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Gibbsian line ensembles are families of Brownian lines arising in many
natural contexts such as the level curves of three dimensional Ising inter-
faces, the solid-on-solid model, multilayered polynuclear growth, trajectories
of eigenvalues as the entries of the corresponding matrix perform diffusions,
to name a few. In particular, line ensembles with area tilt potentials play a
significant role in the study of wetting and entropic repulsion phenomena. An
important example is a class of nonintersecting Brownian lines above a hard
wall, which are subject to geometrically growing area tilt potentials, which
we call the λ-tilted line ensemble, where λ > 1 is the parameter governing
the geometric growth. The model was introduced in (Electron. J. Probab. 24
(2019) 37) as a putative scaling limit of the level lines of entropically re-
pulsed solid-on-solid interfaces. While this model has infinitely many lines
and is nonintegrable, the case of the single line, known as the Ferrari–Spohn
diffusion, is well studied (Ann. Probab. 33 (2005) 1302–1325). In this article
we address the problem of classifying all Gibbs measures for λ-tilted line en-
sembles. A stationary infinite volume Gibbs measure was already constructed
in (Electron. J. Probab. 24 (2019) 37; In Statistical Mechanics of Classical
and Disordered Systems (2019) 241–266 Springer), and the uniqueness of
this translation invariant Gibbs measure was established in (Probab. Math.
Phys. 6 (2025) 195–239). Our main result here is a strong characterization
for Gibbs measures of λ-tilted line ensembles in terms of a two parameter
family. Namely, we show that the extremal Gibbs measures are completely
characterized by the behavior of the top line X1 at positive and negative in-
finity, which must satisfy the parabolic growth

X1(t)= t2 +L|t |1t<0 +R|t |1t>0 + o
(︁|t |)︁ as |t | →∞,

where L, R are real parameters, including −∞, with L+ R < 0, while the
lower lying lines remain uniformly confined. The case L= R =−∞ corre-
sponds to the unique translation invariant Gibbs measure. The result bears
some analogy to the Airy wanderers, an integrable model introduced and
studied in (Ann. Probab. 38 (2010) 714–769) in the context of the Airy line
ensemble, except in this case only the top line can wander, owing to the ge-
ometrically increasing nature of the area tilting factor. A crucial step in our
proof, which holds independent significance, is a complete characterization
of the extremal Gibbs states associated to a single area-tilted Brownian ex-
cursion, describing the equilibrium states of the top line when the lower lines
are absent, and which can be interpreted as nontranslation invariant versions
of the Ferrari–Spohn diffusion.
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1. Introduction and main results. Random fields consisting of interacting Brownian
lines form a significant class of probabilistic models referred to as line ensembles (LE). These
emerge as natural limiting objects of several fundamental models ranging from statistical
mechanics to random matrix theory.

A key example is Dyson Brownian Motion (DBM) describing the evolution of the eigen-
values of random matrices from the Gaussian unitary ensemble. Here the interaction is given
by the constraint of nonintersection. In a breakthrough work [12], Corwin and Hammond
constructed the edge scaling limit of DBM, a fundamental limiting random field known as
the Airy line ensemble, which is a central object in the Kardar–Parisi–Zhang (KPZ) uni-
versality class [11, 13, 30, 31]. While the determinantal structure of DBM was used to prove
finite dimensional convergence, the requisite tightness and regularity estimates were obtained
using probabilistic and geometric ideas exploiting a Gibbs resampling invariance property of
DBM. A family of modified Airy processes, termed as the Airy wanderers, giving rise to
different universality classes, was introduced in [1].

A related class of models is obtained by adding an area tilt potential which attracts each
Brownian line to an underlying hard wall, while keeping the nonintersection constraint. The
case of a single line is already an important one. The main object in this case was constructed
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FIG. 1. Illustration of an extremal Gibbs state where the top line satisfies X1(t) = t2 + L|t |1t<0 +
R|t |1t>0 + o(|t |) as |t | →∞, and the lower lines are uniformly confined.

by Ferrari and Spohn [18] as the scaling limit of Brownian motion with circular or parabolic
barriers and is known as the Ferrari–Spohn (FS) diffusion. It was then shown that the FS
diffusion is the natural limiting object for a class of interface models arising in the analysis
of the wetting phenomenon in statistical mechanics [20, 24, 26].

If several lines are considered and all lines are subject to the same area tilt potential, one
obtains another interesting line ensemble known as the Dyson Ferrari–Spohn (DFS) ensem-
ble; see [15, 16, 27, 28]. The exchangeability of the model, through the Karlin–McGregor
formula, allows a determinantal description of the DFS ensemble. If instead the area tilts
have varying strengths, then the integrability is lost. An example is the model with geometric
area tilts, introduced in [8, 9] and referred to as the λ-tilted LE, where the ith line, counting
from the top, feels a strength proportional to λi , and λ > 1 is a fixed parameter determining
the rate of geometric growth of the strength of the tilting. The λ-tilted LE is believed to be the
limiting object for the level lines of entropically repulsed interfaces in statistical mechanics
models such as the three-dimensional Ising and the (2+1)-dimensional solid-on-solid (SOS)
model at low temperature; see [5, 6, 10, 23, 32]. We refer to [8] for a more detailed discussion
of the motivation behind the λ-tilted LE. We also refer to [4, 17, 25, 29] for further examples
of line ensembles arising as scaling limits of the level lines of microscopic crystal shapes.

Due to the rapid increase of the strength of the attraction to the hard wall of the low
lying lines, the λ-tilted LE exhibits a strong form of confinement, and there exists a well
defined stationary line ensemble with infinitely many lines, which can be defined by taking
infinite volume limits of fields induced by zero or free boundary conditions; see [8, 9, 14].
Furthermore, several properties, such as uniqueness, ergodicity and optimal tail estimates, for
this limiting object were recently derived in [7].



CHARACTERIZING GIBBS STATES FOR AREA-TILTED BROWNIAN LINES 2199

Since the seminal work of Corwin and Hammond [12], it has been become evident that
a compelling approach to studying line ensembles is to treat them as Gibbs measures. The
local resampling properties inherited by the Markov property of Brownian motion, known
as Brownian–Gibbs in this context, is indeed one of the key tools for analyzing such ran-
dom fields. This leads naturally to the investigation of questions of uniqueness, ergodicity,
breaking of translation invariance symmetry and characterization of the extremal Gibbs mea-
sures. While these are well-studied questions within the context of random fields indexed by
a discrete parameter, such as lattice spin systems and random interfaces [22, 33], their in-
vestigation in the setting of line ensembles is relatively new. We refer to the recent extensive
work of Aggarwal and Huang [3] for a strong characterization result in the case of the Airy
line ensemble.

The aim of this paper is to give a complete characterization of the extremal Gibbs measures
for area-tilted line ensembles. The main focus will be on λ-tilted LE consisting of infinitely
many lines with geometric area tilt. While the case of stationary Gibbs measures was set-
tled in [7], which proves a strong uniqueness statement for such line ensembles, the case
of nonstationary Gibbs measures remained fully open. Here we reveal an explicit geometric
structure which characterizes the nonstationary extremal Gibbs measures in terms of parabol-
ically growing boundary conditions. Related results can be obtained for the DFS ensemble
with a finite number of lines as well, but we have chosen not to include them in this paper to
maintain a manageable length; see, however, the remark at the end of the Introduction for a
more specific comment.

We now turn to a detailed description of our main results. A key ingredient in our analysis
involves understanding the behavior of the top line of the λ-tilted LE. Therefore, the first step
of our analysis characterizes the possible equilibrium states of the top line when the lower
lines are absent. This complete characterization of the extremal Gibbs states associated to a
single area-tilted path, which will serve as one of the key inputs for our multiline analysis, is
our first main result.

1.1. Gibbs measures for the area-tilted one-line ensemble. We start with the definition of
the one-line ensemble corresponding to area-tilted Brownian excursions. We let 𝒞 = 𝒞(ℝ,ℝ)

denote the space of continuous functions from ℝ to ℝ, equipped with the topology of uniform
convergence over compact sets. Similarly, for real numbers ℓ < r , we write 𝒞ℓ,r for the set of
continuous functions from [ℓ, r] to ℝ. We use 𝒫 and 𝒫ℓ,r for the set of probability measures
over 𝒞 and 𝒞ℓ,r , respectively, equipped with the corresponding Borel σ -algebra. We also
write 𝒫+ ⊂ 𝒫 for the probability measures supported on positive paths. For a probability
measure μ, we sometimes write X ∼ μ if X is a random variable with law μ and 𝔼X∼μ for
the corresponding expectation.

DEFINITION 1.1 (Area-tilted Brownian excursion). Let Bx,y
ℓ,r ∈ 𝒫ℓ,r be the law of the

Brownian bridge on [ℓ, r] pinned at x and y at time ℓ and r , respectively. For any a ≥ 0,
x, y > 0, the area-tilted Brownian excursion from x to y with strength a, denoted by ℒx,y

ℓ,r , is
the tilted form of Bx,y

ℓ,r , defined by

dℒx,y
ℓ,r

dBx,y
ℓ,r

(X)= 1

Z
exp

(︃
−a

∫︂ r

ℓ
X(t)dt

)︃
1X∈Ω+ℓ,r

,

where Ω+ℓ,r = {X ∈ 𝒞ℓ,r :X(t) > 0,∀t ∈ (ℓ, r)} is the set of continuous positive functions on
the interval (ℓ, r) and Z =Z(a;x, y;ℓ, r) is the normalization factor

Z = 𝔼X∼Bx,y
ℓ,r

[︃
exp

(︃
−a

∫︂ r

ℓ
X(t)dt

)︃
1X∈Ω+ℓ,r

]︃
.
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We sometimes write ℒa;x,y
ℓ,r if the parameter a needs to be emphasized. Unless otherwise

stated, the parameter a will be taken to be equal to 2; see Remark 1.4.

Note that Z > 0, and thus ℒx,y
ℓ,r is well defined, for any x, y > 0. Using a limiting sequence

x→ 0, it is also possible to define the measures ℒ0,y
ℓ,r , ℒy,0

ℓ,r and ℒ0,0
ℓ,r ; see, for example, [9, 12].

We often use the shorthand notation Bx
ℓ,r for Bx,x

ℓ,r and ℒx
ℓ,r for ℒx,x

ℓ,r . Moreover, when the time
interval is symmetric, we write ℒx

T = ℒx,x
−T ,T and ℒx,y

T = ℒx,y
−T ,T , T > 0.

DEFINITION 1.2 (Area-tilted Brownian–Gibbs measure). A probability measure μ ∈ 𝒫+
is said to have the a-area-tilted Brownian–Gibbs property for some parameter a > 0, if for
every ℓ < r ∈ℝ, x, y > 0, the conditional distribution of X on the interval (ℓ, r), given X on
ℝ \ (ℓ, r), has the law of the area-tilted Brownian excursion with parameter a on [ℓ, r] with
the endpoints X(ℓ), X(r). Formally, if X ∼ μ, and F : Ω+ℓ,r → ℝ is bounded measurable,
then

𝔼
[︁
F(X)|ℬe

ℓ,r

]︁= 𝔼
Y∼ℒa;X(ℓ),X(r)

ℓ,r

[︁
F(Y )

]︁
,

where ℬe
ℓ,r = σ(Xt : t /∈ (ℓ, r)) is the σ -algebra generated by the variables X(t), t ∈ℝ\(ℓ, r).

We call 𝒢 = 𝒢(a) ⊂ 𝒫+ the set of probability measures with the above property. Unless
otherwise stated, we take a = 2.

It follows from general facts that 𝒢 is a simplex, namely, that every μ ∈ 𝒢 can be written
uniquely as a convex combination of extremal elements of 𝒢; see, for example, Theorem 7.26
in [22]. We denote the latter set by 𝒢ext. An example of μ ∈ 𝒢 is the Ferrari–Spohn state
μFS. The latter is the law of a stationary, ergodic process, known as Ferrari–Spohn diffusion
{X(t), t ∈ℝ}, such that X(0) has density proportional to

Ai
(︁ 3
√

2ax −ω1
)︁21x>0,

where Ai(·) is the Airy function and −ω1 denotes its largest zero. We refer to [18] for the
original construction and to [26] for the representation in terms of area-tilted excursions.

For any h ∈ℝ, μ ∈ 𝒢, we write θhμ for the push forward under time translation by h, that
is, X(·) ∼ μ iff X(· − h) ∼ θhμ. The Ferrari–Spohn state is translation invariant: θhμ

FS =
μFS for all h ∈ ℝ. Our main result concerning one-line ensembles establishes that μFS is
the only translation invariant state and that all nontranslation invariant extremal states grow
parabolically up to a linear correction at infinity and are, in fact, characterized by their linear
correction term. We introduce the set of pairs of admissible linear slopes,

(1.1)
𝒯 = {︁(L,R) ∈ [−∞,∞)2 : L+R < 0

}︁
= 𝒯−∞,−∞ ∪ 𝒯−∞,ℝ ∪ 𝒯ℝ,−∞ ∪ {︁(L,R) ∈ℝ2 : L+R < 0

}︁
,

where 𝒯−∞,−∞ = {−∞}×{−∞}, while 𝒯−∞,ℝ = {−∞}×ℝ and 𝒯ℝ,−∞ =ℝ×{−∞}. The
following theorem states in particular that there is a bijection (L,R)↔ νL,R between 𝒯 and
𝒢ext and that the map is such that the path XL,R with law νL,R has the asymptotic behavior

(1.2)
XL,R(t)= t2 +L|t | + o

(︁|t |)︁, t →−∞,

XL,R(t)= t2 +Rt + o(t), t →+∞.

THEOREM 1.3 (The set 𝒢ext). For any μ ∈ 𝒢ext, there exists a pair (L,R) ∈ 𝒯 such that
the following two limits exist μ-almost surely:

L= lim
t→−∞

X(t)− t2

|t | , R = lim
t→∞

X(t)− t2

t
.(1.3)
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Conversely, for any (L,R) ∈ 𝒯 , there exists a unique νL,R ∈ 𝒢ext such that (1.3) holds for μ=
νL,R . If (L,R) ∈ 𝒯−∞,−∞, then ν−∞,−∞ = μFS, and μFS is the only translation invariant
element of 𝒢. Moreover, for any h ∈ℝ and (L,R) ∈ 𝒯 ,

θhνL,R = νL+2h,R−2h,(1.4)

with the convention −∞+ x =−∞, for all x ∈ℝ.

It will be convenient to adopt the notation μK = ν−2K,−2K , which, by the existence and
uniqueness assertion above, is a well-defined extremal Gibbs state for all K ∈ (0,∞]. Our
proof will also show that μK is symmetric with respect to reflection around the origin. Note
that any μ ∈ 𝒢ext, except for the special cases of νL,R with (L,R) ∈ 𝒯−∞,ℝ ∪ 𝒯ℝ,−∞, can be
recovered as a time shift of μK , for some K ∈ (0,∞] since, according to (1.4), for any h ∈ℝ

and K ∈ (0,∞], one has

θhμK = ν−2K+2h,−2K−2h.

As we will see, a natural way to construct the measures νL,R is by taking the infinite vol-
ume limit T →∞ of the measures ℒxT ,yT

T on the interval [−T ,T ] with boundary conditions

(1.5) xT = T 2 +LT, yT = T 2 +RT,

with the case L=−∞ (resp., R =−∞) obtained by a suitable limiting procedure. Finally,
as the proof will show, it will turn out that, when L and R are finite, the o(|t |) terms in (1.2)
will essentially be diffusive, that is, O(

√|t |), owing to Brownian fluctuations.

REMARK 1.4. We will make use of an equivalent representation of the area-tilted excur-
sion X ∼ ℒx,y

T as the path Y + p, where p is the parabola

p : t ↦→ t2

and Y has the law of the Brownian bridge Bx′,y′
T on the interval [−T ,T ], with boundary data

x′ = x − T 2, y′ = y − T 2, conditioned to stay above the negative parabola −p. This rep-
resentation is an immediate consequence of Girsanov’s formula; see Lemma 2.4 below. We
remark that if the strength a > 0 is taken to be different from 2, then the same representation
holds with the parabola p replaced by p(a) : t ↦→ a

2 t2. In particular, the same statements from
Theorem 1.3 hold, but we have to replace the parabolas T 2 +LT and T 2 +RT in (1.5) and
(1.3) by a

2T 2 +LT and a
2T 2 +RT .

We turn to a description of our main results concerning the λ-tilted LE with infinitely many
lines.

1.2. Gibbs measures for infinitely many lines with geometric area tilt. We start by defin-
ing, analogous to the one-line case, the Gibbs measures corresponding to a finite interval with
finitely many lines. For ℓ < r , n ∈ℕ and x, y ∈ℝn, let B

x,y

n;ℓ,r denote the law of n independent

Brownian bridges X = (X1(s), . . . ,Xn(s)), s ∈ [ℓ, r], pinned at Xi(ℓ)= xi and Xi(r)= yi ,
i = 1, . . . , n. Let 𝔸+n ⊆ (ℝ+)n be defined by

𝔸+n =
{︁
x ∈ℝn : x1 > x2 > x3 > · · ·> xn > 0

}︁
,

and write Ω+n;ℓ,r for the set of positive nonintersecting n-tuples X,

(1.6) Ω+n;ℓ,r =
{︁
X ∈ (𝒞ℓ,r )

n :X(t) ∈𝔸+n , ∀t ∈ (ℓ, r)
}︁
.
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This set is equipped with the topology of uniform convergence over compact sets and with
the corresponding Borel σ -algebra. Let 𝒫+n;ℓ,r denote the set of probability laws on Ω+n;ℓ,r .

The potential is such that the ith path Xi has an area tilt of the form

exp
(︃
−aλi−1

∫︂ r

ℓ
Xi(s) ds

)︃
, i = 1, . . . , n,

where a > 0 and λ > 1 are fixed constants. As before, without loss of generality we fix a = 2,
unless otherwise stated. Everything in the sequel will hold for any fixed value of λ > 1, which
will often be omitted in our notation.

DEFINITION 1.5 (Finite λ-tilted LE). Given n ≥ 1, and x, y ∈ 𝔸+n , ℓ < r , we consider

the probability measure ℒx,y

n;ℓ,r ∈ 𝒫+n;ℓ,r , defined by

dℒx,y

n;ℓ,r
dB

x,y

n;ℓ,r
(X)= 1

Z
exp

(︄
−a

n∑︂
i=1

λi−1
∫︂ r

ℓ
Xi(t)dt

)︄
1X∈Ω+n;ℓ,r ,

(1.7)

where Z = Z(a,λ;n;x, y;ℓ, r) is the normalizing constant

Z = 𝔼
X∼B

x,y

n;ℓ,r

[︄
exp

(︄
−a

n∑︂
i=1

λi−1
∫︂ r

ℓ
Xi(t)dt

)︄
1X∈Ω+n;ℓ,r

]︄
.

The measure ℒx,y

n;ℓ,r and the corresponding random paths X ∈ Ω+n;ℓ,r are called the λ-tilted

LE with n lines. We write ℒa;x,y

n;ℓ,r if the overall strength a needs to be emphasized and will
tacitly assume that a = 2 otherwise.

Clearly, when n= 1, we are back to the one-line model from Definition 1.1. The partition
function Z and, therefore, the measure ℒx,y

n;ℓ,r is well defined for all x, y ∈ 𝔸+n , and one can
take limits to obtain a well-defined measure with x and y in the closure of 𝔸+n . In particular,

the measure ℒ0,0
n;ℓ,r with zero boundary conditions is well defined; see [8]. As in the one-line

case, we often use the shorthand notation ℒx

n;T for ℒx,x

n;−T ,T .
In order to define the infinite line ensemble, we introduce the notation 𝔸+∞ for the n=∞

version of the set 𝔸+n . The sample space is Ω+∞ = 𝒞(ℝ,𝔸+∞), the set of continuous functions
f :ℝ ↦→𝔸+∞, regarded as an infinite collection of ordered paths, equipped with the topology
of uniform convergence of any finite number of paths on compact time intervals and with
the corresponding Borel σ -field ℬ. Similarly, Ω+∞;ℓ,r = 𝒞([ℓ, r],𝔸+∞) is the sample space for

finite time intervals. We write 𝒫+∞ and 𝒫+∞;ℓ,r for the set of probability measures on Ω+∞ and

Ω+∞;ℓ,r , respectively. For each n ∈ℕ and finite time interval [ℓ, r] ⊂ℝ, let

ℬe
n;ℓ,r = σ

(︁
Xi(t) : either t /∈ (ℓ, r) or i > n

)︁
(1.8)

denote the external σ -algebra. Given a continuous function h :ℝ ↦→ℝ+, we write ℒx,y

n;ℓ,r [h] ∈
𝒫+n;ℓ,r for the law of the n-line ensemble with floor h, that is, the measure obtained by condi-

tioning ℒx,y

n;ℓ,r in (1.7) on the event that the lowest path Xn satisfies Xn(s) > h(s), ∀s ∈ (ℓ, r).

DEFINITION 1.6 (λ-tilted LE). A probability measure μ ∈ 𝒫+∞ is said to have the
Brownian–Gibbs property with respect to (a, λ)-geometric area tilts (or, in short, simply the
BG property) if for any bounded measurable F :Ω+∞;ℓ,r ↦→ℝ, the corresponding conditional
expectations 𝔼[·|ℬe

n;ℓ,r ] satisfy

(1.9) 𝔼
[︁
F(X)|ℬe

n;ℓ,r
]︁= 𝔼

Y∼ℒX≤n(ℓ),X≤n(r)
n;ℓ,r [Xn+1]

[︁
F
(︁
Y ,X>n)︁]︁,
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μ-a.s. for any−∞< ℓ < r <∞ and n ∈ℕ. In (1.9) we use the notation X≤n = (X1, . . . ,Xn)

and X>n = (Xn+1,Xn+2, . . . ). A probability measure μ ∈ 𝒫+∞ with the above BG property
is called a λ-tilted Gibbs measures, or λ-tilted LE.

We note that the BG property only specifies the conditional law of finitely many paths
on a finite domain. Thus, if X ∼ μ satisfies the BG property, then for any constant c > 0,
X + c = (Xi + c)i≥1 also satisfies the BG property, since the area increase for each curve
on a given finite domain is deterministic, and the Brownian bridge density is invariant under
shifting by a constant. This shift can be also thought of as raising the hard floor from 0 to
c. To ensure that the floor indeed stays at zero, throughout this article we will be always
considering LEs satisfying the following property.

DEFINITION 1.7 (Asymptotically pinned to zero and the set 𝒢∞). A probability measure
μ ∈ 𝒫+ is said to be asymptotically pinned to zero if for any ε > 0 and T > 0, there exists
k = k(T , ε) such that

ℙ
(︂

sup
s∈[−T ,T ]

Xk(s)≤ ε
)︂
≥ 1− ε.

We write 𝒢∞ = 𝒢∞(a, λ) for the set of λ-tilted Gibbs measures which are asymptotically
pinned to zero.

As before, the set 𝒢∞ is a simplex, and we write 𝒢∞,ext for the set of extremal Gibbs
measures. An example of a Gibbs measure μ ∈ 𝒢∞ can be obtained by taking the limits as
T →∞ and n→∞ (in arbitrary order) of the zero boundary measures ℒ0

n;T ; see [9]. We

call μ0 this Gibbs measure and refer to it as the zero boundary LE. Moreover, it is known that
the same measure can be obtained by taking limits with free or bounded boundary conditions;
see [14] and [7]. It was also shown in [7] that μ0 is mixing, and thus ergodic, and is the only
stationary element of 𝒢∞. We write again θh for the time translation acting on probability
measures 𝒫+∞ so that θhμ

0 = μ0 for all h ∈ℝ.
Our main result is a complete characterization of the set 𝒢∞,ext. Perhaps somewhat surpris-

ingly on first glance, it turns out that these measures are uniquely determined by the behavior
at infinity of their top line X1. As in the case of the one-line ensemble, the key identify-
ing feature is the linear deviation from the main parabolic behavior. In fact, the statement
is essentially identical to that of Theorem 1.3, provided one replaces the single line by the
top line X1. On the other hand, the lower lying paths satisfy a strong form of confinement.
In particular, letting 𝒯 be the set of linear slopes defined by (1.1), we establish a bijection
(L,R)↔ ν∞,L,R between 𝒯 and 𝒢∞,ext such that the paths XL,R with law ν∞,L,R have the
asymptotic behavior

(1.10)

X1
L,R(t)= t2 +L|t | + o

(︁|t |)︁, t →−∞,

X1
L,R(t)= t2 +Rt + o(t), t →+∞,

λk/3Xk
L,R(t)=O(1),

uniformly in k ≥ 2. See Figure 1.

