2.

Thus, (4.15) reads

lim
k→∞

j∑
m=2

nkm
ωm−1

=

j∑
m=2

nm
ωm−1

, ∀j ≥ 2,

which means that limk→∞ n
k
j = nj for all j ≥ 2 because the nkj take values in a discrete set. This proves

that f is continuous. The continuity of f−1 follows from the fact that it is defined by the map (4.14),
which is a composition of continuous functions.

It remains to show that K =
∏∞
j=2{0, 1, . . . , aj − 1} is a Cantor set, namely, that it is compact,

totally disconnected, and each point is an accumulation point. Compactness follows from Tychonoff’s
theorem. To see that K is totally disconnected, which is a standard result for the product of discrete
spaces, let (nj)

∞
j=2 ∈ K and consider X ⊆ K such that X contains (nj)

∞
j=2 and at least another distinct

point (n′j)
∞
j=2. Let k ∈ N, k ≥ 2, be such that nk 6= n′k, and consider the open cylinder

C := {(mj)
∞
j=2 ∈ K : mk = nk}.

Since each factor carries the discrete topology, the complement C of C is also an open cylinder. Then,
X can be written as a union of disjoint non-empty open subsets X = (C ∩X) ∪ (C ∩X). Finally, we
observe that each point of K is an accumulation point. Consider a list (nj)

∞
j=2 ∈ K and an open subset

X containing it. X can be written as a union of open cylinders ∪αCα such that (nj)
∞
j=2 belongs to some

Cα. Since Cα =
∏∞
j=2Xj , where Xj 6= {0, 1, . . . , aj − 1} only for finitely many j, there always exists

(n′j)
∞
j=2 ∈ Cα such that nk 6= n′k for some k ≥ 2. This concludes the proof. �

4.4.3 Orbits as Pontryagin Duals

The first goal of this section is to show that, given a Kronecker flow on the infinite torus, the closure of any
orbit is homeomorphic to the Pontryagin dual of the associated frequency module (Proposition 4.4.23).
Thereafter, given any countable family (Gi)i∈I of subgroups of (Q,+), we construct a Kronecker flow
such that its frequency module is isomorphic to

⊕
i∈I Gi. Then, by using Pontryagin’s theory of locally

compact abelian groups, together with Theorem 4.4.7 and Proposition 4.4.23, we give the topological
structure of the orbits. It turns out that the class of Kronecker flows so obtained is characterized by the
fact that the closure of any orbit is a product of circles and solenoids (see Theorem C).
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1. We begin by reviewing some fundamental definitions and results from Pontryagin’s theory of locally
compact abelian groups. For references, see the original paper by Lev Pontryagin [Pon34], and [Mor77]
for a modern formulation of the theory.

Notation 4.4.9. In the following, the symbol ∼= denotes an isomorphism of topological groups. Consis-
tently with the definition of T given in 4.1.1, the group operation on the one dimensional torus is always
expressed in additive notation and denoted by +.

Definition 4.4.10 (Character). Let G be a locally compact abelian group. A character on G is a contin-
uous homomorphism of groups χ : G→ T.

Definition 4.4.11 (Pontryagin Dual). The Pontryagin dual G∗ of a locally compact abelian group G is
the group of all characters on G endowed with the compact-open topology. The group operation ∗ is
defined by

(χ ∗ ψ)(g) := χ(g) + ψ(g), ∀χ, ψ ∈ G∗, g ∈ G.

Theorem 4.4.12. The Pontryagin dual of a locally compact abelian group is indeed a locally compact
abelian group.

Theorem 4.4.13. The Pontryagin dual of a discrete abelian group is compact.

Example 2. The Pontryagin dual of Z is the torus T, with the dual coupling given by

θ : Z 3 n 7→ nΘ + 2πZ ∈ T.

Theorem 4.4.14. Let J be a countable set of indices and consider (Gj)j∈J a family of discrete abelian
groups. Then, the direct sum

⊕
j∈J Gj is a discrete abelian group when considered with the product

topology, and its Pontryagin dual is the (compact) abelian group
∏
j∈J(Gj)

∗ endowed with the product
topology.

Example 3. Let J be a countable set of indices. By Example 2 and Theorem 4.4.14, the Pontryagin dual
of
⊕

j∈J Z is the torus
∏
j∈J T, with dual coupling is given by

θ :
⊕
j∈J

Z 3 ν 7→
∑
j∈J

νjΘj + 2πZ ∈ T.

Definition 4.4.15 (Evaluation Character/Map). Given an element g of a locally compact abelian group
G, the associated evaluation character evG(g) is the character on G∗ defined by

evG(g)(χ) := χ(g), ∀χ ∈ G∗.

The map evG : G→ G∗∗ is called evaluation map.

Theorem 4.4.16 (Pontryagin Duality). For any locally compact abelian group, the evaluation map is an
isomorphism of topological groups.

Definition 4.4.17 (Annihilator). Let G be a locally compact abelian group and H a closed subgroup.
The annihilator of H is the (locally compact) subgroup of G∗ defined by

Ann(H) := {χ ∈ G∗ : χ(g) = 0, ∀g ∈ H}.
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Theorem 4.4.18. Let G be a locally compact abelian group and H a closed subgroup. Then,

Ann(Ann(H)) ∼= H.

Proposition 4.4.19. Let G be a locally compact abelian group and H a closed subgroup. Then, G/H is
a locally compact abelian group.

Theorem 4.4.20. LetG be a locally compact abelian group andH a closed subgroup. Then, (G/H)∗ ∼=
Ann(H).

2. With the above classical results in the theory of locally compact abelian groups, we can now proceed
with exploring their implications in our context.

Lemma 4.4.21. Let ω := (ωj)j∈N, be a list of real numbers and Oω the closure of the orbit through the
origin induced by the Kronecker flow (TN,Φω). Then, the annihilator of Oω is the resonance module

Rω :=

{
ν ∈ Z(N) :

∑
j∈N

νjωj = 0

}
.

Proof. Let ν ∈ Ann(Oω). Then, t
∑

j∈N ωjνj ∈ 2πZ for all t ∈ R. This implies that ν ∈ Rω.
Now, assume that ν ∈ Rω. For any θ ∈ Oω there exists a sequence {tk}k∈N such that, for all j ∈ N,
Θj + 2πZ = limk→∞ tkωj + 2πZ. Then,∑

j∈N
Θjνj + 2πZ =

∑
j∈N

lim
k→∞

tkωjνj + 2πZ = 0 + 2πZ = 0,

which ends the proof. �

Proposition 4.4.22. Given a Kronecker flow (TN,Φω) on the infinite torus, the closure of the orbit
through the origin is isomorphic as a topological group to M ∗

ω , where the frequency module Mω is
endowed with the discrete topology.

Proof. First observe that, by the first isomorphism theorem (see Remark 4.2.9), Mω is isomorphic to
Z(N)/Rω. Then,

M ∗
ω
∼=
(
Z(N)/Rω

)∗
∼= Ann(Rω) ∼= Ann(Ann(Oω)) ∼= Oω.

The last isomorphisms follow from Theorem 4.4.20, Lemma 4.4.21, and Theorem 4.4.18, respectively.
�

Proposition 4.4.23. Given a Kronecker flow Φω on the infinite torus, the closure of any orbit is homeo-
morphic to M ∗

ω .

Proof. The claim follows by Remark 4.1.4 and Proposition 4.4.22. �

3. As a consequence of a characterization of all the subgroups of the additive rationals (see [BZ51]), we
have the following lemma, which is proved in Appendix E.3.

Lemma 4.4.24. Any subgroup of (Q,+) is either free or isomorphic to

Q(a) :=

{
m∏N
j=1 aj

: m ∈ Z and N ∈ N
}
,

for some sequence a ∈ Σ.
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Remark 4.4.25. Given a ∈ Σ, consider the non-free subgroup Q(a) of the additive rational. Then,
there exists a Kronecker flow whose frequency module is isomorphic to the given subgroup. Indeed, if
ω = ω(a), where

ω(a) = (ωj(a))j∈N, with ωj(a) =

j∏
k=1

a−1
k for all j ∈ N,

then Mω = Q(a).
A priori, there may be other possible choices of the frequency vector ω that give the same frequency

module. Nevertheless, Proposition 4.4.23 ensures that the topological structure of the closure of the
orbits of any Kronecker flow is uniquely determined by the frequency module. Finally, Theorem 4.4.7
implies that the Pontryagin dual of Q(a) is the solenoid σa.

Remark 4.4.26. The key idea of the construction of Sakbaev and Volovich [SV24], consists in con-
sidering orbits that are (uniformly in time) approximated by periodic ones, whose period diverges as
the approximation becomes more accurate. In particular, they provide two examples, namely, ωj =
1/j!, j ∈ N, and ω′j = p2j/p2j−1, j ∈ N, where (pj)j∈N is the list of all prime numbers in ascending
order. Note that the closures of the orbits induced by Φω and Φω′ are homeomorphic to the solenoids
σa, with a = (1, 2, 3, 4, ...), and σa′ , with a′ = (1, p1, p3, p5, ...), respectively. Indeed, with the same
notations of Lemma 4.4.24, it is easy to verify that

Mω = Q(a), Mω′ = Q(a′).

The conclusion follows by Proposition 4.4.23 and Remark 4.4.25.

To conclude this section, we show that, given a countable family (Gi)i∈I of subgroups of (Q,+), we
are able to construct a Kronecker flow such that its frequency module is isomorphic to

⊕
i∈I Gi and we

give the general structure of the orbits. First, we need the following

Proposition 4.4.27. Let G be a subgroup of (R,+). Assume that there exist a set of indices I and a
family of rationally independent numbers (αi)i∈I such that for any g ∈ G there is a finite subset J ⊆ I
and (ri)i∈J , ri ∈ Q for all i ∈ J , satisfying g =

∑
i∈J riαi. Then, G is isomorphic to

⊕
i∈I Ri, where,

for any i ∈ I , Ri is the following subgroup of (Q,+):

Ri := α−1
i {g ∈ G : g = αir, for some r ∈ Q}.

Proof. Since (αi)i∈I are rationally independent, then for any finite subset J ⊆ I , the equation
∑

i∈J αiri =
0 has a unique solution in

⊕
i∈J Q, that is, ri = 0 for all i ∈ J . �

Theorem C. Let I be a countable set of indices and (Gi)i∈I a family of subgroups of (Q,+). Then,
there exists a Kronecker flow whose frequency module is isomorphic to

⊕
i∈I Gi. Moreover, the closure

of any orbit is homeomorphic to a product
∏
i∈I Xi, where each factor Xi is a circle if Gi is free, and a

solenoid otherwise.

Proof. By taking an arbitrary enumeration of I , we can think at I as a subset of N. By Lemma 4.4.24,⊕
i∈I G

∼=
⊕

k∈K Z ⊕
⊕

n∈J Q(an), for some J,K ⊆ I , J ∩ K = ∅, and some family (an)n∈J of
sequences of natural numbers such that, for any n ∈ J , an ∈ Σ. Let (pn)n∈N be the list of all prime
numbers in ascending order. Then, define ω ∈ RN as

ωj :=

√pn∏N
k=1 a

n
k

if j = pNn , for some n ∈ J, and N ∈ N,
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and we complete the construction of ω by associating powers of π, i.e., πk, for all k ∈ K, and zeros to
all the remaining components. By Proposition 4.4.27, an easy calculation gives

Mω
∼=
⊕
k∈K

Z ⊕
⊕
n∈J

{
m∏N
k=1 a

n
k

: m ∈ Z and N ∈ N
}
.

Furthermore, by Proposition 4.4.23, Proposition 4.4.27 and Remark 4.4.25, the closure of any orbit
induced by (TN,Φω) is homeomorphic to the direct product of circles and solenoids∏

k∈K
T ×

∏
n∈J

σan .

�

4.4.4 Solenoidal Solutions of the Benjamin-Ono Equation

As an application of the results obtained in the previous section, we show that the Benjamin-Ono equation
for a 2π-periodic in space, real valued function

ut = H(uxx)− 2uux, x ∈ T, t ∈ R, (4.16)

where H( · ) denotes the Hilbert transform

H(u)(x, t) = − i

2π

∑
j∈Z

sgn(j)

ˆ 2π

0
u(x′, t)eij(x−x′)dx′, (4.17)

admits a family of (non-typical) almost-periodic solutions that are dense on invariant subsets of L2(T)
which are homeomorphic to the product of a circle and a solenoid.

Notation 4.4.28. In the following, L2
0(T) denotes the space of functions u ∈ L2(T) with

´ 2π
0 u(x)dx =

0.

The following result is proved in [GK21] by Kappeler and Gerard.

Theorem 4.4.29 ([GK21]). There exists a global bi-analytic diffeomorphism

Ψ : L2
0(T) 3 u 7→ z ∈ h1/2 :=

{
z ∈ CN : ‖z‖21/2 :=

∑
j∈N

j|zj |2 <∞
}
,

called “Birkhoff map”, such that, for any initial data u ∈ L2
0(T), the solution of the Benjamin-Ono

equation (4.16) — that is supported on the invariant torus Ψ−1(Tγ)

Tγ := {z ∈ h1/2 : |zj |2 = γj := |Ψj(u)|2, ∀j ∈ N} (4.18)

whose dimension is equal to the number of non-zero “Birkhoff coodinates” associated with the initial
data — is given by

Ψj(u(t)) = Ψj(u)eiωj(γ)t, ∀j ∈ N,

with frequencies
ωj(γ) := j2 − 2

∑
k∈N

min(j, k)γk, ∀j ∈ N. (4.19)
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Remark 4.4.30. It is easy to verify that the tori defined in (4.18), when considered with the subspace
topology induced by the ‖ · ‖1/2-norm, are homeomorphic to the, possibly infinite, torus

∏
j∈supp(γ) T.

