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Abstract. Kinetically constrained models (KCMs) are interacting particle systems introduced in the ‘80s
by condensed matter physicists to have accessible stochastic models with glassy-type dynamics. The key
mechanism behind the complex evolution of these otherwise simple models is the so-called dynamical facilitation,
a feature embedded into the models via appropriate kinetic constraints. KCMs are tightly related to bootstrap
percolation, a widely studied monotone cellular automaton, and they have recently inspired the construction
of quantum spin chains to explore many-body localization in the absence of disorder and ergodicity breaking
transition. In the first half of this survey, I will review some of the general features of KCMs and the detailed
behaviour of three of the most popular models. In the second half, T will focus on the KCMs counterpart of the
famous “universality problem” for two-dimensional bootstrap percolation, a broad research program in extremal
probabilistic combinatorics.

1 Introduction Kinetically constrained models (KCMs) are interacting particle systems on the integer
lattice Z? (other graphs have also been considered), introduced in the physics literature in the 1980s as accessible
simple models to test the effects of dynamical facilitation on an otherwise rather simple stochastic dynamics.
Dynamical facilitation, namely the fact that local evolution is possible only for certain states of the nearby
variables, is a mechanism believed by many to play a key role in the glassy dynamics of a supercooled liquid
near the glass transition point, where local rearrangements are slow and hindered. Glassy dynamics refers to the
presence of several key features, including anomalously long mixing times, aging, dynamical heterogeneities, and
ergodicity-breaking transition. We refer the reader to [36, Chapter 1] and references therein for a much more
detailed discussion.

Most of the KCMs are spin systems evolving under a standard, non-conservative Glauber dynamics, which is
reversible with respect to a trivial product measure, in the presence of kinetic constraints. A notable exception is
represented by the Kob-Andersen model [42, 48|, a lattice gas with kinetic constraints. In both cases, the role of
kinetic constraints is to encode the facilitation mechanism by mimicking the "caging" effect, where particles are
trapped by their neighbors, thereby slowing down the dynamics. More precisely, the constraints allow a spin-flip
(or an exchange in the conservative case) iff the current spin or particle configuration in a neighborhood of where
the dynamical update is attempted satisfies a certain requirement specific to the model. In the sequel, we will
restrict ourselves to KCMs with a Glauber-type dynamics.

Mathematically, despite the reversibility w.r.t. a trivial product measure, the presence of hard (i.e., on/off)
constraints makes answering even simple questions about the long-time behaviour of KCMs extremely hard, and
it has required rather sophisticated tools and constructions, often inspired by other fields like combinatorics and
bootstrap percolation. A large part of the difficulties comes from the lack of any natural monotonicity in the
dynamics, and the fact that the only coercive inequality one may hope to apply successfully is the Poincaré
inequality. Contrary to, e.g., the stochastic Ising model, Logarithmic Sobolev inequalities and the associated
hypercontractivity of the dynamical Markov semigroup are most of the time essentially useless. All the above
forced most known results to be restricted to the stationary process, with the notable exception of the East model,
a paradigmatic KCM with a useful orientation of its constraints (see Section 2.1).

Stochastic dynamics with a facilitation mechanism also play a role in other contexts, unrelated to the
liquid/glass transition. Examples are the random walk on the space of upper triangular matrices with entries
in Fy (see [54, 24] and references therein), and Glauber dynamics of monotone and Solid-on-Solid surfaces [13].
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Finally, we point out that KCMs, particularly the one-dimensional East model (see Section 2.1), have inspired
the construction of quantum spin chains featuring (quasi) many-body localization in the absence of disorder and
with a transition from a regime of fast relaxation to a regime with very slow relaxation. We refer the reader to
[66, 58, 53, 26] and references therein.

1.1 General construction and connection to bootstrap percolation A generic (spin) KCM is
constructed as follows. A configuration w is defined by assigning to each vertex x € Z? an occupation variable
or spin w, € {0, 1}, corresponding to the vertex x being empty or occupied respectively, and to each vertex x is
assigned a local (i.e. depending on finitely many variables) constraint ¢, (w) € {0,1} independent of the occupancy
of w at x. The current configuration w evolves according to the following simple rule. Independently across the
lattice, each vertex is equipped with a rate-one Poisson clock. At each arrival, or clock-ring, of the Poisson clock
at x, the constraint ¢, (w) is checked for the current configuration w. If ¢,(w) is satisfied, i.e., it is equal to one,
then the occupation variable w, is refreshed to occupied with probability p € (0,1) and to empty with probability
q = 1 — p. Otherwise, nothing happens. A clock-ring that occurs with the current configuration satisfying the
local constraint is called a legal ring. The vacancy density g is related to the inverse temperature of the model via
the relation ¢ = 1/(1+¢?), so that the challenging low-temperature regime corresponds to low equilibrium density
of the vacancies. Since ¢, (w) is independent of w,, detailed balance w.r.t. the product Bernoulli(p) measure pu,
so that the process started from p at time ¢t = 0 is stationary.

Remark 1.1. A natural and very useful generalization goes as follows. Let (9, p) be a finite probability space
and let w € SZ°. Given an “effective particle event” O C S, let & € {0, 1}Zd be defined by w, = 1y, c0}. Then

on SZ° one defines the generalized KCM as follows. Given the current configuration w, each vertex x waits an
independent Exp(1)-time and then, iff ¢, (@) = 1, the state w, is updated to w), € S sampled from p. Clearly the
projection process {w(t)};>o is a standard KCM with constraints {c; },ecze and p = p(O).

As far as the exact form of the constraints is concerned, most of the models considered in the physics literature
belong to the following general class [12]. Fix an update family U = {X,..., X, }, that is a finite collection of
finite subsets of Z¢\ {0}, and choose ¢, (w) = & (w) as the indicator function of the event that there exists X € U
such that w, =0 forall y € X + x.

Remark 1.2. The empty vertices or "vacancies" become the facilitating vertices for the KCM dynamics.
However, facilitation does not imply any pathwise monotonicity, because more legal rings can flip more empty
vertices into occupied ones.

Bearing on the above definition, KCMs can also be viewed as a natural non-monotone and stochastic
counterpart of U-bootstrap percolation (BP for shortness), a well-known class of discrete cellular automata (see
[10, 51] and references therein). In U-bootstrap percolation, each vertex is either infected or healthy, corresponding
to w, = 0 or w, = 1 respectively in the spin language. Starting from some (possibly random) initial infection set
A C 74 at time t = 0, the infection set A; at a later integer time ¢ is determined by the following deterministic
rule. Infected vertices remain infected, and any healthy vertex at time ¢ — 1 becomes infected at time ¢ iff the
translate by x of one of the sets in U is completely infected, i.e., it belongs to A;_1. One then defines the final
infection set and the infection time of the origin as [A]y := ;e ; A¢ and 78F = inf{t > 0: A; 5 {0}} respectively.
It is then natural to define the critical points

(1.1) qu = inf{q: ,u(A: [A]uzzd) :1})
1 A:rBP > ¢
(1.2) g8" =it {q: limint - (o 1nT§ ) 0.

Remark 1.3. Clearly GZ* > ¢PP and it is conjectured that the two critical points coincide in any dimension
(cf. [36, Chapter 3.1]).

