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We present the results of our lattice QCD computation of the hadronic matrix elements relevant to the
h. — 5.y and h;, — 1,y decays by using the gauge configurations produced by the Extended Twisted Mass
Collaboration with Ny =2+ 1+ 1 dynamical Wilson-Clover twisted mass fermions at five different

lattice spacings with physical dynamical u, d, s and ¢ quark masses (except for the coarsest lattice for which
the lightest sea quark corresponds to a pion with m, ~ 175 MeV). While the hadronic matrix element for
h. — n.y is obtained directly, the one relevant to #;, — 7,y is reached by working with heavy quark masses

m;?) =2"""m,., withi~124andn = 1,2, ...,6, and then extrapolated to m,, by several judicious Ansditze.
In the continuum limit we obtain I'(h. — 7.7) = 0.604(24) MeV, which is by a factor of 2.3 more accurate
than the previous lattice estimates, and in good agreement with the experimental measurement. In the
b-quark case we obtain I'(h;, — 1,y) = 46.0(4.8) keV.

DOI: 10.1103/ysxn-sxj7

I. INTRODUCTION

In recent years, the radiative decays of heavy quarkonia
have attracted considerable interest, particularly with the
experimental detection of the 7, meson by BABAR [1]. The
study of the so-called electric dipole (E1) and magnetic
dipole (M1) transitions, such as A,y = ncpyy, J /¥ = ney
and Y (nS) — n,y, can give further insight in the internal
structure and dynamics of heavy quarkonium states con-
veniently described by a suitable effective field theory [2-5].

The experimental challenge in measuring decay proc-
esses with limited phase space, such as T(1S) — 7,7, has
led experimenters to focus on decays of the radially excited
states, such as Y(2S) — i,y and Y(3S) - n,y [1,6-8].
These studies helped in extracting m,, and provided us with
estimates of the hyperfine splitting, the value of which has
been recently updated to A} = my 5 —m,, = 62.3+
3.2 MeV [9], after the reassessment of uncertainties in the
old extractions of my (5 [10]. Note that its value is about
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20 larger than predicted by a resummation of perturbative
QCD series in Refs. [11,12]. Lattice QCD provides a
way to compute that quantity model independently. While
the initial lattice results pointed to a small value for Al <
40 MeV [13,14], it subsequently became clear that working
with much lighter sea quark masses lead to larger values for
hyperfine splitting. Indeed, in the studies with Ny =2 + 1
staggered light quarks and with the so-called Fermilab
approach to heavy quarks [15], Al* = 54 4 12 MeV was
reported in Ref. [16]. Instead, by using the nonrelativistic
QCD (NRQCD) treatment of a heavy quark on the lattice,
the values AP ~60+8 MeV and AP ~70+9 MeV
have been obtained in [17,18], respectively, thus consistent
with A}

Another recent experimental effort carried out by Belle
focused on Y (4S) — h,(1P)y followed by h,(1P) — n,y
[19]. That measurement yields A;'P fully consistent with
the value quoted above, and it allowed the authors to extract
B(h, = npy) = (56 £ 8 + 4)%, improving on their pre-
vious Ref. [20]. Besides the importance of confronting the
theory with the experiment, A, and B(h, — n,y) are
important for searches of physics beyond the Standard
Model (BSM). For example, in the models in which the
Higgs sector is extended by one or more Higgs doublets,
one can check whether or not a CP-odd Higgs state (A) is
light because in that case it can mix with a quarkonium with
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the same quantum number, such as 7, or #;,. Mixing with #,,
has been abundantly studied in Refs. [21-24]. Another
BSM possibility is that of an axionlike particle a (ALP),
which arises in scenarios in which the mass (m,) and
the coupling (f,) are independent and not related as
fam, = f,m,, like in the usual QCD axion. ALP can
therefore be heavy and, being a pseudoscalar, it can mix
with 5, or 1, and alter the experimentally observed decay
modes involving the pseudoscalar states identified as 7, or
1, [25-28]. For that reason, it is very important to have a
precise QCD based determination of the hyperfine splitting
and of the relevant transition matrix elements. In this paper
we focus on the latter.

Previous works in lattice QCD have shown that the
radiative decays of charmonia, such as J/w — 5.y and
h, — n.y, can be computed with a satisfactory precision
[29], allowing for a systematic extrapolations to the con-
tinuum limit with a corresponding uncertainty under control
[30-32]. Following the methodology of Ref. [30], the
present study seeks to improve upon these calculations by
focusing on the electric dipole (E1) transition of charmonia,
h. — n.y, which is then extended to the case of bottomonia,
h, — n,y, which is a new lattice result. For this calculation
we employ five different fine lattice spacings in the
range a € [0.049-0.09] fm.

In contrast to the charmonium system, which can be
directly simulated on current lattices, the bottomonium one
is computationally challenging because the ultraviolet (UV)
cutoff scale employed in current simulations (e 1/a, the
inverse lattice spacing) is smaller than the b-quark mass
(my,). To circumvent this problem, we use a sequence of
heavy quark masses lighter than the physical b-quark,
mpy < my, however larger than the physical m,.. In selecting
the heavy quark masses we choose amy < 0.5, asto keep the
ultraviolet (UV) cutoff effects under control. In this respect,
particularly beneficial are the two ensembles of gauge field
configurations, produced by the Extended Twisted Mass
Collaboration (ETMC), with lattice spacings a =~ 0.058 fm
and a =~ 0.049 fm, which allow us to reach the heavy quarks
up to nearly three times the charm quark mass. To obtain the
results at the physical point (corresponding to my — m,),
we guided our extrapolation by phenomenological para-
metrizations inspired by NRQCD.

The remainder of this paper is organized as follows. In
Sec. II, we discuss the charmonium decay &, — 7.y, where
we work directly at the physical charm quark mass for
which we provide a precise estimate of the relevant form
factor and therefore the decay width. In Sec. III, we focus
on the bottomonium decay #;, — #1,y. We employ the ratio
method of Ref. [33] to reduce systematic errors, enhance
statistical precision, and suppress lattice discretization
effects in the determination of the radiative heavyonium
decay width for m, < my < m;,. We then present the
results of the continuum limit extrapolation for each of
the simulated heavy quark masses, discuss the various

scaling relations used to extrapolate to the physical b-quark
mass, and present our final results for the nonperturbative
transition form factor describing h;, — n,y. Finally, in
Sec. IV, we compare our results to experimental measure-
ments and/or existing theoretical calculations, and in Sec. V
we summarize the implications of our results outlining
potential directions for future research.

II. LATTICE SETUP AND CALCULATION
OF THE h, — 5,y TRANSITION FORM FACTOR

The transition matrix element describing the radiative
decay h,. — 7.y is given by [29],

(ne (k) Jem|he(p. €2))

. c * £ - q
= ZIQC{thFl(qz)(f?/ - *qz q")

2 2

LR 0| - ] | )

where J&, is the electromagnetic current,

Tim(x) = D Jx)= > Qa(0)r'qp(x). (2

f=ud,s,c f=uds.c

and the sum runs over all quark flavors f = {u,d, s, c},
q¢(x) is the quark field, and Q the quark electric charge
in units of the elementary charge e. In Eq. (1), p and k
are the momenta of the /. and 7. mesons, respectively,
and ¢ = p — k, while ¢, is the polarization vector of the
h.. The form factors at g¢*> =0 satisfy the relation
my F5(0) = (mj, —my )F5(0), and therefore the corre-
sponding rate of the decay to a real photon can be expressed
in terms of the single transition form factor F¢§ = F{(0)
through,

207 my —my
TcaemT|F1|2, (3)

c

C(he = ny) =

which thus encodes all the nonperturbative information on
the decay.

