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Abstract
Biological materials always exhibit heterogeneous physical properties, both mechanical and
chemical, which give them a rich phenomenology that poses significant challenges in the
developing of effective models. The Flory–Rehner theory revolutionized our understanding
of the dynamics of the liquid-polymers coupling in soft swollen gels, recognizing polymers
as elastic networks stretched by the presence of liquid. Despite its foundational role, ap-
plying this theory to bodies with non uniform physical properties requires further improve-
ments. This article proposes a unified approach to address mechano-diffusion challenges in
multi-domain bodies, that is in material bodies made of regions having different chemo-
mechanical properties, and focuses on the dehydration and remodeling of biological-like
materials. Drawing inspiration from natural systems, we integrate principles from nonlinear
mechanics and swelling theories; in particular, what is specifically new is the idea of apply-
ing the notion of the multiplicative decomposition of the strain–developed for plasticity–to
model the swelling properties of a body made of two or more materials. The article gives a
systematic presentation of the subject, and guides readers through key concepts and practi-
cal insights, aiming to provide a robust framework for modeling chemo-mechanical interac-
tions. Moreover, it paves the way for the modeling of heterogenous bodies having spatially-
varying properties.
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1 Introduction

Our work centers on multi-domain, swellable bodies, characterized by diverse chemo-
mechanical composition within distinct regions called domains. Biological matter, often
soft and hydrated, are a prime example of this type of materials. As a result, volume change
due to growing or swelling in biological tissues will behave differently in the different
domains of the material. Thus, remodeling refers to the process of liquid movement and
the associated non-uniform shape changes driven by chemo-mechanical inputs, and implies
both a change in physical properties (as liquid concentration and apparent stiffness), and in
shape. These kinds of phenomena are typical for biomaterials [7, 50, 64], and food mate-
rials [3, 8, 27, 32, 45, 48, 51, 60]; in particular, food materials can undergo considerable
shrinkage during drying, or cooking — as in the case of meat, that changes both shape and
texture.

Despite the ubiquity of phenomena involving large deformations coupled with water ex-
change, the mechanical modeling of food materials is still underdeveloped. Many fruits and
vegetables have a skin much stiffer than their soft core; this asymmetry in materials proper-
ties yields specific phenomena like wrinkling [15, 40, 68]. Moreover, many food materials
which are homogeneous at early stages of development, undergo material remodeling as
stiffening during their maturation [20, 27, 28, 56]; as example, the case hardening in veg-
etables, that is the development of skin during drying [27, 35, 36]. Next to wrinkling, skin
formation might also trigger the development of cavities as consequence of the drying of
food droplets [5, 19, 55], or of porosity in vegetable tissue [33, 37, 57, 61, 62].

The above mentioned wrinkling and cavity formations are examples of mechanical insta-
bilities due to the non-linearity of the stress-diffusion problem coupled with the heterogene-
ity of the mechanical properties. This topic of mechanical instabilities in core/shell materials
is quite popular in the field of soft matter [1, 13, 26, 34, 39, 43, 44, 63, 65, 67, 71]. Such
instabilities are also exploited by plants as a high-powered mechanism for seed dispersal
[54], or for the morphing of plant organs [24, 52].

Only a few studies [18, 31, 69, 70] have addressed these mechanical instabilities in soft
matter made of multiple domains with varying mechanical properties; in such problems,
instability are driven by either swelling or dehydration - thus requiring to solve the mechano-
diffusion problem. Most of these studies assume as reference configuration an initial, free-
swollen state, as in [18, 69, 70], or an intermediate stress-free configuration as in [31]. Also
for single-domain hydrogels there has been discussion about what is the proper reference
configuration [53, 60].

Recent efforts have now focused on the 3D printing of hydrogels to create materials
whose chemo-mechanical properties are tuned from soft to hard by increasing the cross-link
density, using higher glass transition temperature co-monomers, or increasing the concentra-
tion of stiff particles in the polymer matrix [10, 22]. The challenges posed by the printability
of 3D multi-domain biomaterials foster the development of advanced mechanical modeling
capable of predicting their chemo-mechanical behaviour.

The physics of this problem is confounded by the requirement to solve the coupled equa-
tions of the balance of forces and the balance of mass solvent, also known as the mechano-
diffusion problem [17].

Here, following [12], we put forth a modeling approach to tackle mechano-diffusion
problems for multi-domain materials that is based on the theory of nonlinear elasticity with
large distortions [46]; the same approach has been used to model self-contractile gels [4].
Mechano-diffusion coupled problems have been addressed in the seminal work by Flory and
Rehner [23]; however, this corner-stone theory assumes that polymer network deformation
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is uniform and isotropic. This constraint has been lifted in more recent works, where a
generalized Flory–Rehner theory to arbitrary large deformations has been presented [29, 30,
42]. Except for a few simple geometrical cases [60], the solution of the general problem
requires FEA (Finite Element Analysis) as in [9, 29]. The model presented in [42] prompted
the idea of tackling many different swelling problems, where the model equations have been
solved with FEA [6, 11, 14].

In polymer physics it is claimed that the correct reference configuration is where the
crosslinked polymer network is unstretched [38, 41, 49, 59, 66], which can be neither the
initial dry state or the stress-free initial free-swollen state for natural bodies like bio/food
materials. These natural biopolymer networks are synthesized/assembled in presence of sol-
vent, and the biopolymers might be always stretched in the free-swollen state [53]. The
c*-theorem of deGennes [16] states that crosslinking of polymers in (dilute) solutions al-
ways happens at the overlap concentration c* [21]. The realized elastic properties are also
related to the c*-concentration, leading to a convenient scaling law for swollen biopolymer
gels [59].

Hence, in this context our article explores a unified approach aimed at addressing
mechano-diffusion challenges in multi-domain materials, where we explore two different
possible choices modeling strategies. In spirit of the multiplicative decomposition used in
plasticity [47], in growth of biological tissues [2], or in active gels [4, 12], we use this idea
to translate between different configuration.

We will integrate the principles from nonlinear mechanics with large distortions [46]
and the swelling theories providing a comprehensive framework for understanding chemo-
mechanical interactions within multi-domain materials [58]. Basing on the hypotheses un-
derlying the two theories, and using some key principles of continuum mechanics, we
present a chemo-mechanical model which describes the effects of swelling for non homo-
geneous materials [25]. Moreover, the theory presented herein paves the way for the model-
ing of heterogenous bodies having both spatially-varying and time-varying properties. It is
worth noting that the notion of distortion is used in our paper as a physical parameter de-
scribing the swelling properties; thus, remodeling refers to the non-uniform volume change
due to differential swelling and to the associated shape changes. Actually, distortions can
have the role of time evolutive variables, with their proper evolution law as in [4], and thus
be capable of describing a more broad remodeling; as example, skin formation can be mod-
eled as a time evolutive stiffening of a specific region of the body. Here, we refrain to delve
into these more advanced modeling.

The article is structured to guide readers through a systematic journey of understanding
and application. In Chap. 2, we introduce the concept of swelling compatibility, elucidating
key and simple examples of drying and swelling in specimens crafted from different ma-
terials. Chapter 3, the pivotal section, lays the groundwork for our modeling approach by
exploring key concepts such as distortion, ground state, and the selection of a base domain
for our equations [58]. Chapter 4 ventures into the realm of balance equations governing the
chemo-mechanical system, while Chap. 5 delves into the derivation of constitutive relations
from considerations of free-energy and dissipation [25].

Furthermore, Chap. 6 offers practical insights through the presentation of two illustrative
examples, shedding light on the application of our model and discussing significant findings.
Both examples are representative of a typical phenomenon observed in fruits or vegetables,
where a large soft core is wrapped by a stiff skin. When fresh, this edible matter is swollen
with water and free of stress; upon de-hydration, the core domain loses much more water
than the skin, and incompatibility arises.

Finally, Chap. 7 serves as a reflective conclusion, offering insights into the implications
of our study and charting pathways for future research endeavors.
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Through this extensive exploration, our aim is to provide a robust framework for un-
derstanding and predicting the behavior of multi-domain materials undergoing swelling
phenomena. By contributing to the advancement of material science and engineering, we
endeavor to empower researchers and practitioners alike in navigating the intricacies of
chemo-mechanical phenomena.

2 The Problem of Drying/Swelling Compatibility

Our prototypical multi-domain materials are fruits or vegetables, a very important kind of
biological matter, where it is easy to recognize two different materials domains: a large
soft core, wrapped by a stiff skin. When fresh, this edible matter is swollen with water and
free from stress; upon de-hydration, the core domain loses much more water than the skin,
yielding a noticeable volume reduction with wrinkling formation.

We begin by discussing the issues related to the modeling of drying/swelling of such
two-domains materials, focusing on the question of the choice of a proper reference con-
figuration. The amount of liquid that can be absorbed by a solid matrix depends on its
chemo-mechanical properties; thus, a body made of two different materials prompts a non
homogenous liquid exchange with the environment, yielding a swelling incompatibility that
increases the stress in the specimen and generates unexpected shape changes [6], contrary
to what happens in homogeneous (single domain) materials that swells isotropically, and
exhibits a final shape which is equal to the initial one, but for a volume change. A thorough
discussion about the notion of incompatibility in elasticity can be found in [46].

Nevertheless, in nature there are uncountable examples of swollen solids made of very
different materials, having an almost steady and stress-free configuration, but where the
stretch of the polymer network is balanced by chemical energy. Hence, contrary to common
practice for synthetic polymer gels, the dry state can not be taken as a convenient reference
state. Consequently, the choice of either the free-swollen state as the reference configuration,
or a domain which is not a configuration, but which is endowed with all the information
needed to describe the physical properties of the specimen under study. In our recent paper
on pore formation in edible multi-materials we have chosen for the latter, especially because
food materials appears to have a uniformly stretched state in the free-swollen state [61].
The elastic energy is defined via the current deformation of the material with respect to an
unstretched ground state.

Figure 1 shows from left to right four plots: three configurations of a specimen whose top
half (blue) is 50 times stiffer than the bottom half (red), plus the domain used to implement
the model. At preparation state (A) the specimen is a cube in free-swelling conditions (zero
stress); upon drying (B), the specimen attempts to expel all its liquid content but this is
hampered by the fact that the soft part contains much more liquid than the stiff one, yielding
a mismatch in the sought volume reduction. Eventually, the final steady state (C) does not
have cubic shape and contains stress. Panel (D) shows the domain used for the modeling: it
is not a configuration, that is the specimen can never achieve such a shape. The content of
Fig. 1 has been produced with the model herein presented in Sect. 7.1.