1.2 Ergodicity and stationary measures Due to the kinetic constraints, it is possible for an initially
occupied region of the lattice to remain frozen (blocked) under the KCM dynamics. In particular, w,w’ belong
to the same ergodic component iff [A(w)]yy = [A(w)]is, where A(w) is the vacancy set of w [36, Corollary 3.7|.
Hence, questions concerning ergodicity and the structure of stationary measures are quite delicate.
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Let Q = {0,1}2", let pu(f) = [ dp(w)f(w) and Var,(f) = u(f2) — u(f)?, let

(L) =D calw) (palf) = )W)
be the generator of the process, and let

Dl ) = (L)1 = 5 3 nlea Var,, (1))

be the Dirichlet form of the process. Here f :  — R is e.g. a local function, u, is the single Bernoulli(p)
measure at « € Z¢ and Var,, (f) is the variance of f(w) w.r.t. wy ~ u,. Because of reversibility w.r.t. p, £ is a
non-positive self-adjoint operator on £2(Q2, 1) and we define its relazation time Tye1(q;U) as the best constant C
in the Poincaré inequality

(1.3) Var,(f) < CD,(f, f) V local function f.

Let also 79 be the hitting time of {w : wy = 0} and let P,(-) be the law of the stationary KCM process. It is a
general result [36, Section 3.4] that

(1.4) Pu(mo >t) < e Tl and E,(10) < Tra(qg;U)/q.

The fundamental ergodicity result for KCMs is the following (see [12, Proposition 2.5] and [36, Theorems 3.9 and
3.10]).

THEOREM 1.4. Let ¢ > ¢BF. Then 0 is a simple eigenvalue of the spectrum of —L, P, (10 < +00) = 1 and the
KCM process is ergodic. If in addition q > GBP7 then Tia(q;U) < +o0. If instead q < gPF then Tra(q;U) = +o0
and P, (19 = +00) > 0.

As far as the stationary measures are concerned, much less is known (see [49, Section 2] for a detailed discussion).
An old result of [38] proves that any stationary and translation-invariant measure v is also reversible. In d = 1,
entropy methods prove that translation invariance is not necessary [49, Theorem 2.4]. To identify the stationary
measures, one can try to combine these ingredients in two different mechanisms: when the bootstrap percolation
spreads out from within a box, and when it invades a box from the outside. For example, we quote the following
result [49, Theorem 2.10]. Let Ay be the box of N vertices centered at the origin and let 0 be the all-empty
configuration.

N—o0

THEOREM 1.5. Consider a KCM such that p([A(w) N AnJu Tay= 0 lay ) —— 1. Let v be a measure
satisfying detailed balance and assume [A(w)]yy = 0 v-a.s. Then v = p.

We conclude with a general conjecture put forward in [49]. Let £ be the set of stable configurations, i.e. those w
such that [A(w)]y = w.

CONJECTURE 1.6. Let v be a stationary measure. Then there exists a probability measure p, on £ such that
v = [dp.(B)vs, where vg coincides with p conditioned on the event {w : [A(w)]y = B}.

2 Three specific models Having defined the general context, we now examine three models, which played
an important role in the development of the subject. Due to the limited space, we are forced to neglect other
important examples, such as the North-East, the Spiral, and the Kob-Andersen models. For a detailed discussion,
we refer the interested reader to [36].

2.1 The East model The East model was originally introduced in [41] in one dimension. Here we present
the general d-dimensional definition by choosing the update family U as the set of points that can be reached
from the origin by decreasing one of the coordinates by one unit. The fact that the constraint at x queries only
the state of the nearest neighbors of = which are "behind z" implies that the projection of the process onto the
variables {w; }z<0, where x < 0 iff all the coordinates of  are non-negative, coincides with the East process on
the orthant {z € Z% : x < 0}. This fact is a key feature that allows for convenient conditioning on the Poisson
clocks and coin tosses that govern the dynamics, leading to sharp results for the stationary and non-stationary
processes.
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Remark 2.1. Based on the East model, an interesting coarse-grained model for atomic glass formers that is
a sort of multicolor version of the East model (cf. [17] for a mathematical analysis), featuring a novel, subtle
blocking mechanism between vacancies of different types, was proposed in [25]. We also outline that the East
model plays a key role in the universality problem for two-dimensional KCMs. It can successfully model the
effective dynamics of mobile droplets of rooted supercritical models and of critical models with an infinite number
of stable directions (cf. Section 3).

For the above choice of U, it is easy to check that ¢ZF = GBF = 0. Hence, Theorem 1.4 implies that the East
process is always ergodic with a finite relaxation time Tye) = Tyei(q;U). For d = 1 the set £ of stable configurations
consists of the all empty 0, the all filled 1, and of the configurations {3 };cz, where @Sf) =1iff x <. In turn,
the stationary measures in d = 1 turn out to be convex combinations of the Dirac measures on 0,1, and the
product measures p("),i € Z, with marginals ;(*) (n: = 1) equal to 1,0, and p depending whether x < i,x = i, or
x > 1 respectively. An analogous description of the stationary measures holds in higher dimension. We refer the
reader to [49, Theorem 2.12, Theorem 2.13]. Quite anomalous, and with far reaching consequences, is the precise
low-temperature scaling of T}).

In(Tre1) _ 1

THEOREM 2.2. limg,_,q m2(i/g) = 3dIn(2)"

Remark 2.3. If we recall that at low temperature ¢ ~ e~ ?, we get that Tjo ~ eﬁQ/(z‘““(Q)), i.e. a super-
Arrhenius scaling reminiscent of fragile super-cooled liquids (see e.g. [36, Section 1.1 and Fig 1.1] and refs
therein).

In d = 1, the result was proved in [12], improving upon a result of [2] and correcting a wrong conjecture made by
physicists. In higher dimensions, the proof of the upper bound utilizes renormalization group ideas combined with
the one-dimensional result [14], whereas the lower bound is proved by a combinatorial construction of a sharp
bottleneck in the state space. The key technical tools in one dimension were the so-called bisection technique (see
e.g. [36, Chapter 4]) to prove an efficient Poincaré inequality, and the following beautiful combinatorial result [15]
(see also [36, Section 4.2.1.1]) which allows to characterize in detail the energy/entropy competition of relevant
bottlenecks (akin energy barriers) for the East dynamics.

Imagine starting the East process from a single vacancy e.g, at the origin. By construction, such a vacancy
will remain in place forever, and no new vacancies will ever appear to its left. On the other hand, new vacancies
can be created to the right of the origin, always fulfilling the kinetic constraints. Let V(n) be the set of
configurations that the East process can visit without ever observing more than n vacancies in {1,2,...}. Let
also £(n) = sup,,cy (n) ¢(w), where £(w) is the position of the rightmost vacancy of w. Then

(2.1) Un) =2" —1, and |V(n)| < 2()nl,

with the latter upper bound not far from being tight. Equation (2.1) is a cornerstone for understanding the rich
and complex behaviour of the East dynamics (stationary and non-stationary) at low temperatures. The fact that
the number of extra vacancies that must be created in order to observe a new vacancy at distance L grows like
log, (L), can be reformulated evocatively by saying that the energy barrier that the process has to overcome grows
logarithmically with the distance L. In particular, since the equilibrium distance between vacancies is ~ 1/q, a
natural energy-entropy guess for the relaxation time would be

Trel ~ ‘V(l/Q)|71(1/Q)log2(1/q) = 2% 10g2(1/‘1)2(1+0(1)) as q — 0,

i.e., the scaling proved in the theorem.

Remark 2.4. Physicists assumed the entropy contribution to be negligeable w.r.t. to the energy contribution
and concluded that T}e = (1/q) logz(1/4)

2.1.1 Non-equilibrium behaviour As first discussed in [60, 61] and then rigorously proved in [19, 20],
the low-temperature one-dimensional East model features aging and dynamical heterogeneities.