Namely, the map
Ξ :

∏
j∈supp(γ)

T 3 θ 7→ Ξ(γ) := (
√
γje

iΘj )j∈N ∈ Tγ ⊂ h1/2,

where Θj := 0 for all j /∈ supp(γ), is a topological embedding. Therefore, since the Birkhoff map Ψ is
a homeomorphism, the dynamics induced by the Benjamin-Ono equation on any invariant set Ψ−1(Tγ)
is topologically conjugate by

H := Ψ−1 ◦ Ξ

to the Kronecker flow

Φω(γ) : R×
∏

j∈supp(γ)

T→
∏

j∈supp(γ)

T , (t, θ) 7→ Φt
ω(γ)(θ) := (Θj + ωj(γ)t+ 2πZ)j∈supp(γ).

with ω(γ) given by (4.19).

The goal of this section is to give a proof of the following theorem.

Theorem BO. Consider the Benjamin-Ono equation for a real-valued function u(t, x) that is 2π-periodic
in space:

ut = H(uxx)− 2uux, x ∈ T, t ∈ R,

where H(·) denotes the Hilbert transform defined in (4.17). Let

Ψ : L2
0(T) 3 u 7→ z ∈ h1/2

be its Birkhoff map [GK21]. Given z ∈ h1/2, if there exists β ∈ R \ Q such that |zj |2 ∈ βQ \ {0} for
all j ∈ N, then the closure of the orbit with initial data u = Ψ−1(z) under the Benjamin-Ono flow is
homeomorphic to the product of a circle and a solenoid.

In the above theorem, the closure is taken with respect to the subspace topology induced by the L2-
norm. Then, by Remark 4.4.30, it is sufficient to study the orbits of a Kronecker flow with frequencies
defined as in (4.19) on the infinite torus TN endowed with the product topology.

Proposition 4.4.31. Let α be an irrational number and ω = (ωj)j∈N ∈ RN a list defined by

ωj = j2 + α
∑
k∈N

min(j, k)sk

where (sj)j∈N is a list of rational numbers such that
∑

j∈N jsj is finite. Then, the frequency module Mω

is isomorphic to Z⊕R, where R is the subgroup of (Q,+) defined by

R :=

{∑
j∈N

νj
∑
k∈N

min(j, k)sk : ν ∈ Z(N)

}
. (4.20)

Proof. The claim follows from Proposition 4.4.27 and from the fact that{∑
j∈N

νjj
2 : ν ∈ Z(N)

}
= Z,
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which holds since the set of squares {j2 : j ∈ N} generates the entire additive group (Z,+). This is
immediately verified by considering the map n 7→ ne1, where e1 is the first vector of the canonical basis
of Z(N). Since the weighted sum associated with e1 is 12 = 1, and 1 is the generator of Z, the image of
the mapping ν 7→

∑
νjj

2 must coincide with Z. Formally, the existence of e1 such that
∑

(e1)jj
2 = 1

ensures that the generator of the target group is reached, making any further contributions from j > 1
redundant for the purpose of surjectivity. �

Proposition 4.4.32. Given a Kronecker flow Φω on the infinite torus, with

ωj := j2 + α
∑
k∈N

min(j, k)sk, α ∈ R \Q,

where (sj)j∈N is a list of rational numbers such that the sum
∑

j∈N jsj is finite, the closure of any orbit
is homeomorphic to T×R∗, where R is defined in (4.20).

Proof. By Proposition 4.4.23 the closure of any orbit is homeomorphic to the Pontryagin dual of Z⊕R,
which, by Theorem 4.4.14, Proposition 4.4.31, and Example 2, turns out to be equal to T×R∗. �

Now we prove that, if the support of (sj)j∈N is not finite, and each sj is non-negative, the subgroup
R ⊂ (Q,+), defined in (4.20), is not free. The strategy is based on the following lemma, which is proved
in Appendix E.3.

Lemma 4.4.33. Let G be a subgroup of (Q,+). If there exists a sequence (gn)n∈N ⊂ G, gn 6= 0 for all
n ∈ N, converging to 0 with respect to the subspace topology induced by the standard one on R, then, G
is not free.

Proposition 4.4.34. With the same notations as in Proposition 4.4.32, if moreover the support of (sj)j∈N
is not finite, and sj ≥ 0 ∀j ∈ N, the subgroup R ⊂ (Q,+) defined in (4.20) is not free.

Proof. Consider the sequence (νn)n∈N ⊂ Z(N) defined by νn = en+1 − en. Then,

gn : =
∞∑
j=1

νnj

∞∑
k=1

min(j, k)sk =

∞∑
k=1

min(n+ 1, k)sk −
∞∑
k=1

min(n, k)sk

=

n+1∑
k=1

ksk + (n+ 1)

∞∑
k=n+2

sk −
n∑
k=1

ksk − n
∞∑

k=n+1

sk

= (n+ 1)sn+1 + n

( ∞∑
k=n+2

sk −
∞∑

k=n+1

sk

)
+

∞∑
k=n+2

sk

= (n+ 1)sn+1 − nsn+1 +
∞∑

k=n+2

sk

=
∑
k>n

sk.

By assumption, the support of (sj)j∈N is not finite, and each sj is non-negative. Then, gn 6= 0 for all
n ∈ N, and the sequence (gn)n∈N ⊂ R converges to 0. The claim follows by Lemma 4.4.33. �

Proposition 4.4.35. Let Φω be a Kronecker flow on the infinite torus where ω satisfies the same assump-
tions as in Proposition 4.4.32. If we also assume that the support of (sj)j∈N is not finite, and each sj is
non-negative, then the closure of any orbit is homeomorphic to the product of a circle and a solenoid.
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Proof. The claim follows directly from Propositions 4.4.32 and 4.4.34, Lemma 4.4.24 and Remark 4.4.25.
�

We are now in a position to prove Theorem BO.

Proof of Theorem BO. Let z ∈ h1/2 be such that |zj |2 ∈ βQ\{0}, for all j ∈ N, for a certain β ∈ R\Q.
Let (γj)j∈N, γj := |zj |2 for all j ∈ N, and define Tγ as

Tγ := {w ∈ h1/2 : |wj |2 = γj , ∀j ∈ N}.

As already observed in Remark 4.4.30, the map Ξ defined by

Ξ :
∏
j∈N

T 3 θ 7→ Ξ(γ) := (
√
γje

iΘj )j∈N ∈ Tγ ⊂ h1/2

is a topological embedding. Therefore, the dynamics induced by the Benjamin-Ono equation on the
invariant torus Ψ−1(Tγ) is topologically conjugate by

H := Ψ−1 ◦ Ξ

to a Kronecker flow Φω(γ) with frequencies ω(γ) = (ωj(γ))j∈N, where

ωj(γ) := j2 − 2
∑
k∈N

min(j, k)γk for allj ∈ N.

Therefore, the claim follows from Proposition 4.4.35. �

4.4.5 A Classification Problem

Here we address a classification problem for Kronecker flows on the infinite torus. The questions is:
given two Kronecker flows, are we able to determine whether the closures of their orbits are homeomor-
phic? To address this problem, we make use of Pontryagin’s Duality Theorem 4.4.16, along with a result
by Scheinberg [Sch74] concerning the equivalence of the notions of homeomorphism and isomorphism
for connected, locally compact abelian groups.

Theorem D. Given ω, ω̃ ∈ RN, let (TN,Φω) and (TN,Φω̃) be two Kronecker flows on the infinite torus.
The closure of any orbit of Φω is homeomorphic to the closure of any orbit of Φω̃ if and only if the
associated frequency modules Mω and Mω̃ are isomorphic as abelian groups.

Proof. By Remark 4.1.4, it is sufficient to prove the statement in the case of orbits through the origin.
In [Sch74] it is proved that two connected, locally compact abelian groups are homeomorphic if and
only if they are isomorphic as topological groups. Then, the statement of Theorem D is equivalent to the
following: given two Kronecker flows on the infinite torus, the closures of the orbits through the origin
are isomorphic as topological groups if and only if their frequency modules are isomorphic. Let us prove
it.

Let ω̃, ω ∈ RN and consider the Kronecker flows (TN,Φω), (TN,Φω̃). If Mω
∼= Mω̃, then, by

Proposition 4.4.22,
Oω ∼= (Mω)∗ ∼= (Mω̃)∗ ∼= Oω̃.

Now, assume that Oω ∼= Oω̃. Then, by Theorem 4.4.16 and Proposition 4.4.22,

Mω
∼= (Mω)∗∗ ∼= (Oω)∗ ∼= (Oω̃)∗ ∼= (Mω̃)∗∗ ∼= Mω̃.

�
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We now describe how to associate to each countable abelian group G without torsion a Kronecker
flow (TN,Φω) in such a way that G is isomorphic to Mω. Any countable abelian group G without
torsion embeds canonically into a countable vector space V over Q. This procedure, briefly explained in
Appendix E, is known in commutative algebra as ”localization of an abelian group”. Assuming Zorn’s
lemma, there exists a Hamel (algebraic) basis for V . Thus, there exists a countable set of indices J such
that V is isomorphic to Q(J). In particular, any element x ∈ V is uniquely represented by a family of
rational numbers (xj)j∈J such that xj 6= 0 only for finitely many j ∈ J . Now, observe that the map

h : V 3 (xj)j∈J 7→
∑
j∈J

αjxj ∈ (R,+),

where (αj)j∈J is a family of rationally independent real numbers, is an injective group homomorphism,
and so is the composition H := h ◦ ı, where ı : G→ V is the injective homomorphism ı : G→ V that
embeds G into V . Then, by the first isomorphism theorem, G is isomorphic to the image of H in (R,+).
Finally, we define the list of real numbers ω ∈ RN by taking an arbitrary enumeration of the image of H.
By construction, Mω

∼= G.
Then, this argument, together with Theorem D, implies that completely classifying Kronecker flows

on TN up to homeomorphism of the closure of their orbits is a highly complex issue, as it is equivalent to
the classification of countable abelian groups without torsion. To date, a complete classification of such
groups is known only for the rank 1 case, i.e., subgroups of (Q,+) (for references, see [Bae37], [BZ51]
and [Fuc15])7, which corresponds to the class of Kronecker flows (constructed in Section 4.4.3) whose
orbits are dense in a product of circles and solenoids.

7For the general theory of infinite abelian groups we refer to Kaplansky’s book [Kap54].



Appendix A

A Fixed Point Theorem
in Banach-Lie Algebras

In this appendix, we investigate the existence and uniqueness of a solution for a nonlinear equation
of the form X = φ(X). We operate within a Banach Lie algebra (V, [·, ·]| · |) characterized by a sub-
multiplicative norm such that |[X,Y ]| ≤ K|X||Y | for allX,Y ∈ V . Within this framework, we consider
two analytic operator-valued maps E and B, and we construct formally the map φP : U ⊂ V → V in a
suitable neighbourhood U of the origin as:

φP (X) = TΠ (B(X)Π(E(X)P ))

where P ∈ V is a fixed element, and Π ∈ L(V) is a bounded linear operator satisfying Π2 = Π, while
T : range(Π) → V is a bounded linear operator defined on the range of Π. Our objective is to prove
that φP admits a unique fixed point X∗ ∈ V by showing that it is a contraction. To achieve this, we
first establish the analyticity of the constituent operators; second, we derive their Fréchet derivatives;
and third, we provide quantitative norm estimates to satisfy the hypotheses of the Banach Fixed Point
Theorem.

A.1 Functional framework

Let (V, [·, ·], | · |) be a Banach Lie algebra with sub-multiplicative norm: |[X,Y ]| ≤ K|X||Y | for all
X,Y ∈ V . We denote by L(V) the space of bounded linear operators on V with the operator norm ‖ · ‖.
For X ∈ V , the adjoint operator adX ∈ L(V) is defined by adX(Y ) = [X,Y ]. Its norm satisfies:

‖adX‖ ≤ K|X|. (A.1)

A.2 Definition and analyticity of map E and B

For X ∈ V , we formally define two operators E(X) and B(X) via the Taylor series of two complex
functions f(z) = ez and g(z) = z

ez−1 .

It is well known that:

1. f(z) =
∑∞

k=0
1
k!z

k has radius of convergence Rf =∞;

2. let g(z) =
∑∞

k=0 βkz
k be the Taylor expansion of the function g around z = 0. Then the radius of

convergence is Rg = 2π.
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The operators are then defined as E(X) = f(ad−X) and B(X) = g(ad−X).

Proposition A.2.1 (Analyticity of E and B). The maps E : V → L(V) and B : U2π/K(V) → L(V) are
analytic

Proof. Let h(z) =
∑∞

k=0 ckz
k be a power series with radius of convergence R. Define the sequence of

partial sums Sn(X) =
∑n

k=0 ck(ad−X)k.

1. Analyticity of polynomials: SinceX 7→ ad−X is a bounded linear map, each term ck(ad−X)k is a
continuous polynomial inX . In any Banach space, continuous polynomials are analytic functions.
Thus, Sn(X) is analytic for every n ∈ N.

2. Uniform convergence: Let r < R and consider X ∈ Ur/K(V). From the bound ‖ad−X‖ ≤
K|X| established in (A.1), we have K|X| ≤ r, which implies:

∞∑
k=0

‖ck(ad−X)k‖ ≤
∞∑
k=0

|ck|‖ad−X‖k ≤
∞∑
k=0

|ck|rk.

Since r < R, the numerical series
∑
|ck|rk converges. By the Weierstrass M-test, the series of

operators converges absolutely and uniformly in the operator norm ‖ · ‖ on Ur/K(V). This proves
that the sequence of partial sums Sn(X) converges to a limit operator S(X) for every X in the
open ball UR/K(V).

3. Limit property: According to a fundamental result in complex analysis (cf. Mujica, Complex
Analysis in Banach Spaces), if a sequence of analytic functions {Sn} on an open set Ω converges
uniformly to a function S, then the limit S is analytic on Ω.

Since the analyticity radii of f(z) and g(z) are Rf =∞ and Rg = 2π respectively, the maps E (defined
on the whole V) and B (defined on U2π/K(V)) are analytic. �

A.3 Definition and analyticity of the map φP

Let P ∈ V . Consider a bounded linear operator Π ∈ L(V) such that Π2 = Π (a projection), and a linear
operator T : range(Π) → V which satisfies the norm bound ‖T‖L(range(Π),V) ≤ 2. We also assume
‖Π‖ ≤ 1.

