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Abstract— Measurements of the surface impedance of con-
ducting, semiconducting, and superconducting materials are
commonly used in research, metrology, and industry to extract
and study the resistivity of the material. The interest is often
devoted to thin films because of: 1) the possibility to grow
nearly perfect materials, essential for research; 2) ease of repro-
ducibility for metrological standards; or 3) direct applications
in the electronic industry. However, in finite-thickness films, the
probing electromagnetic (e.m.) field leaks through the film to
the underlying substrate. The substrate then gives a substantial
contribution to the measured surface impedance and, thus, to the
extracted resistivity. While the e.m. problem is well known,
analyses in terms of the evaluation of the uncertainty involved
are scarce. Moreover, simplified models for the measured surface
impedance with different ranges of applicability are often used in
order to simplify the analysis or to highlight the main physics.
Also, in these cases, these approaches are seldom followed by
careful evaluation of the additional uncertainty so introduced.
In this article, we thoroughly study when simplified models,
which neglect the substrate contribution, can be used, and
we identify the situations in which the substrate properties
yield negligible contributions to the extracted resistivity and
its uncertainty. To do so, we discuss the various sources of
uncertainty, also with the help of a brief description of typical
measurement techniques. We show that the simplified models can
greatly simplify the extraction of the material resistivity from
the measured surface impedance, with reduced uncertainty and
also reduced computational cost for its evaluation. We find that
ranges in frequency and film thickness exist, where the simplified
models can be used, with negligible approximation errors, once
compared with the uncertainties related to the measurement
technique. However, the identification of such combined ranges is
not trivial, being particularly critical for superconducting films.
Finally, we report experimental measurements of the surface
impedance of different superconducting samples (bulks and the
more critical situation of films over layered structures), providing
case studies for both the determination of the uncertainties and
the validation of the models.

Index Terms— Microwave measurements, superconducting
materials, surface impedance, thin films, uncertainty.
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NOMENCLATURE

i Imaginary unit, =
√
−1.

Zs Surface impedance.
Zintr Intrinsic impedance.
Zbulk (Super)conductor bulk surface impedance.
Zeff Effective surface impedance.
Zsi Intrinsic film impedance.
Zsf Thin film impedance.
Zs[sub] Generic substrate surface impedance.
Zm Bulk metal substrate surface impedance.
Zd Infinite thick dielectric substrate surface

impedance.
R_ and X_ Resistance and reactance; subscripts as

above.
ρ and ρCu Resistivity and room temperature Cu resistiv-

ity.
σ Conductivity, = 1/ρ.
ε and ε0 Permittivity and permittivity of vacuum.
εr and ε̃ Relative permittivity and effective complex

permittivity.
tan δε Dielectric loss tangent, = Im(εr)/ Re(εr).
µ and µ0 Magnetic permeability and magnetic perme-

ability of vacuum.
ν and ω Frequency and angular frequency ω = 2πν.
eiωt Complex sinusoid for the sinusoidal regime.
l Mean free path.
ξ0 Superconductor coherence length.
λ London penetration depth.
δ Penetration depth.
ts and td Thickness of (super)conductor film | dielec-

tric substrate.
ks and kd Propagation constant in the (super)conductor

| dielectric.
ρn Normal state resistivity of a superconductor.
Rn Normal state surface resistance of a super-

conductor.
Tc Critical temperature of a superconductor.
Q, ν0 Quality factor and resonance frequency of a

resonator.
Γ Reflection coefficient.
Sij Scattering coefficients of a two-port res-

onator.
∆ρa, ∆ρa% Normalized approximation error in the sim-

plified model for ρ.
∆Za% Normalized deviations on Zs by the simpli-

fied model.
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I. INTRODUCTION

MICROWAVE measurements of the surface impedance
are often used to characterize and study conductive

materials [1], including the cases of semiconductors [2] and
superconductors [3]. The goal is to extract the material
complex resistivity ρ from the measurements. The surface
impedance is defined as the ratio of the tangential components
of the impinging electric and magnetic fields on the material
surface, Zs = Et/Ht. For conducting and superconducting
materials, in the local limit, the surface impedance of bulk
specimens, i.e., having thickness much larger than the elec-
tromagnetic (e.m.) field penetration depth (see Section II),
is straightforwardly related to the material resistivity ρ only.
On the other hand, measurements often concern thin films
because of the possibility of growing nearly perfect materi-
als and single-crystalline samples essential for research and
selected applications [4], [5], [6], for the ease of repro-
ducibility for, e.g., metrological standards [7], or for direct
applications of thin films in the electronic industry. However,
in finite-thickness films, the probing e.m. field reaches the
underlying substrate, which contributes to shaping the overall
e.m. response of the layered structure. The resulting effective
surface impedance Zeff is then determined by both the film
and the substrate. Since the substrate properties are often
known with poor accuracy, the uncertainty on the extracted
ρ from the measured Zs is potentially large. It is, thus,
desirable to check whether configurations exist, which could
simplify the measurement process and reduce the measurement
uncertainties. Indeed, when the substrate consists of an
insulating thick layer backed by a metal (an often encountered
configuration), the so-called “thin film” regime can arise [8],
[9], [10], [11], where the effect of back-reflections or partial
decay of the e.m. field into the material under study can be
completely neglected. In this situation, some useful simplifi-
cations of the model for the surface impedance are available.
On the other hand, they are often exploited without paying
due attention to their limitations and without evaluating the
uncertainties that arise.

The aim of this work is to address these issues, extending
upon the preliminary numerical evaluations provided in [11].
We thoroughly study when simplified models, which neglect
the substrate contribution, can be used instead of the full
model, identifying the situations in which the substrate prop-
erties yield negligible contribution to the ρ measurement and
its uncertainty. To do so, we discuss the various sources of
uncertainty, with the help of a brief description of typical
measurement techniques. We show how the simplified models
can greatly ease the extraction of the material resistivity from
the measured surface impedance, with reduced uncertainty and
also reduced computational cost for its evaluation.

The article is organized as follows. Section II provides
the e.m. theoretical framework for the study of the surface
impedance of different structures. Section III is devoted to the
role of the substrate. In Section IV, the thin film regime is
thoroughly studied, the various simplified model and the cor-
responding uncertainties are discussed, and the conditions for

neglecting the substrate contribution are illustrated. A numer-
ical study is then provided in Section V. In Section VI,
some of the main experimental techniques used for the sur-
face impedance measurements of planar structures are briefly
recalled, providing the ground for discussing the sources of
the uncertainty and for the presentation of the subsequent
experimental case studies. Section VII reports experimental
measurements of the surface impedance in different structures
to exemplify the uncertainty evaluation and to provide a
validation of the full and simplified models in the different
regimes. Conclusions are drawn in Section VIII.

II. SURFACE IMPEDANCE

A. Definition

The surface impedance1 is an important quantity when
studying the incidence of an e.m. (e.m.) wave on the surface of
a conductor. For an isotropic material, it is defined as (see [13],
[14], [15])

Et = ZsHt × n̂ ⇒ Zs :=
|Et|
|Ht|

(1)

where Et and Ht are the electric and magnetic fields
tangential to the surface and n̂ is the inward unit vector
normal to the surface. The explicit expression of the surface
impedance in terms of the material properties will be provided
in Sections II-B, II-C, III, and IV. The used symbols are listed
in Nomenclature.