THEOREM 1.8 (The set 𝒢∞,ext). For any μ ∈ 𝒢∞,ext, there exists a pair (L,R) ∈ 𝒯 such
that the following two limits for the top path X1 exist μ-almost surely:

L= lim
t→−∞

X1(t)− t2

|t | , R = lim
t→∞

X1(t)− t2

t
.(1.11)
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Conversely, for any (L,R) ∈ 𝒯 , there exists a unique ν∞,L,R ∈ 𝒢∞,ext such that (1.11) holds
for μ= ν∞,L,R . When L= R =−∞, then ν∞,−∞,−∞ = μ0 is the zero boundary field, the
only translation invariant element of 𝒢∞. Moreover, for any h ∈ℝ, and (L,R) ∈ 𝒯 ,

θhν∞,L,R = ν∞,L+2h,R−2h,

with the convention −∞+ x =−∞, for all x ∈ℝ.

As the proof of Theorem 1.8 will show, the o(|t |) terms in (1.10) can be shown to be
fluctuation terms of order

√|t |. On the other hand, the confinement of the lower lying paths
Xj , j ≥ 2 in (1.10) is quantified by the following statement.

THEOREM 1.9 (Confinement of lower lying paths). There exists a constant C such that
for all integers k ≥ 1, and S > 0, for all μ ∈ 𝒢∞,ext, if X ∼ μ, then

sup
s∈ℝ

𝔼
[︂

max
u∈[−S,S]X

k+1(s + u)
]︂
≤ Cλ−k/3[︁1+ log

(︁
1+ Sλ2k/3)︁]︁.

Moreover, there exist constants C,c > 0 such that, for all k ≥ 1, for any μ ∈ 𝒢∞,ext, the
(k + 1)th line of X ∼ μ satisfies, for all t > 0,

sup
s∈ℝ

ℙ
(︁
Xk+1(s) > tλ−k/3)︁≤ C exp

(︁−ct3/2)︁.
The estimates in Theorem 1.9 are essentially optimal. They were shown to hold for the

zero boundary LE μ0 in [7] in which case they include the top line as well, that is, the bounds
above extend to any k ≥ 0. The important feature here is that, while by Theorem 1.8 any ele-
ment of 𝒢∞,ext except μ0 is not translation invariant, with the top path growing parabolically
at infinity, all of its lower lying paths X≥2 still behave roughly as the lower lying paths of μ0.

In analogy with the one-line case, one way to construct the measures ν∞,L,R is by tak-

ing the limits T →∞ and n→∞ of the measures ℒxT ,y
T

n,T , the λ-tilted LE on the interval
[−T ,T ], with boundary conditions

xT ≡ T 2 +LT, y
T
≡ T 2 +RT .

Here one takes all paths with the same parabolically growing height. However, as will be
seen, the only relevant boundary is the one concerning the top path X1, and the same limiting
measure ν∞,L,R is achieved by taking the top path with the prescribed parabolic growth while
the lower lying paths can be given essentially any other compatible boundary value.

1.3. Proof ideas and related work. We end this section with a brief overview of the main
proof ideas and their relation to previous work. For the one-line case in Theorem 1.3, a key
role is played by the alternate representation in terms of a Brownian bridge with a parabolic
barrier; see Remark 1.4, which we term as the parabolic barrier representation (PBR). We will
sometimes refer to this as the “dual” picture, consequently referring to the original description
as the “primal” picture. Such a representation had originally appeared in the seminal work
[18] where the FS diffusion was first introduced and investigated. More recent applications
of this representation can, for instance, be found in [8, 15]. This leads to a rather geometric
way of interpreting Theorem 1.3. Namely, for any Gibbs state X ∼ νL,R , with L+R < 0, the
associated path Y =X− p in the PBR corresponds to a hydrodynamic picture consisting of a
pair of straight lines with slopes −L and R. These lines are tangent to the negative parabola
−p at points PL, PR , with horizontal locations L/2 and −R/2, respectively; see Figure 2.
To the left of PL and to the right of PR , the path Y follows essentially two independent
Brownian trajectories with slopes −L and R, respectively, while nontrivial interactions with
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FIG. 2. Sketch of the macroscopic behavior of Y =X− p, where X ∼ νL,R , L+R < 0, and −p is the negative
parabola −t2. The tangency locations are PL = (L/2,−L2/4) and PR = (−R/2,−R2/4).

the parabola −p primarily occur on the interval [L/2,−R/2]. As L,R→−∞, the measure
converges to the stationary FS diffusion. Moreover, the above picture should also convince
the reader that if the slopes were such that L+R ≥ 0, then the height Y(0) at the origin would
blow up, and thus tightness would be lost. This explains, at least intuitively, why L+R must
be negative. Such tangency considerations were also central in the recent works [2, 21].

The proof of existence in Theorem 1.3, say for the symmetric case L=R =−2K , involves
looking at finite measures μK,T on [−T ,T ] with boundary conditions growing as T 2−2KT

and showing that these sequences of measures locally converge weakly. A key ingredient
is to show that, for large times T1 ≫ T2 ≫ s, the one-point marginal for both μK,T1 and
μK,T2 at time s is close in total variation distance to a Gaussian variable with mean s2− 2Ks

and variance s. Without going into more details, let us mention that the proof of uniqueness
also proceeds by proving the last statement about the marginal Gaussian behavior, even for a
general one-line Gibbs state, simply under the assumption of the correct asymptotic behavior.

With this as an input, we now briefly overview the pieces involved in the analysis of the
multiline case. We stress that, since the model is not integrable, we’re compelled to make
extensive use of probabilistic tools like monotonicity and coupling techniques. At a very
high level, the key observation is the following. Note that, for the single line case, any growth
rate smaller than p, say by a super-linear correction term, implies that it must then be the
stationary FS diffusion and hence uniformly confined. On the other hand, growth faster than
p results in the loss of tightness. Given this, let us consider the case of simply two lines
(X1,X2) where the area tilt factors for X1 and X2 are 2 and 2λ > 2, respectively. Since
X1 is bound to be below p owing to tightness, X2 is also below p. However, applying the
above reasoning to X2, one observes that growth slower than λp ought to imply uniform
confinement, and thus while X1 may grow roughly as much as p, X2 must remain bounded.
This rationale continues to apply even when there are more than two lines, explaining why,
in the multiline case, only the top line can exhibit asymptotic growth.

Thus, our approach to proving Theorem 1.8, and Theorem 1.9 involves decoupling the top
line from the remaining lines. The mathematical implementation of this, however, needs to
consider the countering upward push, say, the second curve faces from the third curve etc. The
analysis of this involves a delicate inductive framework, iteratively bounding the ith curve,
given control on the (i + 1)th curve. Once this is achieved, the arguments for the one-line
case are, at least in spirit, back in play again. However, several technical issues remain.

Let us offer a brief glimpse of the main steps involved in the arguments. For the proofs of
existence, we introduce a family of Gibbs measures on finite domains [−T ,T ] with boundary
conditions chosen in such a way that: (a) the local restrictions, say on a compact interval, form
an approximately monotone sequence as T →∞, and (b) the top line X1 has the prescribed
parabolic behavior. This allows us to obtain weak convergence to a Gibbs measure with the
the correct asymptotic behavior for the top path. Regarding uniqueness, recall that the proof in
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the one-line case involved showing that, regardless of the exact boundary values, the marginal
distribution at an interior point was close to a Gaussian with a certain mean and variance.
This along with the Gibbs property was enough to complete the proof. In the infinite line
case, however, one has to consider the locations of the infinitely many lines. A key idea
that we employ here is a reverse coupling strategy. Namely, if the boundary values of X ∼
μ1 are higher than those of Y ∼ μ2, say at some given interval [−T ,T ], then under the
usual monotone coupling one has the stochastic domination X ≻ Y . However, if the boundary
conditions do not differ much, then one can construct a reverse coupling under which with
high probability Y ≻ X on a mesoscopically large interval [−T c, T c], for some c ∈ (0,1),
which will suffice for our purposes. Such a strategy also featured in the prior work [7].

It might be instructive to state our results in the language of the very recent work [3],
which, settling a long-standing problem, provides a strong characterization of the Airy LE in
terms of the parabolic behavior of the top path. In this context the Brownian–Gibbs property
states that the conditional distribution of any finite number of lines on a compact domain,
given everything else, is simply that of nonintersecting Brownian lines respecting the bound-
ary data. The main result in [3] says that if X is an infinite LE with the Brownian–Gibbs
property such that, for any ε > 0, there exists a constant κ(ε) > 0 with

(1.12) ℙ
(︁⃓⃓
X1(t)+ p(t)

⃓⃓≤ εt2 + κ(ε)
)︁≥ 1− ε, t ∈ℝ,

then X is the parabolic Airy LE, up to an independent random shift. A potential analogous
statement in our setting maybe formulated as stating that a growth rate of X1 smaller than
(1 − ε)p is enough to force it to be the FS diffusion in the one-line case and μ0 in the
multiline case. However, as Theorems 1.3 and 1.8 show, the same conclusion holds under the
weaker assumption X1(T ) ≤ T 2 − ω(T ), where ω(T )/T →∞ as T →∞. Thus, a more
accurate formulation of our result in the language of (1.12) for the multiline case rather reads
as follows. If X ∼ μ ∈ 𝒢∞ is such that, for any M > 0, there exists a constant κ(M) > 0 with

ℙ
(︁
X1(t)− p(t)≤−M|t | + κ(M)

)︁
> 1− 1

M
, t ∈ℝ,

then X ∼ μ0 is the zero boundary λ-tilted LE. Moreover, Theorem 1.8 shows that the follow-
ing refined statement holds as well: If X ∼ μ ∈ 𝒢∞ is such that, for any ε > 0, there exists a
constant κ(ε) > 0 with

ℙ
(︁⃓⃓
X1(t)− p(t)+L

⃓⃓
t |1t<0 +R|t |1t>0| ≤ ε|t | + κ(ε)

)︁
> 1− ε, t ∈ℝ,

for some constants L, R with L+R < 0, then X ∼ ν∞,L,R is the unique Gibbs measure with
the prescribed asymptotic behavior for the top line X1. Nonetheless, there are significant
differences between the settings of [3] and this article. For instance, an important difference
is that, for the Airy LE, there is no floor and hence no a priori control on the lower curves.
Thus, much of the work in [3] is devoted to establishing the requisite control on the lower
curves, starting simply with the hypothesis (1.12), by developing novel estimates involving
DBM. On the other hand, while DBM estimates are not available in our case, the presence of
the floor and Definition 1.7 automatically provides some control on the lower curves.

We conclude this section with a brief remark on related examples of nontranslation in-
variant Brownian–Gibbs measures. As alluded to above, a class of nonstationary measures
related to the Airy LE, called the Airy wanderers, was investigated in [1]. There, using in-
tegrable techniques, nonstationary Gibbs measures were constructed in which the first few
lines follow linear paths instead of parabolic ones. Related to the Airy LE, and more aligned
with the setting of our paper, is the DFS diffusion, where the area tilt factor for each path is
set to one, resulting in exchangeability and, consequently, integrable properties; see [16, 28].
In this scenario, while such integrable inputs may be used, the purely geometric and proba-
bilistic arguments developed in our paper should already allow a characterization of all Gibbs
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states for the DFS with an arbitrary finite number of lines. Specifically, if there are k lines,
each of them can have its own left and right linear drifts away from the common parabolic
growth, and nonintersection forces the drift values (Li,Ri) for the ith path to be ordered
across 1, . . . , k, giving rise to a 2k parameter family of measures. The edge limit in the case
k→∞ for the stationary DFS was shown to be the Airy LE in [15]. The nonstationary mea-
sures, in principle, can lead to infinitely many wanderers. We do not pursue this formally in
this article deferring it to future work.

1.4. Organization of the article. In Section 2 we collect a preliminary set of results,
which will appear repeatedly throughout the sequel. Sections 3 and 4 are devoted to the proof
of Theorem 1.3. In particular, in Section 3 we establish the asymptotic behavior of Gibbs
states for the one-line case, whereas in Section 4 we address the questions of existence and
uniqueness and prove Theorem 1.3. Section 5 treats the infinite line case, proving Theo-
rem 1.8 relying on the key Proposition 5.5. The proof of the latter is the content of Section 6.

2. Preliminaries. In this section we record a number of preliminary facts that will be
repeatedly used throughout the rest of the article.

2.1. Monotonicity. Recall the definition (1.6) of the sample space Ω+n;ℓ,r and the set of

probability measures 𝒫+n;ℓ,r . Stochastic domination is defined w.r.t. the following partial order

on Ω+n;ℓ,r :

X ⪯ Y ⇐⇒ Xi(t)≤ Y i(t) ∀t ∈ (ℓ, r),∀i = 1, . . . , n.

If the inequalities are strict, we use ≺ instead of ⪯. For two line ensembles X ∼ μ and
Y ∼ ν, with μ,ν ∈ 𝒫+n;ℓ,r , we write μ ⪰ ν if there exists a coupling Γ of (μ, ν) such that
Γ(X ⪰ Y)= 1. We also use the notation x ⪯ y iff xi ≤ yi for all i = 1, . . . , n when x, y ∈ℝn.

If Z,W ∈Ω+n;ℓ,r are fixed, with Z ≺W , we write ℒa;x,y

n;ℓ,r [Z,W ] for the probability measure

ℒa;x,y

n;ℓ,r conditioned on the event {Z ≺X ≺W }. The main monotonicity properties of our line
ensembles are expressed by the following lemma, which appears as Lemma 2.3 in [7].

LEMMA 2.1. For any ℓ < r , x ≺ x′, y ≺ y′, a ≥ a′ ≥ 0, n ∈ℕ and Z ≺ Z′, W ≺W ′, with
Z ≺W and Z′ ≺W ′, one has

ℒa;x,y

n;ℓ,r [Z,W ] ⪯ ℒa′;x′,y′
n;ℓ,r

[︁
Z′,W ′]︁.

2.2. Scaling. For any fixed λ > 1 and n ∈ ℕ, the probability measures ℒa;x,y

n;ℓ,r satisfy
the following scaling relation, inherited from Brownian scaling and the linearity of area tilt
potentials. We refer to Lemma 1.1 in [8] for a proof.

LEMMA 2.2. Fix λ > 1 and n ∈ℕ. For all a > 0, and x, y ∈𝔸+n , for all ℓ < r , one has

X ∼ ℒa;x,y

n;ℓ,r ⇐⇒ Y ∼ ℒaλ;λ−1/3x,λ−1/3y

n;λ−2/3ℓ,λ−2/3r
,

where Y is the rescaled field

(2.1) Y (t)= 1

λ1/3 X
(︁
λ2/3t

)︁
, t ∈ [︁λ−2/3ℓ,λ−2/3r

]︁
.
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We remark that, as a consequence of Lemma 2.1 and Lemma 2.2, if Xi
n,T denotes the ith

line of the ensemble ℒ0
n;T with zero boundary condition on the interval [−T ,T ], then for

all n ≥ 2 and T > 0, X2
n,T is stochastically dominated by λ−1/3X1

n−1,λ2/3T
. This follows by

first removing the ceiling X1
n,T imposed on X2

n,T , which yields a (n− 1)-line ensemble with
overall strength aλ on [−T ,T ], and then by applying the scaling relation (2.1) with r =−ℓ=
λ2/3T . More generally, by removing all top k paths and applying the scaling relation k times,
one has that, for any n > k ≥ 1, Xk+1

n,T is stochastically dominated by λ−k/3X1
n−k,λ2k/3T

.

2.3. Strong Gibbs property. Following [12], we observe that a λ-tilted LE has the strong
Gibbs property, that is, the Brownian–Gibbs property in (1.9) extends to the case where the
interval [ℓ, r] is replaced by a stopping domain. This will be crucial for a number of coupling
arguments to be used in the sequel.

We say that the random variables (τℓ, τr) form a stopping domain for the first n lines of the
line ensemble if {τℓ ≤ t} ∩ {τr ≥ s} ∈ ℬe

n;t,s for all t < s. Define 𝒰 = {(ℓ, r,Ω+∞;ℓ,r ), ℓ < r},
and recall the notation from Definition 1.6. The argument of Lemma 2.5 in [12] proves the
following statement.

LEMMA 2.3. Let μ ∈ 𝒫+∞ be a λ-tilted LE in the sense of Definition 1.6. Then for any
n ∈ ℕ, if (τℓ, τr) is a stopping domain for the first n lines and F : 𝒰 ↦→ ℝ is bounded and
measurable, then

𝔼
[︁
F(τℓ, τr ,X)|ℬe

n;τℓ,τr

]︁= 𝔼
Y∼ℒX≤n(τℓ),X≤n(τr )

n;τℓ,τr
[Xn+1]

[︁
F
(︁
τℓ, τr , Y ,X>n)︁]︁, μ-a.s.

2.4. Parabolic barrier representation. Let us consider a single Brownian bridge and its
area-tilted deformation introduced in Definition 1.1. It will be convenient to use the following
notation. For any a > 0, we write p(a)(t) = a

2 t2, and if a = 2, we simply write p for p(a).
For any h ∈ 𝒞ℓ,r , write Bx,y

ℓ,r [h] = Bx,y
ℓ,r (·|X ≻ h) for the distribution obtained from Bx,y

ℓ,r by
conditioning on the event

{X ≻ h} = {︁X(t) > h(t),∀t ∈ (ℓ, r)
}︁
.

LEMMA 2.4 (Parabolic barrier representation (PBR)). For any a > 0, for all x, y > 0 and
ℓ < r ,

Y + p(a) ∼ ℒa;x,y
ℓ,r ⇐⇒ Y ∼ Bx−p(a)(ℓ),y−p(a)(r)

ℓ,r

[︁−p(a)]︁.
PROOF. By Girsanov’s theorem, if Y ∼ Bx−p(a)(ℓ),y−p(a)(r)

ℓ,r , then X = Y + p(a) has a den-
sity with respect to Bx,y

ℓ,r , which is proportional to

exp
(︃∫︂ r

ℓ
h(t) dB(t)

)︃
where h(t)= d

dt
p(a) = at.

The conclusion follows using∫︂ r

ℓ
h(t) dB(t)=−

∫︂ r

ℓ
h′(t)B(t) dt +B(r)h(r)−B(ℓ)h(ℓ)=−a

∫︂ r

ℓ
B(t) dt + constant

and the fact that Y ≻−p(a) iff X ≻ 0. □
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2.5. A first tightness estimate. Suppose X ∼ ℒx,y
T is the area-tilted excursion on [−T ,T ],

with strength a = 2, and with boundary values x, y ≥ 0 such that

max{x, y} ≤ T 2 − αT ,

for some α > 0. Lemma 2.4 and the following lemma immediately imply the tightness of the
height at the origin X(0) as T →∞.

LEMMA 2.5 (Tail bounds at the origin). Let Y ∼ By1,y2
T [−p], where y1, y2 ≤ −αT for

some α > 0. Then there exists a constant C > 0 depending only on α such that, for all T ≥ 1,

ℙ
(︁
Y(0)≥ t

)︁≤ Ce−2αt , t ≥ 0.

PROOF. By monotonicity it suffices to prove the upper bound for Y ∼ B−αT
T [−p]. If

X ∼ B−αT
T , then

ℙ
(︁
Y(0)≥ t

)︁= ℙ
(︁
X(0)≥ t |X+ p≻ 0

)︁≤ ℙ(X(0)≥ t)

ℙ(X+ p≻ 0)
.(2.2)

By conditioning on X(0), we write

ℙ(X+ p≻ 0)=
∫︂ ∞
−∞

ℙ
(︁
X+ p≻ 0|X(0)= s

)︁
f (s) ds,

where f is the density of X(0). Define

ps := ℙ
(︁
X(t)+ t2 > 0,∀t ∈ [0, T ]|X(0)= s

)︁
.

By monotonicity ps is increasing in s, and as shown in Lemma 2.11 below, one has ps ≥ 1/2
for all s ≥ t0 for some constant t0 depending only on α. Thus,

ℙ(X+ p≻ 0)≥
∫︂ ∞
t0

p2
s f (s) ds ≥ 1

4
ℙ
(︁
X(0)≥ t0

)︁
,

where the p2
s term appears, since conditioning on X(0) makes the left and right sides of X

i.i.d. Substituting in (2.2),

ℙ
(︁
X(0)≥ t |X+ p≻ 0

)︁≤ 4 · ℙ(X(0)≥ t)

ℙ(X(0)≥ t0)
.

Recall that X(0) ∼𝒩 (−αT ,T /2). If ξ ∼𝒩 (0,1) and ϕ denotes the density of ξ , then the
well-known inequalities

t

t2 + 1
ϕ(t)≤ ℙ(ξ ≥ t)≤ 1

t
ϕ(t)

imply

ℙ
(︁
X(0)≥ t |X+ p≻ 0

)︁≤ 4
u(t0, T )2 + 1

u(t0, T )u(t, T )
exp

(︃
−1

2

(︁
u(t, T )2 − u(t0, T )2)︁)︃,

where u(s, T ) := (αT + s)
√

2/T . Since u(t, T )2 − u(t0, T )2 ≥ 4α(t − t0) if t ≥ t0, taking
t0 large enough depending only on α, then for all T ≥ 1 one can bound the right-hand side
above by 8e−2α(t−t0). Adjusting the value of the constants concludes the proof. □
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2.6. FS diffusion. The following lemma gathers some basic facts about the Ferrari–
Spohn diffusion process introduced in [18]. Recall Definition 1.1 of the set of Gibbs measures
𝒢. We write μa,FS for the Ferrari–Spohn diffusion with strength a > 0 and write simply μFS

when a = 2.

LEMMA 2.6. The measure μFS ∈𝒫+ satisfies the following:

1. As T →∞, the measures ℒ0
T converge weakly to μFS;

2. μFS is the unique stationary element of 𝒢;
3. for any a > 0, one has X ∼ μFS iff Xa = (a/2)−1/3X((a/2)2/3·)∼ μa,FS;

4. if X ∼ μa,FS, then ℙ(X(0) > t)= exp(−(2
√

2a
3 + o(1))t3/2) as t →∞;

5. if X ∼ μa,FS, then

ℙ
(︂

max
s∈[−T ,T ]X(t) > t

)︂
≤ CT a2/3 exp

(︁−c
√

at3/2)︁(2.3)

for some constants c,C > 0 independent of T ≥ 1, t > 0 and a > 0.

PROOF. The weak convergence of ℒ0
T is guaranteed by monotonicity, and the limiting

measure must be a stationary element of 𝒢. This follows as a special case of a general argu-
ment which applies to an arbitrary number of lines; see [9]. The convergence to μFS as well
as the uniqueness of the latter then follows from the coupling argument in [7], Section 4. The
mixing results, proven in [26], also suffice to prove the same. On the other hand, the Markov
property and stationarity of the FS diffusion process show that μFS is a stationary element
of 𝒢; see, for example, [26]. This proves the first two items in the lemma. The scaling is an
immediate consequence of Lemma 2.2 and the convergence stated in the first item. The last
two items follow from the scaling in item 3 and well-known asymptotic estimates for the Airy
function; see, for example, Lemma 5.3 from [7]. □

2.7. Coming down estimates. The next lemma quantifies the pull-down effect induced by
the area tilt. Assuming a boundary height H , it provides useful, albeit not entirely optimal,
predictions regarding the time it takes for the line to come down to a constant height.

LEMMA 2.7. There exist absolute constants C,c > 0 such that, for all H > 0 and T ≥
H 3/2, if X ∼ ℒH

T , then

ℙ
(︁
X(t)≥ C,∀t ∈ [−T ,T ])︁≤ C exp(−cT ).

PROOF. By monotonicity and the assumption T ≥ H 3/2, we can actually assume H =
T 2/3 for the rest of the proof. Moreover, by adjusting the value of the constant C, we may
assume that T is larger than some absolute constant T0. Define the event E = {X(t)≥C,∀t ∈
[−T ,T ]}, where C is a constant to be chosen later. By definition, taking Y ∼ BH

T ,

ℙ(E)= 𝔼[1E1Y≻0 exp(−2
∫︁ T
−T Y (t)dt)]

𝔼[1Y≻0 exp(−2
∫︁ T
−T Y (t)dt)] .(2.4)

In the numerator the integral inside the exponential is always at least 2T C, so the numerator
is at most exp(−4CT ). To prove a lower bound on the denominator, we restrict to the event
defined as follows. Let J = T −√H , and consider the set of good trajectories

G=
{︂
Y ∈Ω+−T ,T : Y(±J ) ∈ [1,2], max|t |≤J

Y (t)≤ 3, max
J≤|t |≤T

Y (t)≤ 2H
}︂
.
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For any Y ∈G, we have∫︂ T

−T
Y (t)dt ≤ 2H · √H · 2+ 3 · 2T = 10T .