Definition A.3.1. We define the map φP : U2π/K(V)→ V as follows:

φP (X) = TΠ (B(X)Π(E(X)P )) ,

where the non-linear analytic maps E and B are defined in Subsection A.2.

The analyticity of φP follows directly from its construction as a composition of analytic operator-
valued maps and constant, bounded linear operators applied to an element P ∈ V .

A.4 Differentiation of E and B

To differentiate the map φP , we must first establish the precise form of the Fréchet derivative of the
operator-valued power series.
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Derivative of the adjoint operator. The map α : V → L(V) defined by α(X) = ad−X is a bounded
linear operator. By the definition of the Fréchet derivative for linear maps, we have:

dα(X)[H] = ad−H , ∀H ∈ V.

The Leibniz rule for operator powers. Consider the k-th power of the adjoint operator as a product of
k linear maps. Applying the Leibniz rule for linear maps in a Banach algebra of operators, the derivative
in the direction H is the sum of k terms, where the derivative ad−H occupies each possible position in
the product:

dαk(X)[H] =

k−1∑
j=0

(ad−X)j ◦ (ad−H) ◦ (ad−X)k−1−j .

This generalized Leibniz formula accounts for the non-commutativity of the operators within L(V).

Term-wise differentiation of the series. Assuming that we can differentiate term-by-term, the derivative
of E and B are

dE(X)[H] =

∞∑
k=1

1

k!

k−1∑
j=0

(ad−X)j ◦ (ad−H) ◦ (ad−X)k−1−j , (A.2)

dB(X)[H] =

∞∑
k=1

βk

k−1∑
j=0

(ad−X)j ◦ (ad−H) ◦ (ad−X)k−1−j , (A.3)

where βk are the Taylor coefficients of g(z) = z/(ez−1). In the next subsection, we provide quantitative
bounds to establish that these operators are indeed the Fréchet derivatives of E and B.

A.5 Estimates

In this subsection, we derive explicit bounds for the maps E and B and their differentials. These estimates
are fundamental to establishing the contraction property of the map φP .

Estimates for E and B. Let ρ = ‖ad−X‖ ≤ K|X|. For ρ < 1/2, the series defining E(X) and B(X)
are totally convergent in L(V). This implies that the following norm estimates hold uniformly for all X
in the ball U1/(2K)(V):

• By the sub-multiplicative property and the triangle inequality, the norm of the power series is
bounded by the power series of the norms:

‖E(X)‖ =

∥∥∥∥∥
∞∑
k=0

1

k!
(ad−X)k

∥∥∥∥∥ ≤
∞∑
k=0

1

k!
‖ad−X‖k =

∞∑
k=0

ρk

k!
= eρ.

For ρ < 1/2, we have eρ < e1/2, thus ‖E(X)‖ < 2.

• The Taylor coefficients βk satisfy |βk| ≤ 1/(2π)k ≤ 1. To obtain a robust upper bound, we
compare the series with the dominant geometric series:

‖B(X)‖ =

∥∥∥∥∥
∞∑
k=0

βk(ad−X)k

∥∥∥∥∥ ≤
∞∑
k=0

|βk|ρk ≤
∞∑
k=0

ρk =
1

1− ρ
.

For ρ < 1/2, the term 1/(1− ρ) < 2.
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Estimates for the differential of the k-th power. To estimate the norm of the operator dαk(X), we
rely on the Banach algebra structure of the space of bounded operators L(V). A key property of such an
algebra is that the norm is sub-multiplicative: ‖S ◦ T‖ ≤ ‖S‖‖T‖.

Applying this property to each individual term in the Leibniz expansion of the k-th power, and using
the bound ‖ad−H‖ ≤ K|H| from (A.1), we have:

‖(ad−X)j ◦ (ad−H) ◦ (ad−X)k−1−j‖ ≤ ‖ad−X‖j‖ad−H‖‖ad−X‖k−1−j ≤ K|H|‖ad−X‖k−1.

Then, by applying the triangle inequality, we obtain the fundamental bound:

‖dαk(X)[H]‖ ≤
k−1∑
j=0

‖(ad−X)j ◦ (ad−H) ◦ (ad−X)k−1−j‖ ≤ kK|H|‖ad−X‖k−1. (A.4)

Bounds for the differentials dE and dB. Recalling that the derivative of ad−X is ad−H , and substituting
(A.4) into (A.2) and (A.3), we obtain:

• Substituting the bound kK|H|ρk−1 for each term k ≥ 1:

‖dE(X)[H]‖ ≤
∞∑
k=1

1

k!
(kK|H|ρk−1) = K|H|

∞∑
k=1

k

k!
ρk−1.

Since k/k! = 1/(k − 1)!, we shift the index m = k − 1 to recover the exponential series:

‖dE(X)[H]‖ ≤ K|H|
∞∑
m=0

ρm

m!
= K|H|eρ.

For ρ < 1/2, we have K|H|eρ < K|H|e1/2 < 2K|H|.

• Using the same term-wise estimation and the property |βk| ≤ 1:

‖dB(X)[H]‖ ≤
∞∑
k=1

|βk|(kK|H|ρk−1) ≤ K|H|
∞∑
k=1

kρk−1.

The sum
∑∞

k=1 kρ
k−1 is the derivative of the geometric series d

dρ(1−ρ)−1 = (1−ρ)−2. Therefore:

‖dB(X)[H]‖ ≤ K|H| 1

(1− ρ)2
.

For ρ < 1/2, the factor 1/(1− ρ)2 < 4, yielding the bound 4K|H|.

Invertibility and Estimates for B(X)−1. Let us show that B(X) is invertible and provide quantitative
bounds for its norm and its Fréchet differential.

Lemma A.5.1. For any fixed X ∈ U2π/K(V), the operator B(X) ∈ L(V) is invertible. Its inverse is
given by the power series:

B(X)−1 =
∞∑
k=0

1

(k + 1)!
(ad−X)k, (A.5)

which defines an analytic map X 7→ B(X)−1 on the whole space V . Moreover, let ρ = ‖ad−X‖ ≤
K|X|; for ρ < 1/2, the following estimates hold:
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1. ‖B(X)−1‖ ≤ 1
1−ρ < 2;

2. ‖d(B(X)−1)[H]‖ ≤ K|H|
(1−ρ)2

< 4K|H|.

Proof. The existence of the inverse follows from the functional identity g(z)q(z) = 1, where g(z) =
z/(ez − 1) and q(z) = (ez − 1)/z. The Taylor expansion of q(z) is q(z) =

∑∞
k=0

1
(k+1)!z

k, which
represents an entire function with infinite radius of convergence.

Let us derive the quantitative estimates:

‖B(X)−1‖ ≤
∞∑
k=0

1

(k + 1)!
ρk ≤

∞∑
k=0

ρk = (1− ρ)−1.

The estimate for the Fréchet derivative is obtained by term-wise differentiation of the series (A.5). Using
the bound ‖dαk(X)[H]‖ ≤ kK|H|ρk−1 previously established, we obtain:

‖d(B(X)−1)[H]‖ ≤ K|H|
∞∑
k=1

k

(k + 1)!
ρk−1 ≤ K|H|

∞∑
k=1

kρk−1 = K|H|(1− ρ)−2.

Under the assumption ρ < 1/2, we immediately recover the bounds ‖B(X)−1‖ < 2 and ‖d(B(X)−1)[H]‖ <
4K|H|. �

A.6 The Fixed Point Theorem

Differentiation of the map φP . The Fréchet derivative dφP is computed by applying the Leibniz rule to
the expression of φP . Since T , Π, and P are constant, we only differentiate B(X) and E(X) according
to their position in the product:

dφP (X)[H] = TΠ
[(

dB(X)[H]
)

Π(E(X)P ) + B(X)Π
(

dE(X)[H]P
)]
. (A.6)

Convergence via the Banach Fixed Point Theorem. To prove that φP is a contraction, we employ the
Mean Value Inequality for Banach spaces: given any two points X1, X2 in the closed ball U 8|P |(V), the
segment connecting them is entirely contained within the ball due to convexity. The inequality states:

|φP (X1)− φP (X2)| ≤

 sup
X∈U 8|P |(V)

‖dφP (X)‖

 |X1 −X2|. (A.7)

By finding a suitable uniform bound for ‖dφP (X)‖ that holds for every X in the ball, we establish that
φP is a contraction.

Theorem A.6.1 (Fixed Point Theorem). Let |P | < (24K)−1. Then the map φP has a unique fixed point
X(P ) in the ball U 8|P |(V). Moreover, the fixed point is such that X(0) = 0 and satisfies the following
asymptotic expansion for small P :

X(P ) = TΠP +O(|P |2).

Proof. For any X ∈ U 8|P |(V), we have ‖X‖ ≤ 8|P |, which implies ρ = ‖ad−X‖ ≤ 8K|P |. Under the
smallness condition on P , we have ρ < 1/3 < 1/2. Therefore, we can apply the uniform norm bounds
for B and E derived in the previous subsection:

|φP (X)| ≤ ‖T‖L(range(Π),V)‖Π‖‖B(X)‖‖Π‖‖E(X)‖|P | ≤ 2 · 1 · 2 · 1 · 2|P | = 8|P |.
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This confirms that φP maps the ball U 8|P |(V) into itself.
We now derive a uniform bound for the norm of the operator dφP (X) for an arbitraryX ∈ U 8|P |(V).

Applying the triangle inequality and the sub-multiplicative property to the Leibniz expansion (A.6), and
recalling that ‖T‖L(range(Π),V) ≤ 2 and ‖Π‖ ≤ 1:

|dφP (X)[H]| ≤ ‖T‖L(range(Π),V)‖Π‖ (‖dB(X)[H]‖ · ‖Π‖ · |E(X)P |+ ‖B(X)‖ · ‖Π‖ · |dE(X)[H]P |) .

Substituting the quantitative bounds for the differentials and operators found in the previous subsection,
and noting that these bounds are valid throughout the ball since ρ < 1/3 < 1/2:

|dφP (X)[H]| ≤ 2 · 1 · ([4K|H|] · 1 · (2|P |) + 2 · 1 · ([2K|H|] · |P |)) = 24K|P ||H|.

Since this bound holds for allX ∈ U 8|P |(V), the Lipschitz constant in (A.7) is bounded by γ = 24K|P |.
The condition γ < 1 is satisfied by the hypothesis on P . Therefore, by the Banach Fixed Point Theorem,
φP is a contraction on a complete metric space, ensuring the existence of a unique fixed point X(P ).

To establish the asymptotic expansion, we first observe that for P = 0, the map φ0(X) vanishes
identically for any X , since P enters the definition as a linear factor. This immediately implies that
X(0) = φ0(X(0)) = 0.

For P 6= 0, we expand φP around the origin X = 0 using Taylor’s theorem:

X(P ) = φP (0) +R1(X(P )), where R1(X(P )) =

ˆ 1

0
dφP (tX(P ))[X(P )]dt.

Evaluating φP at X = 0, and noting that ad0 = 0 implies B(0) = E(0) = Id, we obtain the first-order
term:

φP (0) = TΠ(Id Π(IdP )) = TΠ2P = TΠP.

The remainder R1 accounts for higher-order terms. Using the previously derived bound ‖dφP ‖ ≤
24K|P | and the fact that |X(P )| ≤ 8|P |, we estimate the norm of the integral:

|R1(X(P ))| ≤ sup
t∈[0,1]

‖dφP (tX(P ))‖|X(P )| ≤ (24K|P |)(8|P |) = 192K|P |2.

Thus,R1 = O(|P |2), confirming that X(P ) = TΠP +O(|P |2). �

Corollary A.6.2. Suppose that T = T (λ) and P = P (λ) depend analytically on a real parameter λ for
λ in a closed interval Λ ⊂ R and satisfy the bounds ‖T (λ)‖L(range(Π),V) ≤ 2, |P (λ)| < (24K)−1 for
all λ ∈ Λ. Then the unique fixed point X(P, λ) is analytic in λ. Furthermore, its derivative satisfies the
bound: ∣∣∣∣dXdλ

∣∣∣∣ ≤ 4‖T ′‖L(range(Π),V)|P |+ 8|P ′|
1− 24K|P |

where T ′ = d
dλT and P ′ = d

dλP .

Proof. The proof starts by ensuring that the fixed point is analytic in λ. Since T (λ) and P (λ) are analytic,
the operator φP,λ depends analytically on λ. Moreover, the condition |P (λ)| < (24K)−1 on the closed
interval Λ ensures that φP,λ is always a contraction with a constant γ = 24K|P | < 1, uniformly in λ.
Therefore, the Implicit Function Theorem guarantees that the fixed point X(P, λ) is analytic in λ.

Since T and P are analytic on the closed interval Λ, their derivatives T ′ and P ′ are continuous and
their norms remain finite for all λ ∈ Λ. To find the bound for the derivative of the fixed point, we
differentiate both sides of the identity X(λ) = φP,λ(X(λ)) with respect to λ using the chain rule:

dX

dλ
=
∂φP,λ
∂λ

+ dφP,λ(X)

[
dX

dλ

]
.
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Here, ∂λφP,λ represents the derivative with respect to the external parameter λ, while dφP,λ is the Fréchet
differential with respect to X . Moving the terms involving dX/dλ to the left, we get:

(Id−dφP,λ(X))
dX

dλ
=
∂φP,λ
∂λ

.

Since the norm of the operator dφP,λ is bounded by 24K|P | < 1, the linear operator Id−dφP,λ(X) is
invertible. Using the usual geometric series estimate for the Neumann series that defines the inverse, we
obtain the bound ∣∣∣∣dXdλ

∣∣∣∣ ≤ 1

1− 24K|P |

∣∣∣∣∂φP,λ∂λ

∣∣∣∣ .
The partial derivative ∂λφP,λ is calculated by differentiating φP (X) = TΠ(B(X)Π(E(X)P )) while
keeping X fixed:

∂φP,λ
∂λ

= T ′Π (B(X)Π(E(X)P )) + TΠ
(
B(X)Π(E(X)P ′)

)
.

