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The Rashba spin-orbit coupling (SOC) is a well-known mechanism for the spin-charge intercon-
version via the inverse and direct spin galvanic e�ects. The lack of a full inversion symmetry allows
the coupling of the charge current and spin density. In this paper we investigate this phenomenon
when the in-plane rotational symmetry is lowered to the C2v and C3v symmetry groups, whereby
the electron spectrum becomes anisotropic. We �nd that in the C2v case, depending on the ratio
between the Rashba SOC strengths along the principal axes, the non-equilibrium spin density devi-
ates notably from the 90o degrees rotation, with respect to the applied electric �eld, familiar in the
isotropic case. In the C3v case, when a warping cubic-in-momentum term is present, whereas the
standard 90o degrees rotation of the spin density remains, the spin-charge interconversion depends
on the intensity of the warping itself. The microscopic theory takes into account disorder including
vertex corrections, both via the diagrammatic implementation of the Kubo formula and via the
quantum kinetic theory. We show that vertex corrections are crucial to capture the details of the
inverse spin galvanic e�ect in contrast to previous treatments based on the constant broadening
approximation.

I. INTRODUCTION

Spin-dependent phenomena in nonmagnetic materials
lacking inversion symmetry have attracted a lot of at-
tention in the last few decades, as these systems enable
all-electrical control of the spin degree of freedom (DOF)
without the need for external magnetic �elds [1�6]. The
underlying mechanisms arise from the relativistic spin-
orbit coupling (SOC), which induces a spin-momentum
locking that renders the spin and momentum DOFs fully
interdependent [7�12]. Sources of SOC can manifest both
uniformly and locally, with the former induced by the sys-
tem's geometry and the associated crystalline potential
[13, 14] while the latter originates from randomly dis-
tributed �uctuations or proximity to adatom impurities
[15�17].
Promising for the development of experimental spintronics
devices [18], SOC landscapes enable charge-spin conver-
sion phenomena that generate spin currents and densities.
In particular, two e�ects, together with their Onsager re-
ciprocal counterpart, have emerged as the most intriguing:
the spin-Hall e�ect (SHE) [19�23] and the inverse spin gal-
vanic e�ect (ISGE), also frequently cited as the Edelstein
e�ect (EE), whose denomination we will use from now on
[24�30].The former converts a charge current, driven by
an external electric �eld, into a transverse spin current,
while the latter converts an electric current into a non-
equilibrium spin polarization. Their origin can be traced
either to the spin-dependent scattering of electrons by ran-
domly distributed impurities, referred to as extrinsic phe-
nomena [31�35], or to the relativistic electronic structure
of the material, where disorder plays a secondary role, re-
ferred to as intrinsic phenomena. For example, graphene
exhibits an extrinsic SHE in the presence of local spin-
orbit interaction via the skew scattering mechanism [36]

and a quantized intrinsic spin-Hall conductivity associated
with the Z2 topological invariant [37]. The same reason-
ing applies to the ISGE, which can either be generated by
random sources of SOC via the anisotropic spin-precession
mechanism [38], or by the uniform Rashba SOC [39].
The latter has served as a paradigmatic model system for
studying the ISGE and has undergone extensive theoret-
ical scrutiny, leading to signi�cant developments over the
years, although the ISGE itself has received less atten-
tion compared to the SHE. After the earliest results re-
vealed the possibility of generating an in-plane spin polar-
ization perpendicular to an applied static voltage in two-
dimensional electron gases (2DEG) [40�42], successively
also observed in non-magnetic interfaces[42], LAO/STO
systems[43] and topological insulators[44, 45], a space-
time dependent drift-di�usion theory has been formulated
[46�48]. This framework was later extended to surface
states of topological insulators [49], engineered graphene
systems [50], and van der Waals heterostructures [51], the
latter revealing the possibility of generating twist-angle
controlled spin polarization at arbitrary angle with re-
spect to the applied �eld.
This paper focuses on a generalization of the conventional
disordered Rashba model accounting for anisotropies in
the e�ective mass and the linear Rashba parameter, as
well as third order warping terms, which are allowed in
systems with C2v and C3v symmetry, respectively. The
investigation of spintronic phenomena in such systems has
recently attracted interest, as sizable anisotropies with lin-
ear Rashba SOC have been predicted in surface states of
fcc crystals along the (1 1 0) direction [52], e.g. Au(1 1 0),
and transition metal dichalcogenide (TMD) alloys of the
form MoS2(1−x)Se2x [53], as well as observed in tellurium
� noble metal interfaces [54] and in (Tl,Au)/Si(1 0 0)
compounds [55]. In addition, systems with third-order
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warping have been predicted in surface states of three-
dimensional topological insulators (TI)[56, 57] and ob-
served in Bi(1 1 1) [58] . Although we will not discuss
in the present paper the microscopic details in real mate-
rials, it is worth mentioning that the description of spin
splitting in surface states may be quite complex and may
involve further e�ects besides the Rashba SOC [59, 60].
The problem of an anisotropic Rashba SOC has been ad-
dressed only rarely and without comprehensive detail in
the literature [61�64], mostly focusing on the dependence
on the Fermi energy and con�ned to the relaxation time
approximation (RTA) [65], where transport lifetimes are
replaced by mere constant values. In this regard, linear
response theory is the main formalism adopted to investi-
gate such transport phenomena. It is typically reduced to
two main techniques: the Boltzmann equation (BE) [66],
with its extensions [67�70], and the Kubo formula [71�74].
The former is strictly valid in the dilute limit, which pro-
vides the leading contribution to the system's response,
while the latter provides a complete quantum-mechanical
description of the system, incorporating geometrical Berry
phase e�ects [75] and impurity-related quantum processes
[76, 77]. In the semi-classical limit, that is the regime con-
sidered in this work, there exists an exact correspondence
between the two frameworks [78, 79]: the self-consistent
solution of the BE, which determines the transport life-
times describing the out-of-equilibrium distortion of the
distribution function, translates into the vertex renormal-
ization in the Kubo formalism, together with the proper
evaluation of the Green's function (GF) self-energy. Due
to the challenging calculations required for a consistent
treatment of disorder, the BE is often solved within the
RTA. This corresponds to the constant broadening ap-
proximation (CBA) in the Kubo formalism [80�82], in
which vertex corrections are totally ignored. However,
this uncontrolled approximation is often seriously prob-
lematic. A well-known example is the SHE in 2DEGs:
while neglecting the vertex corrections predicts a �nite
spin-Hall conductivity, proper calculations reveal a van-
ishing response [83�86].
This paper represents another such case. We will show
that the contribution of mass anisotropies to the ISGE
cancels exactly once vertex corrections are taken into ac-
count, opposite to what is currently predicted by the lit-
erature [64]. In contrast, Rashba anisotropies make the
ISGE itself anisotropic, in�uencing both its magnitude
and orientation depending on the direction of the applied
electric �eld. As a result, since the direction of the magne-
tization is generally no longer perpendicular to the electric
current, we propose leveraging this deviation for direct
experimental measurements of Rashba anisotropies. Our
analysis employs both the Kubo formalism and the BE
approach, with the former yielding analytical results and
the latter numerical ones.
The remainder of this paper is organized as follows. In
Sec. II we present the model Hamiltonian, brie�y review