We recall here some fundamental concepts related to the
main approaches for surface impedance measurements at
microwave frequencies. Considering the continuity of Ht and
Et at the surface, the surface impedance plays the important
role of boundary condition for the determination of the fields
immediately outside the conductor. For example, the electric
field reflection coefficient Γ for a normally incident wave at
the surface between vacuum and the conductor is computed
as Γ = (Zs − Z0)/(Zs + Z0) [15], [16], where Z0 :=
(µ0/ε0)1/2 = 376.730 313 668(57) Ω [17] is the intrinsic
impedance of vacuum and where the number in parentheses
is the numerical value of the standard uncertainty referred to
the corresponding last digits of the quoted result.

The surface resistance Rs = Re(Zs) is connected to the
average power Pdiss dissipated per unit surface in the con-
ductor [15], which can be computed resorting to the Poynting
vector theorem as the real part of the Poynting vector (time-
averaged real power flowing into the conductor)

Pdiss =
1
2

Re(Et ×H∗
t · n̂) =

1
2
Rs|Ht|2. (2)

Similarly, the surface reactance Xs = Im(Zs) is connected to
the net reactive power in the conductor [16].

For simplicity’s sake, isotropic media are considered so that
all the material properties are scalars.

1Sometimes referred to as intrinsic surface impedance [12].
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B. Bulk Expression

The explicit expression of the surface impedance exhibited
by a semi-infinite conductor when a monochromatic TEM
wave is normally2 impinging on its flat3 surface can be
straightforwardly obtained imposing the continuity of the
tangential components of the electric and magnetic field,
whose ratio must, therefore, be equal to their ratio within the
conductor. Since, in the semi-infinite conductor, the e.m. field
propagates as a forward TEM wave, the ratio is by definition
the intrinsic impedance of the medium

Zintr :=
√

µ

ε̃
(3)

with ε̃ = ε − iσ/ω in the sinusoidal regime eiωt. The
displacement currents are negligible with respect to conduction
current in a good conductor at angular frequency ω in the
microwaves and millimeter range (see [13], [16]) so that
σ/(ωε) ≪ 1. Hence, the surface impedance of an isotropic
semi-infinite (“bulk”) good conductor is equal to its intrinsic
impedance with ε̃ ≃ −iσ/ω = −i/(ωρ)

Zbulk :=
√

iωµ0ρ (4)

where the magnetic permeability µ = µ0 neglecting mag-
netic phenomena. The above expression holds in the local
limit, where the penetration depth δ (when ρ is real, δ =
(2ρ/(ωµ0))1/2 [21]) of the exponentially attenuated e.m.
fields is larger than the electron mean free path l. If the
condition l ≪ δ does not hold, the anomalous skin depth
regime takes place [13]. The above treatment can be applied
also to superconductors [19], where the local limit (see [22],
[23], [24]) requires that (l, ξ0) ≪ min(δ, λ) (see [25] and
subsequent works for the combination of penetration depths).
When conductors or superconductors of finite thickness ts
are considered, the above bulk expressions can be applied if
ts ≫ δ or ts ≫ min(δ, λ), respectively.

C. Multilayers

In thin films, i.e., ts ≤ δ or ts ≤ min(δ, λ) for conductors or
superconductors, the probing e.m. field reaches the substrate,
possibly composed by many layers, experiencing multiple
reflections/transmissions at each of the boundaries between
different materials. The resulting e.m. problem can be studied
resorting to the transmission line formalism [16], which yields
the same results as those obtainable with a full study of
the multiple reflections/transmissions [15]. An effective sur-
face impedance Zeff can be computed. In the following, for
simplicity’s sake, we assume TEM waves propagating along

2The extension to oblique incidence can be obtained by including the
incidence angles [15] (see also [18] for a thorough study).

3That is, as long as e.m. field penetration depth is much smaller than the
surface curvature radius [19]; otherwise, roughness effects’ intervene [20].

Fig. 1. (a) Sketch of a generic multilayer structure. (b) Sketch of a typical
thin film structure: a (super)conducting film of thickness ts is deposited onto
a dielectric substrate of thickness td and backed by a thick (bulk) metal block.

the direction normal to the layered structure.4 In particular,
the effective surface impedance Z

(i)
eff (which is the input

impedance in the transmission line formalism) at the interface
with the ith layer (having thickness ti, intrinsic impedance
Z

(i)
intr, and propagation constant ki = ωµ0/Z

(i)
intr) is computed

from the effective surface impedance Z
(i−1)
eff exhibited at the

input of the (i− 1)th layer as follows:

Z
(i)
eff = Z

(i)
intr

Z
(i−1)
eff + iZ(i)

intr tan(kiti)

Z
(i)
intr + iZ(i−1)

eff tan(kiti)
. (5)

By iteratively applying (5), which is called impedance transfor-
mation equation since it allows to “transform” the impedance
value at one position along the transmission line to the
impedance at another location, one can compute the effective
surface impedance Zeff of the whole multilayer.

A common measurement setup involves a thin conducting
film grown on a substrate of finite thickness td and backed by
a metal block of thickness much larger than the penetration
depth [see sketch in Fig. 1(b)]. In this configuration, the
expression of the effective surface impedance Zeff can be
particularized from (5) as

Zeff = Zintr
Zs[sub] + iZintr tan(ksts)
Zintr + iZs[sub] tan(ksts)

(6)

where ks = ωµ0/Zintr is the wave propagation constant in the
film having intrinsic impedance Zintr and Zs[sub] is the (effec-
tive) surface impedance of the underlying substrate. Depending
on the interplay of the various quantities (measuring frequency,
thicknesses, resistivities, and dielectric permittivity), Zeff can
be significantly different from the bulk value Zbulk, acquiring
a dependence, potentially very pronounced, on the properties
of the underlying layers.

For |ksts| ≫ 1 and Im ks ̸= 0, i.e., bulk samples with finite
losses, the above expression correctly reverts to the bulk one
[see (4)]. Hence, (6) can be used with great generality.

4In many real setups (e.g., e.m. resonators or Corbino disk; see Section VI),
waves are propagating in guiding structures [16] and, thus, are not free space
TEM waves. Thus, the intrinsic impedance and propagation constant must be
replaced by the specific wave impedance and wave longitudinal propagation
constant. Moreover, in many cases, a change in geometry occurs at the surface
between the guiding structure and the layered film (see Section VI) so that
a full treatment requires cumbersome mode-matching approaches (see [26]).
Nevertheless, it has been shown [27], [28] that the TEM approximation leads
to similar results in typical measurement setups.
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Fig. 2. Surface resistance Reff = Re(Zeff) versus film thickness ts and
substrate relative permittivity εr for the layered structure described in the
text.

D. Extraction of Resistivity From Zeff

In many cases, a measurement of Zs is a tool to obtain
the material parameter ρ of a conductor. Since the substrate
surface impedance Zs[sub] enters Zeff, the extraction of ρ from
Zeff requires, in general, the separate knowledge of Zs[sub].