We tackle the problem of drying/swelling compatibility with a simple, yet non trivial
example, whilst introducing some key notions and notation. We consider two solid matrices
made with material i = 1,2, and having volume Vsi . Each solid can absorb liquid until a
new steady and stress-free configuration is attained, called free-swollen state. According to
the key assumption that the solid volume Vsi cannot change due to its incompressibility, the
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Fig. 1 (A) Preparation state of a cubic specimen whose top half (blue) is 50 times stiffer than its bottom half
(red); the specimen is in a free-swelling (zero stress), steady state; (B) Change of the environment conditions
triggers drying: the specimen attempts to expel all its liquid content but this is hampered by the fact that the
soft part contains much more liquid than the stiff one, yielding a mismatch in the sought volume reduction. (C)
The final steady state does not have cubic shape and contains stress. (D) The domain used for the modeling
is not a configuration, that is the specimen can never achieve such a shape

Fig. 2 Example of swelling incompatibility; each square represents a unit volume, and the amount of liquid
volume is shown in cyan. (A) Two dry specimen made of a stiff (dark gray) and a soft (light gray) solid
matrix, respectively, having Jo1 = 2 and Jo2 = 4. (B) Swelling: Two same dry volumes Vs1 = Vs2 have
different free-swollen configurations Vo1 �= Vo2; by glueing Vs1 to Vs2, it would not be possible to have a
free-swollen configuration. (C) Drying: Two same free-swollen volumes Vo1 = Vo2 have different dry con-
figurations Vs1 �= Vs2; by glueing Vo1 to Vo2, it would not be possible to have a stress-free, dry configuration

free swollen volume Voi is given by the sum of the solid (polymer) volume plus the volume
of the liquid absorbed Vli , that is Voi = Vsi + Vli . The key quantities are:

Swelling ratio: Joi = Voi

Vsi

, Solid volume fraction: φsi = 1

Joi

= Vsi

Voi

. (2.1)

The problem of swelling incompatibility goes with the problem of the choice of a refer-
ence configuration, that is a region of the ambient space occupied by the material body. Fig-
ure 2 shows a cartoon with two typical examples: (A) Vs1 (dark gray) and Vs2 (light gray) are
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Fig. 3 The body domain D = Vd1 ∪ Vd2 is the union of two subdomains having a same volumes Vdi = 1.
The physical properties of each subdomain are described by the maps Jdo and Jgi , which give the free-

swollen volume Voi = Jdo Vdi and the ground volume Vgi = Jgi Vdi , respectively. The map Jeoi = Jdo J−1
gi

,
connecting Vgi to Voi , is the inverse of the solid fraction. In this diagram, the only configuration is the free-
swollen configuration: upon drying it will never de-swell to D or to Vg1 ∪ Vg2

the dry volumes of a stiff and a soft solid matrix, respectively, having different swelling fea-
tures: Jo1 = 2 and Jo2 = 4. (B) The swelling of two same dry volumes Vs1 = Vs2 yields two
different free-swollen configurations Vo1 �= Vo2; by glueing together Vs1 to Vs2, it would not
be possible to have a free-swollen configuration. (C) The drying of two same free-swollen
volumes Vo1 = Vo2 yields two different dry configurations Vs1 �= Vs2; by glueing Vo1 to Vo2,
it would not be possible to have a stress-free, dry configuration.

The conclusion is that by choosing as reference configuration the union of Vs1 and Vs2 it
would not be possible to describe the corresponding stress-free swollen configuration; alike
it does not exist a dry configuration corresponding to a specimen made by the union of Vo1

and Vo2. The problem of defining a reference configuration is quite common in continuum
mechanics, and is solved by using a body domain instead of a configuration to define all the
variables of interest: the physical properties are described by state variables defined on the
body domain, which is not required to be a configuration.

To model the swelling problem described in panel (B) of Fig. 2, we consider as body
domain D = Vd1 ∪ Vd2, which is the union of two subdomains having same volumes Vdi .
The physical properties of each subdomain are described by: a ground volume Vgi = Jgi Vdi ,
which represents its dry volume, and the free-swollen volume Voi = Jdo Vdi . Thus, the whole
free-swollen configuration is represented by the constant map Jdo, whose value is given by
the product of two piecewise-constant maps Jgi and Jeoi , defined on each subdomain Vdi :

Vo = Jdo D, with Vo = Vo1 ∪ Vo2, and Jdo = Jeoi Jgi . (2.2)

The cartoon of Fig. 3 shows all the relevant quantities involved in this approach. It is worth
noting that the solid fraction for each subdomain Vdi is given by the ratio between its ground
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volume Vgi and its swollen one Voi :

Voi = Vgi + Vli ⇒ Solid fraction:
Vgi

Voi

= Jgi

Jdoi

= 1

Jeoi

. (2.3)

3 State Variables and Kinematics

We give a formal presentation, in the framework of continuum mechanics, of the problem
depicted in the previous chapter. In particular, we augment the mechano-diffusion theory
coupling it with that of nonlinear elasticity with large distortions.

Mechano-diffusion theory is based on two state variables: the first one is the motion,
describing the current configuration of the gel; the second one is the liquid concentration,
describing the amount of liquid content in the gel. To develop a mechano diffusion theory
for multi-domain gels, we add one more state variable, the distortion, describing the dry and
stress-free shape of volume elements. We start by discussing motion and concentration.

3.1 Motion & Liquid Concentration

Let E be the Ambient Space, that is the 3D Euclidean space; points x ∈ E are called positions.
We denote with V the associated vector space, and with Lin = V ⊗ V = Sym ⊕ Skw the
space of double tensors on V (linear maps of V into itself). A general way to describe the
state of the gel is through the motion fd and the molar concentration cd , both defined on a
point-domain D, called body domain:

fd : D× T → E, x = fd(Xd, τ ) , [fd ] = m; cd : D× T →R, [cd ] = mol

m3
. (3.4)

Points Xd ∈ D are called body-points, or simply points; volume and area elements are dVd

and dAd . The concentration cd is measured per unit of body-domain volume dVd . An alter-
native approach is to describe the state of the gel with respect to a free-swollen configuration
Bo, chosen as reference configuration, which is swollen with a liquid, has a spherical stress
balanced by the atmospheric pressure patm, and is steady. In such a case, we use the motion
f and the molar concentration c, both defined on Bo:

f : Bo × T → E, x = f (X, τ) , [f ] = m; c : Bo × T → R, [c] = mol

m3
. (3.5)

Points X ∈ Bo are called material points; volume and area elements are dV and dA. The
concentration c is measured per unit of free-swollen volume dV . It is worth noting that
Bo is usually the configuration at the preparation state; conversely, in general D is not a
configuration. Given fd and f , we define fdo as the map that describes Bo as function of D

fdo : D → Bo , such that Bo = fdo(D) . (3.6)

The current configuration of the gel at time τ is denoted by Bτ . Points x ∈ Dt ⊂ E are called
position points, or simply, positions; volume and area elements are dv and da. The position
x ∈ Dt can be described by using the motion fd defined on D, or by the motion f defined
on Bo; thus, we might write:

x = fd(Xd, t) = Xd + ud(Xd, τ ) = f (X, t) = X + u(X, τ) , (3.7)
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Fig. 4 The current configuration Bτ can be described by using the state variables fd , cd defined on the
body-domain D, or by f , c defined on the free swollen configuration Bo . The information about the
zero energy state is given by three maps: the ground distortion Fg , the free-swollen deformation Fo ,

and the elastic deformation Fe = ∇fd F−1
g = ∇f Fo . The elementary liquid content might be gauged by:

cd dVd = cg dVg = c dV = cs dv

where ud and u are the displacements from D and Bo, respectively. The molar liquid-content
might be measured by the spatial concentration cs per unit of current volume dv. Thus, the
elementary liquid content can be gauged in different alternative ways:

Elementary content of liquid moles = cd dVd = c dV = cs dv = cg dVg , (3.8)

where dVg is the volume element associated with the ground distortion Fg to be introduced
in next Sect. 3.2. The current configuration Bτ is given by:

Bτ = fd(D, t) = f (Bo, t) . (3.9)

Figure 4 shows the relations between the domain D, and the two configurations Bo, Bt ; the
ground state can described by Fg , defined on D, or by F−1

o defined on Bo.1 The configuration
at τ = 0 is denoted by Bini , and called initial configuration. Usually the initial configuration
is a free swollen configuration, thus:

Bini ≡ Bo = fd(D,0) = f (Bo,0) , and fdo(Xd) = fd(Xd,0) . (3.10)

Both motions fd and f have their own key geometrical maps: the deformation gradient,
or simply deformation, defined by Fd = ∇fd and F = ∇f ; the Jacobian determinant, or
simply Jacobian, Jd = det Fd , and J = det F; the co-factor or adjugate F∗

d = Jd F−T
d , and

F∗ = J F−T .
The important tangent spaces and volume elements are: the tangent space T D to D,

called domain element, which contains both the volume elements dVd and dVg ; the tangent
space T Bτ to Bτ , called current element, with volume elements dv; the tangent space T Bo

to Bo, with volume element dV . A cartoon of the four volume elements dVd , dVg , dv, dV ,
together with their relations is shown in Fig. 5.

We conclude by introducing two more configurations: 1) A generic reference configura-
tion Bref = fref (D), also called material body, which is an embedding of D in E , chosen to

1Insofar, we have introduced three different domains, D, Bo , and Bt , each with their own independent vari-
ables, Xd , X, and x, respectively. To avoid a cumbersome notation, with too many subscripts, we shall use a
same symbol for the differential operators gradient and divergence, that is ∇ and div , respectively. Thus, it
is the kind of function (its domain of definition) to tell between differentiation with respect to Xd , X, or x.
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Fig. 5 Relations between the four volume elements (dVd , dVg , dV , dv), and the relevant deformations (Fd ,
Fdo , Fg , Fo , F, Fe), with their determinants (Jd , Jdo , Jg , Jo , J , Je) connecting them. The arrow dVg → dv

is red colored, as the map Fe is very important: Ce = FT
e Fe measures the elastic strain, while Je = 1/φs is

the inverse of the solid fraction φs . The maps Fdo , Jdo represent the value of Fd , Jd at the free-swollen
configuration Bo; analogously, the map Feo connecting dVg to dV is the value of Fe at Bo , thus, Fo = Feo .
To get acquainted with change of frames, we also write the relation between different concentrations densities

satisfy some modeling needs; 2) The dry configuration Bd , a special reference configuration
containing only the solid phase, without liquid.

For many problems D ≡ Bref , and fref is the identity map; nevertheless, it is of the
essence to tell between a body-domain D and a configuration, as in many problems D is not
a configuration.

3.2 Ground State

The ground state is a key notion in the theory of nonlinear elasticity with large distortions,
and is a fundamental tool for many modeling problems in mechanics, as plasticity, or volu-
metric growth [46]. To tackle this augmented theory, the notion of volume elements is very
important: a good approach is to focus on a single point and the volume element attached to
it, instead of looking at a whole configuration, see Fig. 5.

The notion of ground state is a local property attributed to volume elements and it should
not be confused with the notion of configuration, which has a global meaning: it is defined
as the zero free-energy state of a volume element, and is described by a tensor-valued field
Fg called distortion:

Fg : D × T → Lin , with Jg = det Fg > 0. (3.11)

In the present model Fg describes the ground state of body volume elements: in the simple
example of Fig. 3, where only volume changes are considered, this role is played by Jg =
det(Fg); in Fig. 5, being interested in a fully 3D theory, we use Fg to describe also the shape
of volume elements. In particular, distortions act on the domain element T D at Xd and
describe how dVd is distorted into the volume elements dVg whose free energy is zero.
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We note that, while the notion of deformation gradient only involves kinematics, dis-
tortions add physical information to each point of the body domain D, as they describe
the shape of a volume element which is dry and without stress. The 9 degrees of freedom
associated with Fg might have the role of parameters, describing a given ground state, or
the role of state variables, describing the time evolution of a sequence of ground states.
Moreover, distortions are in general not compatible, that is, they are not the gradient of any
diffeomorphism from D, in contrast with Fd = ∇fd and F = ∇f which are gradients. As
a consequence, a ground configuration might not be realizable, not even locally. If such is
the case, any actual configuration of D will be accompanied by a change of its free energy.
We conclude by noting that distortions are used in our paper as a physical parameter de-
scribing the swelling properties. Actually, distortions might have the role of time evolutive
variables, with their proper evolution law as in [4], and thus be capable of describing more
broad remodeling processes.

3.3 Deformations & Strain Measures

Volume elements and their relations are important: the shape change of a volume element
is described by a deformation tensor, and its volume change by the determinant of that
tensor. We list the deformation tensors relevant for our theory, describing different shape
and volume changes, whose role is shown in Fig. 5; to ease notation, we write explicitly
only the point domain D or Bo, and omit the time domain T . We have:

Domain to current Fd = ∇fd : D → Lin, Jd = det Fd , dv = Jd dVd;
Domain to free-swollen Fdo = ∇fdo : D → Lin, Jdo = det Fdo, dV = Jdo dVd;
Free-swollen to current F = ∇f : Bo → Lin, J = det F, dv = J dV.