To compute the form factor F{ on the lattice, we make
use of the gauge configurations produced by the ETMC
with Ny =2+ 1+ 1 dynamical Wilson-Clover twisted
mass fermions. This framework guarantees the automatic
O(a) improvement of parity-even observables [34,35].
Basic information regarding the five lattice ensembles used
in this work is provided in Table I, and further details can be
found in Ref. [36]. In this work we employ the mixed-
action lattice setup introduced in Ref. [35], and described in
the appendixes of Ref. [36]. In this setup, the action of the
valence quarks is discretized in the so-called Osterwalder—
Seiler (OS) regularization, namely,
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TABLE 1. N;=2+1+1 ETMC gauge ensembles used in
this calculation. We give the spatial extent in lattice units L /a, the
lattice spacing a, the bare charm quark mass am,, the renorm-
alization constant of the vector current Z, determined in Ref. [36]
using the twisted-mass Ward identity, and the number of gauge
configurations N,. With the exception of the A48 ensemble
which corresponds to a pion mass m, ~ 175 MeV, all the
ensembles have been generated at physical values of the light,
strange and charm quark masses.

1D L/a a fm Zy am, N,
A48 48 0.0907(5) 0.68700(15)  0.2620 300
Bo4 64 0.07948(11)  0.706354(54) 0.23157 203
C80 80  0.06819(14)  0.725440(33) 0.19840 609
D96 96  0.056850(90) 0.744132(31) 0.16490 150
E112 112 0.04892(11)  0.758238(18) 0.14125 93

Z ZCIf yu ;4 }
f=uds,c x
- irf7’5<WC1[U] + me) + mf]qf(x>’ (4)

where W[U] is the Wilson-Clover term [37], m,, is the
critical mass, m is the quark mass of the flavor f (with
m, = my = my), and r; = +1 is the sign of the twisted-
Wilson parameter for the flavor f (r, . = —r s = 1). At
each lattice spacing, the charm quark mass m,. has been
tuned to reproduce mp_ = 1967 MeV.'

We work in the rest frame of the 4, meson (p = 0) which
means that to ensure g> = 0 one needs to give to the 7,
meson a three-momentum

k| = "= L 500 Mev 5
— ¢ c ~ eV.

T (5)
To estimate the form factor F{ we consider the following
three-point correlation function:

— Zeik(x—y) <O|OV](; (X, O)J’elm(ya _t.])

X.,y.Z

x O}, (z.~1,)[0), (6)

Cgpt(th; ty)

where O, and O, are the (Gaussian-smeared) interpolat-
ing operators of the 7, and &, mesons,

chxt

O, (x,1) = Zc'h x.1)G}(x.y)o%q.(y. 1), (7)
y

(x.¥)7°q.(y. 1),

"The strange quark mass has been tuned to reproduce the kaon
mass value mg = 494.6 MeV.

where o = i[y*,y"]/2, and

G(x.3) = 1o ey +RH (). (9

with H,(x,y) being the Gaussian smearing operator

Up (x,1)85 45y + Ui (x

Ht(X,)’):Z[

u=l

where U} (x) is the so-called APE-smeared link, cf. [30].
We use the smearing parameter x = 0.4, and fix on each
ensemble the number of steps n in Eq. (7) so as to
obtain a smearing radius ry = a\/n/Vx~' +6~0.15 fm,
for both 5. and h,. [38]. The spatial momentum k
is injected along the third spatial direction, i.e.
k = (0,0, |k|). With this choice, and with the interpolat-
ing operators (7), the form factor F{ can be evaluated by
computing only the component Cépt of the three-point

correlation function (6).

The Wick contractions in Eq. (6) give rise to quark-
connected and quark-disconnected contributions, cf. Fig. (1).
In the following, we will refer to these contributions as
connected and disconnected, respectively. The leftmost
diagram corresponds to the dominant (connected) contribu-
tion, while (b), (c) and (d) correspond to the disconnected
contributions. Note that the contributions corresponding to
(b), (c) and (e) are expected to be very small due to the Zweig
suppression.” Instead, diagram (d) and diagram (e) respect
the SU(3) suppression in which u, d and s contributions
cancel when m, = m,; = m,. In this work we focus on the
evaluation of the dominant connected diagram, leaving the
evaluation of the disconnected contributions for future
works.” Clearly, only the charm quark component J% of
the electromagnetic current J&, contributes to the connected
part of the correlation function C5,,(#;; 1,).

As far as the connected contribution is concerned, we
employ the twisted boundary conditions in order to
tune the spatial momentum k to the value of Eq. (5).
This is implemented by twisting the gauge links U, (x) on
which one of the charm quark propagators is computed,
namely

U, (x) = Ul(x) = /LU, (), =(0,6), (10)

with the twisting-angle 6 set to

The Zweig suppression is expected to be even more effective
for the h, — n,y decay discussed in Sec. III.

3A lattice QCD study of Ref. [39] shows that the contributions
arising from disconnected diagrams give a tiny contribution to the
masses of charmonia.
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Wick contractions relevant to the correlation function (6). The diagram (a) corresponds to the connected contribution, while

(b), (¢), (d) and (e) correspond to the disconnected ones. Diagrams (b), (c) and (e) are Zweig suppressed. For each diagram, we have
indicated the flavor associated to each quark line. Light quark (u, d, s) contributions only appear in diagram (d) and diagram (e) where
the photon is emitted by a sea quark. These two diagrams vanish in the SU(3)-limit m, = m, = m,, while the effect of the ¢ sea quark

should be negligible.

2 _ 2
ge — LM = .

z

6 = (0,0,6°), (11)

T 2my,

The connected part of Cg'pt(th;tj) is evaluated as fol-

lows.* By S.(x,y) and $?(x,y) we denote the charm
quark propagators evaluated on the background field
configurations corresponding to U,(x) and UY(x),
respectively, so that Cg’pt(th; t;) can be written as,

Cliiltn 17) =2 (Tr[S.(x,2)6™S. (2, y)r"S(y, 0)7°]),

X,y,Z

(12)

where x = (x,0), y = (y,—1t;), z = (z,—t,). The trace
Tr[...] is taken over the color and Dirac indices, and
(...) indicates the average over the SU(3) gauge field
configurations U,(x). The factor of two in Eq. (12)
accounts for the contribution of the charge conjugated
diagram in which the photon is emitted by the charm
antiquark. The sum over x is evaluated stochastically by
performing the inversion of the charm quark Dirac
operator on a number N, of spatial stochastic sources
n(w), placed at time # = O (stochastic time wall sources),
namely

Sy, x) = S2(y. w)n(w),
Sc(z.x) > S (z.w)n(w'),

(13)

“To simplify the expressions we consider the case of local
interpolating operators, i.e. k = 0.

with n(w.wp) = 8, 67(W). and (7" (W)ii(W)), = by w-
The backward propagator S.(x,z) is then obtained
from S.(z,x) by using y° Hermiticity. Depending on
the ensemble considered, we use up to N, = 32 spin-
diluted stochastic sources per gauge configuration. A
diagrammatic representation of the strategy adopted to
evaluate the connected contribution to Cg’pl(th; ty) is
shown in Fig. (2).

