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We present a lattice calculation of the hadronic vacuum polarization (HVP) contribution of the strange and
charm quarks to the anomalous magnetic moment of the muon in isospin symmetric QCD. We employ the
gauge configurations generated by the Extended TwistedMass Collaboration (ETMC)withNf ¼ 2þ 1þ 1

flavors of Wilson-clover twisted-mass quarks at five lattice spacings and at values of the quark mass
parameters that are close and/or include the isospin symmetric QCD point of interest. After computing the
small corrections necessary to precisely match this point, and carrying out an extrapolation to the continuum
limit based on the data at lattice spacings a ≃ 0.049, 0.057, 0.068, 0.080 fm and spatial lattice sizes
up toL ≃ 7.6 fm, we obtain aHVPμ ðsÞ ¼ ð53.57� 0.63Þ × 10−10 and aHVPμ ðcÞ ¼ ð14.56� 0.13Þ × 10−10, for
the quark-connected strange and charm contributions, respectively. Our findings agree well with the
corresponding results by other lattice groups.

DOI: 10.1103/PhysRevD.111.054502

I. INTRODUCTION

The polarization of the vacuum induced by fluctuations
of a virtual photon into quarks and gluons, known as the
hadronic vacuum polarization (HVP), has recently received
a lot of attention and interest due to its importance in the

Standard Model (SM) predictions of the anomalous mag-
netic moment of the muon aμ. This quantity is currently
investigated at the Fermi National Accelerator Laboratory
(FNAL) [1] and at a forthcoming experiment at J-PARC
(E34) [2]. The Fermilab Muon g − 2 experiment (E989),
has published the results of the analysis of the Run-1 data
collected in 2018 [1,3–5], where a remarkably good agre-
ement with the previous E821 measurement at BNL [6] is
found. More recently, also the results of the analysis of the
Run-2 and Run-3 data, collected in 2019 and 2020, have
been published [7], with statistics increased by more than a
factor of four and systematic errors reduced by more than a
factor of two.
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The current experimental world average [7] is aexpμ ¼
116592059ð22Þ × 10−11 with a relative uncertainty of
0.19 ppm. The ongoing analysis of the remaining data
from three additional years of data collection by the
Fermilab Muon g − 2 Collaboration is expected to lead
to another factor of two of improvement in statistical
precision, while a completely independent cross-check
and possibly a further reduction of the total error will
come from the forthcoming experiment planned at J-PARC.
From the theoretical side, the dominant source of

uncertainty in the determination of aμ comes from the
HVP term at leading order in the electromagnetic (e.m.)
coupling, aHVPμ (see Ref. [8]). Presently, there are two
approaches for obtaining precise predictions of the HVP
contribution. The first one makes use of the experimental
data on the process eþe− → hadrons, while the other one is
represented by numerical simulations of QCD and QCDþ
QED on the lattice.
The data-driven determination of aHVPμ quotes [8–10] a

precision of approximately 0.6% and it corresponds to a SM
prediction foraμ that is found [7] to differ by about 5.0σ from
the current experimental world average aexpμ . However, a
recent determination of the cross section eþe− → πþπ−ðγÞ,
carried out by the CMD-3 Collaboration [11], shows
important tensions with previous measurements, including
the one made by the CMD-2 Collaboration [12] and, if
correct, would make nearly negligible the tension with aexpμ .
Whether radiative corrections can provide an explanation for
such tensions in the data-driven determination of aHVPμ is
presently under active investigation (see, e.g., Refs. [13–15]
and also Ref. [16] for a first-principle isoQCD lattice
calculation of the R-ratio smeared in Gaussian energy bins).
In recent years, impressive progress has been made by

the lattice QCD community that enables the evaluation of
aHVPμ with increasing precision, reaching the goal of a few
permille accuracy. A breakthrough concerning the preci-
sion achieved came from the lattice calculation performed
by the BMW Collaboration in 2020 [17], corresponding to
a relative uncertainty of 0.8%. This result has been recently
updated by the same collaboration [18], by combining a
refinement of their 2020 lattice computation with an
experimental data-driven input for the very low energy
tail of the R-ratio of the process eþe− → hadrons. In this
hybrid approach, assuming that the eþe− experimental data
of input have controlled systematics and are not affected by
contributions of physics beyond the SM, they reach a
precision of ≃0.5% and obtain a phenomenological pre-
diction for aHVPμ that, once combined with the SM compu-
tations for the QED and electroweak contributions to aμ,
yields a prediction for aμ that deviates by only ≃0.9σ from
the current experimental value aexpμ . Moreover, very
recently, the CLS/Mainz collaboration presented [19] its
lattice prediction for aHVPμ that has an accuracy of ≃1%
(≃0.8% for the isoQCD contribution) and that, once

combined with the SM computations for the QED and
electroweak contributions, is fully compatible within errors
with aexpμ . The CLS/Mainz result exhibits a slightly larger
central value than aexpμ and is in small tension with the
BMW 2020 result. Finally, also the RBC/UKQCD col-
laboration presented [20] a lattice result for the dominating
light quark contribution to aHVPμ that is in between the
corresponding results of the CLS/Mainz and BMW col-
laborations and compatible with both of them within errors.
Furthermore, the BMW and the CLS/Mainz results

are in strong tension (respectively ≃2σ [17], ≃4σ [18]
and ≃4σ [19]) with the data-driven one of Ref. [8] (i.e.
without including the recent CMD3 data). Since 2020, i.e.
after the appearance of Ref. [17], this issue has triggered a
lot of investigations of the so-called window contributions
to aHVPμ , which were first introduced by the RBC/UKQCD
collaboration in Ref. [21]. Such quantities, obtained by
introducing suitable weight functions in the Euclidean
time-momentum representation of aHVPμ , have proven to
be quite useful since at short and intermediate time distances
they can be predicted with high accuracy on the lattice. In
particular, in the so-called intermediate window the dis-
agreement between eþe− → hadrons cross-section data-
driven results, as quoted by Ref. [8] (i.e. without the recent
CMD-3 result), and the lattice determinations has reached
the remarkable level of ≃4.5σ already in 2022 (see
Ref. [22]). However, if one employs instead the recent
determination of the cross section of eþe− → πþπ−ðγÞ
carried out by the CMD-3 collaboration [11], the exper-
imental results for the intermediate window contribution to
aHVPμ are in agreement with the SM lattice prediction.
In this work, we present a high-precision determination

of the quark-connected contributions to aHVPμ due to strange
and charm flavors that are obtained by the ETMC within
the so-called isospin symmetric QCD (isoQCD), where
isospin breaking effects, due to different up and down
quark masses and quark electric charges, are neglected.
The analysis1 is performed using the gauge configura-

tions generated by ETMC [23–26] with Nf ¼ 2þ 1þ 1

flavors of Wilson Clover twisted-mass sea quarks with
masses tuned very close to the target isoQCD values, i.e.
the ones corresponding to our scheme of choice for
defining isoQCD which is the so-called Edinburgh/
FLAG consensus [27,28]. We have computed the small
nonperturbative corrections needed to fine-tune the bare

1We are presently working on the calculation of the dominat-
ing light-quarks quark-connected isoQCD contribution aHVPμ ðlÞ
and, for that quantity, we have implemented a blinded analysis
procedure whose details will be explained in a forthcoming
publication. In the case of the contributions considered in this
paper (as well as in the case of the isoQCD quark-disconnected
and of the isospin breaking contributions on which we are also
currently working) we have considered unnecessary to implement
a blinded analysis.
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parameters to the target isoQCD values and, after applying
these corrections to the simulated ensembles (listed in
Table II in the Appendices), we obtain the corrected
isoQCD physical-point ensembles listed in Table I, with
lattice spacings a ≃ 0.049, 0.057, 0.068, 0.080 fm. Using
these isoQCD physical-point ensembles, taking into
account the tiny finite size effects (FSE) and adopting a
proper Akaike-information-criterion (AIC)-based model
average for the continuum limit extrapolation, the results
that we obtain for the quark-connected strange and charm
contributions to aHVPμ are

aHVPμ ðsÞ ¼ ð53.57� 0.63Þ × 10−10;

aHVPμ ðcÞ ¼ ð14.56� 0.13Þ × 10−10: ð1Þ

Here the quoted error is the total one resulting from
purely statistical, mistuning corrections and continuum-
limit extrapolation errors plus the tiny uncertainties related
to FSE and to the finite current renormalization constant.
The results for partial short-distance (SD) window,

intermediate window (W) and long distance (LD) window
contributions are given in Sec. III. Our current results for
SD andW window contributions are nicely consistent with,
and supersede in accuracy, those we published in Ref. [22].
Compared to that paper, we now employ one physical-point
ensemble at finer (a ≃ 0.049 fm) lattice spacing which
allowed us to exclude the ensembles at unphysical values of
the pion mass and at the coarsest lattice spacing used in
Ref. [22] and to achieve a significant reduction of the
statistical and continuum extrapolation errors. Furthermore,
precisely because of this error reduction, we carried out a
careful analysis of the small mistuning errors affecting our
previous results, computed the required corrections and
took into account the associated uncertainties, thus improv-
ing our control of the total errors.
The paper is organized as follows: In Sec. II, we provide

the relevant notations and definitions. In Sec. III we present
our determinations of the strange- and charm-quark con-
nected contributions to the vector correlator, including a
detailed analysis of the continuum limit. In Sec. IV, we

conclude by presenting a comparison with other available
lattice QCD calculations and an outlook.
Further technical information is given in the Appendices

as follows: In Appendix A, we give details about our lattice
setup and the bare parameters we used in Monte Carlo
simulations, as a step “zero” in our definition of isoQCD. In
Appendix B, we detail the procedure we apply to fine-tune
the bare parameters of our lattice action in order to imple-
ment the chosen definition of isoQCD at a level of accuracy
comparable with the statistical errors affecting the hadronic
inputs used for theory renormalization. In Appendix C
we discuss the evaluation of the strange and charm HVP
[aHVPμ ðsÞ and aHVPμ ðcÞ], along with the corresponding SD,
LD and W, contributions precisely at the Edinburgh/FLAG
isoQCD point determined in Appendix B. In Appendix D,
we present technical details about our numerical estimate of
the systematic effects on both the hadronic renormalization
inputs (Fπ , Mπ , MK, MDs

) and aHVPμ ðs; cÞ themselves
stemming from the small mistuning in the bare action
parameters used in our Monte Carlo simulations. In
Appendix E, we collect the values of the scale-invariant
renormalization constants (RCs) of the vector and axial-
vector local quark currents, ZV and ZA, employing the
hadronic method of Ref. [22], which relies on Ward
identities (WIs) and universality of renormalized matrix
elements. Owing to a high statistics determination of the
relevant correlators, we achieve a very precise determination
of ZV and ZA, as needed to guarantee a few permille level
statistical accuracy of the quark-connected strange and
charm HVP terms at fixed lattice spacing.

II. TIME-MOMENTUM REPRESENTATION

Following our previous works [22,29–31], we adopt
the time momentum representation [32] and, in continuum
notation, evaluate the HVP contribution to the muon
anomalous magnetic moment aHVPμ as

aHVPμ ¼ 2α2em

Z
∞

0

dtt2KðmμtÞVðtÞ; ð2Þ

TABLE I. ETMC gauge ensembles used to compute aHVPμ ðsÞ and aHVPμ ðcÞ. The values of the lattice spacing and of the bare
quark masses are fine-tuned to match our target definition of isoQCD, see Eq. (12), the one corresponding to the Edinburgh/FLAG
consensus [27,28]. This is done by starting from the simulated gauge ensembles, listed in Table II, and by taking into account the
reweighting factors needed to correct the small mistunings of the simulated bare parameters (see Appendices A and B).