Using the Markov property,

(2.5)
ℙ(Y ∈G)≥ P

(︁
Y(t) ∈ [0,2H ],∀J ≤ |t | ≤ T ,Y (±J ) ∈ [1,2])︁

× inf
y+,y−∈[1,2]ℙ

(︁
Y(t) ∈ [0,3], |t | ≤ J |Y(±J )= y±

)︁
.

We lower bound the two factors individually. A standard estimate for tube probabilities of
Brownian motions shows that the last term is at least exp(−cJ )≥ exp(−cT ) for some abso-
lute constant c > 0. For the first term in (2.5), observe that Y ∼ BH

T satisfies

(︁
Y(−J ),Y (J )

)︁∼𝒩

⎛⎜⎜⎜⎝
[︃
H

H

]︃
,

⎡⎢⎢⎢⎣
H 1/2(2T −H 1/2)

2T

H

2T

H

2T

H 1/2(2T −H 1/2)

2T

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠ .

Since T =H 3/2, the density of this vector on [1,2]2 is at least exp(−C1T ) for a constant C1
for all T large enough. Now, fix y+, y− ∈ [1,2], and condition on Y(±J ) = y±. Given this
conditioning, Y |[−T ,−J ] and Y |[J,T ] are independent. Furthermore, there is another constant
C2 such that, uniformly over y− ∈ [1,2],

ℙ
(︁
Z(t) ∈ [0,2H ],∀t ∈ [0,

√
H ])︁≥ exp(−C2

√
H),(2.6)

where Z ∼ BH,y−
0,
√

H
. Although this is not an optimal lower bound (a little thought shows that

the true bound is a constant), it will suffice for our purposes. To prove (2.6), we may replace
the [0,

√
H ] × [0,2H ] box with a strip of width 3 around the line connecting (0,H) and

(
√

H,1). Our choice of the strip has height 2 above this line and height 1 below this line,

ℙ
(︁
Z(t) ∈ [0,2H ],∀t ∈ [0,

√
H ])︁≥ ℙ

(︁
Z(t) ∈H − (H − 1)tH−1/2 + [−1,2])︁

if H is sufficiently large. This is lower bounded by exp(−C2H
1/2) using again a standard

estimate for tube probabilities of Brownian motions. Putting everything together, from (2.5)
we have obtained

ℙ(G)≥ exp(−C3T ),

where C3 is some absolute constant and T is large enough. Therefore, from (2.4) we have
ℙ(E)≤ exp(−cT ) for a constant c, as long as 4C > C3, and for all T large enough. Adjusting
the value of the constants ends the proof. □

We also need the following statement for general values of the strength parameter a.

COROLLARY 2.8. There exist absolute constants C,c > 0 such that, for any a ≥ 1, H >

0 and T ≥H 3/2a−1/6, if X ∼ ℒ2a;H
T , then

ℙ
(︁
X(t)≥ Ca−1/3,∀t ∈ [−T ,T ])︁≤ C exp

(︁−ca2/3T
)︁
.(2.7)

Moreover, for any a ≥ 1, H > 0 and T ≥ 1, if X ∼ ℒ2a;H
T , then

ℙ
(︂

max
t∈[−T ,T ]X(t)≥ 2H

)︂
≤ CT a2/3 exp

(︁−ca1/2H 3/2)︁.
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PROOF. Given X as in the statement, let Y = a1/3X(·/a2/3). Then Y ∼ ℒHa1/3

T a2/3 by

Lemma 2.2. The lower bound T ≥ H 3/2a−1/6 ensures that T a2/3 ≥ (Ha1/3)3/2, so using
Lemma 2.7 applied to Y , we know that Y comes down to a constant C with probability
≥ 1 − C exp(−cT a2/3). Therefore, X comes down to Ca−1/3 with the same probability.
This proves the first bound. For the second one, observe that, by monotonicity, the asserted
probability is smaller for Y =H +Z where Z ∼ μ2a,FS. Therefore, Lemma 2.6 implies

ℙ
(︂

max
t∈[−T ,T ]X(t)≥ 2H

)︂
≤ ℙ

(︂
max

t∈[−T ,T ]Z(t)≥H
)︂
≤ CT a2/3 exp

(︁−ca1/2H 3/2)︁.
This establishes the second part. □

The next lemma uses the results of Corollary 2.8 to show that if the endpoints H of X ∼
ℒH

T are small enough compared to the domain size 2T , then the process comes down and stays
bounded by height T δ , for any small δ > 0, for most of the interval. Furthermore, outside this
interval the process does not grow too far from its original height H .

LEMMA 2.9. For any δ > 0, there exist constants C,c > 0 such that, for all a ≥ 1, H > 0,
T ≥ 3H 3/2a−1/6, if X ∼ ℒ2a;H

T , then

ℙ
(︂

max
T−H 3/2a−1/6≤|t |≤T

X(t)≤ 4H, max
|t |≤T−H 3/2a−1/6

X(t)≤ T δ
)︂

≥ 1−C exp
(︁−ca1/2 min

(︁
H 3/2, T 3δ/2)︁)︁.

We observe that the bound T δ for the middle stretch is not necessarily optimal, and one
may instead obtain a bound of Θ(logT ) at the price of a weaker control on the probability.
However, the polynomial bound will suffice for our purposes. Furthermore, notice that the
probability bound is not useful when H is too small. However, in later applications it will
suffice for us to consider H to be a power of T for which the lemma will produce effective
bounds.

PROOF. Let S = T −H 3/2a−1/6. Let Y =H+W , where W ∼ μ2a,FS. Then X is stochas-
tically dominated by Y , and ℙ(Y (±S)≤ 2H)≥ 1−C exp(−cH 3/2a1/2) by Lemma 2.6, part
4. Let Z ∼ ℒ2a;2H

S,T . Under the event Y(S)≤ 2H , X|[S,T ] is stochastically bounded by Z. To
Z we apply Corollary 2.8 to obtain

ℙ(Z ≤ 4H)≥ 1−H 3/2a−1/6a2/3 exp
(︁−cH 3/2a1/2)︁

= 1−H 3/2a1/2 exp
(︁−cH 3/2a1/2)︁≥ 1−C exp

(︁−c′H 3/2a1/2)︁,
for some absolute constants C,c′ > 0. Moreover, by (2.7), with probability 1 −
C exp(−ca2/3H 3/2) there exists a stopping domain (τℓ, τr) with τℓ < −S and τr > S such
that X(τℓ), X(τr) are both smaller than Ca−1/3 ≤ C, for some other absolute constant C.
Given this stopping domain, according to Lemma 2.3, we may resample X|[τℓ,τr ], which is
stochastically dominated by C + W with W ∼ μ2a,FS. Using Lemma 2.6, part 5, for W ,
applied to the interval [−T ,T ], we then have

ℙ
(︂

max
t∈[τℓ,τr ]

X(t)≤ C + T δ
)︂
≥ 1−CT a2/3 exp

(︁−cT 3δ/2a1/2)︁≥ 1−C′ exp
(︁−c′T 3δ/2a1/2)︁

for some new constants C′, c′ > 0. This finishes the proof. □

Finally, in the following section, we record a couple of lemmas, which, while easy to
prove, will be invoked several times throughout the rest of the paper.
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2.8. Tangency geometry and Brownian bridge avoidance probabilities. The first is a sim-
ple calculation about the x-tangency locations to the parabola −p(2a) : t ↦→ −at2 from the
point (T ,−αT 2) ∈ℝ2 for arbitrary parameters a > α > 0.

LEMMA 2.10 (Tangency locations). For all 0 < α < a, consider the tangent lines ℓ1,
ℓ2 from the point with coordinates (T ,−αT 2) to the parabola −p(2a) : t ↦→ −at2. The x-
coordinates of the two points, where ℓ1, ℓ2 touch the parabola, are given by T [1±√1− α/a].

PROOF. The result follows from simple calculus. At a generic point (x,−p(2a)(x)), the
slope of the tangent is −2ax so that the tangent line is t ↦→ −2axt + ax2. This line passes
through (T ,−αT 2) so that

−2axT + ax2 =−αT 2 ⇐⇒ −2xT + x2 =−(α/a)T 2.

Adding T 2 to both sides,

(T − x)2 = (1− α/a)T 2 =⇒ x = [1±
√︂

1− α/a]T . □

Unless otherwise specified, when we will refer to the tangency location from a point to a
parabola. We will mean the internal one, namely, the one with the minus sign in Lemma 2.10.
The next lemma delivers an estimate for the probability of a Brownian bridge, avoiding an
arbitrary function which will also be used when the function is specialized to be a parabola.

LEMMA 2.11. Let V ∼ B0
0,T be a standard Brownian bridge on [0, T ], and let f be the

function t ↦→ T δ
√

t + T −10, for a constant δ ∈ (0,1/2). Then for some absolute constants
C,c > 0, for all T > 0,

ℙ(V hits f )≤ C exp
(︁−cT 2δ)︁.

While the lemma holds in vast generality, the precise form of the function is chosen for
convenience of application in our arguments.

PROOF. Observe that f (t) ≥ T −10 when t ≤ T −21 and f (t) ≥ T δt0.5 when t > T −21.
By an union bound,

ℙ(V hits f )≤ ℙ
(︁
V |[0,T −21] hits t ↦→ T −10)︁+ ℙ

(︁
V |[T −21,T ] hits t ↦→ T δt0.5)︁.

We bound the terms individually. By Brownian scaling, by a factor of T 21 and
√

T 21 in time
and space, respectively, the first term satisfies, for some absolute constants C,c > 0,

ℙ
(︁
V |[0,T −21] hits t ↦→ T −10)︁= ℙ

(︁
V[0,1] hits t ↦→ T 0.5)︁≤ C exp(−cT ),

the last inequality following from the fact that maxt∈[0,1] V (t) is sub-Gaussian. For the
second half, we consider partition [T −21, T ] into scales given by the intervals Ik =
[T −212k−1, T −212k] for k = 1, . . . ,Θ(logT ). For each scale k, we have

ℙ
(︁
V |Ik

hits t ↦→ T δt0.5)︁≤ ℙ
(︁
V |[0,T −212k] hits T δ−10.52(k−1)/2)︁.

Using Brownian scaling, by T 212−k in time and T 10.52−k/2 in space, the above is equal to

ℙ
(︁
V |[0,1] hits t ↦→ T δ2−1/2)︁≤C exp

(︁−cT 2δ)︁,
where the last inequality again follows from sub-Gaussian tails on maxt∈[0,1] V (t). A union
bound then finishes the proof. □

Using the same dyadic decomposition, the following parabolic avoidance estimate fol-
lows, which we state without proof. This can be seen quickly, for instance, by observing that
the probability of Brownian bridge hitting the parabola on the interval [2k

√
h,2k+1

√
h] is

exp(−Θ(23kh3/2)).
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COROLLARY 2.12. For h > 1, consider the parabola t ↦→ h + t2. For T ≥ 1, the
probability that the standard Brownian bridge B0

0,T avoids the parabola is at least 1 −
exp(−Θ(h3/2)).

3. Asymptotic behavior.

3.1. Overall parabolic growth with linear correction. As alluded to in the introductory
section, the first key observation in the proof of Theorem 1.3 is that, for any Gibbs measure
μ ∈ 𝒢, the behavior at infinity is parabolic with a linear correction. Recall Definition 1.2 of
the set 𝒢 of one-line area-tilted Gibbs measures, and assume that a = 2.

LEMMA 3.1. Suppose μ ∈ 𝒢 and X ∼ μ. Then the limits L= L(μ), R = R(μ), defined
in (1.3), exist μ-almost surely as extended real random variables.

PROOF. The proof involves showing that almost surely,

R := lim sup
t→∞

(︁
X(t)− t2)︁/t = lim inf

t→∞
(︁
X(t)− t2)︁/t =:R.

The same argument applies to the case t →−∞ with the left limits L, L. We note that these
random variables could take the value ±∞ at this point.

We are going to prove that, for any x ∈ℝ,

ℙ(R < x < R)= 0,(3.1)

which implies R ≥R a.s. Since R ≤R, this proves that R = R a.s.
Fix b ∈ℝ, δ > 0, and define the events

Oncek = {︁∃t ∈ [k, k + 1) : (︁X(t)− t2)︁/t ≥−2b
}︁
, k ∈ℕ,

Allℓ,r = {︁∀t ∈ [ℓ, r] : (︁X(t)− t2)︁/t ≥−2(b+ δ)
}︁
, ℓ < r ∈ℝ.

The definitions are natural in the sense that Oncek for large values of k serve as witness for
the event R >−2b, while Allℓ,r for large values of ℓ and r and small values of δ will ensure
that R ≥−2b. By the area-tilted Brownian–Gibbs property, we have ℙ(Oncek) > 0 for any k.

We start by proving that Oncek =⇒ Allℓ,r with high probability if k is large enough, for
suitable choices of ℓ, r . To carry this out formally, we need to define the “last witness time
of Oncek” as the random time τ = τk , given by

τ = sup
{︁
t ∈ [k, k + 1) : (︁X(t)− t2)︁/t ≥−2b

}︁
on Oncek,

and by τ = k on Oncec
k . Therefore, for each sufficiently large k, [b, τ ] is a stopping domain.

Consider two times ℓ < r such that ℓ > 10b, and choose k > 2r2, which ensures, in particular,
that [ℓ, r] ⊂ [b, τ ]. We first show that ℙ(Allℓ,r |Oncek) is high. Once we prove this claim, the
remainder of the proof reduces to taking the appropriate limits.

We can apply Lemma 2.3 for one individual line, with the stopping domain [b, τ ]. Condi-
tionally on the external σ -algebra ℬe

b,τ , on Oncek , by monotonicity the probability of Allℓ,r
does not increase if we lower the boundary condition to X(b) = 0 and X(τ) = τ 2 − 2bτ .
Thus, we may now resample the area-tilted line on [b, τ ] with these boundary conditions.
Switching to the PBR (see Lemma 2.4),

ℙ(Allℓ,r |Oncek)≥ inf
s∈[k,k+1)

ℙ
(︁
Y s(t)≥−2(b+ δ)t,∀t ∈ [ℓ, r])︁,
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where Y s ∼ B−b2,−2bs
b,s [−p]. Using monotonicity, we may remove the floor −p and push the

left endpoint down to −2b2 (this makes the algebra cleaner) to obtain

ℙ
(︁
Y s(t)≥−2(b+ δ)t,∀t ∈ [ℓ, r])︁≥ ℙ

(︁
Zs(t)≥−2(b+ δ)t,∀t ∈ [ℓ, r])︁,

where Zs ∼ B−2b2,−2bs
b,s . The line joining (b,−2b2) and (s,−2bs) is t ↦→ −2bt . Affine in-

variance for Brownian bridge implies that Zs(t)=−2bt + V s(t) where V s ∼ B0
b,s . We may

then rewrite the above probability as ℙ(V s(t)≥−2δt,∀t ∈ [ℓ, r]). Moreover, using standard
Brownian fluctuation estimates and the fact that by construction 10b < ℓ < r and s ≥ k > 2r2,
one has

ℙ
(︁
V s(t)≥−2δt,∀t ∈ [ℓ, r])︁≥ 1−C exp

(︁−cℓδ2)︁,
where C,c > 0 are absolute constants. One way to see this is via replacing V s by a Brownian
motion on the same interval, which by monotonicity of the above probability as a function of
the endpoint changes the failure probability by at most a factor of 2 corresponding to when
the Brownian motion is negative at time s. For the Brownian motion problem, one can, in
fact, take r =∞, which can then be analyzed by dyadically decomposing the interval [ℓ,∞)

as [ℓ,2ℓ] ∪ [2ℓ,4ℓ] ∪ . . . and using that the minimum of a Brownian motion on [0, t] for any
t has Gaussian tails at scale

√
t . This shows that

ℙ(Allℓ,r |Oncek)≥ 1−C exp
(︁−cℓδ2)︁.(3.2)

Now, we replace the stopping domain [b, τk] by the stopping domain [b, τk,m], where k < m

and

τk,m = sup
{︁
t ∈ [k,m+ 1) : (︁X(t)− t2)︁/t ≥−2b

}︁
on Oncek ∪ · · · ∪Oncem,

with τk,m = k on the complementary event. The very same argument as above implies

ℙ(Allℓ,r |Oncek ∪Oncek+1 ∪ · · · ∪Oncem)≥ 1−C exp
(︁−cℓδ2)︁,(3.3)

for any m > k, where we used, as already mentioned, that ℙ(Oncek) > 0 for any k. Abbrevi-
ating “infinitely often” as i.o., taking limits as m→∞ and then k→∞ in (3.3) we obtain,
for all ℓ > 10b and r > ℓ,

ℙ(Allℓ,r |Oncej i.o.)≥ 1−C exp
(︁−cℓδ2)︁.(3.4)

Sending r →∞,

ℙ

(︃
∀t ∈ [ℓ,∞) : X(t)− t2

t
≥−2(b+ δ)

⃓⃓⃓
Oncej i.o.

)︃
≥ 1−C exp

(︁−cℓδ2)︁.
Passing to the limit ℓ→∞,

ℙ
(︁
R ≥−2(b+ δ)|Oncej i.o

)︁= 1.

Letting δ→ 0, we get

ℙ(R ≥−2b|Oncej i.o)= 1.(3.5)

We can now prove (3.1). Set x = −2b and observe that {R > x} ⊆ {Oncej i.o.}. Therefore,
(3.5) implies

ℙ(R < x < R)≤ ℙ(R < x,Oncej i.o.)= 0.

Note that, in (3.4), we implicitly assumed that ℙ(Oncej i.o.) > 0 to make sense of the condi-
tioning. However, in case it is zero, (3.1) is immediate, thereby finishing the proof in either
case. □
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3.2. Extremal measures. Recall the well-known fact that extremal Gibbs measures must
be tail trivial, that is, if μ ∈ 𝒢ext, then μ(A) ∈ {0,1} for all A ∈ ℬe∞, where ℬe∞ =

⋂︁
k≥0 ℬe−k,k

denotes the tail-σ -algebra (see, e.g., [22], Theorem 7.7). Since the limits L and R from
Lemma 3.1 are both tail-measurable random variables, we obtain the following fact.

LEMMA 3.2. If μ ∈ 𝒢ext, then L = limt→−∞(X(t) − t2)/|t | and R = limt→∞(X(t) −
t2)/t exist a.s. and are deterministic.

We now turn to a sequence of statements that will allow us to conclude that the constants
L, R from Lemma 3.2 must satisfy (L,R) ∈ 𝒯 , where 𝒯 is the set defined in (1.1).

LEMMA 3.3 (L < 0 or R < 0). Let μ ∈ 𝒢ext, and let L, R be the constants from
Lemma 3.2. Then it is not possible to have both L≥ 0 and R ≥ 0.

PROOF. The proof is by contradiction, and hence we start with the assumption that
L,R ≥ 0. Fix s > 0. We will first show that, for μ ∈ 𝒢ext and X ∼ μ, under the nonnegativity
hypothesis on L, R, the probability of the event X(±s)≥ s2− 10

√
s is positive uniformly in

s. This for growing s will then be used to contradict tightness of the marginal distribution at
the origin, thereby finishing the proof.

To prove the claim about X(±s), let ε = s−1/2, and define the events

OutLBm = {︁∀t ∈ (−m,m)c :X(t)− t2 ≥−ε|t |}︁, m ∈ℕ,

with OutLB being an acronym for “Outside lower bound.” These are increasing events, and
by definition, the nonnegativity of L, R implies that, almost surely, OutLBm holds eventually.
Thus, there is a finite T0 = T0(s) ∈ℕ such that, for all T ≥ T0,

ℙ(OutLBT )≥ 1

2
.(3.6)

Choose a T ≥min{2s, T0}. The reason for the choice will be clear at the end of the inequali-
ties proved below. Using the Brownian–Gibbs property to resample in [−s, s] ⊆ [−T ,T ], by
monotonicity one has

ℙ
(︁
X(±s)≥ s2 − 10

√
s|OutLBT

)︁≥ ℙ
(︁
X(±s)≥ s2 − 10

√
s|X(±T )= T 2 − εT

)︁
.

Switching to PBR, letting Y ∼ B−εT
T , the RHS in the above display is

ℙ
(︁
Y(±s)≥−10

√
s|Y + p≻ 0

)︁
.

Due to monotonicity, we can replace the floor conditioning above simply by Y(0)= 0 without
raising the probability. So the above is larger or equal to

ℙ
(︁
Y(±s)≥−10

√
s|Y(0)= 0

)︁
.

Given Y(0) = 0, {Y(t) : t ≤ 0} and {Y(t) : t ≥ 0} are i.i.d. (up to reflection), so the above
display is equal to

ℙ
(︁
Y(s)≥−10

√
s|Y(0)= 0

)︁2
.

Now, observe that, given Y(0)= 0 and Y(T )=−εT , we can write Y(t)=−εt +Z(t) where
Z ∼ B0

0,T . So the above probability is equal to

ℙ
(︁
Z(s)≥ εs − 10

√
s
)︁2 = ℙ

(︁
Z(s)≥√s − 10

√
s =−9

√
s
)︁2 ≥ θ > 0,
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where θ is an absolute constant, since we have taken T ≥ 2s. Here we use the fact that
Z(s) ∼𝒩 (0, s·T

T−s
) and that T/(T − s) ∈ [1,2]. The above chain of inequalities then yields

the claimed, uniformly in s, probability bound

ℙ
(︁
X(±s)≥ s2 − 10

√
s
)︁≥ ℙ

(︁
X(±s)≥ s2 − 10

√
s|OutLBT

)︁
ℙ(OutLBT )≥ θ/2.(3.7)

To finish the proof, we turn to obtaining the contradiction indicated above. For all s > 0, the
Brownian–Gibbs property at [−s, s] and monotonicity imply

ℙ
(︁
X(0)≥√s

)︁≥ ℙ
(︁
X(±s)≥ s2 − 10

√
s
)︁
ℙ
(︁
X(0)≥√s|X(±s)= s2 − 10

√
s
)︁
.

The first factor is at least θ/2 by (3.7). Switching to PBR, the second factor is equal to

ℙ
(︁
Y(0)≥√s|Y + p≻ 0

)︁≥ ℙ
(︁
Y(0)≥√s

)︁
,

where Y ∼ B−10
√

s
s , and we use monotonicity to remove the floor −p. Since Y(0) ∼

𝒩 (−10
√

s, s/2), it follows that ℙ(Y (0) ≥ √s) is uniformly positive in s > 0. In conclu-
sion, ℙ(X(0) ≥√s) is uniformly positive in s > 0, and thus X(0) cannot be tight, which is
the desired contradiction. □

LEMMA 3.4 (L <∞ and R <∞). If μ ∈ 𝒢ext, then the constants from Lemma 3.2 satisfy
L <∞ and R <∞.

PROOF. By symmetry we may restrict to proving that R <∞. The proof is again by con-
tradiction; that is, we assume R =∞ and show that this contradicts tightness of the marginal
distribution at the origin. Fix M > 0, and define the events

OutLB+m =
{︁∀t ≥m :X(t)− t2 ≥Mt

}︁
, m ∈ℕ.

These are increasing events, and by definition, R =+∞ implies that almost surely, OutLBm

holds eventually. Thus, there is a finite T0 = T0(M) ∈ ℕ such that, for all T ≥ T0,
ℙ(OutLB+T )≥ 1/2. The Brownian–Gibbs property at [−1, T ] and monotonicity imply

ℙ
(︁
X(0)≥M/2

)︁≥ ℙ
(︁
X(T )≥ T 2 +MT

)︁
ℙ
(︁
X(0)≥M/2|X(−1)= 0,X(T )= T 2 +MT

)︁
.

The first factor is at least ℙ(OutLB+T )≥ 1/2. Switching to PBR, the second factor is equal to

ℙ
(︁
Y(0)≥M/2|Y + p≻ 0

)︁≥ ℙ
(︁
Y(0)≥M/2

)︁
,

where Y ∼ B−1,MT
−1,T , and we use monotonicity to remove the floor. Now, Y(0) is a Gaussian

random variable with mean −1 + MT+1
T+1 ≥M/2 if M and T are large enough. Therefore,

ℙ(Y (0) ≥M/2) ≥ 1/2. In conclusion, ℙ(X(0) ≥M/2) ≥ 1/4. Since M is arbitrarily large,
this ends the proof. □

LEMMA 3.5. Let μ ∈ 𝒢ext, and let L, R be the constants from Lemma 3.2. Then (L,R) ∈
𝒯 , with 𝒯 = {(L,R) ∈ [−∞,∞)2 : L+R < 0} as in (1.1).