We now discuss how the charm quark bilinears O, , O, ,
and the current J%, are discretized on the lattice. When
evaluating the connected diagrams using the twisted mass
action, there are different options when it comes to
discretizing the quark bilinears and they differ in the choice
of the Wilson parameter of the quark field, », = %1, and of
the antiquark field, »_ = £1. They can be chosen to be
opposite (r,. = —r_) or equal (r, = r_). The two regula-
rizations are known as the twisted mass (TM) and
Osterwalder-Seiler regularizations, respectively. The results
obtained using different combinations of TM and OS
bilinears differ only by O(a?) UV cutoff effects. A
complete description of the two regularizations is given
in Appendix B of Ref. [36] to which we refer for further
details. In this calculation we opt to use the OS regulari-
zation for the electromagnetic current, while (’)m_ and Ohg
are regularized as TM bilinears.” With this choice, the
interpolating operators are given by

>This choice for the interpolating operator of the /. meson,
avoids the mixing with 17~ (J/%¥) and 11" (y.;) states. This is a
consequence of the exact P x G symmetry, where P is parity and
G is G parity, enjoyed by the TM regularization (see also
Ref. [40]).
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O, (%, 1) = > 7.(x, )G (X, ¥)r*¢.(y. 1),
y

On (1) = Y 3.(x,. )G} (x,¥)o%q.(y, 1), (14)

and the quark action of the field ¢..(x) is equal to that of the
q.(x) field in Eq. (4) after replacing r. = —r... The charm
quark component of the electromagnetic current, instead, is
regularized as J% (x) = q.(x)y*q.(x) with r. = 1. With this
choice, the renormalization constant of the local electro-
magnetic current is given by Zy(g3), the value of which is
given in Table I for each lattice ensemble used in this work.
If we use S and S%” to denote the charm quark propagators
corresponding to a given value of r = 41, then Eq. (12)
gets modified by the replacements, S%(y,x) — Sf‘*(y,x),
and S.(z,y) = Sf(z,y) and S.(x,z) = SZ(x, z). Note that
the y° Hermiticity of the twisted Wilson quark propagator
reads,

SeT(xy) = 35T (v, x)7°. (15)

A. Extraction of the form factor F{
We first need to consider the two point functions of
interpolating fields O, and O, , respectively, in order to
extract their mass/energy and their couplings. We define,

Chu(1) = Y _e™*(00,,(x.1)0;,(0.0)]0).

X

Che(1) = (010, (x.1)0}, (0.0)0), (16)

X

and again neglect the Zweig suppressed disconnected

contributions to C3;,(¢) and Cgl;t
Euclidean time #, the two point correlation functions

behave as,

(¢). In the limit of large

e A -
2pt(t)_ 2F (e En! + e~Ene )+
Ne
e %
Coplt) = (et eI 4 (17)

where m;, and E, are the mass and energy (due to the
nonzero momentum k) of the corresponding meson, and

Z,, =010, [nc (k). Z), = (he(p.€;)|O] |0).  (18)

The ellipses in Eq. (17) denote contributions that vanish in
the large time limit, 0 < 7 << 7. We also computed C3;,(#)

with k = 0, which is needed to extract m,, .
The interpolating field (’),‘1 in Eq. (7) creates an /. meson
with polarization ¢ = —&*!. Since we chose ¢' = p' =0,

it is then straightforward to use Eq. (1) and combine the
above mentioned quantities into

= iZy(g3) 4AE
F?(Z‘h; l‘J) = #ﬁ eE"CtJem"”(th_tj)C%pt(th; tj),
¢ ’7(.‘ c

(19)

which, for large Euclidean time separations, gives the
desired form factor F{ = F{(0),

— th—l{;: (0]
Fi(tys 1)) —————=F}. (20)

Note again that we included Zy (g3) in Eq. (19), the values
of which are listed in Table .

As already discussed in the previous Section, and illus-
trated in Fig. 2, we compute Cgpt(th;t,) by placing the
interpolating field of the #,. meson at a fixed time # = 0, the
charm quark component of the electromagnetic current is
then inserted in a charm quark line at a fixed —¢; < 0, while
the time —¢;, << —t;, at which the A, is created, corresponds
to the sink of the correlation function, which is thus known
for all times —z#;,. This allows us to carefully monitor the
onset of the dominance of the A, state. Since in our
computational setup the time #; is fixed, we must ensure
we choose a sufficiently large ¢, to be able to isolate the #,.
meson state. The advantage of placing the interpolator
corresponding to 7, at the source of the correlation function
is that 7; can be chosen reasonably large without a significant
loss of the signal, since the signal-to-noise ratio (S/N) of
Cg‘pt(th; t;) practically only depends on the time distance
|t; — 1,].° As it will be detailed in the next subsection, we
have considered two different values for 7; ~ 1.6,2.4 fm,
and checked that no difference in the results for F§(z,; ,) are
visible within statistical uncertainties.

B. Numerical results

On all the ETMC gauge ensembles listed in Table I we

computed the correlation functions Cg’;l(t),ngt(t) and

Cg'pt(th;tj). In Fig. 3 we show the effective mass plots
for 5. and . mesons, for all the lattice spacings. Note that
since the charm quark mass has been fixed by mp =
1967 MeV at each value of the lattice spacing, due to the
finite lattice artifacts the values of m, and m,, are not the
same for all ensembles. Owing to the fact that 5, is the

®For a fixed t; — t,,, according to the Parisi-Lepage theorem,
the S/N ratio of C5,,(#;;1,) scales as e~ Ene=m )ty v p=lk[ts/2my
with |k|?/2m, ~40 MeV. The S/N ratio thus decreases very
slowly as 7; increases. In the bottomonium case, to be discussed
in the next Section, the deterioration of the signal is even milder
because the momentum transfer |k| is still of O(500 MeV) but
m,, ~9.4 GeV.
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lightest charmonium state the S/N ratio of C7;,(#) does not
decrease with t, as is clear from Fig. 3. This is in contrast to
the case of Cg;‘n(t), for which the effective mass becomes

exponentially noisier as the time ¢ increases. To estimate the

S9(y,w)

SC(Z, y) y

Se(w) z)

FIG. 2. Schematic representation of the strategy adopted to
evaluate the connected contribution to C’gp[(th; t;). The sum over
x is implemented stochastically by inverting the charm quark
Dirac operator on a number N, of the spatial stochastic sources
n (red vertices). The electromagnetic current is inserted in the
upper quark line at the fixed time —¢; (black vertex) and at all
spatial positions y. The blue vertex indicates z = (z, —1,), where

the &, meson is created.

Adgk DYG -
3 B64 = El12e
) 80 B

R —

]
L]
% | | | | | | | |

2.5 3 3.5 4 4.5
t [fm]

FIG. 3.

systematic error on my , we additionally evaluated the
smeared-local correlation function of the 4, meson, which
is obtained by replacing one Gaussian-smeared operator
OZ( in Eq. (7) by the local one (x = 0). The difference
between the effective mass plateaus obtained by consider-
ing the smeared-local and smeared-smeared correlation
functions has been included in systematic uncertainty.
The colored bands in Fig. 3 already account for that
systematics. Note that the larger error for the A48 ensemble
is due to uncertainty on the lattice spacing of that ensemble
(=0.6%). The extrapolation to the continuum limit of the
lattice results for m, and m,_ is shown in Fig. 4. The
continuum fits are performed both linearly and quadrati-
cally in a’>. These two fits are then combined via the
Bayesian Akaike Information Criterion (BAIC) [41], the
method which we now briefly summarize. Let x{, ..., xy be
the outcomes of N different fits. The final central value and
the total error are given by

N N
X = anxnv 62 = O%lat + an(xn - )_C)z’ (21)
n=1 n=1

S ‘ ‘ TAdgw | "D96 =
365 | BG4 = El12e]
C80=
= 30, -
5] 22 3
O, . * @ $
= 355 & g
T o i I I R ) %% %
g 35 %% ; ‘f -i .ﬁj% ! %“E b @f@?@# 5 % FE ¥$ i#
3.45 % ? + + i b
34 ! ! ! ! ! !
0.6 08 1 12 14 16
t [fm]

Effective mass of the ;7. meson (left) and of the /2, meson (right) for all five gauge ensembles used for the present calculation.

The colored bands correspond to our estimate of the 7, and /. masses on each ensemble.