Ensemble V=a4 aiso [fm] L [fm] amiso
l amiso

s amiso
c amcr

B64 643 × 128 0.07948(11) 5.09 0.0006669(28) 0.018267(53) 0.23134(52) −0.4138934ð46Þ
B96 963 × 192 0.07948(11) 7.63 0.0006669(28) 0.018267(53) 0.23134(52) −0.4138934ð46Þ
C80 803 × 160 0.06819(14) 5.46 0.0005864(34) 0.016053(67) 0.19849(64) −0.3964534ð41Þ
C112 1123 × 224 0.06819(14) 7.64 0.0005864(34) 0.016053(67) 0.19849(64) −0.3964534ð41Þ
D96 963 × 192 0.056850(90) 5.46 0.0004934(24) 0.013559(39) 0.16474(44) −0.3761252ð39Þ
E112 1123 × 224 0.04892(11) 5.48 0.0004306(23) 0.011787(55) 0.14154(54) −0.3613136ð75Þ
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where t is the Euclidean time and the kernel function
KðmμtÞ is defined as2

KðzÞ ¼ 2

Z
1

0

dyð1 − yÞ
�
1 − j20

�
z
2

yffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
��

;

j0ðyÞ ¼
sinðyÞ
y

: ð3Þ

The Euclidean vector correlator VðtÞ is defined as

VðtÞ≡ 1

3

X
i¼1;2;3

Z
d3xhJiðx⃗; tÞJ†i ð0Þi ð4Þ

with JiðxÞ being the e.m. current operator

JiðxÞ≡
X

f¼u;d;s;c;…

Jfi ðxÞ;

Jfi ðxÞ ¼ qem;fψ̄fðxÞγiψfðxÞ;
JiðxÞ ¼ −J†i ðxÞ; i ¼ 1; 2; 3; ð5Þ

and qem;f the electric charge for the quark flavor f (in units
of the positron charge).
The fermionic Wick contractions appearing in the right

hand side (rhs) of Eq. (4) give rise to two distinct topologies
of Feynman diagrams, namely to the quark-connected
and quark-disconnected contributions. Connected contribu-
tions are flavor diagonal, while the disconnected ones have
both diagonal and off-diagonal flavor components. In what
followswe decompose aHVPμ into the following contributions

aHVPμ ¼ aHVPμ ðlÞþaHVPμ ðsÞþaHVPμ ðcÞþaHVPμ ðdiscÞþ…;

ð6Þ

where the first three terms correspond to the quark-connected
contributions of mass degenerate up and down (l) quarks,
and a strange (s) and a charm (c) quark, respectively, while
the fourth term represents all quark-disconnected (flavour
diagonal and off-diagonal) contributions.3 In Eq. (6) the
ellipses corresponds to subleading terms, namely the isospin
breaking effects and the contributions of quarks heavier than

the charm in QCDþ QED (i.e. the low energy effective
theory of the Standard Model).
Following the suggestion of the RBC/UKQCD Collabo-

ration [21], each of the terms appearing in Eq. (6) can further
be decomposed bymultiplying the integration kernelKðmμtÞ
appearing in Eq. (2) with suitably smoothed Heaviside step-
functions, namely

aHVP;wμ ¼ 2α2em

Z
∞

0

dt t2KðmμtÞΘwðtÞVðtÞ

w ¼ fSD;W;LDg; ð7Þ

where the time-modulating functions ΘwðtÞ are given by

ΘSDðtÞ≡ 1 −
1

1þ e−2ðt−t0Þ=Δ
; ð8Þ

ΘWðtÞ≡ 1

1þ e−2ðt−t0Þ=Δ
−

1

1þ e−2ðt−t1Þ=Δ
; ð9Þ

ΘLDðtÞ≡ 1

1þ e−2ðt−t1Þ=Δ
; ð10Þ

with the parameters t0; t1;Δ chosen [21] to be equal to

t0 ¼ 0.4 fm; t1¼ 1 fm; Δ¼ 0.15 fm: ð11Þ

The resulting time-modulating functions ΘSD;W;LDðtÞ are
shown, e.g., in Fig. 1 of Ref. [22].
In this work, together with the full contributions aHVPμ ðsÞ

and aHVPμ ðcÞ, we also compute the three window observ-
ables, i.e. aHVP;wμ , w ¼ fSD;W;LDg, for the strange and
charm (connected) HVP terms. Our results are presented
and discussed in the next section.
The light quark-connected contribution, aHVPμ ðlÞ, and all

quark-disconnnected contributions, aHVPμ ðdiscÞ, which also
include those arising from the product of two strange/charm
e.m. currents, will be given in a forthcoming paper devoted
to the full HVP contribution aHVPμ within isoQCD, Ref. [33].
In a subsequent paper the leading isospin breaking effects on
aHVPμ in QCDþ QED with u, d, s and c active flavours will
be included too [34].

III. THE CONNECTED CONTRIBUTIONS
TO aHVP

μ ðsÞ AND aHVP
μ ðcÞ

In this section we present our numerical results for
aHVPμ ðfÞ, where f ¼ fs; cg, and for the corresponding
window quantities. The results presented here improve
and supersede in accuracy the ones previously obtained
in Ref. [22].
With respect to our previous calculation, in addition to

the first five Nf ¼ 2þ 1þ 1 isoQCD ensembles listed in
Table I (with lattice spacings a≃f0.079;0.068;0.057g fm)
we included an additional ensemble, the entry E112 in the

2The leptonic kernel KðzÞ is proportional to z2 at small values
of z and it approaches 1 as z → ∞.

3Following Ref. [22], the separation of quark connected and
disconnected contributions to a given correlator can be expressed
in terms of local correlators by formally introducing, when
needed, a suitable number of extra valence flavors (having the
same masses as the physical quarks) and the corresponding
ghosts. The different flavor contributions to aHVPμ , appearing in
Eq. (6), can be separately extracted from local current-current
vector correlators computed within the renormalizable mixed
action lattice setup described in detail in Appendix A of Ref. [22],
which is briefly recalled also in Appendix A of this work.
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same table, with the finest lattice spacing (a ≃ 0.049 fm)
ever simulated by the ETMC. This allowed us to better
control the continuum extrapolations and, consequently, to
reduce the corresponding systematic errors. Moreover, to
further improve the accuracy of our results, in this work we
computed the corrections needed to fine-tune the bare
parameters of our simulations in order to precisely match
our target definition of isoQCD, the Edinburgh/FLAG
consensus [27,28], corresponding to the following hadronic
inputs

Miso
π ¼ 135.0MeV; Miso

K ¼ 494.6MeV;

Miso
Ds

¼ 1967MeV; Fiso
π ¼ 130.5MeV: ð12Þ

The numerical procedure that we used to compute these
corrections, on both the input observables and on the target
quantities aHVPμ ðfÞ, is described in the Appendices A–D to
which we refer for all the technical details of our lattice
setup and of our calculation. Here below we present our
results by focusing on the main steps of the analysis, i.e. the
extraction of the observables from the lattice correlators,
the estimate of FSE and the continuum extrapolations.
We consider two lattice discretizations of the e.m. currents

Jμ;regf in Eq. (5), with reg ¼ fTM;OSg, corresponding to the
so-called twisted-mass (TM) and Osterwalder-Seiler (OS)
regularizations [see Eqs. (B30) and (B31)] and compute the
corresponding connected Wick contractions of the vector
correlators Vreg

f ðtÞ [see Eq. (4)] on each gauge ensemble.
The two regularizations share a universal continuum limit
and differ at fixed cutoff by Oða2Þ lattice artifacts (see the
final part ofAppendixB). From the lattice correlatorsVreg

f ðtÞ
we extracted aHVP;regμ ðfÞ by using the following discretized
version of Eq. (2),

aHVP;regμ ðf;anminÞ¼ 2α2em lim
tcut↦∞

a3

×
Xtcut=a
n¼nmin

wðnÞn2KðmμanÞVreg
f ðanÞ;

aHVP;regμ ðfÞ≡aHVP;regμ ðf;0Þ: ð13Þ

In Eq. (13), n ¼ t=a is the Euclidean time in lattice units and
the lattice spacing a is intended to be fixed at a ¼ aiso. We
restrict the integral appearing in Eq. (2) to the region
½tmin; tcut�, indicate explicitly the limit tcut ↦ ∞ and keep
track of the dependence upon tmin ¼ anmin to better control
our continuum extrapolations (see below). By setting the
weights wðnÞ to 3=8 at the endpoints, to 3=4when n − nmin
is a multiple of 3 and to 9=8 for the remaining points
(Simpson-3=8 rule), our discretization differs from the
corresponding integral by errors of Oða2Þ.
As customary, we take the tcut ↦ ∞ limit of our results

by performing a plateaux-analysis of the partial sums as
functions of tcut. Examples of these analyses are shown
in Fig. 1.
In order to quantify the FSE on aHVP;regμ ðfÞ we perform

simulations on two different volumes. More precisely,
among the ensembles listed in Table I, the B64 and the
B96 have the same value of the lattice spacing,
a ≃ 0.08 fm, but different physical volumes, L ∼ 5.1 fm
and L0 ∼ 7.6 fm. Similarly, the lattice spacing of the
ensembles C80 and C112 is a ≃ 0.07 fm and the corre-
sponding linear sizes are L ∼ 5.4 fm and L0 ∼ 7.6 fm.
Figure 2 shows the ratio of aHVP;regμ ðfÞ computed on the
two systems of different linear size (and volume). As it can
be seen, the FSE on aHVP;regμ ðfÞ are totally negligible with
respect to the statistical errors. Nevertheless, we use these

FIG. 1. The left-panel shows aHVPμ ðsÞ while the right-panel shows aHVPμ ðcÞ as functions of tcut. The data correspond to the ensemble
D96, to the TM regularization and to the smallest simulated values of the valence strange and charm masses. A detailed study of the
dependence upon the valence and see quark masses is presented in the Appendices C and D. We observe that the results are independent
of tcut=a within the statistical errors for large enough tcut=a. Similar plots can be shown for the other simulated values of the lattice
spacing, of the valence masses and for the OS regularization.
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results to estimate a systematic error associated with FSE as
in [16] according to the formula

ΔFSEðfÞ ¼ max
reg;a

�
jaHVP;regμ ðf; LÞ − aHVP;regμ ðf; L0Þjerf

×

�jaHVP;regμ ðf; LÞ − aHVP;regμ ðf; L0Þjffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δregðf; LÞ2 þ Δregðf; L0Þ2

p
��

; ð14Þ

where the maximum is computed over the two regulari-
zation and over the lattice spacings a ≃ 0.07 fm and
a ≃ 0.08 fm when available. Δregðf; LÞ is the statistical
error of aHVP;regμ ðf; LÞ and erf is the error function.
By keeping track of the dependence of our results upon

tmin in Eq. (13) we are able to better control our continuum
extrapolations and to safely estimate the associated system-
atic errors. To this end we perform two different analyses.
In the main branch of the analysis we fix tmin ¼ 0 and
perform the continuum extrapolations of our results at fixed
cutoff that in this case, with a small abuse of notation, we
simply call aHVP;regμ ðfÞ. In the second branch of the analysis
we keep tmin fixed in physical units by interpolating the
results aHVP;regμ ðf; anminÞ as functions of the integer variable
nmin. Then we extrapolate the results a

HVP;reg
μ ðf; tminÞ to the

continuum and add the contributions of the region ½0; tmin� of
the integral appearing in Eq. (2). These are computed
at NNLO in continuum perturbation theory by using the
RHAD [35] software package using the pole mass value for
the quarks. Finally we study the dependence upon tmin of the
results thus obtained to better quantify the systematic errors
associated with our continuum extrapolations. In the case of
the full and SD contributions and in both branches of the
analysis we compute the tree-level Oða2Þ cutoff effects on
our results in lattice perturbation theory and remove them
before performing the continuum extrapolations as
described in detail in [22].

