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Abstract

In the last decades, a wide range of methods have been proposed for the anal-
ysis of compliant mechanisms. In this investigation, the theory of the ellipse of
elasticity is tailored to the linear kinetostatic analysis of flexible systems. The
proposed approach exploits the antiprojective polarity transformations of the
conic associated to the generic two-port elastic suspension. According to the
presented method, the elastostatic features of flexible elements with complex ge-
ometries, and of compliant mechanisms with serial, parallel, and hybrid topolo-
gies can be represented by a unique geometric entity. As a consequence, the
deflection analysis problem is reduced to a geometric problem with a straight-
forward solution. A specific procedure is developed both at the element and at
the mechanism levels, to completely describe field of displacements and loads
distribution in the elastic suspension. The application of the method is exem-
plified considering the analysis of different flexures and of a compliant four-bar
linkage.
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1. Introduction

In the last decades, compliant mechanisms have been implemented across a
variety of applications with a significant growth. In fact, their implementation
determines reduction of wear, backlash, lubrication, fabrication time, costs, and
compatibility to MEMS-based technologies [1, 2].5

Many applications can be found in the areas of precision machining and
manufacturing [3, 4], robotics [5, 6], aerospace [7, 8], surgery [9, 10], optics [11,
12], MEMS [13–16], imprint lithography [17, 18] and micropositioning [19–21]
systems. In the mechanics field, compliant systems are widely implemented from
the design of the single joint [22–25] to the definition of complex mechanisms,10

such as constant-force [26–28], multi-stable [29, 30], or origami [31, 32] devices.
This increasing trend in terms of applications resulted in a wide range of

analytical procedures and design strategies for modeling the deflections of the
compliant systems [33]. An initial classification of the various approaches gener-
ally considers the deflections amplitude, distinguishing between small and large15

deflections. In each category, suitable for the resolution of different static prob-
lems, many efforts have been done to develop methods of analysis both at the
element level and at the mechanism level [34]. Details regarding the methods fo-
cused on large deflections, such as elliptic integral solutions [1, 35], pseudo-rigid
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body models [36, 37], beam and chained beam constraint models [38, 39], can20

be found in Ref. [40]. In the following, essential notions and recent advances on
the methods that fall in the small deflections category are briefly summarized
and reviewed.

At the element level, elastic beam theory has been widely implemented to
determine analytical formulations describing the characteristics of the deforma-25

tion. However, the solution of the differential equation of the elastic line may be
not trivial for complex geometries, loads and boundary conditions, for example
in case of initial curvature and non-uniform cross-sections [41, 42]. Castigliano’s
theorems have proved to be a useful tools for the analysis of non uniform flexures,
such as corner-filleted, elliptic, and hyperbolic flexures [43–45], or other geome-30

tries [46–48]. The method leads to the determination of closed-form compliance
equations. As for the beam theory, the drawback lies on the determination
and solution of the energy equations in case of complex problem. The principle
of complementary virtual work has been also applied to the deflections analy-
sis, leading to the complementary virtual work, virtual load, or Maxwell–Mohr35

methods. In case of linearly elastic materials, the application of this principle
is sometimes called method of the virtual work [49]. Belonging to this group,
the unit load method [50] was applied to obtain the compliance matrix of flex-
ure hinges [51]. Some efforts have also been made towards the development of
generalized [52, 53] or unified [54] compliance models for conic flexures. Finite40

element analysis was implemented to determine empirical equations for predict-
ing the compliance characteristics of the flexures over large ranges of geometric
parameters [55–57]. In other studies, FEA was applied to assess the predictions
of the analytical models [58, 59]. However, FEA not always provides an easy
identification of the parameters playing a significant role in the deflections, and45

results depend on the number of elements [60].
Considerable efforts have been made to model small deflections at the mecha-

nism level [61–64]. In this case, the modeling difficulties arise from the kinematic
structure of the mechanism. In fact, serial, parallel, and hybrid configurations
have been designed to satisfy stiffness, range of motion, mechanical advantage,50

or amplification ratio requirements [65–69]. The methods described at the ele-
ment level have been also implemented for the analysis at the mechanism level.
For example, beam theory was considered in bridge-type [70–72] and paral-
lel guiding [73, 74] mechanisms. Castigliano’s theorem was employed for the
analysis of grasping [66, 75], nanopositioning [67, 76], amplification [77, 78],55

and pointing [79] mechanisms. The analytical formulations obtained with beam
theory and Castigliano’s theorem have the advantage of giving insight into the
deflection problem, but the internal actions analysis can get complicated in
complex geometries or configurations [34]. The applicability to a wide range
of kinematic chains is the advantage of the finite element method [80, 81] but,60

as for the element level, its implementation could be time-consuming and re-
sults depend on the mesh quality. The compliance matrix method, based on
the compliance and stiffness summation of the elements, demonstrated to be a
valid tool for the deflection analysis [65, 82–84]. For example, it was applied for
modeling parallel [85], XY micropositioning [86, 87], and displacement amplifier65
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[88] mechanisms. With respect to beam theory and Castigliano’s theorem, the
compliant matrix method does not require the analysis of the internal actions.
However, the output displacement coordinate frame is generally coincident to
the input force coordinate frame, condition that is referred to as single-point
[89]. Furthermore, a detailed displacements analysis requires an additional in-70

verse kinematics step [90] and the modeling procedure becomes complicated in
case of multiple actuation forces [34, 91].

Recently, some investigations approached the deflection analysis problem
giving more focus on the kinematic aspect, by considering the position of the pole
of the displacements. This pole characterizes the rigid displacements consequent75

to the deflections of the flexible elements [92–94].
In case of linear deflections, it is possible to introduce a fundamental conic

section associated to inextensible, shear-rigid, flexible elements. This conic, de-
fined ellipse of elasticity, represents an antiprojective polarity transformation
between the pole of the displacements and the line of action of the force that80

causes the deflection. The ellipse of elasticity theory was firstly introduced by
Karl Culmann [95] and systematically presented by Wilhelm Ritter, his student
and successor [96]. This theory had a significant impact and led to the pub-
lication of many studies and handbooks, despite the difficulties related to the
extensive usage of projective geometry [97]. More recently, the theory has been85

recalled in structural analysis investigations [98–100].
In this paper, the ellipse of elasticity theory is applied to the analysis of com-

pliant mechanisms. To the authors knowledge, no prior studies have considered
this approach in the compliant mechanisms field. A structured procedure is
developed for a comprehensive analysis both at the element level, in case non90

trivial geometries, and at the mechanism level, in case of parallel, serial or hybrid
chains.