Imagine to start the process from a Bernoulli(a) product measure and take ¢ < 1 — al. If one focuses on a
time window [0,T], T' < Tye1, the (non-equilibrium) evolution will w.h.p. try to remove the excess of vacancies

n physical jargon, we are considering a sudden quench from high to low temperature
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present at time ¢ = 0. A vacancy can remove the next vacancy, located at 2" steps to its right, via a complex
hierarchical metastable process involving the creation/annihilation of auxiliary vacancies. This process requires
on average a time & 1/¢™ to take place, but its actual duration, once started, is much shorter, a typical metastable
signature. Hence, it is not entirely surprising that the evolution in [0, 7] is well approximated by a hierarchical
coalescence process of lattice intervals separating consecutive vacancies. The latter process can be viewed as a
hierarchical sequence of suitably linked coalescence processes, each occurring on its proper timescale = 1/¢™. The
main consequence of the above description is that the vacancy density features a peculiar graph with plateaux,
and the two-times autocorrelation function features aging, namely a non-trivial dependence on the initial and
final times (see [19, Fig 1]).

The exact low-temperature scaling of the relaxation time given in theorem 2.2 has an interesting consequence
on the mixing time of the East model in the finite box A; = {0,... ,L}d. Consider an initial configuration w
with a vacancy at the origin and no vacancies outside Ay. Under the East evolution, the vacancy at the origin
remains frozen, and if we consider the marginal of the process in Ay := Ay \ {0}, we get an ergodic Markov
chain reversible w.r.t. p == ®, 3, Bernoulli(p). Let dp(t) = max;, dp (t,w), where dp(¢,w) is the total variation
distance between the law of the chain at time ¢ and pr,, and max/, is the maximum over the choices of w respecting
the above conditions.

THEOREM 2.5 (Mixing time cutoff). There exists 6 > 0 such that, for all ¢ € (0,6) U (1 — 6,1) there exists
v(q) > 0 such that

lim liminfdy (L/v— aL2/3) =1 and lim limsupdy(L/v+ aL2/3) =0.

a—+oo L—+o0o Qa—=+00 [y too

Moreover, v(q) is the limiting velocity with which the rightmost vacancy advances towards +oo in the one
dimensional East process with a single vacancy at the origin at timet =0 (see [23, 7]), and it satisfies v(q) =< Trgld
as q — 0.

Remark 2.6. For d = 1, the theorem was proved in [23] for all ¢ € (0,1) and L?/3 replaced by /L.
For d > 1 and low temperature (small ¢) it was proved in [16], and the key step consisted in showing that
the speed of propagation of vacancies in the bulk (e.g. along the (1,1,...,1) direction) is approximately
Tret(q)~ =< v(q)Y/? > w(q). Thus, most of the mixing time Tj ~ L/v is used to mix the chain along the
coordinate axis, and the result follows from the one-dimensional case. The case ¢ ~ 1 was recently addressed in
[11] through a comparison with first passage percolation.

We conclude with a natural but challenging conjecture. Start the process with a single vacancy at the origin
and define S(t) = {x € Z?: 3 a legal ring at x before t}.

_CONJECTURE 2.7 EShape theorem). There exists a compact set S C R? such thatV 0 < & < 1 limy_oo P((1 -
e)tS C S(t) C(1+¢)ts) =1.

The main difficulty in proving the conjecture is the lack of subadditivity, at variance with e.g., first passage
percolation, due to the absence of any natural monotonicity of the process.

2.2 The one facilitated Fredrickson-Andersen model The Fredrickson-Andersen FA-kf model was
introduced in [21, 22] with update family I/ all the k-sets of the 2d neighbors of the origin. In other words, the
constraint at x is satisfied if x has at least k vacancies among its neighbors. For any 1 < k < d ¢?F = g8 =0
(see [36, Theorem 3.1] and references therein) and hence T,¢ < +o00, while ¢2F = G =1 for d < k < 2d. Here,
we examine the case k = 1,d > 1, while in Section 2.3 we tackle the much more complex case k = 2,d = 2.

The low-temperature scaling of Ty was determined correctly in d = 1,2 (up to logarithmic correction in
d = 2) in [12] using again the bisection technique together with suitable test functions, and nailed down in [59]
for d > 3.

THEOREM 2.8. Asq— 0

{ o(1/¢%) ford=1,
Trel -
O(1/¢*) ford >3,

while for d = 2, Q(1/¢%) < Tra < O(In(1/q)/¢?).
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Remark 2.9. In all cases, we get that the leading scaling of Ty as a function of the inverse temperature 3 is
an Arrhenius scaling Ty =~ eB , a signature of strong glass formers (cf. Remark 2.3).

For d = 1,2 but not d > 3, the theorem agrees (modulo logarithmic corrections) with the following naive wrong
heuristics. Specifically, for ¢ < 1 vacancies are typically at mutual distance ~ 1/ ¢"/?, and the motion of an isolated
vacancy should be well approximated by a symmetric random walk with jump rate ¢ (at rate ¢ an isolated vacancy
creates a new vacancy on one of its neighbors and it is then removed, thanks to the newly created vacancy, at
rate p = 1 — q). However, this picture, which completely neglects second-order branching effects, suggests a
scaling (1/ q)H% for Tyc1. Notably, the naive picture was already corrected in [40], where FA-1f was mapped into
a diffusion-limited aggregation model. By analyzing the latter via renormalization group methods, 7. was then
conjectured to satisfy Tre = ©(1/¢?) for any d > 2.

CONJECTURE 2.10 ([36]). In two dimensions there is a logarithmic correction, Tre) = @(ln(ql#).

A quite sophisticated and massive analysis [55, 56|, taking full care of the vacancies’ branching and coalescence,
analyzed the low-temperature scaling of the mizing time Ty of the FA1f chain in the discrete torus T¢ with
n = |1/q] vertices, conditioned to have at least one vacancy. The mixing time, i.e., the worst-case over the initial
condition of the time necessary for the chain to be close in total variation distance to the stationary reversible
measure [43], is, in general, and particularly for KCM, a much harder quantity to deal with w.r.t. Tye. The
results of [55, 56| were strengthened and extended to other graphs in [32, Corollary 3.2| by successfully comparing
(in the Dirichlet forms sense) FA-1f to CBSEP, a coalescing and branching simple symmetric exclusion process
whose logarithmic Sobolev constant can be analyzed in great detail. As we will see in Section 2.3, a suitable
"block multistate" generalization of CBSEP plays a key role in the analysis of the sharp low-temperature scaling
of the mean infection time E, (79) for the two-dimensional FA-2f model.

2.2.1 Non-equilibrium behavior The stable configurations are 0 and 1 because a single vacancy is able
to empty the whole lattice. We can then use Theorem 1.5 to conclude that in one dimension any stationary
measure is the convex combination of y and ¢;. The same holds in higher dimensions for all translation-invariant
stationary measures. The real challenge for the non-stationary FA-1f is to prove the following conjecture.

CONJECTURE 2.11. For any q € (0,1) and any local function f
(22) Jim (B, (f(n(t))) — =()] =0,

provided that v(3 an infected vertex) = 1. Moreover, for natural choices of v, e.g., a non-trivial product measure,
the above limit is attained exponentially fast.