To illustrate the Zeff dependence on the substrate properties,
we refer as an example to a structure made by a tungsten W
layer over an insulating substrate backed by bulk copper Cu.
To reduce the parameter space extension, we take ts and εr

within the ranges (10−9–10−3) m and 1–104, respectively,
and keep fixed all the other quantities. In particular, we take
the metals’ d.c. conductivity ρCu = 1.68 × 10−8 Ω m [29]
and ρW = 5.6 × 10−8 Ω m [30] (room temperature values),
zero losses (tan δε = 0) and td = 0.25 mm thickness for the
insulating substrate, and frequency ν = 10GHz. Despite this
specific choice, which is made to adhere to realistic situations
and also to make apparent all the desired features in the chosen
value ranges, the obtained results are qualitatively general. We
focus on the surface resistance Reff = Re(Zeff), plotted in
Fig. 2. It can be seen that the Reff surface can be roughly
divided into four regions, marked (A)–(D) in the plot, where
different trends and features appear. In region (A), Reff is
independent of ts and εr. In particular, the ts-independence
means that the film is actually in the bulk limit, i.e., ts ≫
δ = 1.2 µm, and thus, (6) reverts to (4). In region (B), the
film is thinner, and Reff is ∝ t−1

s and independent of εr:
although far from the bulk limit, this regime is characterized by
substantial independence of Reff from the substrate properties
(hence, not limited to εr selected to draw the plot), which
is a useful property widely encountered in the experiments.
In region (C), Reff is no more ∝ t−1

s becoming instead strongly
dependent on the substrate properties, in particular, on its
thickness (here not shown since the plot has been produced at
fixed td). Finally, in region (D) (small film thickness and high
substrate εr), Reff shows pronounced oscillations by varying

any of the properties of the layered structure [analytically, this
behavior is due to the presence of the “tan” terms in (6)]. This
example allows identifying region (B) as the region where the
measured surface impedance, albeit different from the bulk
value, does not depend on the substrate properties. In the
following sections, a thorough study of the effective surface
impedance of typical substrates (see Section III) is done to
provide the bases for the subsequent analyses of the thin film
regime, made through an analytical study of the expression
of Zeff (see (6) and Section IV) and by a numerical study of
realistic scenarios (Section V).

III. SUBSTRATE SURFACE IMPEDANCE

Since the analytical conditions for the thin film regime
for Zeff rely on the substrate surface impedance Zs[sub] being
“large,” we first discuss the latter, which can vary in a quite
large range depending on the substrate materials and structure.

Metal Substrate: An extreme limit is given by the absence
of the dielectric altogether. The substrate is then a bulk metal
of resistivity ρm, for which (4) applies

Zs[sub] = Zbulk =
√

iωµ0ρm =: Zm. (7)

For Cu at room temperature, Zm = 25.8(1 + i) mΩ at
ν = 10GHz. An exemplifying application is represented
by the coated superconductor tapes, in which thin
(super)conducting films are grown on metallic substrates [31].

A. Purely Dielectric Substrate

Another limit is given by an ideally infinitely thick dielec-
tric. In the vacuum (isolated film), Zs[sub] = Z0, the free space
impedance. For lossless semi-infinite insulator (real εr), one
has from (3)

Zs[sub] = Zintr = Z0/
√

εr =: Zd. (8)

B. Dielectric Substrate Over Metal Plate

More often, the substrate consists of a layered structure
in which an insulating, dielectric, material of thickness td is
backed by a thick (i.e., equivalent to a semi-infinite) conductor
having impedance Zm. A typical case is a conducting film
grown on some substrate and inserted in a radiation screening
case. In this general case, the effective Zs[sub] can be computed
through the usual impedance transformation [see (6)] rewritten
for the present situation

Zs[sub] = Zeff = Zd
Zm + iZd tan(kdtd)
Zd + iZm tan(kdtd)

(9)

where kd = ωµ0/Zd is the wave propagation constant in
the dielectric. Some common dielectric materials are PTFE,
quartz, sapphire, SrLaAlO4, and SrTiO3, with (transverse)
permittivity εr = 2.22, 4.44, 9.4, 16.8, and 30, respectively
[32], [33], [34]. Commercially available dielectric substrate
thicknesses are typically 0.1, 0.5, and 1 mm [35].

In almost all practical cases, |Zm| ≪ |Zd|. When addition-
ally kdtd ̸= nπ/2, expression (9) simplifies to

Zs[sub] ≃ iZd tan(kdtd) (10)
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Fig. 3. Substrate effective impedance Zs[sub] versus relative permittivity εr .
Numerical values: substrate thickness td = 0.5mm; backing metal: Cu at
room temperature; and frequency: (a) 2GHz and (b) 20GHz.

which, for lossless dielectrics, is a purely imaginary quantity
depending only on two material parameters εr and td and
on the measuring parameter ω. This is a particularly useful
expression to qualitatively understand the behavior of Zs[sub].
For example, through this expression it is easy to recog-
nize the so-called substrate antiresonance/resonance conditions
kdtd = nπ/2, where the term tan(kdtd) diverges or vanishes,
respectively. For the resonance condition, kdtd = nπ, the
approximated (10) yields zero, whereas (9) yields Zm. In the
antiresonance condition, kdtd = π/2 + nπ, the approxi-
mated (10) diverges instead of yielding the (large modulus)
value Zs[sub] → Z2

d/Zm given by (9). In real situations, given
a fixed substrate thickness td, the resonance condition can be
attained either by varying the measurement frequency [36]
or by changing the sample temperature if the dielectric has
a pronounced temperature variation of εr, like SrTiO3 [37].
As we will show in V and VII-D, this property can have
important consequences on experiments.

A numerical example of the appearance of substrate res-
onances in Zs[sub] is shown in Fig. 3, in which Zs[sub] is
computed through (9) for two selected frequencies (2 GHz and
20 GHz, figures (a) and (b), respectively) with a real (loss-
less case) relative permittivity 1 ≤ εr ≤ 104. The substrate
thickness is fixed at td = 0.5 mm, and the backing metal
is taken as Cu at room temperature. In addition, the approxi-
mated (10) is also plotted. As anticipated, it can easily be seen
that this expression reproduces the full expression (9), apart
from the antiresonances (tan(kdtd) → ∞) and resonances
(tan(kdtd) → 0), where it differs yielding divergent values
and zero values (not visible in the plot scale), respectively.

We mention that a much more intricate scenario arises when
semiconducting substrates are involved [38]. In this situation,
both real and imaginary parts of Zs[sub] change significantly
with doping, temperature, and frequency, which impacts on
the conductivity potentially making it dominant with respect
to εr. This scenario is briefly exemplified in Section VII-C.

IV. (SUPER)CONDUCTOR SURFACE IMPEDANCE: THIN
FILM REGIME

Equation (6) represents a transcendental, fractional, and
irrational complex function of the complex variable ρ (ρ ∈ C
in superconductors). As such, it does not allow an analytical
inversion, and its high nonlinearity makes a first-order Tay-
lor expansion potentially insufficient for the computation of
the uncertainty u(ρ). Thus, in many cases, a Monte Carlo
approach would be required, making the uncertainty evaluation
very time-consuming considering that: 1) each measurement
set typically consists of many data points and 2) Zs and ρ
are complex quantities [39], [40]. Moreover, the uncertainty
on a typical measurement can have a large contribution that
stems from the accuracy with which the geometry is known
(thicknesses ts and td), as well as from the accuracy in
the determination of εr, with the substrate parameters often
badly determined. Hence, it is important to determine the
regimes where the substrate contribution can be neglected,
enabling a reduced impact [i.e., low sensitivity coefficients
for u(ρ)] of the potentially high uncertainties on the substrate
properties. Regimes with negligible substrate contribution and
the corresponding simplified models were developed through
time [8], [9], [10], [41]. However, the uncertainties on ρ arising
from the use of simplified models were often overlooked, and
no systematic discussion about the various applicable regimes
is provided. In order to fill this gap, in this section, we present
the thin film regime with the main simplified models, the
analytical and physical conditions of applicability, and the
expressions of the measurement uncertainties.