the Kubo formalism used for the analytic calculations, and
describe the numerical implementation of the BE. More-
over, here we clarify the connection between the RTA and
the CBA. Sec. III is devoted to the calculation of the spin
density-charge current response, hereafter referred to as
spin-current response for brevity. We �rst reproduce the
literature results for mass and Rashba anisotropies inde-
pendently within the CBA. Then, we extend the analysis
by including the vertex corrections and the microscopic
parameter-dependent self-energy in the Kubo formalism,
coupled with the numerical solution of the BE beyond
RTA. Finally, we investigate the e�ect of anisotropic warp-
ing in systems with C3v symmetry. In Sec. IV we present
our conclusions.

II. MODEL SYSTEM AND METHODOLOGY

The anisotropic Rashba model for 2DEG systems with
C2v symmetry can be described by the low-energy Hamil-
tonian [52]

H =
p2x
2mx

+
p2y
2my

+ αypysx − αxpxsy, (1)

where mx(y) is the e�ective mass along the x(y) axis and
si is a Pauli matrix i. Due to Rashba splitting, spin de-
generacy is lifted, and the energy eigenvalues form two
shifted parabolas, distorted by both mass and Rashba
anisotropies

ε±(px, py) =
p2x
2mx

+
p2y
2my

±
√
(αypx)2 + (αxpy)2. (2)

Analogously, we can de�ne two distinct energy branches
corresponding to an upper and lower band. The Fermi
energy can then be positioned in such a way to intersect
either a single branch (regime I) or both branches (regime
II). In what follows, we will focus on the latter case, where
the Fermi surface consists of two deformed disks with spin
locked and perpendicular to the electron momentum. In
this regime, the spin textures of the lower and upper bands
wind in opposite directions, anticlockwise and clockwise,
respectively (see Fig. (1)).
Eq. (1) is the starting point for our linear response cal-
culations, whose technical details will be presented below.
Assuming a slowly-varying electric �eld E in both space
and time, the spin density response takes the form

Sα = KαβEβ , (3)

where Kαβ is the 3 × 2 spin-current response tensor,
α = x, y, z, β = x, y, and the Einstein summation rule
is assumed. The impurity landscape enters the system
Hamiltonian via an impurity potential of the form

V (x) =
∑

i

W (x− xi), (4)
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Figure 1. Fermi surfaces obtained from Eq. (1) in regime
II with anisotropic mass (a) and spin (b) terms. The lower
and upper bands, corresponding to the outer (red) and inner
(blue) curves, are labeled ε− and ε+, respectively. The direc-
tion of the arrows indicate the spin expectation values. Mass
anisotropy is characterized by the ratio my/mx = 2, while
the Rashba coupling anisotropy is de�ned by αy/αx = 5.
Parameters: m = 0.27me, with me being the electron mass,
α = 0.66 eVÅ, and Fermi energy εf = 0.475 eV. The Rashba
splitting is ∼ 0.12 eV.With these numerical parameters, the
maximum value of the Fermi momentum obtained across
both plots is 0.3Å−1, while the minimum is 0.1Å−1.

where W (x− xi) = u0
∑

iR
2δ(x− xi) is the potential of

a single short-range non-magnetic impurity located at po-
sition xi, u0 is the strength of a single impurity potential,
and R is the characteristic length scale of the impurity
potential's range [30]. For simplicity, we set R = 1 for
analytic expressions hereafter.