PROOF. By Lemma 3.4 we know that L and R are both less than +∞, and all we have
to show is that L+R < 0, which includes the case where one of the two, or both, are −∞. It
suffices to show that assuming L+R ≥ 0 yields a contradiction. For any h ∈ℝ, observe that
θhμ ∈ 𝒢ext and that Y ∼ θhμ satisfies Y(t)− t2 =X(t − h)− (t − h)2 − 2ht + h2. Thus, if
L(θhμ), R(θhμ) are the limits (1.11) associated to the measure θhμ, it follows that the shifted
measure θhμ satisfies L(θhμ)= L+ 2h, and R(θhμ)=R− 2h. Choosing h=R/2,

L(θhμ)= L+R, R(θhμ)= 0.

Thus, if L+ R ≥ 0, we have obtained a measure θhμ ∈ 𝒢ext whose left and right limits are
both nonnegative. By Lemma 3.3 this yields a contradiction. □

With the above preparation, we are now in a position to dive into the proof of the remaining
parts of Theorem 1.3.
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4. One-line Gibbs measures. In this section we prove Theorem 1.3. The proof is split
into several parts, and for the reader’s aid, we provide a brief road map. Note that we know
by Lemma 2.6 that μFS is the unique stationary Gibbs measure. Moreover, we have already
proven in Lemma 3.2 and Lemma 3.5 that any extremal measure has the deterministic left
and right limiting linear slopes (L,R) ∈ 𝒯 . Thus, it remains to show that, for any (L,R) ∈ 𝒯 ,
there exists a unique νL,R ∈ 𝒢 with the given limits, and uniqueness will also imply extremal-
ity, that is, νL,R ∈ 𝒢ext. This will be addressed as follows:

• Proposition 4.1 covers the case L=R =−∞, which corresponds to μFS.
• Lemma 4.2 and Lemma 4.8 address the case of (L,R) ∈ℝ2, L+R < 0.
• Finally, Lemma 4.7 and Lemma 4.9 deal with the cases L=−∞ and R ∈ℝ or L ∈ℝ and

R =−∞.

We refer to Section 4.4 for a summary of our conclusions.

4.1. Ferrari–Spohn diffusion ⇐⇒ L = R = −∞. First, observe that if μ = μFS, then
the limits (1.11) must be L= R =−∞ a.s. Indeed, this follows easily from the asymptotic
behavior highlighted in Lemma 2.6 and a Borel-Cantelli argument. The next proposition
establishes the converse, namely, that any Gibbs measure with these limits must be μFS.

PROPOSITION 4.1. Let μ ∈ 𝒢, and suppose that the left and right limits (1.11) satisfy
L=R =−∞ a.s. Then μ= μFS.

PROOF. The proof proceeds by coupling μ to μFS. A few ingredients are involved. The
first two steps involve showing that, starting with X ∼ μ as in the statement, there are large
times at which the height of X becomes O(1) and hence comparable to μFS, which will
then aid in coupling the two samples. This is accomplished by first showing that there are
arbitrary large times M such that X(±M) = O(

√
M), which is then upgraded with the aid

of Lemma 2.7, to an O(1) height at times ±M/2. Finally, given such a bounded boundary
data, we show that, with high probability, X can be coupled to the diffusion Y ∼ μFS inside
a smaller domain, say [−M/3,M/3]. Since M can be arbitrarily large, this will be sufficient.
The above three steps are carried out sequentially below:

(1) Coming down to O(
√

M): Suppose X ∼ μ ∈ 𝒢ext with L = R =−∞. We first show
that, for all ε > 0, there exist constants Cε =O(

√
log(1/ε)) and M0 =M0(ε) > 0 such that

X(±M)≤ Cε

√
M with probability at least 1− ε for all M ≥M0.

Define the event

OutUBs = {︁X(t)≤ t2 − 2M|t | ∀t ∈ (−s, s)c}︁, s ∈ℕ.

Reasoning as in (3.6), there exists T = T (ε) such that ℙ(OutUBT ) ≥ 1− ε/4. Next, choose
a constant M0 =M0(ε) such that ℙ(X(0) ≤M2

0 ) ≥ 1− ε/4. Note that this simply uses the
tightness of the one-point distribution of X(0). Therefore,

ℙ(Good)≥ 1− ε/2 where Good :=OutUBT ∩ {︁X(0)≤M2
0
}︁
.

We now condition on the event Good. Monotonicity implies that, for all M ≥M0,

ℙ
(︁
X(±M)≤ Cε

√
M
)︁

≥ ℙ(Good)ℙ
(︁
X(±M)≤ Cε

√
M|Good

)︁
≥ (1− ε/2)ℙ

(︁
X(±M)≤ Cε

√
M|X(±T )= T 2 − 2MT +M2,X(0)=M2)︁

≥ (1− ε/2)ℙ
(︁
X(M)≤ Cε

√
M|X(0)=M2,X(T )= T 2 − 2MT +M2)︁2.
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Here we use the Gibbs property of μ and the fact that, given X(0), X(±T ), with X(T ) =
X(−T ), the left and right halves of X are i.i.d.. Switching to PBR, the last display is equal to

(1− ε/2) · ℙ(︁Y(M)≤−M2 +Cε

√
M|Y + p≻ 0

)︁2
,

where Y ∼ BM2,−2MT+M2

0,T . The line t ↦→M2− 2Mt always lies above the parabola −p(t)=
−t2, so by monotonicity we may replace the parabolic floor with this linear floor and reduce
to estimating

(1− ε/2) · ℙ(︁Y(M)≤−M2 +Cε

√
M|Y + 2Mt −M2 ≻ 0

)︁2
.

However, given Y +2Mt−M2 ≻ 0, the random path V = Y +2Mt−M2 has the distribution
of a Brownian excursion between 0 and T with both endpoints at 0. Since 2Mt −M2 =M2

when t =M , the above is lower bounded by

(1− ε/2) · ℙ(︁V (M)≤ Cε

√
M
)︁2 ≥ 1− ε,

where we choose Cε = O(
√

log(1/ε)) such that ℙ(V (M) ≤ Cε

√
M)2 ≥ 1− ε/2. That this

choice can be made follows from the standard fact that, for the Brownian excursion V , the
random variable V (M) is sub-Gaussian with variance O(M) as long as T ≥ 2M . In conclu-
sion, we have obtained

ℙ
(︁
X(±M)≤Cε

√
M
)︁≥ 1− ε.(4.1)

(2) Coming down to a constant: Consider the event

ComesDown= {︁∃tℓ ∈ [−M,−M/2], tr ∈ [M/2,M] :X(tℓ),X(tr)≤ C
}︁
.(4.2)

We wish to show that, for a suitable constant C > 0, one has ℙ(ComesDown)≥ 1− 10ε for
all M large enough (depending on C and ε). By the previously established estimate (4.1), it
suffices to show that

ℙ
(︁
ComesDown|X(±M)≤ Cε

√
M
)︁≥ 1− 9ε.

By monotonicity we may condition on X(±M) = Cε

√
M instead. Under this condition-

ing, with probability at least 1− ε, one has X(±M/2) ≤ C′ε
√

M for some new constant C′ε
which still satisfies the O(

√
log(1/ε)) bound. To see this, observe that the value at X(±M/2)

is stochastically dominated by the same value when X has zero area tilt, and in that case the
bound follows from standard Brownian fluctuations. Adjusting the value of the constant Cε

and using monotonicity, it is then sufficient to prove

ℙ
(︁
ComesDown|X(±M)=X(±M/2)= Cε

√
M
)︁≥ 1− 8ε.

However, given this conditioning, X|[−M,−M/2] and X|[M/2,M] are i.i.d., so it is sufficient to
show

ℙ
(︁∃tr ∈ [M/2,M] :X(tr)≤ C|X(M)=X(M/2)= Cε

√
M
)︁≥ 1− 4ε.

Now, we may apply Lemma 2.7 as long as, for example, M/4 ≥ C
3/2
ε M3/4, that is, when

M ≥M0(ε) for some constant M0(ε). This shows that

ℙ
(︁
X(t)≥ C,∀t ∈ [M/2,M]|X(M)=X(M/2)= Cε

√
M
)︁≤ C exp(−cM),

if M is sufficiently large. This establishes the second claim, namely, that ℙ(ComesDown)≥
1− 10ε for all M large enough.

(3) Coupling to finite FS. The idea here is to start with a coupling where we independently
sample X ∼ μ and Y ∼ ℒ0

T for some large T . The latter converges to μFS for T →∞ from
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FIG. 3. The pinned process Z intersects the process X on account of fluctuations.

Lemma 2.6, and we may refer to it as the “finite FS.” We show that there is a stopping domain
[σℓ, σr ], which contains a fixed interval [−L,L] around 0, such that X and Y agree at times
σℓ and σr with high probability. On that event we can resample X, Y inside [σℓ, σr ] so that
they agree everywhere on [−L,L], while on the complementary event we do not resample.
Thanks to the strong Gibbs property, this is a new coupling of the two measures, showing
that the restrictions of μ and the finite FS to [−L,L] are close in total variation. We can
then conclude that μ and μFS agree on any fixed time interval by taking suitable limits. An
argument of a similar flavor appeared earlier in the proof of [26], Proposition 5.

We define a first stopping domain [τℓ, τr ] as follows. We set

τℓ = inf
{︁
t ∈ [−M,−M/2] :X(t)≤ C

}︁
, τr = sup

{︁
t ∈ [M/2,M] :X(t)≤ C

}︁
,

where C is as in (4.2) and set τr =M/2 if there is no t ∈ [M/2,M] with X(t) ≤ C, and
τℓ = −M/2 if there is no t ∈ [−M,−M/2] with X(t) ≤ C. Note that both conditions are
satisfied on the event (4.2) and that [τℓ, τr ] is a stopping domain containing [−M/2,M/2].
Let Y ∼ ℒ0

M/2 be the finite FS measure on [−M/2,M/2], and sample X, Y independently.
We want to construct another stopping domain [σℓ, σr ] such that X(σℓ)= Y(σℓ) and X(σr)=
Y(σr) and show that with high probability [σℓ, σr ] ⊇ [−M/3,M/3]. To that end, define the
event

Meets := {︁∃tℓ ∈ [−M/2,−M/3], tr ∈ [M/3,M/2] :X(tℓ)≤ Y(tℓ),X(tr)≤ Y(tr )
}︁
.

We remark that, by continuity of paths, the event Meets implies the existence of the de-
sired stopping domain [σℓ, σr ] ⊇ [−M/3,M/3]. Therefore, to prove that the latter exists
with probability ≥ 1− 20ε, it is sufficient to show that ℙ(Meets) ≥ 1− 20ε. In view of the
second step described above, we can reduce our task to showing that

ℙ(Meets|ComesDown)≥ 1− 10ε.

Since [τℓ, τr ] is a stopping domain, we may condition on ℬe[τℓ,τr ] so that X|[τℓ,τr ] ∼
ℒX(τℓ),X(τr )

τℓ,τr . On ComesDown, we have X(τℓ),X(τr)≤ C, so by monotonicity it is sufficient
to show that

ℙ
(︁
Meets′

)︁≥ 1− 10ε,

where Meets′ is defined as Meets with X′ ∼ ℒC
τℓ,τr

instead of X.
Let V be a sample from a measure such that V − C ∼ μFS, coupled monotonically to

X′ such that V ⪰ X′, with V independent from Y . Also, let Z be the area-tilted Brownian
excursion pinned at 0 at every even integer between −M/2 and M/2, independent from X′,
V and coupled monotonically to Y so that Y ⪰ Z. See Figure 3. Let Meets′′ be the version of
Meets with V and Z instead of X and Y . Observe that Meets′′ =⇒ Meets′. It is, therefore,
sufficient to show that ℙ(Meets′′)≥ 1− 10ε.
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To show this, let n ∈ {⌊M/2⌋, ⌊M/2⌋−1} and m ∈ {⌈M/3⌉, ⌈M/3⌉+1} be even so that Z

is pinned at zero for every even integer 2k ∈ [−n,−m] ∪ [m,n]. Define 2kℓ + 1 as the point
where Z(2k+1) is maximized among 2k+1 ∈ [−n,−m], and similarly define 2kr +1 as the
point where Z(2k+ 1) is maximized among 2k+ 1 ∈ [m,n]. By independence of Z|[2k,2k+2]
for different intervals [2k,2k + 2] ⊆ [−n,−m] ∪ [m,n], and since n−m=Θ(M), we have
that Z(2kℓ + 1),Z(2kr + 1)=Θ(

√
logM) with probability ≥ 1− ε, assuming M ≥M0(ε),

where we use the easily checked fact that the tails of Z(2k+ 1) have a Gaussian lower bound
(see, for instance, Lemma 6.2 in [7]), and, therefore, the maximum of Θ(M) of them is at
least of size Θ(

√
logM) with large probability. However, due to the one-point tail behavior

of μFS (see Lemma 2.6), the independence of V , Z shows that

ℙ
(︁
V (2kℓ + 1)≥ Z(2kℓ + 1)

)︁≤ exp
(︁−c(logM)3/4)︁≤ 5ε

for some absolute constant c > 0. By symmetry the very same bound applies to 2kr + 1. So
by a union bound

ℙ
(︁
V (2kℓ + 1) < Z(2kℓ + 1),V (2kr + 1) < Z(2kr + 1)

)︁≥ 1− 10ε,

which implies ℙ(Meets′′)≥ 1−10ε, as desired. This ends the proof that ℙ(Meets)≥ 1−20ε.
On the event Meets, we know that a domain [σℓ, σr ] exists such that X(σℓ) = Y(σℓ),

X(σr)= Y(σr) and such that [σℓ, σr ] ⊇ [−M/3,M/3]. Using that X are Y are independent,
a generalization of the strong Gibbs property of Lemma 2.3, where the domain [τℓ, τr ] is
measurable with respect to the randomness of both X and Y on ℝ \ [σℓ, σr ], allows us to
resample both X and Y inside [σℓ, σr ] so that they agree everywhere on [−M/3,M/3] on
Meets. This gives us the total variation distance bound

dTV(X|[−M/3,M/3], Y |[−M/3,M/3])≤ ℙ
(︁
Meetsc)︁≤ 20ε.

Fix L > 0. The above implies that, for any fixed ε > 0 and for all M sufficiently large,

dTV(X|[−L,L], Y |[−L,L])≤ 20ε.

Recall that the definition of Y depends on M , but Lemma 2.6 shows that Y |[−L,L] converges
weakly as M →∞ to μFS|[−L,L] for any L > 0. Convergence in total variation is stronger
than weak convergence. Therefore, using a triangle inequality for a metric compatible with
the weak topology and sending ε→ 0 shows that X|[−L,L] has the same law as μFS|[−L,L]
for any L > 0. Since L is arbitrary, this proves that μ= μFS. □

4.2. Existence. In this section we accomplish the existence part of Theorem 1.3 and con-
struct a Gibbs measure with given values of L and R. We start with the case of finite values
of L, R.

PROPOSITION 4.2 (Existence for finite L, R). For any (L,R) ∈ℝ2 with L+R < 0, there
exists νL,R ∈ 𝒢 satisfying (1.11) a.s.

The proof requires several steps. We first note that it suffices to show that, for any K ∈
(0,∞), there exists μK ∈ 𝒢 with L(μK) = R(μK) = −2K . Indeed, if h ∈ ℝ, and μK ∈ 𝒢
has limits L(μK)= R(μK)=−2K a.s., then by shifting as in the proof of Lemma 3.5 one
has θhμK ∈ 𝒢, with limits R(θhμK)=R(μK)− 2h and L(θhμK)= L(μK)+ 2h.
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FIG. 4. Two independent copies of Xn, Xm defined above. We resample inside the domain where they meet.

The strategy of proof is as follows. Fix ℓ < r and a large integer n. Consider Xn ∼ ℒ(n−K)2

n ,
the area-tilted line on [−n,n] with boundary (n−K)2, and let μn

ℓ,r be the distribution of the
restriction Xn|[ℓ,r] to the finite interval [ℓ, r] ⊂ [−n,n]; see Figure 4. A key step in the proof
consists in showing that, for each ℓ < r , there exists a probability measure μℓ,r on Ω+ℓ,r such
that one has the weak convergence

μn
ℓ,r =⇒ μℓ,r , n→∞.(4.3)

We pause to note that, once this is achieved, it is not too hard to see that {μℓ,r , ℓ < r}, must be
a consistent family and that the global measure μ ∈ 𝒫+ which they define, by Kolmogorov’s
consistency theorem, is a Gibbs measure. Indeed, the consistency follows from the consis-
tency of {μn

ℓ,r , ℓ < r} for each fixed n. Moreover, since μn
ℓ,r has the Gibbs property for every

subdomain [a, b] ⊂ [ℓ, r], it follows that the same holds for the limit μℓ,r . This follows from
the fact that, according to our choice of (local) weak topology, a weak limit of Gibbs mea-
sures is a Gibbs measure; see, for example, Theorem 4.17 in [22] or Theorem 6.26 in [19] for
similar statements. Finally, the latter property for each ℓ < r , together with the consistency,
implies that the measure μ must have the Gibbs property on every domain, since being Gibbs
is a condition that involves finite domain marginals only.

Once the Gibbs measure μ has been constructed as above, it remains to check that it has
the correct limiting behavior, namely, that μ-almost surely

L(μ)=R(μ)=−2K.(4.4)

We turn to the details of the proof. For the first part of the proof, namely, the convergence
(4.3), we will actually show the stronger fact that μn

ℓ,r , n ∈ ℕ, forms a Cauchy sequence of
probability measures on Ω+ℓ,r for the total variation norm; see Lemma 4.4 below. Lemma 4.6
will then establish the identity (4.4).

We start with a technical estimate which quantifies the normal fluctuations around the
mean for a Brownian bridge conditioned to avoid a parabola. Recall the notation Bx,y

n [h]
for the Brownian bridge on [−n,n] with boundary x, y and conditioned to stay above the
function h, and recall that p(t) = t2. The estimate shows that the effect of the conditioning
does not significantly alter the fluctuations at sufficiently large times. We refer to Figure 5 for
an illustration of the quantities in the lemma below.

LEMMA 4.3. For any fixed K > 0 and β > 0, there exist positive constants δ0, c, C such

that if δ ≤ δ0, y+ ∈ [−2(K + δ)n,−2(K − δ)n] and y− ≤ −βn, then Yn ∼ By−,y+
n [−p]
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FIG. 5. Illustration of the Brownian trajectory quantified in Lemma 4.3.

satisfies

ℙ

(︃
Yn(s)− sy+

n
∈ [−u

√
s,+u

√
s]
)︃
≥ 1−C exp(−cu),

for all s, u≥ C, and for all n≥ C(u+ s).

PROOF. We divide the argument into two parts:

(1) Lower bound: By monotonicity we may replace Yn|[0,n] by X ∼ B0,y+
0,n . Since X(t)=

ty+/n+X′(t) where X′ ∼ B0
0,n, a standard estimate for the Brownian bridge shows that

ℙ

(︃
X(s)≥ sy+

n
− u
√

s

)︃
≥ 1−C exp

(︁−cu2)︁,
as soon as, for example, n≥ 2s.

(2) Upper bound: For the upper bound, we first control the value of Yn(0). Observing that
the distribution of the latter is monotone in the values y−, y+, and using y2 =−2(K − δ)n≥
y+, y1 = −βn ≥ y− in Lemma 2.5, the assumptions δ ≤ δ0, K − δ0 > 0 and β > 0 show
that Yn(0)≤ u with probability at least 1−C exp(−cu), for all u > 0 and n≥ 1. Thus, using

monotonicity with respect to Yn(0), we may replace Yn(s) by X(s), where X ∼ Bu,y+
0,n [−p].

Let X′ ∼ Bu,y+
0,n , that is, the same as X but without the conditioning, and let Z ∼ Bu,−2(K+δ0)n

0,n .
Since y+ ≥ −2(K + δ0)n, monotonicity of Brownian bridges in the boundary conditions
implies that

ℙ
(︁
X′ ≻ −p

)︁≥ ℙ(Z ≻−p).

Now, note that the line between (0, u) and (n,−2(K + δ0)n) takes the form

t ↦→ u− 2(K + δ0)n+ u

n
t.

The distance between this and −p is minimized at

t∗ =K + δ0 + u

2n
.

Assume n≥ u/2δ0 so that t∗ ∈ [K + δ0,K + 2δ0]. The actual distance at this t∗ is then

d∗ = u− 1

4

(︃
2(K + δ0)+ u

n

)︃2
≥ u− (K + 2δ0)

2.



2224 M. BASU ROY CHOWDHURY, P. CAPUTO AND S. GANGULY

We may assume also that u≥ 100(K + 2δ0)
2 so that d∗ ≥ 0.99u, and one has

ℙ(Z ≻−p)≥ 1/2,

by an application of Corollary 2.12, as soon as u is also larger than some absolute constant.

This allows us to replace probabilities about X ∼ Bu,y+
0,n [−p] by probabilities about the un-

conditional X′ ∼ Bu,y+
0,n up to a factor of 2. Note that X′ −w ∼ B0

0,n, where w is the line

w(t)= u+ y+ − u

n
t.

Since w(s)= sy+
n
+ u(1− s

n
)≤ sy+

n
+ u, a simple estimate for the Gaussian fluctuations of

X′(s) allows us to conclude

ℙ

(︃
Yn(s)≥ sy+

n
+√su

)︃
≤ 2ℙ

(︃
X′(s)≥w(s)+ 1

2

√
su

)︃
≤ C exp

(︁−cu2)︁,
as soon as s ≥ 4 and n≥ s. □

We now turn to the proof that μn[ℓ,r] form a Cauchy sequence in total variation, for each
ℓ < r .

LEMMA 4.4 (Cauchy in total variation). Fix ℓ < r , and let Xn ∼ ℒ(n−K)2

n Then for n < m,
dTV(Xn|[ℓ,r],Xm|[ℓ,r])= o(1), as n→∞.

PROOF. Assume n < m, and let α ∈ (0,1/2) be a parameter to be taken sufficiently small
later. Switching to PBR (see Lemma 2.4), we replace Xn by the path Yn ∼ B−2Kn+K2

n [−p].
Since

Yn(±n)=−2Kn+K2 ∈ [︁−2(K + δ)n,−2(K − δ)n
]︁
,

Ym(±m)=−2Km+K2 ∈ [︁−2(K + δ)m,−2(K − δ)m
]︁

if n is large enough, given the constants K , δ, we may use Lemma 4.3 for both Yn and Ym,
with, for example, s = nα and u = C1 logn for some constant C1. Applying Lemma 4.3 to
Yn, we have

ℙ
(︁
Yn(︁nα)︁ ∈−2Knα + [︁K2nα−1 − unα/2,K2nα−1 + unα/2]︁)︁≥ 1−C exp(−cu).

By symmetry the same estimate holds for Yn(−nα). Thus, choosing the constant C1 appro-
priately, we may estimate, for all n large enough,

ℙ
(︁
Yn(︁±nα)︁ ∈−2Knα + [︁−2unα/2,+2unα/2]︁)︁≥ 1− 1/n.(4.5)

Similarly, for Ym, m > n, with the same choices s = nα and u= C1 logn in the application
of Lemma 4.3, we have

ℙ
(︁
Ym(︁±nα)︁ ∈−2Knα + [︁−2unα/2,+2unα/2]︁)︁≥ 1− 1/n.(4.6)

Now, choose yn, ym ∈ IK,n := [−2Knα − 2unα/2,−2Knα + 2unα/2]. We want to show
that uniformly over yn, ym ∈ IK,n, conditioned on Yn(nα) = yn, Ym(nα) = ym, one has a
small total variation distance between Yn(n2α), Ym(n2α). With slight abuse of notation, we
write this claim as follows:

sup
yn,ym∈IK,n

dTV
(︁
Yn(︁n2α)︁, Ym(︁n2α)︁|Yn(︁nα)︁= yn,Y

m(︁nα)︁= ym

)︁= o(1).(4.7)
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Let us first check that this is the case for the path without the parabolic barrier. Namely, let

Zn ∼ Byn,−2Kn+K2

nα,n . Observe that

Zn(︁n2α)︁∼𝒩
(︃
zn,

(n− n2α)(n2α − nα)

n− nα

)︃
, Zm(︁n2α)︁∼𝒩

(︃
zm,

(m− n2α)(n2α − nα)

m− nα

)︃
,

where

zn := −2K
n(n2α − nα)

n− nα
+K2 n2α − nα

n− nα
+ yn

(︃
1− n2α − nα

n− nα

)︃
,

zm := −2K
m(n2α − nα)

m− nα
+K2 n2α − nα

m− nα
+ ym

(︃
1− n2α − nα

m− nα

)︃
so that, uniformly in yn, ym ∈ IK,n,

|zn − zm| =O
(︁
n3α−1 + nα/2 logn

)︁
.

We now recall the following well-known result on the total variation distance between
Gaussians, which can be verified by straightforward calculus and triangle inequality.

