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Keywords: Several algorithms are available for computing all the maximal cliques of real-world graphs, both in centralized
Maximal cliques and distributed settings. However, in many application contexts, the sheer number of maximal cliques and their
Clique enumeration significant overlap call for strategies to reduce their quantity, maintaining only the most “meaningful” ones. In

Clique summarization this survey we introduce a novel taxonomic framework that classifies summarization problems along two key
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underlying connections that were not previously well understood, and identifying several open problems in
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1. Introduction

In the vast landscape of computer science, few challenges stand
as prominently at the crossroads of theory and application as the
enumeration of the communities in large graphs. The strictest definition
of community is that of a maximal clique. A clique is a set of vertices
with all the possible edges among them and it is maximal if no vertex of
the graph can be added to the clique without violating this property. A
(maximal) clique is a maximum clique if there is no clique in the graph
with more vertices. For example, Fig. 1 shows a graph and its maximal
cliques. The two cliques of size 5 in Fig. 1(b) are also maximum cliques.

Finding cliques and maximal cliques in graphs has applications
in several domains, including web network analysis [1,2], commu-
nity detection in real-world networks [3], economics and computa-
tional finance [4,5], biochemistry and genetics [6-8], microbiology [9],
and telecommunications [10-12]. Computing a maximum clique is
known to be NP-hard [13], W[1]-hard with respect to the size k of the
clique [14,15] and hard to approximate within a factor of n'~¢ [16,17].
We remark that in the hardness proof of [13] all maximal cliques
are also maximum cliques. Therefore, also computing maximal cliques
is computationally hard. Despite this, both centralized [18-23] and
distributed [24-27] algorithms are available to efficiently enumerate
all maximal cliques of real-world graphs by leveraging their sparsity.

However, when dealing with large real-world graphs, the huge
amount of such maximal cliques makes it unfeasible to use them in
several application contexts. For instance, it is not unusual that a graph
with less than 10° vertices has more than 107 maximal cliques [28].
Moreover, maximal clique have a significant amount of redundancy,
as most of them overlap. The same issues occur with some popular
relaxations of cliques such as k-cliques [29-31], k-plexes [32-35],
y-quasi cliques [36], k-diamonds [37], /-clubs [38], and s-defective
cliques [39] (see [40] for a survey).

In this survey, we consider the following question: Given a graph G,
can we produce a meaningful summary that represents all the maximal
cliques of G in a way that their abundance and redundancy is reduced
with respect to certain properties? This is a broad question, and there is
no universal method for selecting a subset of relevant maximal cliques
that, in some sense, represent all the excluded ones.

We aim at systematically defining various summarization principles,
introducing a novel taxonomy, to produce summaries that exhibit dif-
ferent properties and that capture distinct perspectives on the maximal
cliques of the graph. The concept of summarizing maximal cliques first
appears in [28], where the focus is on finding a subset of maximal
cliques that have a significant overlap with those that are excluded. As
we show in Section 3, this is just one of several possible summarization
principles that can be applied when dealing with maximal cliques. To
the best of our knowledge, this is the first time that seemingly different
research contributions related to maximal cliques summarization have
been considered together as different viewpoints on the same goal,
providing a classification of all such diverse approaches to maximal
clique summarization.

This survey is devoted both to classifying existing problems in
the literature within a comprehensive taxonomy and to introducing
new research lines that naturally arise when summarization princi-
ples are combined with traditional problem targets. Indeed, we also

classify summarization problems into four families, based on whether
the summary is produced by considering Boolean properties or quality
measures. This survey is primarily focused on the algorithmic aspects
of the problems discussed, with a detailed exploration of methods and
techniques presented in the literature.

The rest of the paper is organized as follows. In Section 2, we
provide the needed definitions and preliminaries; in Section 3, we
introduce a taxonomy of maximal clique summarization principles;
in Section 4, we introduce a taxonomy of summarization problems
and we review both those problems that have been studied in the
literature and new problems that may naturally arise; in Section 5, we
discuss problems that involve variations in the input graph or in the
expected output; in Section 6, we outline promising research directions
using the classification introduced in Section 4; in Section 7, we
review the algorithmic contributions found in the literature addressing
the problems listed in Section 4; finally, in Section 8, we conclude
with a discussion of open problems and potential directions for future
research.

2. Background on maximal clique enumeration

Let G = (V, E) be a simple undirected graph. Denote by n = |V'| and
by m = | E| the number of vertices and edges of G, respectively. Denote
by 6(v) the degree of a vertex v and by N(v) the set of neighbors of a
vertex v in G, i.e.,, N(v) = {u | (u,v) € E}. Clearly, |N(v)| = §(v). Let
X CV be any subset of vertices of G. We denote by G[X] the induced
subgraph of G whose vertex set is X and whose edge set consists of all
the edges (u,v) such that both u and v belong to X. For simplicity, the
vertex set and the edge set of G[X] are denoted by V[X] and E[X],
respectively.

A clique C is a complete subgraph of G. Given an integer k, the
problem of finding a clique of G with at least k vertices is NP-hard [13],
which implies that finding the maximum clique of G is also an in-
tractable problem.

A clique C is called maximal if it is not included in any other clique
C’ of G. Let M(G) denote the set of all maximal cliques of G. It is
known that there exist n-vertex graphs with 3"/3 maximal cliques [41],
hence | M(G)| can be exponential in n. A (maximal) clique is a maximum
clique if there is no clique in the graph with more vertices. Since in the
construction of [41] all maximal cliques are also maximum cliques, the
problem of enumerating all maximal cliques of a graph is intractable
for two reasons: it is intractable to find the first maximal clique and
is intractable because of the number of maximal cliques that have to
be found. However, in several application contexts the graphs to be
analyzed are sparse, and efficient algorithms are conceivable. Most
known approaches to enumerate maximal cliques are based on the
pioneering algorithm proposed by Bron and Kerbosch [18], which was
later refined by Tomita, Tanaka, and Takahashi [22,42].

FPT enumerative approaches also exist, either in the degener-
acy [20] or in the c-closedness [43,44] of the graph.!

! The degeneracy, a measure of sparseness, is the largest k such that the
graph contains a k-core. A graph is c-closed if every pair of vertices that share
at least ¢ neighbors is adjacent.
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Fig. 1. (a) An example graph. (b) The maximal cliques of the graph in (a).

Since in the following we will discuss variations of the approach
in [22], we describe it in detail. The approach is based on a recursive
backtracking procedure outlined in Algorithm 1. Three sets of vertices
are maintained in the procedure: C, T, and D. Set C represents the
current clique that is additively constructed; T is the set of candidate
vertices that can potentially be added to C; and D is the set of vertices
that should not be considered as they have already been included in a
previous reported maximal clique from the current clique C or from a
subset of it. Vertices in T" and D are neighbors of all vertices in C. The
main idea is to add a vertex from the set of candidate vertices in T to
expand the current clique C, until it becomes maximal.

Algorithm 1 invokes Procedure ProcMCE(C,T, D) with C = @,
T =V,and D = @ (Line 1). First, the procedure checks whether both T
and D are empty. If so, C cannot be further expanded and is reported as
a maximal clique (Line 4). Otherwise, in order to reduce the number of
recursive calls, a pivot vertex v, is chosen (Line 5) and the procedure is
recursively called (Line 7) for each vertex v € T that is not a neighbor
of v, (this is because any maximal clique containing C U {w}, where
w is a neighbor of v, can be reported either by recurring on C U {v,}
or by recurring on C U {u}, where u € T is not a neighbor of Up). The
recursion is performed with C = Cu{v}, T = TNN(v), and D = DNN(v)
to ensure that every vertex in T and D is a neighbor of all vertices in
C. When the recursive call returns, v is moved from 7 to D (Lines 8
and 9).

Algorithm 1: TomitaTanakaTakahashi

Input: Graph G(V, E)

Output: M(G)

1 ProcMCE(@,V,2)

2 Procedure ProcMCE(C,T, D)
if T =@ and D = @ then
‘ Report C as a maximal clique;
choose a pivot vertex v, in T U D with highest [N(v,) N T|;
foreach v € T\ N(v,) do
ProcMCE(C u {v}, TN N(@),Dn N®));
T < T\ {v};
D < Du{uv};

© 0 N & U A W

The worst-case running time of Algorithm 1 is ©(3"/3) [42], match-
ing the number of maximal cliques in Moon-Moser graphs [41]. In [45]
it is also proved that Algorithm 1 has 2(3"/°) delay and that, even
changing the pivoting strategy, a variant having polynomial delay
cannot be designed unless P = NP. Notwithstanding these asymptotic
complexity results, it has been experimentally observed that approaches
based on Algorithm 1 and Bron-Kerbosch are fast in practice [20,42].

Consider as an example the graph depicted in Fig. 2(a). When
Procedure ProcMCE is launched for the first time, C =@, T =V, and
D = @ (all vertices of Fig. 2(b) are green). Since vertex v; satisfies
the condition of Line 5, it is chosen as the pivot vertex v,. Due to
Line 6, the procedure will be recursively called for each v € T'\ N(v3),
i.e., for v = v; only. Hence, the second recursive call of ProcMCE has
C = {3}, T = {v,05,04}, and D = @ (see Fig. 2(c)). Assuming that
vertex v, is now chosen as the pivot vertex v, (notice that v, could be
another possibility), the procedure will be recursively called for each

v €T\ N(v), ie, for v = v; and v = v,. The third recursive call
has C = {v;,v3}, T = {v,}, and D = @ (see Fig. 2(d)). Vertex v, is
then chosen as the pivot vertex and the procedure will be recursively
called for v = v, only. Therefore, the fourth call of ProcMCE has
C = {v,05,05}, T = @, and D = @& (see Fig. 2(e)). At this point,
the conditions of Line 3 are met and the maximal clique {v,,v,,v3}
is produced. Upon termination of the fourth call of ProcMCE, Lines 8
and 9 of the third recursive call move v, from T into D (see Fig. 2(f)).
This terminates also the third call. Similarly, lines 8 and 9 of the second
recursive call move v, from T to D (see Fig. 2(g)). Line 6 of the second
call iterates with v = v, and recursively calls ProcMCE (Line 7) with
C ={vs,04}, T =@, and D = @& (see Fig. 2(h)). The conditions of Line 3
are met again and the maximal clique {v;,v,} is produced. When the
fifth call terminates, Lines 8 and 9 of the second call move v, from T
to D. The second call also terminates and Lines 8 and 9 of the first call
move v; from T to D. This terminates the first call, too. In the end,
Algorithm 1 produced the maximal cliques {v;,v,,v;} and {v3, v4}.