The Kubo formula and diagrammatic theory� Within
the Kubo formalism, the disorder-averaged spin-current
response can be separated into two components, Fermi sea
and a Fermi surface [87]. Restricting our analysis to the
dilute limit, wherein the impurity concentration ni ≪ 1,
we can extract the leading contribution to the spin-current
response ∼ 1/ni by safely neglecting the Fermi sea term
and products of the GF belonging to the same sector, i.e.,
retarded or advanced, [36], �nally obtaining the Kubo-
Streda formula [88, 89]

Kαβ =
1

2π

∫
dp

(2π)2
tr⟨

[sα
2
GR

p jβG
A
p

]
⟩dis (5)

where the trace is over the internal matrix indices,
jβ = ∂H/∂pβ is the electric current operator,
i.e., here de�ned without the electric charge −e,
G

R(A)
p = 1/(ε−H± i0+) is the clean retarded (advanced)

GF, and we made use of natural units ℏ ≡ 1 ≡ e.

Disorder averaging, here assumed to be within the �rst
Born approximation (FBA) [80], is denoted by ⟨...⟩dis. Us-
ing the standard rules of diagrammatics [90] (or functional
approaches to nonequilibrium �eld-theory methods [91]),

Eq. (5) becomes

Kαβ =
1

2π

∫
dp

(2π)2
tr
[sα
2
GR
p J̃βGA

p

]
, (6)

depicted in Fig.(2a) as a dressed bubble, where J̃β is the
renormalized current vertex and

GR(A)
p =

1

ε−H − ΣR(A)
(7)

is the disorder-averaged retarded (advanced) GF. Under
the FBA, the leading contribution to the self-energy in
impurity concentration is given by

ΣR(A) = niu
2
0g

R(A)
0 , (8)

with g
R(A)
0 being the momentum-integrated clean GF, see

Fig.(2c). Consistently, the renormalized vertex is given by
the Bethe-Salpeter integral equation [83, 92�94]

J̃β = jβ + niu
2
0

∫
dp

(2π)2
GR
p J̃βGA

p , (9)

corresponding to the non-crossing ladder series of im-
purity scattering, illustrated in Fig.(2b). A convenient
way to solve Eq.(9) is to separate the renormalized ver-
tex into the bare, momentum-dependent term jβ and the

momentum-independent correction δJβ , such that J̃β =
jβ + δJβ [30]. The result is a Bethe-Salpeter equation for
δJβ ,

δJβ = δJ̄β + niu
2
0

∫
dp

(2π)2
GR
p δJβGA

p , (10)

where δJ̄β = niu
2
0

∑
p GR

p jβGA
p is the �rst order correction

to the current operator. Since the displacement of the
current operator in Eq.(10) is momentum-independent, it
can be factored out, allowing the equation to be solved
explicitly, although this is generally a di�cult task [94].
The dressed vertex is obtained as

δJβ = DβνδJ̄ν , (11)

where

D−1
µν = δµν − niu

2
0

2
Nµν (12)

is called di�uson and Nµν =
∫

dp
(2π)2 tr

[
sµGR

p sνGA
p

]
. Once

Eq.(12) is evaluated, the dressed current vertex is fully
determined, and the Kubo formula is thereby completely
speci�ed. This approach conveniently eliminates the need
for any ansatz for J̃β , making the method a transparent
and general algorithm for obtaining analytical solutions to
transport problems. However, implementing it is far from
being easy, especially in the presence of band anisotropies,
which make momentum integrations nontrivial.

Quantum Kinetic theory (QKT)� A recently devel-
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oped QKT approach[79, 95], based on the Keldysh-
Larkin-Ovchinnikov technique [96, 97], enables a rigor-
ous, systematic inclusion of impurity-induced semiclassi-
cal mechanisms, quantum corrections, and topological ef-
fects within the linear response theory, with no need for
explicit diagrammatic expansions, but solely relying on
the self-energy expression [79]. This method has the ad-
vantage of providing a clearer physical understanding of
the problem under investigation, enabling more stream-
lined practical calculations, establishing a formal connec-
tion with the Kubo formalism, and incorporating macro-
scopic �nite size e�ects [98].
In the present case, restricting our interest to the system

semiclassical steady-state response, the method translates
into a set of Nb linear Boltzmann equations (BEs),

E · ∂pεp,n ∂εf (eq)p,n = In, (13)

where Nb is the number of bands in the system, n and
m are band indices, εp,n denotes the eigenvalue in mo-

mentum space of the nth band, and f
(eq)
p,n is the equilib-

rium Fermi-Dirac distribution. The collisional integral In,
which arises from the disorder-induced self-energy for the
Keldysh Green function, takes the form