The main advantage of the developed approach consists of reducing the de-
flection analysis problem into a geometric problem, and not into an analytical or
numerical one. In fact, deflection analysis can become difficult to solve even for95

the simplest topologies, whereas the antiprojective polarity properties guarantee
a straightforward solution of the geometric problem. Because of the properties
of the antiprojective polarity transformation, the ellipse of elasticity represents
both the linear compliance function and its inverse, that is the stiffness function.
Therefore, both the forward and inverse kinetostatic problems can be geometri-100

cally solved, avoiding further geometrical, analytical or numerical steps as, for
example, matrix inversions.

More in detail, the key-features of the ellipse of elasticity method are sum-
marized as follows.

� Generality. The theory can be applied to elastic elements with variable105

curvature and variable flexural rigidity, and to compliant mechanisms with
any topology. The elastic problem is always reduced to a geometric problem.

� Kinematic insight. For the specific load condition, the procedure determines
the pole of the displacements of the output link with respect to the frame
link. Moreover, all the poles of the displacements of the mechanism links,110
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relative and absolute, can be determined by implementing a back analysis.
Therefore, the general displacements field of the mechanism can be deter-
mined.

� Load independency. The ellipse of elasticity is not dependent on the load con-
dition. As a consequence, the displacements due to any combined load can115

be determined by solving a geometric problem, avoiding the re-calculation
of the ellipse.

� Multiple-point condition. Because of the previous features, the model over-
comes the restriction of the single-point condition. This means that the
load-displacement relation can be evaluated for any input and output points,120

not only in case of coincident points.

� Non-singularity. The load-displacement relation can be evaluated in the
particular cases of improper pole of displacements, i.e. pure translations,
and of improper line of action, i.e. pure moments.

The remainder of the manuscript is organized as follows. Section 2 intro-125

duces the background on projective geometry, that is the base for the application
of the theory of the ellipse of elasticity, described in Section 3. Section 4 focuses
on the determination of the ellipse parameters for the elastic element, whereas
Section 5 describes the implementation of the theory for the analysis of com-
pliant mechanisms characterized by serial, parallel or hybrid kinematic chains.130

Some examples of the theory implementation are reported at the element level
in Section 6, and at the mechanism level in Section 7. Finally, conclusions are
presented in Section 8.

2. Projective geometry background

In this Section, the theoretical basis and the fundamental properties under-135

lying the ellipse of elasticty theory are briefly recalled.

2.1. Antiprojective polarity

Every non-degenerate conic section defines a bijective correspondence be-
tween the dual sets of points and lines of the projective plane PR2, defined as
polarity. In particular, the polarity defined by imaginary ellipses is equivalent140

to a bijection associated to real ellipses, defined as antiprojective polarity, ac-
cording to which lines and points become antipolars and antipoles, respectively
[101].

With respect to the real ellipse, the properties of the antiprojective polarity
transformation can be summarized as follows.145

1. External antipolars correspond to internal antipoles.

With reference to Fig. 1, A0 and B0 are two points belonging to the line
p. From A0, it is possible to draw two lines tangent to the ellipse at the
points A1 and A2. Analogously, B1 and B2 are the tangent points of the
lines passing through B0. The line segments A1A2 and B1B2 intersect at150

5



P ′. The point P , symmetric of P ′ with respect to the ellipse center, is the
antipole of p.

A0

A1

A2

B0

B1

B2 P ′

P

C

p

Figure 1: Antiprojective polarity transformation between an external line and an internal
antipole.

2. Secant antipolars correspond to external antipoles.

With reference to Fig. 2, the line p intersects the ellipse at the points A
and B. The tangents to the ellipse at A and B intersect at the point P ′.155

The point P , symmetric of P ′ with respect to the ellipse center, is the
antipole of p.

B

A

P ′

C

P

p

Figure 2: Antiprojective polarity transformation between a secant line and external antipole.
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3. Tangent antipolars correspond to antipoles belonging to the conic.

With reference to Fig. 3, the line p intersects the ellipse at the point P ′.
The point P , symmetric of P ′ with respect to the ellipse center, is the160

antipole of p.

C

P ′

P

p

Figure 3: Antiprojective polarity transformation between a tangent line of action and antipole
belonging to the ellipse.

4. Antipolar at infinity corresponds to its center; With reference to Fig. 4,
the line p is the improper line at infinity. The antipole P coincides with
the center of the ellipse C.
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C ≡ P

r∞ ≡ p

Figure 4: Antiprojective polarity transformation between a line of action at infinity and pole
on the center of the ellipse.

5. Antipolars passing through its center correspond to antipoles at infinity.165

Figure 5 shows a particular secant line, passing through the center C. In
this case, p is defined as a diameter of the ellipse. The tangents ta and tb to
the ellipse at the points A and B, respectively, intersect at the antipole P
at infinity. The line q, parallel to ta and tb and passing through C, is also
a diameter. In particular, p and q are defined conjugate diameters [101].170

It is worth noting that, only in the particular case of diameter coincident
to an ellipse axis, the tangents are perpendicular to the axis.

8



C

P → ∞

p
B

A

q

ta tb

Figure 5: Antiprojective polarity transformation between a line passing through the ellipse
center and antipole at infinity.

2.2. Common conjugate diameters

Every two ellipses have one pair of conjugate diameters in common. With-
out loss of generality, the graphical determination of the pair is based on the175

assumption that the two ellipses are concentric and intersect to each other in
four points [102]. With reference to Fig. 6, the two concentric ellipses intersect
in A, B, C, and D. The opposite sides of the parallelogram ABCD are parallel
to the common conjugate diameters d′ and d′′ .