Latti(:e datamr|
Continuum extrapolation =

3.04 T T T
3.02

3

2.98 .
296 |- [ I .
2.04 L] 4
2.92 -

29 + .
288
256 - l l l l

0 0.002 0.004 0.006 0.008
a? [fm?]

my, [GeV]

3.6
‘ ‘ ‘ Lattice datam

Continuum extrapolation =

3.55 = —

mp, [GeV]
w
ot
T
-
-
I

0 0.002 0.004 0.006 0.008 0.01

a? [fm?]

FIG. 4. Extrapolation of 7. (left) and 4, (right) masses to the continuum limit (¢ — 0). The colored bands correspond to the best fit
obtained after performing linear and quadratic fits in a?, and then combining them using the BAIC. The reduced y? of all the fits are

always below one.
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FIG. 5. Comparison between F(t;, ;) with t; ~ 1.6 fm (red)
and with 7; ~ 2.4 fm (blue) on the B64 ensemble. The data points
at t; ~ 2.4 fm have been slightly shifted horizontally for easier
comparison.

where o, is the statistical error of X, and w1, ..., wy are the
weights normalized to one and given by
w, x exp[—(r2 + 2N — 2Nda@)] (22)

with y2 being the chi-squared of the n-th fit, with its
corresponding number of free parameters (N5") and of the
data points (Nd*@

In the continuum limit we obtain
m, =2978(12)GeV, m, =3.541(15)GeV, (23)
which agree very well with the current experimental values,
my " =2.9841(4) GeV and mf:p = 3.52537(14) GeV [9].
These results also suggest that the impact of neglecting the
annihilation diagrams in C;, and in Cgfn(t) is small, i.e. of
the order of our statistical uncertainty which is about 0.4%
for both m, and my, . This is also in line with Ref. [39]
where the contribution of the disconnected diagram to m,,
was found to be about +7(1) MeV.

We now turn to our determination of F{, starting with a
discussion on the tuning of the momentum k of the 7. at
nonzero lattice spacing. The relation in Eq. (5) can be used
by either plugging in m, and m;,_ obtained at each lattice
spacing, or by using the experimental results, which, as we
have just shown, agree well with our continuum extrapo-
lated results in Eq. (23). These two choices lead to
determinations of F{ that differ only by O(a®) UV cutoff
effects. We opt for ;" and mj, " and tune the momentum k

for each lattice spacing.

t7~1.6—1.7fm
T

065 L Adgm DYG e |
» % {’ {’ BG4 = E112e

46 080
0.6 4 i

" s Wi WLMM M }

[(tnity)

0.55 ~+

F

0.5

0.45 =

0.4 L L L

(tp, —ty) [fm]

FIG. 6. Function F§(,;1,), defined in Eq. (19), as obtained for
all lattice ensembles, cf. Table I, and for ¢, fixed as discussed in
the text.

As already anticipated, in our calculation of the corre-
lation function Cgpt(f;ﬁ t;), the time —z; of the transition
operator is always fixed, while 7, runs over the lattice. It is
thus important to choose sufficiently large ¢; in order to
ensure the dominance of 7,.. We carried out a test on the
B64 ensemble, and computed C%,(#;; 1) for two different
values of t; ~1.6,2.4 fm. In Fig. 5 we compare the
corresponding F<(1,;1;), cf. Eq. (19). Clearly, the two
results are in excellent agreement. The difference in
statistical uncertainties between the two cases is consistent
with expectations of S/N of C5(1;.,) as a function of #,
(with t; — t;, fixed), as discussed at the end of the previous
subsection. On the basis of these observations we decided
to fix ¢; ~ 1.7 fm for all other ensembles.

In Fig. 6 we show F§(1,;1;) for all our lattices. Quite
remarkably, the UV cutoff effects are very small, and the
results at all lattice spacings are in agreement within
statistical errors. That feature has already been observed
in Ref. [30] in which the twisted mass Wilson quarks were
used but without the Clover term. We then extract the form
factor F§ by fitting F§(t;;7;) to a constant in the time
interval ¢; — 1, € (0.9, 1.3) fm.

The results of F{ are presented in Table II. We then
extrapolate these results to the continuum limit by a simple
linear a? fit, cf. Fig. 7. The corresponding y?/dof ~ 0.2 is
very good and our final result for the form factor describing
he = n.y is

(24)

F¢ = —0.522(10).

TABLE II.  Values of the form factor F{ for each gauge ensemble employed for the present calculation.
a (fm) 0.0907(5) 0.07948(11) 0.06819(14) 0.056850(90) 0.04892(11)
—F¢ 0.5077(74) 0.514(12) 0.5148(64) 0.5197(88) 0.512(12)
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FIG. 7. Continuum-limit extrapolation of the form factor Ff.

The colored band corresponds to the best-fit function obtained
after performing a linear fit in > to our lattice data. The reduced
y? of the fit is around 0.2.

The uncertainty is more than twice smaller than the one
reported in Ref. [30]. In Sec. IV, we will compare our result
for F{ with existing theoretical determinations and with the
available experimental results. We now turn to the analysis
of the h;, — n,y decay.

III. CALCULATION OF THE h; — n,y
TRANSITION FORM FACTOR

Analogously to Eq. (1) the transition matrix element
describing h;, — n,y* is decomposed as

(np (k)| Tem| 1y (. €7))

. * €] - q
_ 2sz{mth%<q2> ( -4 qﬂ)

+F) (e - a) [% ¢-werr|f o9

and the decay rate for the on-shell photon corresponding to
g* =0 is given by (F! = F%(0))

2 2 m2 _ m2
Qb a hy, Ny |F11,

3 em

[(hy = npy) = ’, (26)

mhb

where, as before, we use FII’ = F’l’ (0), for shortness. We
again neglect the disconnected contributions so that only
the b-quark component of the electromagnetic current
contributes to the matrix element and in Eq. (25) one
can replace

Tem(x) > T, (x) = Qp@s(x)r" g5 (%). (27)

In the rest frame of /4, (p = 0) the three momentum k of the
1, that corresponds to g*> = 0 is

m2 —m?
T T 488 MeV, (28)

K="
mhh

which differs from the momentum k of the #. meson in
Eq. (5) by only 12 MeV.

Like we already mentioned in the Introduction, the
h, — n,y decay cannot be directly accessed from our
lattices because the physical b-quark mass is too heavy
and we therefore evaluate the h;, — 1,y transition form
factor F' ’1’ by working with a series of heavy quark masses

mg) (with amgy < 0.5) and then extrapolate the results to

the physical point corresponding to myg — m;,,. In Table III
we give the masses of simulated heavy quarks for each of
the lattice ensembles used in this work. Note that the heavy

quark masses m(f;’) satisfy

am(;H) = dam\ (29)

with A =1.24283, n=1,....6, and am})) = am..] The
parameter 1 is chosen in such a way that m,/m,~ A" =

4.58 [42]. The lattice setup used to extract the transition

form factor for each heavy quark mass mg) is essentially

identical to that employed for 4. — 7.y and described in
the previous Section.

In the following we denote by 1y and hy the fictitious
states similar to 7. and &, but with the heavy quark my
instead of m,.. As before, for each heavy quark mass, the
three-momentum k given to 5y is set to the value of
Eq. (28) for each of the gauge ensembles, and not to that
corresponding to the hy — nyy decay. The difference
between the transition form factors obtained by rescaling
or not rescaling the momentum Kk is entirely negligible, as
we verified explicitly for my = m,. where the deviation
would be more pronounced (see Sec. III B).

The interpolating operators of the n (O, ) and of the iy
(O),,) meson are defined as in Egs. (7), (14) with
q.(x) = gy (x). In order to improve the overlap with the
ground state we tuned the number of smearing steps n(my)
for each mass my so as to ensure a smearing radius

ro(my) = %z <Z—H> % 0.15 fm.  (30)

Like in the previous Section we compute the two point
functions

Chn (1) = e**(0]0,, (x.1)0},(0.0)|0),
Ch (1) = > (00, (x.1)0}, (0.0)[0), (31)

X

"At the heaviest simulated quark mass my,/m, ~ 3 we decided

to include the results on the C80 ensemble where amg’) ~(0.588
is slightly larger than 0.5.
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TABLE IIL. (n)

Bare heavy quark masses am,;” used for the calculation of the s, — 7,y transition form factor, for all

of the gauge ensembles used in this calculation, specified in Table I.