In =
∑

m

∫
dp′

(2π)2
δ(εp′,m − εp,n) (δfp′,m − δfp,n)Wnm

(14)
with

Wnm = 2πniu
2
0tr

[
P̂p,nP̂p′,m

]
(15)

being the scattering kernel, P̂p,n the projector into the
eigenspace identi�ed by εp,n, and δfp,n the linear dis-
placement of the occupation function of the nth band,

i.e., fp,n = f
(eq)
p,n + δfp,n. Once Eq. (13) is solved, the

observable of interest, which, in our case, corresponds to
the spin density, is calculated, at leading order ∼ 1/ni, as

Sα =
∑

n

∫
dp

(2π)2
tr
[(
fp,nP̂p,n

) sα
2

]
, (16)

which takes the form of Eq. (3). As shown in Ref.[79]
sub-leading corrections ∼ (ni)

0 can also be obtained by
evaluating the o�-diagonal, in the energy basis, matrix
elements of the density matrix. However, there is no need
to consider them for the evaluation of the spin response.
In concrete analytic calculations, the system of BEs can

be solved in two ways: i) by making an ansatz for the
out-of-equilibrium distribution function, or ii) by solving
the equations iteratively in a Bethe-Salpeter fashion. Of-
ten, the �rst-order correction suggests the suitable ansatz.
The former method ideally closes the system of equations,
making them solvable [36], while the latter is traditionally
approached using the RTA. This commonly adopted pro-
cedure solves Eq. (13) at �rst order � thus neglecting the
contribution ∼ δfp′,m in Eq. (14), often referred to as

scatter-in term [65]� and replaces the resulting integral
with a constant transport time 1/τ , i.e., In → −δfp,n/τ .
The combination of these crude assumptions can be prob-
lematic, as they lose details of the scattering mechanisms
in play, which depend on both the bare system Hamilto-
nian and the impurity structure. The early success of the
RTA is a result of its application to speci�c, paradigmatic
systems, e.g., single-band Hamiltonians with scalar elec-
trostatic impurities. In such cases, the linear displacement
of the occupation function is proportional to the scalar
product between the group velocity, ∂pεp,n = vn, and the
electric �eld, i.e., ∼ cos θ, while the scattering kernel is
momentum-independent. Consequently, the momentum
integration de�ning scatter-in term in Eq. (14) vanishes,
thereby validating the RTA. However, its validity is com-
promised in multi-band systems, such as in the present
case, where the in�uence of SOC during scattering events
renders the scattering kernel momentum-dependent and
the scatter-in term non-vanishing.

Our QKT environment allows us to frame both ap-
proximations within the Kubo formalism. According to
Ref. [79], the out-of-equilibrium occupation function at
the leading order in the impurity concentration takes the
form

fp,n = −∂εf (eq)p,n τn
∑

i

E · J̃n, (17)

where i/2τn = ImΣA
n , with ΣA

n and J̃n being, respectively,
the advanced GF self-energy and the renormalized vertex
shown in Eqs. (7) and (9), projected on the nth band.
This expression can be directly compared with the RTA
solution of the BE:

fRTAp,n = −∂εf (eq)p,n τ
∑

i

E · jn, (18)

clarifying the meaning of the RTA within the diagram-
matic language: it corresponds to neglecting vertex renor-
malization in the Bethe-Salpeter equation and replacing
the self-energy with a constant independent of the Hamil-
tonian and impurity structure. The former approxima-
tion, as extensively discussed in the literature, has proved
inadequate for Hamiltonians with nontrivial structures in
spin space [83], while the latter e�ectively neglects the
shape of the density of states (DOS), which is particularly
questionable here, since the DOS encodes information on
the anisotropy.

The need of surpassing the RTA motivated us to de-
velop a numerical algorithm for the exact solution of Eq.
(13). In contrast to the Kubo-Streda formula, where the
GFs introduce discontinuities in momentum space tricky
to handle, this approach is particularly suitable for nu-
merical integrations, thanks to the Fermi surfaces sole
contribution to the linear response within the BEs. In
particular, the occupation number takes the form

δfp,n = −δ(εp,n − εF)gp,n, (19)



5

Kαβ J̃βsα

(a)

(b)

(c)

Figure 2. Diagrammatic representation of the spin-current
response function. The impurity-averaged bubble in (a) de-
picts in the Kubo formula, where blue and red solid lines
with arrows represent the advanced and retarded GF sec-
tors, respectively. The dressed vertex is indicated by orange
shading. Its skeleton expansion is shown in (b), where the
dashed green lines denote the averaged interaction with a
single impurity, represented by a black dot. The bare current
vertex is identi�ed by a black square. (c) Expansion of the
GF within the FBA, where thin lines denote bare GFs and
thick lines denote dressed GFs.

with εF being the Fermi energy. While analytical ap-
proaches typically need an ansatz for the angular depen-
dence of the distribution function [36, 38, 99], Eq. (19)
shows the most general structure for the occupation num-
ber, as the coe�cients gp,n retain full information of both
the absolute value of the momentum and its direction. In-
serting our ansatz in Eq. (14), the BE for band n takes
the form

