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We present the results of our lattice QCD computation of the electric (E,) and magnetic (M,) form fac-
tors relevant to the y,, — J/wy decay by using the gauge field configurations produced by the Extended
Twisted Mass Collaboration with N, =2+ 1+ 1 dynamical Wilson-Clover twisted mass fermions at four dif-
ferent lattice spacings with physical dynamical u , d, s and ¢ quark masses (except for the coarsest lattice for

which the lightest sea quark corresponds to a pion with m, ~ 175 MeV). In the continuum limit, we obtain
T'(x.; = J/w v) =0.3265(79) MeV, which agrees to (1 +2)c with the experimental results and disagrees with a
previous (unquenched) lattice QCD calculation. Our result for the magnetic quadrupole fractional transition am-

plitude, a, = M, /4/ El2 + M22 = —0.0666(22), is in agreement with the experiment and represents an improvement

by a factor of about 30 with respect to the only existing (quenched) lattice QCD result.

1. Introduction

In recent years, the radiative decays of heavy quarkonia have at-
tracted considerable phenomenological interest. The study of the so
called electric dipole (E1) and magnetic dipole (M1) transitions, such
as hyyy = fewyts J/w = n.y and Y — n,y, can give further insight in
the internal structure and dynamics of heavy quarkonium states, con-
veniently described by an appropriate effective field theory [1-4]. Fur-
ther motivation for studying these decay modes arises from the searches
of a light (flavorless) pseudoscalar state, originating from beyond the
Standard Model (BSM), that could either be a candidate for dark mat-
ter or act as a portal that mediates interaction between the Standard
Model (SM) fermions and the dark matter constituents. In that respect
the modes with #, ; in the final state are particularly interesting, as the
observed state could be a mixture of the genuine #,, (SM) and the light
BSM pseudoscalar boson. To disentangle such a mixing, it is essential
to keep the SM amplitude under theoretical control, which is where
lattice QCD provides a key contribution. In that context we recently
investigated the 1t~ — 0™t + y decay, both in the case of charmonia
and bottomonia, which allowed us to predict for the first time the full
width of the h;, meson, I'(h,) = (88 + 13) keV, and to improve I'(h, —
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n.y) by more than a factor of two with respect to the previous lattice
calculations.’

In this paper, instead, we focus on the 1** — 17"y channel; the
Xe1 = J/w v decay mode. That channel is interesting because it has
been studied experimentally in great detail so that a comparison be-
tween theory (lattice QCD) and experiment, without involving weak
interaction, can provide a fine verification of the validity of the preci-
sion lattice QCD computation of hadronic quantities. Regarding exper-
iment, the decay width of this channel has been measured by the Fer-
milab collaborations [5,6] and the current average is B(y,; — J/y v) =
(34.3 + 1.3)% [7]. The charm factories at CLEO [8] and BES-III [9] went a
step beyond and made an accurate angular analysis of decays of the y,,
resonances, which then allowed them to extract the so called magnetic
quadrupole fractional amplitude,

M,

/g2 7
Er+M;

1 We use the standard spectroscopic notation to label the states, J "¢, where
J stands for the quantum number associated to the angular momentum (spin),
while P and C correspond to state’s parity and charge conjugation, respectively.
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$\chi _{c1}\to J/\psi \ \gamma $


$h_{c(b)} \rightarrow \eta _{c(b)} \gamma $


$J/\psi \to \eta _{c}\gamma $


$\Upsilon \to \eta _{b}\gamma $


$\chi _1$


$\chi _2$


$\bar {p}p$


$\chi _1(1^3P_1)$


$\chi _2(1^3P_2)$


$p\bar {p}$


$\psi (3686)\rightarrow \gamma \chi _{c1,2}$


$\chi _{c1,2}\to \gamma J/\psi $


$\eta _{c}(2S)\to \gamma J/\psi $


$\chi _{c1}\rightarrow {J/\psi \gamma }$


$N_f=2$


$J/\psi \to \eta _c\gamma $


$h_c\to \eta _c\gamma $


$h_{c}\to \eta _{c}\, \gamma $


$h_{b}\to \eta _{b}\, \gamma $


$\eta _{c,b}$


$\eta _{c,b}$


$1^{+-} \to 0^{-+} + \gamma $


$h_{b}$


$\Gamma (h_{b}) = (88 \pm 13)~\mathrm {keV}$


$\Gamma (h_{c}\to \eta _{c}\gamma )$


$J^{PC}$


$J$


$P$


$C$


$1^{++}\to 1^{--}\gamma $


$\chi _{c1}\to J/\psi \ \gamma $


$\mathcal {B}(\chi _{c1} \to J/\psi \ \gamma ) = (34.3\pm 1.3)\%$


$\chi _{cJ}$


\begin {align}\label {eq:a2} a_{2} = \frac {M_{2}}{\sqrt {E_{1}^{2} + M_{2}^{2}}}~,\end {align}


$E_{1}\equiv E_1(0)$


$M_{2}\equiv M_2(0)$


$\chi _{c1}\to J/\psi \ \gamma $


$a_{2}^{\rm CLEO} =-0.0626(67)$


$a_{2}^{\rm BES-III} = -0.0740(47)$


$O(10\,\%)$


$O(6\,\%$


$1.4\sigma $


$E_{1}(q^2)$


$M_{2}(q^2)$


$q^2\neq 0$


$E_{1}$


$M_{2}$


$q^2=0$


$a_{2}$


$E_{1}(0)$


$\Gamma (\chi _{c}\to J/\psi \ \gamma ) = 0.27(7)~{\rm MeV}$


$N_{f}=2$


$\Gamma (\chi _{c1}\to J/\psi \ \gamma ) = (73\pm 20)~{\rm keV}$


$\Gamma (\chi _{c1}\to J/\psi \ \gamma )^\mathrm {exp} = 0.288(18)~\mathrm {MeV}$


$E_{1}$


$M_{2}$


$a\in [0.058-0.09]$


$\chi _{c1}$


$J^{PC} = 1^{++}$


$J^{PC}=1^{--}$


$J^{PC} = 1^{+-}$


$\chi _{c1}$


$O(1-3\,\%)$


\begin {align}\Gamma (\chi _{c1}\to J/\psi \ \gamma ) &= 0.3265(79)~{\rm MeV}, \;a_{2} = -0.0666(22). \label {Xeqn1-2}\end {align}


$\chi _{c1}$


$J/\psi $


$J/\psi $


$\chi _{c1}$


$E_{1}$


$M_{2}$


$\chi _{c1}\to J/\psi $


$\chi _{c1} \to J/\psi \gamma ^\ast $


\begin {align}\label {eq:def-trans-ff} &\langle J/\psi (k,\varepsilon ) | J^{\mu }_{\rm em} | \chi _{c1}(p,\eta ) \rangle \nonumber \\ &\qquad = \frac {iQ_{c}}{4\sqrt {2}\ \Omega (q^2)} \epsilon ^{\mu \nu \rho \sigma } (p - k)_\sigma \times \Bigg \{ 2\left [ E_1(q^2) \right .\left . +\, M_{2}(q^{2})\right ] (\eta ^\ast \cdot k) \, \varepsilon _{\nu } (p+k)_\rho \nonumber \\ &\qquad + 2 \frac {m_{J/\psi }}{m_{\chi _{c1}}}\left [ E_{1}(q^{2})-M_{2}(q^{2})\right ] (\varepsilon \cdot p) \eta ^\ast _{\nu }\, (p+k)_\rho \nonumber \\ &\qquad + \frac {C_{1}(q^2)}{\sqrt {q^2}} \bigg [ - 4 \Omega (q^2) \, \eta ^\ast _{\nu } \varepsilon _{\rho } + \bigg [ \left (m_{\chi _{c1}}^2-m_{J/\psi }^2 + q^2\right ) \nonumber \\ &\qquad \,\,( \eta ^\ast \cdot k)\; \varepsilon _{\nu } + \left (m_{\chi _{c1}}^2 - m_{J/\psi }^2 -q^2\right ) (\varepsilon \cdot p) \; \eta ^\ast _{\nu } \bigg ] \, (p+k)_\rho \bigg ]\Bigg \},\end {align}