LEMMA 4.5 (TV distance between Gaussians). Let X1 ∼𝒩 (μ1, σ1), X2 ∼𝒩 (μ2, σ2).
Then

dTV(X1,X2)≤ C

(︃ |μ1 −μ2|
max(σ1, σ2)

+ |σ 2
1 − σ 2

2 |
max(σ 2

1 , σ 2
2 )

)︃
,

for some absolute constant C > 0.

Using the above,

dTV
(︁
Zn(︁n2α)︁,Zm(︁n2α)︁)︁= o(1)

if α is small enough. Therefore, we can focus on showing that

dTV
(︁
Yn(︁n2α)︁,Zn(︁n2α)︁|Yn(︁nα)︁= yn

)︁= o(1),

uniformly in yn ∈ IK,n, and similarly for Ym, Zm. To establish this, observe that it is enough
to show that ℙ(Zn ≻ −p) = 1 − o(1) because, conditionally on this event, Yn and Zn can
be coupled to be equal at time n2α . Note that the line joining (nα,−2Knα − 2unα/2) and
(n,−2Kn+K2) grows farther from p as we move along the line from t = nα to t = n (if n

is large enough compared to K). The distance at t = nα is

−2Knα − 2unα/2 + n2α

so that by Lemma 2.12, and using monotonicity, the claim ℙ(Zn ≻−p)= 1− o(1) is estab-
lished, uniformly in yn ∈ IK,n. The same argument applies to Zm. Summarizing, we have
proved (4.7). By symmetry the same argument applies to times −n2α . Therefore, using also

dTV
(︁
Yn(︁n2α)︁, Ym(︁n2α)︁)︁= o(1).

The same bound applies to time−n2α . Thanks to (4.5) and (4.6), we may then show that there
exists a coupling of (Y n(±n2α), Ym(±n2α) such that Yn(n2α)= Ym(n2α) and Yn(−n2α)=
Ym(−n2α) with probability 1 − o(1). Thus, using the Gibbs property to resample on the
interval [−n2α, n2α], we obtain a coupling of Yn, Ym such that, with probability 1− o(1),
one has Yn(t) = Ym(t) for all t ∈ [−n2α, n2α]. Since eventually [ℓ, r] ⊂ [−n2α, n2α], this
ends the proof. □

As we discussed after (4.3), the above proves the existence of a measure μ= μK ∈ 𝒢, by
consistency of the limiting marginals μℓ,r . To prove Proposition 4.2, it remains to prove the
next lemma.
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LEMMA 4.6. For any K > 0, if μK is defined as above and X ∼ μK , then μ-almost
surely

lim
t→±∞

X(t)− t2

|t | = −2K.

PROOF. We already know that μ= μK ∈ 𝒢, and, therefore, the limit above exists a.s. by
Lemma 3.1. We, therefore, only need to show that the limit along increasing positive integers
is indeed −2K .

If Xn ∼ ℒ(n−K)2

n , by Lemma 4.4 we know that dTV(Xn|[−s,s],μ|[−s,s]) < s−2, for all s ∈ℕ

and integers n≥ n0(s). Moreover, using the PBR, for all s large enough, and u= C1 log s for
some absolute constant C1, Lemma 4.3 shows

ℙ
(︁
Xn(s)− s2 ∈ [−2Ks − u

√
s,−2Ks + u

√
s])︁≥ 1− s−2.

Therefore, for X ∼ μ, we have

ℙ
(︁
X(s)− s2 ∈ [−2Ks − u

√
s,−2Ks + u

√
s])︁≥ 1− 2s−2.(4.8)

Since 2s−2 is summable, these events fail only for finitely many s ∈ℕ, almost surely. There-
fore, a.s., the right limit R exists along ℕ and is −2K . The same argument applies to the left
limit L. □

We finally address the existence of the measures νL,R in the case where one (but not both)
of L, R equals −∞. In the next lemma, this is accomplished by passing to the limit in the
previous construction.

LEMMA 4.7. For any x ∈ℝ, there is a measure μ ∈ 𝒢 with L(μ)=−∞, R(μ)= x and
a measure μ ∈ 𝒢 with L(μ)= x, R(μ)=−∞.

PROOF. By symmetry it suffices to show the statement with L(μ) = −∞, R(μ) = x

only. Moreover, by the shifting argument already used in the proof of Lemma 3.5, it suffices
to show the statement with, for example, x =−2. Let μK,1 denote the measure constructed
in the proof of Proposition 4.2, with L(μK,1)=−2K and R(μK,1)=−2. It is clear from our
construction that μK,1, K > 0, are stochastically ordered in the sense that if K1 > K2, then
μK1,1 ⪯ μK2,1. We now claim that the weak limit μ := limK→∞μK,1 exists. While finite
dimensional convergence is just a consequence of monotonicity, the tightness, in fact, even
convergence, follows from a coupling argument. Namely, for any L > 0 and ε > 0, there
exists KL,ε such that, for all K1,K2 > KL,ε , with probability at least 1 − ε, μK1,1 can be
exactly coupled with μK2,1 on [−L,L], which then finishes the proof by taking local limits.
This follows from essentially the arguments in the proof of Proposition 4.1, so we will be
brief. Let X ∼ μK1,1 and Y ∼ μK2,1. Using Lemma 2.5, there exists a universal constant C

such that, for K1, K2 large enough, with probability at least 1− ε
4 ,

X
(︁−L2)︁,X(0), Y

(︁−L2)︁, Y (0)≤ C.

While the conclusion about the height at the origin is verbatim the statement of Lemma 2.5,
the result about the height at −L2 follows by shifting the latter to the origin. Further, argu-
ments as in Lemmas 4.3-4.5 imply that one can couple X(L2) and Y(L2) with high probabil-
ity as their laws are close to a Gaussian with mean L4−L2 and variance L2. The argument in
the coupling part of the proof of Proposition 4.1 now implies that the coupling can be mod-
ified to ensure that there exists a stopping domain [τ,L2] such that −L2 < τ < −L, such
that with probability at least 1− ε, X(τ)= Y(τ) and, as before, X(L2)= Y(L2). The Gibbs
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property then allows us to exactly couple X and Y on [τ,L2] and hence, in particular, on
[−L,L].

The fact that μ is Gibbs follows from the Gibbs property of μK,1 established in Propo-
sition 4.2, since the limit of Gibbs measures is a Gibbs measure; see the discussion after
(4.3).

Thus, μ ∈ 𝒢 and by Lemma 3.1 the limiting values L(μ) and R(μ) exist a.s. Let X ∼ μ,
and let Y ∼ μK,1. Then X and Y may be coupled so that X ⪯ Y a.s., and

lim
t→−∞

(︁
X(t)− t2)︁/|t | ≤ lim

t→−∞
(︁
Y(t)− t2)︁/|t | = −2K.

Sending K →∞ shows that L(μ) = −∞. Similarly, R(μK,1) = −2 for all K > 0 implies
R(μ)≤−2. To prove the lower bound R(μ)≥−2 a.s. it is sufficient to observe that, from the
proof of the lower bound in Lemma 4.3 and reasoning as in (4.8), one obtains that uniformly
in K , X ∼ μK,1, and hence X ∼ μ, satisfy

ℙ
(︁
X(s)− s2 ≥−2s − u

√
s
)︁≥ 1− 2s−2. □

4.3. Uniqueness. We start by showing uniqueness for (L,R) ∈ℝ2 with L+R < 0.

LEMMA 4.8. For each (L,R) ∈ ℝ2 with L+ R < 0, there is at most one Gibbs state μ

such that (1.3) holds.

PROOF. From the shifting argument in Lemma 3.5, it suffices to show that if μ,ν ∈ 𝒢
satisfy L(μ) = L(ν) = R(μ) = R(ν) = −2K for some K > 0, then μ = ν. Define X ∼ μ

and Y ∼ ν on the same space independently, and switching to PBR, set X = X − p and
Y = Y − p. Take δ > 0, and consider the events

Am := {︁X(t), Y (t) ∈ [︁−2(K + δ)|t |,−2(K − δ)|t |]︁,∀t ∈ [−m,m]c}︁, m ∈ℕ.

The condition in the statement implies that limm→∞ℙ(Am)= 1, and, therefore, for any ε > 0,
we may take M large enough so that ℙ(AM)≥ 1− ε. In particular, according to the indepen-
dent coupling of (X,Y ),

ℙ(F )≥ 1− ε, F := {︁X(±M),Y (±M) ∈ [︁−2(K + δ)M,−2(K − δ)M
]︁}︁

.(4.9)

For a constant C1 to be fixed below, take s ≥ C1 and u= C1 log s, and consider the events

E+X :=
{︃
X(s) ∈

[︃
sX(M)

M
− u
√

s,
sX(M)

M
+ u
√

s

]︃}︃
,

E−X :=
{︃
X(−s) ∈

[︃
sX(−M)

M
− u
√

s,
sX(−M)

M
+ u
√

s

]︃}︃
,

and define E±Y similarly. Conditionally on the event F in (4.9), switching to PBR, for a
suitably large choice of the constant C1 and assuming δ ≤ 1/C1, an application of Lemma 4.3
and a union bound shows that the event E := E+X ∩E−X ∩E+Y ∩E−Y has probability at least
1− 1/s for all M ≥ C1s. Thus, (4.9) yields the estimate

ℙ(E)≥ (1− ε)(1− 1/s).

Conditionally on X(±M), X(±s), X|[−M,−s] and X|[s,M] are independent and similarly for
Y . We now show that dTV(X(s2), Y (s2)) is small, which by independence will imply that the
total variation distance dTV((X(s2),X(−s2)), (Y (s2), Y (−s2))) is also small.
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Note that, given X(s), X(M), we have X|[s,M] ∼ BX(s),X(M)
s,M [−p]. Define the uncondi-

tional version X′ ∼ BX(s),X(M)
s,M , and similarly define Y ′ for Y . The parabola avoidance prob-

ability for X′ is least when X(s), X(M) are both at their lowest endpoints. Assuming E ∩F ,
these endpoints satisfy the inequalities

X(M)≥−2(K + δ)M =:R−, X(s)≥−2(K + δ)s − u
√

s =: L−.

By choosing M ≥ Cs where C is a constant depending on K , one may ensure that the slope
of the line joining (s,L−) and (M,R−) is at least−2(K+2δ). Since the slope of t ↦→ −t2 at
s is−2s, the distance between this line and the parabola only increases after s, if s ≥K+2δ,
which we may assume. Therefore, the minimum distance is at s, where the distance is

d∗ := s2 − 2s(K + δ)− u
√

s ≥ 1

2
s2,

if s is large enough depending on K , provided δ is sufficiently small depending on K . Us-
ing Corollary 2.12, this shows that the probability that X′ avoids the parabola is at least
1− exp(−Θ(s3)). Thus, it suffices to consider the unconditional paths X′, Y ′ and consider
dTV(X′(s2), Y ′(s2)). Given X(s), X(M) and Y(s), Y(M), we have

X′
(︁
s2)︁∼𝒩

(︃
X(s)+ s2 − s

M − s

(︁
X(M)−X(s)

)︁
, σ 2

)︃
,

Y ′
(︁
s2)︁∼𝒩

(︃
Y(s)+ s2 − s

M − s

(︁
Y(M)− Y(s)

)︁
, σ 2

)︃
,

σ 2 := (s2 − s)(M − s2)

M − s
≈ s2 if M ≫ s2.

Using Lemma 4.5, we have

dTV
(︁
X′
(︁
s2)︁, Y ′(︁s2)︁)︁≤ |𝔼[X′(s2)] −𝔼[Y ′(s2)]|

2σ
.

We may take M so large that (s2−s)/(M−s)≤ βs2/M where β > 0 is an absolute constant.
The difference of expectations above is now bounded by

⃓⃓
𝔼
[︁
X′
(︁
s2)︁]︁−𝔼

[︁
Y ′
(︁
s2)︁]︁⃓⃓≤ ⃓⃓X(s)− Y(s)

⃓⃓+ β
s2

M

⃓⃓
X(M)− Y(M)

⃓⃓+ β
s2

M

⃓⃓
X(s)− Y(s)

⃓⃓
≤ 4δs + 2u

√
s + 4βs2δ+ 4βs3δ/M

so that the total variation distance is bounded by

dTV
(︁
X′
(︁
s2)︁, Y ′(︁s2)︁)︁≤ Csδ+ 2s−1/2u,

where C depends only on K and s ≥ C1 for a constant C1 depending on K . Observe that we
have not fixed δ yet, except that δ < δ0 for some constant δ0 = δ0(K) depending on K , as in
Lemma 4.3. So now choose δ small enough depending on s, u, giving that

dTV
(︁
X′
(︁
s2)︁, Y ′(︁s2)︁)︁≤ 3s−1/2u=O

(︁
s−1/3)︁.

By a triangle inequality, uniformly in E ∩ F ,

dTV
(︁
X
(︁
s2)︁, Y (︁s2)︁|X(s), Y (s),X(M),Y (M)

)︁=O
(︁
s−1/3)︁.

By independence, uniformly in E ∩ F ,

dTV
(︁
X
(︁±s2)︁, Y (︁±s2)︁|X(±s), Y (±s),X(±M),Y (±M)

)︁=O
(︁
s−1/3)︁.
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Recalling (4.9) and choosing, for example, ε = s−1/3 there, we obtain

dTV
(︁
X
(︁±s2)︁, Y (︁±s2)︁)︁≤ ℙ

(︁
Ec)︁+ ℙ

(︁
F c)︁+O

(︁
s−1/3)︁=O

(︁
s−1/3)︁.

Thus, switching back to the primal representation, there exists a coupling such that X(±s2)=
Y(±s2) with probability 1 −O(s−1/3). On this favorable event, we may resample with an
identity coupling inside [−s2, s2]. Therefore, for any fixed b > 0, sending s →∞ one has
dTV(X|[−b,b], Y |[−b,b]) = 0. Since b can be taken arbitrarily large, we obtain the desired
uniqueness statement. □

LEMMA 4.9. For any x ∈ℝ, there exists at most one Gibbs state μ with limits L=−∞
and R = x.

PROOF. By the shifting argument from Lemma 3.5 it is sufficient to show that if μ,ν ∈ 𝒢
with L(μ)= L(ν)=−∞ and R(μ)= R(ν)=−2, then μ= ν. The proof follows from the
same arguments already used in Proposition 4.1 and Lemma 4.8, respectively, and so we will
be brief to avoid repetitions. Let X ∼ μ and Y ∼ ν. As in the proofs above, it is sufficient
to show that there exists a coupling of X, Y such that X(+s)= Y(+s) and X(−s)= Y(−s)

with probability 1−o(1), for arbitrarily large s. For negative times we may use the arguments
from Proposition 4.1 to show that, as s→∞, one can couple the paths X, Y so that X(−s)=
Y(−s), with probability 1−o(1). More precisely, to couple X(−s), Y(−s), one first observes
that X(0), Y(0) can be controlled by using Lemma 2.5. Once the heights at zero are fixed at
two possibly large constants, one can restrict to the intervals [−m,0] for large m and then
use the argument from Proposition 4.1, which guarantees the existence of a coupling such
that X(−s) = Y(−s) with probability 1− o(1) as s →∞. For positive times, one can use
the same argument from Lemma 4.8, with very minor modification, to obtain a coupling such
that X(+s)= Y(+s), with probability 1− o(1). We omit the details. □

4.4. Proof of Theorem 1.3 completed. We can now summarize our results and complete
the proof of the theorem. As we mentioned at the beginning of Section 4, it remained to prove
that, for any (L,R) ∈ 𝒯 , there exists a unique νL,R ∈ 𝒢 such that (1.3) holds and that the mea-
sure is extremal, that is, νL,R ∈ 𝒢ext. When L= R =−∞, the existence and uniqueness has
been obtained in Section 4.1. When (L,R) ∈ ℝ2, L+R < 0, the existence is in Lemma 4.2
and the uniqueness in Lemma 4.8. When L=−∞ and R ∈ ℝ, or L ∈ ℝ and R =−∞, we
have existence by Lemma 4.7 and uniqueness by Lemma 4.9. Finally, concerning extremal-
ity, let us note that, for any (L,R) ∈ 𝒯 , the unique measure νL,R obtained above must be
extremal in 𝒢. This can be seen by contradiction. Indeed, assume that νL,R is given by a
nontrivial mixture of extremal Gibbs measures. By Lemma 3.2 and Lemma 3.5, each of the
extremal measures has its own pair of constants (L,R) ∈ 𝒯 , and by the uniqueness results
established above, we know that these pairs are all distinct. This forces the distribution of the
limits defined in (1.3) to be nontrivial for our measure νL,R , whereas we know that νL,R has
deterministic limits by construction.

Given the above preparation, we are now in a position to dive in to the proof of Theo-
rem 1.8.

5. Multiline Gibbs measures. Here we prove Theorem 1.8 and Theorem 1.9. Most of
the section is devoted to the proof of Theorem 1.8. The proof of Theorem 1.9 will be a rather
quick consequence of some technical estimates established during the proof of Theorem 1.8
and some confinement statements that were already obtained in [7].
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To guide the reader, we provide a brief roadmap of the section:

• We start with Lemma 5.1, which proves the counterpart of Lemma 3.1 and Lemma 3.2,
showing that the top line for any Gibbs measure μ ∈ 𝒢∞ has asymptotic left and right
linear behavior with slopes L and R, respectively, on subtracting p. Further, we record
a multiline counterpart of Lemma 3.5 stating that L + R must be strictly smaller than
zero, which turns out to follow immediately from the one-line argument and monotonicity
considerations.

• We then move on to the construction of infinite measures μK where L = R = −2K .
This proceeds by considering a certain prelimiting proxy that we term ρK,T , defined on
[−T ,T ], which exhibits an approximate monotonicity in T . The latter allows us to con-
clude weak convergence to a measure μK ∈ 𝒢∞ as T →∞. We then show that the measure
μK constructed in this way indeed exhibits the desired asymptotic behavior.

• Next, to show uniqueness, we take another measure μ′K ∈ 𝒢∞ with the same asymptotic
behavior and consider its restriction to [−T ,T ] that we term ρ′K,T . We then show that
ρK,T and ρ′K,T have the same limit as T →∞. The proof of the latter statement requires
two steps. First, by our choice of the boundary conditions of ρK,T , it turns out that one
can naturally couple ρ′K,T and ρK,T in such a way that, with high probability, the former
dominates the latter. The second step, which entails most of the work, is to show that one
can construct a reverse coupling such that, with high probability, the latter dominates the
former, at least in a mesoscopically large domain, that is, [−T c, T c] for some constant
c ∈ (0,1).

The following subsection analyzes the asymptotic properties of the top path, in analogy
with Section 3.

5.1. Growth at infinity for Gibbs measures. We will first prove a statement analogous to
Lemma 3.1 and Lemma 3.2.

LEMMA 5.1. For any μ ∈ 𝒢∞, the following two limits for the top path X1 exist μ-almost
surely as extended real random variables:

L := lim
t→−∞

X1(t)− t2

|t | , R := lim
t→∞

X1(t)− t2

t
.

Further, if μ ∈ 𝒢∞,ext, then L and R are deterministic.

Fortunately, monotonicity will allow us to essentially reduce the problem to a one-line case
for which we will reuse the arguments from the proof of Lemma 3.1.

PROOF. As in the proof of Lemma 3.1, we will show that μ-almost surely

R := lim sup
t→∞

(︁
X1(t)− t2)︁/t = lim inf

t→∞
(︁
X1(t)− t2)︁/t =:R.(5.1)

Toward this it is sufficient to establish (3.1). As in the proof of Lemma 3.1, fixing some b ∈ℝ,
δ > 0 and considering the events

Oncek = {︁∃t ∈ [k, k + 1) : (︁X1(t)− t2)︁/t ≥−2b
}︁
, k ∈ℕ,

Allℓ,r = {︁∀t ∈ [ℓ, r] : (︁X1(t)− t2)︁/t ≥−2(b+ δ)
}︁
, ℓ < r ∈ℝ,

it suffices to show that, for any ℓ, r , we have Oncek =⇒ Allℓ,r with high probability if k is
large enough. Recall the definition of τ = τk , given by

τ = sup
{︁
t ∈ [k, k + 1) : (︁X1(t)− t2)︁/t ≥−2b

}︁
on Oncek,
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and τ = k on Oncec
k . Note now that monotonicity implies that, given X1(τ ) = −2b, the

probability of Allℓ,r is higher in the multiline case than in the single line case. Therefore, as
in (3.2), one has

ℙ(Allℓ,r |Oncek)≥ 1−C exp
(︁−cℓδ2)︁.

The remainder of the proof of (5.1) is verbatim the proof of Lemma 3.1. We omit the details
to avoid repetition. To prove the last assertion, as in Lemma 3.2, if μ ∈ 𝒢∞,ext, then μ is tail
trivial. Since L and R are tail measurable random variables, one has that the limits L, R must
be deterministic for all extremal Gibbs measures. □

The next lemma is analogous to Lemma 3.5.

LEMMA 5.2. Let μ ∈ 𝒢∞,ext, and let L, R be the constants from Lemma 5.1. Then
(L,R) ∈ 𝒯 , with 𝒯 = {(L,R) ∈ [−∞,∞)2 : L+R < 0}, as in (1.1).

The proof of Lemma 5.2 is the same as that of Lemma 3.5 along with an application of
monotonicity. Indeed, the proof of Lemma 3.5 proceeded by showing that, in the one-line
case, if (L,R) /∈ 𝒯 , then the marginal tail at a single point ℙ(X1(0) > t) remains uniformly
bounded away from zero as t goes to infinity, thereby contradicting tightness. In the presence
of multiple lines, by monotonicity the marginal tail of the top line is at least as large as that
of the single line, which allows one to reach the same contradiction.

5.2. Existence. We now set out to prove the existence part of Theorem 1.8. As in the one-
line case, we first consider (L,R) ∈ ℝ2 with L+R < 0. When the limits are both finite, by
shifting we will take L= R =−2K , where 0 < K <∞. The arguments for the case where
L= R =−∞ or when only one of them is finite will involve minor modifications and will
only be sketched to avoid lengthy repetitions.

For reasons that will become apparent soon, we introduce the line ensemble ρK,T , defined
as the λ-tilted LE on [−T ,T ], with infinitely many lines, with strength parameter a = 2 and
with boundary conditions

X1(−T )=X1(T )= T 2 − 2KT − T b,

Xj (−T )=Xj(T )= 0, j = 2,3, . . . ,

where b ∈ (1/2,1) is a fixed constant. Actually, b= 0.6 will be sufficient, and hence we will
work with this specific choice below. We begin by showing weak convergence of ρK,T .

LEMMA 5.3. For every K > 0, there exists μK ∈ 𝒢∞ such that ρK,T converges weakly
to μK as T →∞.

PROOF. The proof involves two components, tightness and convergence of finite dimen-
sional distribution. The former has been discussed extensively in [9]. In fact, were it not for
the presence of the top path with growing boundary conditions, tightness of ρK,T would fol-
low immediately from [9], Theorem 1.4, and it is not hard to check that the same argument
applies, provided that one has a confinement statement for the top path. To this end, one has
that, for any ε > 0, S > 0, there exists C = C(S, ε) > 0 such that

inf
T≥S

ℙ
(︂

max
s∈[−S,S]X

1(s)≤ C
)︂
≥ 1− ε.(5.2)

The argument in (5.5) and (5.6) below actually yields an estimate that is more precise than
(5.2), and thus we skip the details of the proof of this. Once the control (5.2) is available, a



2232 M. BASU ROY CHOWDHURY, P. CAPUTO AND S. GANGULY

minor modification of the proof of [9], Theorem 1.4, provides tightness of {ρK,T , T > 0} in
𝒫+∞. Moreover, the same theorem also implies that any limit point of the sequence ρK,T , as
T →∞ is a Gibbs measure in the sense of Definition 1.6 and is asymptotically pinned to
zero in the sense of Definition 1.7.

We now move on to the proof of the convergence of finite dimensional distributions. To
this end, fix m ∈ ℕ, let 𝕊 = (s1, . . . , sm) ∈ ℝm, 𝕀 = (i1, . . . , im) ∈ {1, . . . , n}m, and let 𝕋 =
(t1, . . . , tm) ∈ℝm+. Consider the event

E =E(𝕊, 𝕀,𝕋)= {︁X ∈Ω :Xij (sj ) > tj , j = 1, . . . ,m
}︁
.

Thanks to the tightness of the measures ρK,T , standard measure theoretic arguments imply
that it suffices to show that, for each n ∈ℕ and for each choice of 𝕊, 𝕀, 𝕋, ρK,T (E) converges
when T →∞. This will be achieved by showing that, for any such E, the sequence of
numbers ρK,T (E) is approximately monotone, in a sense made precise shortly, and hence
has a limit.

