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Abstract

We study the predictability and cross-market structural similarity of Brent, WTI, and Dubai
crude oil futures by means of a wavelet-based Sharma-Mittal energy entropy measure. The
proposed framework combines multiresolution wavelet decomposition with a parametric
generalised entropy, allowing the characterisation of informational complexity across scales
and entropic parameters. We show that predictability is jointly scale- and parameter-
dependent. Despite this dependence, the resulting wavelet entropy surfaces exhibit a high
degree of geometric similarity across the three benchmarks. A discrepancy analysis further
indicates that cross-market differences are localised in restricted regions of the parameter
space, whereas intermediate scales are associated with maximal entropy values. Outside
such regions, the entropy surfaces converge. Overall, the results provide evidence of a
common multi-scale entropic structure underlying crude oil benchmarks, with regional
effects affecting predictability without altering the global structural properties. These
findings are consistent with the hypothesis of strong informational integration in global
oil markets.
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1. Introduction

Energy markets play a central role in the global economy, strongly affecting industrial
activity, trade flows, and economic policy decisions. Within this framework, crude oil
represents one of the most important energy sources and one of the most actively traded
financial assets at the global level. Among the available benchmarks, Brent, West Texas
Intermediate (WTI), and Dubai Crude Oil are the main references for determining oil prices
in the major geographic markets, namely Europe, North America, and Asia, respectively.
Crude oil price variations can arise from various causes, including global supply disrup-
tions, shifts in global demand, and regional factors, each with distinct macroeconomic
consequences [1]. Understanding these causes is crucial to interpreting price dynamics and
benchmark differentials across markets.

WTT is the benchmark price for crude oil produced in the United States and is traded
on the New York Mercantile Exchange, with physical delivery in Cushing, Oklahoma, a
major logistics and pricing hub connecting crude oil supplies to refineries on the U.S. Gulf
Coast [2]. Brent crude, extracted in the North Sea and composed of a blend of four crude
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streams (Brent, Forties, Oseberg, and Ekofisk), is traded on the Intercontinental Exchange
and delivered to the Sullom Voe terminal. It is important to note that Brent is the pricing
benchmark for approximately two-thirds of the crude oil traded globally. Dubai crude,
often referred to as Dubai/Oman in pricing formulas, is a medium-sour crude produced
in the Middle East and is the primary benchmark for crude oil exports from the Persian
Gulf to Asian markets. Unlike Brent and WTI, Dubai crude is traded primarily in the
over-the-counter market and plays a crucial role in pricing long-term supply contracts for
Asia [3].

These benchmarks differ not only in their geographical relevance and trading mecha-
nisms but also in their physical characteristics. WTI and Brent are light and low-sulphur
crude oils, with API gravities of 39.6 and 38.6 degrees and sulphur contents of 0.24% and
0.37%, respectively [4]. In contrast, Dubai crude is heavier and more sulphur-intensive,
with an API gravity of approximately 31 degrees and a sulphur content close to 2% [5]. Such
differences contribute to persistent price differentials and heterogeneous market dynamics
across benchmarks.

Although the empirical literature has traditionally focused on Brent and WTI, a
growing number of studies have started to investigate the dynamics of the Dubai
crude benchmark, emphasising its relevance in the price formation process of Mid-
dle Eastern crude oil exports to Asia and reporting distinctive statistical properties
linked to regional demand conditions, pricing formulas, and OPEC supply strategies.
For instance, Mann and Sephton [6] document long-run relationships and dynamic inter-
actions among major crude oil benchmarks such as WTI, Brent and Oman, highlighting
the strong integration of global oil markets and the role of Middle Eastern benchmarks
in the pricing system. Furthermore, the major crude oil markets exhibit interconnected
price dynamics and global time-varying spillovers, highlighting structural patterns of
co-movement and volatility persistence [7].

The price dynamics of Brent, WT1, and Dubai arise from a complex interaction between
physical and financial factors, including global supply and demand conditions, geopolitical
tensions, OPEC decisions, technological innovations, and speculative activity. As a result,
future price time series exhibit several stylised facts commonly observed in financial
markets, such as high volatility, volatility clustering, non-linear dependence, and possible
structural breaks. As a consequence, investigating the common structure of major crude oil
benchmarks is a crucial issue for predictability and market efficiency.

A significant body of the literature has examined the predictability of crude oil prices,
with a particular focus on the Brent and WTI benchmarks, although a growing literature
has emerged in recent years regarding Dubai crude prices.

In this context, predictability plays a central role in risk and data analysis, as this
refers to the extent to which future prices or market dynamics can be inferred from past
observations. The accuracy of such forecasts depends on several factors, including the
intrinsic properties of the data, the quality and reliability of the available information, and
the analytical methodologies employed.

Pioneering studies have primarily investigated market efficiency conditions using
linear econometric tools, such as variance ratio tests, generally finding limited evidence of
return predictability and supporting the weak-form efficient market hypothesis (e.g., [8]).
More recent contributions, however, suggest that crude oil market efficiency varies over
time, with episodic predictability driven by specific market conditions [9]. There are also
robust results describing the relationship between WTI and Brent. WTTI has historically
played a dominant role in determining global oil prices, particularly in high-frequency data
and even when the market diverges from Brent crude [10]. In contrast, a limited number of
studies explicitly focus on Dubai crude; emerging evidence suggests that this benchmark
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may have its own patterns of predictability, driven by regional market structures and
exposure to OPEC pricing mechanisms.

In parallel, several studies have highlighted the role of non-linear dynamics and the
study of higher-order moments in crude oil prices, documenting that, although returns
themselves are often difficult to predict, volatility measures exhibit predictable persistence.
Using a variety of approaches, including GARCH family models, stochastic volatility
specifications, non-parametric causality frameworks, and machine learning techniques,
these studies provide evidence of significant predictability of crude oil price volatility
across major benchmarks [11,12]. From an investor’s perspective, these findings have
important implications for risk management, hedging, and portfolio allocation in crude oil
markets [13].