$J^{\mu }_{\rm em}$


\begin {equation}\label {eq:em-current} J^{\mu }_{\text {em}}(x) = \!\!\sum _{f=u,d,s,c} \!\! J_{f}^{\mu }(x) = \!\!\sum _{f=u,d,s,c} \!\! Q_f \, \bar {q}_f(x) \gamma ^{\mu } q_f(x),\end {equation}


$q_f(x)$


$Q_f$


$e = \sqrt {4\pi \alpha _\mathrm {em}}$


$p$


$k$


$\chi _{c_1}$


$J/ \psi $


$\eta $


$\varepsilon $


$E_1(q^2)$


$M_2(q^2)$


$C_1(q^2)$


$q^2=(p-k)^2$


$\Omega (q^{2}) = (p\cdot k)^{2} - m_{J/\psi }^{2} m_{\chi _{c1}}^{2}$


$C_{1}\equiv C_{1}(0)$


$\chi _{c1} \to J/\psi \gamma $


$E_{1}$


$M_{2}$


\begin {align}\label {eq:decay-rate-charm} \Gamma \left ( \chi _{c1} \to J/\psi \gamma \right ) = \frac {Q_{c}^{2}}{3}\alpha _{\rm em}\frac { m_{\chi _{c1}}^{2} - m_{J/\psi }^{2}}{2 m_{\chi _{c1}}}\,\bigl ( \, |E_{1}|^{2} + |M_{2}|^{2} \, \bigr ).\end {align}


$N_{f}=2+1+1$


$O(a)$


$N_{f}=2+1+1$


$a$


$L/a$


$am_{c}$


$Z_V$


$N_{g}$


$N_{s}$


$m_{\pi }\simeq 175~{\rm MeV}$


\begin {align}\label {eq:tm-action} S = \sum _{f=u,d,s,c}\sum _{x} \bar {q}_{f}(x) \biggl [ \gamma _{\mu }\bar {\nabla }_{\mu }[U] -ir_{f}\gamma ^{5}(W^{\rm cl}[U] + m_{\rm cr}) + m_{f} \biggr ] q_{f}(x)~,\end {align}


$W^{\rm cl}[U]$


$m_{\rm cr}$


$m_{f}$


$f$


$m_{u}=m_{d}=m_{l}$


$r_{f}=\pm 1$


$f$


$m_{c}$


$m_{D_{s}}= 1968$


$\chi _{c1}$


$\mathbf {p}=0$


$q^2=0$


$J/\psi $


\begin {align}\label {eq:momentum-JPsi} |\mathbf {k}| = \frac { m_{\chi _{c1}}^{2} -m_{J/\psi }^{2} }{2m_{\chi _{c1}}} \simeq 389.4~\mathrm {MeV}\,.\end {align}


$E_{1}$


$M_{2}$


\begin {align}\label {eq:three-point} C_{\text {3pt}}^{ijk}(t_{\chi }; t_{J}) = \sum _{\mathbf {x}, \mathbf {y},\mathbf {z}} e^{i\mathbf {k}(\mathbf {x}-\mathbf {y})} \left \langle 0 \left | \mathcal {O}_{J/\psi }^{i}(\mathbf {x}, 0) J^{j}_{\rm em}(\mathbf {y}, -t_{J}) \mathcal {O}_{\chi _{c1}}^{k \dagger }(\mathbf {z}, -t_{\chi }) \right | 0 \right \rangle ~,\end {align}


$\mathcal {O}_{J/\psi }^{i}$


$\mathcal {O}_{\chi _{c1}}^{k}$


$J/\psi $


$\chi _{c1}$


\begin {equation}\label {eq:interpolators} \begin {split} \mathcal {O}_{J/\psi }^{i}(\mathbf {x},t) &= \sum _{\mathbf {y}}\bar {q}_{c}(\mathbf {x},t) G_{t}^{n}(\mathbf {x},\mathbf {y}) \gamma ^{i} q_{c}(\mathbf {y},t) , \\ \mathcal {O}_{\chi _{c1}}^{k}(\mathbf {x},t) &= \sum _{\mathbf {y}}\bar {q}_{c}(\mathbf {x},t) G_{t}^{n}(\mathbf {x},\mathbf {y}) \gamma ^{k}\gamma ^{5} q_{c}(\mathbf {y},t) , \end {split}\end {equation}


\begin {align}\label {eq:G-def} G_{t}(\mathbf {x},\mathbf {y}) = \frac {1}{1+ 6\kappa }\bigl [ \delta _{\mathbf {x},\mathbf {y}} + \kappa H_{t}(\mathbf {x},\mathbf {y}) \bigr ],\end {align}


$H_{t}(\mathbf {x},\mathbf {y})$


\begin {align}\label {eq:H} H_{t}(\mathbf {x}, \mathbf {y}) = \sum _{\mu =1}^{3}\bigl [ U^{\star }_{\mu }(\mathbf {x},t)\delta _{\mathbf {x}+\hat {\mu },\mathbf {y}} + U^{\star \dagger }_{\mu }(\mathbf {x}-\hat {\mu },t)\delta _{\mathbf {x}-\hat {\mu },\mathbf {y}} \bigr ],\end {align}


$U^{\star }_{\mu }(x)$


$\kappa =0.4$


$n$


$r_{0}= a\sqrt {n}/\sqrt {\kappa ^{-1}+6} \simeq 0.15~{\rm fm}$


$J/\psi $


$\chi _{c1}$


$\mathbf {k}$


$\mathbf {k} = (0,0,|\mathbf {k}|)$


$O_{\chi _{c1}}^{k,\dagger }$


$\chi _{c1}$


$\eta ^{\mu }_{k} = \delta ^{\mu }_{k}$


$k=1,2,3$


$O_{J/\psi }^{i}$


$J/\psi $


$\varepsilon ^{\mu }_{i} = \delta ^{\mu }_{i}$


$i=1,2$


$\varepsilon _{3} = ( \alpha , 0, 0,\sqrt {1+\alpha ^{2}})$


$i=3$


$\alpha = |\bs {k}|/m_{J/\psi }$


$J_{c}^{\mu }$


$C_{\rm 3pt}^{ijk}(t_{\chi };t_{J})$


$\mathbf {k}$


$U_{\mu }(x)$


\begin {align}\label {eq:twisted-gauge} U_\mu (x) \rightarrow U^\theta _\mu (x) = e^{i a\theta _{\mu } / L} U_\mu (x), \quad \theta _\mu = (0, \vec {\theta }),\end {align}


$\vec {\theta }$


\begin {align}\label {eq:theta} \vec {\theta }=( 0, 0 , \theta _{z}^{c}) , \qquad \theta _{z}^{c} = \frac {L}{\pi }|\bs {k}|.\end {align}