Let Ti = 2i , and let (X1
i ,X

2
i , . . .) denote the corresponding LE sampled from ρK,Ti

. We
will now compare the marginal of ρK,Ti+1 restricted to [−Ti, Ti] to ρK,Ti

. Toward this, con-
sider the marginal boundary induced on [−Ti, Ti] by the measure ρK,Ti+1 . Certainly, by defi-
nition, for all j ≥ 2, we have

X
j
i+1(±Ti)≥ 0=X

j
i (±Ti).

We will now seek to show that, with high probability, we also have

X1
i+1(±Ti)≥X1

i (±Ti).

By definition,

X1
i+1(±Ti+1)= T 2

i+1 − 2KTi+1 − T 0.6
i+1, X1

i (±Ti)= T 2
i − 2KTi − T 0.6

i .

At this point we exploit the correction term T 0.6
i to obtain the desired monotonicity with high

probability. Using the fact that X1
i+1(·) is stochastically larger than in the case of the single

line with the same starting and ending points, using Lemma 4.3 (note the lemma was stated
in PBR language), we get (plugging in n= Ti+1, y± =−2KTi+1 − T 0.6

i+1 and s = Ti )

ℙ

(︃
X1

i+1(±Ti) ∈ T 2
i − 2KTi − T 0.6

i+1

2
+ [︁−uT

1/2
i ,∞)︁)︃≥ 1−C exp(−cu).

Thus, plugging in u= 0.1T 0.1
i and using 1

2T 0.6
i+1 + uT

1/2
i ≤ T 0.6

i , it follows that

ℙ
(︁
X1

i+1(±Ti)≥X1
i (±Ti)

)︁≥ 1−C exp
(︁−cT 0.1

i

)︁=: 1− ai.

Denote the event on the LHS above by Ai . Thus, on Ai we have the ordering of the boundary
data X

j
i+1(±Ti)≥X

j
i (±Ti), for all j ≥ 1. Note that the T 0.6 term allowed us to conclude that

it would beat the diffusive fluctuation of the Brownian bridge allowing the desired monotonic-
ity relations between the boundary conditions. Now, conditioned on Ai , using the monotone
coupling, it follows that ρK,Ti+1(E|Ai)≥ ρK,Ti

(E), and hence by averaging,

ρK,Ti
(E)≤ ρK,Ti+1(E)+ ai.

Letting pi := ρK,Ti
(E), we infer the approximate monotonicity relation pi+1 ≥ pi − ai .

Since
∑︁

i≥1 ai < ∞, it immediately follows that the pis have a limit as i →∞. (To see
this, consider a subsequence {ik} such that pik → lim suppi . Any other j > ik satisfies
pj ≥ pik −

∑︁
i>ik

ai . By choosing k sufficiently large, the latter can be made as small as
desired due to the convergence of

∑︁
ai , thereby implying lim suppi = lim infpi .) To prove
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that the entire sequence ρK,T (E) converges as T →∞, it remains to note that, for any
T ∈ [2i+1,2i+2], by the same argument as above,

ρK,Ti
(E)≤ ρK,T (E)+ ai,

which is enough to conclude the proof. □

Having constructed μK , we next show that it indeed has the desired asymptotic properties.

LEMMA 5.4. For any K > 0, μK -almost surely,

lim
t→±∞

X1(t)− t2

|t | = −2K.

PROOF. Let us first observe that, under ρK,T , the lines indexed 2 onward are confined,
uniformly in T . By monotonicity we can ignore the top line, and thus (X2,X3, . . . ) is stochas-
tically dominated by the λ-tilted line ensemble with zero boundary and overall strength 2λ.
Therefore, [7], Theorem 3.1, implies that, for suitable constants C,c > 0,

(5.3) ℙ
[︂

max
u∈[−S,S]X

2(u)≥ y
]︂
≤ CS exp

(︁−cy3/2)︁,
for all S ≥ 1 and y > 0. These estimates are uniform in T , and thus they carry over to the
limiting measure μK . Moreover, note that, by construction, the estimate is uniform in K as
well.

From the above it follows for any δ > 0 and any s bigger than a fixed constant, with
probability at least 1− exp(−sδ), for all t ≥ 0, one has

(5.4) X2(±t)≤ tδ + sδ.

This follows from (5.3), an union bound and the observation that the above event contains
the following event:

∞⋂︂
i=1

{︂
max

t∈[−Si,Si ]
X2(t)≤ Sδ

i−1

}︂
where Si = s · 2i .

Taking δ small enough, this will essentially allow us to ignore X2 and treat X1 as a sin-
gle line allowing usage of one-line estimates. Switching to PBR, we have that, under ρK,T ,
conditionally on X2, the random path Z1 := −p+ X1 has the law of the Brownian bridge

B−2KT−T 0.6

T conditioned to avoid −p+X2. We claim that

(5.5)
⃓⃓
Z1(±s)+ 2Ks

⃓⃓≤ s2δ
√

s,

with probability at least 1− exp(−sc), for some constant c > 0, uniformly in T . The lower
bound on Z1(±s)+ 2Ks, by monotonicity, can be reduced to the single line case and, there-
fore, follows from Lemma 4.3. Hence, we will focus on the upper bound. For this, using the
same argument as in the tail bounds from Lemma 2.5, we see that Z1(0) ≤ s2δ with prob-
ability at least 1− exp(−sδ). This uses Lemma 2.11, which shows that starting from s2δ , a
Brownian bridge to −2KT − T 0.6 avoids −p+X2 with probability at least 1− exp(−sδ),
provided X2 satisfies (5.4) and δ is small enough. Hence, it suffices to prove (5.5) for the
Brownian bridge in which case it follows from standard Brownian estimates. Putting every-
thing together and switching back to the primal representation, we get, for any s > 0,

(5.6)
⃓⃓
X1(±s)− s2 + 2Ks

⃓⃓≤ s2δ
√

s,

with probability 1 − C exp(−sc), for some constants C,c > 0. This estimate holds for the
top path X1 under ρK,T , uniformly in T , and thus continues to hold for X1 under μK . This,
along with an application of the Borel–Cantelli lemma, finishes the proof. □



2234 M. BASU ROY CHOWDHURY, P. CAPUTO AND S. GANGULY

5.3. The key technical coming down estimate. Before addressing the problem of unique-
ness, we present a key technical device that will be needed. In words, this states that if all the
lines start at T 2− 2KT at ±T , there exists a macroscopic domain [−ηT ,ηT ] with η= η(λ)

such that by then the second line has descended to a height which is an arbitrarily small
polynomial in T .

PROPOSITION 5.5. Let X be the λ-tilted n-line ensemble on [−T ,T ] with boundary
conditions xT = T 2 − 2KT for all lines, that is, X ∼ ℒxT

n;T where xT ≡ xT . For any δ > 0,
there exist constants η = η(λ) ∈ (0,1) and C,c > 0 depending on λ and δ such that, with
T1 = ηT , uniformly in n ∈ℕ and K > 0,

ℙ
(︁
X2(±T1)≤ T δ

1
)︁≥ 1−C exp

(︁−T c)︁.
The proof of Proposition 5.5 constitutes a significant part of the technical component of

this work. It relies on an elaborate scheme providing control on the kth path by induction
over k. This is accomplished in Section 6. In the present section, we assume its validity to
finish the proof of Theorem 1.8 and Theorem 1.9.

5.4. Uniqueness. It will be useful to first obtain confinement estimates for the second
line onward that apply to any Gibbs state, and hence we begin by proving the following
statement.

LEMMA 5.6. The following applies to any Gibbs state μ′K ∈ 𝒢∞ whose top path has left
and right limits L=R =−2K , with K > 0. There exists a constant C independent of K such
that for all integers k ≥ 1, for all s ∈ℝ, if X ∼ μ′K , then

(5.7) 𝔼
[︁
Xk+1(s)

]︁≤ Cλ−k/3,

and such that, for all S > 0 and all k ≥ 1,

(5.8) sup
s∈ℝ

𝔼
[︂

max
u∈[−S,S]X

k+1(s + u)
]︂
≤ Cλ−k/3[︁1+ log

(︁
1+ Sλ2k/3)︁]︁.

Moreover, there exist constants c,α > 0 independent of K such that, for all k ≥ 1,

(5.9) ℙ
[︂

max
s∈[−S,S]X

k+1(s) > tλ−k/3
]︂
≤ CS exp

(︁−ctα
)︁ ∀S ≥ 1,∀t > 0.

In the language introduced in [7], we say that the the paths indexed by j ≥ 2 are uniformly
confined; see [7], Definition 5.1. In fact, the arguments from [7], Theorem 3.1, can be used
to upgrade the exponent α > 0 to 3/2, but the stated weaker bound will suffice for us.

PROOF OF LEMMA 5.6. We first invoke Proposition 5.5, which implies that, for any
T , X2(±T ) is bounded by T δ with arbitrarily large probability. To see this, note that since
L= R =−2K , for any ε > 0, for all large T , X1(±T )≤ T 2 −KT with probability at least
1 − ε. Moreover, since μ′K is asymptotically pinned to zero (see Definition 1.7), we also
have that Xn+1(t)≤ ε for all t ∈ [−T ,T ] with probability at least 1− ε, for all n sufficiently
large. Conditionally on these events, by monotonicity we can resample the first n paths with
the same boundary height xT := T 2 −KT and with a floor at ε so that the uniform (in n)
bound of Proposition 5.5, applied with δ/2 instead of δ, then implies that with probability at
least 1 − 3ε, for all large T , X2(±ηT ) ≤ T δ/2 + ε ≤ (ηT )δ for some constant η = η(λ) ∈
(0,1). Replacing ηT by T finishes the argument. Moreover, by a Borel–Cantelli argument,
the above reasoning can be strengthened to obtain that the events ET := {X2(±T ) ≤ T δ}
hold eventually almost surely, say for T ∈ ℕ. Next, on the event ET , by monotonicity we
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can remove the top line X1 and work with the λ-LE with strength a = 2λ and boundary data
all equal to T δ on [−T ,T ]. At this point, Proposition 7.2 and Remark 7.4 in [7] yield the
following estimates: there exists an absolute constant C > 0 such that

max|s|≤T/2
𝔼
[︁
Xk+1(s)1ET

]︁≤ Cλ−k/3,(5.10)

𝔼
[︂
max|s|≤S

Xk+1(s)1ET

]︂
≤ Cλ−k/3 log

(︁
1+ λ2k/3S

)︁
,(5.11)

for all S ∈ [0, T /2] and for all k ≥ 1. Note that the parameter s is restricted to the bulk
[−T/2, T /2]. This is crucial to have enough room for the paths to come down from the
original height T δ at ±T , to a bounded height.

Since T can be taken to be arbitrarily large and 1ET
→ 1 a.s., by passing to the limit

T →∞, the uniform confinement bounds in (5.7) and (5.8) follow by Fatou lemma.
Further, once the estimates (5.10)–(5.11) are available, it follows from the same argument

in the proof of Lemma 5.6 in [7] that there exist constants α, c > 0 and C > 0,

(5.12) ℙ
[︁
Xk+1(s) > λ−k/3y

]︁≤ Ce−cyα ∀s ∈ [−T/2, T /2],∀y ∈ (︁0, T c)︁,
for any integer k ≥ 1 whenever y10λ−2k/3 < T/2. By adjusting the value of the constant c,
we can ensure that (5.12) holds for all y ∈ (0, T c), for all k ≥ 1. Again by sending T to
infinity, we get (5.12) for all y and s. Finally, a simple union bound allows one to get (5.9)
from (5.12); see, for instance, [7], Lemma 5.3, where a similar argument appears. □

As a consequence, we have the following multiline analog of Lemma 4.3.

LEMMA 5.7. For any Gibbs state μ′K ∈ 𝒢∞ whose top path has limits L = R = −2K ,
with K > 0,

ℙ
(︁
X1(s) ∈ s2 − 2Ks + [︁−s0.6, s0.6]︁)︁≥ 1−C exp

(︁−sc)︁,
for all s ≥C, where c,C > 0 are constants.

PROOF. Since the lower bound can be inherited from the one-line case in Lemma 4.3
using monotonicity, we move on to the upper bound. Thanks to (5.9), the bound stated in
(5.4) on X2 continues to hold, even for μ′K , with probability at least 1− exp(−sc). Further,
since by hypothesis on μ′K , the limits R = L=−2K , one has that that, given ε > 0, for all
large T , with probability at least 1− ε,

(5.13)
(︁
X1(±T )− T 2)︁/T ∈−2K + [−ε, ε].

Conditioning on X2 satisfying (5.4) and further on X1(±T ), as in (5.13), one can now fol-
low the arguments of Lemma 2.5 to get that, with probability at least 1− exp(−sδ), we have
X1(0) ≤ s3δ . We now condition further on X1(0) at a value less than s3δ ; switching to PBR
and letting Z1 =−p+X1, we see that Z1 on [−T ,0] is upper bounded by a Brownian Bridge
between −(2K − ε)T and s3δ conditioned to avoid −p+X2. However, by Lemma 2.11 the
avoidance constraint is satisfied by a Brownian bridge with the same endpoints with proba-
bility at least 1− exp(−sδ). Now, just by Brownian bridge estimates, we get, for a suitably
small constant c > 0,

ℙ
(︁
X1(s) ∈ s2 − (2K − ε)s + [︁−s0.6, s0.6]︁)︁≥ 1− exp

(︁−sc)︁.
Now, sending T →∞ and then ε→ 0, the proof is complete. □

We will now prove that μ′K = μK . The proof will proceed by analyzing LEs on the domain
[−T ,T ] and then passing to the limit. Using the previous lemma, it is clear that one can
couple X ∼ ρ′K,T , where ρ′K,T denotes the restriction of μ′K to [−T ,T ], and Y ∼ ρK,T on
[−T ,T ] such that with probability at least 1−exp(−T c), we have X ⪰ Y . The proof will then
be based on constructing a different coupling which reverses this order with large probability.
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5.5. Reverse coupling. Let ρ′K,T denote the restriction of μ′K to [−T ,T ], where μ′K ∈
𝒢∞ is any Gibbs measure whose top path has left and right limits L=R =−2K , with K > 0.

LEMMA 5.8. There exists a constant c > 0 and a coupling of X ∼ ρ′K,T and Y ∼ ρK,T

such that, with probability at least 1− φ(T ), one has

Xj(s)− Y j (s)≤ φ(T ) ∀j = 1,2, . . . ,∀s ∈ [︁−T c, T c]︁,(5.14)

where φ(T )= exp [−(logT )c].

As a corollary of Lemma 5.8 and Lemma 5.3, using standard measure theoretic arguments
(see, e.g., the proof of [7], Theorem 3.7), one concludes that also ρ′K,T converges to μK as
T →∞, which implies that μ′K = μK , finishing the proof of uniqueness.

5.6. Proof of Lemma 5.8. To prove the lemma, we are going to modify the argument in
the proof of Lemma 7.4 in [7] to handle the presence of the top line with parabolic boundary
data. The proof is divided into four steps:

Step 1. First, we show that it is sufficient to prove (5.14) where Y is replaced by a truncated
version Y k where all lines below the kth path are removed with k = ⌊(logT )γ ⌋, where γ > 0
is a small constant to be fixed later. That is, we let Yk denote the k-line ensemble [−T ,T ]
with boundary condition

Y 1
k (−T )= Y 1

k (T )= T 2 − 2KT − T 0.6,

Y
j
k (−T )= Y

j
k (T )= 0, j = 2, . . . , k, k = ⌊︁(logT )γ

⌋︁
.

To see that this indeed suffices, observe that, with high probability for the ensemble ρ′K,T ,
the (k + 1)th line Xk+1 does not exceed the height λ−k/6 in [−T ,T ]. Namely, consider the
event

FT =
{︂

max
s∈[−T ,T ]X

k+1(s)≤ λ−k/6
}︂
.

Using (5.11) and Markov’s inequality, our choice of k implies that, for all T large enough,
one has

(5.15) ℙ(FT )≥ 1− λ−k/7.

Since one can take the constant c in the definition of φ so that λ−k/7 ≪ φ(T ), thanks to the
control on Xk+1 in (5.15) and the obvious fact that Y k+1 ⪰ 0, we can reduce to proving (5.14)
only for j ≤ k, and hence by monotonicity we may work with the truncated ensemble Y k .

Moreover, we observe that we can replace X|[−T ,T ] with law ρ′K,T by the paths with law
ρ′K,T conditioned on the pinning X1(±T ) = T 2 − 2KT + T 0.6 on the top path of X at the
endpoints of the interval. Indeed, it follows from Lemma 5.7 and monotonicity that this is
sufficient to prove (5.14) up to a small probability error of size exp(−T c) for some constant
c > 0. By slight abuse of notation, we continue to denote by X this line ensemble. Thus, from
now on, we focus on proving (5.14) with this new process X and with Y replaced by Y k .

Step 2. In the second step, we present the construction of the main coupling. Let ˆ︁T = T ζ

where ζ ∈ (0,1) is a suitably small constant to be fixed later. Consider the discrete time steps
sj = −ˆ︁T + 2j − 1, j = 1, . . . , jmax, where jmax = ⌊ˆ︁T /2⌋. Similarly, let uj = ˆ︁T − 2j + 1,
j = 1, . . . , jmax. Set v := kb, with b > 0 to be fixed later, and consider the indexes

ℓ∗ = inf
{︁
j ∈ {1, . . . , jmax} : Y i

k (sj )≥ vλ−(i−1)/3,∀i = 2, . . . , k
}︁
,

r∗ = inf
{︁
j ∈ {1, . . . , jmax} : Y i

k (uj )≥ vλ−(i−1)/3,∀i = 2, . . . , k
}︁
.
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Accordingly, we define the random times τℓ = sℓ∗ and τr = ur∗ and consider the events

BT = {τℓ <−ˆ︁T /4, τr > ˆ︁T /4},
DT =

{︂
max

s∈[−T ,τℓ]∩[τr ,T ]
X2(s)≤ T δ

}︂
, D′

T =
{︂

max
s∈[−T ,τℓ]∩[τr ,T ]

Y 2
k (s)≤ T δ

}︂
,

GT :=
k⋂︂

i=2

Gi
T , Gi

T :=
{︁
Xi(τℓ)≤ vλ−(i−1)/3}︁∩ {︁Xi(τr)≤ vλ−(i−1)/3}︁,

where δ ∈ (0,1) is a small constant to be chosen later. We will later show that for a suitable
choice of the parameters involved, under the independent coupling of X and Y k , one has

(5.16) ℙ
(︁
Ec

T

)︁≪ φ(T ), ET := BT ∩DT ∩D′
T ∩GT ∩ FT .

For the moment we assume the validity of (5.16) and proceed with the definition of our
coupling. Let us recall the notation of the external sigma algebra from (1.8),

ℬe
n;ℓ,r = σ

(︁
Xi(t) : either t /∈ (ℓ, r) or i > n

)︁
,

and let us define the analogous sigma algebra for the ensemble Y k by 𝒮e
n;ℓ,r . For our purposes

we need a variant of the above which only considers the lines indexed two or greater. Thus,
let

ℬ(1),e
n;ℓ,r = σ

(︁
Xi(t) : either 2≤ i ≤ n and t /∈ (ℓ, r) or i > n

)︁
,

and analogously for the ensemble Y k , let the corresponding notation be 𝒮(1),e
n;ℓ,r . Note that τℓ, τr

are measurable with respect to 𝒮(1),e
k;τℓ,τr

, but independent of X, and that ET is in the σ -algebra

generated by ℬ(1),e
k;τℓ,τr

, 𝒮(1),e
k;τℓ,τr

.

We will prove that, conditionally on ℬ(1),e
k;τℓ,τr

, 𝒮(1),e
k;τℓ,τr

, uniformly on the event ET , the total

variation distance between the two random vectors (X1(τℓ),X
1(τr)) and (Y 1

k (τℓ), Y
1
k (τr)) is

much smaller than φ(T ). Equivalently, this can be formulated as follows. Letting Ξ1 denote a
generic realization of the random path {Xi(t) : either 2≤ i ≤ kandt /∈ (τℓ, τr) or i > k}, and
Ξ2 denote a generic realization of the random path {Y i

k (t) : 2≤ i ≤ kandt /∈ (τℓ, τr)}, and
letting HT denote the event

HT := {︁X1(τℓ)= Y 1
k (τℓ)

}︁∩ {︁X1(τr)= Y 1
k (τr)

}︁
,

then there exists a coupling such that

(5.17) ℙ
(︁
H c

T |(Ξ1,Ξ2)
)︁
1ET

≪ φ(T ),

where ℙ(H c
T |(Ξ1,Ξ2)) denotes the conditional probability (under the mentioned coupling)

given the realization (Ξ1,Ξ2), and the bound is uniform over all such realizations. Let us for
a moment assume the validity of (5.17) and proceed with the proof of the lemma.

We construct our final coupling of X and Y k as follows. Consider two independent sam-
ples of the lines {Xj, j ≥ 2} and the (k − 1)-line ensemble {Y j

k , j = 2, . . . , k}. If the event
ET does not occur, we conclude by sampling X1, Y 1

k independently. Otherwise, condi-

tionally on ℬ(1),e
k;τℓ,τr

, 𝒮(1),e
k;τℓ,τr

, that is, given the realization of the pair (Ξ1,Ξ2), we sample

(X1(τℓ),X
1(τr)) and (Y 1

k (τℓ), Y
1
k (τr)) with the optimal coupling, which satisfies the event

HT with large probability by (5.17).
By definition of the events ET , HT , on ET ∩ HT , at the stopping domain [τℓ, τr ] ⊃

[−ˆ︁T /4, ˆ︁T /4], the boundary values of Y k are higher than or equal to the boundary values
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of the top k lines of X and the (k + 1)th line of X does not exceed height λ−k/6. Thus, on
this event we may resample the lines{︁(︁

Xi(s), Y i
k (s)

)︁
, s ∈ [τℓ, τr ]}︁

under a monotone coupling, which by construction guarantees that

Xi(s)≤ Y i
k (s)+ λ−k/6, s ∈ [−ˆ︁T /4, ˆ︁T /4], i = 1, . . . , k,(5.18)

with probability one. This follows from the fact that the resampling of the top k lines of X,
on the event FT , using stochastic domination, can be performed with an effective floor at
height λ−k/6, and, therefore, one can compare with the lines Y i

k , i = 1, . . . , k with floor at
zero, with an overall shift by λ−k/6. Note that above we crucially used the fact that [τℓ, τr ] is
a stopping domain for Yk and independent of X, which allows us to use the Gibbs property
to simultaneously resample X and Yk on [τℓ, τr ], given the respective boundary data. From
(5.18), using also λ−k/6 ≤ φ(T ), on the event ET ∩ HT we have the desired bound (5.14)
by adjusting the value of the constant c. This concludes the proof, assuming the validity of
(5.16) and (5.17).

Step 3. We turn to the proof of (5.17). To this end, it is convenient to introduce the following
events, representing a stronger version of the events DT , D′

T defined above:

AT =
{︂

max
s∈[−T ,T ]X

2(s)≤ T δ
}︂
, A′T =

{︂
max

s∈[−T ,T ]Y
2
k (s)≤ T δ

}︂
.

Suppose that all lines Xj, j ≥ 2 are sampled, and independently, sample the lines Y
j
k , j ≥ 2.

We claim that conditionally on these realizations, uniformly on the event

E′T := BT ∩AT ∩A′T ,

we can couple the two vectors (X1(τℓ),X
1(τr)) and (Y 1

k (τℓ), Y
1
k (τr)) in such a way that the

event HT has probability at least 1− T −c. Note that this is sufficient to prove (5.17). Indeed,
using Lemma 5.6 (see (5.9)) and monotonicity, we know that

ℙ
(︁
A′T

)︁≥ ℙ(AT )≥ 1− exp
(︁−T c)︁,

and moreover, one clearly has AT ∩ A′T ⊂ DT ∩D′
T . Since exp(−T c) ≤ T −c ≪ φ(T ), the

TV bound claimed in (5.17) is then obtained from the above claim about coupling on the
event E′T by using the fact that TV distance can only decrease on further averaging.

Thus, we can now focus on proving the asserted estimate on the event E′T . Here all lines

Xj , j ≥ 2 and Y
j
k , 2≤ j ≤ k are sampled and satisfy E′T , the top paths are pinned at

X1(±T )= T 2 − 2KT + T 0.6, Y 1
k (±T )= T 2 − 2KT − T 0.6

and we want a coupling of the top paths at times of order ˆ︁T = T ζ . To prove the claim, we will
actually prove the stronger fact that, uniformly on the given realization of the lower lines as
above, the law of X1 on [−T , τℓ] ∪ [τr, T ] is very close in TV distance to the parabola p plus
two independent Brownian bridges on [−T , τℓ] and [τr , T ], respectively, where the values at
±T are T 2 − 2KT + T 0.6, while the values at τ ∈ {τℓ, τr} are two independent Gaussians
(W1,W2), of mean τ 2 − 2K|τ | up to a small polynomial correction in T and with variance
|τ |(1− |τ |

T
). The same argument also shows that the above conditional TV bound holds for

the law of Y 1
k on [−T , τℓ] ∪ [τr , T ]. The small discrepancies in the boundary conditions will

allow us to obtain that Y 1
k (τ )=X1(τ ) at τ ∈ {τℓ, τr} with high probability.