Fig. 3 shows all the cliques of the graph depicted in Fig. 2(a) and
the directed acyclic graph (DAG) of their inclusion relationships. The
source of the DAG corresponds to the empty set while the maximal
cliques are its two sinks. The nodes of the DAG with a solid border
are those on which Algorithm 1 has been launched, exploring only a
restricted portion of the solution space. The numbers close to these
nodes correspond to the five recursive calls.

3. Summarization principles

Several principles can be adopted to pinpoint the relevant informa-
tion provided by the maximal cliques of a graph, without necessarily
relying on their exhaustive enumeration. The choice of the simplifi-
cation principles depends on the application context at hand. In this
section we discuss the main summarization approaches adopted so far
in the literature, in the context of a new taxonomical framework (see
Fig. 4).

Let S C M(G) be any subset of maximal cliques of an undirected
graph G. We refer to S as a summary of M(G). In particular, if |S| = s,
we call .S an s-summary. Summarization principles can be classified as
acquired or hereditary:

+ A summarization principle P is acquired if for any summary .S C
M(G) that satisfies P, it holds that every S’ such that S C .S’ C
M(G) also satisfies P. For an acquired principle P it makes sense
to search for a summary of reduced size, since the very M(G)
would be a summary satisfying P.

A summarization principle P is hereditary if for any summary
S C M(G) that satisfies P, it holds that every S” C .S also satisfies
P. Observe that a hereditary principle P is always satisfied by
the empty summary. Hence, such a principle is usually used in
combination with other (non-hereditary) principles.

Acquired and hereditary principles can be further distinguished.
Each of the remaining subsections focuses on one of these detailed
principles, which in turn corresponds to one of the leaves of the
taxonomy tree of Fig. 4.
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@/ Call 5

Fig. 2. A running example of Algorithm 1 on a small graph. Green, blue, and red vertices belong to T, C, and D, respectively.

Fig. 3. The inclusion relationship of the cliques of the small graph depicted in Fig. 2.
The maximal cliques are the sink of the DAG. The nodes of the DAG with solid border
have been explored by Algorithm 1.

Summarization
principles

_— | T~

Acquired Hereditary Neither acquired
/ \ nor hereditary
External Covering Internal Size Isolation
overlap based overlap based based

Fig. 4. A taxonomy of maximal cliques summarization principles.

3.1. Size-based summarization

Size-based criteria may be helpful in applications where large max-
imal cliques are more relevant than smaller ones. For instance, one
could list all maximal cliques with a given size k (referred to as maximal
k-cliques), or only those whose size is at least k. Another size-based
strategy could be to find the largest (i.e., maximum) clique or to list all
the maximum cliques. From the examples provided above it is apparent
that this principle is neither acquired nor hereditary.

When a size-based criterion is adopted, the degree of relevance of
a maximal clique depends exclusively on its own properties (i.e., the
number of its vertices), and not on its relationship with other cliques.
This is different from other summarization principles discussed in the
following.

Practical applications of size-based summarization approaches in-
clude filtering the graph by removing noisy or peripheral regions and
presenting only its denser portion to the user. In other cases, the goal
is to produce a succinct core that highlights the most connected nodes,
implicitly providing a clear description of their connectivity patterns.

Size-based approaches might be not always satisfactory, especially
in applications where the summary should convey information about
the entire graph. For instance, when listing maximal cliques of size
at least k, some areas of the graph may not be properly summarized.
For example, Fig. 5(b) shows an example of a size-based summary .S
when k = 5: in this summary all the rightmost portion of the graph
is neglected. The summary S in Fig. 5(a) is instead obtained when
k = 4. Notice that the summary for the larger value of k (Fig. 5(b))
is a subset of the summary for the smaller value (Fig. 5(a)). Also, it
is often the case that large cliques are strongly overlapped, yielding a
representation that may be redundant for the denser portions of the
graph and incomplete for the sparser portions of it.

3.2. Overlap-based summarization
The enumeration of maximal cliques often produces cliques that

are strongly overlapped. In order to grasp the extent of the overlap
phenomenon, consider the following example. Let C be a maximal
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Fig. 5. (a) The maximal cliques in a size-based summary with k = 4. (b) The maximal cliques in a size-based summary with k = 5..

v v
1 ° 1
why
o U1
vh  © C v
'U%/‘ oUs y ’02/. s ;
o U3 Vg
C ¢ ,
(a) (b)

Fig. 6. (a) A clique C with three independent edges highlighted. (b), (c), (d) The effect of the removal of the edges.

clique of size n as shown in Fig. 6(a). Let (v, u’l), (vy, u’z), (vs, vg), ... bea
sequence of mutually non adjacent edges of C and let C; = C\ {v,, v’] IR
C,=C\ {ul,v;,vz,u’z}, C;=C\ {ul,u’l,uz,v’,u3,u’3}, .... By removing
edge (vy,v}) from C, we obtain two maximal cliques of size n — 1,
namely, C;U{v,} and C,U {u’l} (see Fig. 6(b)). By removing the second
edge (v,,v)), we obtain four maximal cliques of size n — 2, namely,
C, U {v,0,}, G U {vl,v;}, Cy U {v’l,vz}, and C, U {U/l,u’z} (see Fig.
6(c)). When we remove the ith edge, we obtain 2/ maximal cliques of
size n — i that share clique C; of size n — 2i (see Fig. 6(d) for i = 3).
In conclusion, the elision of edges from the original maximal clique
produces an exponential number of maximal cliques of linearly smaller
size. All of them overlap in a portion that is also of linear size.

Since it is common in different domains that some edges are miss-
ing, due to elision, noise or uncertainty in the available data, the
presence of a high number of strongly overlapped maximal cliques
is very common. Therefore, in several applications a single maximal
clique may account for all the other maximal cliques that are strongly
overlapped with it. In these cases, a possible strategy to summarize the
maximal cliques is that of avoiding overlapped ones. This could lead to
two different objectives:

External-overlap summarization requires that the maximal cliques in
M(G) not contained in summary S have a strong overlap with
at least one of those contained in .S;

Internal-overlap summarization requires that the maximal cliques
contained in .S have a small overlap among themselves.

Both these objectives motivate the quest for a precise formal definition
of when a maximal clique C is considered ‘represented’ or ‘visible’ by
another maximal clique C’. The local visibility [28] of a maximal clique
C with respect to another maximal clique C’ is defined as V¢ (C) =
‘ClnTC,‘. Notice that local visibility is neither transitive nor symmetric.
In tile following sections we describe how local visibility can be used
both for external-overlap and internal-overlap summarization.

3.2.1. External-overlap summarization

In this kind of summarization the aim is ensuring that the maximal
cliques not contained in .S are somehow represented by those in S.
For example, one could exclude from S those maximal cliques that are
strongly overlapped with some maximal clique of .S or search for a

summary S that maximizes a measure of the overlap with the maximal
cliques that are not in .S. Observe that external-overlap summarization
is an acquired principle.

Following the notation used in [28], the visibility of a maximal
clique C € M(G) with respect to .S, denoted as V¢(C), is defined as:

[CnC’|
IC|
A summary S of a graph G is r-visible, with 0 < 7 < 1, if the visibility
of each maximal clique C € M(G) with respect to S is at least 7,
i.e.,, Y4(C) > 7. For example, Figs. 7(a) and 7(b) show two possible
r-visible summaries when = = 0.4. If = 0, any S C M(G) is z-visible.
If z = 1, the summary S necessarily coincides with M(G). Notice
that a r-visible summary S may in general not be a covering of V,
iie, IveV |v¢C,VC e S. The concept of z-visibility can be used to
define either Boolean properties for a summary S (asking, for example,
that S is r-visible) or an external-overlap-based quality measure for .
(considering, for example, the maximum 7 for which S is r-visible).
External-overlap summarization is especially helpful in those appli-
cations that would need to review the whole set of maximal cliques, but
that, for efficiency reasons, restrict their analysis to a subset of them,
each representative of a group of “similar” ones.

@

V(C) = maxcres Vor(C) = maxcres

3.2.2. Internal-overlap summarization

This summarization principle aims at ensuring that the maximal
cliques in S have a small overlap and is especially recommended in
those applications that need to cluster strongly connected vertices into
groups that are “unrelated” among themselves. The overlap among the
cliques in S can be measured in terms of the local visibility between
each (ordered) pair of them.

We say that the local independence 1(C,C’) of two cliques C and C’
is the maximum local visibility of C with respect to C’ and vice-versa.
More formally, Z(C,C") = max{Va(C"), Ver(C)} = max({ €21 1601y

ICl [ed]
’
%. A summary S is c-independent, with 0 < ¢ < 1, if for each

pair C and C’ of maximal cliques in .S we have I(C,C’) < o. For
example, Fig. 8(a) shows a c-independent summary when ¢ = 0. If
o = 1, any S € M(G) is ¢ independent. If ¢ = 0, a cs-independent
summary .S is composed by non-mutual intersecting maximal cliques.
When ¢ = 0, a stronger concept of independency can be enforced.
Namely, one could ask that two maximal cliques in S are not connected
by many edges. The external edge set of a maximal clique C € M(G),
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(a)

Fig. 7. (a) A r-visible summary S with 7 = 0.4. Each excluded maximal clique has at least 40% of its vertices included into a maximal clique in S. (b) Another z-visible summary

S with 7 =04.

(a)

o

(b)

Fig. 8. Examples of internal overlap summarization. (a) A c-independent summary .S with ¢ = 0. (b) A p-edge-independent summary .S with p =0.

denoted as £(C), is defined as £(C) = {(u,v) | u € C x0orR v € C}.
Let C and C’ be two maximal cliques of size ¢ and ¢’, respectively,
both belonging to a 0-independent summary .S. Observe that any vertex
v € C is adjacent to at most ¢/ — 1 vertices of C’ (otherwise, C" would
not be maximal). Therefore, the maximum number of edges connecting
C with C’ is ey, (C,C") = min{c'(c — 1),c(c’ = 1)} = ¢ -’ — max{ec,c'}.
We define the local edge independence £(C,C') of two maximal cliques
C and C’ as
|E(C) N E(CH]
eunx(C. C")

A summary S is p-edge-independent, with 0 < p < 1, if .S is 0-independent
and if £(C,C") < p for every pair of maximal cliques C and C’
in S. For example, Fig. 8(b) shows a p-edge-independent summary
when p = 0. If p = 0, a p-edge-independent summary .S consists of
unconnected maximal cliques. Conversely, if p = 1, any S C M(G) is
p-edge-independent.