$S_{c}(x,y)$


$S_{c}^{\theta }(x,y)$


$U_{\mu }(x)$


$U_{\mu }^{\theta }(x)$


$C_{\rm 3pt}^{ijk}(t_{\chi }; t_{J})$


$\kappa =0$


\begin {align}\label {eq:3pt-explicit} C_{\rm 3pt}^{ijk}(t_{\chi }, t_{J}) = 2 \sum _{\mathbf {x},\mathbf {y},\mathbf {z}} \left \langle \tr \left [ S_{c}(x, z) \gamma ^{k}\gamma ^{5} S_{c}(z,y) \gamma ^{j} S_{c}^{\theta }(y, x) \gamma ^{i} \right ] \right \rangle ,\end {align}


$x=(\mathbf {x},0)$


$y=(\mathbf {y}, -t_{J})$


$z=(\mathbf {z}, -t_{\chi })$


$\tr \left [ \dots \right ]$


$\langle \dots \rangle $


$\rm {SU}(3)$


$U_{\mu }(x)$


$\mathbf {x}$


$N_{s}$


$t=0$


$S_{c}(x,z)$


$S_{c}(z,x)$


$\gamma ^{5}$


$\mathcal {O}_{J/\psi }$


$\mathcal {O}_{\chi _{c1}}$


$J_{c}^\mu $


$r_{+}=\pm 1$


$r_{-}= \pm 1$


$r_{+}=-r_{-}$


$r_{+} = r_{-}$


$O(a^{2})$


$h_{c}$


$J^{PC} = 1^{+-}$


$J^{PC} = 1^{--}$


$1^{++}$


$P$


$G$


$P\times G$


$1^{++}$


$1^{--}$


$O_{\chi _{c1}}^{k\dagger }$


$r_{+} = r_{-})$


$C$


$J^{PC} = 1^{--}$


$J^{PC} = 1^{+-}$


$O_{\chi _{c1}}^{k\dagger }$


$O_{\chi _{c1}}$


$O_{J/\psi }$


$J/\psi $


$J^{PC}=1^{+-}$


$J/\psi $


$Z_{V}(g_{0}^{2})$


$E_{1}$


$M_{2}$


$\mathcal {O}_{J/\psi }^{i}$


$\mathcal {O}^{j}_{\chi _{c1}}$


\begin {align}\label {eq:2pt-def} C_{2,J/\psi }^{i}(t) &= \sum _{\mathbf {x}} e^{i\mathbf {k}\mathbf {x}} \left \langle 0 \left | \mathcal {O}_{J/\psi }^{i}(\mathbf {x}, t) \mathcal {O}_{J/\psi }^{i \dagger }(\mathbf {0}, 0) \right | 0 \right \rangle , \nonumber \\ C_{2,\chi _{c1}}^{k}(t) &= \sum _{\mathbf {x}} \left \langle 0 \left | \mathcal {O}_{\chi _{c1}}^{k}(\mathbf {x}, t) \mathcal {O}_{\chi _{c1}}^{k \dagger }(\mathbf {0}, 0) \right | 0 \right \rangle ,\end {align}


$t$


\begin {align}\label {eq:2pt-asympt} C_{2,J/\psi }^{i}(t) &= \frac {\left |Z_{J/\psi }^{i}\right |^2}{2 E_{J/\psi }} \left ( e^{-E_{J/\psi } t} + e^{-E_{J/Psi} (T-t)} \right ) + \ldots , \nonumber \\ C_{2,\chi _{c1}}^{k}(t) &= \frac {\left |Z_{\chi _{c1}}^{k}\right |^2}{2 m_{\chi _{c1}}} \left ( e^{-m_{\chi _{c1}} t} + e^{-m_{\chi _{c1}} (T-t)} \right ) + \ldots ~,\end {align}


$m_{\chi _{c1}}$


$E_{J/\psi }$


\begin {equation}\begin {split} Z_{J/\psi }^{i} &= \left \langle 0 \left | \mathcal {O}_{J/\psi }^{i} \right | J/\psi (k,\varepsilon _{i}) \right \rangle , \\ Z_{\chi _{c1}}^{k} &= \left \langle \chi _{c1}(p,\eta _{k} ) \left | \mathcal {O}^{k\dagger }_{\chi _{c1}} \right | 0 \right \rangle \,. \end {split} \label {Xeqn6-17}\end {equation}


$0 \ll t \ll T$


$C_{2,J/\psi }^{i}(t)$


$\mathbf {k}=\bf {0}$


$m_{J/\psi }$


$Z_{\chi _{c1}}^{1}=Z_{\chi _{c1}}^{2}=Z_{\chi _{c1}}^{3}$


$Z_{J/\psi }^{1} = Z_{J/\psi }^{2}$


\begin {equation}\label {eq:FF-estimators} \begin {split} \overline {E}_{1}(t_{\chi }; t_{J}) =& \frac {i Z_{V}\left (g_0^2\right )}{\sqrt {2}Q_{c}} 4 \, E_{J/\psi } \ e^{E_{J/\psi }t_{J}} \ e^{m_{\chi _{c1}}(t_{\chi }-t_{J})} \\ &\quad \times \left [ \frac {C_{\rm 3pt}^{213}(t_{\chi };t_{J})}{{Z^{2}_{J/\psi } Z^{3}_{\chi _{c1}}}} - \frac {C_{\rm 3pt}^{312}(t_{\chi };t_{J})}{Z^{3}_{J/\psi } Z^{2}_{\chi _{c1}}} \right ], \\[10pt] \overline {M}_{2}(t_{\chi }; t_{J}) =&\frac {i Z_{V}\left (g_0^2\right )}{\sqrt {2}Q_{c}} 4 \, E_{J/\psi } \ e^{E_{J/\psi }t_{J}} \ e^{m_{\chi _{c1}}(t_{\chi }-t_{J})} \\ & \quad \times \left [ \frac {C_{\rm 3pt}^{213}(t_{\chi };t_{J})}{{Z^{2}_{J/\psi } Z^{3}_{\chi _{c1}}}} + \frac {C_{\rm 3pt}^{312}(t_{\chi };t_{J})}{Z^{3}_{J/\psi } Z^{2}_{\chi _{c1}}} \right ], \end {split}\end {equation}


$E_{1}$


$M_{2}$


\begin {equation}\begin {split} \overline {E}_{1}(t_{\chi }; t_{J}) \xrightarrow {\begin {array}{c} \scriptstyle t_{J} \to \infty \\ \scriptstyle t_{\chi } - t_{J} \to \infty \end {array}} E_{1}\,~, \\ \overline {M}_{2}(t_{\chi }; t_{J}) \xrightarrow {\begin {array}{c} \scriptstyle t_{J} \to \infty \\ \scriptstyle t_{\chi } - t_{J} \to \infty \end {array}} M_{2}\,. \end {split} \label {Xeqn8-19}\end {equation}