More recent contributions highlight how crude oil price dynamics are characterized
by non-linear dependence, regime shifts, and multi-scale time structures, which cannot
be fully captured by traditional linear models in econometrics. In this context, distance-
based approaches such as Dynamic Time Warping (DTW) have been introduced to analyse
similarities and co-movements between Brent and WTI oil price series, accounting for time
mismatches and asynchronous dynamics [14]. DTW provides a more flexible representation
of the evolving relationship between major oil benchmarks. Further analyses indicate the
existence of common speculative bubbles in WTI, Brent, and Dubai oil prices, characterized
by simultaneous explosive effects that were notably observed during the 1986 and 2008
crises [15]. This was achieved using the double-recursion algorithm, specifically developed
for bubble detection, which allows for the more accurate identification and dating of
exuberant price dynamics than traditional approaches [16].

Furthermore, the literature has increasingly incorporated Machine Learning tech-
niques to enhance forecasting performance and uncover complex non-linear patterns in oil
price volatility dynamics [17-19]. Simultaneously, information-theoretic and multi-scale
methodologies, most notably wavelet entropy-based predictability measures, have been
increasingly applied to crude oil prices to capture the impact of fluctuations, price spikes,
and rare events [20]. By decomposing price dynamics across different time horizons, multi-
scale approaches offer valuable insights into the persistence and structure of predictable
components across benchmarks. Recent evidence further suggests that wavelet entropy
and complexity—entropy curve frameworks are particularly effective in assessing crude
oil price predictability during periods marked by heightened uncertainty and long-term
structural transformations in global oil markets [21,22].

In this study, we apply the Wavelet Sharma—Mittal Energy Entropy measure, intro-
duced by [23], to analyse the predictability of Brent, WTI, and Dubai crude oil prices.

While the co-movement and common characteristics of crude oil markets are typically
investigated using classical entropy measures or single-scale approaches, the integration of
wavelet decomposition with the Sharma—-Mittal entropy framework allows for a multi-scale
assessment of uncertainty. This approach provides a more nuanced understanding of price
dynamics across different frequencies and captures complex patterns in market behaviour
that conventional methods may overlook.

Accordingly, the study addresses the following research questions:

RQ1: How does predictability of Brent, WTI, and Dubai crude oil futures vary across
different time scales and entropy parameters?

RQ2: Do the three benchmarks exhibit similar multi-scale entropy surface geometries?

RQ3: How is cross-market predictability affected by period of market shocks?

For these reasons, the Wavelet Sharma-Mittal energy entropy framework offers new
insights into the short- and long-run predictability of major crude oil benchmarks.
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The paper is organized as follows. Section 1 provides the introduction and the moti-
vation for our analysis. Section 2 presents the methodology, while Section 3 describes the
data used. Section 4 reports and discusses the results. Finally, Section 5 concludes.

2. Methodology
2.1. Wavelet Representation
A continuous signal is modeled as a function f € L*(R), with the space of square-

integrable functions defined as L2(A) = {¢: [, |¢(x)|*dx < co}. Wavelet analysis repre-
sents f by dilations and translations of a function w, defined as

Wap(x) = |ﬂ|1/2w<xa_b>, a#0,beR. )

In particular, under the standard framework of orthogonal multiresolution analysis (MRA),
a function w € L2(R) is called a mother wavelet if the family

W (x) = 2" %w(2°x — n), s,n €z, (2)

forms an orthonormal basis of L?(R), where s € Z represents the scale and n € Z the
translation parameter.

Orthonormality follows from two key properties of the MRA construction: (i) the
orthogonality of the integer translations of the wavelet within each resolution level, and (ii)
the mutual orthogonality of detail subspaces W; across different scales, i.e., Ws L. Wy for
s # s'. Completeness is guaranteed by the direct sum decomposition

LX(R) = P Ws,

SEZ

which ensures that any square-integrable function can be represented as a superposition of
wavelet components across all scales and locations.
Consequently, for any f € L?(R), the associated wavelet coefficients are defined as

CS,Tl = <f/ ws,n>/

and the function admits the expansion

f(x) = Z Z Cs,n ws,n(x),

sEZner

where the series converges in the L2 sense, see for other details [24-28].
In particular, in our analysis, we employ the Haar wavelet as the mother wavelet. The
Haar wavelet is the simplest orthogonal wavelet and is defined by the wavelet function

1 0<x<3,
WHaar(x) = { —1 % <x<1,

0 otherwise.

The corresponding wavelet family is obtained through the dyadic dilations and translations
introduced in Equation (2). The Haar wavelet was selected for its simplicity and its ability
to capture local variations and abrupt changes in the signal. Moreover, its orthogonality
allows for a clear separation of the signal energy across different scales, which is particularly
suitable for the multiscale entropy analysis considered in this work.
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2.2. Entropies and the Sharma—Mittal Entropy

Entropy provides a quantitative measure of the uncertainty associated with a discrete
probability distribution p = {p1,...,pn}, with p; > 0and Y1 ; p; = 1. Among the various
entropy measures proposed in the literature, the Sharma—-Mittal entropy plays a central

role as a two-parameter generalization encompassing several classical entropies.
The Sharma—Mittal entropy is defined, for o, p € R* \ {1}, a # B, as

B-1

HSY(p) (Zpl)“ -1, ®

This formulation provides a unified framework for entropy-based measures of uncertainty.
Well-known entropy measures arise for particular cases of the Sharma-Mittal entropy.
In the limit B — 1, it reduces to the Rényi entropy

lim HY (p) = Hy (p)

p—1
10g<fi ?) (4)

which preserves additivity and is widely used in information theory and multifrac-
tal analysis.

where HX(p) is defined as

Hy (p) =

When B = a, the Sharma-Mittal entropy coincides with the Tsallis entropy

H (p) = w_1< Zra) (5)

a non-additive entropy suitable for the description of non-extensive systems.
Finally, in the limit « — 1 and B — 1, both Rényi and Tsallis entropies, and conse-
quently the Sharma-Mittal entropy, converge to the classical Shannon entropy

li HMp)=H
wp) +p(P) =H(p)

where H(p) is defined as

H(p) = —)_pilogp;. (6)
i=1

Therefore, the Sharma-Mittal entropy can be regarded as a comprehensive gener-
alization that unifies Shannon, Rényi, and Tsallis entropies within a single parametric
framework; for further details, see the paper by [29-31].