To prove this, we condition on X1(0) as well, which makes X1(τℓ), X1(τr) independent.
Since we are on the event AT , we can ignore X2 and raise the floor to T δ instead and apply
Lemma 2.5 to conclude that, up to a probability of exp(−T c), one has X1(0) ≤ T 3δ . We
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will now switch to PBR, and let Z1 =−p+X1 denote the corresponding Brownian bridge
conditioned to avoid −p + X2. Thus, we may assume Z1(0) ≤ T 3δ . Given the above, by
arguments as in Lemma 5.7, ⃓⃓

Z1(±κ)+ 2Kκ
⃓⃓≤ κ1/2T 2δ,

where κ = T 10δ with probability at least 1 − exp(−T c). Therefore, Z1|[κ,T ] is exp(−T c)

close in total variation norm to a Brownian bridge with the same endpoints, since the con-
straint of avoiding −p+X2 is satisfied with probability 1− exp(−T c) by Lemma 2.11. On
the event BT , we have τr = Θ(T ζ ) and |τℓ| = Θ(T ζ ). This, in particular, implies that at
τ ∈ {τℓ, τr}, conditionally on Z1(0)≤ T 3δ , the random variables Z1(τℓ), Z1(τr), up to a TV
error of exp(−T c), are independent Gaussian variables with variance (|τ | − κ)(1 − |τ |−κ

T−κ
)

and means −2K|τ | +O(T 7δ)+O(T 0.6T ζ

T
). The last two error terms appear due to the con-

ditioning on the values at κ as well as the discrepancy of the starting points at ±T . Note that
the exact same conclusion holds for Y 1

k as well. In conclusion, the triangle inequality and
Lemma 4.5, show that, as long as, say, 7δ < ζ/4 < 0.1, we can couple X1(τ ) and Y 1(τ ) with
failure probability O(T −c). This ends the proof of (5.17).

Step 4. The last bit of the proof concerns the estimate (5.16). Since DT ∩D′
T ⊃AT ∩A′T ,

we already know that DT ∩D′
T occurs with probability at least 1− exp(−T c). Similarly, FT

has been already dealt with in (5.15). It remains to show that BT ∩GT has large probability.
Using the independence of the random variables (τℓ, τr) and the line ensemble X, by

Lemma 5.6 (see (5.9)) and a union bound, one has

ℙ
(︁
Gc

T

)︁≤ 2k exp
(︁−ckbα)︁.

Taking, for example, b = 1/α and choosing the constant γ in the definition of k sufficiently
small,

ℙ
(︁
Gc

T

)︁≪ φ(T ).

It remains to estimate ℙ(Bc
T ). We note that this event concerns the k-line ensemble Y k in

the interval [−ˆ︁T , ˆ︁T ]. As in the proof of Proposition 4.1, we will use that Y k is stochastically
higher than the field obtained by pinning at zero all lines Y

j
k , j = 2, . . . , k at the endpoints of

the intervals Ij defined by

Ij = [︁−ˆ︁T + 2(j − 1),−ˆ︁T + 2j
]︁
, j = 1, . . . , jmax.

The intervals have length 2, and the points sj are the midpoints of Ij . We call Wk the new
k-line ensemble obtained in this way. Let τ ′ℓ be the random time defined as τℓ with Wk in
place of Y k . Thus, by monotonicity, one has ℙ(τℓ < −ˆ︁T /4) ≥ ℙ(τ ′ℓ < −ˆ︁T /4). We want to
prove that

ℙ
(︁
τ ′ℓ <−ˆ︁T /4

)︁≥ 1− exp
(︁−T c)︁.(5.19)

By symmetry this would imply ℙ(Bc
T ) ≤ 2 exp(−T c) ≪ φ(T ), and it is thus sufficient to

end the proof. We will first ensure that the first curve remains high enough on the interval
[−ˆ︁T ,−ˆ︁T /4] and does not interact with the bottom curves. Toward this we define the event

VT =
{︂

min
s∈[−T ,−ˆ︁T /4]

W 1(s)≥ ˆ︁T }︂.
By stochastic domination we can ignore the bottom lines and use a one-line estimate, and by
Lemma 5.7 we can restrict to the case where W 1(s) is lower bounded on [−T ,0] by p+ a
Brownian bridge starting and ending at −2KT − T 0.6 and 0, respectively. Straightforward
Brownian estimates then show that

ℙ(VT )≥ 1− exp
(︁−T c)︁.
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Consider now only the intervals Ij , j = 1, . . . , j ′max, where j ′max = ⌊ˆ︁T /4⌋, such that IT :=⋃︁j ′max
j=1 Ij ⊂ [−ˆ︁T ,−ˆ︁T /2]. On the event VT by monotonicity, we may replace the lines Wi

k(s),

s ∈ IT , i = 2, . . . , k by a (k − 1)-line ensemble Wk = {Wi

k, i = 2, . . . , k}, on the interval IT ,
obtained by imposing a ceiling at height ˆ︁T . Now, the line ensemble Wk is a product over
the intervals Ij . Tail estimates for such an ensemble, albeit without the ceiling, appear in the
proof of Lemma 6.2 of [7].

Nonetheless, the argument works as is, even in presence of the rather high ceiling, and
yields that the probability pk of the event Y i

k (sj ) ≥ vλ−(i−1)/3, ∀i = 2, . . . , k, for any given
j , satisfies

pk ≥ e−kv2
.

Since τ ′ℓ ≥−ˆ︁T /4 implies that these events fail for all j = 1, . . . , j ′max, the product structure
shows that

ℙ
(︁
τ ′ℓ ≥−ˆ︁T /4

)︁≤ (1− pk)
j ′max ≤ exp (−cˆ︁T pk)≤ exp

(︁−cˆ︁T e−k1+2b)︁
,

where we use v = kb and j ′max ∼ ˆ︁T /4. Taking as above b= 1/α and taking the constant γ in
the definition of k sufficiently small, for some new constant c > 0 and T large enough, one
has (5.19), which ends the proof.

5.7. Proof of Theorem 1.8. Collecting the results presented so far in this section allows us
to end the proof of Theorem 1.8. Indeed, the existence and uniqueness of the Gibbs measure
μK ∈ 𝒢∞, with left and right limit −2K for the top path, has been established in the case
K ∈ (0,∞). As usual, by shifting, this also shows existence and uniqueness of the measures
ν∞,L,R ∈ 𝒢∞ with left and right limit L, R, respectively, for all (L,R) ∈ℝ2 with L+R < 0.
As in the one-line case, uniqueness also implies extremality. Thus, it remains only to check
existence and uniqueness in the cases where one or both limits are equal to −∞. Quick
adaptations of the above arguments, together with results from [7], allow us to treat these
remaining cases, as we briefly discuss below:
• L=R =−∞. We only have to address the uniqueness part here, since the zero boundary

measure μ0 is already known to be a Gibbs measure with the requisite asymptotic properties;
see, for example, [9], Theorem 1.4. For the uniqueness we will recycle some of the argument
presented above. Let X ∼ ν ∈ 𝒢∞ denote a λ-tilted LE with left and right limit for the top
path equal to −∞. By monotonicity and Lemma 5.6, we have that X′ := {Xj, j ≥ 2} is
uniformly confined in the sense of [7], Definition 5.1. Thus, for any fixed T > 0, on the
interval [−10T ,10T ] we can pretend that X2(s)≤ T δ , for any fixed δ > 0. Now, by raising
the floor to T δ , the analogous argument in the one-line case of Proposition 4.1 can be followed
verbatim to show that, with high probability on [−T/10, T /10], all the lines, not just the
second line onward, are below T 2δ . This then by an application of [7], Proposition 7.2, as
explained in the proof of Lemma 5.6 above, allows us to argue that the entire LE with law ν

is uniformly confined in the sense of [7], Definition 5.1. Thus, by appealing to the uniqueness
established in [7], Theorem 3.7, one has ν = μ0.
• L = −∞, R = x. As usual, by shifting one can reduce to the case L = −∞, R = −2.

We proceed as above, except that we have to be somewhat mindful of the different behaviors
on the positive and the negative sides. For the construction part, we argue as follows. We
define the sequence of measures ρ1,∞,T which is an LE on [−T ,T ] with boundary conditions
Xi(T )= 0 for all i ≥ 1, Xj(−T )= 0 for all j ≥ 2 and X1(−T )= T 2−2T −T 0.6. The same
arguments as in Lemma 5.3 then show that the sequence of measure ρ1,∞,T is approximately
monotone and hence weakly converges to a limiting measure, say, μ1,∞. By monotonicity
Proposition 5.5 shows that the second line of this limiting ensemble is bounded by T δ on
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[−ηT ,ηT ] for some η = η(λ) with high probability. We may then apply the one-point tail
estimate of Lemma 2.5 at the origin with the parabola −p replaced by the shift −p + T δ .
This allows us to separate the left and right parts of the top path and to apply the previous
arguments on each side separately, to prove the desired asymptotic behavior. This settles
the existence. Finally, to argue for uniqueness, for any other μ with the same asymptotic
properties, pick T such that with probability, say, 1− δ, one has (X1(T )− T 2)/T ∈ −2+
[−δ, δ] and (X1(−T )− T 2)/T ≤−K for some large K . Again, the arguments above imply
that second curve onward is uniformly confined on both sides. Finally, the origin has a tight
distribution conditioning on which and arguing as in the L= R =−∞ case implies that all
the lines of μ are uniformly confined on (−∞,0] while the same is true only for X2 onward
on the right side [0,∞). Applying the argument in Lemma 5.7, then proves that under μ,
X1(T ) ∈ T 2−2T +[−T 0.6, T 0.6] with high probability. Thus, conditioned on such boundary
data at −T and T , clearly it dominates ρ1,∞,T . On the other hand, the exact same argument
as in Lemma 5.8, allows us to reverse couple on a mesoscopic interval [−T c, T c] for some
c > 0, finishing the proof.

5.8. Proof of Theorem 1.9. Suppose μ ∈ 𝒢∞,ext. Then by Theorem 1.8, we may assume
that the top path X1 under μ has left and right limits (L,R) ∈ 𝒯 . We may further suppose
that (L,R) ∈ ℝ2 with L+R < 0, since the degenerate cases can be obtained from this non-
degenerate one by monotonicity considerations. Now, by shifting we may further suppose
that L= R =−2K for some K > 0. At this point by Theorem 1.8, we know that μ= μK is
the weak limit of the LE ρK,T defined in Lemma 5.3. Upon ignoring the top line of ρK,T and
passing to the limit T →∞, we see that the second line onward of the LE μ is stochoastically
dominated by the zero boundary LE μ0; that is, if X ∼ μ and Y ∼ μ0, we can couple them
in such a way that Xk+1 ⪯ Y k for all k ≥ 1. Therefore, the confinement estimates stated in
Theorem 1.9 are an immediate consequence of the estimates established in [7] for the zero
boundary LE μ0; see Corollary 2.8 and Theorem 3.1 there.

6. Inductive framework. The goal of this section is to prove Proposition 5.5. We begin
by recalling some of the elements of the proof idea. The key observation being that, in the one-
line case, a Gibbs measure with parameter a > 0 growing at infinity must necessarily, up to a
linear correction term, exhibit exactly the parabolic growth t → a

2 t2. The boundary conditions
xT = T 2−KT , imposed on the LE X ∼ ℒxT

n;T appearing in Proposition 5.5, force the second

line to grow at most like T 2, which by the previous comment, falls short significantly of
competing with the area tilt factor, causing them to descend rapidly.

Roughly speaking, this is the mechanism leading to the strong confinement properties for
the second line onward. Note, however, that rigorously establishing this picture involves some
work, since the one-line results do not directly apply to any line in the multiline ensemble
which feels the push up from the line below. To address this, we revise and strengthen our
one-line results to accommodate the presence of certain floors. This allows us to set up an
inductive framework: we prove an upper bound on the kth line given an upper bound on the
(k+ 1)th line, and the upper bound of the kth curve serves as a floor in the one-line set up to
prove an upper bound on the (k − 1)th curve, and so on.

The proof of this is somewhat technical and has two broad parts. One part considers paths
with a large index, referred to as heavy paths. For heavy paths, by adapting some ideas from
[7] and by using the coming down estimates established in Lemma 2.9, it is not too difficult
to show that they descend rapidly to the desired height. The paths with smaller index, referred
to as light paths, require a more delicate inductive argument, which constitutes the core of
the present section.
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6.1. Heavy vs. light paths. The threshold between heavy and light will not be very
delicate, and we do this by defining n0 = n0(T ) to be the largest number k such that
T −15 ≤ T λ−(k−1)/2. We call heavy the paths with index k ≥ n0 + 1 and light the paths with
index k ≤ n0. The choice T −15 is rather arbitrary, and any inverse polynomial would have
sufficed. We also stipulate the following convention for the rest of this section. Given events
ET indexed by the parameter T > 0, we say that ET occurs with high probability (w.h.p.) if
for some constant c > 0, for all sufficiently large T ,

ℙ(ET )≥ 1− exp
(︁−T c)︁.

LEMMA 6.1 (Heavy paths). Let X ∼ ℒxT

n;T , where xT ≡ xT = T 2− 2KT . For any δ > 0,
uniformly in n > n0(T ),

Xn0+1(t)≤ T δ for all t ∈ [︁−T + T −10, T − T −10]︁,w.h.p.(6.1)

The proof of Lemma 6.1 is given in Section 6.5. Next, we record the statement concerning

light paths. Here we take X ∼ ℒx′T
n0;T to be a system of n0 lines on the interval [−T ,T ],

referred to as the light paths, with boundary conditions x′T slightly higher than xT = T 2 −
2KT . We use an inductive framework to show that there is a subdomain [−ηT ,ηT ] such that
at its boundary all but the top path X1 come down to a height of size O(T δ). We introduce
some notation. Though they might seem somewhat ill motivated at this point, they will be
useful in stating our results. The reader may also wish to refer to Figure 7 for an illustration
of these quantities:

• pk will denote the parabola t ↦→ λk−1t2.
• The starting location of the kth line will be (x′T )k := Sk , where

Sk := T 2 − 2KT + 4(n0 − k + 1)T δ.

• ξk is the x-tangency location from the point (T ,−pk(T )+ Sk) to −pk , and we define

ξk =
1

2
(ξk + ξk+1).

• Floork, k < n0 is the path defined as follows:

Floork(t) := [︁4(n0 − k)+ 2
]︁
T δ +

⎧⎪⎪⎨⎪⎪⎩
ℓ1(t) t ≤−ξk,

−pk(t) −ξk ≤ t ≤ ξk,

ℓ2(t) ξk ≤ t,

(6.2)

where the straight lines ℓ1, ℓ2 are defined by

ℓ1(t) : line joining
(︁−T ,−pk(−T )+ T 2 − 2KT

)︁
to
(︁−ξk,−pk(−ξk)

)︁
,

ℓ2(t) : line joining
(︁
T ,−pk(T )+ T 2 − 2KT

)︁
to
(︁
ξk,−pk(ξk)

)︁
.

Finally, let Floorn0 := −pn0 .

The path Floork will play the role of an effective floor for the kth path in the PBR repre-
sentation, that is, Floork + pk will act as the floor for the path Xk .

Before we state our results, we record some facts about ξk and ξk . Note that the x-tangency
location from the point (T ,R) to −pk is decreasing in R. Since

Sk ≥ T 2 − 2KT = γ T 2 where γ := 1− 2K/T,(6.3)
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ξk is upper bounded by the tangency location from (T ,−pk(T ) + γ T 2). Therefore, by
Lemma 2.10

ξk ≤ T
(︁
1−

√︂
γ λ−(k−1)

)︁
.(6.4)

Also, note that, since n0 =O(logT ), for sufficiently large T we have that Sk ≤ T 2 so that

ξk ≥ T
(︁
1−

√︁
λ−(k−1)

)︁
.(6.5)

A straightforward algebra then shows that, for β := 1
2(1+√1/λ) < 1,

T
(︁
1− β

√︁
λ−(k−1)

)︁≤ ξk ≤ T
(︁
1− β

√︂
γ λ−(k−1)

)︁
.(6.6)

With the above notational apparatus, we now state the main result in the analysis of the
light paths.

LEMMA 6.2 (Light paths). Let X = (X1, . . . ,Xn0)∼ ℒx′T
n0;T , with (x′T )k = Sk , be the sys-

tem of light paths defined above. Then

Xk ⪯ Floork−1 + pk−1 ∀k = 2, . . . , n0,w.h.p.

Let us now show that Proposition 5.5 follows directly from Lemma 6.1 and Lemma 6.2.
The proof of the two lemmas is given in Sections 6.5 and 6.3, respectively.

6.2. Proof of Proposition 5.5. Let X ∼ ℒxT

n;T , where xT ≡ xT = T 2 − 2KT . Raising the
floor at height xT , simple monotonicity considerations and an application of the upper tail
estimates on the maximum of an infinite LE; see, for example, Corollary 5.5 from [7], we
obtain that, uniformly in n,

max
t∈[−T ,T ]X

1(t)≤ xT + T δ w.h.p.

Therefore, setting S := T − T −10, Lemma 6.1 implies that uniformly in n, w.h.p.

X1(±S)≤ xT + T δ and Xn0+1(t)≤ T δ ∀t ∈ [−S,S].
If we condition on this event, by monotonicity on the interval [−S,S], the LE (X1, . . . ,Xn0)

is dominated by CT δ + (ˆ︁X1, . . . , ˆ︁Xn0), where C is a suitable constant and ˆ︁X is the n0-line
ensemble on [−S,S] with all lines having boundary xS = S2 − 2KS and floor at zero. By
adjusting the value of the constant δ > 0 and by renaming S to T , we have thus reduced
the proof to establishing that w.h.p. one has X2(t) ≤ T δ for all t ∈ [−ηT ,ηT ], where η =
η(λ) > 0 is a constant. Here X2 denotes the second line of the ensemble X ∼ ℒxT

n0;T with n0

lines, where xT ≡ xT = T 2 − 2KT . We further note that, by monotonicity, we may raise the
boundary condition to x′T , where (x′T )k = Sk = T 2 − 2KT + 4(n0 − k + 1)T δ , and thus we
are in the setting of Lemma 6.2. The latter implies that w.h.p.

X2(t)⪯ Floor1(t)+ p1(t)≤ 4n0T
δ ∀t ∈ [−ξ1, ξ1].

Since, by (6.6), ξ1 ≥ (1− β)T , one has [−ξ1, ξ1] ⊃ [−ηT ,ηT ], where η = (1− β). Since
n0 = O(logT ), by adjusting the value of the constant δ > 0, this completes the proof of
Proposition 5.5.
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6.3. Proof of Lemma 6.2. Let X ∼ ℒx′T
n0;T be as in the statement of Lemma 6.2. We pro-

ceed by induction over k. When proving an upper bound on the kth line Xk , by monotonicity
we may remove all lines above it. Thus, assuming inductively that Xk+1 ⪯ pk + Floork , by
monotonicity we may restrict to a single line with floor at pk + Floork . By using the PBR
representation from Lemma 2.4, we then consider the bound Y k + pk ⪯ Floork−1 + pk−1,
where Y k ∼ B−pk(T )+Sk

T [Floork]. The proof of Lemma 6.2 is complete once we establish the
base case k = n0 and the inductive step from k+ 1 to k discussed above. Thus, using a union
bound over the n0 =O(logT ) paths, Lemma 6.2 follows from the next lemma.

LEMMA 6.3. Let Y k ∼ B−pk(T )+Sk

T [Floork]. Then for all k = 2, . . . , n0,

Y k + pk ⪯ Floork−1 + pk−1 w.h.p.

We now embark on the proof of Lemma 6.3. We will establish three auxiliary results,
appearing in the next three lemmas, that will allow us to prove the desired statement. The
first is a technical lemma which quantifies the following observation already implicit in our
proofs for the one-line case. If Y ∼ BH

T [−p], then Y follows the the boundary of the convex
hull of the region delimited by (−T ,H), (T ,H) and −p, up to Brownian fluctuations. When
H < 0, this consists of the tangent lines from (±T ,H) to−p and the stretch of−p in between
the tangency locations, namely, the function denoted Path in (6.8) below; see also Figure 6
for an illustration. Define the error function

Err(t) := T δ(︁T − |t |)︁1/2 + T −10, t ∈ [−T ,T ].(6.7)

LEMMA 6.4 (Typical path). For any a ≥ 1, consider Y ∼ BH
T [−ap] where H ∈

[−ap(T ),0]. Let ±ξ be the x-tangency locations from (±T ,H) to −ap, respectively. Let
Path denote the function

Path(t) :=

⎧⎪⎪⎨⎪⎪⎩
ℓ1(t) t <−ξ,

−ap(t) −ξ < t < ξ,

ℓ2(t) ξ < t,

(6.8)

FIG. 6. Illustration of the typical path Path in (6.8) and the error functions Err and Err′ defined in (6.7) and
(6.11). Path consists of three parts: the two tangent lines in blue, as pointed to by the arrows, and the parabolic
segment in the region t ∈ [−ξ, ξ ]. The teal dashed curve is Err+ Path, that is, the gap between the dashed line
and Path is Err. Err′ + Path follows the same trajectory as Err+ Path, except in the segment t ∈ [−ξ, ξ ] where it
is replaced by the orange solid line, at a height of T δ from the parabola.
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where ℓ1, ℓ2 are the tangent lines from (−T ,H) to (−ξ,−ap(−ξ)) and from (T ,H) to
(ξ,−ap(ξ)), respectively. Then⃓⃓

Y(t)− Path(t)
⃓⃓≤ Err(t) ∀t ∈ [−T ,T ],w.h.p.(6.9)

We stress that the above estimates hold for any fixed choice of the parameter δ > 0 and
that the constants hidden in the w.h.p. statements are independent of a ≥ 1, which may itself
depend on T in the applications below.

PROOF. Observe that Y is stochastically dominated by the Brownian excursion on
[−T ,T ] conditioned to stay above the straight line ℓ2. By an application of Lemma 2.11,
we then conclude that

Y(t)≤ ℓ2(t)+Err(t) ∀t ∈ [ξ, T ],w.h.p.

The same bound holds on [−T ,−ξ ], with ℓ1 replacing ℓ2. Hence, a union bound proves the
upper bound in (6.9) restricted to |t | ≥ ξ . To prove it also for |t | ≤ ξ , we condition on the
high probability event

Y(±ξ)≤ Path(±ξ)+ Err(ξ)=−ap(ξ)+ Err(ξ)

and focus on the behavior in the interval [−ξ, ξ ]. In fact, by the same argument as above,
we may even assume Y(±ξ) ≤ Path(±ξ)+ Err(ξ)/2, and thus going back to the area-tilted
model, by monotonicity, we may dominate Y +ap on this interval by Z ∼ ℒ2a;z

ξ , with bound-
ary values z := Err(ξ)/2. By neglecting the area tilt, at this point one can again use Brownian
excursion estimates and conclude, by another application of Lemma 2.11, that Z(t)≤ Err(t),
for all t ∈ [−ξ, ξ ] w.h.p. This proves the upper bound in (6.9).

For the lower bound, observe that it is sufficient to prove it only for |t | ≥ ξ . For t ∈ [ξ, T ],
X stochastically dominates V where V ∼ Bℓ2(ξ),ℓ2(T )

ξ,T and so the bound follows from Brown-
ian fluctuations; see again Lemma 2.11. □

We also need the following refinement of the above lemma, which holds under additional
assumptions on the tangency location ξ guaranteeing that it is not too close to the endpoint T

and that it is well separated from the origin. Under these assumptions it gives a stronger bound
on the height between the two tangency locations, which exploits the pull to the parabolic
barrier to achieve a height at most T δ in the bulk.

LEMMA 6.5 (Typical path 2). In the setting of Lemma 6.4, suppose further that

T − ξ ≥max
{︁
T −20, a−2/3}︁, ξ ≥ αT ,(6.10)

where α > 0 is a fixed constant. Then⃓⃓
Y(t)− Path(t)

⃓⃓≤ Err′(t) ∀t ∈ [−T ,T ],w.h.p.,

where

Err′(t) :=
{︄

Err(t) if |t | ≥ ξ −CT 3δ/2(T − ξ)3/4a−1/6,

T δ otherwise
(6.11)

and C is some absolute constant; see Figure 6 for an illustration.