$C_{\rm 3pt}^{ijk}(t_{\chi };t_{J})$


$J/\psi $


$t=0$


$-t_{J} < 0$


$-t_{\chi } \ll -t_{J}$


$\chi _{c1}$


$\chi _{c 1}$


$t_{J}$


$J/\psi $


$J/\psi $


$t_{J}$


$C_{\rm 3pt}^{ijk}(t_{\chi }; t_{J})$


$|t_{\chi }-t_{J}|$


$e^{-(E_{J/\psi }-m_{\eta _{c}})} \simeq e^{-\Delta _{c}t}$


$\Delta _{c}\simeq 113~{\rm MeV}$


$t_{J} \simeq 1.6, 2.4~\mathrm {fm}$


$C_{2,\chi _{c1}}^{k}(t)$


$C_{2,J/\psi }^{i}(t)$


$|\bs {k}|=0$


$C_{2,\chi _{c1}}^{k}(t)$


$C_{2,J/\psi }^{i}(t)$


$|\bs {k}|=0$


$C_{2,\chi _{c1}}^{k}(t)$


$J/\psi $


$C$


$J/\psi $


$\chi _{c1}$


$J/\psi $


$\chi _{c1}$


$m_{D_{s}} =1968~\mathrm {MeV}$


$m_{J/\psi }$


$m_{\chi _{c1}}$


$C_{2,J/\psi }^{i}(t)$


$e^{-\Delta _{c}t}$


$J/\psi $


$C_{2,\chi _{c1}}(t)$


$m_{\chi _{c1}}$


$\simeq 0.6\,\%$


$m_{J/\psi }$


$m_{\chi _{c1}}$


$m_{J/\psi }$


$m_{\chi _{c 1}}$


$a\to 0$


$a^{2}$


$\chi ^{2}$


$a^{4}$


$a^{2}$


\begin {equation}\label {eq:etac-hc-cont-val} \begin {split} m_{J/\psi } &= 3.1052(95)~\mathrm {GeV},\\[1.5 ex] \qquad m_{\chi _{c1}} &= 3.521(12)~\mathrm {GeV}, \end {split}\end {equation}


$m_{J/\psi }^\mathrm {exp} = 3.096900(6)~\mathrm {GeV}$


$m_{\chi _{c1}}^\mathrm {exp} = 3.51067(5)~\mathrm {GeV}$


$(0.3\div 0.4)\%$


$E_{1}$


$M_{2}$


$\bs {k}$


$m_{J/\psi }$


$m_{\chi _{c1}}$


$O(a^{2})$


$\bs {k}$


$1\,\%$


$O(a^{2})$


$-t_{J}$


$C_{\rm 3pt}^{ijk}(t_{\chi }; t_{J})$


$t_{\chi }$


$t_{J}$


$J/\psi $


$C_{\rm 3pt}^{ijk}(t_{\chi }; t_{J})$


$t_{J} \sim 1.6, 2.4~\mathrm {fm}$


$\overline {E}_{1}(t_{\chi }, t_{J})$


$\overline {M}_{2}(t_{\chi }, t_{J})$


$t_{J} \simeq 1.6~\mathrm {fm}$


$t_{J} \simeq 2.4~\mathrm {fm}$


$t_{J}\simeq 2.4~\mathrm {fm}$


$\overline {E}_{1}(t_{\chi }; t_{J})$


$\overline {M}_{2}(t_{\chi }; t_{J})$


$E_{1}$


$O(1\sigma )$


$t_{J}$


$t_{J} \simeq 1.7~\mathrm {fm}$


$\Delta E_{1}$


$\Delta M_{2}$


\begin {equation}\begin {split} \Sigma _{F} = | F(t_{J}\simeq 2.4~{\rm fm}) - F(t_{J} \simeq 1.6~{\rm fm}) |~, \\ \Delta F = \Sigma _{F} \cdot {\rm erf}\left (\frac {\Sigma _{F}}{\sqrt {2} \sigma _{\Sigma _{F}}}\right )~,\quad F=E_{1},M_{2}~, \end {split} \label {Xeqn10-21}\end {equation}


$\sigma _{\Sigma _{F}}$


$\Sigma _{F}$


${\rm erf}(x)$


$\Delta E_{1}$


$\Delta M_{2}$


$\overline {E}_{1}(t_{\chi }; t_{J})$


$\overline {M}_{2}(t_{\chi }; t_{J})$


$t_{J}$


$\overline {E}_{1}(t_{\chi }; t_{J})$


$\overline {M}_{2}(t_{\chi }; t_{J})$


$J_{\rm em}^{2}$


$E_{1}$


$O(1\div 2\,\%)$


$M_{2}$


$O(10-15\,\%)$


$\sim 0.5~{\rm fm}$


$E_{1}$


$M_{2}$


$E_{1}$


$M_{2}$


$a^{2}$


$E_{1}$


$M_{2}/E_{1}$


$a^2$


$\chi ^{2}$


$0.3$


$0.9$


$E_{1}$


$M_{2}/E_{1}$


$\chi ^{2}/\mathrm {dof}\simeq 0.3$


$E_{1}$


$\chi ^{2}/\mathrm {dof}\simeq 0.9$


$M_{2}/E_{1}$


\begin {align}\label {eq:FFs} \boxed {E_{1} = 0.879(11),\qquad \frac {M_{2}}{E_{1}}= -0.0668(22).}\end {align}


$E_{1}$


$1.2\,\%$


$M_{2}/E_{1}$


$3\,\%$


\begin {align}\label {eq:final-decay-rate-charmonium} \Gamma (\chi _{c1}\to J/\psi \ \gamma ) = 0.3265(79)~\mathrm { MeV},\end {align}


$\alpha _\mathrm {em}^{-1} = 137.036$


$E_{1}$


$M_{2}$


$E_{1}$


$1.1\sigma $


$\Gamma (\chi _{c1}\to J/\psi \,\gamma )^{\rm {\exp }} = 0.302(21) ~{\rm MeV}$


$\mathcal {B}(\chi _{c1}\to J/\psi \gamma )^{\rm {\exp }} = (34.3\pm 1.3)\%$


$\Gamma (\chi _{c 1}) = 0.88(5)~{\rm MeV}$


$\Gamma (\chi _{c 1}) = 0.84(4)~{\rm MeV}$


$\Gamma (\chi _{c1}\to J/\psi \,\gamma )^{\rm {\exp }} = 0.288(18) ~{\rm MeV}$


$2\sigma $


$\Gamma (\chi _{c1}\to J/\psi \,\gamma )$


$N_f=2$


$\Gamma (\chi _{c 1}\to J/\psi \, \gamma ) = 0.270(70)~\mathrm {MeV}$


$\Gamma (\chi _{c 1}\to J/\psi \, \gamma ) = 0.070(20)~{\rm MeV}$


$\chi _{c1}$


$J/\psi $


$a_{2}$


\begin {align}a_2=-0.0666(22)\,.\end {align}


$e^+e^- \to \psi (nS) \to \chi _{c 1}\gamma $


$\chi _{c 1}\to J/\psi \, \gamma \to e^+e^- \gamma $


$a_{2}^\mathrm {exp}=-0.067(9)$


$a_{2}=-0.09(7)$


$a_{2}=-0.20(6)$


$q^2=0$


$M_{2}(q^2)/E_{1}(q^2)$


$q^{2}=0$


$a_{2}$


$\Gamma \bigl (\chi _{c1}\to J/\psi \,\gamma \bigr )$


$\Gamma (\chi _{c1}) = 0.88(5)~{\rm MeV}$


$\Gamma (\chi _{c1}) = 0.84(4)~{\rm MeV}$


$a_{2}$


$\chi _{c 1}\to J/\psi \, \gamma $


$N_{f}=2+1+1$


$J^{PC}=1^{++}$


$\chi _{c 1}$


$J/\psi $


$J^{PC}=1^{--}$


$q^2=0$


$J/\psi $


$E_1$
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$a^2$
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$a_2$


$\rm {SU}(3)$


$\alpha $

https://orcid.org/0009-0002-2847-0736
https://orcid.org/0000-0001-5746-0065
https://orcid.org/0000-0002-4572-864X
https://orcid.org/0000-0002-4565-9680
https://orcid.org/0000-0002-1333-745X
https://orcid.org/0000-0001-5571-7971
mailto:damir.becirevic@ijclab.in2p3.fr
mailto:roberto.dipalma@uniroma3.it
mailto:frezzotti@roma2.infn.it
mailto:giuseppe.gagliardi@roma3.infn.it
mailto:vittorio.lubicz@roma3.infn.it
mailto:francesco.sanfilippo@infn.it
mailto:nazario.tantalo@roma2.infn.it
https://doi.org/10.1016/j.physletb.2025.139811
https://doi.org/10.1016/j.physletb.2025.139811
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2025.139811&domain=pdf
http://creativecommons.org/licenses/by/4.0/

D. Becirevi¢ et al.

where E| = E;(0) and M, = M,(0) are respectively the electric and mag-
netic form factors describing y.; — J/w y (see Eq. (3) below). The re-
sults obtained by CLEO and BES-III, a$"F° = —0.0626(67) and a5~ =
—0.0740(47), have an accuracy of O(10%) and O(6 %), and differ from
each other by 1.4c.