E·vn(ϕ) =
∑

m

∫
dϕ′ km
(2π)2

(
gm
vm

(ϕ′)− gn
vn

(ϕ)

)
Wnm(ϕ, ϕ′),

(20)
where all quantities are evaluated at Fermi energy; e.g.,
km and vn are, respectively, the absolute value of the
Fermi momentum in band m and the group velocity for
band n at the Fermi level. We now discretize the Fermi
surfaces in Nθ angular steps and, accordingly, all the el-
ements in Eq. (20), with the aim of rewriting the right-
hand side of the BE as a Riemann sum. In matrix form,
Eq. (20) can �nally be written as [100]

E · v̄ = Ŝ ḡ, (21)

where ḡ and each component of v̄ are column vectors of
dimension N = Nb ×Nθ, and Ŝ is the collisional integral
expressed as an N × N matrix. The occupation number
is then obtained as

ḡ = Ŝ+E · v̄n, (22)

with Ŝ+ denoting the pseudoinverse of Ŝ. A standard
inversion is infeasible, since LR theory imposes the condi-
tion

∑

n

∫
dp

(2π)2
δfp,n = 0. (23)

This re�ects the fact that summing the distribution func-
tion over all degrees of freedom yields the number of parti-

cles, a condition already satis�ed by f
(eq)
p .Ultimately, this

renders the system of BEs overdetermined.

III. RESULTS AND DISCUSSION

In this section, we evaluate the spin-current response
of two classes of materials belonging to the C3v and C2v

point groups. Both classes lack inversion symmetry along
the ẑ-axis, allowing the Rashba SOC, are invariant across
the vertical mirror plane, and are invariant under three-
fold and twofold rotations about the ẑ-axis, respectively
[13]. Concerning C2v materials, to make the problem more
analytically tractable and, at the same time, to better
understand the roles of mass and Rashba anisotropies,
we analyze these two cases separately: mx ̸= my with
αx = αy = α, and mx = my = m with αx ̸= αy. Each an-
alytical result obtained via the Kubo formalism, Eq. (6),
is validated through a numerical check implemented with
the BE, Eqs. (16) and (21). We consider this dual evalu-
ation essential, as anisotropic Fermi surfaces lead to non-
trivial momentum integrations, often requiring systematic
Taylor expansions in the anisotropy parameters within the
Kubo formalism which grow the algebraic complexity.

A. Review of the CBA

In what follows, we estimate the spin-current response
within the CBA. The GFs self-energy, previously de�ned
in Eq. (8), is replaced by a constant independent of
anisotropy, ΣR(A) → −i/2τ̃ , with the momentum relax-
ation time τ̃ having the units of time and being inversely
proportional the impurity-related factor niu

2
0. In addi-

tion the vertex corrections are ruled out, requiring that
J̃β → jβ in Eq. (6). Considering, for simplicity, an elec-
tric �eld applied along the x-axis, the current operator
is

jx =
px
mx

− αsy, (24)
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in case (i), and

jx =
px
m

− αxsy, (25)

in case (ii).

For computational purposes, it is convenient to de-

compose the GFs into their spin components, GR(A)
i =

(1/2)tr
[
GR(A)si

]
, with i = 0, x, y, where each element is

directly related to the projected GFs (PGFs), GR(A)
± , on

the two bands ε+ and ε−. To show this, we express the
Hamiltonian in the compact form

H = h0s0 + h · s, (26)

where h0 is the kinetic term, s is the vector of Pauli ma-
trices, and h = (αypy,−αxpx, 0) is the e�ective magnetic
�eld induced by the Rashba SOC. The two projectors as-
sociated to the helicity bands are P± = (s0 ± ĥ · s)/2,
allowing us to rewrite the GFs as

GR(A) =
(
GR(A)
+ + GR(A)

−
) s0

2
+
(
GR(A)
+ − GR(A)

−
) ĥ · s

2
,

(27)

where ĥ = h/|h| and

|h| =
√

(αxpx)2 + (αypy)2 (28)

are the direction and module of the e�ective mag-
netic �eld, respecively. The Kubo-Streda formula can
then be expressed in terms of products of PGFs, ∼∑

i,j∈{−,+} GR
i GA

j , where only the intra-band terms, ∼
GR
±GA

± , are retained. Inter -band elements, which describe
transitions between di�erent bands at the same momen-
tum and thus account for e�ects outside the Fermi surface,
contribute to the response function only beyond leading
order [101]. This can be understood by considering that,
in the weak disorder limit, τ̃ → ∞, and the retarded and
advanced PGFs have poles with real parts di�ering by the
interband energy di�erence, which is larger than disorder
broadening at the same momentum. As a consequence in-
terband integrals are generically smaller of intraband ones
by a factor ∼ ℏ/(∆Eτ̃), ∆E being an interband energy
di�erence. What remains exists only within the Fermi sur-
face, valid in the semiclassical regime, in accordance with
Eq. (20). To see this explicitly, we can express products
between PGFs to the leading order in impurity concentra-
tion as