A

B

C

D

d′

d′′

Figure 6: Common chords and conjugate diameters of two ellipses.

9



3. The ellipse of elasticity theory180

The antiprojective polarity transformation, as described in Section 2, can
be applied to the analysis of a planar two-port systems composed of two rigid
bodies cennected by an elastic suspension. Generally, the suspension can be
composed of a single element or of a complex arrangement of flexible and rigid
bodies.185

C

p

i

j

Ri

Rj

Pji

eji

Eji, w

Figure 7: Antiprojective polarity transformation and ellipse of elasticity associated to the
elastic suspension eji.

Figure 7 shows the free-body diagram of a generic two-port system. The
loads acting on the bodies can be replaced by a statically equivalent system
consisting of the resultants Ri and Rj , with line of action p. As represented
in the figure, resultants are applied to the end sections of the elastic element,
directly or by means of a rigid connection.190

Since the deflections belongs to the plane, the relative displacement of the
rigid bodies can be represented as a rotation with respect to the pole of the dis-
placement Pji [103]. Under the assumption of small deflections, lines of action
and poles of the displacement establish an antiprojective polarity transforma-
tion, according to the Maxwell’s reciprocity theorem [95, 100].195

The adoption of a projective geometrical model and the closure at infinity
of the affine plane define a comprehensive approach to formulate the planar
problem. More specifically, pure moments, associated to the improper line of
action, determine displacements whose poles are coincident to the center of the
ellipse of elasticity. Analogously, resultants associated to lines of action through200

the center of the ellipse, determine pure translations, that are displacements
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whose poles lie at infinity. The translation is parallel to the resultant direction
only when the line of action overlaps one of the ellipse axis, as explained in
Section 2.

To completely characterize the planar elastic problem, the projective geo-205

metrical model must be integrated with information regarding the elastostatic
features of the flexible element. This information is conveyed by the elastic
weight w, a scalar parameter with the physical meaning of a rotational compli-
ance. This parameter can be defined through the relation

θ = wM , (1)

where θ is the relative rotation of the bodies determined by the moment M210

evaluated at the center of the ellipse. The elastic weight determines also the
translational compliances λ1 and λ2 along the directions of the ellipse axes, as

λ1 = wb2 , (2)

λ2 = wa2 , (3)

where a and b are the lengths of the semi-axes. Therefore, each ellipse semi-axis
length represents the compliance along its perpendicular direction.

R

R1

R2 P1

P2

C

q

p

p2

p1

p̂q

θ

δ1

H

a

b

Figure 8: General compliances of translation.

The physical meaning of eqns. (2), (3) can be explained by making use of215

the antiprojective properties described in Section 2.1. With reference to Fig. 8,
resultant R is decomposed in two forces with equal magnitudes R1 = R2 = R/2.
The lines of action of R1 and R2, that are p1 and p2, are parallel and tangent
to the ellipse in P2 and P1, respectively. Points P1 and P2 lie on q, that is the
conjugate diameter of p. For the antiprojective transformation properties, R1220

determines a rotation θ about P1. Consequently, the displacement δ1 of a point
initially coincident to C is perpendicular to q and equal to

δ1 = θ P1C . (4)
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By making use of eqn. (1), eqn. (4) becomes

δ1 = wR1 HC P1C . (5)

Since
HC = P2C sin p̂q = P1C sin p̂q , (6)

it follows225

δ1 = wR1 P1C
2
sin p̂q . (7)

Analogously, R2 determines a displacement δ2 equal to

δ2 = wR2 P2C
2
sin p̂q . (8)

For the superposition principle, it follows

δ

R
=

δ1 + δ2
R

= w P1C
2
sin p̂q = w P2C

2
sin p̂q . (9)

If p overlaps the ellipse semi-axis a1, p̂q = π/2 and eqn. (9) becomes

δ

R
= λ1 = w b2 . (10)

Analogously, if p overlaps the ellipse semi-axis a2 it follows

δ

R
= λ2 = w a2 . (11)

According to the previous relations, the geometrical model based on the antipro-230

jective polarity transformation becomes a mechanical model able to describe the
linear kinetostatic behavior of the two-port elastic suspension.

As stated above, the theory considers the resultant acting on the body. As
a consequence, generic combined loads, composed of a force and of a moment,
can be reduced to a force with a defined line of action (proper line) or to a pure235

moment (improper line).

4. Analysis at the element level

Generally, at the element level, the elastic suspension is composed of a beam
with variable curvature and variable cross-section. Sections are rigid, plane, and
remain plane as the beam undergoes the deformation.240

As demonstrated in Refs. [104, 105], the ellipse of elasticity of the beam corre-
sponds to the central ellipse of inertia of its compliance distribution. Therefore,
the ellipse of elasticity can be defined by exploiting the geometry of masses
theory, from the zeroth-order to the second-order moments, provided that the
mass distribution is replaced by the compliance distribution of the element.245

Figure 9 shows an initially-curved cantilever beam, with length l, fixed at
the origin of the reference frame {Oxy}. The elastic line is described by means
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of an arc-length coordinate system with arc-length parameter s ∈ [0, l].

x

y

s

φ

θ0

θ0(s)

θ

θ(s)

φ(s)

O

B

Figure 9: Arc-length coordinate system.