Concerning the previous lattice QCD studies, this mode has been
elaborated for the first time in Refs. [10,11] where the computation of
the relevant form factors has been performed on a single (anisotropic)
lattice in the quenched approximation. Note that they computed the
form factors E,(q%) and M,(q?) at ¢*> # 0, and then extrapolated them to
E, and M,, corresponding to the on-shell photon (¢% = 0). For that rea-
son they could not provide a reliable determination of a,. Instead, for the
decay rate, which is dominated by the electric form factor E,(0), they
reported I'(y, — J/w y) = 0.27(7) MeV. To date the only unquenched
result for this decay has been reported in Ref. [12], obtained by using
the gauge field configurations with N, = 2 twisted mass quarks at two
lattice spacings. The decay rate was estimated to be I'(y,; — J/y y) =
(73 + 20) keV, thus much smaller than both the result of Ref. [11], and
the experiment I'(y,; — J/y y)*P = 0.288(18) MeV [7].

In this work we seek to improve on the lattice results by performing a
high precision calculation of both E; and M, form factors. In so doing we
employ four different lattice spacings in the range a € [0.058 — 0.09] fm.
A particularly subtle point, when dealing with twisted mass quarks, is
to choose an appropriate interpolating operator for the y,, state, i.e.
the one that avoids mixing of the desired JPC = 1** with unwanted
JPC =17~ and/or JPC = 17~ states, which are lighter and thus would
obstruct the overlap with y,,. Such a mixing is due to the parity break-
ing in the twisted mass QCD formulation and therefore it can show up
even at zero three-momentum. We will show that this problem can be
solved, and then through a high-statistics computation of the relevant
two- and three-point correlation functions we determine both the elec-
tric and magnetic form factors with O(1 — 3 %) accuracy. We anticipate
our final results, namely

(. = J/w 7) = 0.3265(79) MeV, a, = —0.0666(22). )

The remainder of this paper is organized as follows. In Section 2
we discuss the lattice setup employed for the determination of the two
relevant form factors, focusing in particular on the choice of the inter-
polating operators adopted to isolate the y,; and the J/y. In Section 3
we present the results of our analysis of the J/y and y,, masses, as well
as the results for the two form factors E; and M,, including the discus-
sion of all systematic effects including those associated with the correct
isolation of the initial and final hadronic states and with the continuum-
limit extrapolation. Finally, in Section 4, we compare our results with
experimental measurements and existing theoretical calculations, and in
Section 5 we present our conclusions and discuss directions for future
improvements.

2. ¥ — J/w Form factors and lattice setup

We adopt the following decomposition of the transition matrix ele-
ment describing the decay y,, — J/wy* [101]:

(I w1l 2e1 (0. 1))
= 'Q—fe'”'"’(p —k)y X {2[15l (@) + My (" - k) e, (p+ k),
42 Q(¢?)
zml/w

My

C 2
+ 1(q7)
qZ

+ [Ei(@®) = My(@)] (e - pin; (p+ 1K),
|- saainie, + | (o2, =0t +?)

0 b (o, iy, = e p| o) } ®
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where J/, is the electromagnetic current,

T = Y T =) 0 t0r'a,x), 4

f=ud.s.c f=uds.c

with the sum running over all quark flavors, g ,(x) being the quark field,
and O r its electric charge in units of e = \/47a,,,. In Eq. (3), p and k
are the momenta of y, and J/y respectively, while # and ¢ are their
respective polarization vectors. Finally, E;(¢%), M,(¢*) and C,(¢?) are
the form factors, functions of ¢ = (p — k)?, while the kinematic func-
tion Q(q2) = (p- k)? — mi /Wmfm. The form factor C, = C;(0) does not
contribute to the matrix element of the physical y,, - J/wy and will
not be discussed in the following. Note also that we slightly modified
the decomposition of Refs. [10-12] in order to make both E; and M,
dimensionless. The decay rate then reads:

2 m2 —

. el

F()(cl - J/Wy) = 7 %m om

2
m-’/W (
3

Ael

|Ey|* + My ). &)

In our computation we use the gauge field configurations produced
by the Extended Twisted Mass Collaboration (ETMC) with N, =2+ 1+
1 dynamical Wilson-Clover twisted mass fermions which guarantees the
automatic O(a) improvement of parity-even observables [13,14]. Basic
information regarding the four lattice ensembles used in this work is
collected in Table 1, and further details can be found in Ref. [15]. For
the reasons that will become clear later on, in this work we employ the
mixed lattice action, a setup first introduced in Ref. [14] and then fur-
ther described in Ref. [15]. In other words, in contrast to the sea quarks,
the valence quark action is discretized with the so-called Osterwalder—
Seiler (OS) regularization, namely,

s= Zq,-(x)[ymw]—trfyS(W“[U]+mcr)+mf a0, (6)

f=uds,c x

where W*[U] is the Wilson-Clover term [16], m,, is the critical mass,
m, the quark mass of the flavor f (with m, =m,; =m), and r, = £1
is the sign of the twisted-Wilson parameter for the flavor f. At each
lattice spacing, the charm quark mass m, has been tuned to reproduce
mp, = 1968 MeV.

We work in the y,, rest frame (p = 0). In order to ensure ¢> = 0 one
needs to give J /y a three-momentum

2 2

m m
Xel J/v

2my,,

k| = ~389.4 MeV . %)

The form factors E; and M, can be extracted from the following three-
point correlation functions:

Cit,it) = eik(x—y)<o‘(9; 1y & O3 =10 (2, —t1)|0> .®

Xy.z

Table 1

N; =2+1+1 ETMC gauge ensembles used in this work. a is the lat-
tice spacing, L/a spatial extent of the lattice, am, is the bare charm
quark mass and Z, the vector current renormalization constant [15].
The number of gauge configurations N,, and the number of (spin and
color diluted) stochastic sources N, employed for the calculation of the
relevant two- and three-point correlation functions are also given. With
the exception of A48 (which corresponds to a pion mass m, ~ 175 MeV),
all the ensembles have been generated at physical values of the light,
strange and charm quark masses.