A. Bulk Regime

We repeat here for completeness, and without further com-
ments, the expression of the surface impedance that is obtained
for an infinitely extended material, i.e., having ts ≫ |δ|
(ts ≫ max(|δ|, λ) for superconductors) is

Zs = Zbulk =
√

iωµ0ρ. (11)

The uncertainty on ρ can be easily evaluated

u(Re(ρ)) =
RsXs

µ0πν

√
u2(ν)

ν2
+

u2(Rs)
R2

s

+
u2(Xs)

X2
s

(12a)

u(Im(ρ))=
RsXs

µ0πν

√
(R2

s −X2
s )2

4R2
sX

2
s

u2(ν)
ν2

+
u2(Rs)

X2
s

+
u2(Xs)

R2
s

(12b)

where u(µ0) is neglected [17] and the correlations between
u(Rs) and u(Xs) are also neglected (here and in all the
similar following equations) for the sake of compactness.
It is worth noting that when only the real part of Zbulk is
measured because of experimental limitations (see Section VI),
one obtains only the real part of the square root of the
complex ρ without being able to separately ascertain the real
or imaginary parts of ρ. This contrasts with what happens in
the thin film regime, where Re(Zs) can directly yield Re(ρ);
see Section IV-C.
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B. Intrinsic Film Regime

Despite the (over)use of the term “intrinsic,” this regime
deals mainly with films of finite thickness and is based on the
comparison of different impedances. When

| tan(ksts)||Zintr|
|Zs[sub]|

≪ 1 and (13a)

| cot(ksts)||Zintr|
|Zs[sub]|

≪ 1 (13b)

(6) simplifies yielding the intrinsic film impedance [8], [9],
[10]

Zs = Zeff ≃ −iZintr cot(ksts) =: Zsi. (14)

The conditions (13) are met if the film is thin enough, far
away from the antiresonance/resonance conditions. Physically,
it implies that the substrate is so mismatched with respect to
the film impedance that a total reflection of the e.m. field
occurs at the film-substrate interface. Zsi depends exclusively
on the film properties, and it has the advantage of having a
large range of applicability (see Section V-A). Indeed, it is
worth noting that also high conductive films (small |Zintr|),
even if thick (high ts), can meet the conditions (13), yielding,
in this case, Zintr → Zbulk. This means that expression (14)
can capture both the bulk regime, the thin film regime, and the
crossover between them. With respect to the simpler thin film
expression, discussed later, (14) has the disadvantage of not
being analytically invertible. When used to extract the material
resistivity ρ from an experimentally measured Zs, (14) must,
thus, be numerically inverted. Symbolically,

ρ = Z
−1
si (Zs; ts) (15)

where the superscript “−1” denotes the inverse function and
the main needed quantities are made explicit. By using (15)
instead of the full model (6), an approximation error ∆ρa

appears

∆ρa = Z
−1
eff (Zs; ts, Zs[sub])− Z

−1
si (Zs; ts). (16)

Its uncertainty contribution u(∆ρa) enters u(ρ):

u(Re(ρ))=

[(
∂ Re(Z−1

si )
∂Rs

u(Rs)
)2

+
(

∂ Re(Z−1
si )

∂Xs
u(Xs)

)2

+
(

∂ Re(Z−1
si )

∂ts
u(ts)

)2

+u2(Re(∆ρa))

]1/2

(17a)

u(Im(ρ))=

[(
∂ Im(Z−1

si )
∂Rs

u(Rs)
)2

+
(

∂ Im(Z−1
si )

∂Xs
u(Xs)

)2

+
(

∂ Im(Z−1
si )

∂ts
u(ts)

)2

+u2(Im(∆ρa))

]1/2

.

(17b)

It is apparent that the use of the simplified model (15) is
acceptable, consistently with the prescription of [42], if ∆ρa

and u(∆ρa) are much smaller than u(ρ), considering sep-
arately the real and imaginary parts. While (13) provides

the analytical conditions to be met, actual quantification is
provided in the numerical study discussed in Section V-A and
in the experimental data analysis exemplified in Section VII-B.

C. Thin Film Regime

We consider the simple case

ts
|δ|

≪ 1, for conductors

ts
min(|δ|, λ)

≪ 1, for superconductors. (18)

Then, tan(ksts) → ksts, and (6) becomes

Zs = Zeff ≃ Zsf
Zs[sub] + iωµ0ts

Zsf + Zs[sub]
, with Zsf :=

ρ

ts
(19)

where Zsf is the so-called thin film impedance. Neglecting
momentarily the term iωµ0ts (which is indeed often negli-
gible for small ts), (19) simply represents the parallel of the
impedances Zsf and Zs[sub]. As such, it is easily invertible,
allowing to compute Zsf and ρ from the measured Zs and ts
and the knowledge of Zs[sub]. If

ωµ0ts
|Zs[sub]|

≪ 1, and (20a)

|Zsf|
|Zs[sub]|

≪ 1 (20b)

where condition (20a) is often verified for dielectric substrates
outside the resonance condition (but not verified for bulk
metallic substrates), (19) simplifies further to Zsf itself

Zs ≃ Zsf =
ρ

ts
. (21)

It can be noted that conditions (20a) and (20b) correspond
to conditions (13a) and (13b), respectively, rewritten in the
simplified form taking advantage of condition (18). Physically,
with respect to the intrinsic film regime, in the thin film
regime, any phase change due to the e.m. propagation in the
film is negligible. This is a very useful limit since, in this case,
the measured Zs depends only, and in a simple way, on the
thin film properties so that ρ can be easily computed

ρ = Zsts. (22)

Nevertheless, for very thin films, caution should be paid
on condition (20b) since very small ts yields divergent Zsf
ultimately making the condition not satisfied.

Analogously to the intrinsic film regime, the approximation
error and the overall uncertainty can be written down as

∆ρa = Z
−1
eff (Zs; ts, Zs[sub])− Zsts (23)

and

u(Re(ρ)) =
√

t2su(Rs)2+R2
su(ts)2+u2(Re(∆ρa)) (24a)

u(Im(ρ))=
√

t2su(Xs)2+X2
s u(ts)2+u2(Im(∆ρa)). (24b)

In comparison with the intrinsic film impedance, the thin film
impedance model has a stricter range of applicability, requiring
smaller ts than the former (see the following section). On the
other hand, its simpler form with respect to the intrinsic
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film impedance (14) allows for straightforward calculations
and allows also to compute separately Re(ρ) and Im(ρ) (and
their uncertainties) from the measured Rs and Xs. When the
experiment yields more accurate Rs measurements than the
Xs ones (see Section VI), the possibility to extract an accurate
Re(ρ) from Rs only is a clear advantage.

V. NUMERICAL COMPUTATIONS FOR Zeff

A. Comparison Between Full and Simplified Models

In this section, we provide an evaluation of the approx-
imation error ∆ρa in the determination of ρ, which would
be needed to include substrate effects in the simplified mod-
els of (14) and (21). In order to make contact with the
experiments, we numerically compute Zeff starting from ρ in
different regions of the parameter space, and then, we take
Zs = Zeff and invert it by means of the two expressions for Zsi
and Zsf [see (14) and (21)]. We, thus, evaluate the normalized
approximation error

∆ρa% =
(

Re(∆ρa)
Re(ρ)

)
+ i

(
Im(∆ρa)
Im(ρ)

)
(25)

where ∆ρa is defined in (16) and (23) for the two different
regimes. For a given ρ, we also compare how much Zsi or Zsf
differs from Zeff by computing the relative deviations

∆Za% =
Re(Z − Zeff)

Re(Zeff)
+ i

Im(Z − Zeff)
Im(Zeff)

(26)

where Z stands for Zsi or Zsf. Since the functions in (26) are
the inverse of those appearing in (25), it is easy to show that
for small deviations |∆ρa%|≪1, and for the same parameters,
∆ρa% ≃ ∆Za%. This fact, exemplified in the following plots,
is useful in the evaluation of ∆ρa% from a measured ρ since
∆Za% is more easily computed.