PROOF. Thanks to the previous lemma, we may restrict to |t | ≤ ξ , and we may assume
that

Y(±ξ)− Path(±ξ)≤ T δ(T − ξ)1/2 + T −10 ≤ 2T δ(T − ξ)1/2,
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where we use the assumption T − ξ ≥ T −20 in the last inequality. Therefore, switching back
to the area-tilted model, by monotonicity we dominate Y + ap on [−ξ, ξ ] by Z ∼ ℒ2a;z

ξ , with

z := 2T δ(T − ξ)1/2. We now apply Lemma 2.9 by plugging in X = Z, H = 2T δ(T − ξ)1/2,
T = ξ . The hypotheses required by Lemma 2.9 are satisfied, since by our assumptions (6.10)
one has ξ ≥ αT ≥ 3H 3/2 for all T large enough, if δ > 0 is sufficiently small, which can
indeed assume without loss of generality. Since also 2T δ(T − ξ)1/2a1/3 ≥ 2T δ , it follows
that w.h.p.

Z(t)≤
{︄

8T δ(T − ξ)1/2 t ∈ [−ξ,−ξ + S] ∪ [ξ − S, ξ ],
ξ δ ≤ T δ t ∈ [−ξ + S, ξ − S],

where S = CT 3δ/2(T − ξ)3/4a−1/6, for an absolute constant C. □

REMARK 6.6. In the application to light paths, one has the corresponding parabolas −ap
where a = λk−1, k = 2, . . . , n0, ξ = ξk , and thus using (6.4) and (6.5), the assumptions in
(6.10) are easily seen to be satisfied for such cases. Indeed,

T − ξk ≥ T
√

γ λ−(k−1)/2 ≥ T −20,

as long as T is large enough due to the assumption that T λ−(n0−1)/2 ≥ T −15. Moreover,

T − ξk ≥ T
√

γ λ−(k−1)/2 ≥ λ−2(k−1)/3,

for large enough T because λ≥ 1. Finally,

ξk ≥ T
(︁
1− λ−(k−1)/2)︁≥ T

(︁
1− λ1/2)︁,

as long as k ≥ 2.

We turn to the last auxiliary result for the proof of Lemma 6.3. Define the functions

Pathk(t)− [︁4(n0 − k)+ 2
]︁
T δ := ˆ︃Pathk(t) :=

⎧⎪⎪⎨⎪⎪⎩
ℓ3(t) t ≤−ξk,

−pk(t) −ξk ≤ t ≤ ξk,

ℓ4(t) ξk ≤ t,

(6.12)

where the lines ℓ3, ℓ4 are tangent lines to −pk from (∓T ,−pk(T ) + T 2 − 2KT + 2T δ),
respectively, and ±ξk are the corresponding tangency locations; see (6.4) and (6.5). Definingˆ︃Pathk(·) to be a shifted version of Pathk(·) will be convenient for the arguments.

LEMMA 6.7 (Typical path 3). In the setting of Lemma 6.3,⃓⃓
Y k − Pathk

⃓⃓⪯ Err, w.h.p.(6.13)

PROOF. We first show that Brownian motion conditioned to avoid the shifted parabola

ˆ︁pk := −pk + [︁4(n0 − k)+ 2
]︁
T δ

will avoid Floork with high probability. For an illustration the reader may refer to Figure 7.
Since Floork ≻ˆ︁pk , by construction this says that the constraints of avoidingˆ︁pk and Floork are
essentially equivalent, which will be useful to establish the claim, since it allows us to use
estimates already developed for Brownian bridges conditioned to avoid a parabola.

Let V k ∼ B−pk(T )+Sk

T [ˆ︁pk]. We claim that w.h.p.

V k ⪰ Floork.(6.14)
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FIG. 7. Important quantities in the statement and proof of Lemma 6.2, in particular, indicating the shifts involved
in the definitions as in (6.12).

Shifting down by [4(n0 − k)+ 2]T δ , by the definition (6.2), this is equivalent to

Zk ⪰ˆ︁Floork, Zk := V k − [︁4(n0 − k)+ 2
]︁
T δ ∼ B−pk(T )+T 2−2KT+2T δ

T [−pk],
where

ˆ︁Floork(t)=

⎧⎪⎪⎨⎪⎪⎩
ℓ1(t) t ≤−ξk,

−pk(t) −ξk ≤ t ≤ ξk,

ℓ2(t) ξk ≤ t.

We apply Lemma 6.4 to Zk so that a = λk−1, H = Zk(±T )=−pk(T )+ T 2 − 2KT + 2T δ ,
ξ = ξk . Therefore, by Lemma 6.4,⃓⃓

Zk − ˆ︃Pathk

⃓⃓≤ Err w.h.p.(6.15)

Our next step is to compute the distance between ˆ︃Pathk and ˆ︁Floork and show that it is
bigger than Err. Since Zk avoiding ˆ︁Floork is the same as Zk avoiding the ℓ1, ℓ2 pieces in
the definition of ˆ︁Floork , using symmetry, we only need to compare the two functions in the
interval [ξk, T ]. In this interval the gap between ˆ︃Pathk and ˆ︁Floork is a line with vertical heights
between Gk and 2T δ , where

Gk := ˆ︃Pathk(ξk)−ˆ︁Floork(ξk),

=−2λkξkξk + λkξ2
k + λkξ

2
k,

= λk(ξk − ξk)
2 ≥ (

√
γ − β)2T 2,

where we used the bounds on ξk , ξk established in (6.4)–(6.6). Thus, for large enough T , the
gap is always more than Err(t) in [ξk, T ] because at the right endpoint,

Err(T )= T −10 ≤ ˆ︃Pathk(T )−ˆ︁Floork(T )= 2T δ,

and at the left endpoint,

Err(ξk)= T δ(T − ξk)
0.5 + T −10 ≤ T ≤ (

√
γ − β)2T 2.
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Therefore, (6.15) implies that Zk ≻ ˆ︁Floork w.h.p., which establishes the claimed bound
(6.14).

We can now finish the proof of the lemma. In the statement (6.13), we have Y k ∼
B−pk(T )+Sk

T [Floork], and, therefore,

Y k − [︁4(n0 − k)+ 2
]︁
T δ ∼ Zk(︁·|Zk ≻ˆ︁Floork

)︁
.

Hence, we may couple Y k and V k = Zk + [4(n0 − k)+ 2]T δ with high probability. In con-
clusion, shifting back up by [4(n0 − k)+ 2]T δ , (6.15) shows that |Y k − Pathk| ≤ Err w.h.p.
This proves (6.13). □

We are now ready to address the proof of Lemma 6.3.

6.4. Proof of Lemma 6.3. We need to prove

Y k + pk ⪯ Floork−1 + pk−1 w.h.p.(6.16)

By shifting everything down by [4(n0 − k) + 2]T δ , with the notation from the proof of
Lemma 6.7, the inequality (6.16) is equivalent to

Zk + pk ⪯ Floork−1 − [︁4(n0 − k)+ 2
]︁
T δ + pk−1

=ˆ︁Floork−1 + [︁4(n0 − k + 1)+ 2
]︁
T δ − [︁4(n0 − k)+ 2

]︁
T δ + pk−1

=ˆ︁Floork−1 + 4T δ + pk−1.

From Lemma 6.5 applied to Zk so that H =Zk(±T )=−pk(T )+ T 2− 2KT + 2T δ , we get
that

Zk ⪯ ˆ︃Pathk + Err′ w.h.p.

We refer to Remark 6.6 for the validity of the three conditions in (6.10).
Therefore, it is sufficient to prove that

ˆ︃Pathk + Err′ + pk ⪯ˆ︁Floork−1 + 4T δ + pk−1.(6.17)

Note that this a purely deterministic relation, which can be checked via elementary geometric
considerations. Nonetheless, the proof requires a bit of work. We do this in three steps. First,
guided by (6.11), we define

ξ ′k = ξk −CT 3δ/2(T − ξk)
3/4λ−(k−1)/6.(6.18)

We verify (6.17) sequentially on the intervals [−ξ ′k, ξ ′k], [ξ ′k, ξk], [ξk, T ] with their symmetric
versions holding analogously.

We start with the interval [−ξ ′k, ξ ′k]. Note that, by (6.11), Err′(t)= T δ on [−ξ ′k, ξ ′k]. Since
ˆ︁Floork−1 + pk−1 ≥ 0 for all t and ˆ︃Pathk + pk = 0 on [−ξk, ξk] ⊇ [−ξ ′k, ξ ′k], condition (6.17)
holds on this interval.

Next, consider the interval [ξk, T ]. On this interval by (6.2). we have ˆ︁Floork−1 = ℓ2, and
by (6.11) we have Err= Err′. Therefore, it is sufficient to checkˆ︃Pathk + pk − pk−1 + Err⪯ ℓ2 + 4T δ.(6.19)

This is accomplished in two steps: First, we show that ˆ︃Pathk + pk − pk−1 ⪯ ℓ for a certain
straight line ℓ due to the convexity of ˆ︃Pathk + pk − pk−1. In the second step, we show that
Err⪯ ℓ2 − ℓ+ 4T δ . For the first step, observe thatˆ︃Pathk + pk − pk−1 = ˆ︃Pathk + (︁λk−1 − λk−2)︁t2
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is a convex parabola since ˆ︃Pathk is linear on [ξk, T ], and λk−1 − λk−2 > 0. Thus, we upper
bound it on the interval [ξk, T ] by the straight line ℓ joining its endpoints. We now compute
the endpoints of ℓ. At T we have

ˆ︃Pathk(T )+ pk(T )− pk−1(T )= T 2 − 2KT + 2T δ − λk−2T 2,

and at ξk we have

ˆ︃Pathk(ξk)+ pk(ξk)− pk−1(ξk)=−λk−2ξ2
k

because ˆ︃Pathk(ξk)+pk(ξk)= 0. Thus, ˆ︃Pathk+pk−pk−1 is bounded on [ξk, T ] by the straight
line ℓ satisfying

(6.20)
ℓ(T )=−pk−1(T )+ T 2 − 2KT + 2T δ,

ℓ(ξk)=−pk−1(ξk).

Moving on to the second step, we wish to show that ℓ2−ℓ+4T δ ≻ Err. Since ℓ2−ℓ+4T δ is a
line, we first lower bound its value at both endpoints t = ξk and t = T , and then show that the
line joining these lower bounds actually upper bounds Err. As ℓ(ξk) = −pk−1(ξk), to lower
bound ℓ2−ℓ+4T δ at ξk , it is sufficient to lower bound (ℓ2−pk−1)(ξk). This is accomplished
as follows: Let ℓc be the chord joining (ξk−1,−pk−1(ξk−1)) and (ξk,−pk−1(ξk)). Then

(6.21) ℓ2(ξk)− pk−1(ξk)= (ξk − ξk−1) · (absolute slope difference between ℓ2 and ℓc);
see Figure 8 for an illustration. We lower bound both factors next.

Using (6.5) and (6.6),

ξk − ξk−1 ≥ T
(︁
1− λ−(k−1)/2)︁− T

(︁
1− β

√
γ λ−(k−2)/2)︁= T λ−(k−1)/2(β

√︁
γ λ− 1).

The slope of the line ℓ2 is

T 2 − 2KT − λk−2T 2 + λk−2ξ
2
k−1

T − ξk−1
≥ T − 2K

β
√

λ
λ(k−1)/2 − λk−2(T + ξk−1)

FIG. 8. Right side of the parabola −pk−1 along with quantities of interest in the proof of Lemma 6.3. Objects
illustrated include, for instance, the chord [ξ ′k, ξk] as well as ˆ︃Pathk + pk − pk−1, the floor induced on Yk−1 up to
a shift.
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using the lower bound on ξk−1 from (6.6). The slope of the chord ℓc joining (ξk−1,

−pk−1(ξk−1)) and (ξk,−pk−1(ξk)) is −λk−2(ξk−1 + ξk) so that the difference of slopes be-
tween ℓ2 and ℓc is at least

T − 2K

β
√

λ
λ(k−1)/2 − λk−2(T + ξk−1)+ λk−2(ξk−1 + ξk)

= T − 2K

β
√

λ
λ(k−1)/2 − λk−2(T − ξk)

≥ T − 2K

β
√

λ
λ(k−1)/2 − λk−2T λ−(k−1)/2 = T λ(k−1)/2

[︃
γ

β
√

λ
− 1

λ

]︃
> 0,

where we use (6.3) for the last equality, as long as T is sufficiently large. Plugging all these
estimates into (6.21) yields

ℓ2(ξk)− pk−1(ξk)≥ T 2

βλ
(γ
√

λ− β)(β
√︁

γ λ− 1)=: θT 2,(6.22)

where θ = θ(γ,λ) > 0 is a constant.
Recall from definition (6.2) that ℓ2(T ) = −pk−1(T ) + T 2 − 2KT and from (6.20) that

ℓ(T )=−pk−1(T )+ T 2 − 2KT + 2T δ . Therefore, in conclusion, ℓ2 + 4T δ − ℓ is a line on
[ξk, T ] with endpoints at least θT 2 + 4T δ and 2T δ and, therefore, exceeds Err(t) throughout
the interval. Therefore, condition (6.17) is also satisfied on [ξk, T ] and symmetrically on
[−T ,−ξk].

It remains to verify the condition (6.17) on the interval [ξ ′k, ξk]. For this we will again check
(6.19), but now on the interval [ξ ′k, ξk]. Recall that, by (6.12) on this interval, ˆ︃Pathk =−pk so
that it is sufficient to check

−pk−1 + Err⪯ ℓ2 + 4T δ.

As long as T is sufficiently large, one has Err(t) ≤ 2T δ+1/2 for all t ∈ [ξ ′k, ξk] so that it is
sufficient to check the stronger statement

2T δ+1/2 ⪯ ℓ2 − (−pk−1)

throughout [ξ ′k, ξk]. One can, in fact, show that the right-hand side, that is, the “gap” between
ℓ2 and −pk−1 is at least Θ(T 2) throughout the said interval.

To this end, we proceed as follows. We lower bound the gap between ℓ2 and ℓc throughout
the interval by θT 2/2 and upper bound the gap between ℓc and−pk−1 by θT 2/4; see Figure 8
for an illustration. These two together will be sufficient to establish the desired claim.

Since ℓ2 − ℓc is straight line, to lower bound it by θT 2/2, it is sufficient to show that it is
at least θT 2/2 at both endpoints, that is, at t = ξ ′k and t = ξk . We already know from (6.22)
that the gap between ℓ2 and −pk−1 is θT 2 at t = ξk . This is also the gap between ℓ2 and
ℓc, because ℓc(ξk)=−pk−1(ξk). We now show that the gap is at least θT 2/2 at t = ξ ′k . For
that we will apply the exact same argument as in (6.22), but with ξ ′k instead of ξk . Observe
that, from (6.22), to achieve the lower bound of at least θT 2/2, it is sufficient to show that
ξ ′k − ξk−1 ≥ 1

2(ξk − ξk−1), which is equivalent to showing that ξk − ξ ′k ≤ 1
2(ξk − ξk−1).

Recalling (6.18), the following inequality is then sufficient:

(6.23)

CT 3δ/2(T − ξk)
3/4λ−(k−1)/6

≤ CT 3δ/2T 3/4λ−3(k−1)/8λ−(k−1)/6

= CT 3/4+3δ/2λ−
13
24 (k−1) ≤ 1

2
(β
√︁

γ λ− 1)T λ−(k−1)/2 ≤ 1

2
(ξk − ξk−1),
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which holds as long as T is sufficiently large and δ is sufficiently small. This completes the
proof of the claim that the gap between ℓ2 and ℓc is at least θT 2/2 throughout the interval.

The last remaining step is to upper bound the gap between ℓc and −pk−1 by θT 2/4. The
gap is 0 at t = ξk , and the (absolute) slope of −pk−1 is maximized at t = ξk . Therefore, this
gap is upper bounded by(︁

ξk − ξ ′k
)︁ · ⃓⃓(slope of ℓc)− (slope of −pk−1 at ξk)

⃓⃓
.

Note that the slope of −pk−1 at ξk is −2λk−2ξk . Hence, the gap between ℓc and −pk−1 is
upper bounded by(︁

ξk − ξ ′k
)︁[︁

2λk−2ξk − λk−2(ξk + ξk−1)
]︁

= λk−2(ξk − ξk−1)
(︁
ξk − ξ ′k

)︁
≤ Cλk−2T

3
4+ 3δ

2 λ−
13
24 (k−1) · [︁T (︁1−√γ λ−(k−1)/2)︁− T

(︁
1− βλ−(k−2)/2)︁]︁

≤ CT
7
4+ 3δ

2 (β
√

λ− γ )λk−2− 13
24 (k−1)−(k−1)/2 ≤ θT 2/4

as long as T is large enough where in the first inequality we used the calculations in (6.23)
and the bounds in (6.4) and (6.6). This establishes our claim and, therefore, completes the
proof.

Next, we turn to the control on the heavy paths with index n > n0.

6.5. Proof of Lemma 6.1. We first prove an upper bound for a single area-tilted line with
a high strength parameter a. Iterating this as a ranges from λn to λn0 will yield the desired
estimate (6.1).

LEMMA 6.8 (High parameter one-line envelope). Let X ∼ ℒ2a;H
T where a = λk−1 for

k > n0. Then for any δ < 1/20, H ≤ 2T 2, one has X ⪯ Envelope with probability at least

1− exp
(︁−Θ

(︁
λkδ/2)︁)︁,

where the symbol Θ(·) hides an absolute constant, and we define

Envelope(s) :=

⎧⎪⎪⎨⎪⎪⎩
H +Δ2 s ∈ [−T ,−T +Δ1],
Δ2 s ∈ [−T +Δ1, T −Δ1],
H +Δ2 s ∈ [T −Δ1, T ],

where Δ2 = T δλ−(k−n0)/5, Δ1 = T λ−k/2.

PROOF. Switching to the PBR, let Y :=X− pk so that

Y ∼ B−λk−1T 2+H
T [−pk].

As in Lemma 6.4, let ξ be the x-location of tangency on the tangent line ℓ from
(T ,−λk−1T 2 + H) to −pk . Lemma 2.10 (with a = λk−1 and α = a − 2) shows that
ξ = T (1 − O(λ−k/2)). Monotonicity and Brownian excursion fluctuation arguments, as in
Lemma 6.4, show that Y |[ξ,T ] is bounded by the shifted line T 1/2λ−k(1−δ)/4 + ℓ with proba-
bility at least

1− exp
(︃
−Θ

(︃
T λ−k(1−δ)/2

T λ−(k−1)/2

)︃)︃
= 1− exp

(︁−Θ
(︁
λkδ/2)︁)︁.(6.24)
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FIG. 9. Illustration of the envelopes constructed in the proof of Lemma 6.1 to bound successively the heavier
paths.

Since by assumption we have λn0 ≥ T 32, it follows that

T 1/2

λk(1−δ)/4 =
T 1/2

λn0(1−δ)/4 λ−(k−n0)(1−δ)/4 ≤ T 1/2

T 8(1−δ)
λ−(k−n0)(1−δ)/4

= T
1
2−8(1−δ) · λ−(k−n0)/5 ≤ T −7λ−(k−n0)/5,

using the bounds 8(1 − δ) ≥ 7 + 1
2 and 1 − δ ≥ 4/5, both of which can be satisfied with

sufficiently small δ. This shows that, with the same probability,

X(t)≤H + T −7λ−(k−n0)/5 ∀t ∈ [−T ,−ξ ] ∪ [ξ, T ] and

X(±ξ)≤ T −7λ−(k−n0)/5.
(6.25)

To bound X|[−ξ,ξ ], we condition on the bound (6.25) on X(±ξ) and observe that, in that case,
X|[−ξ,ξ ] is stochastically bounded by a single area-tilted line with zero boundary conditions
and with floor T −7λ−(k−n0)/5. Therefore, with this conditioning, using (2.3), we have

(6.26)

ℙ
(︁
X|[−ξ,ξ ] ⪯ T δλ−(k−n0)/5|X(±ξ)≤ T −7λ−(k−n0)/5)︁
≥ 1− 2T λ2k/3 exp

(︁−Θ
(︁(︁

T δλ−(k−n0)/5)︁3/2
λk/2)︁)︁

≥ 1− 2T λ2k/3 exp
(︁−Θ

(︁
T 3δ/2λk/5)︁)︁≥ 1− exp

(︁−Θ
(︁
T 3δ/2λk/5)︁)︁.

Combining (6.24) and (6.26) finishes the proof. □

We are now in a position to complete the proof of Lemma 6.1.

PROOF OF LEMMA 6.1. To prove (6.1), we will repeatedly apply Lemma 6.8 using
monotonicity. Toward that, define for every k > n0 (empty sums are 0),

Δ1,k = T

n∑︂
j=k

λ−j/2, Δ2,k = 2 · T δ
n∑︂

j=k

λ−(j−n0)/5,

qk = 2
n∑︂

j=k

exp
(︁−cλkδ/2)︁,
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Envelopek(t)=

⎧⎪⎪⎨⎪⎪⎩
T 2 − 2KT +Δ2,k t ∈ [−T ,−T +Δ1,k],
Δ2,k t ∈ [−T +Δ1,k, T −Δ1,k],
T 2 − 2KT +Δ2,k t ∈ [T −Δ1,k, T ].

Here c > 0 is an absolute constant. We show by induction that, if c is sufficiently small,
with probability 1− qk , we have Xk ⪯ Envelopek for all indices k ∈ (n0, n]. See Figure 9.
Observe that since k > n0, Δ1,k ≤ Θ(T −15) ≤ T −10, for all k (and sufficiently large T ).
Similarly Δ2,k ≤ Θ(T δ) for all k > n0. Therefore, this inductive framework is sufficient to
establish the desired bound in Lemma 6.1.

The base case k = n immediately follows from Lemma 6.8 with H = T 2 − 2KT and a =
λn−1. For the inductive step, we assume that this bound is satisfied for k+ 1 with probability
≥ 1− qk+1. Conditioned on this event, removing all lines above Xk , monotonicity implies
Xk ⪯ Zk , where

Zk ∼ ℒ2λk−1;T 2−2KT+Δ2,k+1
T [Envelopek+1].

Again, by monotonicity Zk ⪯ Y k , where Y k is a single area-tilted line with zero boundary
conditions and with constant floor T 2 − 2KT +Δ2,k+1 and parameter 2λk−1. Then by (2.3)
we have

(6.27)

ℙ
(︁
Zk(t)− (︁T 2 − 2KT +Δ2,k+1

)︁≤ T δλ−(k−n0)/5,

∀t ∈ [−T ,−T +Δ1,k+1, T −Δ1,k+1, T ])︁
≥ 1− T λ2k/3 exp

(︁−Θ
(︁
T 3δ/2λ−3(k−n0)/10λk/2)︁)︁

= 1− exp
(︁−Θ

(︁
T 3δ/2λk/5)︁)︁=: 1− ηk.

In particular, with this probability,

Zk(︁±(T −Δ1,k+1)
)︁≤ T 2 − 2KT +Δ2,k+1 + T δλ−(k−n0)/5 =: Ck.

Therefore, in this case, Zk|[−T+Δ1,k+1,T−Δ1,k+1] is stochastically dominated by ˆ︁Zk , where

ˆ︁Zk ∼ ℒ2λk−1;Ck

T−Δ1,k+1
[Δ2,k+1].

Observe that ˆ︁Zk = V k +Δ2,k+1,

where V k ∼ ℒ2λk−1;Ck−Δ2,k+1
T−Δ1,k+1

. Since Δ1,k+1 ≤O(T λ−(n0−1)/2)=O(T −15),

Ck −Δ2,k+1 ≤ T 2 ≤ 2(T −Δ1,k+1)
2 = 2

(︁
T −O

(︁
T −15)︁)︁2.

This allows us to apply Lemma 6.8, with T replaced by T − Δ1,k+1,H = Ck − Δ2,k+1
yielding

ℙ
(︁
V k ⪯ Envelope′k

)︁≥ 1− exp
(︁−Θ

(︁
λkδ/2)︁)︁=: 1− η′k,

where we define Envelope′k as

Envelope′k(t)=
{︄
Ck −Δ2,k+1 + T δλ−(k−n0)/5 t ∈ [−T ,−T +Δ1,k] ∪ [T −Δ1,k, T ],
T δλ−(k−n0)/5 t ∈ [−T +Δ1,k, T −Δ1,k].

Therefore, ˆ︁Zk ⪯ Envelope′k +Δ2,k+1 ⪯ Envelopek with probability 1− η′k . This, along with
(6.27), finishes the induction step by the observation that the probability of Xk ⪯ Envelopek

is at least

(1− qk+1)(1− ηk)
(︁
1− η′k

)︁≥ 1− qk+1 − ηk − η′k ≥ 1− qk.

Note that above, the assumption that δ is small enough, in particular, δ < 1/20, and that the
constant c > 0 defining qk is sufficiently small is used. This ends the proof. □
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