We will provide numerical evidence of the branch of the
analysis in which we keep track of the dependence upon
tmin in the case of the SD contributions aHVP;SDμ ðfÞ which
are most sensitive to cutoff effects (see Sec. III A). To
extrapolate aHVPμ ðfÞ≡ aHVP;regμ ðf; tmin ¼ 0Þ to the con-
tinuum limit we consider the following ansatz,

aHVP;regμ ðfÞ ¼ P0 þ Preg
1 a2 þ Preg

2 a4; ð15Þ

for both the regularizations. We also explore fits in which
we remove PTM

2 and POS
2 either together or separately and

fits in which the a4 term is replaced with a2=½logða2=λ20Þ�n
for n ¼ 1, 2, 3 and λ0 ¼ 1 fm. The analogous terms with
n < 0 are removed by subtraction of tree level lattice
artifacts as detailed in Sec. III A of [22]. We perform all
the above fits for three different datasets: (1) the full dataset
available, (2) the dataset excluding the coarsest lattice
spacing in both regularizations or only in one of them, and
(3) the dataset excluding the next-to-coarsest lattice spacing
in both regularizations or only in one of them.
To find the average over the different results of the

analyses of the lattice data, we make use of the procedure
developed in Ref. [36]. Namely, starting from N compu-
tations with mean values xk and uncertainties σk
(k ¼ 1;…; N), based on the same set of input data, their
average x and uncertainty σx are given by

x¼
XN
k¼1

ωkxk; σ2x ¼ σ2x;statþσ2x;syst;

σ2x;stat¼
XN
k¼1

ωkσ
2
k; σ2x;syst ¼

XN
k¼1

ωkðxk−xÞ2; ð16Þ

where ωk represents the weight associated with the kth
determination. The weights ωk are based on the Bayesian

FIG. 2. Ratio of aHVPμ ðsÞ left and aHVPμ ðcÞ for the two regularizations OS and TM, computed at the lattice spacing a ≃ 0.07 fm with
two linear sizes L ∼ 5.4 fm and L0 ∼ 7.6 fm using the ensembles C80 and C112. For the strange contribution we plot also the same ratio
at a ¼ 0.08 fm with two linear sizes L ∼ 5.1 fm and L0 ∼ 7.6 fm using the ensembles B64 and B96.
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Akaike information criterion (BAIC) [37], namely

ωk ∝ exp½−ðχ2k þ 2Nparms − 2NdataÞ=2�; ð17Þ

where χ2k is the value of the χ2 variable for the kth
computation, Nparms is the number of free parameters and
Ndata the number of data points.4 We show the resulting
fits in Fig. 3. The final results, obtained after averaging all
the results of the different analyses by using Eq. (16), are

aHVPμ ðsÞ ¼ 53.57ð41Þstatð48Þcontð3ÞFSE × 10−10

¼ 53.57ð63Þ × 10−10; ð18Þ

aHVPμ ðcÞ ¼ 14.56ð10Þstatð9Þcontð0ÞFSE × 10−10

¼ 14.56ð13Þ × 10−10; ð19Þ

where ð:Þstat represents the statistical error resulting from
the continuum extrapolation, computed as σx;stat from
Eq. (16), ð:Þcont denotes the systematic error due to the
continuum limit, calculated as σx;syst from Eq. (16) and
ð:ÞFSE denotes the error associated with the finite volume
of our lattice simulations, which is calculated using
Eq. (14). All the errors are summed in quadrature to
give the total error.
The results for each window contribution are presented

in the next subsections.

A. The short-distance window
contributions aHVP;SD

μ ðsÞ and aHVP;SD
μ ðcÞ

The SD window contribution is obtained by inserting the
kernel ΘSDðtÞ of Eq. (8) in the sum of Eq. (13). As for the
full contribution, we take the tcut ↦ ∞ limit of our results
performing a plateaux-analysis of the partial sums as
functions of tcut. Then we subtract from our results the
tree-level Oða2Þ cutoff effects calculated in lattice pertur-
bation theory (the details of the tree-level calculation can be
found in Appendix E of Ref. [22]). We first discuss the first
branch of our analysis, i.e. taking first tmin ¼ 0. The
continuum limit and the uncertainty estimate are addressed
using the same strategy used in the full contribution. In
Fig. 4 we show the continuum extrapolations and the
resulting values are

aHVP;SDμ ðsÞ ¼ 9.063ð16Þstatð22Þcontð1ÞFSE × 10−10

¼ 9.063ð27Þ × 10−10; ð20Þ

aHVP;SDμ ðcÞ ¼ 11.61ð7Þstatð11Þcontð0ÞFSE × 10−10

¼ 11.61ð14Þ × 10−10: ð21Þ

The different contributions to the error are estimated as for
the full aHVPμ above. Our previous determination in Ref. [22]
was aHVP;SDμ ðsÞ ¼ 9.074ð64Þ × 10−10 and aHVP;SDμ ðcÞ ¼
11.61ð27Þ × 10−10. The values given here are compatible
withour previous determination and they exhibit a significant
reduction of the error.
We now compare the main analysis above to our second

branch, i.e. the one when we keep tmin fixed in physical
units by interpolating the results aHVP;SDμ ðf; anminÞ as
functions of the integer variable nmin. We then extrapolate

FIG. 3. Continuum extrapolation of the full aHVPμ for the strange (left panel) and charm (right panel). For each panel, we show
the OS lattice regularization as blue circles, the TM regularization in red triangles, the gray lines represent the various fits, the BAIC
average of the continuum values is plotted as a green cross and on the left we show the histogram of the continuum values weighted
according to the BAIC.

4We have verified that the use of the original Akaike
information criterion (AIC) proposed in Ref. [38], namely ωk ∝
e−ðχ

2
kþ2Nparms−NdataÞ=2 leads to very similar averages and errors as

compared with those corresponding to the use of Eq. (17).
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those values to the continuum with the same strategy as in
the first analysis branch and then add to the integral
appearing in Eq. (2) the contribution from the region
½0; tmin�, which we compute at NNLO in continuum
perturbation theory by using the RHAD [35] software
package. For evaluating this perturbative contribution we
use the renormalized pole mass for the charm quarks and a
very conservative energy threshold in the Laplace trans-
form (connecting the R-ratio to the Euclidean correlator),
i.e. Emin ¼ 1.8 GeV for the strange and Emin ¼ 3.9 GeV
for the charm. With these energy thresholds we verify that
the results do not change within error if instead the MS
quark mass is employed. The results obtained from both
branches of our analysis are plotted in Fig. 5. We observe

that for small enough tmin the two branches of our analysis
give compatible results, corroborating the result obtained
with the first branch.

B. The intermediate windows
aHVP;W
μ ðsÞ and aHVP;W

μ ðcÞ
The intermediate window contribution is obtained by

inserting the kernel ΘWðtÞ of Eq. (9) in the sum of Eq. (13).
As for the full contribution, we take the tcut ↦ ∞ limit of
our results performing a plateaux-analysis of the partial
sums as functions of tcut. The continuum extrapolation is
done as in the case of the full contributions and the various
fits are shown in Fig. 6. The values obtained are

FIG. 5. Continuum values of the short distance contribution to aHVP;SDμ computed as a function of tmin for the strange (left panel) and
charm (right panel). The blue point is computed with the first branch of our analysis, i.e. setting tmin ¼ 0 while the black points are
computed with the second branch, i.e. keeping tmin fixed in physical units and adding the contribution in the region ½0; tmin� that we have
computed at NNLO in continuum perturbation theory by using the RHAD [35] software package using the pole mass value for the quarks.

FIG. 4. Continuum extrapolation of the short distance contribution to aHVPμ for the strange (left panel) and charm (right panel). For
each panel, we show the OS lattice regularization as blue circles, the TM regularization in red triangles, the gray lines represent the
various fits, the BAIC average of the continuum values is plotted as a green cross and on the left we show the histogram of the continuum
values weighted according to the BAIC.
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aHVP;Wμ ðsÞ ¼ 27.16ð15Þstatð20Þcontð2ÞFSE × 10−10

¼ 27.16ð25Þ × 10−10; ð22Þ

aHVP;Wμ ðcÞ ¼ 2.920ð43Þstatð48Þcontð0ÞFSE × 10−10

¼ 2.920ð64Þ × 10−10: ð23Þ

Our previous determination in Ref. [22] was aHVP;Wμ ðsÞ ¼
27.28ð20Þ × 10−10 and aHVP;Wμ ðcÞ ¼ 2.90ð12Þ × 10−10.
The values given here are compatible with our previous
determination. We note a reduction of the error for the
charm contribution only. For the strange contribution the
total error slightly increased with respect to our previous
determination. This is due to the contribution to the
statistical errors coming from the uncertainties on the
fine-tuning corrections that at this level of precision, must
be taken into account (see Appendix D and, in particular,
Fig. 18). Indeed in Ref. [22] only the dominant bare
parameters fine-tuning effects were considered, namely
those coming from valence quark masses and the light
quark sea mass.

C. The long distance windows
aHVP;LD
μ ðsÞ and aHVP;LD

μ ðcÞ
The long-distance window contribution is computed by

inserting the kernel ΘLDðtÞ from Eq. (10) into the summa-
tion of Eq. (13). As for the full contribution, we take the
tcut ↦ ∞ limit of our results performing a plateaux-
analysis of the partial sums as functions of tcut. The
continuum extrapolation is done as in the case of the full
contributions and the values obtained are

aHVP;LDμ ðsÞ ¼ 17.32ð29Þstatð24Þcontð1ÞFSE × 10−10

¼ 17.32ð38Þ × 10−10; ð24Þ

aHVP;LDμ ðcÞ ¼ 0.01352ð37Þstatð68Þcontð14ÞFSE × 10−10

¼ 0.01352ð79Þ × 10−10: ð25Þ

By subtracting the values in the continuum of the short
distance, Eq. (21), and of the intermediate window,
Eq. (23), from the full contribution, Eq. (19), and by
propagating the error in quadrature we get aHVP;LDμ ðsÞ ¼
17.35ð73Þ × 10−10 and aHVP;LDμ ðcÞ ¼ 0.03ð20Þ × 10−10,
which are consistent with Eq. (25) but with larger errors.

IV. COMPARISON WITH OTHER LATTICE
QCD RESULTS AND OUTLOOK

In the isospin symmetric limit of QCD, according to the
Edinburgh/FLAG consensus as specified in Eq. (12), we
obtain results for the total, short-distance, intermediate
window and long-distance contributions to aHVPμ coming
from the strange and charm quark-connected diagrams
that are listed in Eqs. (18)–(25). In Figs. 7 and 8, to the best
of our knowledge, we compare5 our results in this work
with the corresponding ones by other lattice studies, see
Refs. [8,17–19,21,22,29,39–47].

FIG. 6. Continuum extrapolation of the intermediate window contribution to aHVP;Wμ for the strange (left panel) and charm (right
panel). For each panel, we show the OS lattice regularization as blue circles, the TM regularization in red triangles, the gray lines
represent the various fits, the BAIC average of the continuum values is plotted as a green cross and on the left we show the histogram of
the continuum values weighted according to the BAIC.

5The comparison of our results with the other lattice deter-
minations presented in Figs. 7 and 8 has been done by directly
using the results quoted in Refs. [8,17–19,21,22,29,39–47]
without taking into account the small differences associated
with the fact that, in some cases, slightly different definitions
of isoQCD have been adopted. Moreover, the BMW-24 [18]
results correspond to the window [0.2.8] fm, obtained by setting
t0 ¼ 2.8 fm in Eq. (8).
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The results for the short-distance and intermediate
window contributions to aHVPμ ðsÞ and aHVPμ ðcÞ presented
in this work exhibit in most cases a significant reduction of
the uncertainty compared to our previous determination in
Ref. [22]. This is more notable in the case of aHVP;SDμ ðcÞ as
it can be appreciated in the left panel of Fig. 8. Our new

determinations of aHVP;SDμ ðsÞ and aHVP;Wμ ðcÞ are presently
the most precise among the available lattice results.
In addition to this update, we also provide the total and

the long-distance quark-connected contributions for
aHVPμ ðsÞ and aHVPμ ðcÞ, see Eqs. (18), (19), (24), and (25).
Our results for the total quark-connected aHVPμ ðsÞ and

FIG. 8. We show the lattice QCD determinations of aHVP;SDμ ðcÞ (left panel), of aHVP;Wμ ðcÞ (central panel) and of aHVPμ ðcÞ (right panel)
obtained in this work (in red) and in Refs. [17–19,21,22,29,39–49]. In all panels the vertical red band corresponds to our determination
and it is displayed to ease the comparison. Note that the BMW-24 result of Ref. [18] for aHVPμ ðcÞ refers to a time window defined in the
range [0, 2.8] fm.