2.3. Wavelet Sharma—Mittal Entropy
Given a signal f € L?(R), the total energy is defined as

= [ 1) P

Using a discrete wavelet transform, f can be expanded in terms of a set of wavelet basis

= Z Z Cs,n ws,n(x)

seSnez

functions {ws , }scs nez:
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where c; , = (f, ws,,) are the wavelet coefficients.
Thanks to the orthonormality of the wavelet basis, the energy of the signal can be
expressed in terms of the wavelet coefficients as

E(f) = Z Z les,nl?,

seSnez

where S denotes the set of admissible scales, with cardinality S := |S| = |log,(N)] if the
signal has length N.
Fixing the energy at a given scale s, we define

ES(f) = Z ‘Cs,n

nez

2

The relative energy at scale s is then naturally defined as

E(f)
P= ()

so that } ;.5 ps = 1. This allows one to interpret {p; }scs as a probability distribution

across scales, which is useful for defining entropy-based measures of signal complexity.
Based on this energy-based probability distribution, the wavelet energy complexity of
the signal can be quantified through the Sharma-Mittal entropy

B-1

HY() = 575 (ZPQ"—l, 0B ERM\ {1}, a £ @)

seS

=

The parameter & controls how the probability is adjusted or weighted in the entropy
calculation, while 8 determines the degree to which the entropy is additive for independent
systems. The first parameter, «, sets the weighting for different events, controlling how
sensitive the entropy measure is to the probability distribution. The second parameter,
B, manages how these weights are combined. Essentially, the parameter 8 defines the
additive transformation, changing the type of mean, such as arithmetic or geometric, used
to combine the weighted contributions of individual states. By changing «, one can adjust
the focus on events with different probabilities. When « is greater than 1, more weight is
given to more probable events, while when « is less than 1, the focus shifts to rarer events.
As a result, the parameter « effectively adjusts the deformation of the probability moment.

2.4. Wavelet Sharma—Mittal Energy Entropy Measure

Thanks to the mathematical formulation of the wavelet Sharma—-Mittal entropy defined
in Equation (7), the wavelet Sharma-Mittal energy entropy measure is defined as follows:

WSEEM, 5 : L*(R) x (RT\ {1})* — [0,1)
®)

HM(f)— 5L | S1=P—1
WSEEM,4(f) =1—¢ ** v ‘H[ }

where ﬁlfl {S =5 _ 1} is the maximum value reached by the Sharma-Mittal entropy, specif-
ically the value obtained by computing the Sharma-Mittal entropy of a white noise signal
(wn); for other details, see [23].

Notably, the following hold:
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e IfWSEEM,p is close to 1, the entire energy of f is concentrated around a few scales,
and thus the time series has high intrinsic predictability, since

HY (wn) > HEY(f)

a, o

the Sharma—-Mittal wavelet entropy of the signal is much lower than the Sharma-Mittal
wavelet entropy of the white noise.

* If WSEEM, is close to 0, the entire energy of f is scattered across all scales (similar
to a white noise process) and thus f has very low intrinsic predictability, since

HM (wn) ~ HM(f).

The Sharma-Mittal wavelet entropy of the signal is close to the Sharma-Mittal wavelet
entropy of the white noise.

To clarify this concept, we consider two simple examples. Considering f(x) = ¢,
c € R, a constant function, all the energy is concentrated in a single scale 5o, so

Ps():l, pSZOfOrS#So.

Then,

%pg =1, and thus Hg%(c) =0.
s€

The entropy is zero because all the energy is concentrated in a single scale, so there is no
uncertainty in the distribution.
As a consequence,

WSEEM,X,ﬁ(C) — 1 b (C)*ﬁlj {sl—ﬁfq i eiﬁ {51—571} |

Now, we consider a periodic function, f(x) = sin(27kx). For simplicity, assume the energy
is distributed equally over two dominant scales, s; and s;:

p1 =05, pr =05, ps =0 for the other scales.
Then,

Y Pt = (0.5)% 4 (0.5)% =2-(0.5)* =217%,
seS

and the Sharma-Mittal entropy becomes

HSY (sin(27kx)) = 511 [(2“‘) = 1].

The entropy is greater than zero because the energy is distributed across multiple scales,
indicating higher uncertainty compared to the constant case, and the associated WSEEM is

p-1
H5M (sin(27tkx)) — 71 | S17P—1 A | (21-a)a=T _g1-p_1
WSEEM, 4(sin(27kx)) =1 —¢ * (sin(27kx)) =7 { } —1—e [( ) } .