1D amg) amg) amg) amg) amg) amg))
A48 0.26200 0.32562 0.40469 0.50296 // //
B64 0.23157 0.28780 0.35769 0.44455 // /l
C80 0.19840 0.24658 0.30645 0.38087 0.47336 0.58830
D96 0.16490 0.20494 0.25471 0.31656 0.39343 0.48897
E112 0.14125 0.17555 0.21818 0.27116 0.33700 0.41884

in which the annihilation contributions have been neglected
and extract m;,, and E, , and the quantities

Zy, = 010y, Inu(K)),  Zn, = (hu(p.€)|0},10).  (32)

We also computed C37 (1) with k = 0, which is needed to
get m, . Finally, the three point function corresponding to

the connected diagram, needed for the determination of the
transition form factor, is given by

Chltystyomy) =Y _e®9(0[0, (x,0)7%(y. —t;)

X.y.Z

X OZH(L _th)|0>c0nn7
= 2Z<TT[SH(X’ 2)"*Sp(z,)

X.y.Z

< PSH (v, X)), (33)
where J%(x) = Qpqy(x)r*qy(x), and S%(x,y) is the
heavy quark propagator computed on the gauge back-
ground UY(x) as discussed in Eq. (10). Note that Sy (x,y)
corresponds to |5| = 0. The twisting angle 6 is again
chosen to produce the momentum specified in Eq. (28).

n=2e n=3e n=4e n=he n=0e

I I I I I I
0.9 te _

Y) [aev)

0.8 —

(n—
H

(m
"

0.7

eff
nH

0.6 - —

| | | | | |
E 9 0.5 1 15 P 25 3

t [fm]

A. Numerical results for m,, and m,

For each of the heavy quark masses, listed in Table III,
we compute the corresponding m,,, and m;,, . The quality of
the effective mass plateaus is illustrated in Fig. 8 where we
plot the difference between effective masses of the ny (hy)
at two consecutive heavy quark masses, mzl) and mzl_]) .
The results shown correspond to our determination on the
finest lattice spacing ensemble employed in this calcula-
tion. From a fit to a constant for large time separations we
extract the mass differences,

Am,(f;) =m,, (m&_?) —m,, <mgl_l)) ,

Am](:[) = th <mgl)> - th (m<n_l>) y

where we indicated with m, (my) and my, (my) the
masses of the ny and hy meson evaluated at a given
heavy-quark mass my. As in the case of the /. mass, the
difference between the effective mass plateaus obtained
using smeared-smeared and smeared-local correlation

functions is included in systematic uncertainty of our

estimate of Amz';) The colored bands in the left plot of

Fig. 8 are already include this systematic error. As it can be

(34)

appreciated in Fig. 8, the values of Am,({;) and Am%’i) are

n—2e n=3e n—4e n—5He n—0Ge
>@ - T T T T T T
%0_9®®®@@@@@@@ggsm@mmmogq,q’@@qr
=
Lo 081 -
\_/g ©©900°00000 0000 0=lutmg=00000g 0 ¢ ¢
%.5073@999 —
S eee@@e@@_hn-_ommmooq><]>{,¢
| 0.6+ —
fs—\ aa@@o.o@mmmmweméééé
== o5k, . -
= ©° 0006000066 amomtmomtno g 0®d§ddd
e )
= 04 | | | | | |
E : )

0.6 0.8 1 1.2 1.4 1.6 1.8

t [fm]

FIG. 8. Difference between the effective mass of the 7y (left) and iy meson (right), evaluated for two successive values of the heavy

(m)
quark masses m,

and mg_l) forn =2, 3, 4,5, 6. The illustrated results correspond to our finest lattice ensemble (E112 in Table I).
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quite similar, consistent with what is known from the

experiment where m;'* — mj" ~6.37 GeV is very close to

m;’;p eXP ~6.41 GeV, thus differing by only 40 MeV.
While the quality of the plateaus is always excellent for

Ny, in the case of hy the S/N of ngt(t) is expected to

decrease over time as e~ " ") ~ ¢=(500 MeV)1 independ-

ently on the heavy quark mass my. However, when
considering the correlated difference between the effective
mass of hy computed with two consecutive heavy quark
masses, the statistical errors partially cancel (because the S/
N is largely independent on the heavy quark mass my in the
simulated region) and the quality of the plateaus substan-
tially improves, allowing us to better identify the time
interval where to perform a constant fit to our data. This is
highlighted by the colored bands in the right panel of Fig. 8.
The masses of the iy mesons are determined this way: we

first evaluate on each ensemble the mass differences Amg;")

and then reconstruct th(mg')) as

o Amy) i n>2

mh,,<m§7>>=mh(,+{ (35)

0, otherwise

To extrapolate m,,, and m,,, to the continuum limit for
each simulated heavy quark mass my, we follow two
different strategies. In the first, we take the continuum limit
of both m, and m,;, , for each value of the heavy-quark
mass my, by using the Ansatz

m,, (my,a) = Ag(my) + Ay (my)a® + Ay(my)a*,

my, (m my)a® + By(my)a*,  (36)
where distinct fit parameters, Ag(my), A\(my), Ar(my),
By(my), Bi(my), By(my) are used for each my value. We
perform both linear and quadratic fits in ¢, which are then
combined using the BAIC. For the two heaviest heavy quark
mass my = A*m, and my = A>m,, where the results only at
three lattice spacings are available (C80, D96 and E112) we
perform a simple linear a fit [A,(my) = B, (my) = 0]. We
never impose a prior on any of the fit parameters.

Our second strategy is to perform a global fit that
simultaneously describes the dependence on lattice artifacts
according to,

my,, (my, a) = Ay(my) x (14 Ala® + A}, a*m3; + Aa®
+ AL atmd + AL, a4m§{)

my, (my, a) :BO(mH) (1+ B\da* + B! ,,a’m}; + Bya
+ B, ,,a*mj; + B, mza”'m‘},) (37)

where A{(my) and Bj(my;) are fit parameters specific for
each heavy quark mass, while the remaining parameters A} 2
and By , describe the cutoff effects and are common to all the

simulated heavy quark masses. This form already provides a
good description of the data with A}, = B, = 0.

2,my

Mlustration of how these two strategles compare is
provided in Fig. 9. In each plot, red and blue data points
represent the lattice values of m, and m,,, respectively.
The darker bands show the separate continuum extrapola-
tions. The quality of the fit is excellent, with at least one of
the linear or quadratic fits in a® giving a reduced y? close to
unity. The lighter bands represent the corresponding results
of the global fits (with A, =B, =0). When five
lattice spacings are available for a given mpy, the two
strategies agree very well. However, when only three lattice
spacings are available (for the two heaviest quark masses),
the results for m, , obtained using the two strategies, differ
by a few percent (we also note that the y*/dof of the linear
fit, for the heaviest simulated heavy quark mass, is not very
good, about 2.5).