Using the bounds ‖Π‖ ≤ 1, ‖T‖L(range(Π),V) ≤ 2, ‖B‖ < 2, and ‖E‖ < 2, we find:∣∣∣∣∂φP,λ∂λ

∣∣∣∣ ≤ ‖T ′‖L(range(Π),V) · (1 · 2 · 1 · 2|P |) + 2 · (1 · 2 · 1 · |P ′|) = 4‖T ′‖L(range(Π),V)|P |+ 8|P ′|.

Plugging this bound into the inequality for |dX/dλ| gives the final estimate. �

A.7 Additional Estimates for Applications

Throughout this subsection, we assume that T maps the range of Π into itself and that there exists a left
inverse U such that U ◦ T = Id on range(Π). We do not require U to be a bounded operator on V .

If X is the unique fixed point established in Theorem A.6.1, then X ∈ range(T ), which ensures
that the expression UX is always well-defined. We can therefore characterize the fixed point through the
identity:

UX = Π (B(X)ΠE(X)P ) .

Lemma A.7.1 (Estimates for UX). Let |P | < (24K)−1 and let X be the unique fixed point of φP in
U 8|P |. Then, |UX| ≤ 4|P | and satisfies the following asymptotic expansion for small P :

UX = ΠP +O(|P |2).

Proof. To prove the bound, we use the property ‖Π‖ ≤ 1 and the bounds ‖B(X)‖ ≤ 2, ‖E(X)‖ ≤ 2,
which are valid since K|X| < 1/2 for any X in the ball U 8|P |. We have:

|UX| ≤ ‖Π‖2‖B(X)‖‖E(X)‖|P | ≤ 1 · 2 · 2|P | = 4|P |.

For the asymptotic expansion, we observe that if P = 0, then X(0) = 0 and UX vanishes. For
P 6= 0, we expand UX around X = 0 using the fundamental theorem of calculus:

UX = (UX)
∣∣
X=0

+R1(X,P ), where R1(X,P ) =

ˆ 1

0

d

dt
[Π (B(tX)ΠE(tX)P )] dt.

Since B(0) = E(0) = Id, the first-order term is (UX)
∣∣
X=0

= Π2P = ΠP . By applying the Leibniz
rule, the integrand becomes:

d

dt
[ΠB(tX)ΠE(tX)P ] = Π (dB(tX)[X]) ΠE(tX)P + ΠB(tX)Π (dE(tX)[X])P.
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Recalling the estimates from the previous section, for X ∈ U 8|P | and t ∈ [0, 1], we have the bounds
‖dB(tX)[X]‖ ≤ 4K|X| and ‖dE(tX)[X]‖ ≤ 2K|X|, as well as ‖B(tX)‖ ≤ 2 and ‖E(tX)‖ ≤ 2. It
follows that:∣∣∣∣ ddt [ΠB(tX)ΠE(tX)P ]

∣∣∣∣ ≤ ‖Π‖2‖dB(tX)[X]‖ · ‖E(tX)‖|P |+ ‖Π‖2‖B(tX)‖ · ‖dE(tX)[X]‖|P |

≤ 1 · (4K|X|) · 2|P |+ 1 · 2 · (2K|X||P |)
= 8K|X||P |+ 4K|X||P | = 12K|X||P |.

Integrating over t ∈ [0, 1] and using the bound |X| ≤ 8|P | from the fixed point theorem, we obtain:

|R1(X,P )| ≤
ˆ 1

0
12K|X||P | dt ≤ 12K(8|P |)|P | = 96K|P |2.

This confirms the expansion UX = ΠP +O(|P |2). �

We conclude with the following technical lemma:

Lemma A.7.2 (Estimates for ∆). Let |P | < (24K)−1 and X be the unique fixed point. Under the
assumption ‖ Id−Π‖ ≤ 1, the quantity

∆ := (Id−Π)
(
(E(X)− Id)P − (B(X)−1 − Id)UX

)
satisfies |∆| ≤ 64K|P |2. Furthermore, ∆ satisfies the following asymptotic expansion for small P :

∆ = (Id−Π)

(
[(Id−Π)P, TΠP ] +

1

2
[ΠP, TΠP ]

)
+O(|P |3).

Proof. First, we substitute the fixed point identity UX = Π (B(X)ΠE(X)P ) into the definition of ∆:

∆ = (Id−Π)(E(X)− Id)P − (Id−Π)(B(X)−1 − Id)ΠB(X)ΠE(X)P.

We now use the triangle inequality to split the norm into two pieces:

|∆| ≤ | (Id−Π)(E(X)− Id)P︸ ︷︷ ︸
∆1

|+ | (Id−Π)(B(X)−1 − Id)ΠB(X)ΠE(X)P︸ ︷︷ ︸
∆2

|.

Let ρ = ‖ad−X‖ ≤ 8K|P |. Since |P | < (24K)−1, we have ρ < 1/3 and, as established in Lemma
A.5.1, the bound ‖(B(X))−1‖ ≤ 1

1−ρ < 2 holds.

Term ∆1. The operator E(X)− Id is the series
∑∞

k=1
1
k!(ad−X)k. Taking the norm and using the bound

‖ Id−Π‖ ≤ 1:

|∆1| ≤ 1 ·

( ∞∑
k=1

ρk

)
|P | = ρ

1− ρ
|P |.

Substituting ρ ≤ 8K|P | and 1
1−ρ < 2, we get:

|∆1| ≤ 2 · (8K|P |) · |P | = 16K|P |2.

Term ∆2. To estimate this piece, we use the property from Lemma A.5.1 where ‖(B(X))−1 − Id ‖ ≤
ρ

1−ρ . Combining this with ‖B(X)‖ ≤ 2, and |E(X)P | ≤ 2|P |:

|∆2| ≤
ρ

1− ρ
· 1 · 2 · 1 · 2|P | = 4

ρ

1− ρ
|P | ≤ 48K|P |2.
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Summing the estimates yields |∆| ≤ 64K|P |2.

Asymptotic Expansion. To derive the leading order for small P , we perform a Taylor expansion of ∆
around X = 0. Since ∆(0) = 0, we have ∆(X) = d∆(0)[X] + R2(X). We differentiate the two
components ∆1 and ∆2 separately:

∆1(X) = (Id−Π)(E(X)− Id)P,

∆2(X) = (Id−Π)(B(X)−1 − Id)ΠB(X)ΠE(X)P.

From Section A.2, we have dE(0)[H] = ad−H . Then,

Differential of ∆1: Differentiating ∆1 at X = 0 in the direction H:

d∆1(0)[H] = (Id−Π) (dE(0)[H])P = (Id−Π)ad−HP = (Id−Π)[P,H].

Differential of ∆2: We apply the Leibniz rule to the product of operators in ∆2 and evaluate at X = 0.
Recalling that B(0) = E(0) = Id, we compute the differential. Since (B(0)−1 − Id) = 0, only the term
where the derivative acts on the first factor remains non-zero:

d∆2(0)[H] = (Id−Π)
[(

d(B(0)−1)[H]
)

ΠB(0)ΠE(0)P
]

= (Id−Π)
(
d(B(0)−1)[H]

)
ΠP.

Now, from the analytic expansion in Lemma A.5.1, we substitute d(B(0)−1)[H] = 1
2ad−H to obtain

d∆2(0)[H] = (Id−Π)
(

1
2ad−HΠP

)
= 1

2(Id−Π)[ΠP,H].

Differential of ∆: Combining the differentials of ∆1 and ∆2, we have d∆(0)[H] = d∆1(0)[H] −
d∆2(0)[H]. Substituting X = TΠP +O(|P |2) into the linear expressions:

d∆(0)[X] = (Id−Π)

(
1

2
[ΠP, TΠP ] + [(Id−Π)P, TΠP ]

)
+O(|P |3).

Estimate for the reminder: The remainderR2(X) is defined by the integral formula:

R2(X) =

ˆ 1

0
(1− t)d2∆(tX)[X,X]dt.

The second Fréchet derivative d2∆(X)[X,X] is a sum of terms involving double commutators with P ,
of the form [X, [X,P ]], multiplied by operators E ,B,B(X)−1 and their derivatives. Given the algebra
property and the fact that these operators are analytic and bounded for ρ < 1/3, the norm of the second
derivative satisfies:

‖d2∆(X)[X,X]‖ ≤ CK2|X|2|P |,

where C is a constant. Substituting this bound into the integral:

|R2(X)| ≤
ˆ 1

0
(1− t)‖d2∆(tX)[X,X]‖dt

≤
(ˆ 1

0
(1− t)dt

)
· sup
t∈[0,1]

(
CK2|X|2|P |

)
=

1

2
· CK2|X|2|P |.
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Using the bound for the fixed point |X| ≤ 8|P | we get

|R2(X)| ≤ 1

2
· CK2(8|P |)2|P | = 32CK2|P |3.

This shows that |R2(X)| ≤M |P |3 for a constant M , which confirmsR2 = O(|P |3). �

Remark A.7.3. If the operators T and P depend analytically on a real parameter λ ∈ Λ (where Λ is
a closed interval of the real line), the fixed point X(λ) inherits the analyticity, as proved in Corollary
A.6.2. Consequently, UX and ∆ are analytic in λ since they are obtained by composing analytic maps
(the operators B and E) with the analytic functions X(λ) and P (λ). Moreover, the constants appearing
in the estimates depend only on the uniform bounds of the operators for λ ∈ Λ, ensuring that all the
asymptotic expansions hold uniformly in the parameter λ.



Appendix B

Technical Lemmas for the Analysis of the
Spectral Gaps

To ensure a self-contained treatment, we detail here the functional framework and provide the proofs
for several auxiliary results. These technical lemmas are fundamental to the study of the spectral gaps
developed in Subsection 3.2.8.

To ease the notation, we suppress the explicit dependence on the parameter s in the Banach spaces we
consider and their respective norms, since it remains constant and plays no role throughout this appendix;
nevertheless, we emphasize that all subsequent results hold for any s ≥ 0.

Definition B.0.1. Given R > 0, p > 1, and s ≥ 0, for any j ∈ Z and τ = ±1/2, we denote by
Mτ,j

p,R the space of maps X : UR(`∞p ) →
∏
`∈Z Mat(2,C) such that each entry Xσσ′

` ∈ Hp,R satisfies
the momentum conservation condition π(α) = ` − j. We equip this space with a Banach structure by
introducing the majorant X = (X`)`∈Z, where Xσσ′

` (z) :=
∑

α∈M`−j
|Xσσ′

`α |zα.
To define the norm, we first generalize the norm on the space of sequences of 2× 2 complex matrices

W = (W`)`∈Z to the (τ, j)-weighted case:

‖W‖τ,jp := sup
`∈Z
〈`− j〉pes|`−j|〈`〉τ max

σ,σ′=±1
|W σσ′

` |.

The norm onMτ,j
p,R is then given by:

|X|τ,jp,R := sup
‖z‖p≤R

‖X(z)‖τ,jp = sup
`∈Z
〈`− j〉pes|`−j|〈`〉τ max

σ,σ′=±1
‖Xσσ′

` ‖p,R, (B.1)

which, due to the non-negativity of the coefficients, coincides with evaluating the majorant on the weight
vector vp,R. The spaceMτ,j

p,R consists of all such maps for which this norm is finite.

Remark B.0.2. Any X ∈ Mτ,0
p,R is a majorant analytic function X : `∞p → `∞p+τ,R(Mat(2,C)). In fact,

Theorem 1.2.24 ensures that X is analytic as it is defined by the uniformly bounded family of analytic
functions Xσσ′

` ∈ Hp,R.

B.1 Estimates for P ◦ |∂|1/2 and ∂zj(P ◦ |∂|1/2)
Given a positive real number λ, let P be the map from `∞p to the space of sequences of 2 × 2 complex
matrices, defined for all u ∈ `∞p by its components:

P`(u) =
u`
2λ

(
−i i
−i i

)
, for all ` ∈ Z.
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In the following, we denote by |∂|1/2 : `∞p → `∞p−1/2 the operator acting as a Fourier multiplier:

u := |∂|1/2z, with u` = 〈`〉1/2z`.

Lemma B.1.1. For any R > 0, P ◦ |∂|1/2 ∈M−1/2,0
p,R and ∂zj (P ◦ |∂|1/2) ∈M−1/2,j

p,R . Specifically, the
following estimates hold:

|P ◦ |∂|1/2|−1/2,0
p,R =

R

2λ
, |∂zj (P ◦ |∂|1/2)|−1/2,j

p,R ≤ 1

2λ
.

Proof. The first equality follows directly from the definition of P , noting that the weight of the norm
compensates for the action of |∂|1/2. By the same reasoning, the second bound is immediate, as the
derivative produces a δj` which is trivially bounded by 〈`− j〉−pe−s|`−j|. �

B.2 Estimates for AP ◦ |∂|1/2 and LλAP ◦ |∂|1/2

Fix n ∈ N and let λ ∈ R+ be such that |2λ − n| ≤ 1/2. Let Lλ be the operator defined in Subsection
3.2.4 (see formula (3.22)). By identifying periodic functions taking values in the Lie algebra Mat(2,C)
with the sequences of their Fourier coefficients, the operator Lλ induces an action on the space of matrix
sequences W = (W`) defined by

(LλW )σσ
′

` = i(`− λ(σ − σ′))W σσ′
` .

We have already observed that, if λ = n/2, this operator has a non-trivial kernel. Namely, a sequence
W belongs to range(Ln/2) if and only if its components W σσ′

` are zero whenever `− n
2 (σ − σ′) = 0.

From the definition of the action of Lλ on the Fourier coefficients, it follows that the formal inverse
L−1
λ acts diagonally as:

(L−1
λ W )σσ

′
` =

1

i(`− λ(σ − σ′))
W σσ′
` ,

provided that the denominator does not vanish. For any λ such that |2λ − n| ≤ 1/2, we define L−1
λ on

range(Ln/2). Clearly, both Lλ and its inverse preserve range(Ln/2).
For λ in the specified region, the divisors for indices in the range of the operator satisfy the following

estimate:
〈`〉

|`− λ(σ − σ′)|
≤ 4n. (B.2)

This bound shows that the inverse operator compensates for the loss of regularity, effectively shifting the
weight from 〈`〉−1/2 to 〈`〉+1/2 at the cost of a factor n, as established in the following lemma.