These examples illustrate how Sharma-Mittal entropy measures the complexity of energy
distribution across multiple scales.
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3. Data

The analysis is based on WTI, Brent, and Dubai crude oil futures log prices, which
represent the main benchmarks of the international oil market. Both series consist of daily
data covering the period from April 2014 to January 2026, for a total of 3075 observations,
allowing for the inclusion of different phases of the business cycle as well as numerous
events relevant to the energy market. The data were retrieved from www.investing.com.
April 2014 is the starting date of Dubai futures prices. Prices are expressed in U.S. dollars
per barrel. The use of a daily frequency makes it possible to accurately capture short-
term price dynamics and the responsiveness of oil prices to economic, geopolitical, and
financial shocks. Before the WSEEM estimation, the data were imputed to avoid a huge
loss of observations, trying to preserve the multiscale relationships between them. The
number of missing observations per series are as follows: Brent—58 missing observations;
Dubai-140 missing observations; WTI—4 missing observations. From a qualitative analysis
of the missing dates, it is observed that they are not randomly distributed, but occur
systematically in clusters associated with market-specific non-trading days. For Brent,
whose reference is the UK-based ICE market, missing observations align with UK public
holidays (e.g., Good Friday, Early May Bank Holiday, and Boxing Day). In some cases,
if the holiday falls on a market closing day, the market remains closed on the following
day as well. For WTIL, missing points largely correspond to U.S. federal holidays (e.g.,
Independence Day, Thanksgiving, and Martin Luther King Day), but not all holidays are
observed as missing, reflecting partial market closures. In fact, only four missing people
were observed from 2014 to 2025. For Dubai, missing observations are more frequent
and strongly aligned with both UAE holidays and overlapping US holidays, since Dubai
prices are referenced by Platts, which is tied to US futures contracts. For imputations,
we choose to use the Kalman filter based on the optimal ARIMA model, selected for
each series according to the Akaike information criterion. Unlike naive methods, such
as last observation carried forward or simple linear interpolation, the Kalman filter is
a dynamic, model-based approach that explicitly estimates the underlying state of the
series. By forecasting missing values based on the persistent dynamics of the series, the
Kalman filter preserves the multiscale structure and is expected to introduce less bias across
wavelet scales, particularly at intermediate and high frequencies, compared to average or
trend imputations. In contrast, restricting the analysis to overlapping trading days avoids
imputation but reduces sample size and could introduce bias linked to holidays in the other
markets, particularly for Dubai, which is linked to US market through the Platts futures
market. For the sake of clarity, for Brent, the selected model is ARIMA(0,1,0) y; = y;—1 + €
for Dubai, it is ARIMA(1,1,1) y¢ = y¢—1 + 0.96(ys—1 — yt—2) + € + 0.94¢;_1; for WTL, it is
ARIMA(0,1,4) y; = y;—1 + & +0.02¢;_1 + 0.05e;_p 4+ 0.06¢;_3 — 0.04¢;_4.

Figure 1 shows the time series of log-prices for the crude oil futures considered.

Figure 1 shows the main crude oil market structural disruptions. The 2014-2015 supply
shock can be observed, characterised by a rapid decline. This collapse was triggered by
the overproduction of shale oil in the US and OPEC’s refusal to cut production to maintain
market share. The 2020 pandemic crisis can also be seen, with maximum divergence among
oil futures prices. The log-price drops sharply, with a more pronounced decline for WTI
with respect to the others. The 2022 geopolitical shock, shows a peak reflecting the risk
premium associated with global energy security. The current mean-reverting phase also
shows a decrease that indicates a return to historical prices. Overall, the behaviour of the
three series reveals key details about their level of integration. Future prices move almost
in unison. This result suggest a long-run stationary equilibrium relationship, and the global
nature of shocks in crude oil, or, more broadly, energy markets. These results suggest
cross-market similarities and common structures, explored further with WSEEM analysis.
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Figure 1. Brent, WTI, and Dubai log-price time series dynamics from April 2014 to January 2026.

4. Results

In this section, we present and discuss the results obtained by applying the WSEEM
measure to the futures prices of Brent, WTI, and Dubai crude oil benchmarks.

4.1. Predictability and Cross-Market Similarities in Crude Oil Benchmarks

This section investigates the multi-scale predictability of crude oil futures prices and
the degree of similarity across major oil benchmarks by means of the Wavelet Sharma—-Mittal
Energy Entropy Measure. The analysis is conducted on Brent, WTI, and Dubai futures
prices, allowing for a comparative assessment of their multi-scale informational structure.

The wavelet decomposition was implemented in R 4.5.2 using the wavelets package.
We employed the DWT with the Haar wavelet as the mother wavelet, and the boundary
effects were handled through periodic extension of the signal, which corresponds to the
default boundary treatment in the implementation used in this work.

To perform our analysis, for both « and f we consider the interval [0.2,5], while
for ] we consider the values from 2 to 11 (since |log,(3075)| = 11). The interval for «
and 8 was selected in order to explore moderate deviations from the Shannon entropy,
which is recovered in the limit « = § = 1. Restricting the parameters to this range allows
us to analyze how the Sharma-Mittal entropy varies around the Shannon case, while
avoiding regimes corresponding to extreme parameter values where the entropy may
display strongly non-Shannon behaviour. In this way, the comparison with the Shannon
entropy remains meaningful and the resulting variations can be interpreted more clearly. To
define the optimal grid resolution, we introduce a sensitivity analysis based on gradient and
curvature distance measured on different grid resolutions. Let the wavelet Sharma-Mittal
energy entropy measure be defined as a function of the parameters «, , and the scale ],
S(a, B, ]). For each combination (;, B, Jk), the entropy value is evaluated on a discrete
grid. Hence, the entropy surface can be represented as a three-dimensional function. To
evaluate the effect of the grid resolution, we firstly compute distances of the gradient with
respect to each dimension of the parameter space to compare the local variability of the
surface according to a certain grid of dimension N. The corresponding measure is

Dy(S) = % ) (gi.)z‘L (2?ﬁsj>z+ <aalsk)2

i,k

https://doi.org/10.3390/axioms15040253
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This distance reflects differences in the local slopes along each parameter direction.
Furthermore, we compute the distance on the second derivative, to assess the sensitiv-
ity of the grid granularity to the surface curvature

1 2s\> [a2s\° (a5’
Dy(S) = — oo oo oo
2(5) Nljzk a2 * p? * 32

This distance captures discrepancies in the curvature and local smoothness of the en-
tropy surfaces.