Domain to ground Fg : D → Lin, Jg = det Fg, dVg = Jg dVd;
Ground to free-swollen Fo : D → Lin, Jo = det Fo, dV = Jo dVg;
Ground to current Fe : D → Lin, Je = det Fe, dv = Je dVg;

(3.12)
It is important to tell between the domain of a deformation and its kinematical role; as
example, five deformations in (3.12) are defined on D, but their kinematical role is very
different. Deformations can be composed by multiplication; as example, we have

Fo = Fdo F−1
g , F = Fd F−1

do , F−1
d F Fo Fg = I. (3.13)

In particular, the elastic deformation Fe might be defined as the product between Fd and the
inverse of Fg , or between F and Fo:

Fe = Fd F−1
g = F Fo . (3.14)

Fe is important from the energetic point of view as it describes the shape change between
the ground volume element dVg and the current one dv; thus, it measures the deformation
between a ground volume element and it current shape. Its determinant Je is also important
from the energetic point of view as it describes the ratio between the current volume element
dv and the ground one dVg :

Je = dv

dVg

= Jd

Jg

= J Jo. (3.15)
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The Jacobian Je is the inverse of the polymer fraction, to be introduced later; we note that
Jo = Jeo is the ratio between the free-swollen volume element dV and the ground one dVg .
Determinants, aka Jacobians, are important for the change of volume densities; as example,
the state variable cd is a concentration per unit of material volume dVd , while the current
concentration c is a density per unit of current volume dv; they are related by cd = Jd c;
Fig. 5 shows the different concentrations that can be defined. Upon the three deformations
Fd , Fg and Fe we might define the following three different metric tensors, to be used as
strain measures, known as left Cauchy-Green strains:

Cd = F

d Fd , Cg = F


g Fg , Ce = F

e Fe = F−


g Cd F−1
g , (3.16)

Analogously, we might define the following right Cauchy-Green strains:

Bd = Fd F

d , Bg = Fg F


g , Be = Fe F

e = Fd C−1

g F

d . (3.17)

We note that Fg = I yields Fe = Fd , and we recover the usual definitions of strain.

3.4 Volume Fractions

In polymer physics the notion of volume fraction is preferred to the equivalent notion of
Jacobian. Each volume element dv contains both solid matter and liquid water; let dvs

and dvw be the current solid and water volume elements: we define the following volume
fractions

φs = dvs

dv
, solid volume fraction; φw = dvw

dv
, water volume fraction. (3.18)

The current volume element dv is the sum of the other two:

dv = dvs + dvw = (φs + φw)dv ⇒ φs + φw = 1 . (3.19)

A key hypothesis is that solid volume does not change, while water content can change due
to absorption or release; thus dvs = dVg , that is the current solid volume dvs is the same as
the ground volume dVg . It follows that the polymer fraction can be measured with 1/Je , or
analogously with 1/(J Jo):

φs = dvs

dv
= dVg

dv
= Jg dVd

Jd dVd

= 1

Je

= 1

J Jo

= 1

J

Jg

Jdo

. (3.20)

It is worth remarking that we shall use a same symbol for the polymer fraction φs , whatever
be its domain of definition; as example:

φs = φs(Xd, t) = Jg(Xd, t)

Jd(Xd, t)
, or φs = φs(X, t) = 1

J (X, t) Jo(X, t)
. (3.21)

Usually, the physical cross-links in a network of hydro-gels are formed in presence of solvent
(often water); this preparation state is a free-swollen configuration. Thus, the corresponding
free-swollen polymer fraction φso = φo has an important role:

φso = φo = dVg

dV
= 1

Jo

= 1

Jeo

. (3.22)
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Fig. 6 Relations between the four volume elements (dVd , dVg , dV , dv), and the volume ratios
(φd ,φdo,φg = 1/φref ,φo,φ,φs ) connecting them. Each volume ratio might be written as the inverse of
a Jacobian. The arrow dv → dVg is red colored, as the volume ratio φs is the polymer fraction; φo = φso is
the polymer fraction at the free-swollen state. Analogously, φdo is the value of φd at X. This diagram shows
also the ratio φref = 1/φg = Jg

Equation (3.19)2 relates water fraction to solid one; thus the water volume fraction is given
by

φw = 1 − φs = dv − dvs

dv
= Jd − Jg

Jd

. (3.23)

By analogy with the relation φs = 1/Je , it might be convenient to define the ratios φd , φg ,
φo, and φ as follows:

φd = dVd

dv
= 1

Jd

, φg = dVd

dVg

= 1

Jg

, φo = dVg

dV
= 1

Jo

, φ = dV

dv
= 1

J
. (3.24)

We also introduce the map Fref = F−1
g , with Jref = det Fref = 1/Jg ; then, it follows

Jref = dVd

dVg

= 1

Jg

= φg, φref = 1

Jref

= dVg

dVd

= Jg = 1

φg

. (3.25)

We might rewrite the diagram 5 in terms of volume fractions, see Fig. 6. We note that in
Fig. 5) we show only the map Jg = φref , while in Fig. 6) we show both φg and φref . We
conclude this section with a list of remarks:

Remarks

• Jacobians and volume fractions are inverse to each other: the arrows connecting the four
points in diagram 5 have opposite direction with respect to the arrows connecting the
same four points in diagram 6.

• In diagram 5, the key map is Je = 1/φs from ground dVg to current dv;
• In diagram 6, the key map is φs = 1/Je from current dv to ground dVg .
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• Volume fractions might be composed by multiplication: the key formula relating the poly-
mer fraction φs to φd or φ is (see also (3.20))

φs = φd

φg

= φref φd = φo φ . (3.26)

• From Fig. 6 we also have

1

Jo

= φo = φso = φref

Jdo

⇒ φs = φo φ = φref

Jdo

φ . (3.27)

3.5 Water Content and Volumetric Constraint

From (3.8) it follows that water volume might be gauged with different molar densities. Let
� be the molar volume of water, with [�] = mol/m3; we have:

Elementary water volume = dvw = �cd dVd = �cg dVg = �cdV = �cs dv . (3.28)

The previous formula yields a relation between the swelling ratios and solvent concentra-
tions:

dv = dVg + dvw = (Jg + �cd)dVd = Jd dVd ⇒ Jd = Jg + �cd .

dv = dVg + dvw =
(

1

Jo

+ �c

)
dV = J dV ⇒ J = 1

Jo

+ �c .

(3.29)

Equations (3.29) yield a fundamental coupling between mechanics and chemistry: the vol-
ume changes Jd = det Fd and J = det F, due to a displacement, must be equal to the volume
changes due to water concentration:

Jd = Ĵd (Jg, cd) = Jg + �cd = Ĵd (φref , cd) = φref + �cd ;

J = Ĵ (Jo, c) = 1

Jo

+ �c = Ĵ (φo, c) = φo + �c .
(3.30)

From the definitions of volume fractions (3.20), (3.23), and the volumetric constraint (3.30)
it follows that the solid and water fraction can be represented as

φs = 1

Je

= Jg

Jd

= Jg

Jg + �cd

, and φs = 1

Je

= 1

Jo J
= 1

1 + �Jo c
;

φw = 1 − 1

Je

= Jd − Jg

Jd

= �cd

Jd

, and φw = 1 − 1

Jo J
= �Jo c

1 + �Jo c
.

(3.31)

The relation between the solvent concentrations cd and c is found by writing the elementary
water content dvwo of the free-swollen configuration Bo:

dvwo = c dV = c Jo dVg = c Jo Jg dVd ⇒ cd = c Jo Jg . (3.32)

When computing time rates, it is important to tell between the functions Jd = det Fd and
Jd = Ĵd (Jg, cd); we have: ∂/∂t (det Fd) �= ∂/∂t Ĵd .
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4 Balance Equations

In the following development, only the motion and the solvent concentration will be used
as state variables, while the distortion is considered as a parameter to describe the swelling
properties of a given material. Balance laws can be written on the body domain D or on the
reference configuration Bo; nevertheless, both approaches must account for the ground state
of volume elements through the distortion Fg .

It is worth noting that the two balance laws we deal with, the Balance of Mass and the
Balance of Virtual Power, are very different from each other; in particular, the second one
involves mechanical power, and it originates in weak form as a duality between forces and
motions.

4.1 Balance of Liquid

The balance of liquid is a mass-conservation law, and we assume that the only sources of
mass are at boundary. The liquid content can be equivalently described by different molar
concentrations; in the following, we shall use these three concentrations: per unit of current
volume cs , per unit of domain volume cd , per unit of free-swollen volume c. We have:

Liquid content =
∫

Bτ

�cs dv =
∫
D

�cd dVd =
∫

Bo

�c dV (4.33)

Being � constant, the time-rate of the liquid content involves only the concentrations cd ;
thus, the balance of liquid can be stated as follows: the time-rate of liquid content, measured
by moles, must be equal to the liquid source at the boundary

∂

∂τ
Liquid content = Boundary source (4.34)

Starting from (4.34), we shall write three equivalent equations of liquid balance: i) in the
current configuration Bτ ; ii) in the body domain D; iii) in the free-swollen configuration Bo.

i) Liquid balance in the current configuration Bτ . Let qs = qs(x, τ ) be the molar source
per unit of current surface at the boundary ∂Bτ , with [qs] = mol/(m2 s). The boundary source
qs can be represented in terms of the current molar flux hs = hs(x, τ ), ([hs] = mol/(m2 s)), a
vector-valued quantity such that qs = −hs ·n, with n the normal at ∂Bτ ; being n the outward
normal, −hs · n > 0 implies an inward flux, and thus a positive source. From (4.33), (4.34),
the definition of flux and the divergence theorem, it follows

∂

∂τ

∫
Bτ

cs dv =
∫

∂Bτ

qs da = −
∫

∂Bτ

hs · nda = −
∫
Bτ

div (hs) dv , (4.35)

with da the surface element on ∂Bτ . Moreover, being Bτ evolving in time, we have

∂

∂t

∫
Bτ

cs dv =
∫
Bτ

(ċs + div (cs v)) dv, (4.36)

with v the spatial velocity defined by v ◦ fd = u̇d , or equivalently by v ◦ f = u̇. From
standard localization arguments, (4.35), (4.36) yield the differential problem:

ċs + div (cs v) + div (hs) = 0, bulk balance on Bτ ;
qs = −hs · n, boundary balance on ∂qBτ ;
cs = c̄s , concentration control on ∂cBτ ;

(4.37)
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Fig. 7 Geometrical interpretation of flux. The three parallelepipeds share the same elementary volume:
hs · nda = hd · mdA = h · no dA; such volume measures the moles per second crossing the surfaces da

(left), dAd (center), and dA (right)

ii) Liquid balance in the body-domain D. Balance (4.35) can be re-written on D:

∂

∂t

∫
Bτ

cs dv = ∂

∂t

∫
D

cd dVd =
∫
D

ċd dVd , (4.38)

∫
∂Bτ

hs · nda =
∫

∂D
hd · mdAd =

∫
D
divhd dVd ,

with dAd the surface element on ∂D, m its outward normal, and hd = hd(Xd, τ ) the molar
flux gauged on the body-domain (the pull back of hs on D), defined by

hd = Jd F−1
d hsd , with hsd = hs ◦ fd . (4.39)

It follows that h · nda and hd · mdAd represent the same elementary molar rate, measured
in mol/s, see Fig. 7. To the flux hd it is associated a boundary source qd per unit domain-area
dAd , given by qd = −hd · m. From standard localization arguments, equation (4.38) yields
the balance equations in differential form:

ċd + div (hd) = 0, bulk balance on D;
qd = −hd · m, boundary balance on ∂qD;
cd = c̄d , concentration control on ∂cD;

(4.40)

iii) Liquid balance in the free-swollen configuration Bo; we follow the algorithm used in
ii): Balance (4.35) can be re-written on Bo:

∂

∂t

∫
Bτ

cs dv = ∂

∂t

∫
Bo

c dV =
∫
Bo

ċ dV , (4.41)

∫
∂Bτ

hs · nda =
∫

∂Bo

h · no dA =
∫
Bo

divhdV ,

with dA the surface element on ∂Bo, mo its outward normal, and h = h(X, τ) the molar flux
gauged on the free-swollen configuration (the pull back of hs on Bo), defined by

h = J F−1 hso , with hso = hs ◦ f . (4.42)
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To the flux h is associated a boundary source q per unit domain-area dA, given by q =
−h · no. From standard localization arguments, equation (4.41) yields the balance equations
in differential form:

ċ + div (h) = 0, bulk balance on Bo;
q = −h · no, boundary balance on ∂qBo;
c = c̄, concentration control on ∂cBo.