GR
±GA

± = iτ̃
(
GR
± − GA

±
)
= −2πτ̃δ(εF − εp,n), (29)

essentially playing the role of Eq. (18) for the BE. The
calculation of the Kubo-Streda formula is now greatly sim-
pli�ed, as the delta function in Eq. (29) constraints the
momentum integration within the Fermi surfaces. The re-
maining angular integration is readily performed through
standard techniques, as the application of the residue the-

ψ [◦]

φ [◦]

Figure 3. Inclination of the spin density as a function of the
applied electric �eld angle ψ and the ratio αr = αy/αx .
Each curve corresponds to a di�erent value of αr, as indi-
cated in the legend. The plots are computed numerically and
are in perfect agreement with the analytical result given in
Eq. (39).

orem after mapping the angle to a complex variable [64],
�nally giving the result

K(i)
yx =

myατ̃

2π(1 +
√

my

mx
)
, (30)

in case (i), and

K(ii)
yx =

αymτ̃

2π(1 +
αy

αx
)
, (31)

in case (ii) in accordance with the literature [64].
Eqs. (30) and (31) clearly show a dependency of the

transverse spin response on the anisotropy parameters,
controlled by the ratio between the masses and the Rashba
couplings along the perpendicular axis. Apparently, tun-
ing this ratio provides additional control over the response
intensity compared to the isotropic case. However, the
constant relaxation time τ̃ is suspiciously independent
of anisotropy, although, being proportional to the DOS,
should re�ect such dependency. Should this be the case,
the responses behavior in Eqs. (30) and (31) could be
radically di�erent. In the following sections, we will com-
pute the spin-current response following the prescriptions
in Sec. II and compare the outcomes with the results
found in this section.

B. Full inclusion of the vertex correc-

tions beyond the CBA: mass anisotropy

Focusing on mass anisotropy and resuming our last
comment, we need to clarify the dependence of the self-
energy on anisotropy. This is a relatively easy task, the
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result being

ΣR(A) = ∓ i

2
niu

2
0
√
mxmy s0, (32)

where only the anti-hermitian part of the self-energy has
been retained. As expected intuitively, the relaxation time
depends simultaneously on mx and my, as does the DOS,
thereby invalidating the naive application of the CBA
with a constant factor τ̃ . Our following goal is to evaluate
the Kubo-Streda formula with the renormalized current
vertex.

Courtesy of the simple Hamiltonian structure, this task
is feasible analytically with the help of a straightforward
rearrangement of Eq. (9),

J̃x =
px
mx

+ Γx (33)

where

Γx = −αsy + niu
2
0

∫
dp

(2π)2
GR
p

px
mx

GA
p

+ niu
2
0

∫
dp

(2π)2
GR
pΓxGA

p

(34)

is the momentum-independent part of the renormalized
vertex entering the Bethe-Salpeter equation. Following
the same decomposition scheme employed in Sec. IIIA,
we �nd that the second term on the right-hand side of
Eq. (34), being equal to αsy to the lowest order in the
impurity concentration, exactly cancels the �rst term. Re-
markably, this is allowed by a nontrivial compensation be-
tween the anisotropy carried by the self-energy and that
contained in the DOS, which information is completely
lost in the RTA. A detailed evaluation of the above sec-
ond term is carried out in the Appendix. As a result, the
Bethe-Salpeter Eq.(34 has the trivial solution Γx = 0, and
the renormalized vertex reduces to

J̃x =
px
mx

, (35)

which is the bare vertex in the absence of Rashba cou-
pling. This is a striking but well-known result, already
established in the literature [83], displaying an additional
deviation from the RTA. The physical origin of the vertex
corrections stems from the eigenstate texture (spin eigen-
state in the present case) in momentum space: the s-wave
isotropic disorder potential becomes dependent on mo-
mentum transfer upon its transformation in the basis of
the Hamiltonian eigenstates [93]. In the present case, the
vertex correction in the second term in the right hand side
of Eq.(34) may be interpreted as the averaged momentum
in the displaced Rashba energy bands. More in general,
conservation laws and Ward identities may be shown to
constraint vertex functions and self energies [102]. Com-

bining these results, the spin-current response becomes

Kyx =
α

2πniu20
, (36)

which coincides with the traditional ISGE [35]. In other
words, mass anisotropy leaves the spin-current response
una�ected at the semiclassical level, in contrast with cur-
rent knowledge. The numerical approach based on QKT
con�rms this outcome, in agreement with our analytic
analysis. On physical grounds, in retrospect, the above re-
sult is not surprising, given the fact the ISGE can be seen
as the spin-current response to the internal Rashba mag-
netic �eld induced by the distortion of the Fermi surface in
the presence of an applied electric �eld. This also provides
another example, beyond the SHE in 2DEGs [83], where
vertex correction do not merely re�ne transport times but
fundamentally change the transport phenomenology of the
studied system.