If these distances become negligible as the grid resolution increases, the entropy
surface can be considered numerically stable with respect to the discretisation of («, f). To
achieve this, we compare the entropy surfaces computed on a coarse grid and on a finer
grid using ¢ test. Let S() (&, B, ]) the entropy evaluated on the coarse grid and S(/)(a, B, J)
the entropy evaluated on the fine grid, if the difference between D;(5(¢)) and D;(Sf))
(or equivalently, D,(5(9)) and D,(5'/))) is not statistically significant, the coarse grid is
preferred. Table 1 shows the results for grid resolution from 10 to 100 for both « and S.

Table 1. Surface gradient and curvature distances with p-values of t-tests between consecutive
grid resolutions.

Grid Brent Platts WTI
Di(S) pDi(S) D2(S) pDa(S) Di(S) pDi(S) D2(S) pD2(S) Di(S) pDi(S) Dy(S) pD2(S)

10 0.0985 - 0.0586 - 0.107 - 0.0698 - 0.0964 - 0.0522 -
20 0.0572  0.0001 0.0374 0.0005 0.0642 0.00007 0.0494 0.0034 0.0574 0.0003 0.0303 0.0001
30 0.0457  0.0009 0.0346 0.27 0.0520 0.0016  0.0469 0.44 0.0467  0.0030 0.0276 0.20
40 0.0407 0.016 0.0339 0.66 0.0467 0.028 0.0462 0.76 0.0421 0.036 0.0269 0.63
50 0.0381 0.076 0.0336 0.82 0.0438 0.113 0.0459 0.88 0.0396 0.131 0.0266 0.82
60 0.0365 0.177 0.0334 0.90 0.0420 0.232 0.0457 0.93 0.0382 0.258 0.0265 0.90
70 0.0354 0.29 0.0333 0.93 0.0409 0.35 0.0457 0.95 0.0372 0.38 0.0265 0.94
80 0.0347 0.393 0.0333 0.95 0.0401 0.453 0.0456 0.961 0.0366 0.481 0.0264 0.961
90 0.0342 0.481 0.0333 0.963 0.0395 0.536 0.0456 0.969 0.0361 0.564 0.0264 0.973
100  0.0338 0.554 0.0332 0.981 0.0391 0.604 0.0455 0.975 0.0358 0.629 0.0264 0.981

Table 1 shows that the average distances decrease as the grid resolution increases,
indicating greater stability of the measure as the granularity increases. The p-values show
that the differences between the coarser grids are statistically significant for gradients
in most cases, while the differences in curvatures mainly become significant at the first
grid transitions. Starting at 40 x 40, the p-values increase, suggesting that the differences
between consecutive grids become negligible. To limit computational costs, we evaluate
the differences between surfaces with a resolution (a, 8, J) = (40 x 40 x 10). To provide a
rough evaluation of the similarities in terms of price predictability in the various markets,
we consider the surfaces S;,, m = {brent, dubai, wti} of the calculated WSEEM, varying two
out of three variables of the () space. Figures 2—4 show the results.
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Figure 2. Wavelet Sharma—-Mittal Energy Entropy Measure of Brent crude oil futures prices: (a) as a
function of ] and B (« = 2.292); (b) as a function of | and a (8 = 1.8).

https://doi.org/10.3390/axioms15040253


https://doi.org/10.3390/axioms15040253

Axioms 2026, 15, 253

11 of 19

wq-]SNW
s 2
WaASMY
o o ©
> O @

1]
1
9 2 2
£ 3
6, { < 4
] Ty , 2 . PP oo
%0 7 Beta oo ¥
Al K ]
(a) (b)

Figure 3. Wavelet Sharma—Mittal energy entropy measure of WTI crude oil futures prices: (a) as a
function of | and B (« = 2.292); (b) as a function of | and a (8 = 1.8).
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Figure 4. Wavelet Sharma—Mittal energy entropy measure of Dubai crude oil futures prices: (a) as a
function of | and B (¢ = 2.292); (b) as a function of | and a (8 = 1.8).

Figures 2—4 illustrate two representative three-dimensional sections of the WSEEM
surface for the Brent, WTI, and Dubai futures prices, respectively. Specifically, in
Figures 2a, 3a and 4a, the parameter « is fixed, while the WSEEM is evaluated as a function
of the wavelet scale | and the Sharma—Mittal parameter . In particular, a similar monotonic
dependence on parameter  can be highlighted. These aspects are also linked to the scale
considered, with stability at low scales. For short time scales, corresponding to short-term
horizons, the surface appears extremely flat and close to zero. This suggests that, in the
short term, the measure is robust to variations in  and that the entropy of the system
remains constant, with a predictable price dynamic while divergence emerges at high scales.
As the resolution scale | increases, moving through a long-term behaviour, a sudden rise in
the WSEEM value is observed, suggesting a greater impact of noise. Furthermore, can be
noted that for lower 5, WSEEM is greater for all levels J. In the Sharma—-Mittal measure,
B can be associated with the overall weighting of probabilities in the entropy measure,
suggesting the co-existence of predictable factors of different natures, e.g., volatility clusters,
long-range dependence and similar factors. The observed pattern indicates that lower
values of 8 enhance the contribution of variability across scales, while higher values lead to
a more uniform and less informative representation of the system dynamics.

However, relevant differences emerge across markets. The Brent surface appears
smoother and more regular, with a gradual increase in WSEEM, suggesting a more stable
and homogeneous dynamic. In contrast, WTI shows a steeper curve for extreme f, indi-
cating higher sensitivity to the entropy parameters and a more reactive market behavior.
Finally, the Dubai surface shows higher complexity for lower resolution scales, suggesting
a greater role of noise in smaller time horizons.