FIG. 7. We show the lattice QCD determinations of aHVP;SDμ ðsÞ (left panel), of aHVP;Wμ ðsÞ (central panel) and of aHVPμ ðsÞ (right panel)
obtained in this work (in red) and in Refs. [17–19,21,22,29,39–48]. In all panels the vertical red band corresponds to our determination
and it is displayed to ease the comparison. Note that the BMW-24 result of Ref. [18] for aHVPμ ðsÞ refers to a time window defined in the
range [0, 2.8] fm.
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aHVPμ ðcÞ are in excellent agreement with all the other lattice
determinations. The result we quote for aHVPμ ðcÞ is among
the most accurate ones.
Being concerned with analyses that give results with

typical total errors at the 0.5–1.0% level, we have chosen a
definite prescription for the isosymmetric QCD theory, the
Edinburgh/FLAG consensus, and made an effort to con-
sider and quantify as well as possible all the uncertainties
related to the necessary hadronic renormalization inputs
and their feedback on the observables of interest here. The
subpercent accuracy level achieved for the observable
estimators at finite lattice spacing has required considering
a set of continuum fit ansatz that go well beyond the basic
fit linear in a2 and are averaged using the AIC, as
discussed in Sec. III. A similar kind of analyses will
likely be necessary for several other physical observables
that are obtained in lattice studies at comparable accu-
racy level.
At the level of precision reached now for aHVPμ ðsÞ

and aHVPμ ðcÞ and their partial window contributions, the
evaluation of the leading isospin breaking contributions
within QCDþ QED with u, d, s and c active flavours is
of course mandatory. This work is currently in progress
by our collaboration using the RM123 method [50].
Similarly in progress is the evaluation of the light
quark-connected contribution, aHVPμ ðlÞ, and the all-fla-
vours quark-disconnected contribution, aHVPμ ðdiscÞ, as
well as of the corresponding leading isospin breaking
corrections in QCDþ QED. The open-source packages
tmLQCD [51–54], Lemon [55], DD-αAMG [56–59], QPhiX

[60,61] and QUDA [62–64] have been used in the
ensemble generation.
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APPENDIX A: LATTICE SETUP AND
SIMULATION DETAILS

In this work, we compute correlation functions, and from
these extract the physical observables of interest, on the
gauge ensembles produced by ETMC in isoQCD with
Nf ¼ 2þ 1þ 1 flavors of Wilson-Clover twisted-mass
quarks as described in Refs. [23–26]. As already done in
Ref. [22], the correlation functions are evaluated in the
mixed-action lattice theory corresponding to the following
renormalizable action

S ¼ SYMðg0Þ þ STMðμsimi ; msim
cr Þ þ Sghostðmsim

f ; msim
cr Þ

þ SOSðmf;mcrÞ: ðA1Þ

The gluon action is the mean-field improved Iwasaki
one [69],

SYMðg0Þ ¼
β

3

X
x

X
μ<ν

ðb0f1 − ReTr½U1×1
μν ðxÞ�g

þ b1f1 − ReTr½U1×2
μν ðxÞ�gÞ; ðA2Þ

where β ¼ 6=g20 is the inverse bare QCD gauge coupling,
b1 ¼ −0.331, b0 ¼ 1–8b1, U1×1

μν ðxÞ is the square plaquette
and U1×2

μν ðxÞ the rectangular one, see Ref. [70].
The twisted-mass (TM) quark action depends on the bare

mass parameters μsimi with i ¼ fl; σ; δg and on the critical
mass msim

cr and is given by

STMðμsimi ;msim
cr Þ¼

X
x

Ψ̄lfγμ∇μ½U�− iτ3γ5ðWcl½U�þmsim
cr Þ

þμsiml gΨl

þ
X
x

Ψ̄hfγμ∇μ½U�− iτ1γ5ðWcl½U�

þmsim
cr Þþμsimσ þ τ3μsimδ gΨh; ðA3Þ

where ΨT
l ¼ ðu; dÞ is the light-quark TM doublet, ΨT

h ¼
ðc; sÞ is the heavy TM doublet. We refer to Ref. [71] for the
explicit expression of the Wilson-Clover term Wcl½U�. The
TM quark action is nondiagonal in the charm-strange flavor
sector.
The Osterwalder-Seiler (OS) action is flavor-diagonal

also in the heavy sector and is given by

SOSðmf;mcrÞ¼
X
f

X
x

q̄ffγμ∇μ½U�− irfγ5ðWcl½U�þmcrÞ

þmfgqf; ðA4Þ

where the flavor index f ¼ fu; d; s; cg runs over the four
lightest quarks and, in isoQCD, we take mu ¼ md ¼ ml
and set ru;c ¼ 1 and rd;s ¼ −1. In the rhs of Eq. (A4) it is
assumed that jrfj ¼ 1 and mcr ≡mcrðg20; rfÞjrf¼þ1.

Finally, we have the ghost action, which is given by

Sghostðmsim
f ; msim

cr Þ ¼
X
f

X
x

ϕ̄ffγμ∇μ½U�

− irfγ5ðWcl½U� þmsim
cr Þ þmsim

f gϕf;

ðA5Þ

where the pseudoquarks ϕf are the bosonic fields asso-
ciated with the OS quark fields qf and, therefore, in this
case we set ru;c ¼ 1 and rd;s ¼ −1.
By integrating out all the quarks and pseudoquarks fields

appearing in S, one gets the weight that should be used to
generate the gluon field gauge configurations correspond-
ing to the action given in Eq. (A1). This, up to its
normalization, is given by

P½U� ¼ e−SYMðg0Þ ×Dl
TMðμsiml ; msim

cr ÞDh
TMðμsimσ ; μsimδ ; msim

cr Þ

×
Y
f

Df
OSðmf;mcrÞ

Df
OSðmsim

f ; msim
cr Þ ðA6Þ

¼ e−SYMðg0Þ ×
Dh

TMðμsimσ ; μsimδ ; msim
cr Þ

Ds
OSðmsim

s ; msim
cr ÞDc

OSðmsim
c ; msim

cr Þ
×
Y
f

Df
OSðmf;mcrÞ; ðA7Þ

where

Dh
TMðμsimσ ; μsimδ ; msim

cr Þ ¼ detfγμ∇μ½U�
− iτ1γ5ðWcl½U� þmsim

cr Þ
þ μsimσ þ τ3μsimδ g;

Df
OSðmsim

f ; msim
cr Þ ¼ detfγμ∇μ½U�

− irfγ5ðWcl½U� þmsim
cr Þ þmsim

f g;
ðA8Þ

and where, in passing from Eqs. (A6) to (A7), we use the
relation

Dl
TMðμsiml ;msim

cr Þ¼ detfγμ∇μ½U�
− iτ3γ5ðWcl½U�þmsim

cr Þþμsiml g
¼Du

OSðμsiml ;msim
cr ÞDd

OSðμsiml ;msim
cr Þ: ðA9Þ

Some important remarks are in order. Our gluon gauge field
configurations are generated with the action SYMðg0Þ þ
STMðμsimi ; msim

cr Þ which, at the price of introducing charm-
strange flavor mixing at fixed cutoff, is automaticallyOðaÞ-
improved. In addition, it has a real and positive weight,
which can thus be interpreted as a probability density and
which is given by
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Psim½U�¼e−SYMðg0Þ×Dl
TMðμsiml ;msim

cr ÞDh
TMðμsimσ ;μsimδ ;msim

cr Þ:
ðA10Þ

The OS quarks and the corresponding ghosts are
introduced in our setup for two reasons:

(i) to avoid the technical complications associated with
the heavy-flavor mixing at finite cutoff in the
calculation of physical observables which we define
in terms of the OS quarks: this is possible because
the TM and OS actions can be matched by relying on
the following, renormalization scale and scheme
independent, relations

ml ¼ μl; ms ¼ μσ −
ZP

ZS
μδ; mc ¼ μσþ

ZP

ZS
μδ;

ðA11Þ

and/or matching physical quantities computed with
both the TM and OS actions (see below). Once the
matching is performed, the ratio of the TM and the
ghost determinants appearing in Eq. (A7) differs
from unit by a mere lattice artifact of Oða2Þ,

Dh
TMðμsimσ ;μsimδ ;msim

cr Þ
Ds

OSðmsim
s ;msim

cr ÞDc
OSðmsim

c ;msim
cr Þ¼ 1þOða2Þ:

ðA12Þ

This implies that our mixed-action lattice theory,
which is fully unitary in the light-quarks sector, can
also be considered unitary in the heavy-quarks sector
up to tiny Oða2Þ violations;

(ii) to improve the precision of the tuning of the critical
mass counterterm mcr and to match our target
definition of isoQCD by fine-tuning the OS quark
masses at the valuesmf ¼ miso

f : this is accomplished
by evaluating the reweighting factors appearing in
Eq. (A6),

Wfðmf;mcrÞ ¼
Df

OSðmf;mcrÞ
Df

OSðmsim
f ; msim

cr Þ ; ðA13Þ

which are identically equal to one when mf ¼ msim
f

and mcr ¼ msim
cr .

In the remaining part of this appendix, we explain how the
simulated values of the bare parameters μsimi and msim

cr are
fixed during the Monte Carlo simulations. The fine-tuning
of the bare parameters, i.e. the determination of the
parametersmiso

f andmcr, will be the subject of Appendix B.
The critical mass counterterm msim

cr ∼ 1=a is set to a
unique value for all flavors [72] and is tuned, at each
simulated value of the bare gauge coupling g0, in order
to guarantee automatic OðaÞ-improvement of physical

observables [73,74]. This is done, as explained in detail
in Ref. [23], by computing the so-called partially conserved
axial current (PCAC) untwisted quark mass of the TM light
doublet,

2mPCACðmsim
f ; mcrÞ

¼
P

x⃗h½∂0χ̄lγ5γ0τ1χl�ðt; x⃗Þ½χ̄lγ5τ1χl�ð0ÞiP
x⃗h½χ̄lγ5γ0τ1χl�ðt; x⃗Þ½χ̄lγ5γ0τ1χl�ð0Þi

ðA14Þ

χlðxÞ ¼ exp

�
−i

π

4
γ5τ

3

�
ΨlðxÞ;

χ̄lðxÞ ¼ Ψ̄lðxÞ exp
�
−i

π

4
γ5τ

3

�
; ðA15Þ

and by determining a value of mcr ¼ msim
cr such that the

condition jamPCACðmsim
f ; msim

cr Þj < 0.1amsim
l =ZA is well

fulfilled. Here msim
l ¼ μsiml is the bare mass of the light

TM doublet and ZA is an estimate, for which even a modest
accuracy of several percents is enough, of the renormaliza-
tion constant of the operator χ̄lγ5γ0τ1χl.
In the early stages of the Monte Carlo simulations of the

various ensembles, at each β ¼ 6=g20, the value of msim
l is

chosen so as to obtain Mπ as close as possible to the
reference value Mπ ¼ 135 MeV. The simulated values of
μsimσ and μsimδ , i.e. the bare mass parameters of the heavy TM
doublet, are tuned in order to reproduce the renormalization
group invariant (RGI) values MDs

=fDs
¼ 7.9ð0.1Þ and

msim
c =msim

s ¼ 11.8ð0.2Þ. As detailed in Ref. [23], the two
conditions above are first imposed on the mass parameters
ms and mc of the valence quark action (A.4), for some trial
values of the sea quark mass parameters μσ and μδ. We then
use Eq. (A.11) to set μσ ¼ 1

2
ðms þmcÞ while μδ is

determined by the equivalent to Eq. (A11), but statistically
more precise condition of matching the mass of the unitary
Kaon, i.e. the mass obtained from the two-point correlators
with interpolating operators Ψ̄lγ5Ψh and Ψ̄hγ5Ψl, which is
made out of the fields entering in the TM action, to the mass
of the valence kaon evaluated using the OS quark lattice
action with rs ¼ −ru. Note that by following this strategy
the renormalization scale and scheme independent ratio
ZP=ZS appearing in Eq. (A11) is not needed. After this
matching step, the Monte Carlo simulation is then repeated
at the selected values of μσ and μδ and a set of correspond-
ing gauge configurations is used to determine again ms
and mc from the conditions MDs

=fDs
¼ 7.9ð0.1Þ and

msim
c =msim

s ¼ 11.8ð0.2Þ. After convergence of this iterative
procedure we get the values of msim

s and msim
c as well as of

μsimσ and μsimδ .
The essential information on the ETMC ensembles that

are relevant for this work are collected in Table II. With
respect to Ref. [22] two new dedicated gauge ensembles,
the cE211.044.112 and the cC211.060.112, are included in
the current analysis to improve the control of cutoff and
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finite-size effects. The cE211.044.112 ensemble corresponds
to our finest lattice spacing a ≈ 0.05 fm. We remind that the
cB211.074.96 and the cC211.060.112 ensembles, which
have a spatial lattice size L ≈ 7.6 fm, are used to estimate
FSEs by comparing to the cB211.074.64 and cC211.060.80
ensembles of smaller spatial size, respectively. Note that for
the ensembles listed in the upper part of Table II, which are
the only ones that are used for the calculation of aHVPμ ðsÞ and
aHVPμ ðcÞ, the pion mass is simulated very close to the
reference value Mπ ¼ 135 MeV. For the evaluation of
the quark connected contribution to aHVPμ ðsÞ [aHVPμ ðcÞ],
the inversions of the Dirac operator are performed using
up toNhits ¼ 112 (Nhits ¼ 24) spin-diluted spatial stochastic
sources per gauge configuration.