The Euler-Bernoulli beam equation reads

dφ

ds
=

1

r(s)
+ c(s)M(s) , (12)

where dφ/ds is the rate of change of the section orientation along the beam,250

r(s) is the radius of curvature in the non-deflected configuration, and M(s)
is the internal bending moment. The term c(s), representing the compliance
distribution, can be written as

c(s) =
1

E(s)I(s)
, (13)

where E(s) is the Young’s modulus and I(s) is the moment of inertia of the
cross section with respect to the bending axis.255

According to Section 1, the elastic weight w can be defined by considering
the rotation produced by a pure moment at the free-end section. By separating
variables and integrating, eqn. (12) becomes∫ ϕ

0

dφ =

∫ l

0

1

r(s)
ds+M

∫ l

0

c(s)ds , (14)

or
ϕ = θ0 + θ , (15)

where θ0 is the orientation of the free-end section in the undeformed configura-260

tion, and

θ = M

∫ l

0

c(s)ds (16)
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is the rotation of the end-section produced by M . By comparing eqn. (1) and
eqn. (16), it follows

w =

∫ l

0

c(s)ds . (17)

From a mathematical point of view, the elastic weigth w can be understood
as the zeroth-order moment of the function c(s), that is a compliance line dis-265

tribution. Following this approach, it is possible to exploit the higher-order
measures related to the function c(s). In particular, the first-order moments of
c(s) with respect to the x- and y-axes are

Sx =

∫ l

0

c(s)y(s)ds and (18)

Sy =

∫ l

0

c(s)x(s)ds , (19)

respectively. The position of the baricenter C of the distribution can be obtained
as270

xc =
Sy

w
, (20)

yc =
Sx

w
. (21)

The point C ≡ (xc, yc) is the center of the distribution and the center of the
ellipse of elasticity.

Knowing the position of C, it is possible to introduce the central reference
frame {Cx0y0} with origin in C and axis x0 and y0 parallel to x and y, respec-
tively. The second-order moments of the compliance distribution with respect275

to the new frame, that are central second-order moments, are given by

Sx0x0
=

∫ l

0

c(s) y2
0(s) ds , (22)

Sy0y0 =

∫ l

0

c(s)x2
0(s) ds , (23)

Sx0y0 =

∫ l

0

c(s)x0(s) y0(s) ds , (24)

and can be arranged in a 2× 2 symmetric matrix, as

S0 =

[
Sx0x0

−Sx0y0

−Sx0y0 Sy0y0

]
. (25)

Generally, the second-order moments can be calculated in a reference frame
{Cξη} that is rotated of the angle α with respect to the frame {Cx0y0}. In
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particular, if280

α =
1

2
arctan

2Sx0y0

Sy0y0 − Sx0x0

, (26)

the central second-order moments become principal second-order moments, and
their corresponding matrix is

Sα =

[
Sξξ 0
0 Sηη

]
, (27)

where Sξξ and Sηη represent the minimum and maximum values of the moments
with respect to α.

Finally, the moments Sξξ and Sηη are related to the semi-axes lengths as285

aξ =

√
Sηη

w
, (28)

aη =

√
Sξξ

w
. (29)

By comparing eqns.(28) and (29) with (2) and (3), respectively, it follows that
Sξξ and Sηη represent the principal translational compliances along the axes ξ
and η, respectively.

Equations (17), (20), (21), (26), (28) and (29) define elastic weight, center
position, semi-axes orientation and semi-axes lengths of the ellipse of elasticity290

associated to the beam. Therefore, the ellipse results to be completely delin-
eated.

Some examples of determination of the ellipses of elasticity at the element
level are reported in Section 6.

5. Analysis at the mechanism level295

At the mechanism level, the elastic suspension is composed of sets of rigid
bodies connected by means of elastic elements in series, parallel, or hybrid ar-
rangements. In this case, the ellipse of elasticity of the two-port system can be
obtained as subsequent composition of ellipses defined by the topology of the
arrangement, as explained in the next sub-sections.300

5.1. Serial composition of ellipses of elasticity

Figure 10 shows a series arrangement composed of the elastic suspensions
eki, ejk, and of the rigid bodies i, k, and j. The ellipse of elasticity of the series
arrangement EΣ can be obtained from the ellipses Eki and Ejk by exploiting
the geometry of masses theory, according to the correspondence described in305

Section 4 .
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k

j

i

eki ejk

Eki, wki

Ejk, wjk

ê1ê2

r

Σ

Cki

Cjk

EΣ, wΣ = wjk + wki

Figure 10: Serial composition of ellipses of elasticity.

Firstly, the resultant elastic weight wΣ, that is the zeroth-order moment
of the total compliance distribution, is given by the sum of the zeroth-order
moments of the partial distributions, that corresponds to their elastic weights.
Therefore,310

wΣ = wjk + wki . (30)

The center Σ of the total compliance distribution is the center of the ellipse of
the series arrangement. According to the definition of center of the distribution,
the sum of the first-order moments of the elastic weights, with respect to any
axis passing through Σ, must be equal to zero, i.e.

whiCkiΣ = wjhCjhΣ , (31)

provided that the elastic weights wki and wjk are concentrated in the centers315

Cki and Cjk of the ellipses Eki and Ejk, respectively. From eqn. 31, the center
Σ, that lies on the line r passing through Cki and Cjk, can be found as

CkiΣ

CjkΣ
=

wjk

wki

. (32)

Analogously to the element level, orientation and lengths of the ellipse semi-
axes depend on the central second-order moments of the two distributions. In
particular, by considering the directions defined by the unit vectors ê1 ∥ r320

and ê2 ⊥ r, the matrix S0,Σ of the central second-order moments of the serial
arrangement reads

S0,Σ = S0,ki + S0,jk +

[
0 0

0 wkiCkiΣ
2

+ wjkCjkΣ
2

]
, (33)
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where S0,ki and S0,jk are the matrices of the central second-order moments of
the partial distributions eki and ejk, respectively. According to the Huygens-

Steiner’s theorem, the entry
(
wkiCkiΣ

2

+ whiCjkΣ
2)

represents the second-325

order moments with respect to the perpendicular to r passing through Σ, pro-
vided that wki and wjk are located on the centers Cki and Cjk, respectively.

With reference to eqns. (26), (27), matrix S0,Σ can be calculated with respect
to the principal reference frame {Σξη}, defined by the angle α, as

Sα,Σ =

[
Sξξ 0
0 Sηη

]
. (34)

Finally, the semiaxes lengths can also be calculated by means of eqns. (28), (29),330

as

aξ =

√
Sηη

wΣ

, (35)

aη =

√
Sξξ

wΣ

. (36)

From the elastic weight wΣ (Eq. (30)), the position of the ellipse center
Σ (Eq. (32)), semi-axes orientation α, and the semi-axes lengths (Eqs. (35)
and (36)), the ellipse of the serial arrangement is completely defined. The
composition of the ellipses of elasticity is implemented for the analysis of a335

closed-chain compliant mechanism in Section 7.