For the first four simulated heavy quark masses we take as
our final results for m,,, and m;,, the determinations obtained
performing separate fits for each heavy-quark mass. For the
two heaviest masses, my = A*m, and my = A>m,, while we
consider more solid the results of the global fit, we decided to
stay on the more conservative side and combine the results of
both strategies using Eq. (21), assigning equal weights to the
two results in the continuum limit. In Table IV, we give m,,
and my, in the continuum limit for each simulated heavy
quark mass my.S

B. Numerical results for hy — nyy

We now discuss the determination of the amplitude for the
process hy — nyy. Like in the previous Section we compute
the three point correlation function Cgpt(% t;, my) forevery

heavy quark mass ml(;) given in Table III and on all of the

ETMC ensembles of gauge field configurations, cf. Table I.
For each mg’) we fix the three-momentum Kk of the 7 to the
value indicated in Eq. (28), corresponding to the physical
momentum of the 7, in the &, — 1,y decay. This choice does
not precisely match that of the hy — nyy decay, so it
corresponds to a nonzero photon off shellness g> for
my < my. This, however, is not a source of problems
because at the physical point my = m,, the off shellness
g* extrapolates to its correct, vanishing, value. Furthermore,
by comparing the results for my = m, obtained using the
three-momentum k corresponding to A, — 7,y with that
corresponding to h;, — 7,7, the difference between rescal-
ing or not k is far below our uncertainties and therefore
completely negligible. In what follows, we denote by
Fi(my) the form factor extracted from the three-point
function C5, (1473 1;, mp) with k set as in Eq. (28).

An alternative approach, which we did not pursue in this
work, would be to compute the heavy quarkonium masses at all
lattice spacings and then attempt isolating the O(a*) effects.
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FIG.9. Continuum extrapolation of the ny and hy masses, for all six simulated heavy quark masses m. In each plot, red and blue data
points represent the lattice values of m, and m,,, . The darker bands show the results of the separate a® and a® + a* fits combined using
the BAIC as described in the text. Note that for the two heaviest quark masses, where only results at three lattice spacings are available,
we perform only the linear a” fit. The lighter bands correspond to the results of the global fit performed using Eq. (37).

On each gauge ensemble, instead of directly determining
the form factor F (my) for each simulated value of m, we

find it useful to consider the ratios of form factors evaluated

. -1
at two successive values, mg) )

quark mass, namely

m(mg)) =F, (mgl))/Fl (ﬂ_lmg))

The ratios r;(my) can be extracted from the following
estimator built in term of the ratio of three-point functions

and mgl , of the heavy-

(38)

P (1)) = RE,Z) exp {AE’(;;I)tJ} exp {Am%j(fh - tJ)}
Cépt (th; tJ! mg”)
Ciy (thﬂjﬂ mgl_l)> ’

(39)

rmy) = Jim lim_ 7 (6:0). (40)
where
AEy) =E,, (my)) = E,, (m ™).
o _ Eun) | Zoy (i) Lyl ™)

n—1 n n)\
Ey (™) Z,,(mi})) 2y, (miy)
already defined in Eq. (32) at a given my.
Considering ratios of form factors at nearby masses

provides several advantages. First, in the ratios statistical

errors are reduced and only the mass difference Amz';)

enters the exponential terms in Eq. (39). As discussed
above, the uncertainties of the differences of effective hy
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TABLE IV. Masses of ny and hy after extrapolation to the continuum limit. Note that the heavy quark mass

m" = A"m,, with 1 = 1.24283.

D ) @) m® ) m®
m,, (GeV) 2.978(12) 3.467(15) 4.049(20) 4.735(29) 5.581(70) 6.61(11)
my, (GeV) 3.541(15) 4.025(16) 4.607(17) 5.309(20) 6.116(58) 7.123(77)

masses are reduced and the plateaus are more stable
compared to that of the hy mass itself. Furthermore, the
mass independent cutoff effects cancel in the ratio, thereby
reducing the lattice artifacts. We therefore compute the

ratios r,l(mg’)) on each gauge ensemble, and extrapolate
them to the continuum limit. Then, having extracted
F(m,) by the same procedure described in Sec. II [but
fixing the 5, three-momentum to Eq. (28) rather than

Eq. (5)], we reconstruct F l(mg'>) as

Fi(my)) =Fy(m)x [[ra(my).  n>1. (42)
=2

The idea of considering ratios of form factors at
consecutive heavy quark masses is not new. It was
introduced in Ref. [33] in the context of heavy-light
systems, and it is nowadays known as the ratio method.
It has been successfully applied to the calculation of a
variety of B-physics observables, including the b-quark

mass my, [43,44], the B®)- and Bﬁ”—meson decay constant
[43-46], B, —» D, semileptonic form factors [47,48], and
the bag parameter describing B® — B® mixing [45]. For the
heavy-light systems the ratio method allows one to turn the
extrapolation my — my, to an interpolation. Indeed, owing
to the fact that heavy quark effective theory predicts
asymptotic power law scaling for the observables related
to heavy-light hadrons Oj,, namely Oj «m$ up to
corrections proportional to powers of A/my, by construct-
ing the following ratio:

O (my)

Oy —a
r my) =A"%———"—
g ( H) th(mH/ﬁ)

(43)

one has that lim,, _ . rf’”(mH) =1, thereby turning the
extrapolation to the physical point my — m, into an

interpolation (rf”’ (c0) = 1). Having parametrized the mass
dependence of rlo’“ (my) one can then obtain Oy,;(m,,) from
the knowledge of O,,(m,) provided that AV = m,/m, for
some integer N.

However, in the case of heavy quarkonia, the presence of
different energy scales in (potential) NRQCD, and the fact
that both charmonium and bottomonium systems may
exhibit very distinct behavior relative to the one expected
in the asymptotic limit, my — oo, implies that a simple
scaling law valid from my ~ m,., m;, up to my — oo might

not hold. For that reason, in this work we employ the ratio
method only as a tool to reduce the statistical uncertainties
and cutoff effects. After continuum extrapolation, we will
determine the form factors employing Eq. (42) and discuss
in the next Section the extrapolation of F(my) to the
physical point my — my,.

In order to reduce the UV cutoff effects induced by the
local vector current of the heavy quark [J%(x)], we find it

useful to modify the estimator ?ﬁ”)(th; t;) as

B (1) = AR (131,). (44)
where
- ZWl(m(n>)
Ape = —V—H L =1+ 0(a’m?), (45)

and where Z}Y!(my) is the renormalization constant of the
local vector current of the heavy quark, determined from
the twisted-mass Ward identity as

w5045 024(0)44(0)
2 ma) = i2mi 5= 16, (% 0an(O)r 7 dy(0))
(46)

In Eq. (46), the primed field g}, (x) differs from the field
gy (x) by the sign of the twisted Wilson term [see the
discussion around Eq. (14)]. In Fig. 10, we show the

estimators ?5")(@; t;) for fixed t; ~ 1.6-1.7 fm, for n = 2,
3, 6 and for all gauge ensembles employed for the
calculation. As the figure shows, like in the case of FY,

we find the cutoff effects to be remarkably small. The ratios

r,l(mg,’)) are always smaller than 1, about 0.9, and only

smoothly dependent on n. Therefore, with increasing heavy
quark mass the form factor F,(my) is decreasing, roughly
by about 10% every after each increment of my by a factor
of 1 =1.24283. Similarly to the case of h. — 5.y, we
carried out a study of the ¢, dependence of our results by
computing the three-point functions C5,(#;; 7,, my;) on the
B64 ensemble for a second value of 7; ~ 2.4 fm. In Fig. 11
we show the comparison between the results obtained with
t;~ 1.6 fm and those obtained with 7; ~2.4 fm for the

ratios r,l(mzl)), with n = 2, 3, 4. As the figure shows, no

differences are visible and, as in the case of h, — 7.y, the
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FIG. 10. The estimator 7/(1") (t),;t;) of theratio r, (mg)) forn = 2 (left), n = 3 (middle) and n = 6 (right), for all the gauge ensembles used
for the present computation, and for fixed t; ~ 1.6—1.7 fm. For n = 2, 3 results at five lattice spacings are available while for n = 6 the ratio

is computed on three lattice spacings (C80, D96, E112).
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FIG. 11.
values of #;, t; ~ 1.6 fm and f; ~2.4 fm.