Observe that internal-overlap summarization is a hereditary princi-
ple: a summary .S remains o-independent or p-edge-independent even
when removing a maximal clique from it.

£c,c = 2

3.3. Covering-based summarization

Intuitively, when searching for a reduced size summary, maximizing
the “coverage” of the graph vertices, i.e., the number of vertices that
are contained into at least one maximal clique of the summary, may be
a way to reduce the redundancy of the summarization. This principle
is sometimes called in the literature “diversification” [46], since it is
assumed that the maximal cliques in the summary have a small overlap.
More formally, given a set of maximal cliques S C M(G) of a graph G,
the coverage of S, denoted as c(S), is the set of vertices of G covered
by the maximal cliques in S, i.e., ¢(S) = [Jceg C. We say that S is a
c-covering of G, with 0 < ¢ < 1, if % > c. For example, Fig. 9(a)
shows a c-covering summary when ¢ = 1.

Additionally, the edge-coverage of S, denoted as ec(S), is the set
of edges of G covered by the maximal cliques in S, i.e., ec(S) =
Uces E(C). We say that S is a c-edge-covering of G, with 0 < ¢ < 1, if
%f))‘l > ¢. The fact that covering-based summarization is an acquired
principle justifies the search for a reduced size summary.

Covering-based summarization can be used to produce summaries

that represent a large portion of the vertices or edges, ensuring that a

wide and meaningful area of the graph is captured. Vertex-covering
produces a summary where a large portion of the vertices is repre-
sented, while edges could be significantly filtered out. Edge-covering
coincides with distributing a large portion of the edges into cliques,
actually producing a decomposition of the graph.

3.4. Isolation-based summarization

For some application contexts, maximal cliques that are poorly con-
nected to the rest of the graph are more relevant than maximal cliques
that are somehow intertwined with it. These applications search for
bunches of vertices that are “independent”, that is, strongly connected
among themselves and weakly connected to the rest of the graph.
This kind of summaries are used, for example, to coarsen real-world
networks, such as the web graph, at various levels of abstraction while
preserving their scale-free properties [47-49]. The concept of clique
independency is captured by the notion of #-isolation [50-52]. Given
a graph G = (V, E) a set of vertices I C V of size k is avg-¢-isolated (or
¢-isolated for simplicity) if the number d,,(I) of edges that have one
endpoint in I and one endpoint in V' \ I is less than ¢ - k. A summary
S containing all the ¢-isolated maximal cliques when # = 1 is shown
in Fig. 9(b). A set of vertices I C V is max-¢-isolated if each vertex v € I
has less than ¢ neighbors outside 1. A set of vertices I C V is min-¢-
isolated if at least one vertex v € I has less than ¢ neighbors outside
1. Clearly, max-£-isolatedness implies avg-£-isolatedness, which in turn
implies min-#-isolatedness, but not vice versa. Number ¢ is sometimes
called the isolation factor.

This summarization principle asks, for each concept of isolation
above and for some value of #, to focus on maximal cliques that are
also #-isolated (#-isolated maximal cliques). In [51,52] a second target is
also considered: computing #-isolated cliques that are also “maximal”,
in the sense that they are not contained in other /-isolated cliques
(maximal ¢-isolated cliques). In the remainder we only focus on #-
isolated maximal cliques, since the second target is out of the scope
of this survey: an #-isolated clique that is not contained in any other
¢-isolated clique may not be maximal with respect to the graph. It can
be shown, however, that maximal #-isolated cliques are a superset of
¢-isolated maximal cliques [50]. If follows that one could obtain all #-
isolated maximal cliques by filtering from maximal ¢-isolated cliques
those that are not maximal with respect to the graph.
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(b)

Fig. 9. (a) A c-covering summary .S with ¢ = 1: each vertex of the graph is contained into at least one maximal clique in S. (b) A summary S with all the #-isolated maximal

()
cliques when # = I: the chosen maximal cliques have less than k outgoing edges.
Summarization
problems

P N

Based on Based on Based on
clique clique-set clique-set
predicates predicates quality measures

/ /N \

Filtering Search Reduced Size Fixed Size
problems problems problems problems

Fig. 10. A taxonomy of maximal cliques summarization problems.

Observe that this summarization principle is neither acquired nor
hereditary.

4. Problem classification

For each summarization principle several different problems can
be considered. We introduce a classification of such problems into
four classes based on the type of property that the desired summary
should satisfy (see Fig. 10). When this property is expressed with
respect to each single maximal clique, we have a Filtering problem
(see Section 4.1). When, instead, the property is expressed with respect
to a whole summary S, then we have either a Search problem (see
Section 4.2) or an optimization problem where the summary should
have a small size (see Section 4.3). Finally, when the summary size is
fixed, we might be interested in finding the best summary with respect
to a given quality measure (see Section 4.4).

An overview of the problems discussed or proposed in this section
is provided in Tables 1-3, where the problems are grouped according
to the four classes introduced in this section. For each problem, the
summarization principles are listed, along with whether the problem is
open or the references to the literature where it has been studied.

4.1. Filtering

In this kind of problems, the summarization principles are used to
construct a Boolean property that may or may not be satisfied by any
maximal clique in M(G). The target is that of efficiently producing the
summary S C M(G) composed by those maximal cliques that satisfy
the given property. Observe that .S, which could be empty, is unique.

Examples of Filtering problems include the following.

Problem 1 (Maximal Cliques by Size). Given a graph G and a positive
integer s, find all maximal cliques of size at least s.

Problem 1 is addressed in [53] and in Section 7.1.
Problem 2 (¢-Isolated Maximal Cliques). Given a graph G and a positive

integer ¢, find all maximal cliques that are ¢-isolated with respect to
an isolation concept (max-, avg-, min-#-isolation).

Table 1
An overview of Filtering and Search problems discussed or proposed in Section 4.

Problem 1

MAXIMAL CLIQUES BY SIZE
Summarization principles: size
[53,54]

Problem 2 £-ISOLATED MAXIMAL CLIQUES
Summarization principles: isolation

[50-52]

Filtering

Problem 3 £-ISOLATED MAXIMAL CLIQUES BY SIZE
Summarization principles: size, isolation

Open

Problem 4 FIND ANY 7-Visible G-INDEPENDENT MAXIMAL CLIQUE SUMMARY
Summarization principles: external overlap, internal overlap

Open

Problem 5 FIND ANY C-COVERING G-INDEPENDENT MAXIMAL CLIQUE SUMMARY
Summarization principles: internal overlap, covering
Open in general.

¢ =1, ¢ =0, non-maximal: [55-57]

Problem 6 FIND ANY C-EDGE-COVERING O -INDEPENDENT MAXIMAL CLIQUE SUMMARY
Summarization principles: internal overlap, covering
Open in general.

¢=1,06=0: [58,59] (non-maximal: [60-62])

Search

Problem 7 C-COVERING p-EDGE-INDEPENDENT MAXIMAL CLIQUE SUMMARY
Summarization principles: internal overlap, covering
Open in general.

p =0, non-maximal: [63-67]

Problem 8 C-EDGE-COVERING p-EDGE-INDEPENDENT MAXIMAL CLIQUE SUMMARY
Summarization principles: internal overlap, covering
Open in general.

p =0, non-maximal: [68-73]

Problem 2 is addressed in [50-52], which are surveyed in Sec-
tion 7.4.

The Boolean property used for filtering can be obtained by combin-
ing different summarization principles. One example is the following.

Problem 3 (¢-Isolated Maximal Cliques by Size). Given a graph G and
two positive integers ¢ and s, find all maximal cliques that are #-
isolated with respect to an isolation concept and that have size at
least s.

To the best of our knowledge, Problem 3 has never been addressed.

4.2. Search

In this kind of problems, the summarization principles are used to
construct a Boolean property that may or may not be satisfied by a
subset S of M(G). The aim is that of producing any summary S C
M(G) that satisfies the property, provided it exists. Usually, the Boolean
property combines at least two summarization principles, where the
first is hereditary and the second is acquired. Examples include the
following.
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Table 2
An overview of Reduced Size problems discussed or proposed in Section 4.

Problem 9

T-VISIBLE MAXIMAL CLIQUE SMALL SUMMARY
Summarization principles: external overlap
[28,75,76]

Problem 10 C-COVERING MAXIMAL CLIQUE SMALL SUMMARY
Summarization principles: covering

Open

Problem 11 C-EDGE-COVERING MAXIMAL CLIQUE SMALL SUMMARY
Summarization principles: covering
Open in general.

¢ =1, non-maximal: [60,61,77]

Problem 12

Reduced Size

T-VISIBLE €-COVERING MAXIMAL CLIQUE SMALL SUMMARY
Summarization principles: external overlap, covering
Open

Problem 13 T-VISIBLE 0-INDEPENDENT MAXIMAL CLIQUE SMALL SUMMARY
Summarization principles: external overlap, internal overlap

Open

Problem 14 C-COVERING G-INDEPENDENT MAXIMAL CLIQUE SMALL SUMMARY
Summarization principles: internal overlap, covering
Open in general.

¢ =1, ¢ =0, non-maximal: [55-57]

Problem 4 (Find Any t-Visible o-Independent Maximal Clique Summary).
Given a graph G and two values 7 and ¢ in [0, 1], find a r-visible
summary S C M(G) that is also o-independent.

Problem 5 (Find Any c-Covering o-Independent Maximal Clique Sum-
mary). Given a graph G and two values ¢ and o in [0,1], find a
c-covering summary S C M(G) that is also o-independent.

When ¢ = 1 and ¢ = 0, Problem 5 corresponds to partitioning the
vertices of G into non-overlapped maximal cliques. When cliques are
non-necessarily maximal it has been addressed in [55-57].