ID L/a afm z, am, N, N,

A48 48 0.0907(5) 0.68700(15) 0.2620 800 140

B64 64 0.07948(11) 0.706354(54) 0.23157 400 32
C80 80 0.06819(14) 0.725440(33) 0.19840 640 24
D96 96 0.056850(90) 0.744132(31) 0.16490 300 35
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where (9"1 Iy and Ofm are the interpolating operators of the J /y and y,,

mesons,

o, 0= Zumﬁwwwﬂm

k _ " (C)]
0., %10 = Z 2. 0G X7 P4 (3. 1),
where
G(xy) = 1= 6 [bxy + K H (X, ¥)], (10)
and H,(x,y) is the Gaussian smearing operator,
3
H(x,y) = D [UFX08g4py + UL (X = 1,08_z4], a1

u=1
with U:(x) being the so-called APE-smeared links, cf. [17]. As in our
recent work [18], we used the smearing parameter x = 0.4, and fix on
each ensemble the number of steps n in Eq. (9) to have a smearing radius
Fo = a\/ﬁ/\/ k=1 4+6~0.15 fm, for both J/y and y,; [19]. The spatial
momentum k is injected along the third spatial direction, k = (0,0, |k|).
With this choice, the interpolating operators in Eq. (9) are such that Of,’;
creates a y,; with the polarization vector /' = 6/, for three polarization

states k = 1,2, 3, while O;/W annihilates a J /y with e[’.‘ = 5;‘ fori=1,2,

and with &3 = («,0,0, V1 + a?), for the longitudinal polarization i = 3,
where a = IKl/my -

The Wick contractions in Eq. (8) give rise to the quark-connected
and disconnected contributions. Just as in our recent work [18], here we
also focus on the evaluation of the dominant connected diagram, leav-
ing the evaluation of the disconnected contributions for future work.
Clearly, only the charm quark component of the electromagnetic cur-
rent (J/') contributes to the connected part of C" L(1,51)). We use twisted
boundary conditions to tune the spatial momentum k to the value given
in Eq. (7). This is implemented by twisting the gauge links U, (x)
on which one of the charm quark propagators is computed, namely
[20-22]

U,(x) = Up(x) = %/10, (), 6, = (0.6). 12
with the twisting-angle 8 set to
=0,06), 6=LuK, a3
: = —

We denote by S,(x, y) and Sf(x, y) the charm quark propagators evalu-
ated on the background field configurations corresponding to U, (x) and

Uf(x), respectively, so that C" k(t ,+17) can be written as: :2
Oyt ) =2 Y (e[S, 27 Y Sz 0r! S0 0], (14)
X,Y,Z

where x = (x,0), y=(y,~t;), z=(z,—t,). The trace Tr[...] is taken
over the color and Dirac indices, and (...) indicates the average
over the SU(3) gauge field configurations U,(x). The factor of two
in Eq. (14) accounts for the contribution of the charge conju-
gated diagram. The sum over x is stochastically evaluated by in-
verting the Dirac charm quark operator on a number N, of (spin
and color diluted) spatial stochastic sources placed at time ¢t = 0. The
backward propagator S,(x,z) is then obtained from S, (z, x) by using
y’-hermiticity.

2.1. Avoiding the spurious mixing

We now discuss how the charm quark bilinears 0, ,,, O ver? and the
current J¥, are discretized on the lattice. When evaluating the con-
nected diagrams using the twisted mass (TM) action, there are dif-
ferent options when it comes to discretizing the quark bilinears and

2 To simplify the expressions we consider the case of local interpolating oper-
ators, i.e. ¥ = 0. In the computations, however, we implemented the smearing
in a way discussed in the text.
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they differ in the choice of the Wilson parameter of the quark field,
r, = #1, and of the antiquark field, r_ = +1. They can be chosen to
be opposite (r, = —r_) or equal (r, =r_). The two regularizations are
known as the TM and OS regularizations, respectively. The results ob-
tained using different combinations of TM and OS bilinears differ only
by O(a?) effects. In Ref. [18], we have shown that the TM regular-
ization of the h, interpolating operator (J¥¢ = 1*7) is protected from
mixing with JP€ = 17~ and 1** states. This is so because in the TM
regularization the product between parity P and G-parity G, is an ex-
act lattice symmetry, which is then sufficient to exclude the aforemen-
tioned mixing. In the case at hand, instead, the exact P x G symme-
try is not sufficient to exclude the mixing between 1*+ and 1=~ states.
Indeed, when using the TM regularization the corresponding interpo-
lating operator Ol)‘;l also creates vector states, as we numerically illus-
trate in Section 3. In the OS regularization (r, = r_), however, one
can use the exact invariance under charge conjugation C, which in
our case forbids the creation of states JPC€ =17~ and JP€ = 1"~ when
using the interpolating operators O%' | thus representing a favorable
regularization.

On the basis of the considerations made above, we therefore em-
ploy the OS regularization both for interpolating fields O, , O;/,,
and for the electromagnetic current.®> With this choice, the renor-
malization constant of the local electromagnetic current is given by
ZV(gé), the values of which are given in Table 1. For a comprehen-
sive discussion on bilinear interpolators in twisted mass lattice QCD see
Ref. [23].

Xe1?

2.2. Extraction of the form factors E, and M,

We first need to consider the two point functions of interpolating
fields O’J Jv and (9;6] , respectively, in order to extract their mass/energy
and their couplings:

ZJ/W(’)‘Z ’kx< |0, .00/, ©0.0)0 >
=2 <0|(9fm(x,r)@’zl(o,O)‘o>, as)

in which, as before, we neglect the Zweig suppressed disconnected con-
tributions. In the limit of large Euclidean time ¢, the two point correla-
tion functions behave as:

z|
= v ‘ J/w (e—EJ/Wr+e—EJ/pS,(T—t)) T
”/W 2EJ/W

2

&
ck (= L(f’"m' +e*”%1<T*’>> - (16)
sXel 2m
Xel
where m, and E;/, are the mass and energy of the corresponding

ground states, and
Z},, = (0]}, |7 /wk ),

a7)
VA <)m(p, '1k)|(9'2I (0>~

The ellipses in Eq. (16) denote contributions that vanish in the large
time limit, 0 <7 < T, and are further suppressed by the smearing, cf.
Eq. (10). We also calculated C Iy (1) with k =0, in order to extract

my - Clearly, with our choice of kinematics we have: Z = VAR
c

Zel
3 _ 72
Zx,andZJ/W Z-’/W

3 When using the OS regularization for the J/y interpolating operator, it is
possible that JP€ = 1+~ states are created, however, being heavier than the J /y
they do not represent an obstacle to our computation.
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It is then straightforward to use Eq. (3) and combine the above

quantities into

— iZy, (g%
E\t,ty) = 4 0)4E1/w Bt Mrer Ux=ts)
c
2134 . 3124 .
[Cm(tl,t,) C3pl(tl,tj)]
2 3 3 2
ZJ/WZ)( 1 ZJ/WZJm
(18)
— iZy, (g2
M, ,5t,) = 4 0)4El/w eEimts oMt 1)

V20,

234 . 3124 .
[Cspn(tz’tl) C3pl(tl’tj):|

2 3 3 2
.I/WZ){cl J/WZ)(cl
which, for large Euclidean time separations, yield the desired form fac-

tors E; and M,, namely,

ty—>o0
— t,—t;—>00
E\t,t;))—— > E
ol 1
19)
ty—>o0
- tj(ft_,aoo
My(t 1) ———— M,.