5.2. Parallel composition of ellipses of elasticity

Figure 11 shows a parallel arrangement composed of the elastic suspensions
e1, e2, and of the rigid bodies i and j. The ellipse of elasticity of the paral-
lel arrangement EΠ can be obtained from the ellipses E1 and E2 by exploiting340

the properties of semi-diameters and common conjugate diameters described in
Section 2. The unit vectors p̂ and q̂ define the common conjugate diameters
(p1, q1) and (p2, q2) of the ellipses E1 and E2, respectively. The unit vectors
define also the conjugate semi-diameters (dp1 , dq1) and (dp2 , dq2) of E1 and E2,
respectively.345
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E1, w1
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Figure 11: Parallel arrangement

To define the ellipse of the parallel arrangement, two unit translations of the
body j with respect to the body i must be considered.
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p0

p1

p2

q̂

δ⊥q

Q1
Q2

Fp1

Fp2

Fp

(a) First unit translation.

δ⊥p

p̂

Fq1 Fq2Fq

P1

P2

q1

q2
q0

Π

(b) Second unit translation

Figure 12: Unit translations along common conjugate directions to define the center of the
parallel ellipse.

With reference to Fig. 12a, the first translation δ⊥q occurs in the direction
perpendicular to q. For the antiprojective properties, δ⊥q is determined by the
system composed of the forces Fp1 on p1 and Fp2 on p2. According to eqn. (9)350

the magnitudes of the forces are

Fp1 =
1

w1d
2

q1
sin p̂q

, (37)

Fp2 =
1

w2d
2

q2
sin p̂q

. (38)
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The system resultant Fp is parallel to p̂ and its line of action p0 is given by

C1Q1

C2Q2

=
Fp2

Fp1

, (39)

where C1 and C2 are the centers of the ellipses E1 and E2, respectively, and Q1

and Q2 are the intersection points of p0 with q1 and q2, respectively. Equa-
tion (39) can be rewritten in terms of the elastic weights and of the geometric355

parameters of the ellipses by substituting Eq. (37) and Eq. (38) in Eq. (39),
obtaining

C1Q1

C2Q2

=
w1d

2

q1

w2d
2

q2

. (40)

Analogously, with reference to Fig. 12b, the second translation δ⊥p is de-
termined by the system composed of the forces Fq1 on q1 and Fq2 on q2, with
magnitudes360

Fq1 =
1

w1d
2

p1
sin p̂q

, (41)

Fq2 =
1

w2d
2

p2
sin p̂q

. (42)

The system resultant Fq is parallel to q̂ and its line of action q0 is given by

C1P1

C2P2

=
w1d

2

p1

w2d
2

p2

, (43)

where P1 and P2 are the intersection points of q0 with p1 and p2, respectively.
Lines p0 and q0 intersect at point Π, that is the center of the ellipse associated

to the parallel arrangement. In fact, p0 and q0 are lines of action of forces
determining pure translations, as recalled in point (5) of Section 2.365

From eqn. (9), it follows

Fp

δ⊥q

=
1

w1d
2

q1
sin p̂q

+
1

w2d
2

q2
sin p̂q

, (44)

Fq

δ⊥p

=
1

w1d
2

p1
sin p̂q

+
1

w2d
2

p2
sin p̂q

. (45)

A translational stiffness matrix K can be built by considering a reference
frame {Oxy}, where ê1 ≡ p̂ ∥ p and ê2 ⊥ p are the unit vectors associated to
the x- and y-axes, respectively, and O can be any proper point. In this frame,
the translational displacement370

δ =

{
δ⊥q sin p̂q

δ⊥p − δ⊥q cos p̂q

}
(46)
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is determined by the force

F =

{
Fp + Fq cos p̂q

Fq sin p̂q

}
. (47)

By subtituting Eqs. (44) to (46) in Eq. (47), it follows

F = Kδ , (48)

where

K =


(

1

w1d
2
p1

+ 1

w2d
2
p2

) (
1

w1d
2
p1

+ 1

w2d
2
p2

)
cot p̂q(

1

w1d
2
p1

+ 1

w2d
2
p2

)
cot p̂q

(
1

w1d
2
p1

+ 1

w2d
2
p2

)
cot2 p̂q +

(
1

w1d
2
q1

+ 1

w2d
2
q2

)
1

sin2 p̂q

 .

(49)
With reference to eqns. (26), (27), matrix K can be calculated with respect

to the principal reference frame {Oξη}, defined by the angle α, as375

Kα =

[
1
λξ

0

0 1
λη

]
, (50)

where the diagonal entries represent the principal translational stiffnesses.
Regarding the ellipse, the semi-axes lengths can be obtained as

aξ =

√
λη

wΠ

, (51)

aη =

√
λξ

wΠ

. (52)

The elastic weight wΠ can be calculated by considering a unit rotation about
Π of the body j with respect to the body i. According to Eq. (1), the rotation
is produced by the pure moment, applied on j,380

M0 =
θ0
wΠ

=
1

wΠ

. (53)

With reference to Fig. 13, M0 results from the couple of forces F1, acting on e1
with line of action r1, and F2, acting on e2 with line of action r2 parallel to r1.

Line r1, that intersects the diameters p1 in point P ′
1 and q1 in Q′

1, is the
antipolar of Π with respect to the ellipse E1. Because of the antiprojective
polarity properties, it follows385

P ′
1C1 · C1P1 = d

2

p1
, Q′

1C1 · C1Q1 = d
2

q1
. (54)

Analogously, line r2, that intersects the p2 in P ′
2 and q2 in Q′

2, is the antipolar
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of Π with respect to E2, and

P ′
2C2 · C2P2 = d

2

p2
, Q′

2C2 · C2Q2 = d
2

q2
. (55)

Π

Q′
1

Q′
2

P1

P2

Q1
Q2

P ′
2

P ′
1

F1

F2

r1

r2

Fp

Fq

C1

C2

EΠ, wΠ

Figure 13: Graphical construction for the determination of the elastic weight of the parallel
arrangement.