(4.43)

We conclude by summarizing the relations between the different boundary sources
(qs, qd, q), and fluxes (hs ,hd ,h) defined insofar:

qs da = qd dAd = q dA ⇒ qd = qs |F∗
d m| , q = qs |F∗ no| , qd = q |F∗

do m| ,

hs · nda = hd · mdAd = h · no dA ,

hd = Jd Fd
−1 hsd , h = J F−1 hso ⇔ hsd = 1

Jd

Fd hd , hso = 1

J
F h ,

hd = Jdo Fdo
−1 ho ⇔ ho = 1

Jdo

Fdo hd with ho = h ◦ fdo.

(4.44)

Remark the second subscript in the notation refers to the change of variable, see (4.39)2 and
(4.42)2; as usually done, we shall often omit this second subscript.

4.2 Balance of Forces

The balance of forces is a conservation law for the mechanical power; it comes from the
so-called principle of virtual power and, as for the balance of liquid, can be equivalently
written on different domains. It holds:

For any test velocity: Stress Power = Forces Power. (4.45)

Starting from (4.45), we shall write three equivalent balances of forces, using as test velocity
the field ṽ on Bτ , the field ũd on D, and ũ on Bo. The three test velocities and their gradients
are related by:

ṽ ◦ fd = ũd , ṽ ◦ f = ũ , ũ ◦ f = ũd , ∇ṽ = F̃dF−1
d = F̃F−1 , F̃ = F̃d F−1 . (4.46)

i) Principle of virtual power in the current configuration Bτ . Let bs and ts be the forces per
unit of current volume and surface, respectively, and T the stress (Cauchy stress). Balance
(4.45) writes as

∫
Bτ

T · ∇ṽdv =
∫
Bτ

bs · ṽdv +
∫

∂Bτ

ts · ṽda , ∀ ṽ . (4.47)

From standard localization arguments, (4.47) yields the balance equations in differential
form:

div (T) + b = 0, bulk balance on Bτ ;
T n = t, boundary balance on ∂Bτ ;

(4.48)
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ii) Principle of virtual power in the body domain D. We pull back on D equation (4.47);
left and right hand terms yield, respectively:

∫
Bτ

T · ∇ṽdv =
∫
D

T · F̃d F−1
d Jd dVd =

∫
D

T F∗
d · F̃d dVd =

∫
D

Sd · F̃d dVd,

(4.49)∫
Bτ

bs · ṽdv +
∫

∂Bτ

ts · ṽda =
∫
D

Jd bs · ũd dVd +
∫

∂D
|F∗

d m| ts · ũd dAd .

It follows the definitions of:

Sd = T F∗
d , reference stress on D;

bd = Jd bs , force per unit of body-domain volume dVd;
td = |F∗

d m| ts , force per unit of body-domain surface dAd.

(4.50)

with dAd the surface element on ∂D, m its outward normal. From standard localization
arguments, (4.49) yields the balance equations in differential form:

div (Sd) + bd = 0, bulk balance on D;
Sd m = td , boundary balance on ∂D; (4.51)

iii) Principle of virtual power in the free swollen domain Bo. We pull back on Bo equation
(4.47); left and right hand terms yield, respectively:

∫
Bτ

T · ∇ṽdv =
∫
Bo

T · F̃ F−1 J dV =
∫
Bo

T F∗ · F̃dV =
∫
Bo

S · F̃dV,

(4.52)∫
Bτ

bs · ṽdv +
∫

∂Bτ

ts · ṽda =
∫
Bo

J bs · ũdV +
∫

∂Bo

|F∗ no| ts · ũdA .

It follow the definitions of:

S = T F∗
d , reference stress on Bo;

b = J bs , force per unit of free swollen volume dV ;
t = |F∗ no| ts , force per unit of free swollen surface dA.

(4.53)

with daa the surface element on ∂Ds , no its outward normal. From standard localization
arguments, (4.52) yields the balance equations in differential form:

div (S) + b = 0, bulk balance on Bo;
S no = t, boundary balance on ∂Bo;

(4.54)

Relations between the stresses are shown in diagram 8.

5 Constitutive Equations

The model needs three constitutive laws, relating the state variables to: 1) the stress; 2) the
chemical potential; 3) the liquid flux. The first two laws are derived from a free-energy den-
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Fig. 8 Relations between the four elastic-energy densities (ψd , ψr , ψo , ψ ), and the four stress measures (Sd ,
Sr , S, T). Given a deformation F#, the corresponding cofactor F∗

# has opposite direction

sity, which in turn might be represented with four different densities: ψ per unit of current
volume; ψd per unit of body-domain volume, ψg per unit of ground volume; ψo per unit of
free-swollen volume; these densities are related by

ψ dv = ψd dVd = ψg dVg = ψo dV ⇒

⎧⎪⎨
⎪⎩

ψd = Jd ψ = Jg ψg,

ψo = 1

Jo

ψg = J ψ.

(5.55)

In the following, we assume ψg given, and we derive constitutive equations on D and on Bo.

• The free energy ψg is the sum of an elastic-energy ψge and a mixing-energy ψgm:

ψg(Fe, φs) = ψge(Fe) + ψgm(φs). (5.56)

• The elastic-energy ψge = ψge(Fe) only depends on the elastic deformation Fe;

• The mixing-energy ψgm = ψgm(φs) only depends on the polymer fraction φs = 1

Je

;

• The free energy ψg can be pulled back D or pushed forward to Bo, see (5.55):

Pull back: ψd = Jg ψg; Push forward: ψo = 1

Jo

ψg. (5.57)

• We define the (energetic) ground stress Sge as:

Sge = ∂ψge

∂Fe

. (5.58)

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



De-Hydration and Remodeling of Biological Materials. . .

5.1 Constitutive Equation for the Stress and the Chemical Potential

We might have many equivalent constitutive equations for the stress and the chemical po-
tential; here we give the two representations for the stress Sd and the chemical potential μd

defined on D, and the stress S and the chemical potential μ defined on Bo:

Domain is D ⇒ Sd is dual to Ḟd and μd is dual to ċd;

Domain is Bo ⇒ S is dual to Ḟ and μ is dual to ċ.

(5.59)

We shall discuss the two cases in (5.59).

5.2 Constitutive Equations on a General Body Domain D

The state variables defined on D are ud , the displacement from D to Bτ and cd , the molar
concentration for unit of domain volume dVd ; in particular, the current position x is given
by x = Xd + ud(Xd, τ ). We have the following algorithm:

• Define the free energy ψd per unit of domain volume dVd :

ψd = Jg ψg = Jg (ψge + ψgm) = ψde + ψdm. (5.60)

• Use the kinematical constraint (3.30), relating the displacement ud to the water concen-
tration cd ; we rewrite such a relation here:

Jd = Ĵd (Jg, cd) = Jg + �cd. (5.61)

• Define the relaxed free energy �d per unit of domain volume dVd ;:

�d = ψd − p (Jd − Ĵd ), (5.62)

where the Lagrangian multiplier p represents a pressure.
• Compute the time rate of �d ; we have

�̇d = ψ̇d − p (J̇d − ˙̂
Jd)

= ∂ψd

∂Fe

· Ḟe + ∂ψd

∂φs

· φ̇s − p (F∗
d · Ḟd − �ċd )

= Jg

∂ψge

∂Fe

· Ḟe + Jg

∂ψgm

∂φs

· φ̇s − p (F∗
d · Ḟd − �ċd ) .

(5.63)

• Being ud and cd our state variable, we should represent Ḟe and φ̇s in terms of Ḟd and ċd ;
we have

Fe = Fd F−1
g ⇒ Ḟe = Ḟd F−1

g ;

φs = 1

Je

= Jg

Jd

⇒ φ̇s = − Jg

J 2
d

J̇d = − Jg

J 2
d

� ċd .

(5.64)
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• Using (5.64) and (5.58), the time rate of �d rewrites as:2

�̇d = Jg Sge · Ḟd Fg
−1 − p F∗

d · Ḟd

− Jg

∂ψgm

∂φs

· Jg

J 2
d

� ċd + p � · ċd

= (
Sge F∗

g − p F∗
d

)
︸ ︷︷ ︸
reference stress on D

· Ḟd +
(

− �

J 2
e

∂ψgm

∂φs

+ �p

)
︸ ︷︷ ︸

chemical potential on D

· ċd .

(5.65)

• It follows:

Sd = Sge F∗
g − p F∗

d;

μd = − �

J 2
e

∂ψgm

∂φs

+ �p = −�φ2
s

∂ψgm

∂φs

+ �p;

T = Sd (F∗
d)

−1 = 1

Je

Sge FT
e − p I.

(5.66)

5.3 Constitutive Equations on a Free-Swollen Configuration Bo

The state variables defined on Bo are u, the displacement from Bo to Bτ and c, the molar
concentration for unit of free-swollen volume dV ; in particular, the current position x is
given by x = X + u(X, τ). We have the following algorithm:

• Define the free energy ψo per unit of free-swollen volume dV :

ψo = 1

Jo

ψg = 1

Jo

(ψge + ψgm) = ψoe + ψom. (5.67)

• Use the kinematical constraint (3.30), relating the displacement u to the water concentra-
tion c; we rewrite such a relation here:

J = Ĵ (Jo, c) = J−1
o + �c. (5.68)

• Define the relaxed free energy �o per unit of free-swollen volume dV ;:

�o = ψo − p (J − Ĵ ), (5.69)

where the Lagrangian multiplier p represents a pressure.

2To highlight the duality with the time rates, we use the ‘dot’ notation also for the product between scalars:
as example, F∗

d
· Ḟd is the dot product in Lin, and p � · ċd is the product in R.
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• Compute the time rate of �o; we have

�̇o = ψ̇o − p (J̇ − ˙̂
J )

= ∂ψo

∂Fe

· Ḟe + ∂ψo

∂φs

· φ̇s − p (F∗ · Ḟ − �ċ )

= 1

Jo

∂ψge

∂Fe

· Ḟe + 1

Jo

∂ψgm

∂φs

· φ̇s − p (F∗ · Ḟ − �ċ )

(5.70)

• Being u and c our state variable, we should represent Ḟe and φ̇s in terms of Ḟ and ċ; we
have

Fe = F Fo ⇒ Ḟe = Ḟ Fo

φs = 1

Je

= 1

Jo J
⇒ φ̇s = − J̇

Jo J 2
= − �ċ

Jo J 2
.

(5.71)

• Using (5.71) and (5.58), the time rate of �o rewrites as:

�̇o = 1

Jo

Sge · Ḟ Fo − p F∗ · Ḟ

− 1

Jo

∂ψgm

∂φs

· �ċ

Jo J 2
+ p � · ċ

=
(

1

Jo

Sge FT
o − p F∗

)
︸ ︷︷ ︸

reference stress on Bo

· Ḟ. +
(

− �

J 2
e

∂ψgm

∂φs

+ �p

)
︸ ︷︷ ︸

chemical potential on Bo

· ċ.

(5.72)

• It follows:

S = 1

Jo

Sge FT
o − p F∗;

μ = − �

J 2
e

∂ψmr

∂φs

+ �p = −�φ2
s

∂ψmr

∂φs

+ �p.

T = 1

J
S FT = 1

Je

Sge FT
e − p I.

(5.73)

It is worth noting that:

• The stress is a density, thus its representation depends of the domain; conversely, the
chemical potential is not a density. It follows that for x = fd(Xd, t) = fo(X, t), we have:

Sd(Xd, t) �= S(X, t) �= T(x, t), & μd(Xd, t) = μ(X, t) = μs(x, t), (5.74)
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with μs the current chemical potential. Nevertheless, μd , μ and μs must be considered as
distinct functions, in particular when evaluating their gradients; we have:

μd = μs ◦ fd = μ ◦ fdo , μ = μs ◦ f ,

⇒ ∇μd = FT
d ∇μs = FT

do ∇μ, ∇μ = FT ∇μs .

(5.75)

• All the stresses turn out to be the sum of a term coming from the energy, called the elastic
part, plus a reactive one due to the volumetric constraint; as example, we have:

Sd = Sde + Sdv, with Sde = Sge F∗
g, Sdv = −p F∗

d . (5.76)

S = Se + Sv, with Se = 1

Jo

Sge FT
o , Sv = −p F∗ . (5.77)

We note that the reactive terms are different, Sdv �= Sv , but share the same value of the
pressure p. Following usual practices in mechanics, we use a same symbol for the pres-
sure fields p = p(Xd, t), p = p(X, t), p = p(x, t), instead of using the three names pd ,
p and ps as done for the chemical potential.