APPENDIX B: SCHEME DEFINING ISOSPIN
SYMMETRIC Nf = 2 + 1 + 1 QCD

In this appendix,wedescribe in detail theprocedure thatwe
use to fine-tune the bare parameters of our lattice action, i.e.
the determination of the parameters mcr, miso

l , miso
s and miso

c .
Our target definition of isoQCD is the one corresponding

to the Edinburgh/FLAG consensus [27,28] and is imple-
mented by using the hadronic inputs given in Eq. (12) to
determine, at any fixed value of the strong bare coupling g0,
the bare quark masses miso

f and the lattice spacing aiso.
In Appendix A (see also Ref. [23] for more details) we

discussed the strategy used to set the bare parameters μsimi

of the Monte Carlo simulations and, therefore, also the
corresponding matched parametersmsim

f [see Eq. (A11) and
text below it]. Since the conditions that we used to fix msim

f

correspond to an alternative possible definition of isoQCD,
that in fact differs from the Edinburgh/FLAG one for
corrections that are of the order of isospin breaking effects
on hadronic quantities, it turns out that the differences
miso

f −msim
f are very small. Moreover, the tuning of the

chiral symmetry breaking bare parameter msim
cr achieved at

the time in which the Monte Carlo simulations have been
performed is very accurate and, consequently, also the
difference mcr −msim

cr is very small, of the order of the
statistical errors on mPCAC [see Eq. (A14)]. By relying on
these observations, we split the reweighting factors
Wfðmf;mcrÞ defined in Eq. (A13) according to

Wfðmf;mcrÞ ¼ ŴfðmcrÞW̄fðmfÞ;

ŴfðmcrÞ ¼
Df

OSðmsim
f ; mcrÞ

Df
OSðmsim

f ; msim
cr Þ ;

W̄fðmfÞ ¼
Df

OSðmf;mcrÞ
Df

OSðmsim
f ; mcrÞ

; ðB1Þ

and expanded them in powers of the differences

Δmf ¼mf−msim
f ; Δmcr ¼mcr−msim

cr ; ðB2Þ

TABLE II. We provide the full list of the ETMC gauge ensembles used in this work. These are produced by performing Monte Carlo
simulations with the action SYMðg0Þ þ STMðμsimi ; msim

cr Þ and, therefore, with the probabilistic weight Psim½U� given in Eq. (A10), see
Refs. [23–26]. The bare parameters of these simulations (reported in the table) are slightly different from the ones (determined in this
work) corresponding to our target definition of isoQCD which, among the other inputs, prescribesMiso

π ¼ 135 MeV. The ensembles at
heavier pion masses, listed in the last six lines of the table, are only used to check the determination of the fine-tuned isoQCD bare
parameters [see Eq. (B22) and the related discussion]. The large volumes ensembles with Mπ ≃Miso

π , listed in the first six lines of the
table, are corrected for the small mistunings of the bare parameters by applying the reweighting technique thoroughly discussed in
Appendix B. The values of the light, strange and charm quark masses corresponding to our definition of isoQCD (miso

l;s;c), along with the
values of the critical mass counterterm (mcr) and the lattice spacing aiso, which we use for the present calculation of the strange and
charm HVP, are reported in Table I. Note the different naming conventions used in Table I to distinguish the reweighted ensembles from
the simulated ones that are listed here.

Ensemble β V=a4 asim (fm) aμsiml Mπ (MeV) MπL

cB211.072.64 1.778 643 × 128 0.08 0.00072 140 3.6
cB211.072.96 1.778 963 × 192 0.08 0.00072 140 5.4
cC211.060.80 1.836 803 × 160 0.07 0.00060 137 3.8
cC211.060.112 1.836 1123 × 224 0.07 0.00060 137 5.3
cD211.054.96 1.900 963 × 192 0.06 0.00054 141 3.9
cE211.044.112 1.960 1123 × 224 0.05 0.00044 136 3.8

cA211.53.24 1.726 243 × 48 0.09 0.00530 360 4.0
cA211.40.24 1.726 243 × 48 0.09 0.00400 315 3.5
cA211.30.32 1.726 323 × 64 0.09 0.00300 272 4.0
cA211.12.48 1.726 483 × 96 0.09 0.00120 174 3.8
cB211.25.48 1.778 483 × 96 0.08 0.0025 260 5.0
cB211.14.64 1.778 643 × 112 0.08 0.0014 194 5.0
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which are treated as being of equal order, OðΔmÞ, and we
neglect OðΔm2Þ corrections. Therefore, the formulas used
to evaluate the reweighting factors are

ŴfðmcrÞ ¼ 1þ ΔmcrTr

�
ð−irfγ5Þ

1

Dsim
OS

�

þOðΔmÞ2;

W̄fðmfÞ ¼ 1þ ΔmfTr

�
1

Dsim
OS

�
þOðΔmÞ2; ðB3Þ

where we use the compact operator notation

Dsim
OS ¼ γμ∇μ½U� − irfγ5ðWcl½U� þmsim

cr Þ þmsim
f : ðB4Þ

These formulas have been employed to evaluate the sea
quark contribution to the derivatives of physical observ-
ables with respect to the critical mass and the bare quark
masses, as we are now going to explain.
Any physical quantity O is calculated by taking its path-

integral expectation value according to

O ¼ hO½U�QfŴfðmcrÞW̄fðmfÞisim
hQfŴfðmcrÞW̄fðmfÞisim

; ðB5Þ

where O½U� denotes the Wick contractions at fixed gauge
configuration U relevant for O and the expectation value
h·isim includes the simulated probabilistic weight Psim½U�
given in Eq. (A10). By using Eq. (B3) and by expanding
the previous formula at first order with respect to the mass
differences we have

O ¼ Osim þ Δmcr∂
sea
cr Oþ

X
f

Δmf∂
sea
f O; ðB6Þ

where Osim ¼ hO½U�isim, the derivative with respect to the
sea critical mass is given by

∂
sea
cr O ¼

	
O½U�

X
f
Tr

�
ð−irfγ5Þ

1

Dsim
OS

�

sim

− hO½U�isim
X
f

	
Tr

�
ð−irfγ5Þ

1

Dsim
OS

�

sim

; ðB7Þ

and the derivative with respect to the sea mass of the
f-flavour is given by

∂
sea
f O¼

	
O½U�Tr

�
1

Dsim
OS

�

sim

− hO½U�isim
	
Tr

�
1

Dsim
OS

�

sim

:

ðB8Þ

We use Eqs. (B6)–(B8) to calculate the sea-quark contri-
bution to the variation of a physical quantity O under a
small change Δmf (or Δmcr) in the quark mass mf (or the

critical mass mcr). So far, our discussion is focused on the
variation of O as the sea-quark masses and critical mass
vary, with the valence quark masses entering O held
constant.
To explain the procedure we implemented for determin-

ing miso
f (for f ¼ l; s; c) and mcr, it is helpful to treat

separately the dependencies of the observable O on the
flavour quark masses (mf) and the critical mass parameter
mcr that after use of the Wick theorem arise from the
fermionic determinant (sea quark effects) and from the
relevant quark propagators (valence quark effects). In fact,
in the intermediate steps of our procedure for tuning miso

f

and mcr (see below), a given mass parameter, for practical
reasons, can temporarily assume different values in the
quark determinants (sea quark mass parameters) and in the
quark propagators (valence quark mass parameters, which
we label with a superscript “val”). For this reason, we
rewrite Eq. (B6) in the following notation:

Oðmf;mcrjmval
f ; mval

cr Þ≡Osimðmval
f ; mval

cr Þ
þ ðmcr −msim

cr Þ∂seacr O

þ
X
f

ðmf −msim
f Þ∂seaf O; ðB9Þ

where on the lhsO≡Oðmf;mcrjmval
f ; mval

cr Þ and the first set
of variables in the argument denotes the sea quark mass
parameters while the second set refers to the valence quark
mass parameters. On the rhs of Eq. (B9) Osim ≡
Oðmsim

f ; msim
cr jmval

f ; mval
cr Þ≡Osimðmval

f ; mval
cr Þ denotes O

computed with valence quark mass parameters mval
f and

mval
cr at sea quark mass parameters msim

f and msim
cr .

We are now in position to discuss the procedure that in
practice we follow to match the Edinburgh/FLAG defini-
tion of isosymmetric QCD. In order to evaluate the
dependence of Osimðmval

f ; mval
cr Þ on the valence quark

masses mval
f , in general we perform the inversion of the

Dirac operator using a few values of mval
f for all quark

flavors, while keeping the valence critical mass parameter
fixed at mval

cr ¼ msim
cr . Instead, in order to study the mval

cr -
dependence of Osimðmval

f ;mval
cr Þ, we explicitly evaluate the

derivative

∂
val
cr O≡ ∂mval

cr
Osimðmval

f ; mval
cr Þ: ðB10Þ

At this stage we can conveniently set mval
cr ¼ mcr, which

allows us to write

Oðmf;mcrjmval
f ; mcrÞ ¼ Osimðmval

f ; msim
cr Þ

þ ðmcr −msim
cr Þ½∂seacr Oþ ∂

val
cr O�

þ
X
f

ðmf −msim
f Þ∂seaf O: ðB11Þ
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The fine-tuning ofmcr, i.e. the determination of the small
mismatch mcr −msim

cr , can be carried out independently of
the tuning of the quark masses mf → miso

f . Indeed, on one
hand mcr ¼ a−1wcrðg20; amfÞ, as determined by the con-
dition of vanishing mPCAC in twisted-mass lattice QCD,
depends very weakly (actually only at OðaÞ level for mcr)
on the values of the individual quark masses mf. On the
other hand the values of msim

f at which mPCAC [see
Eq. (A14)] is evaluated are quite close to the target values
miso

f and the value of msim
cr determined in the early stages of

the Monte Carlo simulation differ from zero by a small
amount, which is always (in modulus) below 0.06msim

l and
typically different from zero by two to six standard
deviations [75]. For these reasons, within the linear
approximation approach we follow here, the differences
Δmf, f ¼ l; s; c [see Eq. (B2)] can safely be treated as
negligible second order effects in the determination
of Δmcr ¼ mcr −msim

cr .
Thus, consideringO ¼ mPCAC [see Eq. (A14)] expressed

in the notation of Eq. (B9) and making use of Eq. (B11), we
determine mcr by solving the equation

mPCACðmsim
f ;mcrjmsim

f ; mcrÞ
¼ mPCACðmsim

f ; msim
cr jmsim

f ; msim
cr Þ

þ ðmcr −msim
cr Þ½∂seacr þ ∂

val
cr �mPCAC ¼ 0: ðB12Þ

In Fig. 9, we present the derivatives of mPCAC with respect
to the valence quark (∂valcr mPCAC) and sea quark (∂seacr mPCAC)
critical mass for the cB211.072.64 ensemble. As illustrated,
both valence- and sea-quark contributions are of the same
sign. However, the magnitude of the valence-quark con-
tribution is approximately an order of magnitude smaller
than that of the sea-quark contribution. The cB211.072.64
ensemble is the only one for which we have computed the
valence-quark mass derivative ∂

val
cr mPCAC. For the C-type

and D-type ensembles, we focused on the dominant sea-
quark derivative alone, introducing an additional 10%
uncertainty to account for the uncomputed valence-quark
term. For the cE211.044.112 ensemble, where neither the
valence- nor sea-quark contributions to the derivative
are available, we estimated ½∂valcr þ ∂

sea
cr �mPCAC by using

the D-type ensemble derivative as a central value. We then
included a systematic uncertainty based on the observed
difference between the C-type and D-type ensemble
derivatives.
Having fine-tuned the critical mass by determining the

small difference mcr −msim
cr for all lattice spacings

employed in the present analysis, we now proceed to
discuss the conditions that determine the quark masses
miso

f as needed to match our definition of isosymmetric
QCD given in Eq. (12). To simplify the notation, we set
from now on