Because of the parallel arrangement, each force produces the same rotation
θ0. Therefore

M1 =
θ0
w1

=
1

w1

, (56)

M2 =
θ0
w2

=
1

w2

, (57)

where M1 is the moment of F1 with respect to C1, and M2 is the moment of F2390

with respect to C2.
The moment M1 can be expressed as

M1 = Fp sin p̂q P ′
1C1 , or (58)

M1 = Fq sin p̂q Q′
1C1 , (59)

where Fp and Fq are the components of F1 along p and q, respectively. However,
the force F1 can be transformed into the equivalent system composed of M1 and
the force F′

1, whose line of action r′1 is parallel to r1 and passing through C1.395
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With respect to Π, F′
1 produces the moment

M ′
1 = Fp sin p̂q C1P1 + Fq sin p̂q C1Q1 . (60)

By substituting Eqs. (54), (56), (58) and (59) in Eq. (60), it follows

M ′
1 =

1

w1

(
C1P1

2

d2

p1

+
C1Q1

2

d2

q1

)
. (61)

Following an analogous reasoning, the force F2 can be transformed into M2 and
F′

2, whose line of action r′2 is parallel to r2 and passing through C2, producing

M ′
2 =

(
C2P2

2

d2

p2

+
C2Q2

2

d2

q2

)
. (62)

For the equilibrium condition in Π, it follows400

M0 = (M1 +M ′
1) + (M2 +M ′

2). (63)

By substituting Eqs. (53), (56), (57), (61) and (62) in Eq. (63), it follows

1

wΠ

=
1

w1

(
1 +

C1P1

2

d2

p1

+
C1Q1

2

d2

q1

)
+

1

w2

(
1 +

C2P2

2

d2

p2

+
C2Q2

2

d2

q2

)
. (64)

From the elastic weight wΠ (Eq. (64)), the position of the ellipse center Π
(Eqs. (39) and (40)), the orientation α, and the semi-axes lengths (Eqs. (51)
and (52)), the ellipse of the parallel arrangement is completely defined. As for
the series case, the parallel composition of the ellipses of elasticity is imple-405

mented in Section 7.

6. Applications at the element level

In this Section, the ellipse of elasticity theory is applied at the element level
to the analyses of uniform beams with initial constant curvature and of variable
cross-section beams with straight axis.410

6.1. Constant-curvature flexure
The elastic element under study is a uniform, constant-curvature beam with

radius r, subtending the angle 2θ, with flexural rigidity EI. With reference
to Fig. 14, the reference frame Oxy has origin on the arc center and x-axis
coincident to the beam axis of symmetry.415

6.1.1. Determination of the ellipse of elasticity

According to eqn. (14), the elastic weight of the element is immediately
obtained as

w =
2rθ

EI
.
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O x
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Figure 14: Slender circular beam.

The ellipse of elasticity can be computed by exploiting the symmetry of the
element. According to the properties described in Section 4, the center of the
ellipse lies on the axis of symmetry, which is also one of the principal directions.

The parametric equations of the arc DB read420

x = r cos(α)
y = r sin(α)

, 0 ≤ α ≤ θ , (65)

hence the abscissa of the center of the ellipse can be determined by making use
of eqns. (19),(20), as

xC =
1

w

2

EI

∫ θ

0

r2 cos(α)dα = r
sin(θ)

θ
.

The principal second-order moments, according to eqns. (22),(23), read

Sxx =
2

EI

∫ θ

0

[r sin(α)]
2
rdα =

r3

EI

(
θ − 1

2
sin(2θ)

)
, (66)

Syy =
2

EI

∫ θ

0

[r cos(α)− xC ]
2
rdα =

r3

EI

(
cos(2θ)− 1

θ
+

sin(2θ)

2
+ θ

)
. (67)

Finally, the squared semi-axes of the ellipses can be obtained considering eqns. (28),(29)
as425

a2 =
r2

2

(
1− sin(2θ)

2θ

)
, (68)

b2 = r2 − (x2
C + a2) . (69)

It is worth noting that straight beams can be treated as a particular case of
constant-curvature beams with curvature tending to zero. For θ → 0, eqns. (68),(69),
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become

a2 = l2 lim
θ→0

(
2θ − sin(2θ)

16θ3

)
=

l2

12
, (70)

b2 = l2 lim
θ→0

(
θ2 − sin(θ)2

4θ4

)
− l2

12
= 0 . (71)

Therefore, the ellipse of elasticity degenerates in a segment having length 2a,
with a = l

√
3/6.430

The ellipses of elasticity of various beams with same unit length and different
curvatures are shown in Fig. 15.
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Figure 15: Ellipses of elasticity for slender arcs of same lengths and different curvatures.

Straight and initially-curved elements are implemented as element flexures
in a planar compliant mechanism in the next sub-section.

6.1.2. Kinetostatic analysis435

As an example of application at the element level , the beam and its corre-
sponding ellipse of elasticity reported in Fig. 17 are considered.

More specifically, the axis radius is equal to 10/π mm, and the rectangular
cross-section has in-plane dimension equal to 0.1 mm and out-of-plane dimension
equal to 0.6 mm. The Young modulus is E = 2 GPa. The cantilever is anchored440

in A and subjected to the resultant force f = 0.1 N at the free-end section B,
inclined at −π/6 with respect to the x-axis.

The pole of the displacements of the end-section is determined as the antipole
P of the line p with respect to the ellipse E . The moment of the force f with
respect to C produces a rotation

θ = w df
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and a displacement
δB = PBθ.

The numerical results are reported in Appendix A (case “arc”) and com-
pared to the ones obtained by numerical simulations.

A

B

P

p

d
f

δB

E , w
C

Figure 16: Kinetostatics of a slender arc.

6.2. Variable cross-section flexure445

Figure 17 shows a variable cross-section flexure and the reference frame Oxy,
with origin on the flexure symmetry center and x-axis coincident to the beam
axis. For the sake of clarity, a profile that admits a closed-form solution is
considered.

Introducing the range450

x ∈ [−l/2, l/2] , (72)

where l is the length of the beam axis, the in-plane cross-section profile is defined
as

h(x) =
βl

3
√
1 + α2(l2/4− x2)

, (73)

where α and β are constant. The out-of-plane dimension, t, does not vary along
the beam axis.
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Figure 17: Profile of the variable cross-section flexure, ellipse of elasticity and kinetostatic
analysis.