statistical noise does not deteriorate while going for larger
t7, in line with expectations discussed in Sec. II A. On each

gauge ensemble we extract the ratios r,l(mg')) by fitting

?ﬁ")(th; t;) to a constant in the region where a plateau is

visible. Each of ri(mgl)) now should be extrapolated to the

continuum limit. Given the smallness of the UV cutoff
effects in the ratios, we extrapolate our lattice data to the

0.6
(tp —ty) [fm]

Comparison between the results obtained for the estimators r;

\ \
06 08 1 1.2 14
(t), — ty) [fm]

|
0.8 1 12 14 02 04

(n) (tp; 1) with n = 2, 3, 4 on the B64 ensemble for two different

continuum limit through a simple linear fit in a2, which is
shown in Fig. 12. Contrary to the masses of ny and hy,
where a* cutoff effects are clearly visible, in this case the
lattice spacing dependence is very mild. The reduced y* of
the linear fits is always close to (or smaller than) unit. We
also checked that the ratio method applied to the masses
(m,, and my ) gives results in the continuum limit fully
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FIG. 12.  Continuum-limit extrapolation for the ratios r; (mg_';)

) with n = 2 (top-left), n = 3 (top-center), n = 4 (top-right), n = 5 (bottom-

left) and n = 6 (bottom-right). The extrapolation is performed through a linear a fit to the lattice data. In all cases we have y?/dof < 1.

consistent with those we presented in III A. The last step of
this analysis is the determination of the form factor F'| (m,.).
Whether we use |k| from the physical charmonia or
bottomonia, the resulting F', (m,) remains practically indis-
tinguishable, as displayed in Fig. 13.” Finally, we obtain
F(my) by multiplying F(m.) and the ratios r,l(mg’)),
cf. Eq. (42). The results are reported in Table V. We are now
going to describe how to extrapolate the form factor to the

physical b-quark mass.

C. Extrapolation my — m,,

Electric-dipole induced transitions (E1) of heavy quar-
konia, such as h;, — 7,y, have been studied in Ref. [49]
using NRQCD [2,50], and in potential NRQCD

°Obviously, Fy(m,) with |k| fixed by using the physical
masses of charmonia coincides with F{ discussed in the previous
Section.

(pPNRQCD) [3,51,52]. In Ref. [49] it is found that the
leading order expression for the decay rate I'(hy — nyy) as
a function of the quark mass my reads

k[’

C(hy = nuy) )% [1+O(my' . v)l. (47)

where the heavy quark velocity, vy < 1, is a dynamical
quantity, a function of the strong interaction scale Agep. In
contrast to the heavy-light systems, in NRQCD the pres-
ence of different scales, A/my, vy, ..., and of their
interplay, does not allow one to obtain a simple scaling
relation.

For heavy quarkonia, two regimes are typically distin-
guished: the weakly coupled regime myv? > A, and the

In NRQCD the heavy quark mass, appearing in Eq. (47),
should be identified with the quark pole mass.
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FIG. 13. Linear extrapolation of F;(m,) in a® to the continuum
limit (colored band). Data points obtained by fixing |k| by the
physical masses of bottomonia (squares) are compared to those
obtained in the previous section in which |k| was fixed by the
physical masses of charmonia (circles) and slightly offset for
easier comparison.

strongly coupled one mpyv% < A. The weakly coupled
regime is approached in the asymptotic limit my — oo, in
which the quark-antiquark system is mainly sensitive to the
short distance Coulombic part of the quark-antiquark
potential V(r), given (up to higher-order corrections in

ay) by

Croag(r
V%ert(r) — _FTS()’ (48)
with Cp = 4/3 for QCD. In that situation, the following
scaling law applies

UH(mH) x as(mHUH)’

k| =~ Amy,, myvy < myas(myvy),  (49)

where Am,,, =m;,, —m, . From the comparison between
Eq. (47) and Eq. (26), it follows that in the Coulombic limit
the form factor F,(my) scales as F(my) « a,(myvy).
Instead, in the strongly coupled regime the system is also
sensitive to the long distance, nonperturbative, part of the
quark-antiquark potential V(r) =~ or.

Determining whether a given quarkonium state is weakly
or strongly coupled is far from obvious. The ground states,
such as 7., are more likely to be weakly coupled: their
wave functions are relatively localized around the system’s
center of mass and therefore they are likely to be more

sensitive to the short distance part of the potential V(7). In
contrast, the excited states, such as A ,, tend to be more
strongly coupled: their wave functions are more spread out
and thus increasingly sensitive to the nonperturbative part
of the potential.

In our case, we already noted that the photon momentum
—k only slightly changes when going from m, to m,, (by
about 2%). Thus, considering k to be constant over the
range m, < my < my, the scaling relation in Eq. (47)
corresponds to the following scaling relation for the form
factor Fy(mpy):

K|

mpyvpy

Fi(mpy) o [+ O(my'. v7y)]- (50)

To extrapolate F(my) to the physical b-quark mass, we
adopt an agnostic approach. This is made possible by the
fact that our data are sufficiently precise and span over a
large enough range of heavy meson masses (with the
heaviest simulated 75 being around 6.6 GeV). Therefore
any reasonable Ansatz for the heavy mass dependence, that
accurately describes the data in the simulated region,
always yields results at the physical b-quark mass in the
same ballpark. By performing a sufficiently large number
of fits we can then properly determine the systematic error
associated with the mass extrapolation.
We employ the following forms for the extrapolation of
the form factor:
(i) Type A: We exploit the fact that Amy, is roughly
constant when going from m,. and m,; and that
parametrically Amy, is of the order O(myv3;). We

can therefore take vy o +/|Kk|/my so that from
Eq. (50) we get that F(my) « 1/\/my, up to
1/my corrections. Instead of the heavy quark mass
one can use n1,, /2, which is equivalent, up to higher
order corrections in the velocity vy. We can there-
fore use the form,

Fy(my)/m, :a—l—i—i—
m'?H

4
—, (51)
m'?H
where a, f and y are the fit parameters, independent
on the heavy quark mass. In Fig. 14 we show that the

scaling (51) is remarkably well verified by our lattice
results. From the fit of our data to Eq. (51), either by

TABLE V. Values of the form factor F| (mz,l)) and of the ratio ri(mzl)) for each simulated value of the heavy-

quark mass mzl) = 2""'m,, with 1 = 1.24283.

D m® ) i ) m®
—F, (m{) 0.523(10)  0.487291)  0.445583)  0.4086(89)  0371(10)  0.342(13)
r(m) 0.9311(81)  0.9144(64)  0.917(12) 0.907(16)  0.921(17)
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FIG. 14.
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In the figure we show our results for the form factor F (m

1,y) (blue circles) and for the combinations Fy (my) x (m,, /m,, )"/

(green empty squares) and F(my) x /m, /. /i, (red filled squares). The horizontal line is added to guide the eye.

(ii)

(iii)

setting # = 7 = 0, or by keeping them in the fit, we
obtain

TypeA: Fi(m,) = F? = —0.285(10). (52)

Type B: If the static limit is dominated by the

Coulombic potential, as discussed above, one has

vy < ag(ym,, vy) [49,52], and by combining

Egs. (49) with (50) we arrive at the fit form
/ /

b + 7/2 ,

NH NH

Fi(my) =d + (53)

where again, o, ' and y’ are the heavy quark mass
independent fit parameters. To us these are merely fit
parameters, while in pNRQCD the authors compute
the o term by subtracting renormalon and using
perturbative QCD to higher orders [52]. It is worth
mentioning that from the linear fit to our data in
1/m,,, we obtain ay =-020(2) [f'=0 in
Eq. (53)], while from the quadratic one we get
Aguaq = —0.17(6), where in both cases we removed
our lightest heavy quark from the fit. Again, by
using the fit form (53), either by setting ' =y’ =0,
or by keeping them as free (fit parameters), we find

TypeB: F} = —0.298(20). (54)
Type C: If instead of the Coulombic potential we
assume a purely string potential V(r) = or, we get

that vy m,ﬁ/ ?, which then together with Eq. (50)
lead to our third heavy quark mass dependence,

1/3

FrmpmP =a+ P T (s5)
m’7H m’?H

After proceeding like in the previous two cases,
we get

TypeC: F? = —0.293(15). (56)

In Fig. 14 we show the data and illustrate the quality of the
scalings (51) and (53), to emphasize the amount of
corrections o 1/m,, and higher.