Preliminary considerations must be made concerning the
relevant parameters. The parameter space is extremely
extended: there are three parameters for the substrate (Re(εr),
tan δε, and td), three parameters for the thin film (the complex
ρ and ts), and the measuring parameter (the frequency) ν
for a total of seven independent parameters. In order to
reduce the parameter space, we keep ts and ν as independent
variables: ts is taken between 1 nm and 100 µm, to justify
the concept of “thin film,” and ν in the (0.5–50)-GHz range,
to cover the microwave to millimeter-wave range. We then
select typical values for the dielectric substrate backed by a
bulk metal, covering a wide range of Zs[sub]. Following the
discussion made in Section III, we take td = 0.75 mm and
LaAlO3 as dielectric substrate, with εr = 23.70 and 23.97 at
room and cryogenic temperatures, respectively, and negligible
losses [34]. Other dielectric materials (sapphire and rutile),
with smaller and higher εr than LaAlO3, were considered
in [11], showing that the same qualitative features appear.
Concerning the thin film materials, in order to illustrate two
very different situations, we consider both a normal conductor
(Cu at room temperature) and a superconductor (in zero mag-
netic fields), having real and mainly imaginary resistivities,
respectively. The superconductor resistivity is described by the

Fig. 4. Contour plots for the thin film regime study of Cu at room T .
(a) and (b) Real and imaginary parts of (25). (c) and (d) Real and imaginary
parts of (26). In (a)–(d), the gray/hatched areas denote regions where the
approximation error is in modulus < 0.01 for Zsi and Zsf , respectively. (e)
and (f) Conditions for the application of the Zsi and Zf models; “LHS” stands
for left-handed size.

well-known two-fluid model [43]

1
ρ

=
1
ρn

(T/Tc)α − i
1− (T/Tc)α

µ0ωλ2
0

(27)
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where Tc is the critical temperature below which the material
superconducts, ρn is the normal state (real) resistivity, λ0 is
the zero-temperature London penetration length, and α = 2
gives a reasonable semiquantitative description of real data (we
avoid here more complicated, material–specific expressions).
In order to describe a practical, mainly reactive film, in the
following, we will use this model with material parameters
typical of high-Tc superconductor YBa2Cu3O7−δ (YBCO):
Tc = 92 K, ρn = 1.0 × 10−6 Ω m [44], and λ0 = 150 nm
[43], at T = 77K (liquid nitrogen temperature).

Figs. 4 and 5 are the main results of this section. There,
in (a) and (b), we plot the normalized Re (∆ρa) and Im (∆ρa),
respectively, in terms of isolevel lines for both Zsi (black
dashed thick lines) and Zsf (colored continuous thin lines),
respectively. Values above |0.95| are not reported. Hatched
and gray areas correspond to an approximation error of less
than 0.01 in modulus with respect to Zsi or Zsf, respectively.

Several general aspects can be commented. First, the
hatched/gray regions of the figures identify the parameter
space for the applicability of the simplified models. There the
approximation errors are indeed smaller than the typical 1%–
10% experimental uncertainties (see Section VI). We need to
assess also that the uncertainty on the approximation error is
negligible with respect to the experimental uncertainties. This
can be easily done considering regions (A) and (B) of Fig. 2,
which exemplify that the sensitivity of Rs (and analogously
of Xs) on the substrate properties is vanishingly small.

Second, in the lower left part of Figs. 4 and 5 [(a)–(d)],
it can be seen that the iso-curves referring to Zsi and Zsf super-
impose: in this region of the {ν, ts} plane, the two models
are completely equivalent. Moreover, Zsi and Zsf consistently
provide an underestimate of the correct values. By contrast,
in the upper part of the same figures, the approximation error
by using Zsi remains consistently below 1%, whereas, for Zsf,
it steeply increases.

Third, by comparing the normalized approximation error on
ρ (25), plotted in Fig. 4(a) and (b), to the normalized deviations
on Zs (26), plotted in Fig. 4(c) and (d), it can be seen that for
small values, their isolevel curves superimpose.

Fourth, it can be noted that the parameters ν and ts have
a nontrivial influence, due to the possible resonances of the
substrate, as apparent in the lower right part (high frequency
and small thickness) of Figs. 4 and 5(a)–(d), where the
approximation error due to the simplified models is large.

We now provide a quantification of the conditions for the
applicability of the simplified models: again considering Figs 4
and 5, the left-hand side (LHS) ratios of (13) are plotted in (e)
and those of (18) and (20) in (f). Indeed, it can be seen that
depending on the situations, values 0.2-0.10 for the ratios,
(e) and (f), correspond to negligible approximation errors,
below 1%, (a)–(d). Moreover, (f) shows that the thin film
condition alone (18), which is the most easily evaluated, allows
to locate the hatched (small approximation error) regions, once
the substrate resonances are avoided.

A remark can be made concerning the slopes of the iso-level
curves for a normal metal with respect to a superconductor:
they differ since δ ∝ ν−1/2 for the former and constant λ for
the latter.

Fig. 5. Contour plots with labeled isolevel curves for the thin film regime
study of a superconducting YBa2Cu3O7−δ . Figures as in Fig. 4.

Summarizing, the approximation error that arises from the
use of the simplified expressions instead of the full (6) can
be very large for very thin films, or at low frequency, a result
that is not necessarily intuitive. On the other hand, there is
a wide region of the parameter space where the use of the
extremely simple thin film model of (22) implies an approxi-
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Fig. 6. Comparison of Zeff, Zsi, and Zsf in function of the substrate εr in
a normal conducting (Cu, resistive) thin film. (a) Surface resistance; at low
εr , the simplified expressions reproduce well Reff, and as a general rule, they
overestimate it. (b) Surface reactance.

mation error below 1%, negligible compared to experimental
uncertainties, typically ∼ 1%–10% in cryogenic environments
(see Section VI). Finally, we have shown that the a priori
identification of the {ν, ts} region where simplified models
can be used is not trivial and can often require a careful eval-
uation of the substrate impedance. In particular, the substrate
resonances heavily influence the surface impedance and can
potentially jeopardize the interpretation of the experimental
data. In Section V-B, we focus on the effect of such substrate
resonances.