Lemma B.2.1. Let n ∈ N and λ ∈ R+ satisfy |2λ− n| ≤ 1/2. Then, L−1
λ is a bounded linear operator

Lλ :M−1/2,j
p,R ∩ range(Ln/2)→M+1/2,j

p,R ∩ range(Ln/2)

In particular, there exists a constant C > 0 such that

|L−1
λ X|+1/2,j

p,R ≤ 4n|X|−1/2,j
p,R

for every X ∈M−1/2,j
p,R ∩ range(Ln/2).
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Proof. By the definition of the norm onMτ,j
p,R given in (B.1), we have

|L−1
λ X|+1/2,j

p,R = sup
`∈Z

(
〈`− j〉pes|`−j|〈`〉1/2 max

σ,σ′
‖(L−1

λ X)σσ
′

` ‖p,R
)
.

Recall that (L−1
λ X)σσ

′
` = 1

i(`−λ(σ−σ′))X
σσ′
` . Substituting this into the expression, we obtain

|L−1
λ X|+1/2,j

p,R = sup
`∈Z

(
〈`− j〉pes|`−j|〈`〉1/2 max

σ,σ′

1

|`− λ(σ − σ′)|
‖Xσσ′

` ‖p,R
)
. (B.3)

We can rewrite the terms inside the supremum by multiplying and dividing by 〈`〉−1/2 to recover the
norm of X:

(B.3) = sup
`∈Z

(
〈`〉

|`− λ(σ − σ′)|
· 〈`− j〉pes|`−j|〈`〉−1/2 max

σ,σ′
‖Xσσ′

` ‖p,R
)
.

Using the estimate (B.2), we get

|L−1
λ X|+1/2,j

p,R ≤ 4n sup
`∈Z

(
〈`− j〉pes|`−j|〈`〉−1/2 max

σ,σ′
‖Xσσ′

` ‖p,R
)
.

The supremum on the right-hand side is precisely the norm |X|−1/2,j
p,R . Therefore, we get

|L−1
λ X|+1/2,j

p,R ≤ 4n|X|−1/2,j
p,R ,

which ends the proof. �

Let AP be the fixed point provided by Theorem 3.2.4, which we recall to be defined by

AP = φP (AP ) = L−1
λ Πrg

(
B(AP )Πrg

(
ead−AP P

))
, (B.4)

where the operators E(X) and B(X) are formally defined via the Taylor series of the complex functions
f(z) = ez =

∑∞
k=0

1
k!z

k and g(z) = z
ez−1 =

∑∞
k=0 βkz

k (see Section A.2). Specifically, E(X) =
f(ad−X) and B(X) = g(ad−X).

In the following lemma, we first derive a bound for LλAP ◦ |∂|1/2. We then apply the smoothing
property of L−1

λ established in Lemma B.2.1 to prove that AP ◦ |∂|1/2 maps into a sequence space with
stronger decay, with a resulting bound constant that grows linearly with n.

Lemma B.2.2. Let n ∈ N and λ > 0 such that |2λ − n| ≤ 1/2. Then, for all p > 3/2, we have that
LλAP ◦ |∂|1/2 ∈M

−1/2,0
p,R and AP ◦ |∂|1/2 ∈M+1/2,0

p,R , with the following estimates:

|LλAP ◦ |∂|1/2|
−1/2,0
p,R ≤ 2R

λ
, |AP ◦ |∂|1/2|+1/2,0

p,R ≤ 8R
n

λ
.

Proof. By Theorem 3.2.4, |LλAP |p′,R ≤ 4|P |p′,R for all p′ > 1. Then, the first bound follows by the
fact that, if X ∈ AπR satisfies |X|p−1/2,R <∞, then X ◦ |∂|1/2 ∈M−1/2,0

p,R , with the identity

|X ◦ |∂|1/2|−1/2,0
p,R = |X|p−1/2,R

holding by definition, combined with Lemma B.1.1. The second estimate is obtained by writing AP =
(L−1

λ ◦ Lλ)AP and applying the first bound together with the one provided by Lemma B.2.1. �



162 Chapter B. Technical Lemmas for the Analysis of the Spectral Gaps

B.3 Estimates for ∂zj(AP ◦ |∂|1/2) and ∂zj(LλAP ◦ |∂|1/2)

In this section, we provide estimates for the maps ∂zj (AP ◦ |∂|1/2) and ∂zj (LλAP ◦ |∂|1/2), where AP
is the fixed point of the operator from Theorem 3.2.4, whose definition is recalled in (B.4). Since it is
implicitly defined through commutators, the main task is to provide estimates for the latter by under-
standing how the convolution product works in our weighted spaces. The following lemmas are the key
tool for all the calculations in this section.

Lemma B.3.1 (Convolution and Algebra Property). Let X ∈ M−1/2,j
p,R and Y ∈ M+1/2,j′

p,R . The convo-
lution product Z = X ? Y , defined by the sequence of matrices Z`(z) =

∑
k∈ZX`−k(z)Yk(z), belongs

toM−1/2,j+j′

p,R . More precisely, it satisfies the following properties:

• Momentum Conservation: For each ` ∈ Z, the entries of Z`(z) belong to Hp,R and their Taylor
expansion involves only multi-indices α such that π(α) = `− (j + j′).

• Estimate: The following estimates hold:

|X ? Y |−1/2,j+j′

p,R , |Y ? X|−1/2,j′+j
p,R ≤ 2C?(p)|X|−1/2,j

p,R |Y |+1/2,j′

p,R ,

where C?(p) = 2p(1 + 2ζ(p)) denotes the convolution algebra constant of `∞s,p and ζ(p) =∑
n≥1 n

−p is the Riemann zeta function.

Proof. Momentum Conservation. Let X ∈M−1/2,j
p,R and Y ∈M+1/2,j′

p,R . By definition, the entries of the
convolution Z = X ? Y are given by

Zσσ
′

` (z) =
∑
k∈Z

∑
ρ∈{±1}

Xσρ
`−k(z)Y

ρσ′

k (z).

Substituting the Taylor expansions of the entries, we obtain

Zσσ
′

` (z) =
∑
k∈Z

∑
ρ∈{±1}

 ∑
α∈M`−k−j

Xσρ
`−k,αz

α

 ∑
β∈Mk−j′

Y ρσ′

k,β z
β

 .

The product of two monomials zαzβ = zα+β satisfies the condition π(α + β) = π(α) + π(β) =
(` − k − j) + (k − j′) = ` − (j + j′). Thus, each term in the expansion of Z` belongs to M`−(j+j′).
SinceHp,R is an algebra, the series converges inHp,R, and the momentum condition is satisfied.

Estimate. To estimate the norm |X?Y |−1/2,j+j′

p,R , we consider the majorant Z`. By the triangle inequality
and the definition of the majorant norm, we have

max
σ,σ′
|Zσσ′` (z)| ≤ 2

∑
k∈Z

max
σ,ρ
|Xσρ

`−k(z)|max
ρ,σ′
|Y ρσ′

k (z)|

≤ 2
∑
k∈Z

‖X(z)‖−1/2,j
p

〈`− k − j〉pes|`−k−j|〈`− k〉−1/2
· ‖Y (z)‖+1/2,j′

p

〈k − j′〉pes|k−j′|〈k〉1/2
.

Multiplying both sides by the weight 〈`− (j + j′)〉pes|`−(j+j′)|〈`〉−1/2 and taking the supremum over `,
we obtain:

‖Z(z)‖−1/2,j+j′
p ≤ 2 · 2p

(
sup
`∈Z

∑
k∈Z

1

〈`− k − j〉p

)
‖X(z)‖−1/2,j

p ‖Y (z)‖+1/2,j′
p .
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The sum in the parentheses is independent of ` and converges for any p > 1. In particular, we get:

‖Z(z)‖−1/2,j+j′
p ≤ 2C?(p)‖X(z)‖−1/2,j

p ‖Y (z)‖+1/2,j′
p ,

Finally, taking the supremum over ‖z‖p ≤ R yields the desired estimate. �

Lemma B.3.2. Let R > 0 and X ∈ M+1/2,0
p,R . The adjoint operator adX : Y 7→ X ? Y − Y ? X is a

bounded linear operator fromM−1/2,j
p,R to itself for every j ∈ Z. Its operator norm, defined as

‖adX‖R := sup
j∈Z

sup
|Y |−1/2,j

p,R ≤1

|X ? Y − Y ? X|−1/2,j
p,R ,

satisfies the estimate

‖adX‖R ≤ 4C?(p)|X|+1/2,0
p,R .

Proof. Let Y ∈M−1/2,j
p,R . By Lemma B.3.1, the star product satisfies |X?Y |−1/2,j

p,R ≤ C|X|+1/2,0
p,R |Y |−1/2,j

p,R .
Consequently, the commutator can be estimated as:

|X ? Y − Y ? X|−1/2,j
p,R ≤ |X ? Y |−1/2,j

p,R + |Y ? X|−1/2,j
p,R ≤ 4C?(p)|X|+1/2,0

p,R |Y |−1/2,j
p,R .

By dividing by the norm of Y and taking the supremum over Y ∈M−1/2,j
p,R \ {0}, we obtain:

sup
|Y |−1/2,j

p,R ≤1

|X ? Y − Y ? X|−1/2,j
p,R ≤ 4C?(p)|X|+1/2,0

p,R .

Since the right-hand side does not depend on the momentum index j, the inequality remains valid when
taking the supremum over all j ∈ Z. This concludes the proof that ‖adX‖R ≤ 4C?(p)|X|+1/2,0

p,R . �

Lemma B.3.3 (Estimates for φY and its derivative). Let n ∈ N and λ > 0 such that |2λ − n| ≤ 1/2.
Given Y ∈

⋃
j∈ZM

−1/2,j
p,R and X ∈M+1/2,0

p,R , consider the map:

φY (X) = L−1
λ Πrg

(
B(X)Πrg

(
ead−XY

))
.

Then, the following properties hold:

1. For any fixed X ∈ M+1/2,0
p,R satisfying 4C?(p)|X|+1/2,0

p,R ≤ 1/2, the map Y 7→ φY (X) defines a

bounded linear operator fromM−1/2,j
p,R toM+1/2,j

p,R for all j ∈ Z. In particular:

|φY (X)|+1/2,j
p,R ≤ 16n|Y |−1/2,j

p,R .

2. For a fixed Y ∈M−1/2,0
p,R , the Fréchet derivative of φY at X ∈M+1/2,0

p,R , with 4C?(p)|X|+1/2,0
p,R ≤

1/2, denoted by dφY (X), satisfies:

‖dφY (X)‖R := sup
j∈Z

sup
|H|+1/2,j

p,R ≤1

|dφY (X)[H]|+1/2,j
p,R ≤ 256nC?(p)|Y |−1/2,0

p,R .
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Proof. 1. Estimate for φY (X). Let X ∈ M+1/2,0
p,R be fixed and consider Y ∈ M−1/2,j

p,R . From Lemma
B.3.2, the adjoint operator ad−X is a bounded linear operator with norm:

‖ad−X‖R ≤ 4C?(p)|X|+1/2,0
p,R ≤ 1

2
.

Consequently, the operators E(X) =
∑∞

k=0
1
k!(ad−X)k andB(X) =

∑∞
k=0 βk(ad−X)k are well-defined

and bounded. In fact, under the assumption 4C?(p)|X|+1/2,0
p,R ≤ 1/2, we provide a coarse estimate for

their norms by dominating the Taylor coefficients with 1:

‖E(X)‖R, ‖B(X)‖R ≤
∞∑
k=0

‖ad−X‖kR ≤ 2. (B.5)

Let Z = ΠrgB(X)Πrg(E(X)Y ). Since both the adjoint action and the projectors preserve the momen-
tum conservation condition, Z ∈M−1/2,j

p,R ∩ range(Ln/2). Using ‖Πrg‖ ≤ 1, we obtain:

|Z|−1/2,j
p,R ≤ ‖B(X)‖R‖E(X)‖R|Y |−1/2,j

p,R ≤ 4|Y |−1/2,j
p,R .

Finally, by applying the smoothing estimate for L−1
λ from Lemma B.2.1, we have

|φY (X)|+1/2,j
p,R ≤ 4n|Z|−1/2,j

p,R ≤ 16n|Y |−1/2,j
p,R ,

yielding the first claim.

2. Estimate for the derivative dφY (X). Fix Y ∈M−1/2,0
p,R . The Fréchet derivative dφY (X) in a direction

H ∈M+1/2,j
p,R is computed via the Leibniz rule applied to T (X) = B(X)ΠrgE(X):

dT (X)[H] = (dB(X)[H])ΠrgE(X) + B(X)Πrg(dE(X)[H]).

To justify the estimates for the differentials, consider a generic power series S(X) =
∑∞

k=0 ak(ad−X)k.
Its Fréchet derivative in the direction H is obtained by differentiating each term of the expansion:

dS(X)[H] =
∞∑
k=1

ak

k−1∑
m=0

(ad−X)m ◦ ad−H ◦ (ad−X)k−1−m.

By taking the operator norm ‖ · ‖R, and using the sub-multiplicativity of the norm, we have:

‖dS(X)[H]‖R ≤ ‖ad−H‖R
∞∑
k=1

|ak|k‖ad−X‖k−1
R .

Dominating the coefficients |ak| with 1 and recalling the identity for the derivative of a geometric series∑∞
k=1 kρ

k−1 = (1− ρ)−2, we obtain the bound:

‖dS(X)[H]‖R ≤
‖ad−H‖R

(1− ‖ad−X‖R)2
.