Problem 6 (Find Any c-Edge-Covering c-Independent Maximal Clique
Summary). Given a graph G and two values ¢ and ¢ in [0, 1], find a
c-edge-covering summary .S C M(G) that is also o-independent.

When ¢ = 1 and ¢ = 0, Problem 6 corresponds to partitioning
the edges of G into non-overlapped maximal cliques and has been
studied in [58,59]. When cliques are non-necessarily maximal it has
been addressed in [60-62] and surveyed in [74].

Problem 7 (c-Covering p-Edge-Independent Maximal Clique Summary).
Given a graph G and two values ¢ and p in [0, 1], find a c-covering
summary S C M(G) that is also p-edge-independent.

When p = 0, Problem 7 has been studied in [63-67] in a variant
where the goal is to maximize ¢ for cliques that are non-necessarily
maximal. This variant is known with the name CLUSTER VERTEX DELETION
or, equivalently, INDEPENDENT UNION OF CLIQUES.

Problem 8 (c-Edge-Covering p-Edge-Independent Maximal Clique Sum-
mary). Given a graph G and two values ¢ and p in [0,1], find a
c-edge-covering summary .S C M(G) that is also p-edge-independent.

When p = 0, Problem 8 has been studied in [68-73] in a variant
where the goal is to maximize ¢ for cliques that are non-necessarily
maximal. This variant is known with the name CLUSTER DELETION.

4.3. Reduced size

In this kind of problems, the summarization principles are used to
construct a Boolean property that may or may not be satisfied by any
subset .S of M(G). The target is that of efficiently producing a summary
S C M(G) that satisfies the property and has small size. Usually, the
Boolean property refers to an acquired summarization principle, i.e., if
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S satisfies the property, any superset S’ D S, also satisfies it. For
example z-visibility for a specific  is one such properties. Another
example is c-covering for a specific c. We provide hereunder some

examples of Reduced Size problems.

Problem 9 (z-Visible Maximal Clique Small Summary). Given a graph G
and a value 7, with 0 < 7 < 1, find a r-visible summary S C M(G) of
small size.

This problem coincides with the enumeration of maximal cliques
when z = 1. Problem 9 is addressed in [28,75,76], which are surveyed
in Section 7.2.

Problem 10 (c-Covering Maximal Clique Small Summary). Given a graph
G and a value ¢, with 0 < ¢ < 1, find a c¢-covering summary S C M(G)
of small size.

Problem 11 (c-Edge-Covering Maximal Clique Small Summary). Given a
graph G and a value ¢, with 0 < ¢ < 1, find a c-edge-covering summary
S C M(G) of small size.

When ¢ = 1, Problem 11 has been studied for (non-necessarily
maximal) cliques in [60,61,77]. The survey [74] refers to this variant.

The considered Boolean property could be obtained by combining
different summarization principles. One example is the following.

Problem 12 (z-Visible c-Covering Maximal Clique Small Summary). Given
a graph G and two values 7 and ¢ in [0, 1], find a r-visible summary
S C M(G) of small size that is also c-covering.

Also observe that any problem formulated as “find any” can be
translated into a Reduced Size problem, where the target is that of
producing a small-size summary S C M(G) among those that satisfy
the property.

For example compare the following with Problem 4.

Problem 13 (z-Visible c-Independent Maximal Clique Small Summary).
Given a graph G and two values 7 and ¢ in [0, 1], find a z-visible
summary S C M(G) of small size that is also c-independent.

Compare the following with Problem 5.

Problem 14 (c-Covering o-Independent Maximal Clique Small Summary).
Given a graph G and two values ¢ and ¢ in [0, 1], find a c-covering
summary .S C M(G) of small size that is also c-independent.

When ¢ = 1 and ¢ = 0, Problem 14 corresponds to partitioning the
vertex-set of a graph in such a way that each block of the partition
corresponds to a maximal clique. The variant of this problem when
cliques are non-necessarily maximal has been studied in [55-57].

Regarding the objective of reducing the size of .S, a common prac-
tice in the literature is that of finding summaries whose cardinality is
smaller than the cardinality of the smallest summaries computed by
previous algorithms on the same datasets. In absolute terms “small
size” could be interpreted as “minimum size” yielding more challenging
versions of the above problems. A relaxed version of searching for
minimum size summaries could be that of searching for summaries that
are minimal, that is, they do not satisfy the property if any maximal
clique is removed.

Regarding the efficiency, the proposed algorithms are sometimes
compared among themselves, with Algorithm 1 as a baseline.

4.4. Fixed size

In this kind of problems the size k of the maximal clique summary
is fixed and the summarization principles are used to obtain a quality
measure for any subset S of M(G) such that |.S| = k. The target is
to find a set S C M(G) of size k that maximizes the quality measure.
Examples include the following.
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Table 3 Table 4
An overview of Fixed Size problems discussed or proposed in Section 4. An overview of the problems discussed or proposed in Section 5.
Problem 15 TOP-k MAXIMAL CLIQUES BY SIZE Problem 20 MAXIMAL CLIQUES BY WEIGHT
Summarization principles: size Summarization principles: (weighted) size
Open o Variant: Weighted graphs
g Open
Problem 16 SET OF k MAXIMAL CLIQUES MAXIMIZING COVERAGE 5]
&
Summarization principles: covering 5 Problem 23 Q-MAXIMAL CLIQUES BY SIZE ON UNCERTAIN GRAPHS
,qé [46,78-80] Summarization principles: size
w . .
b Problem 17 SET OF k DISJOINT MAXIMAL CLIQUES MAXIMIZING COVERAGE Variant: Uncertain graphs
E Summarization principles: internal overlap, covering [86-88]
Open in general. .S Problem 21 SET OF k MAXIMAL CLIQUES MAXIMIZING WEIGHTED COVERAGE
o =0, non-maximal: [81,82] _‘g Summarization principles: covering
7} i : i
Problem 18 SET OF k EDGE DISJOINT MAXIMAL CLIQUES MAXIMIZING COVERAGE E Variant: Welghted graphs
Summarization principles: internal overlap, covering [80,83-85]
Open .g Problem 25 EXPECTED 7-VISIBLE MAXIMAL CLIQUE SMALL SUMMARY
«n e oL
Problem 19 SET OF k MAXIMAL CLIQUES MINIMIZING ISOLATION 2 ‘\Slumrflarlzaao; p réncg?is,. ext-emal overlap
Summarization principles: isolation E] ariant: Probabilistic summary
Open E [28,75]
E Problem 22 TOP-K MAXIMAL CLIQUES ON UNCERTAIN GRAPHS
fg Summarization principles: size
= Variant: Uncertain graphs
Problem 15 (Top-k Maximal Cliques by Size). Given a graph G and a L: [89]
posmve lntEger k: find a summary S of size k such that ZCeS |C| 1s g‘i Problem 24 TOP-k @-MAXIMAL CLIQUES BY SIZE ON UNCERTAIN GRAPHS
maximized. g Summarization principles: size
s
= Variant: Uncertain graphs

Problem 16 (Set of k Maximal Cliques Maximizing Coverage). Given a
graph G and a positive integer k, find a summary S of size k such that
the coverage size |c¢(S)| = | Uceg C| is maximized.

For k = 1, Problems 15 and 16 coincide with the problem of
searching for the maximum clique of G.

Problem 16, with the name Top-k DIVERSIFIED MAXIMAL CLIQUES, has been
studied in [46,78,79] which are surveyed in Section 7.3. Additionally, it
has been further addressed in [80,83-85], considering a generalization
in which vertices are weighted (see Problem 21).

Problem 17 (Set of k Disjoint Maximal Cliques Maximizing Coverage).
Given a graph G, a positive integer k, and a value ¢ € [0, 1], find a o-
independent summary S of size k such that the coverage size |c¢(S)| =
| Uces C| is maximized.

For k = 1, Problem 17 coincides with the problem of searching for
the maximum clique of G. When ¢ = 0, Problem 17 has been studied
in [81,82] for non-necessarily maximal cliques with the name pisjoiNT
UNION OF CLIQUES.

Problem 18 (Set of k Edge Disjoint Maximal Cliques Maximizing Cover-
age). Given a graph G, a positive integer k, and a value p € [0, 1], find
a p-edge-independent summary S of size k such that the size of the
coverage |c(S)| = | Uces C| of S is maximized.

For k = 1, Problem 18 coincides with the problem of searching for
the maximum clique of G. Observe that any solution to Problems 17
and 18 is also a solution to Problem 16, while the converse does not
necessarily hold.

Problem 19 (Set of k Maximal Cliques Minimizing Isolation). Given
a graph G and a positive integer k, find a summary S of size k
composed by ¢-isolated maximal cliques such that the isolation factor
¢ with respect to an isolation concept (max-, avg-, min-Z-isolation) is
minimized.

5. Variants of summarization principles and problems

In addition to the classification of problems discussed in the previ-
ous section, several variants of summarization principles and problems
can arise, depending for instance on the setting of the input graph or
on the constraints that the desired summary must satisfy. This section
explores some of these possible variants.

[90]

Section 5.1 addresses the scenario where the input graph has
weights assigned to vertices and edges. This yields a natural extension
to problems grounded in the covering-based summarization principle,
where the weight of the coverage is considered instead of its car-
dinality. Section 5.2 focuses on the case where the input graph has
probabilities assigned to both vertices and edges. This yields a natu-
ral extension to problems grounded in the size-based summarization
principle, where the probability of existence of a maximal clique is
also taken into account when computing the summary. Section 5.3
examines probabilistic relaxations of the problems, i.e., variants where
the summary must satisfy the desired property in an expected way.

An overview of the problems discussed in this section is provided
in Table 4, where they are grouped according to the four classes intro-
duced in Section 4. For each problem, we report the summarization
principles, the specific variant considered, and the references where it
has been studied.

5.1. Weighted graphs

In a vertex-weighted graph G = (V,E,w), each vertex of V is
associated with a weight w : ¥V — R*. The meaningfulness of a clique
in these application scenarios is given by the sum of the weights of
its vertices rather than by their number. Therefore, a maximal clique
is a clique whose weight is maximal. Fortunately, since the weight of
each vertex is a positive number, a clique of maximal weight is also a
maximal clique in terms of the number of its vertices and vice versa.
However, the summarization principles listed in Section 3 are affected
by this change in perspective. For example, size-based summarization
asks to focus on maximal cliques of large weight rather than large
number of vertices. Consider the following reformulation of Problem
1.