6.2.1. Determination of the ellipse of elasticity455

According to eqn. (13), the elastic weight of the element is obtained as

w =
12

Etβ3l2

(
1 +

l2

6
α2

)
. (74)

Because of the symmetry with respect to the x- and y- axes, the center of the
ellipse lies on origin O of the reference frame.

The principal second-order moments, according to eqns. (22),(23), are

Sxx = 0 , (75)

Syy =
1

Etβ3

(
1 +

l2

10
α2

)
. (76)

Considering eqns. (28),(29), the squared semi-axes of the ellipses can be obtained460

as

a2 =
l2

20

(10 + l2α2)

(6 + l2α2)
, (77)

b2 = 0 . (78)

Therefore, as in the case of the uniform straight-axis flexure examined in Sec-
tion 6.1.1, the ellipse is a degenerate conic section.

6.2.2. Kinetostatic analysis

Analogously to the previous case, the flexure with Young modulus equal to465

E = 2 GPa is anchored in A.
The axis length is l = 10 mm and the out-of-plane dimension is t = 0.2

mm. The in-plane profile was set with α = 1 and β = 0.1. Two different load
conditions were considered.

In the first case (“beam (1)” in Appendix A), reported in Fig. 17, a force
f = 0.01 N along the y direction was applied at the free-end section B. The pole
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of the displacements is determined as the antipole P of the line p with respect
to the ellipse E . The force determines a rotation

θ = w
l

2
f

and a displacement
δB = PBθ.

In the second case (“beam (2)” in Appendix A), a moment M = 0.1 Nmm
was applied at the free-end section. The pole of the displacements is coincident
to the center of the ellipse (O ≡ C). The moment produces a rotation

θ = wM f

and a displacement
δB = OBθ.

For both cases, numerical results are reported in Appendix A and compared470

to the ones obtained by numerical simulations.

7. Application at the mechanisms level

In this Section, the ellipse of elasticity theory is applied at the mechanism
level considering a closed-chain compliant mechanism, by implementing the se-
ries and the parallel compositions.475

7.1. Compliant four-bar

The compliant mechanism under study is the compliant 4-bar linkage shown
in Fig. 18. The rigid body 1 represents the fixed frame, whereas external loads
are applied to body 4, that serves as input link. As it will be clear in the
next subsections, several analyses will be performed focusing on different bodies480

serving as output link.

7.2. Ellipses at the element level

According to the previous section, the flexible elements are straight and
initially-curved beams, with same flexural rigidity, defined by the geometric
parameters listed in Table 1. Lengths and coordinates are normalized with485

respect to a reference length u.
The ellipses of elasticity corresponding to each element are shown in Fig. 19

and defined by the parameters given in Table 2. The elastic weights have been
normalized with respect to the the elastic weight w12 of the elastic element e12.
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Figure 18: Compliant 4-bar linkage.

Table 1: Geometric parameters of the elastic elements.

Beam o r start angle amplitude
e12 (0.00, 0.00) 1.00 2π/3 π
e24 (4.00, 5.00) 2.00 π/6 2π/3
e13 (14.0, 0.433) 1.50 −2π/3 7π/6

Beam o l orientation
e34 (10.0, 6.00) π −π/6

1

2 3

4

E12, w12

E24, w24

E34, w34

E13, w13

Figure 19: Ellipses of elasticity relative to the elastic elements.
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Table 2: Parameters of the ellipses of elasticity: center coordinates, semi-axes lengths, orien-
tations and normalized elastic weights.

Ellipse Center a b α w/w12

E12 (−0.551, −0.318) 0.707 0.308 −1.08 1.00
E24 (4.00, 6.65) 1.08 0.302 0 1.33
E13 (14.8, 0.228) 1.13 0.589 1.31 1.75
E34 (10.0, 6.00) 0.907 0.000 −0.524 1.00

7.3. Compositions of the ellipses of elasticity490

The ellipses of elasticity are composed according to the scheme (79). Gener-
ally, the composition of the ellipses is not unique, depending on the mechanism
topology and on which bodies serve as input and frame links. In this example,
body 4 serves as input link, to which the external load is applied. The input link
is connected to the frame 1 by means of two chains. The first chain is composed495

of body 2 and suspensions e12 and e24, whereas the second chain is composed
of body 3 and suspensions e13 and e34. Therefore, the compliant mechanism is
analyzed as a parallel composition of two series arrangements.

The first series (1) is composed of the elements e12 and e24 with associated
ellipses E12 and E24, respectively. The second series (2) is composed of the ele-500

ments e13 and e34 with associated ellipses E13 and E34, respectively. The ellipses
of elasticity of the series, EΣ1

and EΣ2
, obtained according to the procedure

described in Section 5.1, are shown in Fig. 20.
The two series connect in parallel the frame 1 with the input link 4. The

parallel composition of the ellipses EΣ1
and EΣ2

results in the ellipse EΠ, deter-505

mined according to the procedure described in Section 5.2. Figure 21 shows the
ellipse of elasticity of the parallel arrangement, that is the conic representing
the kinetostatic relation between the body 4 and the frame 1.

E12

E24

} Series (1)
−→

E13

E34

} Series (2)
−→

EΣ1

EΣ2


Parallel
−→ EΠ

(79)

Table 3: Parameters of the ellipses of the series and parallel arrangements: center coordinates,
semi-axes lengths, orientations and normalized elastic weights.

Ellipse Center a1 a2 α w/w12

EΣ1
(2.05, 3.67) 4.16 0.813 0.980 2.33

EΣ2
(13.0, 2.32) 3.69 0.805 −0.895 2.75

EΠ (6.61, 9.55) 3.31 2.47 1.49 0.202
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EΣ2
, wΣ2
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Σ2

1
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4 - Input link

Figure 20: Ellipses of elasticity (green) obtained as series arrangement of two element ellipses
(blue).