We fit our data using Eqgs. (51), (53), (55) and for each
type of fit we perform four different extrapolations: we first
set the power corrections to zero and then include either the
linear (o 1/m,,) or the quadratic term (e 1/ m,%H), and
finally we include both of them. We also perform the fits by
imposing cuts on the data which means that we repeated
each of the above fits by excluding the data point
corresponding to the lightest simulated my = m., and
even by dropping the results corresponding to the lightest
two of our heavy quarks. All fits have been performed by
minimizing y? that fully takes into account the cross
correlations among the data. All these fit results are then
combined using the BAIC, which has been already dis-
cussed in Sec. II B. In Fig. 15 we show the results of these
extrapolations. The dashed lines correspond to the (central
value of the) best fit curves, obtained in all the fits we
performed (excluding those leading to y?/dof > 2). In
Fig. 15 we also show the final result obtained using the
BAIC, namely,

Fb = —0.290(15),

(57)

which has an uncertainty of about 5%, three times larger
than in the case of charmonia (24). Note that this is the first
lattice QCD result of this quantity.
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FIG. 15.

Extrapolation of the form factor F (my) to F;(m,,). Each of the black dashed curves corresponds to the best fit obtained in all

of the fits we performed and discussed in the text. The red circle corresponds to the BAIC average of all fits, our final result. Since our

results very well verify the scaling (51), we plot them as a function of 1/, /m, .

IV. COMPARISON WITH EXISTING
THEORETICAL AND
EXPERIMENTAL RESULTS

In this Section we provide the decay widths F(hc<b) -
nc<b)y) and compare our results with existing experimental
data and other lattice and nonlattice predictions.

Using the expression of Eq. (3) and our result for
F§ = —0.522(10), we obtain

T'(h, — n.7) = (0.604 £ 0.024) MeV,  (58)

where we used agl(m.) = 133.5(5) [9]. Our result agrees
with the experimental measurement by the BES-III
Collaboration [53,54],

T(h. = 7)™ = (047 £0.17) MeV,  (59)

although the current experimental uncertainty is much
larger compared to ours. Note, however, that the exper-
imental error is dominated by the total width, ['(h.)®*P =
(0.78 £ 0.28) MeV [9], which is about 35%, while the
uncertainty on the branching fraction is relatively small
(7%). We can therefore combine our lattice QCD result (58)
with B(h. — n.y)**? = (60 = 4)% [9] and estimate I'(h..).
We obtain

L(h. = noy)t

T(h. latt+exp _
S = B,

= (1.007 + 0.078) MeV.
(60)

This result has more than four times smaller error that the
experimentally measured total width [54].

nH

Our F§ = —0.522(10) is a substantial improvement over
F§ = —0.57(2)(1) of Ref. [30] because it is obtained with
N; =2+ 1+ 1 dynamical quark flavors and (more impor-
tantly) with the physical sea quark masses. Their rate,
I'(h, = n.y) =0.72(5)(2) MeV, is about 2¢ larger than
our result (58)."" To the best of our knowledge there are only
two other lattice QCD results. On the basis of a quenched
lattice calculation, the rate I'(h. — n.y) = 0.601(55) MeV
has been reported in Ref. [29], in agreement with our result
(58). In Ref. [55], instead, by using Ny = 2 twisted-mass
fermions at a single lattice spacing (a ~ 0.07 fm) the authors
quote I'(h. — n.y) = 0.234(12) MeV, much smaller than
our result. In Fig. 16 we show a comparison of different
lattice results with the existing model and experimental
determinations of the radiative decay rate.

We now discuss ki, — 7,y. Like in the case of charmo-
nia, we insert our result F¥ = —0.290(15), in the expres-
sion of Eq. (26) and obtain

T(hy — ny7) = (46.0 £ 4.8) keV, (61)

where we used oz (m;,) = 132.2(3) [9]. Our result for the
decay rate thus has an uncertainty of about 10%. In this
case only the branching fraction has been measured
B(hy, — nyy)®® = 5272% [9,19,20]. We can combine that
result with our decay width estimate (61) and predict the
total width of h;,. We get,

T'(h latt
L(hy)re® = Thy = )™ _ (88 +13) keV.  (62)

B(hh - ﬂh?)exP B

"Note that we corrected the expression for the matrix element
in Ref. [30].
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FIG. 16. Comparison of our estimate of the radiative decay widths I'(h.;, — 7,,y) (filled black circle) with results available in the
literature. In the case of charm we compare with the BES-III measurement [53,54] (filled blue square), and the previous lattice results:
Ref. [30] (empty green circle), [55] (filled red triangle), and [29] (empty magenta square). In the right panel we compare our result for
the bottomonium with other approaches [labels with corresponding references can be found in the text, after Eq. (62)].

Since no other lattice QCD result relevant to &, — n,y is
available, we compare our estimate for the decay width (61)
with the value obtained by using potential NRQCD [52]
and labeled as pNRQCD in Fig. 16. We also compare our
result with various (relativistic) quark models which are
labeled in Fig. 16 as RCQM [56], RQM [57], GI [58],
LFQM [59], and SPM [60]. The overall agreement is good;
the largest differences are with Ref. [58], which is 26 below
our result, and with the determination obtained using
pNRQCD at weak coupling, which is a little over 2¢ larger
than our result.

V. CONCLUSIONS

In this paper we provide the full QCD computation of the
form factors relevant to the radiative decays h.;, — 7. ,7.

The result for the charmonium case is F{ = —0.522(10)
and is a very significant improvement over the previous
lattice determinations because it is obtained with the
physical sea quark masses with Ny =2+ 1+ 1 and with
five fine lattices, allowing a smooth extrapolation to the
continuum limit. For the reasons explained in the text, we
dropped the disconnected diagrams in this calculation. Their
impact can and should be studied separately. We plan to do
so using the Hansen-Lupo-Tantalo method of Ref. [61] to
overcome the difficulties of isolating the charmonium and
bottomonium contributions in the quark-disconnected
terms. Our final result for the corresponding decay width
is T(h. = n.y) = (0.604 £ 0.024) MeV.

We produced the first lattice QCD estimate of the form
factor relevant to h;, — 1,y. Our result F? = —0.290(15) is
obtained through a heavy quark extrapolation of the results
obtained by working with the charm quark and a series of
quarks heavier than charm, up to three times the charm
quark mass. After a controlled extrapolation to the

continuum limit, we made extrapolation from the fictitious
F! and m,,, . to the desired (physical) F b and ;. To do so
we considered several options and performed many differ-
ent fits. It should be emphasized that our results exhibit a
very pronounced scaling of F /My, = constant, an obser-
vation that might be useful for pPNRQCD studies. Like in
the case of charmonia, also in this case we dropped the
disconnected diagrams assuming their contribution to be
negligibly small. From our estimate of the form factor F?,
we obtain I'(h;, — n,y) = (46.0 £ 4.8) keV, which is also
the first lattice QCD based determination of this quantity.

The open-source packages tmLQCD[62—65], LEMON [66],
DD-aAMG [67-70], QPHIX [71,72] and QUDA [73-75] have
been used in the ensemble generation.
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