Note that in C;{) ]t‘(t ,>1y) the interpolating field of J /y is placed at = 0,
the charm quark component of the electromagnetic current is then
inserted into a charm quark line at a fixed —7; <0, while the time
—t, < —t;, at which the y,, is created, corresponds to the sink of the
correlation function is free. This allows us to carefully monitor the onset
of dominance of the y,, state. Since in our computational setup the time
t,; is fixed, we must choose it to be large enough to be able to isolate the
J /w state. The advantage of placing the interpolator corresponding to
J /w at the source of the correlation function is that ¢, can be chosen rea-
sonably large since the signal-to-noise ratio (S/N) of Cé{) ]: (t,31,) for fixed
|t, — ;| decreases only as e Eip=me) ~ g=Acl where A, ~ 113 MeV is
the hyperfine splitting. As will be detailed in the next subsection, we
have considered two different values of 7, ~ 1.6,2.4 fm, and observed
only tiny differences in our results that we nevertheless include in the
final systematic error.

3. Numerical results

In Fig. 1 we show the effective mass of the two-point function C" . ®)
regularized in both the TM (blue diamond) and OS (red squares) regu-

larizations, as well as the effective mass of C; Iy (1) (for |k| = 0) in the
1.45 T T T T T T
| |
1.4 R "R L  EE E E E R R E ] W L] * i
. LR +
*
o, 1.35 . —
5 ‘e, . 77, REG-0S»
S ‘., 7%, REG=TM
1.3 * . v, REG=0S= 7
* *
* . .,
1.25 Ceae —
B fEEEEEEEENEEEEEEEEEEEEEE ; ; ; ; ; ; ; ;
19 I I I I I I
0.5 1 1.5 2 2.5 3

t [fm]
Fig. 1. Effective mass extracted from C (t) in the TM (blue diamonds) and OS
(red squares) regularizations, along w1th the one extracted from C J v (1) (with
|k| = 0) in the OS regularization (magenta squares). The data refer to the en-
semble B64. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)
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OS regularization (magenta squares). The results correspond to our en-
semble B64. We clearly see that with the TM regularization the func-
tion Cé“m (1) exhibits mixing with J/y. However, due to the exact
C-symmetry, such spurious mixing is absent when using the OS regu-
larization which is why, in this work, we use that regularization for the
valence quarks.

In Fig. 2 we show the effective mass plots for J/y and y,.; mesons,
for all four of our lattices.

We should emphasize that the charm quark mass has been fixed by
mp_=1968 MeV at each value of the lattice spacing, and due to the
finite lattice artefacts the values of m 7y and m, ~are not the same for
all ensembles. Owing to the fact that the S/N ratio of C Tlw (1) decreases
only as e~¢/, the quality of the plateaus for J /y are excellent In the case
of G, 2@ the S/N ratio decreases faster but since we use the smeared
sources, as well as a large number of gauge configurations and stochastic
sources, we are still able to obtain the long plateaus and extract m,
with a very good accuracy. Note that a larger error for the A48 ensemble
in Fig. 2 is due to uncertainty on the lattice spacing of that ensemble
(=~ 0.6 %). The extrapolation to the continuum of the lattice results for
my, and m,  is shown in Fig. 3.

Since there are no signals of a* effects in the data, the continuum
limit is reached through a simple linear fit in o and for our final results
we have:

my 1, =3.1052(95) GeV,

(20)
m,  =3521(12) GeV,
exp _

Y7
3.096900(6) GeV and m3> =3.51067(5) GeV [7]. These results also sug-

gest that the impact of negleeted disconnected (annihilation) contribu-
tions is indeed small, at most of the order of our statistical uncertainty
which is about (0.3 + 0.4)% for both masses.

We now focus on the determination of the form factors E; and M,.
At finite lattice spacing we tune the three-momentum k to the value
indicated in Eq. (7) but by using the experimental values of m,,, and

in good agreement with the current experimental values, m

3T T aughe T 804
312 | ¥y B64 = DY =
&

31 k3 ‘I>q>
‘1><I>

2 o[ gt ‘”ﬁﬁ%@eﬂw SR )

<

298 +— —

§
296w ! \ L ! ! L ! N
0 0.5 1 1.5 2 2.5 3 3.5 4.5

t [fm]
354 [ ' ‘ ' VT T sl
3.52 =) b BG4 = D96 e
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3 3.44 { 4
S 342 .
34 .

3.38 —
3.36 - | | | | | | 1]
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Fig. 2. Effective mass of J/y and y,, for all four gauge ensembles used in this
work. The colored bands correspond to our estimate of mass on each ensemble.
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S
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0 0.002 0.004 0.006 0.008 0.01
a? [fm?]
Fig. 3. Extrapolation of m,, and m to the continuum limit

X
(a = 0). The colored bands correspond to tllle best fit obtained after per-

forming a linear extrapolation in a?. The reduced y? of the two fits is below
one.

m, , and not those obtained on the lattice at fixed lattice spacing. The
two choices merely amount to a redefinition of the O(a?) effects because,
as we have just shown, our values of the masses in the continuum limit
are in full agreement with the experimental ones. In practice, the use of
the ensemble values of the masses in Eq. (7) would have produced on
the coarsest lattice spacing a variation of the three-momentum k by less
than 1%, which besides being only an O(a?) effect, is also completely
negligible at the current level of accuracy.

As already anticipated in the previous Section, we keep the time
—t; of the transition operator in C;gz(t ,>ty) fixed, while ¢, runs over
the lattice. It is thus important to choose sufficiently large ¢, in order to
ensure the dominance of J /y. We tested that issue on the B64 ensemble
by computing C;;;’t‘(t){;tj) for two different 7; ~ 1.6,2.4 fm. In Fig. 4 we
compare the corresponding El (t,:t;) and Mz(’;ﬁh); cf. Eq. (18). The
two results are in good agreement, and only in the case of E;, we do see
an O(lo) difference between the results obtained at the two values of
t;. On the basis of these observations we decided to fix r; ~ 1.7 fm for
all other ensembles, and include, before the continuum extrapolation, a
systematic uncertainty AE; and AM, to all our results, estimated as:

Lp=|F(t; ~24fm)— F(t; ~ 1.6 fm)| ,

r (21)
AF =Zp -erf s

205,

F=E.M,,

where o5, is the statistical error of X and erf(x) is the error function.
The quantities AE; and AM, are thus the observed spreads, weighted
by the probability that they are not due to statistical fluctuations.

In Fig. 5 we show fl (t,:t;) and Mz(t){;tj) for all our lattices.* For
the electric form factor E; the cut-off effects are small, of the order
of a few percent, in addition to the statistical uncertainties that are
O(1 +2%)). For the magnetic form factor M,, instead, we observe the

4 For the A48 and D96 ensemble we have averaged the estimators for the form
factors in Eq. (18) with the equivalent estimators obtained using the second
component JZ of the electromagnetic current.
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Fig. 4. Comparison between El (,,t;) (left plot) and ﬁz(t 1) (right plot) with
t; ~ 1.6 fm (red) and with 7; ~ 2.4 fm (blue) on the B64 ensemble. The data-
points at ¢, ~ 2.4 fm have been slightly shifted horizontally for easier compar-
ison. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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the text.
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Table 2
Values of the form factors E, and M, for each gauge ensemble
used in this study.

a [fm] 0.0907 (5) 0.07948 (11) 0.06819 (14) 0.056850 (90)
E, 0.8609(60) 0.8686(72) 0.8738(64) 0.8699(74)
-M, 0.04741(72) 0.0502(11) 0.0535(11) 0.0535(12)
094 - T T T T ]
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Fig. 6. Continuum-limit extrapolation of the form factor E, (top) and of the
ratio M, /E, (bottom). The coloured bands in dark red correspond to the best-
fit function obtained after performing a linear fit in a® to our lattice data. The
reduced y? of the fit is about 0.3 and 0.9 for E, and M,/E, respectively. The
orange bands in the figures correspond instead to the linear fits performed ex-
cluding the data at the coarsest lattice spacing. (For interpretation of the refer-
ences to colour in this figure legend, the reader is referred to the web version of
this article.)

larger cut-off effects O(10 — 15 %) that dominate the tiny statistical er-
rors. Note also that the onset of the plateau region occurs already at
small times, ~ 0.5 fm. The form factors are then merely obtained from
the fit to a constant.