• Also μd , μ and μs turn out to be the sum of a term coming from the energy, plus another
one due to the volumetric; we write only the representation for μd , being that for μ and
μs similar:

μd = μmix + �p, with μmix = −�φ2
s

∂ψgm

∂φs

. (5.78)

We conclude by checking the consistency of our stress measures:

• As expected, the current stress T in terms of Sge has an unique representation, see (5.66)3

and (5.73)3.
• From geometry, see Fig. 8, we have

Sd = Sr F∗
g, Sr = S F∗

o ⇒ Sd = S F∗
o F∗

g,

S = Sd (F∗
g)

−1 (F∗
o)

−1.

Fe = Fd F−1
g = F Fo ⇒ Fd = F Fo Fg ,

F∗
d = F∗ F∗

o F∗
g, ,

F∗ = F∗
d (F∗

o)
−1 (F∗

g)
−1.

(5.79)

• From (5.79), (5.73), it follows

Sd = S F∗
o F∗

g =
(

1

Jo

Sge FT
o − p F∗

)
F∗

o F∗
g

= Sge F∗
g − p F∗

d = equation (5.66)1.

(5.80)

• From (5.79), (5.66), it follows

S = Sd (F∗
g)

−1 (F∗
o)

−1 = (
Sge F∗

g − p F∗
d

)
(F∗

g)
−1 (F∗

o)
−1

= 1

Jo

Sge FT
o − p F∗ = equation (5.73)1.

(5.81)
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5.3.1 Algorithm for the Stress

We summarize the steps that define the most common stress measures, whose relationships
are shown in Fig. 8:

Sge = ∂ψge

∂Fe

, ground-energetic stress ;

Sde = Sge F∗
g , pull back of the ground stress ;

Sd = Sde + Sdv , with Sdv = −p F∗
d , reference stress on D, aka first P-K ;

Se = Sge (F∗
o)

−1 , push forward of the ground stress ;
S = Se + Sv , with Sv = −p F∗, reference stress on Bo, aka first P-K ;
T = Sd (F∗

d)
−1 = S (F∗)−1 , current stress, aka Cauchy .

(5.82)

5.3.2 Stress from Neo-Hookean Energy

The derivation of a constitutive relation for our stress measures begins with the ground
elastic-energy density ψge . We start by considering a Neo-Hookean response, that is, a strain
energy density penalizing the trace (the first invariant) of the elastic strain Ce; we set ψge =
ψNH :

ψge = ψNH (Ce) = 1

2
G(Ce · I − 3) = 1

2
G(Cd · C−1

g − 3) , & Jd = Ĵd . (5.83)

We have the following useful relations:

Ċe = ḞT
e Fe + FT

e Ḟe = 2 sym (FT
e Ḟe) ,

ψ̇ge = ∂ψge

∂Ce

· Ċe = 2 Fe

∂ψge

∂Ce

· Ḟe = ∂ψge

∂Fe

· Ḟe ,

⇒ ∂ψge

∂Fe

= 2 Fe

∂ψge

∂Ce

.

(5.84)

Following (5.82) and (5.84), we have:

Energetic stress: Sge = ∂ψNH

∂Fe

= GFe = GFd F−1
g = GF Fo ;

Reference stress on D : Sd = Sge F∗
g − p F∗

d = GJg Fd C−1
g − p F∗

d ;

Reference stress on Bo : S = 1

Jo

Sge FT
o − p F∗ = G

1

Jo

F Fo FT
o − p F∗ ;

Current stress: T = Sd (F∗
d)

−1 = S (F∗)−1 = G
1

Je

Be − p I

= G
Jg

Jd

Fd F−1
g F−T

g FT
d − p I

= G
1

J Jo

F Fo FT
o FT − p I .

(5.85)
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where Be = Fe F

e . Let us note that:

• The reference stress Se can be computed directly as derivative of the elastic energy density
for unit of material volume dVd

Sde = ∂ψde

∂Fd

= 2 Fd

∂ψde

∂Cd

= 2 Fd Jg

∂ψde

∂Cd

= GJg Fd C−1
g (5.86)

• The derivative of the energy with respect to Ee = 1/2 (Ce − I) yields the second P-K
stress:

∂ψge

∂Ee

= F−1
e Sge . (5.87)

5.3.3 Chemical Potential from Flory–Huggins Energy

The derivation of a constitutive relation for the chemical potential begins with the ground
mixing-energy density ψgm. We start by considering the Flory–Huggins energy:

ψgm(φs) = R T

�

[(
1

φs

− 1

)
log(1 − φs) + χ (1 − φs)

]
, (5.88)

where χ = χ(T ) is the Flory parameter, possibly depending on the temperature T , and R is
the universal gas constant; the ratio R T/� is a chemical energy-density, having the same
physical dimensions of the shear modulus G that is [RT/�] = [G] = J/m3. From (5.88),
we have

∂ψgm

∂φs

= −R T

�

1

φ2
s

(
log(1 − φs) + χ φ2

s + φs

)
, (5.89)

and from (5.78) it follows

μmix = R T
(

log(1 − φs) + χ φ2
s + φs

)
. (5.90)

Remarks:

• We might rewrite the chemical potential (5.90) in terms of Je or the pair Jg and cd as
follows:

μmix = R T

[
log

(
Je − 1

Je

)
+ χ

J 2
e

+ 1

Je

]

= R T

[
log

(
�cd

Jg + �cd

)
+ χ J 2

g

(Jg + �cd)2
+ Jg

Jg + �cd

]
.

(5.91)

• To find the chemical potential, we might also rewrite the energy (5.88) in terms of the pair
Jg and cd and then compute its time rate. We have

ψgm = RT

�

[
(Je − 1) log

(
Je − 1

Je

)
+ χ

Je − 1

Je

]

= RT

�

[
Jd − Jg

Jg

log

(
Jd − Jg

Jd

)
+ χ

Jd − Jg

Jd

]
.

(5.92)
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Then, the time of ψm rate yields:

ψ̇m = Jg ψ̇gm = Jg

RT

�

[
1

Jg

log

(
Jd − Jg

Jd

)
+ χ Jg + Jd

J 2
d

]
· J̇d

= RT

[
log

(
Jd − Jg

Jd

)
+ χ + Jd/Jg

(Jd/Jg)2

]
· ċd .

= R T

[
log

(
Je − 1

Je

)
+ χ

J 2
e

+ 1

Je

]
,

(5.93)

and we get for μmix the same formula (5.91)1.

We summarize the different equivalent ways which can be used to represent the chemical
potential μd :

μd = μd(φs,p) = R T
(

log(1 − φs) + χ φ2
s + φs

)
+ �p , with φs = Jg

Jd

μd = μd(Je,p) = R T

[
log

(
Je − 1

Je

)
+ χ

J 2
e

+ 1

Je

]
+ �p , with Je = Jd

Jg

μd = μd(cd, Jg,p) = R T

[
log

(
�cd

Jg + �cd

)
+ χ J 2

g

(Jg + �cd)2
+ Jg

Jg + �cd

]
+ �p .

(5.94)
We note that we are using the same notation for the three different funtcions μd = μd(φs,p),
μd = μd(φs,p), and μd = μd(φs,p). An analogous representation holds for μ and μs ; we
rewrite only the analogous of (5.94)1,3:

μ = μ(φs,p) = R T
(

log(1 − φs) + χ φ2
s + φs

)
+ �p , with φs = 1

J

Jg

Jdo

μ = μ(c,Jg, ,p) = R T

[
log

(
�Jdo c

Jg + �Jdo c

)
+ χ J 2

g

(Jg + �Jdo c)2
+ Jg

Jg + �Jdo c

]
+ �p

(5.95)

5.4 Liquid Flux in the Bulk

In Sect. 4.1 we have introduced the liquid flux, a vector-valued surface density measuring
the moles that flows through a unit surface, per unit time. Here we give the constitutive
relation between the flux and the state variables, assuming the simplest one which describes
the flow of a given substance from points with higher chemical potential to points with a
lower one, and is consistent with the dissipation principle. We shall write three equivalent
equations: i) in the current configuration Bτ ; ii) in the body domain D; iii) in the free-swollen
configuration Bo.

i) Constitutive relation in the current configuration Bτ . The molar flux hs = hs(x, τ ) is
given by

hs = −Ms ∇μs . (5.96)
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ii) Constitutive relation in the body-domain D. The molar flux hd = hd(Xd, t) is given
by

hd = −Md ∇μd . (5.97)

iii) Constitutive relation in the free-swollen configuration Bo. The molar flux h = h(X, τ)

is given by

h = −M∇μ. (5.98)

The mobilities M# are in Sym+, the symmetric, positive-definite linear maps of Lin, with
[M#] = mol2/(s m J); as example Ms : Bt × T → Sym+. From (4.44) and (5.75), it follows
that the three mobilities just introduced are related each other; for Md and Ms we might
write:

hd = Jd Fd
−1 hsd = −Jd Fd

−1 (Ms ∇μs)d = −Jd Fd
−1 Msd Fd

−
 ∇μd ,

⇒ Md = Jd Fd
−1 Msd Fd

−
 with Msd = Ms ◦ fd .

(5.99)

For M and Ms we might write:

h = J F−1 hso = −J F−1 (Ms ∇μs)o = −J F−1 Mso F−
 ∇μ,

⇒ M = J F−1 Mso F−
 with Mso = Ms ◦ f .

(5.100)

For Md and M we might write:

hd = Jdo Fdo
−1 ho = Jdo Fdo

−1 (M∇μ)o = Jdo Fdo
−1 Mo Fdo

−
 ∇μ,

⇒ Md = Jdo Fdo
−1 Mo Fdo

−
 , with Mo = M ◦ fdo .

(5.101)

Any further characterization of the constitutive relation for the flux is done by specifying a
law for one of the mobilities M# ∈ Sym+; here, we set

Md = D
cd

R T
Cd

−1 , with D a diffusion parameter, [D] = m2

s
. (5.102)

From (5.99), being Cd
−1 = Fd

−1 Fd
−
 and cd = Jd cs , it follows:

Msd = cd

Jd

D

R T
I ⇒ Ms = D

cs

R T
I . (5.103)

From (5.101), being F−1 = Fdo Fd
−1 and cd = Jdo c, it follows:

Mo = cd

Jdo

D

R T
Fdo Fd

−1 (Fdo Fd
−1)T ⇒ M = D

c

R T
C−1 . (5.104)

5.5 Liquid Flux Through Interface

For the flux through an interface, we define the discrete counterpart of (5.96), that is the
product Ms ∇μs · n becomes the scalar ms 	μs/hs :

qs da = −hs · nda = Ms ∇μs · nda ⇒ qs da = ms

	μs

hs

da , (5.105)
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where 	μs/hs represents the jump of the chemical potential over the effective thickness hs

of the interface, and ms = D cs/(R T ). Using the relations between the liquid concentrations
(3.28), the gradients of the chemical potentials (5.75), and the flux sources (4.44), we might
write:

cs = cd

Jd

, 	μs = 	μd

J
1/3
d

, hs = hd

J
1/3
d

. (5.106)

Thus, the corresponding law for qd is given by:

(qs da)d = qsd |F∗
d m|dAd = D

R T

cd

Jd

|F∗
d m| 	μd

hd

dAd = qd dAd. (5.107)

It follows:

qd = md

	μd

hd

, with md = D

R T

cd

Jd

|F∗
d m|, [md ] = mol

m2 s

mol

J
. (5.108)

Given (5.105), we follow the same algorithm to find the equivalent source density q for ∂Bo:

(qs da)d = qso |F∗ no|dA = D

R T

c

J
|F∗ no| 	μ

h
dA = q dA. (5.109)

Thus, we might write:

q = m
	μ

h
, with m = D

R T

c

J
|F∗ no|, [m] = mol

m2 s

mol

J
. (5.110)

We note that qd and q are related by

qd = |F∗
do m|q , q = 1

|F∗
do m| qd , (5.111)