Problem 20 (Maximal Cliques by Weight). Given a vertex-weighted
graph G and a positive integer w, find all maximal cliques of weight
at least w.

Given a summary S C M(G), the weighted coverage of S, denoted
as w(S), is defined as w(S) = ZUEUC&S ¢ w(v) and is considered in the
following problem.
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Problem 21 (Set of k Maximal Cliques Maximizing Weighted Coverage).
Given a vertex-weighted graph G and a positive integer k, find a
summary .S of size k, such that the weighted coverage w(S) of S is
maximized.

Problem 21 is studied in [80,83-85] under the name ToP k-DIVERSI-
FIED WEIGHTED MAXIMAL CLIQUES. Notice that the case of unweighted graphs
can be viewed as a special case when each vertex has weight 1. For
example, Problem 21 generalizes Problem 16, and an algorithm for the
former can be applied also to the latter. Instead, when the parameter
k =1, Problem 16 coincides with the maximum weight clique problem
(see [91] and the references therein).

A similar extension can be considered by allowing edge-weighted
graphs, although literature on this subject is available only for a few
special cases [92-94].

5.2. Handling uncertainty

An uncertain graph [89] is a graph G = (V, E, ¢,y), where ¢ : V —
[0, 1] is a function assigning existence probability values to the vertices
inV,and yv : E — [0,1] is a function assigning existence probability
values to the edges in E upon the condition that both the endpoints of
each edge exist. Therefore, a traditional graph, also referred to as an
exact graph, can be considered as a special case of an uncertain graph,
with all vertices and edges having an existence probability of 1. Usually,
it is assumed that both the existence probabilities of vertices and the
conditional existence probabilities of edges are mutually independent.

An exact graph G’ = (V', E') is implicated by an uncertain graph
G = (V,E,p,y), denoted by G = G’, if and only if V' C V and
E' C En (V' xV"). The probability of G implicating G’ is
PriG=G)=[]ew - [] -0y [] viwo) luwo-

vev’ vev\v'’ (u,v)EE'

1 = w(@v) |u,v)

(w,)E(EN(V'XV)\E'

3

Let 2 denote the set of exact graphs implicated by an uncertain graph
G. Eq. (3) defines a probability distribution over all graphs in Q. The
probability z,,,,(C) of a vertex set C C V being a maximal clique across
all implicated graphs G’ in Q is

2

G’ and G’ contains C as a maximal clique

Tax (C) = Pr(G =G “@
This probability is referred to as the probability of the maximal clique
C, i.e., the probability that C is a maximal clique in any implication
of G. Moreover, given a collection .S of vertex sets, the sum of clique
probabilities of S, is defined as X(S) = Y g 7, (C). Building on the
aforementioned definitions, the following problem has been discussed
in the literature.

Problem 22 (Top-k Maximal Cliques on Uncertain Graphs). Given an
uncertain graph G and two positive integers k and s, find a collection
S of k vertex sets, such that each vertex set in S has size at least s and
X(S) is maximized.

When k = |[M(G)|, s = 1, and G is an exact graph, this problem
coincides with maximal clique enumeration. Problem 22 has been
addressed in [89].

A restricted version of this model is when the uncertain graph has
existence probabilities defined only for its edges (the existence proba-
bilities of the vertices are always 1). This is discussed in [86-88,90]. In
this case Eq. (3) is simplified as follows

PrG=>G)= [] wwoy- ] a-w@oy

(u,v)EE’ (u,v)EE\E'

)

Given an uncertain graph G where the existence probabilities of the
vertices are equal to 1 and a set of vertices C, the clique probability of

10
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C, denoted by #(C), is defined as the probability that in an exact graph
implicated by G, C is a clique:

z(C) = PrG = G") (6)
G’eQ and G’contains C as a clique
which coincides with:
=) = [] ww v ™

u,veC
Given a value a € [0, 1], a vertex set C is an a-clique if #(C) > a.

Moreover, C is an a-maximal clique if it is an a-clique and there does
not exist a vertex set C’ O C such that C’ is an a-clique.
We mention the following problems from the literature.

Problem 23 (a-Maximal Cliques by Size on Uncertain Graphs). Given an
uncertain graph G, a positive integer k and a value a € [0, 1], find all
a-maximal cliques of size at least k.

Problem 23 is addressed in [86-88] where it is referred to as
(k, @)-MAXIMAL CLIQUES ON UNCERTAIN GRAPHS.

Problem 24 (Top-k a-Maximal Cliques by Size on Uncertain Graphs).
Given an uncertain graph G, a positive integer k and a value a € [0, 1],
find a set S of k a-maximal cliques such that } ¢ |C| is maximized.

Problem 24 is addressed in [90] where it is referred to as (k,a)-
MAXIMAL CLIQUES ON UNCERTAIN GRAPHS.

Notice the differences between Problem 22 and Problem 24. In
the former, vertex sets with size at least s are ranked according to
their probability, whereas in the latter, vertex sets corresponding to
a-maximal cliques are ranked according to their size.

5.3. Probabilistic relaxations

Given that computing an exact solution for most of the problems
formulated above is challenging, we can relax the requirements by
allowing the desired summary properties to be met by the algorithm’s
output with a certain probability. Till now, up to our knowledge, only
the case of Problem 9, in which the external-overlap summarization
principle is used, has been addressed in the literature.

Let A be a randomized algorithm that inserts a maximal clique
C € M(G) into its output summary S with probability Pr[C € S].
The expected visibility of a maximal clique C € M(G) with respect to S,
denoted as E[V¢(C)], is defined as:

(8

Observe that, the output S of A is not known in advance and, hence,
V¢(C) can be exactly determined only a posteriori. However, its value
could be estimated and lower-bounded to guarantee that E[V4(C)] is
also lower-bounded. A summary .S of a graph G is expected t-visible,
with 0 < 7 < 1, if the expected visibility of each maximal clique

C € M(G) with respect to S is at least 7, i.e. E[V¢(C)] > 7.
Compare the following with Problem 9.

E[Vg(CO)] =1-Pr[C € S]1+ Vs(C) - Pr[C & S]

Problem 25 (Expected z-Visible Maximal Clique Small Summary). Given
a graph G and a value 7, with 0 < 7 < 1, find an expected z-visible
summary S C M(G) of small size.

As for Problem 9, Problem 25 coincides with the enumeration of
maximal cliques when 7 = 1. Problem 25 is addressed in [28,75], which
are surveyed in Section 7.2.

5.4. Parametrized approaches

Parametrized complexity [14,15] offers a framework for addressing
NP-hard problems by identifying a parameter k that captures some
structural aspect of the problem. A problem is said to be fixed-parameter
tractable (FPT) with respect to k if it can be solved in time f(k) - n®D,
where f is a computable function independent of the input size n. This
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allows for efficient algorithms when k is small, even for large instances.
A common way to show that a problem is unlikely to be FPT with re-
spect to a given parameter k is to give a parametrized reduction from a
known W[1]-hard problem [14,15], thereby establishing W[1]-hardness.
A parametrized reduction reduces an instance (X, k) of a problem P that
is W[1]-hard with respect to the parameter k to instance (X’,k’) of a
problem P’ in f(k) - |X|°1 time such that k¥’ only depends on k and
such that (X, k) is a positive instance of P if and only if (X', k') is a
positive instance of P’.

As mentioned in Section 1, k-cLiQue and, hence, Problem 1, is known
to be W[1]-hard with respect to the size k of the clique [14,15].
To the best of our knowledge, among the summarization problems
addressed in this survey, an FPT approach has been proposed only
for Problem 2 [50-52] using the isolation factor ¢ as parameter and
leading to FPT algorithms to enumerate all #-isolated maximal cliques
(see Section 7.4).

While any structural graph parameter could, in principle, be a
candidate for FPT analysis, it is particularly interesting to consider
parameters that are explicitly present in the problem definition itself.
Unfortunately, most parameters that appear in the problems listed
in Section 4, such as 7, o, p, and ¢, are real numbers in [0, 1] and,
hence, cannot be directly used as parameters for an FPT reduction
or algorithmic approach. To deal with this issue, a strategy could
be that of addressing the equivalent problems that consider absolute
values instead of percentages. For instance, in Problem 9 instead of
considering the local visibility of C with respect to C’' as Ve (C) =
‘ClnTCII‘ one could consider the measure |C nC’|. This would yield a
new visibility definition and a new formulation for Problem 9 using
an integer parameter that could be exploited for an FPT analysis.

6. Research targets for summarization problems

In Sections 4 and 5 we introduced and classified several problems
falling in the broad research area of maximal clique summarization.
The main research target is that of devising algorithms to find solutions
to such problems. However, specific problems could be addressed also
from different perspectives, either to better understand the underlying
complexity of the questions or to propose solutions tailored to par-
ticular application contexts. Such alternative research targets include
devising exact or enumerative algorithms, investigating hardness or
W/[1]-hardness, conceiving FPT approaches, applying probabilistic tech-
niques, generalizing to weighted graphs or focusing on particular graph
families, extending the results to graph with uncertainty, proposing
approximated solutions. In this section we highlight some promising
research directions based on the classification introduced in Section 4.

Filtering problems. Since Filtering problems ask to evaluate a Boolean
property independently for each maximal clique, these problems are
well-suited for enumeration algorithms, while probabilistic approaches
do not appear to be particularly meaningful.

For Problem 1 (MAXIMAL CLIQUES By sizE), related to the size of maximal
cliques, known results on W[1]-hardness [14,15] imply that designing
FPT algorithms with respect to the size of the cliques is likely to be
difficult. Instead, the research could focus on developing efficient enu-
merative algorithms, either with output-sensitive running time or with
bounded-delay guarantees. When s = w(G), randomized approaches
for Problem 1 (MAXIMAL cLIQUES B size) have been presented in [95]. An
alternative definition of clique size could be adopted for weighted input
graphs, leading to a weighted variant of the problem (see Problem 20).