Oðmfjmval
f Þ≡Oðmf;mcrjmval

f ;mcrÞ: ðB13Þ

From the theoretical perspective, the solution miso
f¼l;s;c of

our tuning problem is obtained by solving the following
system of equations

Oiðmiso
f jmiso

f Þ ¼ Oiðmsim
f jmiso

f Þ
þ
X
f

½miso
f −msim

f �∂seaf Oiðmsim
f jmiso

f Þ

¼ ½Oi�iso; ðB14Þ

where

Oi ¼
�
aMπ

aFπ
;
aMK

aFπ
;
aMDs

aFπ

�
; ðB15Þ

and then by defining the lattice spacing according to

aiso ¼ aFπðmiso
f jmiso

f Þ
Fiso
π

: ðB16Þ

In practice, we solve the system by implementing an
iterative procedure that we are now going to explain in
detail. An illustrative sketch of this procedure is also shown
in Fig. (10).
Before starting the iteration we have the following

Initialization Step∶ i¼ 0;

mðiÞ
f ¼msim

f ; aðiÞ≡aFπðmðiÞ
l;s;cjmðiÞ

l Þ
Fiso
π

; ðB17Þ

where i is the iteration index, and we are using the fact that
aFπ does not depend on the strange and charm valence
masses. The iteration then starts and runs on the flavor
index that we order from lighter to heavier, namely

FIG. 9. Sea-quark (blue) and valence-quark (red) contribution
to the derivative of the mPCAC mass defined in Eq. (A14), as a
function of the Euclidean time t=a on the cB211.072.64
ensemble.
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f ¼ l; s; c. To improve the tuning of the light quark mass
and of the lattice spacing we implement the following

Light Step∶ i¼ iþ1;�
aMπ

aFπ

�
ðmðiÞ

l ;mði−1Þ
s;c jmðiÞ

l Þ¼
�
Mπ

Fπ

�
iso

⟶mðiÞ
l ;

aðiÞ≡aFπðmðiÞ
l ;mði−1Þ

s;c jmðiÞ
l Þ

Fiso
π

; ðB18Þ

where again we are using the fact that aMπ and aFπ do not
depend upon the strange and charm valence masses.
In all steps, as already mentioned in the text above, the

valence quark masses are changed by performing the
needed valence-quark propagator inversions required to
compute the input observables.
To improve the tuning of the strange quark mass we then

implement the following

Strange Step∶
�
aMK

aðiÞ

�
ðmði−1Þ

l;s;c jmðiÞ
l;sÞ¼Miso

K ⟶mðiÞ
s :

ðB19Þ

Here we are using the fact that aMK does not depend upon
the charm valence masses.
To improve the tuning of the charm quark mass we then

implement the following

Charm Step∶
�
aMDs

aðiÞ

�
ðmði−1Þ

l;s;c ; jmðiÞ
s;cÞ¼Miso

Ds
⟶mðiÞ

c :

ðB20Þ

At the end of the Charm-Step the lattice spacing and all
quark masses are updated, and we check whether we reach

the target precision given by the following convergence
condition

Check Condition∶

if kmðiÞ
f −mði−1Þ

f k≤ 3

2
σ½mði−1Þ

f �

and kaðiÞ−aði−1Þk≤ 3

2
σ½aði−1Þ�

miso
f ¼mðiÞ

f ; aiso ¼ aðiÞ;

end

else goto light−step ðB21Þ

where σ½mði−1Þ
f � and σ½aði−1Þ� are the statistical errors on the

tuned quark masses and on the lattice spacing.
It turns out that at the end of the first iteration, i ¼ 1,

the convergence condition is not satisfied. The values of the

simulated sea-quark masses msim
f ¼ mð0Þ

f differ from the

quark masses mð1Þ
f by a few percent. The difference is

between 2%–7% for mð1Þ
l −mð0Þ

l , and between 2%–4% for

mð1Þ
s −mð0Þ

s and mð1Þ
c −mð0Þ

c . We therefore continue to
i ¼ 2, incorporating the sea-quark mass corrections
through the linear-reweighting approximation of Eq. (B9).
The sea-quark mass corrections to aMπ; aFπ; aMK and
aMDs

turn out to be extremely tiny. Compared to the
statistical errors of the uncorrected quantities, they amount
to at most 1.5σ for aFπ, about 1σ for aMπ and are
completely negligible for aMK and aMDs

. This allows
us to verify the condition in Eq. (B21) and to exit the loop at
the end of the iteration i ¼ 2.

FIG. 10. Schematic description of the iterative algorithm used to determinemiso
f , which is described in detail in the text below. At each

iteration, we update the values of the quark masses and of the lattice spacing until convergence is achieved. In the convergence condition,

shown in the pink box, σ½X� denotes the full (mostly statistical) error on X, for X ¼ mði−1Þ
f ; aði−1Þ.
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We now give a separate description of the tuning steps
described above and present our final results for the quark
masses miso

f .
(i) Light Step: To determine mðiÞ

l and aðiÞ at each
step i, we employ two methods: the direct and
global fit approaches. In the direct approach, starting
from the values of aFπ and aMπ on the nearly
physical ensembles of Table II, we apply Eq. (B9) to
vary the light sea-quark mass, while in order to be
able to perform the corresponding change in the
valence sector we have produced data for aFπ and
aMπ at a second value of mval

l < msim
l . Since the

nearly physical ensembles of Table II have pion
masses which differ fromMiso

π at most by 5 MeV, the
valence- and sea-quark mass corrections needed to
match the Edinburgh/FLAG conditions are small,
making the linear reweighting approximation reli-
able. To confirm this, we carry out a second type of
analysis, based on a global fit of aFπ and Mπ=Fπ ,
exploiting all the ensemble in Table II, included
those with larger-than-physical pion mass. The
global-fit analysis has been already discussed in
Appendix A (Sec. II) of Ref. [22], to which we refer
for additional details. In a nutshell, for this analysis
we perform a global fit of aFπ and aml, using all the
ensembles of Table II, according to the following
ChPT-inspired ansatz

aFπðξπ;βÞ¼ aF̄πðβÞ ·f1−2ξπ logðξπ=ξisoπ Þ
þ ½PþPdiscðaFπðξπ;βÞÞ2�ðξπ −ξisoπ Þg

amlðξπ;βÞ¼ am̄lðβÞ
ξπ
ξisoπ

·f1þ5ξπ logðξπ=ξisoπ Þ

þðBþa2BdiscÞðξπ −ξisoπ Þg−1; ðB22Þ

where β ¼ 6=g20 is the inverse QCD gauge coupling
and

ξπ ¼
M2

π

16π2F2
π
: ðB23Þ

In Eq. (B22), aF̄πðβÞ, am̄lðβÞ, P, Pdisc, B and Bdisc

are free-fit parameters (for aF̄πðβÞ and am̄lðβÞ there
is a different fit parameter for each β). In the global
fit method, at each iteration step, the (bare) light
quark mass and the lattice spacing corresponding to
the Edinburgh/FLAG definition of isosymmetric
QCD are given, for each value of the coupling β, by

aðiÞðβÞ¼ aF̄πðβÞ
Fiso
π

; mðiÞ
l ðβÞ¼ m̄lðβÞ: ðB24Þ

The hadronic observables Fπ andMπ (and hence ξπ)
entering Eq. (B22) are intended as infinite-volume

quantities. The needed infinite-volume extrapolation
of our lattice data is carried out by employing next-
to-leading-order ChPT, i.e. making use of the
Gasser-Leutwyler formulae [76]. We have checked
that next-to-leading-order ChPT nicely describes the
spread between the Fπ and Mπ values on the
ensembles of Table II produced at different values
of the spatial volume, but equal values of β and
quark masses.

The advantage of the global fit approach is that it
captures the dependence of both Fπ and Mπ=Fπ on
ml without relying on leading-order reweighting,
instead utilizing gauge ensembles generated away
from the physical point (we emphasize that all data
contributing to the global fit in Eq. (B22) were
produced at different values of ml, but for each
ensemble, the valence light-quark mass is equal to
the sea light-quark mass).

In Fig. 11, we show the result of the global fit and
compare it with that of the direct approach, which as
already stressed, only uses the nearly physical
ensembles of Table II, and relies on leading-order
reweighting to describe the light sea-quark mass
dependence of Mπ and Fπ . The reduced χ2 of the
global fit to aFπ and aml is very good, about 0.5.
The results in the two figures correspond to the
global fit performed during the first light-step
iteration (i ¼ 1), where the strange and charm
sea-quark masses are held fixed to their simulation
value msim

s;c . As the figures show, the agreement
between the two approaches is excellent; the differ-

ence between the two determinations of mð1Þ
l and

að1Þ is smaller than the statistical uncertainty.
Two remarks are relevant here. First, as it is shown

by Eq. (B18), during the ith light-step the strange
and charm quark masses are held fixed to the value
obtained at the (i − 1)th iteration, and therefore
for i ¼ 1 they are set to the simulated values

mði¼1Þ
s;c ¼ msim

s;c . At the end of the first iteration we
do not reach convergence, and therefore in the
second iteration (i ¼ 2) we proceed by adding the
strange and charm sea-quark corrections to Fπ and
Mπ according to Eq. (B9). These corrections in
practice have only the effect of increasing slightly
the uncertainty on the determination ofml and of the
lattice spacing. In the panels on the right of Fig. 11

we add, for comparison, the results obtained formð2Þ
l

and að2ÞFiso
π , which then also correspond to our final

results for miso
l and aiso. Indeed, after the second

iteration we achieve convergence, and hence exit the
loop.

The second comment concerns the corrections to
Fπ and Mπ that stem from the small-mistuning,
mcr −msim

cr , of the critical mass. These corrections
may of course be included by adding the second
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term in Eq. (B11). In the specific case ofMπ and Fπ ,
however, to include such corrections, one can also
profit from the existence of the following analytic
expression [25], for the leading, Oða0Þ, dependence
of Mπ and Fπ on the mPCAC mass

FπðmPCAC¼0Þ¼FπðmPCACÞ
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðZAmPCAC=mlÞ2

q

M2
πðmPCAC¼0Þ¼ M2

πðmPCACÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðZAmPCAC=mlÞ2

p ; ðB25Þ

where ZA (see Appendix E) is the renormalization
constant of the axial current. We have employed the
analytic expressions (B25) to correct Fπ and Mπ on
all the ensembles of Table II, included those with

higher-than-physical pion masses, for which a first-
principle estimate of the critical mass derivative in
Eq. (B11) is not available to us. We have explicitly
checked, in the case of the nearly physical ensem-
bles of Table II, that the corrections produced by the
analytic expressions above, agree within uncertain-
ties with the numerical results from the second term
in the rhs of Eq. (B11).