Equation (5.108) is used in a Neumann-like boundary condition; it yields:

−hd · m = qd = md

	μd

hd

⇒ (5.112)

water enters when qd > 0 , that is when 	μ > 0 . (5.113)

6 Swelling of Multi-Domain Bodies

We use our mechano-diffusion model to describe swelling phenomena for bodies made of
different materials, each having its own chemo-mechanical properties; for simplicity, let us
consider a body made of two different materials: the body domain D is split into a soft
domain Ds and a hard domain Dh, hence D = Ds ∪Dh. It follows that the boundary of each
region might be split into a surface in contact with the external environment, denoted Sds or
Sdh, and the interface Sdi between the two regions, see Fig. 9. A hard domain Dh is called
skin when its thickness is much smaller than the size of D; an example of the effects of a skin
is shown in Sect. 7.6. All in all, the mechano-diffusion model for multi-domain materials
has three state variables: the displacement, the concentration, and the reactive pressure that
enforces the volumetric constraint (3.29). The key point is that the displacement must be
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Fig. 9 Two examples of multi-domain gel. Left: Ds is on top of Dh; the boundary ∂Ds is split into the
surface Sds in contact with the external environment, and the interface Sdi ; the same split holds for ∂Dh .
Right: Dh envelopes the soft core Ds . In this case ∂Ds = Sdi and ∂Dh = Sdh ∪ Sdi . A hard domain Dh is
called skin when its thickness is much smaller than the size of D

continuous, while the other two state variables and the parameter describing the ground
state might jump across the interface between different domains. Thus, we define on D a
stepwise concentration cd , pressure p, and Jacobian Jg :

cd =
{

cds, on Ds ,

cdh, on Dh;
p =

{
ps, on Ds ,

ph, on Dh.
Jg =

{
Jgs, on Ds ,

Jgh, on Dh;
(6.114)

An analogous splitting is done for the free-swollen configuration: Bo is split into two bulk
regions Bo = Bos ∪Boh, and we might have three possible boundaries Sos , Soh and Soi . Thus,
we define a stepwise concentration c, pressure p, and Jacobian Jg :

c =
{

cs, on Bos,

ch, on Boh;
p =

{
ps, on Bos,

ph, on Boh.
Jg =

{
Jgs, on Bos,

Jgh, on Boh;
(6.115)

It follows that for a material made of two domains, the state variables amount to seven scalar
fields: 3 components of the displacement; 2 concentrations and 2 pressures. As consequence
of (6.114) and (6.115), we also have jumps in Je , Jo, and φs :

Je =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Jec = Jd

Jgc

= J

Joc

,

Jes = Jd

Jgs

= J

Jos

,

φs =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

Jec

,

1

Jes

.

(6.116)

The definition of these stepwise functions is assumed once and for all, and the specific
symbols for each domain will be used in the following only when necessary. Figure 11
shows an example of the evolution of a jump in chemical potential and concentration across
two domains during drying.

7 The Complete Initial, Boundary Value Problem

The model has three unknowns: two state variables, and the reactive pressure. Then, there
are two balance equations, the balance of forces and of the liquid concentration, and the
volumetric constraint. At first, we assume null bulk forces: bb = b = 0.
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Then, we assume that the only chemical control is through the external chemical potential
μext ; thus, we cannot control directly the concentration at the boundary, and we consider two
cases:

• Concentration control: We can control the state variable cd or c, and the pressure p

through the chemical potential at the boundary μext . Thus, the Dirichelet condition (4.40)3

is replaced by the nonlinear equations:

μd(cd, Jg,p) = μmix(cd , Jg) + �p = μext , (7.117)

where μd has been represented by (5.94)3. Analogously, the Dirichelet condition (4.43)3

is replaced by the nonlinear equations:

μ(c,Jg,p) = μmix(c, Jg) + �p = μext . (7.118)

• Flux control: To control the boundary source qd ot q through μext we must define a
relation μext �→ qd or μext �→ q . Here, we shall assume (5.105), that is the current liquid
source qs is proportional to the jump 	μs = μext − μs(cs,p); the corresponding law for
qd and q follows from (5.108), (5.110):

qd = −md 	μd = −D
cd

R T

|F∗
d m|

Jd hs

[μd(cd, Jg,p) − μext ] (7.119)

and

q = −m	μ = −D
c

R T

|F∗ no|
J hs

[μ(c,Jg,p) − μext ] . (7.120)

Thus, liquid enters when qd > 0, that is μext > μd(cd, Jg,p).

The chemical control is realized by changing μext from μext = μo to μext = μ∞; we might
consider a sequence of steady problems, or a time evolutive problem:

• Sequence of n steady problems:

μext = μi , with i = 1, . . . , n , μ1 = μo , μn = μ∞ . (7.121)

• Time evolutive problem:

μext = μext (t) = μo + (μ∞ − μo) s(t/τμ) . (7.122)

with s(t) a smooth, step-like function such that s(0) = 0 and s(1) = 1.

7.1 Initial, Boundary Value Problem on the Body Domain D

The body domain D is split into two regions as described in Sect. 6. The initial, boundary
value problem on D × T writes as follows. The balance of forces is:

0 = divSd , on D × T bulk balance;

Sd m = td , on ∂tD × T control of traction;

ud = ūd , on ∂uD × T control of displacement;

(7.123)
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For the balance of liquid mass we shall always use a boundary condition as (5.108), where
	μd is the jump at the interface between two regions, or at the external boundary; the
balance is split into two groups of equations. On the soft region Ds we have:

ċds = −divhd on Ds × T bulk balance;

qd = −md [μd(cds, Jgs,ps) − μext ] on Sse × T flux through external boundary;

qd = −md [μd(cds, Jgs,ps) on Si × T flux through interface.

− μd(cdh, Jgh,ph) ]
(7.124)

On the hard region Dh we have:

ċdh = −divhd on Dh × T bulk balance;

qd = −md [ (μd(cdh, Jgh,ph) − μext ] on She × T flux through external boundary;

qd = −md [μd(cdh, Jgh,ph) on Si × T flux through interface.

− (μd(cds, Jgs,ps) ]
(7.125)

We note that the chemical potential is smooth in Ds , Dh, but it might jump at the interface
Si , and the boundary conditions at Si are the analogous of those at Sse or She . As example,
the condition (7.125)3 yields:

μd(cds, Jgs,ps) > μd(cdh, Jgh,ph) ⇒ liquid flows from Ds to Dh . (7.126)

Finally, we have the volumetric constraint:

Jd = Ĵd (cd) = Jg + �cd , on D × T . (7.127)

7.2 Initial Conditions for Bini = fd(D,0)

The initial configuration Bini is not the domain D used for the modeling, but is chosen to be
a free swollen configuration: Bini = Bo = fd(D,0), with Bo corresponding to μd = 0. Given
(6.114), the initial configuration Bini is characterized by: the initial displacement udo in D;
the initial concentration cdso, pressure pso and parameter Jgs in Ds ; the initial concentration
cdho, pressure pho and parameter Jgh in Dh. To set these values, we use (5.85)2 for Sd and
(5.94)3 for μd ; we assume:

Fd(Xd,0) = Fdo = λdo I , ⇒ F∗
do = λ2

do I, homogeneous deformation in D;
Fg = λg I, ⇒ F∗

g = λ2
g I, spherical distortion in D;

Sd(Xd,0) = Sge F∗
g − po F∗

do = −patm F∗
do, stress balanced by atmospheric pressure;

μd(cdso, Jgs,pso) = μo = 0 homogeneous chemical potential in Ds;
μd(cdho, Jgh,pho) = μo = 0 homogeneous chemical potential in Dh;

(7.128)
To determine the right values of Jgs, Jgh, udo, cdso, cdho and pso, pho we follow this algo-
rithm:

1. We set Jgs = 1, and we tune both Jdo and Jgh to get μd = 0 in both regions.
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2. Given (7.128), the Neo-Hookean energy yields

Sd(Xd,0) = Sge λ2
g − po λ2

do I = (Gλdo λg − po λ2
do) I = −patm λ2

do I ; (7.129)

it follows that we can represent pos , poh in terms of λdo and λg :

pso = Gs

λgs

λdo

+ patm , pho = Gh

λgh

λdo

+ patm , (7.130)

with Gs , Gh the shear moduli in Ds and Dh, respectively.
3. Having assumed Jgs = 1, we start with the soft region. Using (3.29)1 we can set the initial

condition for cdso:

cdso = Jdo − Jgs

�
= Jdo − 1

�
. (7.131)

4. We use (5.94)3 to represent the initial chemical potential μo in the soft region as a func-
tion of Jdo:

μd(cdso, Jgs,pos) = R T

(
log

(
�cdso

Jdo

)
+ Jgc

Jdo

+ χ

J 2
do

)
+ �pos

= R T

(
log

(
�cdso

Jdo

)
+ 1

Jdo

+ χ

J 2
do

)
+ �

(
Gs

J
1/3
do

+ patm

)

= μd(Jdo) .

(7.132)

Solving μd(Jdo) = 0 yields Jdo and λdo = J
1/3
do .

5. Once Jdo has been determined, the initial displacement is completely characterized; we
have:

Fdo = I + ∇ud = λdo I, ⇒ ∇ud = (λdo − 1) I ⇒ ud = (λdo − 1)Xd + const. (7.133)

As example, for a domain centered at the origin, or for a cube with side length L, centered
at the corner, we have, respectively:

udo = (λdo − 1)Xd , udo = (λdo − 1) (Xd + L/2) . (7.134)

6. Then, we move to the hard region to find cdho:

cdho = Jdo − Jgh

�
; (7.135)

7. We use again (5.94)3 to represent the initial chemical potential μo in the hard region as a
function of Jgh:

μd(cdho, Jgh,poh) = R T

(
log

(
�cdho

Jdo

)
+ Jgh

Jdo

+ χ

J 2
do

)
+ �

(
Gs

J
1/3
do

+ patm

)

= μd(Jgh) .

(7.136)
Solving μd(Jgh) = 0 yields Jgh and λgh = J

1/3
gh .
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Fig. 10 Left y-axis: average swelling ratio J̄d versus time, in the soft (red, star) and stiff (green, circle) part
of the specimen, and for the whole specimen (blue, square). Right y-axis: external chemical potential μext

versus time (black, dashed)

Eventually, we have the right values of λdo, λgs and λgh that yield a uniform configuration
Bini = Bo with homogeneous chemical potential μd = μo = 0 J/mol, and homogeneous
stress Sd satisfying the boundary conditions.

7.3 Solved Problem on D

We solve the drying problem for a bidomain specimen cube whose top half is 50 times
stiffer than the bottom half. Three configurations of the specimen are shown in Fig. 1: at
preparation state Bo, the specimen has a cubic shape and is in free-swelling conditions (A).
By decreasing the external chemical potential, the configuration Bt of the specimen evolves
in time; the expulsion of liquid content is hampered by the fact that the soft part de-swells
much more than the stiff one, yielding a mismatch in the volume reduction (B). Drying
stops at final state B∞, and the specimen remains deformed and with stress (C). Finally, the
domain D used for the modeling is shown in (D). Color map is blue = stiff, red = soft. It is
worth noting that the specimen can never achieve such a shape.