B. Effect of Substrate Resonances in Thin Films

We now focus on the situation in which the substrate under-
goes resonance phenomena, as those described in Section III
and mentioned in Section V-A. This will allow us to highlight:
1) how much substrate resonances are detrimental to the
extraction of ρ within the thin film model and 2) a specific
feature that will allow us to experimentally validate (6) in such
extreme conditions. To this end, we consider a thin conductive
film over a finite thickness (td = 0.5 mm) layer of SrTiO3,
a ferroelectric material commonly used for substrates, backed
by a metal (structure as in Fig. 1). The dielectric εr changes
severely (by orders of magnitude) with the temperature T , thus
causing with certainty the substrate resonances. For the thin
film, we consider again both the normal conductor and the
superconductor already described in the previous Section V-
A, at fixed thickness ts = 10 nm and fixed frequency ν =
10 GHz. Fig. 6 reports numerical results for Zeff [see (6)]
compared with the expressions Zsi and Zsf for the Cu film
on a dielectric with varying εr. Looking at the real parts
[see (a)], it can be seen that the simplified expressions yield the
same results as the full Zeff at low εr, whereas, by increasing
εr, significant discrepancies arise because of the substrate
resonances. We stress that in this case, the simplified expres-
sions systematically overestimate the surface resistance with
respect to the full expression. The behavior of the imaginary

Fig. 7. Comparison of Zeff, Zsi, and Zsf in function of the substrate εr in
a superconducting (YBCO, mainly reactive) thin film. (a) Surface resistance;
at low εr , the simplified expressions reproduce well Reff, and as a general
rule, they underestimate it. (b) Surface reactance.

part [see (b)] is reported for completeness, but we remark
that the comparison is not particularly meaningful: since ρ
is real, Xsf = 0 and Xsi ∼ 0, and therefore, (14) and (21)
cannot reproduce values different from 0. We now move to the
case of the superconducting (mainly reactive) film. Numerical
results are reported in Fig. 7 with the same εr variation as
for the Cu film. Similar considerations apply: the simplified
models yield the same results as Zeff at low εr, and the largest
discrepancies appear at the substrate resonances. However,
a striking difference emerges, entirely due to the important
reactive contribution to the conductivity: the surface resistance
as calculated by the simplified expressions now systematically
underestimates the results as obtained from the full calculation.
This feature allows for a direct experimental validation (see
Section VII-D) of the results up to now obtained: by increasing
Re(σ) of a superconducting film in the vicinity of a substrate
resonance, one should observe a change from dips to peaks in
its Rs.

VI. EXPERIMENTAL TECHNIQUES

A thorough presentation of the experimental techniques is
given in [45]. We focus here on a very wideband (decades in
frequency) technique, the so-called Corbino disk [28], [46],
[47], and on the single-frequency, high-sensitivity dielectric
resonator technique [48], [49], [50], [51], which can be
extended to a few multiple frequencies in some cases [3],
[52], [53], [54], [55]. The purpose is to highlight the main
uncertainty sources in Zs measurements due to the technique’s
peculiarities.

A. Corbino Disk

In the Corbino disk setup, the flat sample to be measured is
placed as the termination load of a coaxial cable [see Fig. 8(a)].
The measurement of the complex reflection coefficient Γ of
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Fig. 8. Sketch of the experimental setups. (a) Corbino disk setup with a coax-
ial cable terminated on the sample (in green). (b) Cylindrical dielectric-loaded
resonator with one base occupied by the sample (in green).

the impinging TEM wave at the sample location

Γ =
Zs − Zl

Zs + Zl
(28)

straightforwardly yields the sample surface impedance Zs

once the wave impedance of the coaxial line Zl, typically
real, is known.5 Since guided TEM fields are involved,
Zl = Zintr = Z0/(εr)1/2 of the insulating medium of the coax-
ial cable (typically PTFE, εr = 2.22 [32]), and the line
can be operated between d.c. (often limited to 1–2 GHz due
to contact parasitic capacitances) up to the cutoff frequency
of the higher order e.m. modes of the line (a few tens of
GHz). In actual measurements, an important issue concerns the
calibration of the measurement line connecting the instrument
[a vector network analyzer (VNA)] to the sample. Indeed, the
connection line, with scattering (complex) coefficient Sline

ij ,
relates Γ to Γm measured by the VNA [16], [28]

Γm = Sline
11 +

Sline
21 Sline

12 Γ
1− Sline

22 Γ
. (29)

The calibration yielding Sline
ij requires measurements to

be performed with known standards in the same condi-
tions (including the temperature) of the measurements of
interest. This is not always possible at cryogenic tempera-
tures, required, e.g., for measurements on superconductors;
hence, various approximated calibration schemes have been
devised [28], [46], [47], [56], [57], which typically limit the
highest frequency accessible to around 20–30 GHz. In these
schemes, often the a priori known or negligible impedances
of the sample under measurement in particular states (e.g.,
minimum achievable temperatures or superconductors in the
normal state with respect to the superconducting state) are
exploited, and as a consequence, one is often led to focus
on the measurement of surface impedance variations ∆Zs =
Zs(x)−Zs(xr) induced by an external parameter x (e.g., the
temperature T or the magnetic field H), whose reference value
is denoted xr. Absolute quantities, instead of variations only,
can, thus, be recovered if the reference value Zs(xr) can be
evaluated with other means (e.g., by using the Hagens–Rubens
Rs = Xs condition in metals with real ρ or by taking
Zs(T ≪ Tc) ∼ 0 in superconductors). It is worth mentioning
that the real and imaginary parts of ∆Zs mainly depend on
the modulus and the phase of Γm, respectively [28]. Since the

5Equation (28) is written here in terms of wave impedances instead of
characteristic impedance [15]. In the latter case, Zl is commonly 50Ω
or 75Ω, and the impedance extracted from (28) must be corrected by a
geometrical factor taking into account the radii of the coaxial cable.

phase of Γm is very sensitive to small temperature changes of
the properties of the line, when long thermalizations to attain
high enough T stability are not feasible, the accuracy of ∆Xs

is worse than the one on ∆Rs. In the approximated calibration
scheme proposed in [28], [57]

∆Zs =Zs(x)−Zs(xr) ≈ Zl

1− Γ(x)
Γ(xr)

1+ Γ(x)
Γ(xr)

,
Γ(x)
Γ(xr)

≈ Γ̃(x)
Γ̃(xr)

α̃(xr)
α̃(x)

(30)

where Γ̃ denotes the reflection coefficient obtained from
Γm(T ) by inverting (29) with Sline

ij at room temperature Troom
(which would yield a correct Γ only for T = Troom); α̃
represents the residual contribution of the measurement line
(α̃ = 1 in the ideal case T = Troom); and the “≈” signs indicate
that negligible contributions with respect to the dominant
uncertainty terms reported below have been discarded. Thus,
u(∆Zs) arises from u(Γ̃), u(Γ̃(xr)), u (α̃(xr)/α̃(x)), and
u(Zl). The influence of u(Zl) can be avoided by working with
normalized quantities; u(Γ̃) and u(Γ̃r), of the order of 0.01,
can be evaluated from (29), where u(Γm) and u(Sline

ij ) are
obtained from the VNA datasheet [28]; and u(α̃(xr)/α̃(x))
is evaluated in [28] providing a relative uncertainty of the
order of 1%. Hence, u(∆Zs) ∼ 1 Ω when Zs ∼ 100 Ω and
neglecting u(Zl).