Regarding Problem 2 (£-1soLatep maxiMAL cLiQues), which focuses on
the isolation of maximal cliques within the summary, positive results
already exist in terms of FPT algorithms [50-52].
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Search and reduced size problems. Search and Reduced Size problems
are both defined through a Boolean property that has to be satisfied
by the summary as a whole. Therefore, they often share common
research goals. For several of these problems, the literature provides
NP-hardness results, at least for specific values of the parameter. For
example: Problem 9 (r-VISIBLE MAXIMAL CLIQUE SMALL SUMMARY) coincides
with the enumeration of the maximal cliques when = = 1, which implies
the complexity bounds of the maximum clique problem discussed in
Section 1. When ¢ = 1, Problem 10 (c-COVERING MAXIMAL CLIQUE SMALL
SUMMARY) is usually called cLiQuE cover. Such a problem can have four dif-
ferent formulations, depending on whether the cliques are requested to
be maximal and whether they can possibly intersect. The NP-hardness
proof originally given by Karp [13, Problem 13] applies to non-maximal
cliques, either disjoint (also called parTITION INTO CLIQUES [96, Problem
GT15]) or possibly intersecting. The problem of finding a small set of
intersecting covering cliques can be easily reduced to that of finding
covering intersecting maximal cliques and vice versa. Therefore, the
latter problem is also NP-hard. To the best of our knowledge the
complexity of finding a small set of covering maximal disjoint cliques
is unknown. Observe that this problem coincides with Problem 14 (c-
COVERING 6-INDEPENDENT MAXIMAL CLIQUE SMALL SUMMARY) when ¢ = 1 and
o = 0. The existence version corresponds, instead, to Problem 5 (FiND
ANY C-COVERING 0-INDEPENDENT MAXIMAL CLIQUE SUMMARY). Problem 6 (FIND ANY
C-EDGE-COVERING G-INDEPENDENT MAXIMAL CLIQUE SUMMARY) when ¢ = 1 and
o =0 is proven to be NP-hard in [59].

For Reduced Size problems, where the target is finding a “small”
summary satisfying a given property, it make sense considering ap-
proximations of the minimum size summary. In this respect, very few
results are known. For example, it can be proved that Problem 10 (c-
COVERING MAXIMAL CLIQUE SMALL SUMMARY) for ¢ = 1 does not admit, unless
P = NP, a polynomial time approximation algorithm for any ¢ > 0
that, on n-vertex graphs, achieves an approximation ratio better than
n'~¢ on the number of maximal cliques covering the vertices of G.
Indeed, the polynomial reduction from GRAPH COLORING tO CLIQUE COVER
provided by [13] maps the number of colors of the coloring to the
number of (maximal) cliques covering the vertices of G. Therefore,
the same hardness of approximation results for the former problem
proved in [17] applies to the latter. Algorithmic FPT approaches could
be devised using as FPT parameters the specific values in the problems
definition (e.g., 7, 0, p, and ¢), as described in Section 5.4.

Probabilistic approaches could also prove useful in this setting, since
the Boolean property is evaluated over the entire summary and the
output property might be satisfied with a certain probability. Only
Problem 25 (EXPECTED 7-VISIBLE MAXIMAL CLIQUE SMALL SUMMARY) has been
addressed using a probabilistic algorithm [28,75].

Fixed size problems. All Fixed Size problems depend on a parameter
k and, when k = 1, coincide with the search for one of the maximal
cliques that maximize the objective function. Very often, these search
problems are known to be NP-hard. For example, as noted in [46],
Problem 15 (top-k MAXIMAL CLIQUES By sizE) and Problem 16 (SEr ofF k
MAXIMAL CLIQUES MAXIMIZING COVERAGE) when k = 1 coincide with maxiMum
cLiQue. The NP-hardness of Problem 16 for an arbitrary k has been
claimed in [78,79]. We remark that maxmvum cLiQue admits an FPT
algorithm in the degeneracy of the graph [97].

For Fixed Size problems, approximation approaches seem extremely
challenging: in many cases it is not difficult to construct instances such
that any k-summary that does not fully satisfy the problem condition is
arbitrarily far from the optimum. For the special case of MAXIMUM CLIQUE,
which, as said, is hard to approximate within a factor of n'=¢ [16,171,
the best known approximation factor is O(n(log log n)? /(log n)*) [98]. We
refer to [99,100] for surveys on FPT approaches, W[1]-hardness, and
approximation of maxiMum cLIQUE and its relaxations.
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7. A review of summarization algorithms

In addition to outlining key problems and summarization principles,
Tables 1-3 provide references to previous studies that addressed these
problems, also highlighting which of them are still open. In this section
we provide an in-depth review of algorithmic advancements, using the
summarization principles introduced in Section 3 as a first level of
classification.

7.1. Size-based summarization

Detecting a maximum clique. When k = 1, both Problem 15 (tor-k
MAXIMAL CLIQUES BY size) and Problem 16 (SET OF k MAXIMAL CLIQUES MAXIMIZING
coveracGe) coincide with the problem of detecting a maximum clique.
This is one of the most studied NP-hard problems. Several surveys on
the maximum clique problem are available in the literature, includ-
ing [101-103]. In [103], which is, to the best of our knowledge, the
most recent, exact and heuristic approaches are considered in detail,
and inapproximability results and parametric complexity completeness
are briefly discussed. Benchmarks and experimental comparisons as
well as generalizations to vertex-weighted and edge-weighted graphs
are also discussed.

Enumerating maximum cliques. Problem 1 (MAXIMAL CLIQUES BY SIZE) is
equivalent to the problem of enumerating all maximum cliques when
only cliques of size w(G) should be included in the summary, where
®(G) is the clique number of G, i.e., the number of vertices in any max-
imum clique. This problem has been addressed in [104] and in [95],
providing exact and probabilistic solutions, respectively.

Enumerating large maximal cliques. In its general formulation, Problem
1 is addressed in [53,54], which propose an algorithmic approach
that, before launching the enumeration of the large maximal cliques,
performs two filtering steps to the input graph.

Since the summary S must contain only maximal cliques of size
at least s, a vertex v € V cannot belong in any maximal clique of .S
unless its degree is at least s — 1. The first filtering step recursively
removes vertices based on this observation, actually computing the
s-core of the input graph [105], an operation that can be efficiently
performed [106].

An edge e = (u,v) can participate to a maximal clique of size at
least s only if both u and v have at least s — 1 neighbors in common,
i.e., IN(w)n N(v)| = s — 1. Moreover, any vertex v in a maximal clique
of size at least s must have at least s — 1 neighbors, such that for each
vertex u of them, it holds that |N(v) n N(u)| > s — 1. Considering these
two observations, the graph is filtered again by first removing edges
and then removing vertices that cannot belong to a maximal clique of
size at least s.

The enumeration algorithm explores the recursion tree of Algorithm
1 by means of a breadth-first search instead of a depth-first-search.
Furthermore, when a vertex v is not added to the current solution, a
tabu list is created with all the vertices in T that are not adjacent to
v. The tabu lists are used to stop the exploration of a branch of the
recursion tree when all the maximal cliques generated by that branch
are guaranteed to have size less than s.

7.2. Overlap-based summarization

Problem 9 (z-VISIBLE MAXIMAL CLIQUE SMALL SUMMARY) and its probabilistic
relaxation Problem 25 (EXPECTED 7-VISIBLE MAXIMAL CLIQUE SMALL SUMMARY)
are addressed in [28,75,76,107], where r-visible summaries are com-
puted by a modified Algorithm 1 approach discussed in Section 2. In
particular, while traversing the Algorithm 1 recursive call tree, these
approaches perform two kinds of operations:

Retention: when a maximal clique C is found a decision is taken about
whether adding C to .S or not;
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Pruning: when the current recursive call corresponds to a non-maximal
clique a decision is taken about whether pruning the current
recursion subtree, so reducing the considered solution space.

It can be observed that Algorithm 1 discussed in Section 2 yields
an enumeration in which similar cliques tend to be near in the output
sequence. Based on this observation, both the be above introduced
operations can be accomplished by considering the last maximal clique
C’ added to S as a representative for all the cliques in S. In this case,
RetenTION does not necessarily filter out all maximal cliques that have a
visibility greater than r with respect to maximal cliques already added
to S, i.e., the produced summary is not guaranteed to be minimal.
When performing Pruning, instead, considering C’ only does not affect
the produced summary but only the computation time.

Pruning by lower bounding visibility. The criterion proposed in [28] to
perform Pruning is that of forecasting whether the subtree 7  of the
complete search tree of Algorithm 1 rooted at the current node ¢ and
corresponding to clique C may contain a maximal clique that has low
visibility with respect to C’. In particular, let r be a lower-bound on
the visibility of the maximal cliques contained in 7" with respect to
C’, the current branch of the computation is pruned if r > 7. In order
to compute r, one needs to estimate the maximum size of a maximal
clique X corresponding to a leaf x of 7, which is the size of C plus
the depth d of 7, i.e., |X| = |C| + d. Second, one needs to estimate
the size of the intersection between X and C’, which may be given by
|C n C’| plus the number of vertices in X \ C that are not in C'. Let d,
be the number of vertices of X that are not in C’. Then the size of the
intersection |X N C’| = |C n C’| +(d - d,). Therefore, the lower-bound r
on the visibility of X with respect to C’ can be formulated as follows.

IC N C'| +max{d —d,.0}

|IC|+d ©

where d is an upper-bound on the depth d of T; d_y is an upper-bound
on d,; and the max function is needed since d — d_y could be negative.
It remains to discuss how to estimate d and d_y Recall that the set of
candidate vertices that can possibly be added to C is denoted by T.
Observe that an upper bound for d coincides with an upper bound for
the maximum clique in G[T]. Hence, a trivial upper bound could be
to consider the size of the candidate set T. In [28] three heuristics are
proposed to upper bound d: (i) the maximum degree d, of any vertex
in G[T1], (ii) the maximum value Eh of h such that there are h vertices
with at least degree 4 — 1 in G[T], and (iii) the maximum core number
Ecm of G[T]. A fourth upper bound for d is provided in [107]: (iv)
d,,,., that is the maximum truss number of G[T]. Observe that:

10)

The first inequality is trivial, the second one holds because d,,,, re-
quires the h vertices to be connected and the third holds since a
k-truss must be a (k — 1)-core. Computational complexities for the four
approaches above are, respectively:

O < O(VIT1) < O(EIT]) < O(E[T]]") an

d_y can be estimated with |T \ C’|, or with the number of vertices in
T \ C’ having degree at least d, or simply as the value of d.