In view of Lemma B.3.2, we have ‖ad−X‖R ≤ 4C?(p)|X|+1/2,0
p,R , thus the differentials of B(X) and

E(X) satisfy:

‖dB(X)[H]‖R ≤
‖ad−H‖R

(1− 4C?(p)|X|+1/2,0
p,R )2

, ‖dE(X)[H]‖R ≤
‖ad−H‖R

(1− 4C?(p)|X|+1/2,0
p,R )2

.
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Combining these with (B.5) and using 4C?(p)|X|+1/2,0
p,R ≤ 1/2, we find:

‖dT (X)[H]‖R ≤
‖ad−H‖R

(1− 4C?(p)|X|+1/2,0
p,R )2

1

(1− 4C?(p)|X|+1/2,0
p,R )

+
1

(1− 4C?(p)|X|+1/2,0
p,R )

‖ad−H‖R
(1− 4C?(p)|X|+1/2,0

p,R )2

= 16‖ad−H‖R.

Applying the bound ‖ad−H‖R ≤ 4C?(p)|H|+1/2,j
p,R and Lemma B.2.1, we obtain

|dφY (X)[H]|+1/2,j
p,R ≤ 256nC?(p)|Y |−1/2,0

p,R |H|+1/2,j
p,R ,

which proves the estimate for ‖dφY (X)‖R and ends the proof. �

We are now in a position to prove the desired bounds for ∂zj (AP ◦ |∂|1/2) and ∂zj (LλAP ◦ |∂|1/2).

Lemma B.3.4. Given p > 3/2 and s ≥ 0, let n ∈ N and λ > 0 be such that |2λ− n| ≤ 1/2. Provided
that R ≤ (1024C?(p))

−1, for every j ∈ Z, the fixed point AP satisfies ∂zj (AP ◦ |∂|1/2) ∈M+1/2,j
p,R and

∂zj (LλAP ◦ |∂|1/2) ∈M−1/2,j
p,R . Furthermore, the following estimates hold:

|∂zj (AP ◦ |∂|1/2)|+1/2,j
p,R ≤ 16

n

λ
, |∂zj (LλAP ◦ |∂|1/2)|−1/2,j

p,R ≤ 4

λ
.

Proof. Let XP = AP ◦ |∂|1/2 and YP = P ◦ |∂|1/2. From Theorem 3.2.4, the fixed point satisfies
XP = φYP (XP ). By differentiating this identity with respect to zj , we obtain:

(Id− dφYP (XP )) [∂zjXP ] = φ∂zjYP (XP ). (B.6)

Let us first verify the regularity of the terms involved. By Lemma B.1.1, we have |YP |−1/2,0
p,R = R/(2λ)

and |∂zjYP |
−1/2,j
p,R ≤ 1/(2λ). Furthermore, Lemma B.2.2 ensures that XP ∈ M+1/2,0

p,R with the bound

|XP |+1/2,0
p,R ≤ 8Rn/λ ≤ 32R (using n/λ ≤ 4).

The requirements of Lemma B.3.3 are widely satisfied if R ≤ (1024C?)
−1. This ensures first that

4C?(p)|XP |+1/2,0
p,R ≤ 128C?(p)R ≤ 1/8 ≤ 1/2, so that the map φ and its Fréchet derivative are well-

defined. Moreover, by item (2) of Lemma B.3.3, we have:

‖dφYP (XP )‖R ≤ 128nC|YP |−1/2,0
p,R = 256C?(p)

nR

2λ
≤ 512C?(p)R ≤

1

2
.

This proves that the operator (Id − dφYP (XP )) is invertible via a Neumann series with norm bounded
by 2.

We can now derive the first estimate. Inverting (B.6) and applying point (1) of Lemma B.3.3, we get:

|∂zjXP |+1/2,j
p,R ≤ 2|φ∂zjYP (XP )|+1/2,j

p,R ≤ 2(16n)|∂zjYP |
−1/2,j
p,R .

Using the bound |∂zjYP |
−1/2,j
p,R ≤ 1/(2λ) from Lemma B.1.1, we obtain:

|∂zjXP |+1/2,j
p,R ≤ 16

n

λ
.
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For the second estimate, we define ZP = LλXP . Recalling the definition of the map φYP (XP ),

we have ZP = Πrg

(
B(XP )Πrg(e

ad−XP YP )
)

. To compute ∂zjZP , we apply the Leibniz rule to the
composition of operators:

∂zjZP = Πrg

(
(∂zjB(XP ))Πrg(e

ad−XP YP ) + B(XP )Πrg∂zj (e
ad−XP YP )

)
.

By further expanding the second term, we obtain three contributions:

I = (dB(XP )[∂zjXP ])ead−XP YP ,

II = B(XP )(dead−XP [∂zjXP ])YP ,

III = B(XP )ead−XP (∂zjYP ).

We now estimate each term using the bounds |∂zjXP |+1/2,j
p,R ≤ 16nλ ≤ 64 and R ≤ (1024C?(p))

−1.
For the terms I and II , the Fréchet derivatives of the analytic operators B and ead are bounded by

16C?(p). Combined with the fact that |YP |−1/2,0
p,R = R/(2λ), and the norms of the operators themselves

are bounded by 2, we have:

|I|−1/2,j
p,R + |II|−1/2,j

p,R ≤ 2

(
(16C?(p) · 64) · 2 · R

2λ

)
=

2048C?(p)R

λ
≤ 2

λ

Using ‖B(XP )‖R ≤ 2, ‖ead−XP‖R ≤ 2 and the bound |∂zjYP |
−1/2,j
p,R ≤ 1/(2λ) from Lemma B.1.1,

we get:

|III|−1/2,j
p,R ≤ 2 · 2 · 1

2λ
=

2

λ
.

Summing the contributions from I, II, and III , we obtain the claim. �

B.4 Estimate for the Correction to the Kernel Term

In this final section, we establish the fundamental estimates for the term P̃∞, defined as:

P̃∞ = Πker

(
(ead−AP − Id)P −

∞∑
k=2

adk−1
−AP
k!
LλAP

)
.

This su(1, 1)-valued map represents the O(|P |2) correction to the linear vector field resulting from the
reducibility procedure performed on the range of the operator Ln/2. Controlling this term is essential
for the analysis of the spectral gaps when viewed as functions of the variable z, defined by the scaling
|∂|1/2z = u.

The main goal is to provide suitable bounds for the norm of P̃∞◦|∂|1/2 and its derivative with respect
to zj . The result relies on a key observation regarding the action of ∂zj on the functional spaces defined

in this Appendix. Specifically, while the perturbation P ◦ |∂|1/2 belongs toM−1/2,0
p,R , its derivative with

respect to zj belongs toM−1/2,j
p,R . Similarly, the fixed point AP ◦ |∂|1/2 belongs toM+1/2,0

p,R , while its

derivative ∂zj (AP ◦ |∂|1/2) belongs toM+1/2,j
p,R .

These properties, proved in Lemmas B.1.1 and B.2.2, ensure that each term in the series defining P̃∞
is well-defined and bounded. More precisely, we have the following lemma.
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Lemma B.4.1. Let n ∈ N and λ > 0 such that |2λ − n| ≤ 1/2. For all p > 3/2 and every s ≥ 0, if
R ≤ (1024C?(p))

−1, then

P̃∞ ◦ |∂|1/2 ∈M−1/2,0
p,R and ∂zj (P̃∞ ◦ |∂|1/2) ∈M−1/2,j

p,R .

Moreover, the following bounds hold:

|P̃∞ ◦ |∂|1/2|−1/2,0
p,R ≤ nR2

λ2
, |∂zj (P̃∞ ◦ |∂|1/2)|−1/2,j

p,R ≤ nR

λ2
.

Proof. Let XP := AP ◦ |∂|1/2 ∈ M+1/2,0
p,R , YP := P ◦ |∂|1/2 ∈ M−1/2,0

p,R , and ZP := LλAP ◦ |∂|1/2 ∈
M−1/2,0

p,R . We consider the operator norm ρ := ‖ad−XP ‖R acting on the spacesM−1/2,j
p,R . From Lemma

B.3.2 and Lemma B.2.2, we have:

‖ad−XP ‖R ≤ 4C?(p)|XP |+1/2,0
p,R ≤ 32C?(p)R

n

λ
≤ 1

8
,

where we used the hypothesis R ≤ (1024C?(p))
−1.

Since ρ ≤ 1/8 < 1/2, the sum of the geometric series
∑∞

k=1 ρ
k = ρ/(1− ρ) is bounded by 2ρ. For

the first estimate, we sum the contributions of the two series defining P̃∞:

•
∣∣∣∣∑∞k=1

adk−XP
k! YP

∣∣∣∣−1/2,0

p,R

≤ 2ρ|YP |−1/2,0
p,R ≤ 2

(
32C?(p)R

n

λ

) R

2λ
= 32C?(p)R

nR2

λ2
.

•
∣∣∣∣∑∞k=2

adk−1
−XP
k! ZP

∣∣∣∣−1/2,0

p,R

≤ 2ρ|ZP |−1/2,0
p,R ≤ 2

(
32C?(p)R

n

λ

) 2R

λ
= 128C?(p)R

nR2

λ2
.

The total norm inM−1/2,0
p,R is bounded by 160C?(p)R

nR2

λ2
, which is strictly less than nR2/λ2.

For the second estimate, we differentiate the operator P̃∞ ◦ |∂|1/2 with respect to zj . Let Hj :=

∂zjXP ∈ M+1/2,j
p,R be the direction of differentiation. We first recall the operator bounds derived

from the previous lemmas. Let ρ := ‖ad−XP ‖R; from Lemma B.3.2 and Lemma B.2.2, we have
ρ ≤ 4C?(p)|XP |+1/2,0

p,R ≤ 32C?(p)R
n
λ ≤ 1/8. Furthermore, for any operator S(X) =

∑
ak(ad−X)k

with |ak| ≤ 1, its Fréchet derivative in the direction Hj satisfies

‖dS(X)[Hj ]‖R ≤
‖ad−Hj‖R
(1− ρ)2

≤ 16C?(p)|Hj |+1/2,j
p,R , (B.7)

where we used the estimate (1−1/8)−2 ≤ 4 and the commutator bound ‖ad−Hj‖R ≤ 4C?(p)|Hj |+1/2,j
p,R

from Lemma B.3.2. Applying the Leibniz rule to the definition of P̃∞, we obtain:

∂zj (P̃∞ ◦ |∂|1/2) = Πker

(
d(ead−XP − id)[Hj ]YP︸ ︷︷ ︸

I

+ (ead−XP − id)∂zjYP︸ ︷︷ ︸
II

− d

( ∞∑
k=2

adk−1
−XP
k!

)
[Hj ]ZP︸ ︷︷ ︸

III

−

( ∞∑
k=2

adk−1
−XP
k!

)
∂zjZP︸ ︷︷ ︸

IV

)
.

Using (B.7) and the operator norm bound ρ
1−ρ ≤ 2ρ, we estimate each term in M−1/2,j

p,R using the
estimates from Lemma B.1.1, Lemma B.2.2 and Lemma B.3.4:
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i) |I|−1/2,j
p,R ≤ 16C?(p)

(
nR
λ

)
|YP |−1/2,0

p,R ≤ 16C?(p)
(
nR
λ

) (
R
2λ

)
= 8C?(p)R

nR
λ2

.

ii) |II|−1/2,j
p,R ≤ 2ρ|∂zjYP |

−1/2,j
p,R ≤

(
64C?(p)R

n
λ

)
1

2λ = 32C?(p)R
n
λ2

.

iii) |III|−1/2,j
p,R ≤ 16C?(p)

(
nR
λ

)
|ZP |−1/2,0

p,R ≤ 16C?(p)
(
nR
λ

) (
2R
λ

)
= 32C?(p)R

nR
λ2

.

iv) |IV |−1/2,j
p,R ≤ 2ρ|∂zjZP |

−1/2,j
p,R ≤

(
64C?(p)R

n
λ

)
4
λ = 256C?(p)R

n
λ2

.

Summing these four contributions and using R ≤ (1024C?(p))
−1 we get

|∂zj (P̃∞ ◦ |∂|1/2)|−1/2,j
p,R ≤ (288 + 40R)C?(p)R

n

λ2
≤ 328C?(p)R

n

λ2
≤ n

λ2
,

concluding the proof. �



Appendix C

Product Topology

Definition C.0.1 (Product Topology). Let (Xk, τk)k∈N be a family of topological spaces and X :=∏
k∈NXk. The product topology τprod on X is the coarsest topology that makes all the projections

qk : X → Xk continuous. It is then clear that a basis for the product topology consists of all sets
obtained as finite intersections of sets of the form q−1

k (Ak), where Ak is open in Xk. An open cylinder is
a subset ofX of the form

∏
k∈NAk, where, for all k ∈ N,Ak ∈ τk, andAk 6= Xk only for a finite number

of k ∈ N. Therefore, the product topology on X is generated by the open cylinders, i.e., U ∈ τprod if and
only if U is an arbitrary union of open cylinders.

Remark C.0.2. Let (Xk, τk)k∈N be a family of topological spaces and X :=
∏
k∈NXk. If, for any

k ∈ N, (Xk, τk) is Hausdorff, then, (X, τprod) is Hausdorff.

Proposition C.0.3 (Convergence). A sequence (xn)n∈N in X converges if and only if, for every k ∈ N,
(xnk)n∈N converges in Xk.

Proof. Since all the projections qk : X → Xk are continuous, if (xn)n∈N converges to x in X , then
(xnk)n∈N converges to xk in Xk for each k ∈ N. Conversely, let x ∈ X and consider a sequence (xn)n∈N
such that, ∀k ∈ N, the sequence (xnk)n∈N converges to xk in Xk. Since any open set is union of open
cylinders, it is sufficient to show that, for any cyclinder containing x, ∃N ∈ N such that xn ∈ C ∀n > N .
So, let C =

∏
k∈NAk be an open cylinder such that, for all k ∈ N, xk ∈ Ak. Of course, there exists

K ∈ N such that Ak = Xk for all k > K. Now, by hypothesis, for any k ∈ N there is N(Ak) such that
xnk ∈ Ak for all n > N(Ak). But then, it is sufficient to take N := supk≤K N(Ak). �

Remark C.0.4. Let (X, d) be a metric space. The topology generated by the metric d coincides with the
topology generated by d′ := d/(1+d). In particular, if the goal is to study only the topological structure
of a metric space with metric d, one can always consider the metric d′, which takes values in [0, 1).