Unfortunately, robust tools to attack the above conjecture, like the space-time multiscale analysis described in
[62], are not yet available, and the available results are limited to ¢ larger than a certain threshold (see [8, 18, 44]
and [37] for a large class of KCM). Remarkably, in [64, 63| the convergence to u when v is a (non-trivial) product
Bernoulli measure was proved for the biased annihilating branching process (BABP) [52], a process which evolves
exactly like the FA-1f process, but with the rate of the Poisson clock attach to z € Z? equal to the number of
vacancies among the neighbors of x. The main advantage of BABP w.r.t. FA-1f is that it is self-dual and quasi-
dual to a new, reversible interacting particle system dubbed double flip process (DFP) (see below (2.3),(2.4)). In
DFP, the state of an edge of Z% is updated with the restriction that the parity of the number of vacancies on the
edge is preserved. If B(t), B'(t), D(t) denote the vacancy sets at time ¢ of two independent copies of BABP and
one (independent) copy of DFP starting at time ¢ = 0 from B, B’, and D, then

(2.3) ]E((—%)‘B,(t)”B‘) :]E((_i)lB(t)mBq),
1 NB(t —1 °NB(t 1 |BND(t)] —1 AD(t)
=y B3 G ™) =BG =)

where A = ¢/(1—¢q),y = VA + 1, and E(-) denotes the average over the processes and over the possible randomness
of the initial vacancy sets B, B’ and D. Equation (2.3) expresses the self-duality of BABP, while (2.4) expresses
the quasi-duality between BABP and DFP. The nice property of DFP on the infinite lattice is that it has a finite
logarithmic Sobolev constant and, therefore, it is exponentially ergodic ([49, Theorem 5.2]). Hence, the r.h.s. of
(2.4) when e.g. B is either a finite set or it is distributed according to a product measure, can be easily estimated
for large t.
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2.3 The two facilitated Fredrickson-Andersen model in Z? For space reasons, we will necessarily
be quite minimalist, and we refer to [33] for a more detailed survey. The FA-2f model in Z? is, in some sense,
paradigmatic of the complexity of KCM. While in FA-1f a single vacancy is able to create other vacancies and
move around - in the glass-formers language it is a non-cooperative model - in FA-2f vacancies need to cooperate
to facilitate the dynamics, no finite cluster of vacancies can move around without some external help, and there
exist infinitely many blocked configurations (e.g. any two neighboring lines of occupied vertices). This complexity
has restricted so far the analysis of the non-stationary FA-2f process to g close to one [37], whereas, for ¢ < 1, i.e.,
at low temperature, it inherits all the complexity of the 2-neighbour model, its bootstrap percolation counterpart.

For the 2-neighbour model the first quantitative (and foundational) statement was proved in [1], stating that,

as ¢ — 0, 78F = exp(©(1/q)) w.h.p. Subsequently, the celebrated paper [39] proved that 75 = exp (HTT‘;(D), a

result that was further refined in [27, 35] with a proof that o(1) = ©(,/q). The high-level idea behind the scaling
of 78T is as follows.

Declare a rectangle R internally filled (by the initial set of infections A) if [A N R]yy = R. Then the key
estimate is

w([ANR)y = R) = exp(—7%/9q) as q— 0,

for R on the critical scale poly(1/q). Once this estimate is available, then in a box of side ~ exp(n?/18¢)
centered at the origin w.h.p., there exists an internally filled rectangle with longest side on the critical scale. This
rectangle, dubbed critical droplet, w.h.p. will grow at roughly constant speed, and it will engulf the origin in a
time ~ exp(72/18¢). Regarding FA-2f, the result that mirrors the one for 7% is as follows [34].

THEOREM 2.12. As g — 0 the stationary FA-2f model on Z2 satisfies:

2

(2.5) exp (;Lq(l - 0(1)\/5)) < 7o < exp (5(1 + \/Elog(l/q)o(l)))

i mean and w.h.p. In particular, w.h.p. 79 = (7_6'3P)2(1+0(1)).

Remark 2.13. The theorem is by no means a corollary of the BP results. While the lower bound does indeed
follow from a judicious use of the BP results, the proof of the upper bound is much more involved. It requires
guessing an efficient mechanism to create/annihilate vacancies, allowing a legal update at the origin, which has
no counterpart in the monotone BP.

A high-level description of the proof strategy is well described in [33, Section 4.3]. Here, I will discuss only the
background and some of the main mathematical steps.

If one sets the basic scale to be 1/¢, the first paper claiming an exponential scaling of 7y (say w.h.p.) was [57].
There, it was argued that the infection process of the origin is dominated by the motion of macro-defects, i.e.,
rare patches of vacancies of polynomial size and exponentially small density, that move at an exponentially small
rate. In [65], this picture was considerably refined and modified in two crucial aspects. Firstly, the macro-defects
were identified with the critical droplets of the 2-neighbour BP model, so that their density is ~ exp(—m2/9q).
Secondly, the rate with which the macro-defects move was argued to be exponentially small in 1/,/g, i.e., much
larger than their density. These two ingredients, combined with the assumption that macro defects diffuse, led
to conjecture [65, Section 6.3] a scaling ~ e™ /%7 for Ty The proof scheme of Theorem 2.12 in [34] consists of
three key steps confirming the heuristic picture of [65] (but with E, (7o) replacing T}e1).

Firstly, similarly to the critical droplets of BP, the macro defects (or mobile droplets in the language of [34])
are defined via a multiscale construction, from scale 1/,/g to scale 1/¢°, inspired by the one in [39] but finely tuned
to the key requirement that mobile droplets should typically move on a much shorter time scale than the target
exponential scale of 7y5. In particular, the multiscale construction exhibits a certain degree of "softness," which
allows lower-scale droplets to move freely under the FA-2f dynamics, within a larger-scale droplet. Moreover, the
density of the mobile droplets scales like the density of the critical droplets of BP.

Secondly, it is observed that w.h.p. the hitting time 7y for the FA-2f stationary process coincides with the
same hitting time for the stationary FA-2f continuous-time Markov chain on the box A centered at the origin
and of linear size 2e(7*+o(1)/ 94 restricted to a “mobile" environment. Mobile environment refers to the set of
configurations satisfying two distinct requirements: (i) they contain at least one mobile droplet, and (ii) their
vacancies are such that a mobile droplet can move in the four directions. The latter, very likely, condition
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is guaranteed if in each vertical and horizontal discrete interval of suitable polynomial cardinality, there is a
vacancy.

Thirdly, the effective dynamics of the mobile droplets is modeled by a generalized coalescing and branching
exclusion process (g-CBSEP) whose mixing time can be computed very precisely via the logarithmic Sobolev
inequality and coupling argument. A general g—CBSEP process (a Markov chain with a finite state space in our
case) is defined as follows. Consider a finite connected graph G = (V| E), a finite probability space (.59, p) together
with a distinguished event O C S of positive probability. Let w € SV be the current state (configuration) of the
chain. Then, independently across E the state of an edge e = (u,v) € E such that O, = {w, € O} U {w, € O}
holds, with rate one is updated to a new state (w!,,w!) sampled from the product measure v ® v conditioned on
O.. It is immediate to check reversibility w.r.t. the natural product measure ®,cy v conditioned on the existence
of at least one vertex whose state belongs to O. For FA-2f one first fixes £ = poly(1/q) and partitions the finite
box A C Z¢ above into mesoscopic boxes {B;};cy of linear size £. The graph G will be the natural graph, e.g., of
the center of the boxes. If B is a reference copy of the boxes, the set S will consist of all particle configurations in
B such that every row/column of B contains a vacancy, and v will be the measure pp conditioned on the above
property. Finally, the distinguished event O will be the presence in B of the mobile droplet.