Avoiding costly pruning operations. Even if the approach described
above improves the running time with respect to the classic maximal
clique enumeration algorithm, it still suffers from two main drawbacks:
(a) it requires a new costly estimation of d independently at each
recursion and (b) it tries to prune several times subtrees that are not
prunable because of some common leaves. Observe that drawback (b)
is also costly, since each pruning attempt needs an estimation of r
which in turn requires an estimation of 4. To address these limitations,
in [76] three novel keeping strategies are proposed to determine when
a subtree is not prunable with the goal to avoid unnecessary bound
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estimation. In practice, these strategies consists of upper bounding
strategies of visibility in contrast with the original lower bound ap-
proach exploited during the pruning attempt. Moreover, instead to
calculate d from zero, an update approach is proposed to adjust the
d from the parent recursion denoted by d,. More formally, each time
before entering a new recursion with the current partial clique C, if the
following inequality holds:
!

el . 12
IC] +dg—1

the current subtree can be pruned. Notice that this pruning strategy
requires only (1) extra time complexity.

We now discuss the keeping strategies. All of them are evaluated
at each recursive step. If one of the following inequalities holds then
the current subtree will be entirely explored without checking the
pruning conditions. The inequalities guarantee that any maximal clique
X generated from C cannot be witnessed by the last reported maximal
clique C’ in S. The first strategy is by size filtering

||
[Cl+1

with a O(1) time complexity. The second one is by bound reusing

<t 13)

ICNC' | +dy—1
= - 0 <

= a4
|ICl+dy—1
with a O(1) time complexity. The last one is by candidate tracing
cnc’ Tnc
ICnC’ | +ITnC] as)

ICl+1
with a time complexity of O(D/|X|) if degeneracy ordering is per-
formed [20], where D is the degeneracy of G.

Putting it all together, the original approach can be refined process-
ing sequentially the pruning and keeping strategies discussed before.
In this way, only when all of them fail, the costly inequality r > 7 is
evaluated.

A global retention approach. Instead of considering the visibility with
respect to the last summarized clique, a different approach to remove
redundancy might exploit a global view of summary S. In more details,
when evaluating a maximal clique C, we might compare C against
all the cliques in S. This is however a costly operation that requires
an efficient implementation. A possible strategy is presented in [28]:
clique C and any other clique of .S are further compared only if the
intersection of their vertex id ranges is nonempty.

7.2.1. Probabilistic method

In the randomized approach introduced in [28], RetenTiON is per-
formed with probability 1 — \T/@, where 7 is the denominator of Eq.
(9), i.e., I = d+|C|, while PruniNG is performed with probability ‘W,
where s(r) is a sampling probability function
1-n2-1)

Q-r—1)
that corresponds to a monotonically decreasing function with the prop-
erty to have value 1 when r = 0 and value 0 when r = 1. Therefore, the
larger is the estimated value of r, the higher is the chance to effectively
prune 7. Moreover, the larger is d (and thus /) the larger is the number
of recursion calls and the smaller is the probability of pruning 7.

In [75], a new sampling probability function is proposed to over-
come two main issues on Eq. (16). The first is that when r € [z, 1], we
always obtain s(r) > 0. This means that there is a positive probability
to add the maximal clique into the summary, even if it is r-visible with
respect to .S. The second issue is that when r = 0, we have s(r) = 1. In
this situation, even if the newly generated maximal clique has vertices
that are not covered in S, it could be covered by some future maximal
cliques. So, it makes sense to have a non-null probability to sample the
clique, especially considering that the aim is to compute an expected

s(r) = (16)
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r-visible summary. The sampling probability function proposed by [75]
is

o
Sopt (1) = {(;_r ’

It can be proved [75] that the adoption of function s,,(r) guarantees
to compute an expected z-visible summary and that s,,() < s(),
Vr € [0, 1], resulting in a more effective pruning strategy.

if r€[0,7)

a7
if r € [r,1]

7.3. Covering-based summarization

Problem 16 (SET OF k MAXIMAL CLIQUES MAXIMIZING COVERAGE) has been
addressed in [46,78,79] using very different approaches: a variation
of Algorithm 1 for the maximal clique enumeration [46]; a configu-
ration checking strategy [78]; and a strategy based on formal concept
analysis [79].

7.3.1. Approaches based on maximal clique enumeration

The approach proposed in [46] to find a summary S is based on a
simple change to the maximal clique enumeration algorithm described
in Section 2 (Algorithm 1), where at Line 4 a maximal clique C is not
necessarily reported. In order to describe this approach we introduce
some definitions. Given a summary .S C M(G) of maximal cliques of G,
the private-vertex-set for each clique C € S, denoted by p(C,.S), is the
set of vertices in C that are not contained in any other maximal clique
in S, i.e., p(C,S) = C\c(S\{C}). Intuitively, p(C, S) is the set of vertices
of G that would be removed from c(S) if C was removed from S. Each
vertex v € p(C, S) is called a private vertex of C in .S. The min-cover-clique
of S, denoted by C,(S), is the clique C € S with minimum private-
vertex-set size |p(C,S)|, i.e., C,(S) = argmingcs{|p(C,S)|}. If more
than one maximal clique of .S has minimum |p(C,S)| then one such
clique is arbitrarily chosen to be the min-cover-clique of S. Intuitively,
the min-cover-clique of S is the clique that reduces the coverage size
|¢(:S)| by the minimum possible when removed from S.

During the enumeration process, the first k maximal cliques are
added to summary S and, upon discovering a new maximal clique
C, the min-cover-clique C,(S) is replaced by C when this yields a
summary S’ with a sufficiently larger coverage, that is, when the
private-vertex-set size of C in S’ is such that |p(C, S")| > |p(C,,(S), S)|+

. lcl(_;l)l’ where « is a parameter (0 > a > 1). In [46] it is shown that,
when a = 1, the above approach computes a summary .S, such that
[e(S)| = 0.25 - |c(S*)|, where S* is the optimal summary, i.e., the set of
k maximal cliques that maximizes coverage.

Pursuing efficiency. A naive implementation of the above described
approach would be extremely inefficient, since each update of .S to
S’ implies computing the min-cover-clique C,,(S) of .S, the size of the
private-vertex-set of C in S’, and the coverage size |c(S)|. Overall,
this requires computing again the private-vertex-set of each maximal
clique in S in the worst case. A data structure to efficiently address
this problem is presented in [46]. This is based on the concept of
‘reverse coverage’ for vertices, i.e., the cliques of the summary S that
a vertex belongs to. The reverse coverage is exploited to update a
data structure that makes it possible to retrieve the aforementioned
quantities (min-cover-clique, private-vertex-set size and coverage size)
without the need of recomputing them from scratch.

It is proved in [46] that this implementation, while using only
O(Y ces IC) space, can produce a summary in the same time required
for enumerating all the maximal cliques in G, in short, without requir-
ing any extra asymptotic costs with respect to both time and space
complexities.

On top of this approach, as shown in [46], local and global pruning
strategies of the recursion tree can be efficiently implemented to re-
duce the search space. Global pruning prioritizes the expansion of the
current clique toward vertices with a higher ‘appetibility’ score. This
has the effect of allowing to prune those subtrees that correspond to
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low ‘appetibility’ score and that have no potential to be expanded to
improve the quality of the current candidate. Local pruning is based
on an upper-bound estimation of the potential of the maximal cliques
contained into the subtree rooted at the current clique. Adding pruning
does not increase the asymptotic running time but yields a substantial
boost on the computation times in practice.

A further strategy used in [46] to improve efficiency is to start from
a suitable set of initial candidate maximal cliques of .S such that both
global and local pruning conditions can be satisfied earlier.

7.3.2. Approaches based on configuration checking strategy

Another approach to solve Problem 16 is proposed in [78] and it
is based on a variant of Configuration Checking (CC) [108] combined
with an application of the Best from Multiple Selection (BMS) [109].
Configuration Checking is a simple strategy used to reduce the cycling
phenomenon in a local search when solving combinatorial optimization
problems. In this case, it is used to sample the solution space maintain-
ing a tabu set to enforce the exploration of different portions of it. Since
CC is not applicable to Problem 16, a variant of it named Enhanced
Configuration Checking (ECC) is proposed in [78]. The idea of ECC is
that a maximal clique can be added to .S only if it does not contain
tabu vertices.

1. When a maximal clique C is removed from .S, every vertex
v € p(C,S) is added to the tabu set and every tabu vertex u
neighbor of v is removed from the tabu set.

2. When a maximal clique C is added to S, every tabu vertex
neighbor of a vertex v € p(C, S) is removed from the tabu set.

A Boolean array ConfChange can be used to implement the config-
uration checking strategy: each element of array ConfChange refers to
a vertex v and has value 0 if the vertex belongs to the tabu set and 1,
otherwise. At the beginning each vertex v € V has ConfChange[v] = 1.
Given a set of maximal cliques S, the configuration of a vertex v € V is
the set conf(v) = {ulu € N(v) \ ¢(S)}. Observe that ConfChange[v] = 1
either if v has never been considered so far or if a neighbor of v has
been removed or added to ¢(S), that is, if its configuration changed.

A clique C is first constructed starting from a random vertex v
having ConfChange[v] = 1. A candidate set T is maintained, consisting
of non-tabu neighbors of all vertices in C. Each vertex in T is associated
with a benefit measure b[v] = |[N(v)nT|. While T is non-empty one
vertex v € T is moved to C using the BMS strategy. If T is sufficiently
small (|T| < m, where m is a suitable parameter), v is greedily chosen
based on its benefit. Otherwise, v is selected among m random vertices
of T maximizing the benefit. Observe that, the greater is m the higher
is the probability of having a summary with high coverage, at the cost
of a higher computation time. Using the above procedure the generated
clique C may not be maximal in G as it could be contained into a
larger clique involving tabu vertices. Therefore, in a post-processing
phase, clique C is extended to a maximal one by iteratively adding tabu
vertices adjacent to all vertices in C [110].

The general approach constructs several candidate summaries until
a cut-off time is reached, choosing the one with highest coverage. The
candidate summaries are computed using different values of m. Each
candidate summary is built by adding k¥ maximal cliques computed
with the above described strategy, and then refining the solution for
a bounded number of times by trying to replace the maximal clique C
in S with smaller |p(C, .S)| with some other clique that improves |c(.S)|.