Figure 10 (left) shows a sampling of volume elements: A) The current elements in Bτ

are deformed; B) All the free-swollen elements in Bo have a same size; C) All the domain
elements in D have a same size as well, and are smaller than those in Bo; D) Ground elements
associated to D have not same size, thus describing their different swelling properties. We
note that the volume elements at top are larger than that at bottom because they swell less:
in this example, the ground volume elements in the soft and in the stiff regions are stretched
by λos and λoh, respectively, with

λos = λdo

λgs

= 2.146

1
= 2.146 , λoh = λdo

λgh

= 2.146

1.428
= 1.5028. (7.137)

Thus, the stretch from dry to free swelling conditions is λos = 2.146 for the soft polymer,
and λoh = 1.5028 for the hard one. Figure 10 (right) shows the time course of the average
swelling ratio Jd in the soft (red, star) and stiff (green, circle) regions of the specimen. The
average swelling ratio for the whole specimen is in between (blue, square). Figure 11 shows
chemical potential μ (left) and current concentration cs = cd/Jd (right) along the current
vertical coordinate z = Zd + wd through the center of the cube, at t = 0,100, . . . ,700 s;
wd is the vertical component of the displacement ud . Chemical potential is smooth both at
initial and final times, and has jumps during the evolution; inset (a) shows a zoom of μ at
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Fig. 11 Chemical potential μ (left) and current concentration cs = cd/Jd (right) along the current vertical
coordinate z through the center of the cube, at t = 0,100, . . . ,700 s. Chemical potential is smooth both at
initial and final times, and has jumps during the evolution; inset (a) shows a zoom at t = 200 s. Concentration
always jumps. Dashed black lines show the thickness evolution; time runs from right to left

Table 1 Parameters for the 3D model

Ld = 1 [cm] edge length of cubic domain D
Rd = 1 [cm] radius and height of cylindrical domain D
Hd = Rd/50 = 0.2 [cm] skin thickness of cylindrical domain D
λdo = 2.146 initial stretch D → Bo

Lo = 2.146 [cm] edge length of free-swollen cube Bo

Ro = 2.146 [cm] radius of free-swollen cylinder Bo

λgs = 1 ground stretch for soft part

λgh = 1.428 ground stretch for hard part (cube)

λgh = 1.274 ground stretch for hard skin (cylinder)

Gds = 1 e6 [Pa] shear modulus soft part

Gdh = 50 × Gdc = 5 e7 [Pa] shear modulus stiff part (cube)

Gdh = 30 × Gdc = 3 e7 [Pa] shear modulus stiff part (cylinder)

χ = 0.2 Flory parameter

� = 1.8 e − 5 m3/mol water molar volume

d = 1 e − 6 m2/s diffusivity

Dμ = 0.41 mol/(m2 s) · mol/J transfer coefficient (Dμ = 1e9 [mol/m2] ·D/(R T )

τμ = 750 e2 s transition time of step function

R T = 2436 J/mol gas constant · room temperature

t = 200 s. Concentration always jumps. The thickness evolution is shown with dashed black
lines, and it ranges from � 2 cm at t = 0 s, to � 1.1 cm at final time; time runs from right to
left. The properties of the model are listed in Table 1.

7.4 Initial, Boundary Value Problem on Free-Swollen Configuration Bo

As done for D, also the free swollen domain Bo is split into two regions; each region is
the image under fd of the corresponding regions of D at t = 0: Bos = fd(Ds ,0) is the soft
region, and Boh = fd(Dh,0) is the hard one. It follows Bo = Bos ∪Boh; accordingly, we have
the three boundaries Sos = fd(Sds,0), Soh = fd(Sdh,0) and Soi = fd(Sdi ,0), see Sect. 6.

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



M. Curatolo et al.

The initial, boundary value problem on Bo × T writes as follows. The balance of forces is:

0 = divS , on Bo × T bulk balance;

S no = t , on ∂tBo × T control of traction;

u = ū , on ∂uBo × T control of displacement.

(7.138)

For the balance of liquid mass we shall always use a boundary condition as (5.110), where
	μ is the jump at the interface between two regions, or at the external boundary; the balance
is split into two groups of equations. On the soft region Bos we have:

ċs = −divh on Bos × T bulk balance;

q = − md

|F∗
do m| [μd(cs, Jgs,ps) − μext ] on Sos × T external flux;

q = − md

|F∗
do m| [μd(cs, Jgs,ps) − μd(ch, Jgh,ph) ] on Soi × T interface flux.

(7.139)

On the hard region Boh we have:

ċh = −divh on Boh × T bulk balance;

q = − md

|F∗
do m| [ (μd(ch, Jgh,ph) − μext ] on Soh × T external flux;

q = − md

|F∗
do m| [μd(ch, Jgh,ph) − (μd(cs, Jgs,ps) ] on Soi × T interface flux.

(7.140)
The remark (7.126) holds also for the boundary conditions (7.139), (7.140). Finally, we have
the volumetric constraint (3.29), re-written here:

J = Ĵ (c) = 1

Jo

+ �c , on Bo × T . (7.141)

7.5 Initial Conditions for Bini = f (Bo,0)

The initial configuration Bini is the domain Bo used for the modeling: Bini = Bo = f (Bo,0),
with Bo corresponding to μd . Given (6.115), the initial configuration Bini is characterized
by: the initial displacement uo = 0 in Bo; the initial concentration cso, pressure pso and
parameter Jgs in Bos ; the initial concentration cho, pressure pho and parameter Jgh in Boh. To
set these values, we use (5.85)3 for S and (5.95) for μ; we assume:

F(X,0) = I , trivial deformation in Bo;
Fg = λg I, ⇒ F∗

g = λ2
g I, spherical distortion in Bo;

Fo = Fdo F−1
g = λdo

λg

I, from spherical Fdo and Fg;

S(X,0) = 1

Jo

Sge FT
o − po F∗ = −patm F∗, stress balanced by atmospheric pressure;

μ(cso, Jgs,pso) = μo = 0, homogeneous chemical potential in Bos;
μ(cho, Jgh,pho) = μo = 0, homogeneous chemical potential in Boh;

(7.142)
To determine the right values of Jgs, Jgh, cso, cho and pso, pho we follow this algorithm:
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1. We set Jgs = 1, and we tune both Jdo and Jgh to get μ = 0 in both regions.
2. Given (7.142), the Neo-Hookean energy yields

S(X,0) = 1

Jo

Sge FT
o − po F∗ =

(
G

λλg

λdo

− po λ2

)
I = −patm λ2 I , with λ = 1;

(7.143)
it follows that we can represent pos , poh in terms of the parameter λdo and λg , obtaining
the same formulas as in (7.130):

pso = Gs

λgs

λdo

+ patm , pho = Gh

λgh

λdo

+ patm , (7.144)

with Gs , Gh the shear moduli in Bos and Boh, respectively.
3. Having assumed Jgs = 1, we start with the soft region. Using (3.29)2 we can set the initial

condition for cso:

cso = Jdo − Jgs

�Jdo

= Jdo − 1

�Jdo

. (7.145)

4. We use (5.95) to represent the initial chemical potential μo in the soft region as a function
of Jdo:

μ = μ(cso, Jgs,pos)

= R T

[
log

(
�Jdo cso

Jgs + �Jdo cso

)
+ χ J 2

gs

(Jgs + �Jdo cso)2
+ Jgs

Jgs + �Jdo cso

]
+ �pos

(7.146)
Solving μ(Jdo) = 0 yields Jdo and λdo = J

1/3
do .

5. Then, we move to the hard region to find cho:

cho = Jdo − Jgh

�
; (7.147)

6. We use again (5.95) to represent the initial chemical potential μo in the hard region as a
function of Jgh:

μ(cho, Jgh,poh) = μ(Jgh) . (7.148)

Solving μ(Jgh) = 0 yields Jgh and λgh = J
1/3
gh .

Eventually, we have the right values of λdo, λgs and λgh that yield a uniform configura-
tion Bini = Bo with homogeneous chemical potential μ = μo = 0 J/mol, and homogeneous
stress S satisfying the boundary conditions.

7.6 Skin Effect in a Cylindrical Body

We solve the drying problem for a cylindrical specimen, using as domain D a cylinder with
radius Rd , and same height. The cylinder has two hard domains Dh at the bases, and a soft
domain Ds in between. The hard domains Dh are both much thinner than the cylinder height,
and much stiffer with respect to the core, yielding the so called skin effect. Precisely, skin
is 30 times stiffer then the core, and its thickness is Hd = Rd/50. At preparation state Bo
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Fig. 12 Left: Four configurations Bt of the specimen at t = 0, 100, 300, 600 s; the shaded gray region in
panels (A) and (B) represents the domain D. Color legend shows swelling ratio Jd . Right: Two y-axis plot.
Left y-axis: Average swelling ratio J̄d versus time in the whole specimen (blue, square), in the hard skin
(green, circle) and in the soft core(red, star). Right y-axis: external chemical potential μext (black, dashed)
versus time. The four red dots on the time axis correspond to the four configurations in the right)

the specimen is a cylinder in free-swelling conditions; in this example, the ground volume
elements in the soft core and in hard skin are stretched by λos and λoh, respectively, with

λos = λdo

λgs

= 2.146

1
= 2.146 , λoh = λdo

λgh

= 2.146

1.274228
= 1.6843. (7.149)

Thus, the stretch from dry to free swelling conditions is λos = 2.146 for the soft core, and
λoh = 1.6843 for the hard skin. Geometric and materials properties of the model are listed
in Table 1.

As observed in the previous example, a decreasing of the external chemical potential
yields a mismatch between the hard skin and the soft core because the soft region de-swells
much more than the hard one: in-plane compression builds up in the skin until wrinkling
appears. Figure 12 (left) shows four configurations (only half configuration is displayed):
A) Initial configuration Bo. B) Current configuration Bt at t = 100 s; C) Bt at t = 300 s; the
effect of the skin is evident, and the bases initially flat are bended outward. D) Bt at t = 600
s. The skin yields grooves on both bases, and from now on this configuration remains almost
steady. Color legend shows the swelling ratio Jd ; the shaded gray region in panels (A) and
(B) represents the domain D.

Figure 12 (right) is a two y-axis plot. Left y-axis: Average swelling ratio J̄d versus time
in the whole specimen (blue, square), in the hard skin (green, circle) and in the soft core(red,
star). Right y-axis: external chemical potential μext (black, dashed) versus time. The four
red dots on the time axis correspond to the four configurations in the right.

8 Comparison Between the Two Modeling Strategies

In this section we solve the de-hydration problem for a sphere having an empty cavity, with
a soft core and a hard skin, under the assumption of spherical symmetry. In particular, we
solve a same problem using the two modeling approaches described insofar, that is using
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Table 2 Geometric Parameters for the 1D model

Rc = 3 [mm] radius cavity on Bo (free-swollen)

Ri = 14.25 [mm] radius core on Bo (free-swollen)

Re = 15 [mm] external radius on Bo (free-swollen)

Rdc = Roc/λdo = 2 [mm] radius cavity on D (domain)

Rdi = Roi/λdo = 9.5 [mm] radius core on D (domain)

Rde = Roe/λdo = 10 [mm] external radius on D (domain)

Table 3 Materials Parameters for the 1D model

λdo = 1.5 ratio diameter(Bo)/diameter(D)

Gdc = 2.12 e6 [Pa] shear modulus core

Gds = 50 × Gdc = 1.08 e8 [Pa] shear modulus skin

χ = 0.5 Flory parameter

� = 1.8 e − 5 m3/mol water molar volume

d = 1 e − 9 m2/s diffusivity

Dμ = 4 e − 4 mol/(m2 s) · mol/J transfer coefficient

patm = 1.01 e5 Pa atmospheric pressure

τμ = 1 e3 s transition time of step function

R T = 2436 J/mol gas constant · room temperature

as domain D × T or Bo × T ; the values of the geometric and materials parameters are in
Tables 2 and 3.

The two examples are solved with the Finite Elements Method (FEM) by using the soft-
ware COMSOL Multiphysics; the balance equations are written in weak form by mean of
the Weak Form physics interface, and we implement a time evolutive problem where the
only control is a time varying external chemical potential μext , given by

μext (t) = μo + (μ∞ − μo) s(t/τμ) , (8.150)

with s(·) a smooth, step-like function such that s(0) = 0 and s(1) = 1. We solve drying
problems, setting μo � 0 J/mol, and μ∞ � −1e4 J/mol, corresponding to a fully swollen
configuration and an almost dry one, respectively.