Let (Xk, dk)k∈N be a family of metric spaces such that, for every k ∈ N, dk : Xk ×Xk → [0, 1) .
For every k ∈ N, let τk be the topology on Xk generated by the metric dk. Let (ρk)k∈N be a sequence of
real numbers such that, ∀k ∈ N, ρk > 0, and

∑
k∈N ρk <∞. We define the metric on X :=

∏
k∈NXk

dρ : X ×X → [0,∞) , dρ(x, y) :=
∑
k∈N

ρkdk(xk, yk)

for every x = (xk)k∈N, y = (yk)k∈N ∈ X .

Theorem C.0.5. The topology on X generated by dρ coincides with τprod.
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Proof. Let C =
∏
k∈NAk ∈ τprod be an open cylinder such that each Ak is different from the empty set,

and take an arbitrary x = (xk)k∈N ∈ C. We show that there exists ε > 0 such that the dρ-ball of radius ε
centered at x, i.e., Bε(x, dρ), is entirely contained in C. Now, for every k ∈ N, there exists εk > 0 such
that Bεk(xk, dk) ⊂ Ak, because Ak belongs to τk, which is the topology generated by the metric dk. Let
ε := inf{ ρkεk : k ∈ N such that Ak 6= Xk}. Note that ε > 0 because Ak 6= Xk only for a finite
number of k ∈ N. Now, consider a generic y ∈ Bε(x, dρ). For every k such that Ak 6= Xk, we have that
ρkdk(xk, yk) ≤ dρ(x, y) < ε ≤ ρkεk (by construction). That is, dk(xk, yk) < εk. In particular yk ∈ Ak.
If instead k is such that Ak = Xk, there is nothing to check. Therefore, Bε(x, dρ) ⊂ C.

Now, we show that, given x ∈ X and ε > 0, there exists an open cylinder C =
∏
k∈NAk ∈ τprod

containing x such that C ⊂ Bε(x, dρ).
Let Λ ∈ N be such that

∞∑
k>Λ

ρk < ε/2.

Let ‖ρ‖∞ := supk∈N ρk and define a family (Ak)k∈N such that, for every k ≤ Λ,Ak := Bε/(2‖ρ‖∞Λ)(xk, dk),
and Ak = Xk for all k > Λ. Clearly, x ∈ C :=

∏
k∈NAk.

To show that the open cylinder C is entirely contained in Bε(x, dρ), consider an arbitrary y ∈ C. By
construction, for every k ≤ Λ, we have dk(xk, yk) < ε/(2‖ρ‖∞Λ). It follows that

dρ(x, y) =
∑
k∈N

ρkdk(xk, yk) =

Λ∑
k=1

ρkdk(xk, yk) +

∞∑
k>Λ

ρkdk(xk, yk)

≤ ‖ρ‖∞
Λ∑
k=1

dk(xk, yk) +

∞∑
k>Λ

ρk < ‖ρ‖∞Λ
ε

2‖ρ‖∞Λ
+
ε

2
= ε,

thereby establishing the claim. �



Appendix D

Realizations of TN into Sequence Spaces

We explore here some specific settings where the infinite torus TN endowed with the product topol-
ogy arises. To this end, let us first define the sequence spaces that will provide the framework for our
constructions.

For s ∈ R, we denote by hs the Sobolev-Hilbert space of sequences u = (uk)k∈N ∈ CN such that∑
k∈N k

2s|uk|2 <∞, endowed with its natural norm topology.
Furthermore, given a sequence of positive real numbers η = (ηk)k∈N, we define the weighted space

`∞η :=

{
u = (uk)k∈N ∈ CN : sup

k∈N
ηk|uk| <∞

}
,

which can be endowed either with the norm topology or with the weak-* topology.
To define the latter, we introduce the pre-dual space `11/η as the Banach space of sequences φ =

(φk)k∈N ∈ CN such that
‖φ‖`1

1/η
:=
∑
k∈N

η−1
k |φk| <∞.

The weak-* topology on `∞η is then the coarsest topology such that the linear functionals

`∞η 3 u 7→ 〈u, φ〉`∞η ,`11/η :=
∑
k∈N

ukφk ∈ C

are continuous for every φ ∈ `11/η.
In what follows, we construct suitable topological embeddings of TN into these spaces, considering

three distinct cases:

(i) the hs case with norm topology;

(ii) the `∞η case with weak-* topology;

(iii) the `∞η case with norm topology.

More specifically, let ξ = (ξk)k∈N be a sequence of non-negative real numbers with ξk > 0 for
infinitely many k ∈ N. We consider the set

Tξ :=
{
u = (uk)k∈N ∈ CN : |uk|2 = ξk, ∀k ∈ N

}
,

under the assumption that ξ satisfies suitable decay conditions such that Tξ ⊂ hs or Tξ ⊂ `∞η , depending
on the case.

In this appendix, we show that:
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• In Cases (i) and (ii), Tξ is always a realization of TN;

• In Case (iii), Tξ is a realization of TN if and only if limk→∞ η
2
kξk = 0.

It is worth mentioning that if the sequence of radii is eventually bounded away from zero on the
support of ξ, namely if infk∈S η

2
kξk > 0 where S = supp(ξ), then Tξ would instead inherit the structure

of a non-compact Banach manifold modeled on `∞.
To simplify the technical discussion, we observe that it is always possible to restrict our analysis to

the following normalized setting:

s = 0, ηk = 1, and ξk > 0 ∀k ∈ N. (D.1)

Indeed, the isometric isomorphisms

hs 3 u 7→ v := (ksuk)k∈N ∈ `2,
`∞η 3 u 7→ v := (ηkuk)k∈N ∈ `∞, (D.2)

are homeomorphisms with respect to the strong topologies and, in the case of (D.2), also with respect to
the weak-* topology.

Remark D.0.1. The map (D.2) is a weak-* homeomorphism as it is the adjoint of the isometric isomor-
phism between the pre-dual spaces f : `1 → `11/η defined by (f(φ))k = ηkφk for all φ ∈ `1 and k ∈ N.
Indeed, for any u ∈ `∞η and φ ∈ `1, the duality pairing satisfies

〈(ηkuk), φ〉`∞,`1 =
∑
k∈N

ηkukφk =
∑
k∈N

uk(ηkφk) = 〈u, f(φ)〉`∞η ,`11/η .

Since f is a topological isomorphism between the pre-duals, its adjoint is a homeomorphism between
the dual spaces endowed with their weak-* topologies.

Furthermore, let S := supp(ξ) be the set of indices where ξk > 0. For any k /∈ S, the condition
|uk|2 = ξk = 0 implies uk = 0. Consequently, the projection onto the coordinates in S,

ΠS : Tξ → CS ,

is a bijection onto its image and restricts to a homeomorphism in all the topological settings considered.
Since S is infinite, we can identify S with N through a monotonic reindexing, which preserves both the
decay properties of the sequences and the respective topologies. By virtue of these identifications, in the
following sections we shall assume the conditions in (D.1) to hold without loss of generality.

D.1 Embedding into `2

In this case, we assume ξ ∈ `1, which ensures Tξ ⊂ `2. We consider the map J : TN → `2 defined by

J (θ) :=
(√

ξke
iθk
)
k∈N

,

which is a bijection between the infinite torus TN and Tξ. To show that J is a homeomorphism, we
compare the product topology on TN with the topology induced by the `2-norm on Tξ.

Recall that the product topology on TN is metrizable; a suitable metric is given by

dTN(θ, ϕ) :=
∑
k∈N

ξk

∣∣∣eiθk − eiϕk
∣∣∣ ,
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where the weights ξk ensure the convergence of the series. On the other hand, the `2-distance between
u = J (θ) and v = J (ϕ) in Tξ is

d`2(u, v) = ‖u− v‖`2 =

√∑
k∈N

ξk |eiθk − eiϕk |2.

We first prove the continuity of J . For any ε > 0, we seek δ > 0 such that dTN(θ, ϕ) < δ implies
d`2(J (θ),J (ϕ)) < ε. Since |eiθk − eiϕk | ≤ 2, we have

d`2(J (θ),J (ϕ))2 =
∑
k∈N

ξk

∣∣∣eiθk − eiϕk
∣∣∣2 ≤ 2

∑
k∈N

ξk

∣∣∣eiθk − eiϕk
∣∣∣ = 2dTN(θ, ϕ).

Thus, it suffices to choose δ = ε2/2.
Conversely, we show that J −1 is continuous. For a fixed ε > 0, let N ∈ N be large enough such that

2
∑

k>N ξk < ε/2. Then, for any θ, ϕ ∈ TN,

dTN(θ, ϕ) <

N∑
k=1

ξk

∣∣∣eiθk − eiϕk
∣∣∣+

ε

2

≤

√√√√ N∑
k=1

ξk

√√√√ N∑
k=1

ξk |eiθk − eiϕk |2 +
ε

2

≤
√
‖ξ‖`1 d`2(J (θ),J (ϕ)) +

ε

2
,

where we applied the Cauchy-Schwarz inequality to the first N terms. By choosing δ = ε/(2
√
‖ξ‖`1),

we obtain that d`2(u, v) < δ implies dTN(θ, ϕ) < ε.

D.2 Embedding into `∞ with the Weak-* Topology

We consider the realization of the infinite torus TN as the subset Tξ of the Banach space `∞ endowed
with the weak-* topology. To ensure that Tξ ⊂ `∞, we assume that the sequence of radii satisfies
supk∈N ξk <∞.

First, let us characterize the topology of TN, which is defined as the product of circles T ∼= R/2πZ.
Since each factor T is homeomorphic to the unit circle U(1) ⊂ C via the map θ 7→ eiθ, the product
topology on TN is equivalent to the product topology on U(1)N. This topology is induced by any metric
of the form

dTN(θ, ϕ) =
∑
k∈N

ρk|eiθk − eiϕk |, (D.3)

where (ρk)k∈N is a summable sequence of positive weights.
Next, we describe the topology on the target space. The weak-* topology on `∞ is the coarsest

topology making the linear functionals u 7→
∑

k∈N ukφk continuous for all φ ∈ `1. A neighborhood of
a point u ∈ `∞ in this topology is given by a finite intersection of sets of the form

Vφ,ε(u) :=

{
v ∈ `∞ :

∣∣∣∣∣∑
k∈N

(uk − vk)φk

∣∣∣∣∣ < ε

}
, φ ∈ `1, ε > 0.

While the weak-* topology is not metrizable on the whole `∞, its restriction to any bounded set
is metrizable. Since Tξ is bounded, we can consider a ball BR := {u ∈ `∞ : ‖u‖`∞ ≤ R} with
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R >
√
‖ξ‖`∞ and define on it the metric

dw∗(u, v) :=
∑
k∈N

2−k|uk − vk|. (D.4)

To show that dw∗ induces the weak-* topology on BR, we verify that the two neighborhood systems
generate the same topology:

1. Any neighborhood Vφ,ε(u) contains a metric ball Bdw∗ (u, δ). Indeed, for a fixed φ ∈ `1, there
exists N ∈ N such that

∑
k>N |φk| < ε/(4R). For any v ∈ BR such that dw∗(u, v) < δ, the

definition of the metric implies 2−k|uk − vk| < δ for all k ∈ N. In particular, for all k ≤ N , we
have the uniform bound |uk − vk| < 2Nδ. By choosing δ < ε/(2 · 2N‖φ‖`1), we ensure that∣∣∣∣∣∑

k∈N
(uk − vk)φk

∣∣∣∣∣ ≤
N∑
k=1

|uk − vk||φk|+ 2R
∑
k>N

|φk| < 2Nδ
N∑
k=1

|φk|+
ε

2
< ε.

2. Any metric ball Bdw∗ (u, ε) contains a weak-* neighborhood. To see this, we first observe that for
any u, v ∈ BR, the distance between coordinates is uniformly bounded by |uk − vk| ≤ 2R. We
then choose an index N ∈ N such that

∞∑
k=N+1

2−k(2R) <
ε

2
.

Now, let A = {e1, . . . , eN} ⊂ `1 be the finite set of functionals from the canonical basis, and
consider the weak-* neighborhood

UA,ε/2(u) :=
{
v ∈ BR : |uk − vk| <

ε

2
, ∀k = 1, . . . , N

}
.

For any v ∈ UA,ε/2(u), the metric distance dw∗(u, v) satisfies:

dw∗(u, v) =
N∑
k=1

2−k|uk − vk|+
∞∑

k=N+1

2−k|uk − vk|

<
ε

2

(
N∑
k=1

2−k

)
+

∞∑
k=N+1

2−k(2R) < ε.

This proves the inclusion UA,ε/2(u) ⊂ Bdw∗ (u, ε).

Finally, we consider the map J : TN → Tξ defined by the coordinate-wise assignment

J (θ) :=
(√

ξke
iθk
)
k∈N

.

By construction, J is a bijection. To show it is a homeomorphism, we evaluate the metric dw∗ restricted
to the set Tξ. For any two points u = J (θ) and v = J (ϕ) in Tξ, the distance defined in (D.4) reads

dw∗(u, v) =
∑
k∈N

2−k
∣∣∣√ξkeiθk −

√
ξke

iϕk
∣∣∣ =

∑
k∈N

(
2−k
√
ξk

) ∣∣∣eiθk − eiϕk
∣∣∣ .

By identifying the weights in the product metric (D.3) as ρk := 2−k
√
ξk, which are strictly positive and

summable since supk ξk < ∞, the map J becomes an isometry between the metric spaces (TN, dTN)
and (Tξ, dw∗).

Since we have already established that dw∗ induces the weak-* topology on bounded sets of `∞,
it follows that J is a homeomorphism between the infinite torus TN and the set Tξ endowed with the
weak-* topology.
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D.3 Embedding into `∞ with the Strong Topology

In this section, we consider `∞ endowed with the strong (norm) topology induced by ‖u‖`∞ = supk∈N |uk|.
We prove that if limk→∞ ξk = 0, then the map J : TN → Tξ is a homeomorphism.

To show this, we verify that the product topology on TN and the norm topology on Tξ are equivalent
through J .