Similarly, Figures 2b, 3b and 4b, the parameter g is fixed, while the WSEEM is evalu-
ated as a function of the wavelet scale | and the Sharma-Mittal parameter «. In this case, a
clear monotonic dependence on the parameter a emerges across all markets. The WSEEM
increases as « increases, with a fast rise for low values followed by a progressive saturation
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for higher «. This behavior reflects the role of « in controlling the global sensitivity of
the Sharma—-Mittal entropy, leading to a compression of differences as « increases. These
features are strongly connected to the resolution scale J. At low scales, corresponding to
short-term horizons, the surface remains relatively flat and close to zero for all values of
«. This indicates that the measure is only weakly affected by variations in &, suggesting a
stable and predictable price dynamic with limited informational divergence. As the scale
] increases, a more pronounced dependence on « arises. For intermediate to large scales,
the WSEEM exhibits a sharp increase for small values of &, followed by a clear plateau as
« grows. This suggests that, in the long term, the system is more sensitive to structural
differences, while the saturation effect indicates a loss of discrimination power at higher a
levels. From an interpretative perspective, « measures the importance of the tails in the
probability distribution. Also, in this case, relevant differences emerge across markets. The
Brent surface appears smoother, with a more gradual transition from growth to saturation,
suggesting a more stable and homogeneous dynamic across scales. WTT exhibits a steeper
initial increase in «, indicating a stronger sensitivity to parameter variations, particularly at
medium and high scales. Finally, the Dubai surface shows the most pronounced nonlin-
earity, with a rapid rise and early saturation, pointing to a more complex and less regular
structure, especially in the transition from short- to long-term dynamics. Although notice-
able differences arise in terms of the absolute entropy values and the precise location of
local extrema, the overall geometry of the surfaces remains invariant across markets. In
particular, all three benchmarks display:

1. A scale-dependent maximum of entropy;
2. A monotonic response to the parameter j3;
3. A tendency toward saturation for extreme values of the entropic parameters.

These findings provide evidence of strong cross-market similarities in the multi-
scale organization of crude oil futures prices. The observed invariance suggests that the
mechanisms governing the loss and recovery of predictability are largely shared across
different oil benchmarks, pointing to a common underlying market structure driven by
global information flows and synchronized trading activity. Consequently, the WSEEM
emerges as a robust and informative tool for jointly characterizing the predictability and
cross-market complexity in crude oil markets.

4.2. Cross-Market Effects Evaluation

To evaluate the cross-market effects of crude oil, we propose the following measures
of the discrepancy in WSEEM. Let S; and S;, denote the WSEEM, g ; surfaces over the
(a,B,]) grid for I,m = {brent,wti,dubai}. For each combination in the support Q C R3,
we quantify similarity using the Pearson correlation of the surfaces

[ (81aB,1) =50 (Sm(a 1) ) dci
J | (10,1 =5 dudpa) \/ | (Suw.,1) = 50)*dudp )

pWSEEM(S}, Spy) =

where S; = ‘1@ Jo Si(a, B,])dadBd];
The L, distance is

LaWSEEM(S,w) = [ (S1(a,6.1) ~ Su(a, 1) dudp
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and the Kendall rank concordance is
_ # N I ol ol
TWSEEM(S1Sm) =t 11 o Jo 580 (Si@ B, ) = $ia', 1)

-sgn (Sw(e, B,]) — Sm(a’, B, J'))dudBd] da’ dp’ d]'.

We also introduce the following discrepancy measures to determine the difference in terms
of surface shape.

1
AWSEEMas(51,Sw) = 1y [ 15108 1) = Sue, B, 1) e dB ),

AWSEEM,e(S1, S KN/ [Si(@,B,]) = Sm(a,B,])]

(S1(@,B,]) + Sm(w, B,T))

To quantify the robustness of the similarity measures, we implement a Moving Block Boot-

dadpd],

strap procedure along the time dimension. For a time block of length L, let {p;}_; denote
the underlying log-price series used to compute WSEEM, g. For each bootstrap replication
b=1,...,B, we construct a pseudo—sample by randomly drawing with replacement [T /L |

from the original series and concatenating them until reaching length T. For each boot-
strap sample, we recompute the WSEEM, g surface and the associated similarity metrics
(oWSEEM, L,WSEEM, TWSEEM, AWSEEM;s, AWSEEM,,;). Confidence intervals for
the similarity measures are then obtained from the empirical distribution of the bootstrap
estimates. To enable us to capture trend-cycle dynamics in log-prices, we define L = 40,
about two trading months, for a total of approximately 3000 blocks, to calculate B = 100
bootstrap replicates. Table 2 shows the results.

Table 2. Bootstrap indices estimates with 95% confidence intervals.

Index Series 1 Series 2 Mean Lower (2.5%) Upper (97.5%)
Brent Dubai 0.9997 0.9989 0.9999
PWSEEM Brent WTI 0.9998 0.9995 0.9999
Dubai WTI 0.9995 0.9987 0.9999
Brent Dubai 0.9854 0.9709 0.9934
TWSEEM Brent WTI 0.9897 0.9804 0.9958
Dubai WTI 0.9823 0.9640 0.9923
Brent Dubai 0.8330 0.4105 1.4859
Ly2WSEEM Brent WTI 0.5891 0.2501 1.0482
Dubai WTI 1.0699 0.5015 1.9169
Brent Dubai 0.0037 0.0018 0.0070
AWSEEM s Brent WTI 0.0026 0.0011 0.0048
Dubai WTI 0.0048 0.0021 0.0095
Brent Dubai 0.0554 0.0250 0.1028
AWSEEM,,, Brent WTI 0.0386 0.0180 0.0716
Dubai WTI 0.0720 0.0289 0.1353