EΠ, wΠ

Π

1

2 3

4 - Input link

Figure 21: Ellipse of elasticity (red) obtained as parallel arrangement of two ellipses (green).

7.4. Kinetostatic analysis

To perform the kinetostatic analysis, reference length and Young modulus510

were set as u = 10 mm and E = 70 GPa, respectively. Out-of-plane dimension
was set equal to 5.4 mm, whereas the in-plane flexure width equal to 1 mm. The
previous values define the elastic weight w12 = 1 rad/Nm. A moment M0 = 2
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Nm was applied to the input link 4.
The moment produces a rotation

θ41 = wΠM0

around Π of the body 4. Since the center of rotation and the elastic weight are515

known, the field of displacements of link 4 is completely defined, as depicted in
Fig. 22.

Π ≡ P41M0

A B
δA41

δB41

Figure 22: Rotation and displacements of the body 4 due to the application of M0.

The theory can also be applied to determine the relative and absolute fields of
displacements of all the rigid bodies composing the mechanism and the loading
distributions on the elastic elements.520

For example, with reference to the series arrangement (1), the rotation
around Π is produced by a force f1 whose line of action is the antipolar of Π
with respect to the ellipse EΣ1

. The force f1 produces a moment d1f1 = θ41/wΣ1

with respect to the pole Σ1, as represented in Fig. 23.
The force f1 affects both the elastic elements e12 and e24. Focusing on the525

displacements of the body 2 with respect to the frame 1, these displacements
occur around the center P21 that is the antipole of the line of action of f1 with
respect to the ellipse E12, as depicted in Fig. 24. The force f1 produces a rotation
θ21 = w12f1d12 around P21 of the body 2 with respect to the frame 1. Since the
center of rotation and the elastic weight are known, the field of displacements530

of link 2 is completely defined.
In an analogous way, all the relative displacements of the rigid bodies can be
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f1

Π ≡ P41

d1

Σ1

δA41

δB41

Figure 23: Force acting on the series arrangement (1) consequent to the application of M0 on
the body 4.

Π ≡ P41

f1

f1
d24

d12

P21

P42

δA41

Figure 24: Rotations and displacements of the body 2 and of the body 4 with respect to 2,
due to the application of M.

determined, as well as all the corresponding loading conditions. For example, if
the ellipse E24 is considered instead of the ellipse E12, the field of displacements
of link 4 with respect to the link 2 is completely defined.535
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With reference to Fig. 24 it is worth noting that, according to the Aronhold-
Kennedy theorem, P21, P42 and P41 lie on the same line.

The numerical values of load magnitudes, rotations, and positions of the
poles of displacements are listed in Table 4.

Finally, the procedure followed for the applied moment M0 can be followed540

again in the case of the resultant R, and the fields of displacements and loads
distributions can be calculated in an analogous way.

Table 4: Load magnitudes, rotations, and positions of the poles of displacement corresponding
to each ellipse of elasticity, in the case depicted in Fig. 23 and Fig. 24.

Ellipse
f M θ (xPij

, yPij
)

(N) (Nm) (rad) (10−2m)
EΠ (0.000, 0.000) 2.000 0.405 (6.610, 9.554)
EΣ1

(−1.195, −15.148) 0.173 0.405 (6.610, 9.554)
E12 (−1.195, −15.148) -0.173 -0.173 (−0.735, −0.137)
E24 (−1.195, −15.148) 0.433 0.578 (4.410, 6.652)

8. Conclusions

In this paper, the theory of the ellipse of elasticity has been applied to the
linear kinetostatic analysis of compliant mechanisms and a structured procedure545

has been developed for the analysis both at the element and at the mechanism
levels. The method consists of representing the elastic system, regardless its
geometric or topological complexity, with a geometric entity not dependent on
the load conditions. As a consequence, the deflection analysis problem is trans-
formed into a geometrical problem with straightforward solution. The proposed550

approach leads to the complete description of the fields of displacements and of
the loads distribution in the compliant system, for any applied load.

The method proven to be effective in case of uniform elements, with straight
axis and with constant-curvature axis, and in case of variable cross-section ele-
ments. A the mechanism level, the method was implemented for the analysis of555

a closed-chain four-bar compliant linkage. Finite element analyses confirm the
validity of the results.

Appendix A. Numerical analysis

To validate the proposed theory, finite element simulations were performed
with the commercial software Ansys.560

At the element level, the constant-curvature cantilever flexure and the vari-
able cross-section element, analyzed in Section 6.1.2 and in Section 6.2.2, re-
spectively, were considered for the numerical analyses. The generated mesh of
the variable cross-section element is shown in Fig. A.25.

At the mechanism level, Fig. A.26 shows the mesh of the compliant four-bar565

linkage, particularly refined in the flexible regions.
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Figure A.25: Variable cross-section beam: generated mesh.

Q

Figure A.26: Compliant four-bar linkage: mesh and output point Q.

For all the cases, Young modulus, load and constraint conditions are the
same of the theoretical approach.

The results of the simulations at the element and at the mechanism levels are
reported in Tables A.5 and A.6, respectively, and compared to the theoretical570

ones. For each case, the table lists rotation and mid-point displacement of the
output end-section or link, in case of element or mechanism system, respectively.

Table A.5: Theoretical and FEA results comparison at the element level.

Flexure
theory FEA err. (%)

δx δy θ δx δy θ δx δy θ
(mm) (mm) (rad) (mm) (mm) (rad)

arc 0.994 0.305 −0.174 0.987 0.304 −0.172 0.71 0.33 1.16
beam (1) 0 1.600 0.265 0 1.616 0.268 - 0.99 1.12
beam (2) 0 2.650 0.530 0 2.672 0.544 - 0.82 2.57
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Table A.6: Theoretical and FEA results comparison at the mechanism level.

Four-bar
theory FEA err. (%)

δx δy θ δx δy θ δx δy θ
(mm) (mm) (rad) (mm) (mm) (rad)

Point Q 12.789 2.329 0.405 12.360 2.248 0.393 3.47 3.60 3.05

Results show a very good agreement between theoretical and numerical ap-
proaches, with error less than 1% and about 3% at the element and mechanism
level, respectively.575
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