7.3.3. Approaches based on formal concept analysis

A completely different approach to solve Problem 16 is proposed
in [79] casting the problem into the framework of formal concept
analysis (FCA), where the maximal cliques of a graph G correspond to
equiconcepts in the formal concept lattice of G. The algorithm is based
on a strategy that leverages FCA to find k-cliques originally proposed
in [111].
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In FCA, a triple K = (O, A, 1) is called a formal context if O and A
are sets and I C O x A. Elements of O are called objects, those of A
are called attributes, whereas I is the incidence of the context K. For
X C O, we define X' = {a € A|VYo € X : (0,a) € I}. Analogously, for
Y C A, we define Y ={o€O|Va€Y : (0,a) € I}. Apair H =(X,Y)
is a formal concept of K if and only if X C O, Y C A, X’ = Y, and
X = Y'. Formal concepts of a given formal context are ordered by a
partial ordering ’<’ defined as follows: (X,Y}) < (X,.Y;) < X, C X,
or ¥, C Y,. Let C(K) denote the set of all formal concepts of K, then
’<’ is a partial relation of C(K). A concept lattice L = (C(K),<) can
be obtained by all elements in C(K) of a context K with the partial
order <. An equiconcept is a special concept H = (X,Y) € C(K), such
that X =Y. We denote by EC(K) the set of all equiconcepts of C(K).
Finally, given three equiconcepts H, = (X,.,Y,), H, = (X,,Y,) and
H; = (X3,Y3) € EC(K), such that H; < H; and H, < H;, then H;
is denoted as the father concept of H, and H,, and H, is denoted as
the brother concept of H,.

The formal context K of a graph G = (V,E) is constructed by
choosing O = A = V and, for every (v;,v;) € E, both (v;,v;) € I and
(v;,0) € I. Also, for every v; € V, (v;,v;) € 1.

It is proved in [79, Theorem 1] that M(G) = EC(K), i.e., the
set M(G) of maximal cliques of G corresponds to the set EC(K) of
equiconcepts in the formal concept lattice L = (C(K), <) obtained from
the formal context K of G.

In order to obtain a summary S, EC(K) is computed in a similar way
as described in [111]. The procedure described in [79] adds k elements
to S following an iterative approach where, at each step, the clique C
corresponding to the equiconcept H = (X, X) with the largest |X]| is
added to S. After the addition, in order to pursue diversification, both
H and all its brother equiconcepts are removed from EC(K).

7.4. Isolation-based summarization

In this section, we review the results from the literature concerning
Problem 2 (#-1SOLATED MAXIMAL CLIQUES) that has been studied in [50-52].
We first discuss the approach proposed in [50] to obtain a summary .S
that contains all Z-isolated maximal cliques in a given graph G = (V, E)
with n vertices and m edges in O(#* - 2% - m) time. Then, we discuss the
approach proposed in [51], which shows how to solve Problem 2 for the
two other isolation concepts: when S must contain all max-#-isolated
maximal cliques or all min-#-isolated maximal cliques.

In the following, we assume that the vertices of G are sorted by
their degree such that u < v = §(u) < §(v), meaning that we associate
an index to each vertex. Let N[v] = N(v)U {v}. Let N [v] = {u € N[v] |
u>v}and N_(v) = {u € N(v) | u < v}. Let k = |N[v]|. For any £-
isolated maximal clique C, there is a vertex in C, referred to as a pivot,
that has less than # edges outgoing from C. Observe that, an #-isolated
maximal clique may have more than one pivot. Using the vertex order,
we can select the pivot to be the vertex in the maximal clique having
the minimum index.

The general idea discussed in [50] to find the summary S is to
scan each vertex v and enumerate all Z-isolated maximal cliques whose
pivots are v, by removing at most # — 1 vertices from N(v). For every
vertex v, three main steps are performed, which are discussed in the
following.

Trimming stage. First, if |N_(v)| > £—1, vertex v can safely be discarded
as it cannot be a pivot of any #-isolated maximal clique. Otherwise, a
candidate set C C N[v] is defined as C = N[v]\N_(v) = {v =uy, ..., u;}.
The idea is to remove from C all vertices that cannot belong to an ¢-
isolated maximal clique with v as the pivot. At the end, C contains
all ¢-isolated maximal cliques with v as the pivot. Additionally, let
C' = {w € C | w < u;} U {uy;}. The following conditions are then
considered:

(@ ) <@ +1)-ICl-1;
(b) u; has less than ¢ - |C| outgoing edges from C;
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(c) u; has at least |C| — ¢ neighbors in C;
(d) C" has less than # - (¢ + 1) - |C"| outgoing edges.

For each vertex u;, where i = 1,...,k, condition (a) is tested and u;
is eventually removed from C. Next, conditions (b) — (d) are checked
for each vertex u;, where i = 2,...,k, and u; is eventually removed

from C. At any time, if the number of deleted vertices exceeds £ — 1
(equivalently, if |C| < k — ¢ — 1), then v cannot be a pivot and the
entire procedure is terminated early.

Condition (a) ensures that high-degree vertices are early removed.
Then, the other three conditions are evaluated only on small-degree
vertices.

Enumerating stage. After the trimming stage, let ¥’ denote the size of
the candidate set C, with k—¢ < k’ < k. At this point, C is a superset of
all #-isolated maximal cliques with pivot v. The goal is to find maximal
cliques by removing at most #/ = ¢ — 1 — (k — k') vertices from C.
Observe that, if C’ C C is a clique, then C \ C’ forms a vertex cover
in the complement graph G[C]. Using this property, listing all maximal
cliques in G[C] that can be obtained by removing at most #’ vertices
is equivalent to enumerating minimal vertex covers with at most ¢’
vertices in G[C]. There exists an algorithm for this problem with a time
complexity of @27 ".m) [15], where m is the number of edges of GIC].
We denote as Q. the set of maximal cliques obtained at the end of this
stage.

Screening stage. This final step aims to test whether elements in Q. are
indeed /-isolated maximal cliques. Regarding isolation, each O € O
can be efficiently tested to determine if it is #-isolated; eventually Q is
removed from Q.. Regarding maximality, a simpler check is introduced
in [51]. Since high-degree vertices are removed before the enumeration
stage, all vertices in N[v]\Q must be considered, as one of these vertices
could potentially be a common neighbor of all vertices in Q. Therefore,
for each deleted vertex w from N[v]\ C, it is checked whether w is a
neighbor of every vertex in Q. If so, Q is discarded. Otherwise, Q is
added to S.

Other isolation concepts. We now discuss how the procedure described
above can be adapted [51] to obtain a summary S that must contain
either all min-#-isolated maximal cliques or all max-#-isolated maximal
cliques. For both the isolation concepts, the enumeration stage remains
unchanged.

When considering min-£-isolated maximal cliques, recall that only
maximal cliques with at least one vertex having less than # neighbors
outside the clique are relevant. During the trimming stage, vertices
with few neighbors in the candidate set C must be removed because
including them would result in a maximal clique where the pivot vertex
v has at least ¢ outgoing edges. Only a single condition has to be
checked for each vertex u;:

(@) u; has at least |C| — # neighbors in C.

In the screening stage, only the vertices in N_(v) must be considered, as
the enumerated cliques are maximal in G[N_,[v]]. For each w € N_(v)
and for each O € Q, it is tested whether 0 C N(w). If so, Q is
discarded. Otherwise, Q is added to S.

When considering max-#-isolated maximal cliques, recall that only
maximal cliques in which every vertex has less than £ neighbors outside
the clique are relevant. In the trimming stage, high-degree vertices are
removed as in the case of #-isolated maximal cliques, but since the max-
isolation concept is stricter, the degree of the vertices is even more
restricted compared to avg-isolation. Two conditions are checked for
each vertex u;:

@) 6w <|Cl+7—1;
(b”) u; has at least |C| — ¢ neighbors in C.

The screening stage remains unchanged with respect to avg-isolation.
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8. Concluding remarks

The problem of summarizing maximal cliques in a graph can be
approached in various ways, depending on the constraints imposed
by specific application contexts. The sheer number of maximal cliques
makes this task particularly challenging and computationally intensive.
The literature on this topic is however highly scattered: the various
contributions often lack cross-references, show limited awareness of the
broader landscape, and thus miss opportunities to exploit potentially
valuable techniques from related works.

In this survey, we introduced a novel taxonomy for classifying
summarization problems along two key dimensions: summarization
principles and problem classes. Our dual-axis approach provides a
unifying framework that encompasses seemingly disparate problems
and reveals underlying connections that were not previously well un-
derstood. To the best of our knowledge, this is the first attempt at
offering a comprehensive view and comparison of different maximal
clique summarization problems.

Several versions of maximal clique summarization (e.g., Problems
6 and 11) have a rich and well-known literature, especially devoted
to combinatorial results. The interested reader could find some ref-
erences in [58,59,74]. In this survey, we focus on the algorithmic
aspects of maximal clique summarization, emphasizing the methods
and approaches in the literature. Most of the contributions date back to
the last decade and many problems are still open or have not been ad-
dressed at all (see Tables 1-3). Investigating such open problems would
be beneficial not only for advancing the theoretical understanding of
maximal clique summarization, but also for leveraging maximal cliques
in further application contexts.

Our contribution paves the road for several promising research
directions.

As highlighted in Tables 1-3, many problems that can be cast
in our framework and have practical applications have not been
addressed in the literature. A better understanding of such open
problems would add a significant contribution to the literature on
clique summarization.

Efficiency has not been sufficiently addressed so far, especially for
Search and Reduced Size problems. There is potential to introduce
novel algorithms that perform better on graphs with huge size.
Moreover, since producing minimal summaries in Reduced Size
problems is often hard, novel algorithms could be compared to
the state of the art in terms of the size of the produced summaries.
To improve scalability on large graphs, other computational mod-
els could be considered, such as cache-efficient, external memory,
parallel, or distributed algorithms.

Investigating streaming version of the problems would be crucial
to handle dynamic graphs, such as those found in social or com-
munication networks, where the structure of the graph changes
over time.

Algorithms tailored for graphs with special properties (e.g., sparse-
ness, scale-freeness, hierarchical structure, small-world property,
high clustering coefficient) may find applications in practical
scenarios.

There is a general lack of tools for experimental analysis, open-
source software, and shared benchmarks with known optimal or
high-quality summaries.
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