Specifically, Table 2 shows the bootstrap estimates of the dependence measures and
surface differences among the three price series pairs: Brent-Dubai, Brent-WTI, and Dubai-
WTL In particular, for Pearson correlation pWSEEM, all pairs exhibit extremely high
correlation. The Brent-WTI pair has the highest, followed closely by Brent-Dubai, and
Dubai-WTI. The small confidence intervals suggests that the correlations are robust, con-
firming almost perfect linear co-movement among these benchmarks. Similarly, rank
correlations TWSEEM are very high, reflecting strong monotonic relationships. Brent-WTI
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shows the strongest association, while Dubai-WTI exhibits slightly lower dependence.
This suggests that while all series move together, Brent and WTI are the most consistently
aligned in their relative rankings. The L, WSEEM measure captures point-by-point distance
between the surfaces. Brent-WTI has the smallest, indicating very similar WSEEM behavior.
Brent-Dubai shows moderate differences, whereas Dubai-WTI exhibits the largest, reflect-
ing greater discrepancy in WSEEM surface shapes. AWSEEM,;,; quantifies the average
absolute difference between surfaces. Brent-WTI has the lowest value, confirming the
close alignment of prices. Brent-Dubai and Dubai-WTI show larger absolute deviations,
consistent with the L, distance results. AWSEEM,;; considers the surface discrepancy
in proportion to their magnitude, but results are almost similar to the absolute measure.
Brent-WTI remains the closest pair, while Dubai-WTI shows the highest relative deviations.
This highlights that, proportionally, Dubai differs more from WTI than Brent does. Overall,
these indices consistently show that Brent and WTI prices are the closest in WSEEM behav-
ior, both linearly and in surface shape, while Dubai introduces slightly larger deviations.
The narrow bootstrap confidence intervals across all indices indicate that these estimates
are statistically stable, and the results provide a comprehensive scenario of both linear
dependence and functional similarity among the three benchmark series.

Furthermore, to statistically evaluate the divergence with respect to the average,
perform a functional ANOVA (fANOVA) over the («, B, ]) grid to formally test whether
the surfaces differ systematically across market benchmarks. Let Sy («;, B, Jx) denote the
value of the WSEEM, 4 surface for market m € {brent, wti, dubai} at grid point («;, B;, J)-
We consider the functional decomposition

Sp(ai, Bj, Jx) = m(ai, Bj Jx) + vm (@i, Bj, Jx) + bk

where yi(a;, B, Jx) represents the mean surface across markets and v («;, B, Jx) captures
the market-specific deviation from the mean surface. Under the null hypothesis of surface
similarity, we have

Hy : 'ym(zxi, :B]/ Ik) =0 Vm, i,j,k.

We perform fANOVA with 30 random projections and 100 bootstrap repetitions. Table 3
shows the results.

Table 3. Functional ANOVA with Bonferroni and FDR procedures and a confidence level of 0.95.

Test Bonferroni Test FDR
Alpha Beta J Alpha Beta J
p-value <0.01 <0.01 <0.01 <0.01 <0.01 <0.01

Table 3 shows that it is possible to reject Hy for all the grid-variables «, B, and ],
implying that the curves of the three markets are not identical point-by-point. This suggests
the existence of market-specific effects on entropy dynamics. However, analysis of the
similarity indices confirms that these differences are very small, as evidenced by the
similarity indices, suggesting the existence of co-movements across markets.

4.3. Effects of Shocks on WSEEM Behaviour

To investigate the time-varying reliability of the proposed WSEEM measure, we im-
plement a rolling window analysis on daily price series. Let {p;}[_; denote the underlying
log-price series used ot compute WSEEM. For a given window size W, overlapping sub-
samples pt, ..., prrw—1, with t = 1,1+ h, 1+ 2h,..., where I denotes the horizon between
consecutive windows. We set a temporal window of W = 180 observations, corresponding
to approximately six months of trading data, and a horizon of 1 = 10, corresponding

https://doi.org/10.3390/axioms15040253


https://doi.org/10.3390/axioms15040253

Axioms 2026, 15, 253

15 of 19

to two trading weeks. This choice balances the need to capture medium-term dynamics
while reducing computational burden and smoothing short-term fluctuations. For the
sake of simplicity, we compute the average WSEEM across «, B, and |, maintaining the
original grid 40 x 40 x max(J). Figure 5 shows the resulting time series of WSEEM values,
aligned with the ending date of each rolling window, and highlighting different regimes
corresponding to major disruptions in the oil market, namely the 2014-2015 supply shock,
the 2020 COVID-19 pandemic, and the 2022 geopolitical shock. This framework enables
us to evaluate whether the entropy geometry remains stable across regimes or exhibits
systematic deviations associated with periods of market crisis.

0.20 \

i ' || market
50.13 \.{ Brent
i ! o
E | Dubai

| JJ W
0.10 | / } |
0.05
2015 2020 2025
day

Figure 5. Average WSEEM estimation across time, compared to the main oil crisis in 2014-2025.

Figure 5 shows that WTI, Brent, and Dubai entropy dynamics have a highly synchro-
nized baseline pattern, indicating substantial informational integration across global oil
markets. Despite this overall alignment, systematic differences emerge: Dubai exhibits
consistently higher entropy and lower predictability, WTI shows lower baseline entropy but
higher volatility and susceptibility to shocks, while Brent lies between the two. During pe-
riods of market stress, deviations from the baseline are pronounced. The 2014-2015 supply
shock is characterised by initially elevated WSEEM values, reflecting strong multiscale dis-
organisation, followed by rapid system reorganization and cross-market re-synchronisation.
The 2020 pandemic episode presents the most noticeable divergence: WTI entropy drops
strongly, significantly more than Brent and Dubai, highlighting market-specific frictions
likely related to storage constraints and negative futures pricing. This suggests a temporary
breakdown in the usual entropy geometry and cross-market integration. In contrast, the
2022 geopolitical shock, while increasing overall volatility, maintains a higher degree of
alignment among the three series, consistent with a more symmetric global shock and the
absence of idiosyncratic market frictions. Long-term trends indicate a modest decrease
in entropy over time, with WSEEM peaking during 20142016 and declining thereafter,
potentially reflecting increased market efficiency, enhanced informational integration, or
structural changes in market micro-structure. Overall, these results strengthens the hy-
pothesis that, while the entropy geometry is broadly stable across oil markets, significant
market-specific characteristics exist and emerge during episodes of extreme stress. In partic-
ular, the 2020 WTI divergence provides compelling evidence of market-specific constraints,
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whereas other shocks tend to preserve the integrated structure, supporting the view of a
largely coherent global oil market.