1. Continuity of J : Let ε > 0 and θ ∈ TN. Since
√
ξk → 0, there exists an index N ∈ N such that√

ξk < ε/2 for all k > N . We define a cylinder U in the product topology as:

U :=

{
ϕ ∈ TN : |eiθk − eiϕk | < ε

maxj≤N
√
ξj
, ∀k = 1, . . . , N

}
.

For any ϕ ∈ U , we evaluate the distance ‖J (θ)− J (ϕ)‖`∞ by splitting the supremum:

• For k ≤ N , the definition of U implies:√
ξk|eiθk − eiϕk | <

√
ξk

ε

maxj≤N
√
ξj
≤ ε.

• For k > N , the condition on the radii ensures:√
ξk|eiθk − eiϕk | ≤ 2

√
ξk < 2 · ε

2
= ε.

Since the supremum over all k ∈ N is less than ε, it follows that ‖J (θ)− J (ϕ)‖`∞ < ε, proving
continuity.

2. Continuity of J −1: Let u = J (θ) ∈ Tξ and let C be a basic cylinder centered at θ in TN, defined
by a finite set of indices K ⊂ N and open intervals of width δk > 0:

C = {ϕ ∈ TN : |eiθk − eiϕk | < δk, ∀k ∈ K}.

To prove that J −1 is continuous, we find ε > 0 such that B`∞(u, ε) ∩ Tξ ⊂ J (C). Since K is a
finite set and

√
ξk > 0 for all k, we can define:

ε := min
k∈K

(√
ξkδk

)
> 0.

Now, let v = J (ϕ) ∈ Tξ be any point such that ‖u−v‖`∞ < ε. By the definition of the supremum
norm, for each k ∈ K we have:√

ξk|eiθk − eiϕk | ≤ sup
j∈N

√
ξj |eiθj − eiϕj | = ‖u− v‖`∞ < ε.

Using the definition of ε, we observe that ε ≤
√
ξkδk for every k ∈ K. It follows that:√

ξk|eiθk − eiϕk | <
√
ξkδk.

Dividing by
√
ξk, we obtain |eiθk − eiϕk | < δk for all k ∈ K, which implies ϕ ∈ C. This confirms

that J −1 is continuous.

The condition limk→∞ ξk = 0 is essential. If it were not satisfied, say infk∈N ξk = c > 0, a norm-
ball of radius ε < c would impose a constraint on an infinite number of angles simultaneously. Such a
set cannot contain the image of any cylinder (which only constrains finitely many coordinates), and Tξ
would behave as a non-compact Banach manifold rather than a compact torus.





Appendix E

Algebraic Background

E.1 Localization of Abelian Groups

Definition E.1.1. Let S := Z \ {0} and G an abelian group. The localization of G by S is the set of
equivalence classes

S−1G :=

{
g

s
, g ∈ G, s ∈ S :

g

s
=
g′

s′
⇔ ∃n ∈ S such that n(sg′ − s′g) = 0 in G

}
.

Proposition E.1.2. S−1G is an abelian group with the operation

g

s
+
h

r
=
rg + sh

sr
(E.1)

Proof. First, observe that, given g ∈ G and s ∈ S, for any m ∈ S we have

g

s
=
mg

ms
. (E.2)

Now, let g, h, g′, h′ ∈ G and s, r, s′, r′ ∈ S be such that

g

s
=
g′

s′
and

h

r
=
h′

r′
.

Then, by definition, there exist n,m ∈ S such that n(sg′ − s′g) = m(rh′ − r′h) = 0. Thus,

g′

s′
+
h′

r′
=
r′g′ + s′h′

r′s′
=
nmrsr′g′ + nmrss′h′

nmrsr′s′
=
mr′rnsg′ + ns′smrh′

nmr′s′rs

=
mr′rns′g + ns′smr′h

nmr′s′rs
=
rg + sh

rs
=
g

s
+
h

r
.

So, the group operation (E.1) is well defined and, of course, it is associative. The identity element is
given by

0

1

and, given g ∈ G, s ∈ S,

−g
s

=
−g
s

=
g

−s
.

Finally, the commutativity property of the operation just defined follows trivially. �
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Definition E.1.3. An abelian group is said to be without torsion if there are no elements g ∈ G, g 6= 0,
that admit a non-zero integer n such that ng = 0.

Proposition E.1.4. If G is without torsion, the group homomorphism

ı : G→ S−1G, g 7→ g

1

is injective.

Proof. Assume g/1 = 0/1. Then, there exists n ∈ S such that n(1 · g− 1 · 0) = ng = 0. The statement
follows by the fact that G has not torsion elements. �

Proposition E.1.5. If G is without torsion, S−1G is a Q-vector space.

Proof. Being S−1G an abelian group, and hence a Z-module, it is sufficient to define an appropriate
notion of multiplication by rational scalars. For any rational number r ∈ Q and any g ∈ G, s ∈ S, we
define

r
g

s
=
pg

qs
,

where p ∈ Z and q ∈ S are such that r = p/q. By using (E.2), it is very easy to show that this operation
is well defined. �

Theorem E.1.6. Any countable abelian group without torsion can be canonically embedded in a count-
able vector space over Q.

Proof. The proof follows by Propositions E.1.2, E.1.4 and E.1.5, and by the fact that, if G is countable,
then S−1G is also countable. �

E.2 Basics of Abelian Groups

Definition E.2.1 (Independent Set). Let G be an abelian group. Given a set of indices J and a subset
{gj}j∈J of G, we say that {gj}j∈J is independent if and only if, for any ν ∈ Z(J),

∑
j∈J νjgj = 0

implies ν = 0; otherwise, we say that {gj}j∈J is dependent.

Definition E.2.2 (Maximal Independent Set). Let {gj}j∈J be an independent subset of the abelian group
G. If for any other g ∈ G, {gj}j∈J ∪ {g} is dependent, then, we say that {gj}j∈J is a maximal
independent subset of G. If we allow the group to have an infinite number of independent elements, then
we have to assume the axiom of choice for maximal independent sets to be well defined.

Proposition E.2.3. LetG be an abelian group without torsion. Then, all its maximal independent subsets
have the same cardinality.

Proof. We show that, for any maximal independent subset {gj}j∈J ⊂ G, {gj/1}j∈J is a basis for S−1G.
Then, the fact that, for a vector space, any basis has the same cardinality, yields to the conclusion. So,
let {gj}j∈J ⊂ G a maximal independent subset. First, observe that, for any g/s ∈ S−1G, g 6= 0, there
is a finite family of rational numbers (ri)i∈I , I ⊆ J , such that

g

s
=
∑
i∈I

ri
gi
1
.
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Indeed, let g 6= 0. Then, there exist m ∈ N and ν ∈ Z(J) such that mg =
∑

j∈J νjgj . Therefore,

g

s
=
mg

ms
=

∑
j∈J νjgj

ms
=
∑
j∈J

νj
ms

gj .

Furthermore, let (pj/qj)j∈I , I ⊆ J , be a finite family of rational numbers. Then,

∑
j∈I

pj
qj

gj
1

= 0 ⇒
∑
j∈I

pj

(∏
i 6=j

qi

)
gj = 0 ⇒ pj = 0, ∀j ∈ I.

This implies that {gj/1}j∈J is a basis for the Q-vector space S−1G. �

Definition E.2.4 (Rank). The rank of G is the cardinality of any maximal independent subset.

Proposition E.2.5. The rank of (Q,+), and that of any subgroup of it, is equal to 1.

Proof. For any a/b, c/d ∈ Q, there existm,n ∈ Z, not both vanishing, such thatm(a/b)+n(c/d) = 0.
In particular, if both a 6= 0 and c 6= 0, m = cb, n = −ad. �

Proposition E.2.6. The rank of Z(J) equals the cardinality of the set of indices J .

Proof. It is sufficient to observe that the subset {ej}j∈J ⊂ Z(J), is a maximal independent set. �

Theorem E.2.7. Let Φ : G → G′ be an isomorphism of abelian groups. Then, the rank of G coincides
with the rank of G′.

Proof. It is sufficient to prove the followings: (i) if g, h ∈ G are independent, then Φ(g) and Φ(h) are
independent; (ii) let {gj}j∈J be a maximal independent subset of G, then, for any g′ ∈ G′ there exist
m ∈ Z and ν ∈ Z(J) such that mg′ −

∑
j∈J νjΦ(gj) = 0.

Concerning (i), let n,m ∈ Z be such that nΦ(g) +mΦ(h) = 0. Then,

0 = Φ−1(0) = Φ−1(nΦ(g) +mΦ(h)) = Φ−1(Φ(ng +mh)) = ng +mh.

This implies that n = m = 0 because, by hypothesis, g and h are independent.
Now, we prove (ii). Let g′ ∈ G′ and g := Φ−1(g′). Since {gj}j∈J is a maximal independent subset

of G, there exist m ∈ Z and ν ∈ Z(J) such that mg −
∑

j∈J νjgj = 0. Then,

0 = Φ(0) = Φ

(
mg −

∑
j∈J

νjgj

)
= mg′ +

∑
j∈J

νjΦ(gj).

The proof is concluded. �

Definition E.2.8 (Free Abelian Group). An abelian group G is said to be free if there exists a maximal
independent subset {gj}j∈J of G such that, for any g ∈ G, there exists a unique ν ∈ Z(J) such that
g =

∑
j∈J νjgj . We call such subset ”basis”.

Corollary E.2.9. Let G be a free abelian group and {gj}j∈J a basis. Then G ∼= Z(J).

Proof. By definition, Z(J) 3 ν 7→
∑

j∈J νjgj is injective and surjective. �
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E.3 Subgroups of (Q,+)

Proposition E.3.1. Let G be a free subgroup of (Q,+). Then, G is isomorphic to Z.

Proof. By Proposition E.2.5, G has rank 1, and the only rank 1 direct sum of copies of Z is the direct
sum involving only one term (see Proposition E.2.6). Then, the claim follows by Theorem E.2.7. �

Corollary E.3.2. A subgroupG of (Q,+) is free if and only if there exists r ∈ Q such that for any g ∈ G
we have g = nr for some n ∈ Z.

Proof. Let Φ : Z→ G be an isomorphism. Define r = Φ(1). Then,

G = Φ(Z) = {Φ(n) : n ∈ Z} = {nΦ(1) : n ∈ Z} = {nr : n ∈ Z}.

The claim follows by Proposition E.3.1. �

Proof of Lemma 4.4.33. Assume by contradiction that G is free. By Corollary E.3.2, G = rZ for some
r ∈ Q. This prevents the existence of such a sequence. �

Theorem E.3.3 ([Bae37][BZ51][Fuc15]). Let Λ ∈
∏
j∈NN0 ∪ {∞}, (pj)j∈N the list of all prime num-

bers in ascending order, and i a natural number that is not divisible by pj if Λj > 0. Then, non-trivial
subgroups of the additive rationals are exactly all those groups of the form

S(i,Λ) :=

{
ni∏

j∈N pλjj
: λ ∈

⊕
j∈N

N0 ∩ {0, ...,Λj}, n ∈ Z
}
,

Moreover, S(i,Λ) ∼= S(i′,Λ′) if and only if Λj = Λ′j for almost all j, and, whenever they are different,
both are finite.

Proof of Lemma 4.4.24. With the same notations of Theorem E.3.3, if Λ ∈
∏
j∈NN0 ∪ {∞} satisfies∏

j∈N pΛj <∞, then S(i,Λ) = i(
∏
j∈N pΛj )−1Z.

So, let us focus on the case
∏
j∈N pΛj =∞. Let (bk)

∞
k=2 be the sequence

bk =

{
p` if k = pλ`` , for some ` ∈ N, λ` ∈ N, λ` ≤ Λ`,

0 otherwise

and construct a = (aj)j∈N by setting a1 := 1, aj := bkj for all j ≥ 2, where (kj)j∈N is the support of
the sequence (bk)k∈N, with kj < kj′ if j < j′. Now, given λ ∈

⊕
j∈NN0 ∩ {0, ...,Λj}, let N be the

natural number such that kN = pλj∗j∗ , with j∗ such that pλj∗j∗ ≥ pλjj for all j ∈ N. Then, for any n ∈ Z,

n∏∞
j=1 pλjj

=
n
∏∞
j=1 pλj−λjj∏N
j=1 aj

, (E.3)

where, for all j ∈ N, λj := max{λ ∈ {0, ...,Λj} | pλj ≤ pλj∗j∗ }. On the other hand, given m ∈ Z and
N ∈ N, there exists a unique λ ∈

⊕
j∈NN0 ∩ {0, 1, ...,Λj} such that

m∏N
j=1 aj

=
m∏∞

j=1 pλjj
. (E.4)
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Clearly, (E.3) and (E.4) are inverses of each other. Moreover, for all i ∈ N, the map

Q(a) 3 m∏N
j=1 aj

7→ mi∏∞
j=1 pλjj

∈ S(i,Λ),

where λ is defined in (E.4), is a homomorphism of groups. Therefore, for all i ∈ N, S(i,Λ) is isomorphic
to Q(a), with a ∈ Σ defined as above.

Conversely, given a = (ak)k∈N ∈ Σ, for all j ∈ N, let (Λ
(k)
j )k∈N be the list of natural numbers

defined by

ak =
∞∏
j=1

p
Λ
(k)
j

j .

We define Λ = (Λj)j∈N ∈
⊕

j∈NN0 ∪ {∞} as

Λj :=
∞∑
k=1

Λ
(k)
j . (E.5)

Note that
N∏
k=1

ak =
N∏
k=1

∞∏
j=1

p
Λ
(k)
j

j =
∞∏
j=1

p
∑N
k=1 Λ

(k)
j

j ,

which implies that, for all i ∈ N, Q(a) is isomorphic to S(i,Λ), with Λ as in (E.5), via the map

Q(a) 3 m∏N
k=1 ak

7→ n∏∞
j=1 pλjj

∈ S(i,Λ), n = m, λj =

N∑
k=1

Λ
(k)
j .

This ends the proof. �
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Mathématiques Pures et Appliquées, 20:137–138, 1855.
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ematical Notes].
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