(ii) Strange Step: The determination of the strange-
quark mass miso

s (as well as of the charm quark mass
to be discussed in the next bullet point), turns out to
be substantially less involved than the determination
of miso

l and of the lattice spacing.
For this analysis, we have employed only the

nearly physical ensemble of Table II, which as
already remarked, are the only ones entering the
analysis of aHVPμ ðsÞ and aHVPμ ðcÞ. At each iteration,

FIG. 11. Results of the global fit to aFπ (top panels) and aml (bottom panels). The colored bands correspond to the best fit curve
obtained in the global fit at each value of β, while the data points to our determination of aFπ and ðMπ=FπÞ2 on each of the gauge
ensembles of Table II. The rightmost plots show a zoom in the region close to the physical point, where, for comparison, we include the
result obtained using the direct approach at the iteration i ¼ 1 (data points in brown), and the final result after the iteration i ¼ 2 (data
points in sky-blue), i.e. after inserting the charm and strange sea-quark mass corrections making use of Eq. (B9). In these plots, the
vertical and horizontal lines correspond to the point ξπ ¼ ξisoπ . In the bottom-right (top-right) plot the data points in brown,
corresponding to the results of the direct approach at the iteration i ¼ 1, are slightly shifted vertically (horizontally) for better
visualization.
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to be able to vary the valence light and strange quark
masses we have performed the inversion of the two-
point pseudoscalar light-strange correlator employ-
ing two values ofmval

s and two values ofmval
l (one of

these two values is mval
l ¼ msim

l ). The critical mass
corrections due to the small difference mcr −msim

cr
have been included by adding the second term in the
rhs of Eq. (B11) for O ¼ MK. This correction,
however, turns out to be much smaller than the
statistical errors and can safely be neglected. During
the first iteration i ¼ 1, the light, strange, and charm
quark masses are fixed to their simulation value and
therefore no correction has been applied. During the
second iteration, i ¼ 2, we have applied the correc-
tions corresponding to the last term in Eq. (B11).
Moreover, all the sea-quark mass corrections turn
out to be extremely tiny and negligible. The only

(small) difference between mð1Þ
s and mð2Þ

s , comes
from the slightly increased uncertainties on the
lattice spacing. As already pointed out, at the end
of the second iteration, we achieve convergence and
exit the loop.
To illustrate the quality of the effective-mass

plateaus, we show in the left panel of Fig. 12 the
effective mass of the kaon, determined on the
cB211b.072.64 ensemble, for the two different
values of the valence strange quark mass employed
for this calculation and for mval

l ¼ msim
l . The panel

on the right shows instead the result of the final
strange-mass interpolation needed to impose
MK ¼ Miso

K , which we performed according to the
following ChPT-inspired ansatz

ms ¼ Aþ BM2
K; ðB26Þ

where A and B are fit parameters.

(iii) Charm Step: For charm mass tuning we have
included in the analysis only the nearly physical
ensembles of Table II. At each iteration, we vary the
valence strange and charm quark masses and evalu-
ate the two-point pseudoscalar strange-charm corre-
lator employing up to two values of mval

s and up to
three values of mval

c . 6

For aMDs
, all the sea-quark mass and critical mass

corrections, which have been included during the
second iteration step i ¼ 2 making use of Eq. (B11),
turn out to be negligible within statistical uncertainty,
and, as in the case of the strange-quarkmass, the only

difference between mð1Þ
c and mð2Þ

c comes from the
slightly increased lattice spacing uncertainties.

To illustrate the quality of the effective-mass
plateaus, we show in the left panel of Fig. 13 the
effective mass of the Ds meson, determined on the
cC211.060.112 ensemble, for the three different
values of the charm quark mass and for the single
value of the valence quark mass,mval

s ∼miso
s , that we

employed. The right panel plot shows instead the
result of the final interpolation needed to impose
MDs

¼ Miso
Ds
, which was performed according to the

following ansatz

mc ¼ Aþ BMDs
; ðB27Þ

where A and B are fit parameters. We have
checked, on the ensembles where three different
valence charm quark masses are employed, namely
the cC211.060.112, the cD211.054.96, and the

FIG. 12. Left: effective mass of the kaon for the two simulated values of the valence strange quark mass amval
s ¼ 0.018, 0.019 on the

cB211.072.64 ensemble. Right: interpolation of the strange quark mass ams to the physical point defined byMK ¼ Miso
K ¼ 494.6 MeV,

indicated in the plot by the vertical dashed line. The interpolation has been performed according to the ansatz of Eq. (B26).

6For the charm sea-quark mass corrections, the results obtained
using leading-order reweighting turn out to be too noisy to be
used. We estimate the charm sea-quark mass derivative ∂seac from
the strange sea-quark mass derivative ∂seas , assuming the scaling
mc∂

sea
c ∼ms∂

sea
s (see the discussion in Appendix D for more

details on this point).
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cE211.044.112 ensemble, that the inclusion
of a quadratic term proportional to M2

Ds
in the

interpolation, produces a negligible change in the

value of mðiÞ
c .

Having described all the tuning steps of the iterative
procedure that allow us to match the Edinburgh/FLAG
isosymmetric world, we collect in Table I the resulting
values of the lattice spacing aiso, the critical mass amcr and
the quark masses amiso

l;s;c for the four lattice spacings used
in the calculation of aHVPμ ðsÞ and aHVPμ ðcÞ. The values
quoted in Table I for the lattice spacing have slightly larger
uncertainties than the ones given in Ref. [77], due to the
improved analysis of the sea-quark mistuning effects.
However, the slightly increased uncertainty on the lattice
spacing does not have any impact on the final values and
errors quoted in Ref. [77].
We conclude this section with a brief description

of the two lattice regulated versions of the electromag-
netic current operator (called in Sec. III the TM and the
OS currents) that we employ for the evaluation of
aHVPμ ðsÞ and aHVPμ ðcÞ. To define the TM bilinear oper-
ators, starting from the action in Eq. (A1), we introduce
additional valence quark fields with no feedback
on the gauge effective action. This amounts to (i)
including, for each quark field qf, f ¼ fu; d; s; cg
appearing in Eq. (A4), a replica field q0f with the same
soft mass, m0

f ¼ mf, but opposite value of the Wilson
parameter, r0f ¼ −rf and hence opposite critical mass,
mcrðr0fÞ ¼ −mcrðrfÞ; and (ii) adding the corresponding
ghost field ϕ0

f, in order to remove any contributions of
these extra fields to the fermionic determinants, i.e., to
the lattice gauge effective action. In summary, to define

the TM bilinears we add to the action S of Eq. (A1) the
action term7

Srep ¼
X
f

X
x

q̄0ffγμ∇μ½U�þ irfγ5ðWcl½U�þmcrÞþmfgq0f

þ
X
f

X
x

ϕ̄0
ffγμ∇μ½U�þ irfγ5ðWcl½U�þmcrÞ

þmfgϕ0
f; ðB28Þ

i.e., we work with the mixed lattice action Smixed ¼
Sþ Srep. The TM quark bilinears are then defined as

JTMΓ ðxÞ ¼ q̄fðxÞΓq0fðxÞ; ðB29Þ

with Γ a generic Dirac matrix, and in particular the TM
electromagnetic current is given by

Jμ;TMf ðxÞ¼ZAqem;fq̄fðxÞγμq0fðxÞ; f¼fs;cg; ðB30Þ

where ZA is the renormalization constant of the current
that in the unitary regularization with untwisted Wilson
quarks would be the axial current. To define the corre-
sponding OS version of quark bilinear operators, we do
not need in principle to introduce any additional replica

FIG. 13. Left: effective mass of the Ds meson for the three simulated values of the valence charm quark mass amval
c ¼

0.18, 0.19 and 0.20 on the cC211.060.112 ensemble. Right: interpolation of the charm quark mass amc to the physical
point defined by MDs

¼ Miso
Ds

¼ 1967 MeV, indicated in the plot by the vertical dashed line. The interpolation is performed
according to the ansatz of Eq. (B27) including also a quadratic term proportional to M2

Ds
. However, the results at the physical

point MDs
¼ Miso

Ds
, remain unchanged if a simple linear interpolation to the two rightmost red data points in the figure is

performed.

7On the cC211.060.112, cD211.054.96 and cE211.044.112
ensembles, we have considered a single value of mval

s , carefully
chosen to be very close to mð1Þ

s ∼mð2Þ
s ¼ miso

s . We have checked,
using our determination of the slope ∂MDs

=∂mval
s on the ensem-

bles where results at two different values of the valence strange-
quark mass are available, that the small difference mval

s −mðiÞ
s ,

produces a completely negligible impact on the determination
of mðiÞ

c .
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valence fields, since the OS bilinears are constructed in
terms of the quark fields qf entering the OS quark action
defined in Eq. (A4). However, in order to single out the
connected part of a two-point correlation function of OS
bilinears, we find it convenient to add to the action S of
Eq. (A1) the valence quark action term of Eq. (B28) with
the replacement r0f → −r0f ¼ −rf. In terms of the quark
fields qf and of the replica valence fields q0f, with
r0f ¼ rf, the OS electromagnetic current is thus given by

Jμ;OSf ðxÞ¼ZVqem;fq̄fðxÞγμq0fðxÞ; f¼fs;cg; ðB31Þ

where ZV is the renormalization constant of the
current that in the unitary regularization with untwisted
Wilson quarks would (also) be the vector current (see
Appendix E). In the lattice setup of interest here with
action Smixed ¼ Sþ Srep, the vector channel correlators
VTM
f and VOS

f entering in the rhs of Eq. (13) are then
defined as

VTM
f ðtÞ≡ 1

3

X
x

X
i¼1;2;3

hJi;TMf ðxÞ½Ji;TMf �†ð0Þi;

VOS
f ðtÞ≡ 1

3

X
x

X
i¼1;2;3

hJi;OSf ðxÞ½Ji;OSf �†ð0Þi; ðB32Þ

Two-point correlation functions constructed in terms of

the TM or OS bilinears, such as VTM
f ðtÞ and VOS

f ðtÞ,
produce equivalent results in the continuum limit [72]. At
nonzero values of the lattice spacing a, they however
differ by Oða2Þ UV cutoff effects and, as explained in the
main text, we exploit this fact to perform joint fits of the
results obtained with the two regularizations while
enforcing a common continuum-limit.

APPENDIX C: EVALUATING THE HVP
AT THE ISOQCD POINT

To evaluate the strange and charm HVP, along with the
corresponding SD, LD and W contributions, at the
Edinburgh/FLAG isoQCD point, see Eq. (12), we exploited
all gauge ensembles in the upper part of Table II. For each
ensemble, we performed the inversions of the vector TM
and OS correlators of Eq. (B32), for different valence quark
masses mval

s and mval
c , while fixing sea-quark masses and

critical mass to msim
f and msim

cr , respectively. For each β, we
carefully chose two values for mval

s and three values for
mval

c , in such a way that they are always rather close to miso
s

and miso
c .

Adopting the notation of Eq. (B9), we first performed
the required valence quark-mass interpolation of both
aHVP;wμ ðsÞðmsim

f ; msim
cr jmval

s ; msim
cr Þ and aHVP;wμ ðcÞðmsim

f ;
msim

cr jmval
c ; msim

cr Þ, using the following ansatz

aHVP;wμ ðcÞðmsim
f ; msim

cr jmval
c ; msim

cr Þ ¼ aHVP;wμ ðcÞðmsim
f ; msim

cr jmiso
c ; msim

cr Þ · ½1þ Aw
c ðmval

c −miso
c Þ þ Bw

c ðmval
c −miso

c Þ2�
aHVP;wμ ðsÞðmsim

f ; msim
cr jmval

s ; msim
cr Þ ¼ aHVP;wμ ðsÞðmsim

f ; msim
cr jmiso

s ; msim
cr Þ · ½1þ Aw

s ðmval
s −miso

s Þ�; ðC1Þ

where Aw
s ; Aw

c and Bw
c , as well as aHVP;wμ ðsÞðmsim

f ;
msim

cr jmiso
s ; msim

cr Þ and aHVP;wμ ðcÞðmsim
f ;msim

cr jmiso
c ; msim

cr Þ, are
fit parameters.
After interpolating mval

s → miso
s , and mval

c → miso
c , we

applied the corrections needed to incorporate the effects of
the fine-tuning of the critical mass and of the sea-quark
mass parameters. As discussed in Appendix B, leading-
order reweighting has been used to evaluate the sea-quark
corrections, ultimately allowing us to determine the HVP at
our isosymmetric point of reference by using Eq. (B11)
with mf ¼ mval

f ¼ miso
f and

O ¼ faHVP;wμ ðsÞ; aHVP;wμ ðcÞg: ðC2Þ

Appendix D provides a detailed discussion of the evalu-
ation of the sea-quark mass and critical mass derivatives
appearing in the rhs of Eq. (B11).