B. Electromagnetic Resonators

In resonators, e.m. field (quasi)stationary spatial configu-
rations (resonant modes) can be excited at proper resonant
frequencies. In the surface perturbative approach, the sample
to be measured constitutes one of the limiting conducting
surfaces [see Fig. 8(b)] and contributes to the overall resonator
power dissipation P and (time-averaged) reactive energy stor-
age Wem through its Rs and Xs, respectively. For a given
mode with resonating frequency ν0 and unloaded quality factor
Q = 2πν0Wem/P , the sample Rs and variations of Xs can
be obtained as follows [16], [50], [58]:

Rs + i∆Xs = Gs

(
1
Q
− i2

∆ν0

ν0

)
− background (31)

where the variations are with respect to a reference value;
“background” represents the contributions to Q and ∆ν0 by
the resonator structure, sample excluded; and Gs is a geo-
metrical factor that depends on the resonant mode and can be
either measured with known samples or, more often, computed
analytically or through e.m. simulations. Once coupled to
a microwave line with two ports, the frequency-dependent
transmission coefficient S21 of the resonator is ideally

S21(ν) =
S21(ν0)

1 + 2iQl(ν/ν0 − 1)
(32)

where the loaded quality factor Ql = βQ, with the coupling
factor 0 < β ≪ 1 for small couplings. |S21(ν)|2 is a
Lorentzian bell-shaped curve with center frequency ν0 and
full-width at half-maximum ∆νFWHM = ν0/Ql. Performing a
frequency sweep around ν0, the measured S21(ν) can be fit to
extract Ql and ν0, and the Q is obtained once β is determined
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from the reflection coefficients S11 and S22. Concerning the
accuracy of the measured Rs + i∆Xs, (31) yields [50]

u2(Rs) =
(

Gs

Q

)2
[(

u(Q)
Q

)2

+
(

u(Gs)
Gs

)2
]

(33a)

u2(∆Xs) =

[
2

(
2Gs

ν0

)2 (
u(ν0)

ν0

)2

+ (∆Xs)2
(

u(Gs)
Gs

)2
]

.

(33b)

It is apparent that high Q is desirable for high accuracy on
Rs. As a rough example, taking Gs ∼ 103 and Q ∼ 104 with
a typical u(Q) ∼ 10 − 100 (u(Q)/Q < 1%), one obtains
u(Rs) ∼ 1 mΩ, three orders of magnitude lower than the value
for the Corbino disk technique. Here, many issues have been
neglected, including the resonator background contribution
and the use of uncalibrated microwave lines, unavoidable in
cryogenic environments, which can yield u(Q)/Q up to 2%
[50], [59], [60]. In addition, similar to what happens for the
Corbino technique, accuracy on ∆Xs can be worse than the
one on ∆Rs when temperature variations are involved, for
example, in T -ranges where the dielectric εr varies signifi-
cantly.

High Q is needed also for small u(∆Xs) even though Q
does not explicitly appear in it, as it can be qualitatively6

understood considering that the width of the Lorentzian curve,
whose center yields ν0, is ∝ Q−1.

VII. EXPERIMENTAL SECTION

In this section, we provide some examples of actual
measurements of surface impedance performed on distinct
samples, each belonging to a different regime for the general
expression for Zs reported in (6). The goal is twofold, both to
show real situations in which the various alternative regimes
and subsequent applicable simplified models apply and to
provide study cases of uncertainty evaluation.

A. Bulk Limit Regime

We consider a surface resistance measurement performed
on a bulk Nb3Sn sample at T near its critical temperature Tc,
with no applied magnetic field [61], [62], with a resonator with
ν0 ≃ 14.9 GHz. Measurement results are reported in Fig. 9,
where error bars represent the standard uncertainty, which
is mainly affected by a systematic contribution due to the
uncalibrated cryogenic microwave line [50], [59], [60].

Starting from Rs and assuming the normal state (i.e.,
at T > Tc) resistivity ρn purely real, by means of the bulk
expression (4), one can compute ρn = R2

s/(πνµ0) with
ν = ν0. The uncertainty u(ρn) can be easily evaluated(

u(ρn)
ρn

)2

= 4
(

u(Rs)
Rs

)2

+
(

u(ν0)
ν0

)2

+
(

u(µ0)
µ0

)2

(34)

where u(ν0)/ν0 ∼ 10−6 and u(µ0)/µ0 = 1.5 × 10−10 [17]
can be safely neglected. The obtained ρn = 14.7(15) µΩ cm

6For example, a noise level given by a fraction hn of S21(ν0) would mask
the true maximum position within a ν range ∝ Q−1, yielding u(ν0)/ν0 =
(hn/2)1/2/Q.

Fig. 9. Surface resistance versus T on a bulk Nb3Sn sample at 14.9GHz.

near Tc is in agreement with the literature [63], [64] and, thus,
is consistent with the bulk limit regime.

B. Thin Film Regime

We provide here a measurement example in which the
thin film regime applies, showing a standard data analysis
with the evaluation of the uncertainties. Resistivity values
are extracted with both the full model (6) and the simplified
one (21) and compared, and the conditions for the applicability
of the thin film expressions are analyzed. To validate this
regime in a compelling way, the Zs ∝ t−1

s dependence could
be explored among a set of thin films with different ts,
but the often observed thickness-dependent conductivity [65]
makes this path not viable. Thus, we study instead a material
with a pronounced frequency-dependent ρ(ν): an observed
Zs(ν) ∝ ρ(ν) would validate the thin film regime. To this aim,
we exploit type II superconductors in a magnetic field. In this
case, the frequency dependence of ρ is [22]

ρ(ν) = ρsat
1

1− iνc/ν
(35)

where νc is a characteristic frequency and ρsat a scale factor.
The measurement of a ν-dependent Zs benefits from the
wideband nature of the Corbino disk technique. The latter
is, therefore, used for measurements on Nb [57], [66], [67],
a well-known conventional superconductor, in the form of a
thin film with ts = 40(4) nm and Tc = 6.4(1) K, grown on
an Al2O3 substrate 0.50(3) mm thick [35]. A static magnetic
field µ0H = 0.80 T is applied normally to the film surface.

A preliminary quick check about the applicability conditions
can be straightforwardly done. The d.c. measurements yield
ρn = 13(1) µΩ cm (which sets the scale for ρsat ≤ ρn) and,
thus, the normal state skin depth δn = 1.8 µm at ν = 10GHz,
while λ = 160 nm [68]: once compared with the thickness
ts, condition (18) holds. The sapphire substrate (εr = 9.27(1)
[33]) yields Zd ≃ 124 Ω, which sets the scale for Zs[sub], much
larger than Rn ≃ 3.2 Ω (the resistance exhibited in the normal
state, estimated as Rn ≃ ρn/ts), which sets the scale for Zsf:
hence, conditions (20a) and (20b) are expected to be verified.
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Fig. 10. Full dots: normalized surface impedance versus frequency, at fixed
T = 4.5K and field H = 0.8T, for an Nb thin film, measured with
a Corbino disk setup; error bars represent standard uncertainty; diamonds:
normalized ρ extracted through Zeff expression; continuous black lines:
fits experimental data; and dashed lines: equivalent (see text) bulk surface
impedance. Inset: comparison between numerically computed Zsf and Zeff.

In Fig. 10, the real and imaginary parts of the measured
Zs at T = 4.5 K are reported, normalized to the normal state
resistance Rn = Re(Zs(H∗)) (driving the superconductor in
the normal state by the application of a sufficiently high static
magnetic field µ0H = 1.8T ). The reported Zs is computed
from (30), using as a reference a combination of the zero field
Zs(H = 0) (whose real part is negligible in a superconductor)
and normal state Zs(H∗) [28], [57]. The uncertainty, reported
as error bars, is computed, as discussed in Section VI-A
and [28].

Then, we work within the thin film regime,
Zs(ν) = ρ(ν)/ts (which yields a real Zs(H∗) = Rn = ρn/ts
in the normal state), to check if a fit can be performed
through (35). The fit yields νc = 4.4(1) GHz, which dictates
the frequency-dependent part, and ρsat/ρn = 0.65(1). The
obtained fit is reported as continuous black lines in Fig. 10.
The uncertainties on the fit parameters have been computed
by the fitting Levenberg–Marquardt algorithm [69] receiving
in input the uncertainty on Zs/Rn. As it can be seen, the
frequency dependence is very well captured, thus validating
the thin film regime.