We now present the heuristic motivation for the choice of the g-CBSEP as the effective dynamics of the mobile
droplets. Consider two of the above boxes B;, B; forming an edge of the graph, and assume that the environment
inside B;UB; is “good", i.e., it satisfies condition (ii) of a mobile environment. In a good (very likely) environment,
vacancies are typically well separated and cannot move macroscopically under the FA-2f dynamics. In particular,
a mobile droplet cannot be created if it is absent or destroyed if it is present. The case is different when the
environment in B; is only good, while in B; there is also a mobile droplet. In that case, the mobile droplet in
B; could create a new mobile droplet in B; thanks to the good environment there. Thus, if the environment
of the boxes is labeled M or G according to whether it is a mobile droplet or only good, one may conjecture
that the only (macro state) allowed transitions are: (G,G) < (G,Q),(M,G) & (M,M),(G,M) < (M,M).
These moves are reminiscent of the FA-1f moves, with M /G playing the role of an effective vacancy/particle (cf.
Remark 1.1). In this picture, the effective displacement of the original mobile droplet in B;, (M, G) = (G, M),
that in g-CBSEP represents a single possible transition, can only occur as a concatenation of two steps:
(M,G) = (M,M) = (G, M). If we recall that the density of mobile droplets scales as e~ (/9 we see immediately
that the above concatenation requires an exponentially large time scale e®(1/9) to occur, much larger than the
conjectured one ~ e® (V@

One of the main advances of [34] is the proof that the fundamental “exchange" or SEP? move (M, G) < (G, M)
of g-CBSEP occurs on a much shorter time scale eOn*(1/a)/Va) . Such a result suggest that a more reasonable
model of the effective dynamics of the mobile droplets is a process with transitions (G,G) < (G,G) (i.e.
do nothing), a fast exchange move (M,G) < (G,M), a slow branching move (M,G) = (M, M), and a fast
coalescence move (M, M) = (G, M) or (M, M) = (M,G). By choosing the rates of the transitions appropriately
to retain reversibility w.r.t u, conditioned to the event that all boxes are good and at least one contains a mobile
environment, one ultimately ends up with the g-CBSEP discussed above. The technical result supporting the
conclusion that the exchange move (M,G) < (G, M) is "fast" is the following delicate conditional Poincaré
inequality.

Let Aq, Ay be two adjacent boxes of linear size 1/¢° (the exponent is fairly arbitrary), and let A = A; U As.
Let also My be the event that the environment in A is mobile, namely each row/column of A;,i = 1,2, has a
vacancy and there is a mobile droplet in at least one of the two boxes. Then (see [34, Proposition 4.7]),

(2.6) Vara (fIMa) < 7(A) Y pa(cd Vara(f)|Ma),

€A

where ¢ (w,) is the FA-2f constraint ¢, computed for the infinite configuration obtained from wy by filling (i.e.

setting to one) all the vertices outside A, and v(A) < ¢©n*(1/9)/Va)  Equation (2.6) can be interpreted as follows.
The FA-2f chain in A restricted to the mobile environment M is irreducible and therefore has a finite relaxation
time bounded from above by «v(A). In particular, on the timescale v(A), the mobile droplet can move from one
box to the other.

2SEP= Simple Exclusion Process

Copyright © 20XX by SIAM
Unauthorized reproduction of this article is prohibited



The proof of (2.6) is based on a powerful multi-scale renormalization scheme dubbed “matryoshka doll
technique" [36, Section 5.3.3.2], which, at a high level, can be explained as follows. Recall that the mobile
droplet, and therefore the event My, is constructed recursively on a sequence of length scales £, 2. It is then
quite natural to try to bound from above the relaxation time 7(A) of the mobile environment M, via the same
quantity in progressively larger volumes Aq,..., Ay = A, with A,, a "box" on scale £,,. The “dynamical intuition”
is that, after every time interval ©(y(A,,—1)), the mobile environment on scale ¢,,_; inside the mobile droplet on
scale £, will have reached equilibrium under the FA-2f dynamics. Therefore, v(A,), the relaxation time of the
mobile environment on scale ¢, should be at most T'(n) x v(A,—_1), with T(n) the time that it takes for the
mobile droplet on scale £,, to equilibrate its position inside A,,, assuming that at each time the infections inside
it are at equilibrium. The latter quantity is bounded using, in various fashions, a general powerful technique for
KCMs known as the auziliary constrained block dynamics (see [12] and [34, Section 3.3]).

We conclude with two comments. Firstly, although 7o for the stationary process and Tye(q;U) are closely
related (see (1.4)), the precise scaling of Tie(q;U) is still open, with the best available upper bound being
OUn*(1/q)/9) [50]. The main reason is that it is not yet clear if restricting the FA-2f dynamics to a mobile
environment, as done in the proof of Theorem 2.12, is possible. Secondly, although most of the intuition behind
the proof of the theorem is based on considerations on the possible scenarios for the effective dynamics of the
mobile droplets immersed in an approximately static good environment, there is no way to implement these ideas
directly to the FA-2f evolution. As we said at the beginning, the main technical tool at our disposal is various
forms of the Poincaré inequality, and a large part of the difficulty of the proof (and of its presentation to a
mathematical audience) is to convert the dynamical intuition into useful Poincaré inequalities.

3 Universality for low-temperature two-dimensional KCM In d = 2, the East, FA-1f, and FA-2f
models discussed previously, all have ¢27 = 0, but they exhibit a dramatically different divergence of 7 (in mean
or w.h.p.) as ¢ — 0 . Such sensitivity to the update family U leads naturally to the following question.

Question 3.1. Is it possible to group all possible update families U into finitely many classes, in such a way
that all members of the same class induce (approximately) the same divergence of 7y as q | ¢2F'?
Such a question has not been addressed in the physics literature, mostly because physicists lacked a general
criterion to predict the different scalings. This fact is particularly unfortunate as the anomalous and sharp
divergence of the relevant time scales as ¢ | g2 often renders numerical simulations unable to provide clear-cut
and reliable answers. The same question for U-bootstrap percolation was addressed and fully answered in a
vast research program in extremal probabilistic combinatorics. We refer the reader to [51], [36, Section 6.2] and
references therein for d = 2 and to [6, 3, 4] for arbitrary d > 3.

3.1 Universality in d = 1 As a warm-up towards the more complex case d = 2, we start by examining
the one-dimensional case.

DEFINITION 3.2. Given a one-dimensional update family U, we say that the positive (resp. negative) direction
is unstable if 3 U € U contained in {—1,—2,...} (resp. {1,2,...}) and stable otherwise.

Remark 3.3. The stability/instability of a direction determines whether vacancies can reproduce in that
direction without using the help of vacancies that sit ahead of them along that direction.

With this definition, the one-dimensional universality classification for KCM says that the East, FA-1f, and FA-2f
models cover, in a sense, all possible scenarios (see [36, Section 6.1] and references therein). More precisely,

THEOREM 3.4.
1. IfU has exactly one stable direction like the East model then ¢?F =0 and w.h.p. 79 = e@(lnz(l/q)/Q),
2. if U has no stable direction like the FA-1f model then ¢®F = 0 and w.h.p. 79 = 1/¢®W),
3. if U has two stable directions like FA-2f then q. =1 and P, (19 = +00) > 0.

An analogous result holds also for the relazation time Tro(q;U).

3the exact choice was £, ~ en\%ﬁ, with n=1,...[8log(1/q)/\/q]-
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Figure 3.1: The set of stable directions (in bold) for five popular KCMs. The North-East family is {{(1,0), (0,1)}},
whereas the Duarte family is the collection of the 2-subsets of the North, South, and West neighbors of the origin.

Remark 3.5 (Logarithmic energy barriers). Notice that the dramatic difference between the behaviour of U
with exactly one stable direction and U with no stable direction is completely absent in the BP setting, where
8P ~ poly(1/q) in both cases. The reason is that in BP, there is no penalty for creating new vacancies, whereas
for KCMs at low temperatures, new vacancies are energetically penalized. In particular, since the vacancies of
the stationary process are typically at mutual distance ~ 1/q, the emptying of the origin requires going through
unlikely states with an anomalous quantity of vacancies, akin to overcoming an energy barrier. The above result
can then be interpreted as follows: if ¢ has no stable direction, the energy barrier that has to be overcome is
©(1), while if ¢ has exactly one stable direction, the barrier is ©(In(1/q)) .