8.1 1D Model: Bi-Domain Sphere with Spherical Symmetry

Under the assumption of spherical symmetry, we have noteworthy simplifications: both D,
Bo and Bτ are represented by an interval, and the only non trivial component of the displace-
ment is the radial one; relation (3.7) rewrites as

r = Rd + ud(Rd, t) = R + u(R, t) , (8.151)

with Rd , R, and r the radial coordinate on D, Bo and Bt , respectively; we denote with a
prime the derivatives with respect to the radial coordinate, and with a superimposed dot the
time derivative. In the spherical basis, the deformation tensors are represented by diagonal
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Fig. 13 The body domain D is made of a soft core Ds , and hard skin Dh, that is D = Ds ∪ Dh. Radial
coordinate is Rd ; at the interface Rdi , the state variables concentration and pressure might jump. Bo and Bt

have a same geometry: Bo =Bos ∪Boh and Bt = Bts ∪Bth

matrices; we have:

Fd =

⎡
⎢⎢⎣

λdr 0 0

0 λdϑ 0

0 0 λdϑ

⎤
⎥⎥⎦ , F =

⎡
⎢⎢⎣

λr 0 0

0 λϑ 0

0 0 λϑ

⎤
⎥⎥⎦ , Fdo = λdo I, Fg = λg I, Fo = λ I ,

(8.152)
where the stretches in (8.152)1,2 are defined by:

On D : λdr = 1 + u′
d , radial stretch; λdϑ = 1 + ud

Rd

, hoop stretch;

On Bo : λr = 1 + u′, radial stretch; λϑ = 1 + u

R
, hoop stretch.

(8.153)

Note that (8.153) yields ud = (λdϑ − 1)Rd and u = (λϑ − 1)R. Also the determinants and
the composition of deformations simplifies as:

Jd = λdr λ2
dϑ , J = λr λ2

ϑ , Jo = λ3, Jg = λ3
g ;

Fd = F Fo Fg ⇒ λdr = λr λo λg, λdϑ = λϑ λo λg.

(8.154)

The domains D, Bo, and Bt are described as follows, see Fig. 13:

D = Ds ∪Dh = (Rdc,Rdi) ∪ (Rdi,Rde) ,

Bo = Bos ∪ Boh = (Rc,Ri) ∪ (Ri,Re) ,

Bt = Bts ∪ Bth = (rc, ri) ∪ (ri, re) ,

(8.155)

where Rdc , Rc , and rc are the cavity radii, Rdi , Ri , and ri are the interface radii, and Rde ,
Re , and re are the external radii. These three geometries are related by (see Fig. 14):

Rc = λdo Rdc, Ri = λdo Rdi, Re = λdo Rde ;

rc = Rdc + ud(Rdc, t) = Rc + u(Rc, t) = λdϑ(Rdc, t)Rdc = λϑ(Rc, t)Rc

ri = Rdi + ud(Rdi, t) = Ri + u(Ri, t) = λdϑ(Rdi, t)Rdi = λϑ(Ri, t)Ri

re = Rde + ud(Rde, t) = Re + u(Re, t) = λdϑ(Rde, t)Rde = λϑ(Re, t)Re

(8.156)
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Fig. 14 The big picture: cross sections of the bi-domain sphere; soft core is green, hard skin is blue. Top:
Current configuration Bt after drying (left); Free swollen configuration Bo (right). Bottom: Body domain D
(left); Ground state of core and skin (right). Green core and blue skin are disjoint at the ground state, that is
they are incompatibles at dry conditions

The ground density of elastic energy rewrites as:

ψge = ψge(λdr , λdϑ , λg) = Gd

2

[(
λdr

λg

)2

+ 2

(
λdϑ

λg

)2

− 3

]
on D;

ψgm = ψge(λr , λϑ ,λo) = Gd

2

[
(λdr λo)

2 + 2 (λdϑ λo)
2 − 3

]
on Bo;

(8.157)

8.2 The Initial, Boundary Value Problem on D = (Rdc,Rde)

We follow the same algorithm described in Sect. 7.1, and we rewrite only the equations
specific of spherical symmetry. The radial and hoop reference stresses (first Piola stress),
and the radial flux on D are given by:

Sdr = Sdr(λdr , λdϑ , λg) = Gd λdr λg − p λ2
dϑ , radial reference stress;

Sdϑ = Sdϑ(λdr , λdϑ , λg) = Gd λdϑ λg − p λdr λdϑ , hoop reference stress;

hdr = − d

RT

cd

λ2
g

μ′
d , radial reference flux .

(8.158)

The corresponding current stresses on Bt (Cauchy) are given by:

σr = σr(λdr , λdϑ , λg) = Gd

λdr λg

λ2
dϑ

− p , radial stress;

σϑ = σϑ(λdr , λdϑ , λg) = Gd

λg

λdr

− p , hoop stress.

(8.159)
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Let us note that the radial stress in spherical coordinates is given by

Sdr = Gd λdr

λ2
gϑ

λgr

− p λ2
dϑ . (8.160)

By assuming a spherical distortion λgϑ = λgr = λg , we get (8.158)1. The boundary load is a
pressure, both in the cavity and at the external boundary:

td = −pin F∗
d m at r = Rdc, td = −pext F∗

d m at r = Rde. (8.161)

8.2.1 Balance Equations on D = (Rdc,Rde)

We list all the balance equation in integral form (weak form) and with the hypothesis of
spherical symmetry. The balance of forces (4.51) yields the following integral contribution
for the whole interval D = (Rdc,Rde):

Idf (ũd , p̃, c̃dc, c̃ds) =
∫ Rde

Rdc

[ − Sdr · ũ′
d − 2

Rd

Sdϑ · ũd

]
4π R2

d dRd (8.162)

+ 4π R2
dc

[
patm λ2

dϑ · ũd

]
Rdc

(8.163)

− 4π R2
de

[
patm λ2

dϑ · ũd

]
Rde

. (8.164)

The balance of liquid content (4.40) splits into two integral contributions, coupled through
a condition at the interface Rdi . For the core the skin we have, respectively:

Idcc(ũd , p̃, c̃dc, c̃ds) =
∫ Rdi

Rdc

[ − ċdc · c̃dc + hdr · c̃′
dc

]
4π R2

d dRd (8.165)

+ 4π R2
di

[
md (μds − μdc)/hd · c̃dc

]
Rdi

;

Idcs(ũd , p̃, c̃dc, c̃ds) =
∫ Rde

Rdi

[ − ċds · c̃ds + hdr · c̃′
ds

]
4π R2

d dRd (8.166)

− 4π R2
di

[
md (μds − μdc)/hd · c̃ds

]
Rdi

− 4π R2
de

[
md (μds − μext )/hd · c̃ds

]
Rde

.

The final integral contribution enforces the volumetric constraint; we have one equation on
the whole domain D:

Idv(ũd , p̃, c̃dc, c̃ds) =
∫ Rde

Rdc

[
(Jd − (Jg + �cd) · p̃ ]

4π R2
d dRd . (8.167)

The weak balance equation writes as

Idf + Idcc + Idcs + Idv = 0 , ∀ ũd , p̃, c̃dc, c̃ds , (8.168)

with the test function ũd compatible with the kinematics boundary conditions. The ini-
tial conditions are found using the same algorithm described in Sect. 7.2. We note that
in (8.165)1 there is not a source contribution at Rd = Rdc , that is the internal cavity is not
permeable to solvent.
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8.3 The Initial, Boundary Value Problem on Bo = (Roc,Roe)

We follow the same algorithm described in Sect. 7.4, and we rewrite only the equations
specific of spherical symmetry. The radial and hoop reference stresses (first Piola stress),
and the radial flux on Bo are given by

Sor = Sor(λr , λϑ , λo) = Gd

λr

λo

− p λ2
ϑ , radial reference stress;

Soϑ = Soϑ(λr , λϑ ,λo) = Gd

λϑ

λo

− p λr λϑ , hoop reference stress;

hor = − 1

λ2
do

d

RT

Jdo c

λ2
g

μ′
d , radial reference flux .

(8.169)

The corresponding current stresses on Bt (Cauchy) are given by:

σr = σr(λr , λϑ ,λo) = Gd

λr

λo λ2
ϑ

− p , radial stress;

σϑ = σϑ(λr , λϑ,λo) = Gd

1

λo λr

− p , hoop stress.

(8.170)

8.3.1 Balance Equations on Bo = (Rc,Re)

We list all the balance equation in integral form (weak form) and with the hypothesis of
spherical symmetry. The balance of forces (4.54) yields the following integral contribution
for the whole interval Bo = (Rc,Re):

If (ũ, p̃, c̃c, c̃s) =
∫ Re

Rc

[ − Sr · ũ′ − 2

R
Sϑ · ũ ]

4π R2 dR (8.171)

+ 4π R2
c

[
patm λ2

ϑ · ũd

]
Rc

(8.172)

− 4π R2
e

[
patm λ2

ϑ · ũd

]
Re

. (8.173)

The balance of liquid content (4.43) splits into two integral contributions, coupled through
a condition at the interface Ri . For the core the skin we have, respectively:

Icc(ũd , p̃, c̃c, c̃s) =
∫ Ri

Rc

[ − ċc · c̃c + hdr · c̃′
c

]
4π R2 dR (8.174)

+ 4π R2
i

λ2
do

[
md (μs − μc)/hd · c̃c

]
Ri

,

(8.175)

and

Ics(ũ, p̃, c̃c, c̃s) =
∫ Re

Ri

[ − ċs · c̃s + hr · c̃′
s

]
4π R2 dR (8.176)

− 4π R2
i

λ2
do

[
md (μs − μc)/hd · c̃s

]
Ri
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Fig. 15 Polymer fraction at t/tf = 1/3 plotted on four different domains. Top left: current configuration
Bt ; Top right: free-swollen configuration Bo; Bottom left: body domain D; Bottom right: Ground state. It is
worth noting that the ground state is incompatible, that is the hard skin cannot stay attached to the soft core

− 4π R2
e

λ2
do

[
md (μs − μext )/hd · c̃s

]
Re

.

The final integral contribution enforces the volumetric constraint; we have one equation on
the whole domain Bo:

Iv(ũ, p̃, c̃c, c̃s) =
∫ Re

Rc

[(
J − (

1

Jo

+ �c)

)
· p̃ ]

4π R2 dR . (8.177)

The weak balance equation writes as

If + Icc + Ics + Iv = 0 , ∀ ũ, p̃, c̃c, c̃s , (8.178)

with the test function ũ compatible with the kinematics boundary conditions. The initial
conditions are found using the same algorithm described in Sect. 7.2.

The key results are summarized in Figures 15, 16, 17, and 18.

9 Conclusions

We presented a robust theoretical framework for understanding and predicting the behav-
ior of multi-domain biological materials undergoing drying/swelling phenomena. Many of
the notions used in the paper can be found scattered in many different papers, and in dis-
parate contexts. In particular, what is specifically new is the idea of applying the notion of
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Fig. 16 Top: Five configurations Bt at different times; colormap shows the swelling ratio Jd . Bottom: Time
evolution of the ratios re/Roe , ri/Roi , and rc/Roc . Upon drying, the internal cavity growths much larger
than the initial configuration

Fig. 17 Left: Current concentration cs versus the non dimensional current radius r/Re , at five times; the
concentration always jumps at the interface. Right: current hoop stress σϑ in the plane (r/Re, t/tf ); colormap
shows the intensity of the stress. We note that σϑ < (compression) in the skin and σϑ > 0 (tension) in the
core

multiplicative decomposition of the strain, originally developed for plasticity, to model the
swelling properties of a body made of two or more materials.

The theory has been fully developed and successfully tested on two prototypical phe-
nomena observed in edible matter, in particular in fruits and vegetables having a soft core
and a stiff skin.

Our model shows that instabilities and wrinkles formation depends on many factors;
among them, global geometry (cubic, spherical, cylindrical), domains geometry (core/skin,
top/bottom), many non-dimensional ratios as the thickness ratio, the stiffness ratio, and the
swelling ratio. Also dynamics is fundamental, as de-hydration or swelling might happen
very slowly or very fast with respect to the characteristic time of the specimen considered.
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Fig. 18 Time evolution of the liquid sources at the cavity qc and at the external boundary qe = (left y axis)
and of external chemical potential (right y axis)

This framework yields many clues to tackle the problem of the selection of the body
domain to describe swelling problems for other kinds of biological matter with non-
homogeneous mechanical and/or chemical properties, and shows that many different mod-
eling choices are possible, all yielding the same results.

As future directions, we envisage the possibility to apply this theory to the study of in-
stabilities and wrinkles formation during the dehydration of soft food material having a stiff
and thin skin, or having stiff inclusions inside soft bulk regions. Another interesting applica-
tion is the study of tessellated food materials, where domains with different properties make
a geometric pattern.
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