C. Full inclusion of the vertex correc-

tions beyond the CBA: Rashba anisotropy

The considerations presented in the previous section can
be reproduced here in full, especially the expression for the
renormalized current vertex given in Eq.(34), with α→ αx

and mx → m. In fact, once again we �nd that the second
term on the right-hand side, which equals αxsy, exactly
cancels the �rst. As a result, the renormalized current
reduces to the bare vertex in the absence of Rashba SOC,
Eq. (35). This may seem surprising, because the GFs
self-energy loses its anisotropic character, simply becom-
ing ∼ iniu

2
0m, and therefore no longer compensates the

anisotropy of the DOS. However, its role is taken over by
the magnitude of the e�ective magnetic �eld |h|, Eq.(28),
explicitly appearing in the o�-diagonal part of the GFs
and to which the DOS is proportional. Using these re-
sults in the Kubo formula, we �nally �nd

S =
α̂E

2πniu20
, (37)

where

α̂ =

(
0 −αy

αx 0

)
. (38)

The functional dependence of S from the physical pa-
rameters in play is the same as the conventional ISGE,
Siso, which is explicitly recovered either when the elec-
tric �eld is applied along a principal axis or when Rashba
isotropy is restored. The distinction between the contri-
bution of the di�erent Rashba constants now becomes ap-
parent, whereas it remained unseen in the isotropic case,
with important consequences for the transport properties
of the system. First, the magnitude of the spin density
depends on the ratio between αx and αy. For example,
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ε−

ε+

kx

ky

Figure 4. Fermi surfaces of a 2DEG with C3v symmetry in
the presence of a warping term, Eq. (40). The �gure is rep-
resentative of Bi/Cu(1 1 1) systems [57], with m = −0.29me,
α = 0.85 eVÅ, λ = 12 eVÅ3, and εf = −0.215 eV. The
Rashba splitting is ∼ 0.1 eV.

assuming αx ̸= 0 and an electric �eld applied at an angle
of π/4, we obtain S = αxE√

2

√
1 + (αy/αx), which exceeds

Siso if αy > αx or remains lower otherwise. Second, the
direction of the spin density is no longer, in general, per-
pendicular to the electric �eld, but follows the law

ϕ = arctan

(
−αx

αy
cotψ

)
+ π, (39)

where ϕ = arctan
(

Sy

Sx

)
and ψ = arctan

(
Ey

Ex

)
. Clearly, if

αx = αy, then ϕ = ψ+π/2, that is the conventional ISGE,
where the spin density is perpendicular to the applied elec-
tric �eld. The direction of the induced spin polarization
and its dependence on the direction of the applied elec-
tric �eld can be measured as it has been done for InGaAS
epilayers [103].

The validity of Eq. (39) is tested numerically with the
Boltzmann formalism, and depicted in Fig. (3), wherin
we �nd a perfect match with the analytical result. The
plots in Fig. (3) indicate that for small values of αy/αx

and ψ, the spin density is mainly transverse to the applied
�eld, but as the ratio increases, it progressively aligns with
the electric �eld. Conversely, for ψ → π/2, the behav-
ior is reversed. Beyond the fascinating deviation of this
phenomenon from the conventional ISGE, the precise re-
lation between the direction of the spin density and the
ratio between the Rashba couplings can be exploited ex-
perimentally: a purely electrical excitation of the material
indicates the degree of anisotropy of the Rashba coupling.

D. The warping term

As promised in the Introduction, we extend our analysis
to include an additional source of anisotropy in the low-
energy e�ective Hamiltonian considered in this paper, Eq.

(1), which applies to a broad family of realistic materials of
C3v symmetry [57], ranging from 2DEGs to surface states
of three-dimensional TIs. Such symmetry rules out the
anisotropies considered in the former sections of this work,
imposing that m = mx = my, α = αx = αy. In this
scenario, the SOC gives rise to the warping term [56]

Hw =
λ

2
(p3+ + p3−)sz, (40)

where p± = px ± ipy and λ is the warping coupling
strength, whose e�ect on the Fermi surfaces is illustrated
in Fig.(4). The eigenvalues read

ε±(px, py) =
p2

2m
±

√
α2p2 + λ2p6 cos2(3θ) (41)

with θ = arctan(py/px) and, in contrast to systems with
purely Rashba SOC (both isotropic and anisotropic), the
eigenvectors in the presence of a warping term (40) acquire
an out-of-plane spin component.
An analytic solution to the transport problem is in-

tractable in this system, and therefore a fully numerical
approach is needed. In particular, we adopted the numer-
ical algorithm based on the QKT approach described in
Sec. II. The result is shown in Fig. (5), which plots the
predicted trend of the spin-current response as a function
of the Rashba coupling strength and for di�erent values
of λ. In contrast to the Rashba anisotropy case, see Fig.
(3), the inclusion of a warping term in the Hamiltonian
preserves the direction of the spin density perpendicular
to the applied electric �eld, as illustrated in the inset. For
this reason, and without loss of generality, the main plot
shows the spin response component along the y-axis for
an electric �eld applied along the x-axis. One e�ect of
the warping anisotropy is the systematic decrease of the
spin-current response as the warping strength increases,
which becomes more pronounced for large values of the
Rashba constant. This is largely attributed to the out-
of-plane rotation of the electrons spin momentum at the
Fermi surfaces and their departure from the ideal circular
path, as pointed out in the literature [61]. A second e�ect
we report is a progressive deviation from the linear de-
pendence of the spin-current response on α, characteristic
of the ISGE in 2DEGs, which further contributes to the
decrease of the spin response.