Remark 3.6. As pointed out in [36, problem 6.12], it is a interesting goal to prove that for & with two unstable
directions there exists @ > 0 such that, w.h.p. as ¢ — 0, 70 = ©(1/¢%).

3.2 Universality in d = 2 We begin with some quick background from BP. Let S! = {u € R?: ||u| = 1}
be the unit circle, and call directions the elements of S*. Sometimes we identify a direction with its angle 6 € [0, 27)
with respect to the horizontal axis, measured counterclockwise. Given u € S let also H,, = {x € R? : (x,u) < 0}.
As in d = 1, we need the notion of stable directions.

DEFINITION 3.7. Fiz a two-dimensional update family U. A direction u is unstable if 3 U € U such that
U C Hy and stable otherwise. A stable direction u is called isolated stable iff there exists no other stable direction
in a neighborhood of u.

With the notion of stable direction at hand, the first-level classification of a two-dimensional update family
U according to BP is as follows.

DEFINITION 3.8. Let C be the collection of open semicircles of S*. A two-dimensional update family U is:
1. supercritical if 3 C' € C with no stable direction;
2. critical if every C' € C contains a stable direction and 3 C' € C containing finitely many stable directions;
3. subcritical if every C' € C contains infinitely many stable directions.

Remark 3.9. The East and the FA-1f models are supercritical, whereas the FA-2f and the Duarte families are
critical. The North-East family ¢ = {{(1,0), (0,1)}} is subcritical (cf. subsection 3.2).

Supercritical and critical families have ¢®F = 0, whereas subcritical families have ¢ZF > 0 [10, 5]. For example,
in the North-East model, 1 — ¢?¥ matches the critical threshold of oriented percolation in Z2. We need a last
fundamental ingredient from BP, namely the notion of the difficulty of an update family U.

DEFINITION 3.10. The difficulty a(u) of a direction u is defined to be 0 if u is unstable and to be 400 if u is
stable but not isolated stable. If u is isolated stable, consider BP with Hy NZ? as the initial set A of infections.
Since u is stable, no extra sites can be infected. Then a(u) is set equal to the smallest number of extra infections
to be added to A in such a way that, with their help, infinitely many new sites become infected. It was proven
in [10, Lemma 5.2] that a(u) < oo iff u is isolated stable. The difficulty a(U) of an update family U is finally
defined as mingee maxyec a(u).

With this definition, the key result of the BP-universality in Z? can be summarized as follows |5, 10, 9].

THEOREM 3.11. U is supercritical if a(U) = 0, critical if 1 < a(ld) < +oo, and subcritical otherwise.
Moreover, w.h.p. as ¢ — 0, 787 = 1/q9(1) if U is supercritical, while TPT = e®Un"(1/9)/a%) if i is critical

Copyright © 20XX by SIAM
Unauthorized reproduction of this article is prohibited



with difficulty a. Here v = ~vy(U) € {0,2} depends on a more refined classification of critical families into balanced
or unbalanced.

Regarding KCMs, we observe that the East and FA-1f models, both of which are supercritical with 757 =
poly(1/q) as ¢ — 0, feature quite different scalings of 79. Recalling Remark 3.5, it is clear that we need to refine
Definition 3.8 to distinguish between these two models.

DEFINITION 3.12. A two-dimensional supercritical update family U is called rooted if there exist two non-
opposite stable directions and unrooted otherwise. In particular, the East family is rooted, while the FA-1f family
is unrooted.

With this definition, the first-level KCM-universality result in two dimensions reads as follows (see [36, Theorem
6.9] and the references therein).

THEOREM 3.13. W.h.p. as ¢ — 0,

1. if U is supercritical then

(a) 0 = 1/q@(1) if U is unrooted,
(b) 0= e©n*(1/9)) if U is rooted.

2. IfU is critical then 19 = el/a%

Remark 3.14. Recalling Remark 3.5 we conclude that in the supercritical case the energy barrier that has to
be overcome to empty the origin is typically ©(1) for unrooted families (as in the FA-1f case), and ©(log(1/q))
for rooted ones (as in the East case). In a sense, the rooted case highlights the fundamental differences between
two-dimensional supercritical KCMs and BP.

Behind (1.a) vs (1.b) As in the case of the FA-2f model, for all low-temperature supercritical and critical
stationary KCM processes, the dominant mechanism to empty the origin should correspond to the arrival close
to the origin of a mobile droplet which triggers the KCM dynamics there. While there is no unique definition, a
mobile droplet is in general characterized by a certain finite set D of vacancies whose geometry depends on the
update family U/, and whose cardinality may depend on g. For supercritical models a convenient choice of D is
any sufficiently large (but not depending on ¢) rectangle oriented along the mid-point u of a semicircle C' free of
stable directions. Because of its orientation, if D is empty, then it is able to infect a suitable translation of itself in
the u direction. For unrooted models, the semicircle C' can be chosen in such a way that both C' and —C' are free
of stable directions. As a consequence, for unrooted models, the mobile droplet D will be able to infect a suitable
translation of itself in both directions +u. For rooted models, the above feature is not true, and the mobile droplet
has a preferred propagation direction. The above is evocative of the difference between the one-dimensional FA-1f
and East models: a vacancy can duplicate itself forward and backward in the first case, whereas it can only
duplicate itself forward in the second case. One then expects that the kind of “orientation" of rooted models
induces an East-like effective dynamics with parameter geg = ¢/P! of their mobile droplets. Here, East-like means
that the presence of a mobile droplet allows the creation (or removal) of another adjacent mobile droplet, but
only in a certain direction (or, more precisely, within a limited cone of directions). As seen in Theorem 2.2, the

characteristic time scale of the East dynamics is ¢®(n*(1/gm) — e@(lnz(l/‘”) because |D| = ©(1). That is the
scaling (1.b). In the unrooted case, the mobile droplet can move back and forth in a double cone of directions
and the effective dynamics would be more like an FA-1f dynamics with characteristic time scale (cf. Theorem 2.8)
1/qe®ff(1) =1/¢®W, i.e. the scaling in (1.a). Of course, all the above is only a very high-level intuition which, as
shortly discussed in Section 4, can be put to work to suggest a way to establish the key Poincaré inequality (1.3)
with the correct scaling as ¢ — 0.

Behind (2) In the critical case the lower bound follows from the sharp asymptotics of 7F and the bound
[50, Lemma 4.3], valid for all ¢ small enough, E, (7o) > SE,(78F) for some § = §(U) € (0,1). The upper bound
follows from (1.4) and an upper bound on T} (g;U) obtained using long-range constrained Poincaré inequalities
[50] (see Section 4 for a high-level discussion).
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The next step in the KCM-universality program is to match the precision of BP for critical families of difficulty o
that satisfy 77 ~ ROV, Y particular, the first main question is whether the scaling of 7y, on a double
logarithmic scale, is still governed by the exponent «.

In the supercritical case, the East family was essentially the ideal “case study” to highlight the differences
between KCMs and BP. In the critical case, such a role is played by the Duarte model, a KCM whose update family
is the collection of the 2-subsets of the North, South, and West neighbors of the origin. By construction, the stable

Figure 3.2: A growing droplet under the Duarte bootstrap process (courtesy of P. Smith).

directions are # = 0 with difficulty o = 1 and all the directions in [F, 37”], each with infinite difficulty. Hence, the

Duarte model is a critical (unbalanced) KCM with difficulty o = 1, and, w.h.p. as ¢ — 0, 7&F = eOn*1/a9)/9)

For the Duarte KCM it was proved in [46] that E,,(79) < O (1 /0/4%) 4 q — 0. A matching lower bound was
subsequently established in [45, Section 5| via an algorithmic proof. Thus, on a double logarithmic scale, the
hitting time 7y for the Duarte model diverges twice as fast as the corresponding 727

The basic intuition behind this remarkable fact is as follows. As in the supercritical case, we need to find a
suitable candidate for the mobile droplet and make a reasonable ansatz for its effective dynamics. For critical
families U, a convenient choice of the set D characterizing the mobile droplet is a set with a complex geometry
depending in a delicate way on the structure of the set of stable directions of U (see [47, Definition 4.9 and Fig.
5] or [31, Section 3.1.3] according to whether the number of stable directions is infinite or finite), and, contrary to
the supercritical case, its cardinality diverges as ¢ — 0 like In®™M(1/¢) /¢, where a = () is the difficulty of U.