Our values for E; and M, are presented in Table 2, which we then
extrapolate to the continuum limit using a simple linear a? fit, cf. Fig. 6.
The corresponding y2/dof ~ 0.3 for E,, and y?/dof ~ 0.9 for the ratio
M, /E, are satisfactory. To estimate the systematic error associated to
the continuum limit extrapolation we have performed a second linear
fit excluding the data at the coarsest lattice spacing. The corresponding
fits are shown in Fig. 6 as orange bands. Our final results, obtained
by averaging the two different type of fits using the Bayesian Akaike
Information Criterion® (BAIC) read:

M.
E, =0.879(11), E—2 = —0.0668(22). (22)
1

Note that our E; has an uncertainty of about 1.2%, while the uncer-
tainty of the ratio M,/E, is about 3 %. We now compare our results
with existing experimental data as well as with previous lattice results.

5 For more details on the BAIC procedure adopted, we refer to the discussion
around Egs. (21)-(22) of Ref. [18].
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4. Comparison with existing experimental and lattice results

After inserting our results Eq. (22) into Eq. (5) we obtain
I'(y.; = J/w v) =0.3265(79) MeV, (23)

where we used a_! = 137.036. The decay rate is dominated by the elec-
tric dipole form factor E;, while the contribution of M, is negligible
compared to E, at the current level of precision. Our result is 1.1
larger than the experimental value I'(y,; — J/w y)®*P = 0.302(21) MeV,
which we obtain by combining B(y,, — J/wy)™P = (343 +1.3)% [7]
with the PDG average I'(y,;) = 0.88(5) MeV [7]. If, instead, we use
I'(x.) = 0.84(4) MeV, as suggested by the global PDG fit, we would
have I'(y,; = J/w y)**P = 0.288(18) MeV, which is 26 lower than our re-
sult Eq. (23). We emphasize that I'(y,; — J/y y) has only been mea-
sured by the Fermilab E835 Collaboration [6]. An independent mea-
surement by BES III would be very welcome. The difference might be
also due to disconnected contributions which were omitted in our com-
putation and will be addressed elsewhere.

As already mentioned in Introduction, the only two existing lat-
tice QCD results have been obtained either at a single lattice spacing
in the quenched approximation [11] or with two lattice spacings and
by including N, =2 (unphysical) dynamical light quarks [12]. With
respect to I'(y.; — J/wy) = 0.270(70) MeV, reported in Ref. [11], our

H@®H This work
PDG - T(xe1) = 0.88(5) MeV

—e— PDG -T'(ye1) = 0.84(4) MeV

| | |
300 350 400 450
T(xe1 = J/¢y) [keV]

—@— This work

——— BES III

F © { CLEO

—ay x 102

Fig. 7. Comparison between our results and experimental ones. In the upper
panel our value for I'( ., — J/w r) (filled black circle) is shown alongside the
value obtained by the PDG [7] using the average value I'(y,,) = 0.88(5) MeV
(empty green circle) and the PDG global fit result I'(y.,) = 0.84(4) MeV (filled
magenta diamond). In the lower panel we compare our estimate of a, (filled
black circle) with the measurement by BES III [9] (filled blue square) and
CLEO [8] (empty green circle), as well as with the PDG average [7] (filled ma-
genta diamond). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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result Eq. (23) can be viewed as a substantial improvement. On the other
hand, our result is much larger than I'(y,; — J/y y) = 0.070(20) MeV,
obtained at finer of the two lattice spacings considered in Ref. [12].
We suspect that the small decay width reported in Ref. [12] is a conse-
quence of using the TM regularization for the y,, interpolating field. As
can be seen in Fig. 1 of Ref. [12], the interpolator they adopted has a
clear overlap with the J /y meson.

The quantity a,, defined in Eq. (1), can now easily be evaluated from
our form factor ratio Eq. (22). We have:

a, = —0.0666(22) . @4

That same quantity is experimentally accessible through the angular dis-
tribution analysis of the decay chain e*e™ — w(nS) — ., v followed by
Ye1 = J/wy = etemy, cf. Refs. [24-26] and Refs. [8,9]. The experimen-
tal average, a;Xp =—0.067(9) [7], is in remarkable agreement with our
result Eq. (22). This can be viewed as a very fine verification of the
validity of the lattice QCD approach when it comes to the precision
computation of hadronic quantities. The only other lattice QCD deter-
mination of this quantity was reported in [11], where a, = —0.09(7) and
a, = —0.20(6) were quoted, reflecting the ambiguity in extrapolating the
form factors to ¢> = 0, i.e., whether they are extrapolated separately and
then combined in a ratio, or whether the ratio M,(¢q?)/ E;(¢?) is directly
extrapolated to ¢> = 0. Our result for a, thus represents a very signif-
icant improvement in precision, by more than an order of magnitude.
In Fig. 7 we show a comparison between our results Eq. (22) and the
available experimental values.

5. Conclusions

In this paper we provide the first full QCD computation of the
hadronic matrix element relevant to the y,, — J/yy decay by em-
ploying the gauge field configurations produced by the ETMC with
N; =2+ 1+1 Wilson-Clover twisted-mass quarks. A delicate point in
this project was to avoid the spurious mixing with operators of the op-
posite parity which can plague the analysis when using the TM reg-
ularization. Using the OS regularization for the valence quarks solves
this problem and the lowest lying state coupling to the J”€ = 1+ in-
terpolating field operator is indeed y,;, and not J/y which is lighter
and corresponds to J¥€ = 1=~ This is so because the OS regularization
preserves the charge conjugation. We checked that feature numerically
and showed that the OS valence regularization indeed provides favor-
able conditions for the computation of our hadronic matrix element. To
ensure that the photon is on-shell (4> = 0) we tuned the twisted bound-
ary conditions to one of the charm quark propagators in such a way
that it actually gives a desired three-momentum to the daughter meson,
J/w. In addition to the dominant electric dipole form factor E,, due to
the high statistics of the four gauge ensembles used in this work, we
were also able to compute the ratio of the magnetic quadrupole form
factor M, and E;. We checked the smooth scaling of our results with
the squared lattice spacing (a*) and then extrapolated them to the con-
tinuum limit. Our final results are given in Eq. (22) which represent a
significant improvement compared to the previous lattice studies. Our
results give a decay rate that is about (1 + 2)o larger than the one inferred
from the experimental measurements, assuming that the full width of
Xc1 is the one provided in Ref. [7], which still needs to be confirmed by
BES III.

The more recent experiments focused on a detailed angular analysis
of this decay, allowing one to extract a,, the quantity that measures
the amount of the (suppressed) magnetic quadrupole contribution to
the decay amplitude, relative to the (dominant) electric dipole one. Our
result is in agreement with the experimental ones, and it could be seen
as strong confirmation of the validity of the lattice QCD approach when
dealing with the requirement of high precision for hadronic quantities.

Throughout this computation, we did not account for the discon-
nected diagrams. Being either Zweig or SU(3) suppressed, these contri-
butions are expected to be tiny. However, this should be verified through
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direct computation, which is a direction we plan to explore in the near
future.
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