IV. CONCLUSIONS

In this paper we had a fresh look at the in�uence of the
lowering of the full rotational symmetry to the C2v and
C3v symmetry groups on the inverse spin galvanic e�ect
(ISGE) in the presence of Rashba SOC. At variance with
previous investigations in the literature, we have estab-
lished that vertex corrections are crucial and their sub-
tle e�ect is not captured by constant broadening approx-
imation. For instance, in the case of mass anisotropy, in
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Figure 5. Rashba coupling dependence of the current-
induced spin-current response for di�erent values of
the warping constant λ, listed in the legend, with
λ0 = 26.28 eVÅ3. The inset illustrates the spin density
inclination against the applied electric �eld angle, reveal-
ing perfect perpendicularity for any value of λ, alike the
ISGE. The prototypical studied system is again Bi/Cu(1 1
1), introduced in Fig. (4), where v = 5 × 105 m/s is the
Fermi velocity. The other parameters are ni = 1016 m−2 and
u0 = 0.1 eV nm2.

contrast with previous reported results, we �nd that the
ISGE remains una�ected. More, importantly, in the case
of Rashba SOC anisotropy, the C2v reduced symmetry
manifests in a di�erent strength for the ISGE along the
two axes of the two-dimensional electron gas. In particu-
lar, in general for arbitrary direction of the electric �eld,
the induced spin polarization is no longer simply perpen-
dicular to the electric �eld but makes an angle larger or
smaller than π/2 depending on the anisotropy ratio of the
Rashba couplings. In the case of C3v symmetry, the theo-
retical analysis has been a full numerical implementation
of the general scheme provided by the QKT approach pre-
viously developed by two of the authors. In this respect
our paper also shows, in a relatively simple Hamiltonian
case, the feasibility of a general method to treat disorder
e�ects beyond the often used constant broadening approx-
imation.

TV and RR thank Mairbek Chshiev, Jing Li, Libor Vo-
já£ek for fruitful discussions. One of the authors (TV) ac-
knowledges support by the EIC Path�nder OPEN Grant
No. 101129641 �OBELIX� and a France 2030 government
grant managed by the French National Research Agency
PEPR SPIN Grant No. ANR-22-EXSP0009 (SPINTHE-
ORY). The data are available upon reasonable request
from the authors.

Appendix A: Evaluation of an integral

In this Appendix we evaluate the integral appearing in
the �rst line in the right hand side of Eq.(34), which we
report here for the sake of clarity

niu
2
0

∫
dp

(2π)2
GR
p

px
mx

GA
p . (A1)

We evaluate the above integral by considering both mass
and Rashba SOC anisotropy. To this end, it is convenient
to de�ne the following angle-dependent quantities

m(θ) =
mxmy

my cos2 θ +mx sin
2 θ

and

α(θ) =
√

(αx cos θ)2 + (αy sin θ)2.

To evaluate the integral, we �rst observe that the factor
px is odd upon momentum inversion and hence we only
need to consider combinations of the components of the
Green functions which are also odd. By considering the
decomposition of each Green function as given by Eq.(27),
the matrix structure of the integral reduces to only the
matrix sy with a numerical coe�cient given by

niu
2
0

ΣR − ΣA

∫
dp

(2π)2
pxĥy
2mx

(
GR
+ − GA

+ − GR
− + GA

−
)
.

By recalling that the self-energy scales as niu
2
0 (cf.

Eq.(32)), one immediately recognizes that the integral,
in the weak disorder limit, is independent of the disorder.
To perform the momentum integration, we use polar co-
ordinates and make a change of variable from the absolute
value of momentum to an energy variable

ε± =
p2

2m(θ)
± α(θ)p,

where the the ± sign is used in the integral involving the
GR,A
+ and GR,A

− , respectively. At given ε±, the absolute
value of momentum reads

p± = ∓m(θ)α(θ) +
√
(m(θ)α(θ))2 + 2m(θ)ε

and the integral over ε± can be readily performed by the
residues method. One then is left with the following angle
integral

niu
2
0

ΣR − ΣA

∫ 2π

0

dθ

2π

αx cos
2(θ)

mxα(θ)

(
−im2(θ)α(θ)

)
,

where the term in round brackets in the integrand orig-
inates from the residue integration. Notice how the fac-
tors α(θ) with the unpleasant square root of trigonometric
functions cancel making elementary the remaining angle
integral. To this end we note the two relevant angle inte-
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grals

∫ 2π

0

dθ

2π
m(θ) =

√
mxmy

and

∫ 2π

0

dθ

2π
cos2(θ) m2(θ) =

1

2

√
mxmymx.

Then, we obtain the �nal expression for the integral (A1)

niu
2
0

∫
dp

(2π)2
GR
p

px
mx

GA
p = αxsy, (A2)

which is a remarkble result being dependent only on the
Rashba anisotropy.
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