Back to the Duarte model, its mobile droplets, defined through a complex algorithmic procedure [45, Section
5.2], have cardinality @( ln(l/q)/q), and a corresponding effective density gog = ¢®(1/D/0) = e~ O’ (1/a)/a) Ag
for supercritical rooted families, one expects that the strong “orientation" of the set of stable directions induces an
East-like effective dynamics with parameter g.g of the mobile droplet. If that were true, then the characteristic

time scale of the Duarte KCM would be e®(1n*(1/er) — 6@(1114(1/(1)/(12), i.e., the correct scaling. Notice that, if the
mobile droplets could move back and forth in a double cone of directions, then the effective dynamics would be
more like the FA-1f dynamics with characteristic time scale (cf. Theorem 2.8) l/q?ﬂgl) = 66(1“2(1/‘1)/‘1), i.e. similar
to the BP-scaling.

Given the result for the Duarte model, two natural questions arise:

1. do all critical families with an infinite number of stable directions feature a divergence of 1y twice as fast
(on a double logarithmic scale) than that of 72F ?

2. Is having an infinite number of stable directions crucial for the above feature to hold?

The first question was answered positively in [30]. Concerning the second question, consider a critical family
with difficulty a() = 1 and finitely many stable directions, one at § = 0 with difficulty « = 1, and all the

others contained in [Z, 3Z], each with difficulty o > 1. The “orientation" of the set of stable directions is similar
to that of the Duarte model, and one could think that, due to the greater difficulty of the stable directions in

(5, 37”], the mobile droplets move again in an East-like fashion in the €; direction. Despite its soundness, this
scenario was disproved in [31], correcting a wrong conjecture of [50, Conjecture 3|, via the identification of the
leading mechanism governing the motion of mobile droplets. It consists of a peculiar hierarchical combination of
mesoscopic East-like motions resulting in a macroscopic FA-1f kind of dynamics (see the illuminating high-level

analysis [31, Section 2] for the family ¢/ with four stable directions coinciding with the natural directions of Z2,
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and difficulties a(€y) = 1, and a(—€1) = a(+eér) = 2).
We are now ready for the second-level universality result for KCMs.

THEOREM 3.15. Let U be a two-dimensional critical update family of difficulty a. Then, w.h.p. as ¢ — 0,
To = 61“@(1)(1/’1)/qﬁ, where = « if U has finitely many stable directions and B = 2« otherwise.

Remark 3.16. Quite remarkably, in [28, 29] the logarithmic correction was pinned down very precisely and
the collection of critical families classified into seven classes (see [36, Theorem 6.11]).

4 From dynamical intuition to Poincaré inequalities In this final section, we provide a few more
details on how to transform suggestive, though unrealistic, dynamical intuition about the stationary KCM
evolution into concrete and useful mathematical tools. Specifically, borrowing from [50, 46], we focus on methods
to establish upper bounds on T} for supercritical and critical families. Lower bounds are typically proved either
using the estimate E,(19) > 0 E,,(78F) or via a "look for a bottleneck approach". For supercritical rooted models
or critical models with infinitely many stable directions, finding a precise enough bottleneck requires rather
sophisticated combinatorial proofs.

As mentioned at the beginning, given a critical update family U/, the ultimate goal is to prove a sharp Poincaré
inequality for any local function f

(4.1) Var,(f) < CDu(f, ).

In [50], it was realized that proving (4.1) requires first developing some tools to prove constrained Poincaré
inequalities for product measures in a more general setting than the one specific to KCMs. In the sequel, (.S, 7) will
be a finite, positive probability space, and we shall work on the product probability space (Q,v) := ®$ezd (Sz, Ux),
where (S,,7,) = (S,7) for all z € Z?. Often, in applications to KCMs, S is the “particle space” {0,1}V, with V/
a finite subset of Z? suitably chosen depending on the structure of the set of stable directions, and ¥ = Qv iz

Given w € (Q, we associate to each vertex x a finite collection of constraints {cx (w)}E_,, where each ¢ is the

indicator function of some event Ax) depending only on the variables {w,} with Agf) a finite subset of

yEAg) B
Z3\ {z}. Given an exhausting collection {V;, },ecz of subsets of Z¢, for any = € V;, \ V;,_1 the family {c } ", s
assumed to satisfy the key exterior condition: for all x € V,, \ V,,_; and all ¢ = 1,...,k, the support set A( ) of

c;,;) belongs to U2, Vi \ V;_1. Then, under a suitable smallness assumption for the probability of failure of the

Jj=n+
events {Aé)}” (see [50, Theorem 2]), for any local function f

k

(4.2) Var, (f) <4 v(([T ) Vars. (1)).

=1

Equation (4.2) indicates that the generalized KCM defined by the generator (Lf)(w) = >, ¢x(w) (P2 (f) — f) with
constraints ¢, = Hle cg), is ergodic with Ty < 4.

Remark 4.1. Although the exterior condition is not necessary for (4.2) to hold, it is easy to construct examples
of constraints violating the exterior condition for which the r.h.s. of (4.2) is zero for a suitable local function f.

The flexibility of the above setting enables results such as those presented in [50, Theorem 2.6].

THEOREM 4.2. Consider the two-dimensional 0-1 KCM, where the constraint at site x is defined as the
indicator function that the North and East neighbors of x belong to an infinite percolation cluster of vacancies,
irrespective of the state at x. For sufficiently small p, this KCM exhibits ergodicity with relaxation time bounded
above by 4.

Remark 4.3. Notice that the kinetic constraints of the above percolation example have infinite support.

Building on this example, we now present (for simplicity, only in Z?) the most useful consequence of (4.2).
Consider two events, G; and Gs, with Go C Gy in (S,7). We will refer to these as the good and super-good
events, respectively. In the applications to KCMs, where S = {0,1}V, # = uy, and V is a finite subset of Z2,
G1 = S and G5 ensures the presence of a suitable empty rectangle inside V' if U is supercritical. In the critical
case, G1 ensures a good environment in V', whereas G2 guarantees the presence of a mobile droplet (cf. the
discussion in Section 3). We will assume that G has probability p; close to one (p; = 1 in the supercritical case),
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whereas G is unlikely with probability ps. Recall that a (positively) oriented path + of length n in Z? from Ay
to 2™ is a sequence y = (x(l), . ,x(”)) of vertices with the property that z(*+1) is either the North or the East
neighbor of (). Given w € Q, we say that v is w-good if w, and wyte, belong to Gy for all z € . The path v is
w-super-good if it is w-good and w, € G5 for some z € . Finally, for any = € Z¢, we let

A, = {w: there exists an oriented, w-good path ~y of cardinality |1/p3] starting at x + &, the

(4.3) smallest (in some natural order) of such paths is w-super-good, and w, 1z, € G1,}

Due to the orientation of the path « and the fact that v starts at « + €s, it is easy to verify that the family of
constraints ¢, = 14,,2 € Z?, satisfy the exterior condition w.r.t. an exhausting family {V,,},cz. Notice also
that, under our assumptions on pi, ps, the event A, is very likely.