APPENDIX D: ESTIMATING EFFECTS OF
MISTUNINGS OF SIMULATION PARAMETERS

In this section, we give some details on the calculation of
the sea-quark mass corrections to the physical observables
O relevant for the present analysis, which we performed by
employing the leading-order reweighting discussed in
Appendix B, i.e. making use of the formula in Eq. (B6).
The observables O, of which we discuss the sea-quark

mass corrections in this appendix, are

O ¼ fMπ; Fπ;MK;MDs
; aHVPμ ðsÞ; aHVPμ ðcÞg: ðD1Þ

We start from the observables used to determine the quark
masses miso

f and to set the scale, namely Mπ, Fπ , MK and
MDs

. In Fig. 14 we show the results for the light and strange
sea-quark mass derivatives of the effective pion mass and
decay constant, ∂seal;sM

eff
π ðtÞ and ∂

sea
l;sF

eff
π ðtÞ, as obtained on

the cB211.072.64 ensemble. As the figure shows, the
absolute value of these quark-mass derivatives, as expected,
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strongly decreases as the quark mass increases (i.e. going
from light to strange). The light-quark derivative is in
absolute value larger for Fπ than for Mπ, by a factor of
about 5. The largest mistuning in the bare ligth quark mass,
Δm̄l ¼ miso

l −msim
l , occurs on the cB211.072.64 and

cD211.054.96 ensembles, for which Δm̄l ≃ −0.16 MeV,
which then yields a correction to Fπ of about 0.3–0.4 MeV,
and to Mπ smaller than 0.1 MeV.
For the strange-quark mass derivative the signal-to-

noise is sensibly smaller than for the light-quark one.
The typical size of these derivatives is j∂seas Mπj ∼ 0.08
and j∂seas Fπj ∼ 0.12. The largest mistuning in the bare
strange quark mass, Δm̄s ¼ miso

s −msim
s , occurs on the

cC211.060.80 ensemble where Δm̄s ∼ −1.7 MeV, which
produces on this ensemble a correction to Mπ of about
0.13 MeV and of about 0.2 MeV to Fπ , i.e. at the level of
0.1% and 0.15%, respectively. For the charm quark, as
already mentioned in footnote 6,8 the sea-quark derivatives
turn out to be too noisy to provide a useful determination

of the corresponding mistuning correction. For all observ-
ables O, we include in the analysis an estimate of the
derivative ∂seac O which assumes the following approximate
scaling of the sea quark mass derivative with the quark
mass

∂
sea
c O ≃

ms

mc
∂
sea
s O: ðD2Þ

The 1=mc suppression of the derivative with respect to the
sea quark mass of a generic observableO is expected in the
(approximatively well realized) limit mc ≫ ms ∼ ΛQCD on
each gauge background at finite lattice spacing from its
analytic expression Eq. (B8). Actually an even stronger
suppression, as 1=m2

c, is predicted in the same limit up to
lattice artifacts by perturbation theory. We thus regard the
estimate in Eq. (D2) as a conservative one.
Concerning the critical mass corrections to Fπ and

Mπ , as detailed in Appendix B, we rely on the analytic
formulae of Eq. (B25). In Fig. 15, we however compare
on the cC211.060.80 ensemble, for which the absolute
value of the difference Δmcr ¼ mcr −msim

cr is maximal, the
results obtained using Eq. (B25) with that obtained by
evaluating numerically the second term in Eq. (B11) with

FIG. 14. The light and strange sea-quark mass derivatives of the effective pion mass (left) and of the effective pion decay constant
(right), as a function of the Euclidean time on the cB211.072.64 ensemble.

FIG. 15. The mPCAC-derivative of the effective pion mass (left) and of the effective pion decay constant (right) on the cC211.060.80
ensemble. The magenta bands correspond to the predictions of the analytic formulas of Eq. (B25).

8Note the different sign, as compared to Eq. (A4), in front of
the critical Wilson term with coefficient iγ5, which is due to
r0f ¼ −rf .
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O ¼ Mπ; Fπ . Specifically, in the figure we show the
results for

∂mPCAC
O≡ ∂crO

∂crmPCAC
; O¼fMπ;Fπg; ðD3Þ

where ∂cr ≡ ∂
sea
cr þ ∂

val
cr [see Eq. (B11)].9 As the figure

shows, the result of the numerical estimates and that of the
analytic formulae of Eq. (B25) are in fairly good
agreement.
We now move to the case ofMK andMDs

. In Fig. 16 we
show the results for the light and strange sea-quark mass
derivatives of the effective mass of the kaon and of the Ds
meson, as obtained on the cB211.072.64 ensemble. All
derivatives turn out to be very small and compatible with
zero within a few standard deviations. For the kaon mass
MK , the typical magnitude of the derivatives are:
j∂lMKj ∼ 0.2, j∂sMKj ∼ 0.1. For the Ds-meson they are:
j∂lMDs

j ∼ 0.5, j∂sMDs
j ∼ 0.3. The largest mistunings that

we have are Δml ≃ 0.16 MeV, Δms ≃ −1.7 MeV. The
largest correction to the kaon mass [including those from
the fine-tuning of the critical mass, and from charm sea-
quark mass mistuning estimated employing Eq. (D2)] is of
about 0.2 MeV, while it is of about 0.5 MeV for MDs

. In
both cases, the corrections are smaller than our statistical
uncertainties, hence completely negligible.
Finally, we discuss the mistuning corrections on aHVPμ ðsÞ

and aHVPμ ðcÞ. In this case, there are two different types of
corrections. The first type of correction is an indirect one,
arising from changes in the integration kernel function due
to variations in the lattice spacing, which affects the
definition of the physical time t in the integrand of
Eq. (2). These corrections can be incorporated directly

by evaluating the HVP using the lattice spacing values aiso

provided in Table I. The second source of corrections,
which we now address, stems from the sea-quark mass and
critical mass corrections to the vector correlators Vreg

s ðtÞ
and Vreg

c ðtÞ in Eq. (B32). We introduce the following
derivatives of aHVPμ ðsÞ and aHVPμ ðcÞ with respect to the
sea-quark mass for the x-flavor and the (combined sea and
valence) critical quark mass, while keeping the lattice
spacing fixed at a ¼ aiso:

∂
sea
x aHVPμ ðfÞ¼ 2α2ema3

XT=ð2aÞ
n¼1

wðnÞn2KðamμnÞ∂seax Vreg
f ðnaÞ;

f¼ s;c; x¼l;s;c;

∂craHVPμ ðfÞ¼ 2α2ema3
XT=ð2aÞ
n¼1

wðnÞn2KðamμnÞ

× ½∂seacr þ∂
val
cr �Vreg

f ðnaÞ; f¼ s;c: ðD4Þ

where n ¼ t=a ¼ 1;…; T=ð2aÞ is the Euclidean time in
lattice units. The derivatives of the SD, W and LD
contributions can be defined analogously.
In Fig. 17, we present the results for the light and

strange sea-quark mass derivatives of aHVPμ ðsÞ and aHVPμ ðcÞ
as obtained on the cB211.072.64 and cD211.054.96
ensembles. The results correspond to reg ¼ TM, but within
uncertainties no dependence of the derivatives on the
regularization has been observed. As the figure shows
the derivatives are sensibly larger for aHVPμ ðsÞ than for
aHVPμ ðcÞ. The typical size of the light sea-quark mass
derivative is for the strange HVP j∂seal aHVPμ ðsÞj ∼
0.2–0.3 MeV−1 while it is of about j∂seal aHVPμ ðcÞj ∼
0–0.015 MeV−1 for the charm HVP. Considering that the
largest light sea-quark mistuning isΔm̄l ∼ −0.16 MeV, the
corresponding corrections to the strange HVP, aHVPμ ðsÞ, turn
out to be smaller than 0.1% (which is just slightly smaller
than our statistical errors on aHVPμ ðsÞ at fixed β), and

FIG. 16. The light and strange sea-quark mass derivatives of the effective kaon mass (left) and of the effectiveDs-meson mass (right),
as a function of the Euclidean time on the cB211.072.64 ensemble.

9The valence-quark mass derivative ∂
val
cr contribution to both

terms in the numerator and denominator of Eq. (D3), which we
estimated on the cB211.072.64 ensemble, turns out to be
negligible within errors with respect to the sea-quark contribu-
tion, and has been neglected.
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completely negligible for aHVPμ ðcÞ. The corrections due
to the fine-tuning of the critical mass are of a similar
magnitude to those resulting from light sea-quark mass
mistuning effects.
Concerning the strange sea-quark mass derivatives,

they are of order j∂seas aHVPμ ðsÞj ∼ 0.05–0.1 MeV−1 and
j∂seac aHVPμ ðsÞj ∼ 0.005–0.01 MeV−1. The largest strange
sea-quark mass mistuning is Δm̄s ∼ −1.7 MeV. For the
charm HVP, aHVPμ ðcÞ, the size of this correction is still
below (on some ensembles however comparable to) our
statistical uncertainties. For the strange HVP, aHVPμ ðsÞ,
however, this mistuning correction is larger than (on some
ensembles, up to twice the size of) our statistical uncer-
tainties in aHVPμ ðsÞ. After accounting also for the charm
sea-quark mass mistuning effect, which is estimated using
Eq. (D2), the errors on aHVPμ ðsÞ, as well as on aHVP;Wμ ðsÞ,
turn out to be increased. This error increase almost

completely offsets the improvement in the intermediate
strange window resulting from the addition of a new
lattice spacing ensemble (cE211.044.112) and the use of a
larger statistics in this calculation as compared to our
previous results in Ref. [22]. In Fig. 18 we show, for
each β, the comparison between the values of aHVPμ ðsÞ
and aHVPμ ðcÞ obtained before and after applying the
corrections due to the mistuning of sea-quark masses
and critical mass.
We conclude this section with a comment on the

corrections to the scale-invariant RCs ZV and ZA (which
enter the determination of the strange and charm HVP),
due to sea-quark mass and critical mass mistuning effects.
For these two quantities the corrections turned out to be
extremely tiny, reaching at most, on the coarser ensem-
bles, the level of 0.005–0.01%. For ZV, which has an
astonishing precision < 0.002%, the correction is how-
ever larger than the statistical uncertainty. The central

FIG. 17. The light and strange sea-quark mass derivatives of aHVPμ ðsÞ (left) and of aHVPμ ðcÞ, as a function of the upper limit tcut=a on the
sum in Eq. (D4), as obtained on the cB211.072.64 and cD211.054.96 ensembles.

FIG. 18. Comparison between the values of aHVPμ ðsÞ (left) and aHVPμ ðcÞ (right) obtained before (black for the OS and red for the TM
regularization) and after (blue for the OS and green for the TM regularization) applying the corrections due to the mistuning of sea-quark
masses and critical mass.
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values and errors of ZV and ZA, that we provide in
Appendix E, are inclusive of the corrections due to
mistuning effects.

APPENDIX E: HADRONIC
DETERMINATION OF ZV AND ZA

In order to reach a high precision determination of the
two scale-invariant RCs ZV and ZA we employ the hadronic
method, already adopted in Ref. [22], based on the Ward
identity (WI) and universality of renormalized correlation
functions, combined with a high statistics determination of
the relevant bare correlators. This allows us to obtain on the
ensembles of Table I, after correcting for sea-quark mass
and critical mass mistuning effects (see Appendix D), an
accuracy of ≃0.03% for ZA and of ≃0.01% for ZV, thus

reaching the desired accuracy. We collect in Table III the
values of ZA and ZV used in this work for each of the
ETMC ensembles of Table I.
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