For comparison, the same measured data are analyzed
within the full expression (6), which is numerically solved to
extract ρZeff . To compute also the uncertainty, the numerical
solution of (6) is obtained with Monte Carlo runs, taking into
account all the uncertainties on the measured Zs and all the
additionally needed parameters (ρn, ts, td, εr, and ρm), so that
the normalized ρZeff/ρn and its uncertainty are computed as
means and standard deviations on the runs, respectively. The
results are reported in Fig. 10 as diamonds. A significant result
of this analysis is that both the normalized resistivity and its
uncertainty remain identical in the thin film regime, regardless
of whether they are calculated using the full model Zeff or the
simplified model Zsf . It is, thus, confirmed the feasibility, with
all its advantages, of the use of the simplified model.

Fig. 11. Measurement of the surface resistance versus T for a YBCO thin
film over Silicon substrate at two frequencies (error bars are within dot size).

As an additional check, in Fig. 10, the bulk impedance
computed with the fit ρ, i.e., the impedance that Nb would
exhibit if it were infinitely thick but with the same resistivity,
is reported as dashed lines. It can be seen that the resulting ν
dependence is totally different from the measured one, which,
instead, is correctly described by the thin film model.

As a final check, the fit ρ can be used to numerically com-
pute Zeff [see (6)] (using the nominal values for the substrate
properties) to be compared with the computed Zsf = ρ/ts.
The result, reported in the inset of Fig. 10, shows that Zsf is
indistinguishable from Zeff within the error bars (reported only
in the main figure). Hence, it is confirmed that ∆ρa ≃ ∆Za%,
enabling the use of the latter for a computational fast a
posteriori check on the thin film regime.

C. Substrate Effect Regime

In this section, we provide an example of a surface
impedance measured on a thin film (i.e., having thickness ts
much smaller than the e.m. field penetration depth) in which
the substrate effect is, nevertheless, not negligible, i.e., the
condition |Zs[sub]| ≫ |Zsf| does not hold. A pertinent study
case is given by an YBCO film, 80 nm thick, grown over
a Si substrate ∼ 300 nm thick. With the help of two metal
cavities, operating at ν0a ≃ 23.9 GHz and ν0b ≃ 48.2 GHz,
the sample Zs is measured near Tc [38], [70]. In Fig. 11, the
normalized R(T )/Rn is reported for both frequencies, with
Rn = ρdc(T ≳ Tc)/ts being the normal state resistance that
the sample would have in the thin film limit. As it can be seen,
the resistances are neither equal in the normal state, as it would
happen in the thin film regime, nor scale as (ν0b/ν0a)1/2 =
1.42, as it would happen in the bulk limit. By using the full
expression for Zeff and by properly determining the substrate
impedance, it is possible to reconcile these results. We do not
report the remainder of the analysis, already performed and
available in [38] and [70], since, in Section VII-D, we provide
an even more “dramatic” example of substrate effect, but we
remark here the importance that substrate effects can have in
technologically relevant structures.
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Fig. 12. (a) and (c) Measured Zs versus T near a substrate resonance
in a YBa2Cu3O7−δ thin film grown on a SrTiO3 substrate. In the absence
of an applied magnetic field, an upward peak appears in Rs, accompanied
by an upward step in Xs. With an increased Re(ρ) induced by a strong
magnetic field µ0H = 10T, the peak becomes a valley, and the upward
step transforms into a downward step. Error bars are within dot size. (b) and
(d) Corresponding numerical simulations of Zs (parameters reported in the
text). The calculations reproduce the experimentally observed features.

D. Substrate Resonance Regime

In this section, we provide an experimental example of the
effects predicted by the calculations in Section V-B. We choose
a thin superconducting YBa2Cu3O7−δ film, 100 nm thick,
grown over a ferroelectric SrTiO3 substrate. In order to place
the system near a substrate resonance but with a mainly
reactive thin film, we set T < Tc. We then tune the permittivity
of the substrate by changing T [37], thus measuring the change
in Rs and Xs around the substrate resonance. We expect to
observe a peak in Rs at the substrate resonance. We then apply
a strong magnetic field: hence, an additional contribution,
predominantly resistive in the (10–20)-GHz range [43], [71],
enters the resistivity. In this way, we move the thin film
toward a more resistive behavior while keeping unchanged the
substrate parameters. We then expect to observe a crossover
between the mentioned peak and a dip (or valley) in Rs when
the external field is applied. The surface reactance should
behave consistently and in agreement with the numerical
results. We should remark that the field-induced contribution
is strongly T -dependent, with complicated and still debated

dependences. Thus, the fine details are beyond a quantitative
analysis.

Measurements were performed at 14.9 GHz through a
dielectric-loaded cylindrical resonator used with the surface
perturbation method, briefly recalled in Section VI-B and
extensively described elsewhere [58]. The main differences
here are the frequency and the nontrivial capability of oper-
ation in very high magnetic fields. In Fig. 12(a) and (c),
measurements performed by varying T at two selected field
values (µ0H = 0 T and 10 T) are reported in term of
1/Q ∝ Rs and −2∆ν0/ν0 ∝ ∆Xs (raw data, without
background subtraction are shown). An anomaly is apparent
around 79 K, with the expected behavior: it appears in Rs

as an upward peak for µ0H = 0 T (mostly reactive film)
and a downward valley for µ0H = 10 T (significant resistive
contribution). Consistently, an upward step (with increasing
T ) appears in ∆Xs in zero field, which becomes a downward
step for µ0H = 10T. The peak/step structure, its evolution,
and the different amplitudes with and without the resistive
contribution added to the overall resistivity can be quite well
reproduced by using (6) and (9), the two-fluid model of (27)
with the YBCO parameters reported with Tc = 88 K, εr(T )
as reported previously [37], and a small T -independent real
additive background ∼ 7.7× 10−5. The calculated results are
reported in Fig. 12(b) and (d), as 1/Q and −2∆ν0/ν0 for
homogeneity with the experimental data. Thus, it is confirmed
that a resistive/reactive film exhibits downward/upward sub-
strate resonances in Rs.

VIII. CONCLUSION

In this article, we have explored the problem of the extrac-
tion of microwave complex resistivity from surface impedance
measurements on thin conducting and superconducting films.
We took into account the commonly used simplified models
for the thin film regime illustrating the analytical conditions for
their applicability, discussing the role of the sample geometry
and e.m. properties in determining the measurement uncertain-
ties, and comparing these uncertainties with the quantification
provided by the analytical conditions themselves. In particular,
we have shown that the use of simplified models finds, in gen-
eral, a set of ranges of frequency and film thickness where
the approximation error, is below 1%, with respect to the use
of the full expression. This holds true also in the potentially
critical case of superconducting films, where the conductivity
is mainly imaginary. We have compared these values with
the uncertainties arising from the measurement itself, typically
∼ 1% and up to ∼ 10% within cryogenic environments, due to
their specific issues related to the calibration of the microwave
line.

We have then extensively validated the models by presenting
several examples of real measurements, chosen as applica-
tion cases for the various discussed regimes for the surface
impedance. In particular, we have reported compelling exam-
ples where the thin film model, with its simplicity, accurately
describes the experimental findings, providing a throughout
data analysis in which the full and simplified models have been
compared both in terms of the measurand and its uncertainty.
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