PROPOSITION 4.4 ([46, Proposition 3.5]). There exists 6 > 0 such that, if max{pz, (1 — p1)1n2(1/p2)} <6,
then , for all local functions f

(4.4) Var, () <43 v(1, Vary, ().

In the setting suitable for application to KCMs (cf. above), (4.4) is already promising. The variance term Var,_(f)
is, in our dynamical intuition, associated with the KCM updates in the box V, attached to z. This term appears
only if the box V,, is connected to a super-good box that contains a mobile droplet. Moreover, the connection is
established via an oriented* path 7 of good boxes, where the environment should be sufficiently favorable for the
mobile droplet to travel through and reach V,. If we assume that the latter feature holds, then the next step is
to concretely implement, always at the level of a Poincaré inequality, the picture of the mobile droplet randomly
traveling along v and reaching z. It is here that the East-like or FA-1f-like dynamics appear as possible candidates
for the effective dynamics of the droplet.
For any = € Z2, let Ly (z) = x + {é’l,é'g — é'l}, L (z)=2-— {51,52 — é’l}, and let

D.(f, f)=v (1{wz+g2€G2}1{wy€G1Vy€L+(m)} Var;, (f)) ;

(4.5) Ef )=V (l{wm+51€G2}1{wz_gIEG1} Vary, (f| Gl)) :

D.(f, f)=v (1{ww+g2EG2}1{wy€G1 VyeL (z)} Varf/z(f)) +v (1{ww,e—2ecz}1{wyeclVyelL,(z)} Varaw(f)) ;

(46) g:r(fv f) =V (1{w1+€1 EGg}l{wz_al EGl} Varﬁz (f | Gl)) ) +v (1{wx_g1€G2}1{wZ+€1 6G1} Varﬁz (f | Gl)) .

Notice that the constraint involving the super-good event G2 inside the oriented pair (12( £ 1), S_;;( £, f)) requires
the event Go to occur either at x4 €1 or at 4 €2, namely next to where the local variance Var,_(f) is computed.
Here, “oriented” refers to a direction (East or North) on the lattice. Modulo reversing the direction of the axes,
that is exactly the kind of orientation that characterizes the East model. Instead, the same constraint inside the
non-oriented pair (D,.(f, f), E.(f, f)) requires Go to occur at either x & €1 or x + &5, a fact that is characteristic
of the symmetric orientation of the FA-1f model. This observation justifies dubbing the first pair “ East Dirichlet
pair ot £, and the second one “FA-1f Dirichlet pair at x”.

The next result bounds from above the r.h.s. of (4.4) with a sum over z of either the East or the FA-1f
Dirichlet pairs at . As py — 0, the overall cost of the inequality diverges like em*(1/P2) in the first case, and
poly(1/p2) in the second case. Such a dichotomy is a direct consequence of the very different scalings as ¢ — 0 of
the relaxation times of the East and FA-1f models with effective parameter q¢.g = ps.

PROPOSITION 4.5 ([46, Part B of Theorem 3.1]). For any t € (0,1) there exist T(t) and T(t) satisfying
T(t) < eo(lng(l/t)) and T(t) < 1/t°N) ast — 0, such that the following holds. There exists § > 0 such that, for

4the orientation of v has nothing to do with the next Proposition 4.5 and the discussion before it.
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all p1,ps satisfying max {pg, (1 —pl)(logpg)Q} <6, and all local functions f:

T(p2) Y (Dalf. )+ E(f. 1)),

TEZ?
(4.7) > v(1a, Vary, (f)) <
v T(p2) > (Dulf, )+ Ex(f, £))-
TEZ2

The proof requires combining conditioning, convexity, and the following high-level idea in a delicate manner.
Recall the definition of the event A,, and consider one term (14, Vars, ( f)) in the Lh.s. above. For

clarity of presentation, let us pretend to substitute the event A, with the (much) simpler event B, = {w :
at the end point of T',, the event G5 occurs}, where I';, = {x(l), ... ,a:("“‘l)} is a deterministic oriented path of
length n + 1 = |1/p3] starting at () = 2+ &. In doing so, we are: (1) replacing the random path + entering in
A, with T, (2) neglecting the fact that v is w-good (a very likely property), and (3) forcing the event G5 to occur
at the end of I' and not somewhere along it. Approximations (1) and (3) can be dealt with through some careful
conditioning, whereas (2) requires working with the modified product measure Q. ¢cr, 7, (- |z is good) along the
path. If we insist on this simplification, we can first use convexity to enlarge the local variance at x to a variance
w.r.t. variables {wy,wya),...,wym } and get

v(1s, Vars, () < (L0 can) Vats,cr, o, (),

where I, = {z(", =D 21 2} At this stage, we can exploit the “boundary condition” w,m+1) € Gy at
the end of Iz, to bound from above the variance term Varg ., 5, (f) using the Poincaré inequality for either the
(generalized) East or FA-1f models on I, with effective particle event O = G§ (cf. Remark 1.1). It is this step
that rigorously implements the intuitive idea that the “effective vacancy event” Gs (i.e., the presence of a mobile
droplet in concrete applications) can move along T, in an East-like or FA-1f-like fashion. If we do so, we obtain

O (1/p)) N7 plastf ),

yel,
(4.8) V(l{wz(nH) €G2} Var@yelm Dy (f)) <
o(1
(1/p2) "V S7 DEM(f, £).
yEly
Here, when y = z(), j =1,... n,

DEaSt(f, f) = V<1{wm(j+1) €Ga} Varﬁy (f))’
DyFA-lf(f, f)= y((l{wz(j+l>ec2} + 1{0.;1(]-,1)66'2}) Vary, (f))-

These two Dirichlet terms are quite similar, at least for the role of the “ effective vacancy event” G, to the East
and FA-1f Dirichlet pairs at y. If we recall that ', is oriented, then U1 can be either y + €; or y + &», whereas
=1 is either y — &) or y — &, depending on I',. By summing over z either one of the above inequalities and by
keeping track of the over-counting cost, we obtain two bounds from above for the expression Y v(1z, Vary, (f))
which are similar to those of Proposition 4.5.

In applying the Poincaré inequalities (4.7) to KCMs, the final, crucial, step is to convert them into a final
Poincaré inequality (4.1). In turn, this requires proving that a full resampling of the block V' at z, corresponding
to the local variance term Var;_(f) inside the East/FA-1f Dirichlet pairs, in the presence of good blocks centered
at the vertices of L (z) and/or L_(z), and a super-good (i.e., with a mobile droplet) block at an oriented neighbor
of x in the East case, or at an arbitrary neighbor of x in the FA-1f case, can be simulated (or reproduced) by a
sequence of legal single-site updates of the original KCM. Technically, we want to bound from above the East or
FA-1f Dirichlet pairs at x by a suitable sum of local Dirichlet terms v(c, Var, (f)). Of course, the global cost of
the latter inequality should be compatible with the target scaling of Ty (see (2.6) for a similar inequality for the
FA-2f model). It is here that the full theory of U-bootstrap percolation comes into play. Firstly, it suggests the
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complex details of the renormalization construction, namely the choice of the finite set V in S = {0,1}" and of
the events G, Gs. Secondly, it determines which one of the two inequalities (4.7) one should use. That depends,
in fact, whether the mobile droplet (namely the event G2) is able to move along the w-good oriented path ~ in
(4.3) in an East-like or FA-1f-like fashion. While the renormalization construction and the task described above
is relatively simple for supercritical models, for critical ones it is significantly more complex and, for finitely many
stable directions, required very significant adaptations and new ideas [31] compared to the tools developed in [46].
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