5. Conclusions

In this paper we analyse the multi-scale informational structure of major crude oil
benchmarks, Brent, WTI, and Dubai, through a measure that combines wavelet with entropy,
namely the Wavelet Sharma-Mittal Energy Entropy Measure. By jointly varying the
entropic parameters and the wavelet scale, we provide a unified framework for assessing
the predictability of the three oil benchmarks across both markets and time horizons.

A remarkable structural regularity is revealed by the empirical data. Despite varia-
tions in entropy magnitude among benchmarks, the WSEEM surfaces” geometry is remark-
ably stable. The scale dependence, sensitivity to the entropic parameters, and transitions
between higher and lower predictability regimes are similar across all markets. This in-
variance implies that the multi-scale complexity architecture of crude oil benchmarks
is similar.

The discrepancy analysis further indicates that cross-market differences are localised
and parameter, and contingent rather than systemic. Deviations concentrate at intermediate
scales and for low values of the entropic parameters, particularly where the entropy func-
tional emphasises the global dispersion of the energy distribution. Outside these regions,
the entropy landscapes converge, reinforcing the idea of a shared structural organization.

All of these results suggest that crude oil benchmarks have a high level of informa-
tion integration. The multi-scale structure of price dynamics is not significantly changed
by regional traits or liquidity conditions, although they may have an impact on the de-
gree of predictability. In this sense, oil markets appear to differ in magnitude but not in
structural complexity. These findings are consistent with evidence stating that futures
markets, particularly for WTI, play a leading role in incorporating new information into
spot prices [32,33]. Furthermore, the relationships between spot and futures are often
complex and non-linear, as analysed by [34]. Furthermore, the findings of structurally simi-
lar multi-scale entropy patterns across Brent, WTI, and Dubai enhance existing evidence
on inter-market interactions, such as volatility spillovers between WTI and Brent spot
prices [35,36]. The Dubai benchmark, historically pivotal in shaping oil pricing for Middle
Eastern exports to Asia [37], provides additional context for understanding cross-market in-
formation integration. While spillover studies focus on transmission of risk and short-term
dependencies, the WSEEM framework provides a more comprehensive interpretation of
the informational structure and predictability across scales, detecting a common multi-scale
complexity among oil markets.

Broadly speaking, the results highlight the usefulness of generalised entropy measures
in capturing subtle but economically meaningful differences in multi-scale predictability.
The WSEEM framework is a versatile tool for studying informational efficiency in globally
integrated commodity markets since it can distinguish between structural similarities and
localized deviations.

The proposed WSEEM framework presents several methodological strengths. First,
it integrates multiscale decomposition with a generalized entropy formulation, allowing
for a flexible and parameter-sensitive assessment of predictability. Second, it captures
both structural similarities and localized deviations across markets, providing a richer
perspective than single-scale or single-parameter entropy measures. Finally, its discrepancy
analysis offers a transparent way to evaluate cross-market integration beyond standard
correlation-based metrics.

Nevertheless, some limitations should be acknowledged. The measure depends on
the selection of entropic parameters and the wavelet decomposition scheme, which may
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References

influence quantitative results. Although the qualitative patterns observed in this study
appear robust, future research could explore data-driven parameter selection procedures
or alternative wavelet bases. Moreover, WSEEM does not provide direct information about
the underlying data-generating process or identify specific predictive models, but instead
captures deviations from a white-noise benchmark in the time—frequency domain. Finally,
the present analysis focuses on crude oil futures markets; extending the framework to other
commodities, financial assets, or periods characterized by structural breaks would help
assess its broader applicability.

As an entropy-based measure, WSEEM has a direct interpretation in terms of pre-
dictability. When energy is concentrated at specific scales, the process exhibits structured
temporal dependence, implying that past observations may contain information about
future dynamics. Conversely, when energy is more evenly distributed across scales, the
process resembles white noise, suggesting limited or no exploitable information in past
observations. In this sense, WSEEM can be interpreted as a time—frequency measure of de-
viation from a white-noise benchmark, and therefore as a proxy for the degree of potential
predictability embedded in the signal.

A rigorous assessment of predictability would require an extensive model selection
exercise across a wide range of specifications, including deterministic components (e.g.,
trigonometric regressions and outlier adjustments), heteroskedastic models (e.g., HAR or
GARCH families), linear models (e.g., ARIMA), long-memory processes, and nonlinear
approaches (e.g., threshold models or neural networks). Restricting the analysis to a limited
subset of models may lead to incomplete or potentially misleading conclusions, particularly
given that real-world time series often exhibit nonlinear dynamics, structural breaks, and
deterministic shocks associated with major events.

Future research may build on these aspects by investigating dynamic or rolling im-
plementations of WSEEM to analyze time-varying predictability, as well as its integration
with forecasting frameworks. An interesting direction would be to explore the relationship
between WSEEM dynamics and the performance of different classes of predictive models in
order to assess whether variations in entropy-based measures are systematically associated
with changes in model-specific forecasting ability. Such extensions could provide deeper
insights into the evolution of informational efficiency in globally integrated markets.

Therefore, the proposed measure should be interpreted as an indicator of potential pre-
dictability, capturing deviations from white-noise behavior in the time—frequency domain
without imposing assumptions on the underlying data-generating process or restricting
attention to a specific class of models.
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