
A novel method to fully suppress single and bi-modal
excitations due to the support vibration by means of

piezoelectric actuators

Fabio Bottaa∗, Andrea Rossia , Nicola Pio Belfiorea

Department of Engineering
University of Roma Tre

Via Vito Volterra, 62 - Rome, Italy

Abstract

Vibration attenuation and control is a typical topic in mechanical, civil and

aeronautical engineering. In recent years, there has been extensive research on

smart materials and among all of them, the piezoelectrics seem to be the most

attractive for passive and active vibration damping applications. Furthermore

if multiple modes are concurrently excited, as in case of turbomachinery blades,

active damping systems may remarkably increase their life-cycle and outweigh

the shortcomings of implementing such systems. However the damping efficiency

of the piezoelectric actuators is strictly bound to their driving voltage, size and

location on the structure.

In this work a cantilever piezoelectric bimorph beam under base motion is

considered and the analytical expression of the electric potential that nullifies

the elastic tip displacement of the beam is derived in case of single and bi-modal

excitations.

The model allows to identify for every bi-modal excitations a set of solutions,

each of them represented by three parameters: voltage amplitude, left and right

corner positions of the piezoelectric actuators pair. As a result, designers can

choose the best solution for their specific application demands. For example,

if the supply voltage must to be kept as low as possible, then wider actuators
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should be used and vice versa. It was also found out that the control parameters

do not depend on the spectral distribution between the two excited modes.

Hence, even if the spectral distribution between the two coupled modes changes

over time, it is not necessary to adjust either the voltage or the position of the

actuator pair.

The analytical predictions were compared with the results of FEM multi-

physics simulations for several base motion excitations and a fair agreement was

observed.

Keywords: Active vibration damping, piezoelectric, optimal placement
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Nomenclature

A reference amplitude

B control vector

C damping matrices

d31 piezoelectric coefficient

Ea Young’s modulus of the piezoelectric material

Eb Young’s modulus of the beam

Ib moment of inertia of the beam

K stiffness matrices

Lb beam length

Ma piezoelectric bending moment

M mass matrices

r ratio of the j-th component of the voltage

S section area of the beam

ta piezoelectric thickness

tb beam thickness

V voltage applied to the piezoelectric plates

γ gain of the amplifiers

w vertical displacement

we vertical flexural displacement

wr vertical rigid motion
∼
w virtual vertical displacement

α, β damping coefficients

δLe virtual work of elastic forces

δLin inertial work of inertial forces

δLp virtual work of piezoelectric forces

ξ1 dimensionless coordinate of the left edge of the piezoelectric actuator

ξ2 dimensionless coordinate of the right edge of the piezoelectric actuator

ρ mass density of the beam

φi(x) i-th flexural mode of the cantilever beam

ωi i-th natural frequency
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1. Introduction

Vibration-related problems are widely addressed in many engineering fields

because the structural vibrations may weaken the mechanical components and,

in the worst cases, lead to fatigue failures. As a consequence, in the recent

decades many strategies for vibration attenuation and control have been devel-5

oped.

The availability of smart materials such as piezoelectrics, Shape Memory

Alloys (SMA), Electro-Rheological (ER) and Magneto-Rheological (MR) fluids

has provided new perspectives for vibration damping. In fact, a large number of

works reported the implementation of novel smart-structures for vibrations and10

noise control, based on SMA [1–3], ER and MR fluids [4–9] and piezoelectric

materials [10–14]. Among all the smart materials, the piezoelectric ones are the

most employed for vibration applications because they ensure wide bandwidth,

fast dynamic response and high resolution. Furthermore, when an electric po-

tential is applied between their electrodes a deformation occurs and vice-versa,15

so this peculiar behavior make them suitable to be used both as sensors and

actuators. Recently, piezoelectric materials have been increasingly embedded

in energy harvesters [15–17], MEMS [18, 19], micro-accelerometers [20, 21] and

biosensors [22, 23]. However piezoelectric-based structural vibration damping

systems still remain one of the most investigated applications [24–27]20

In order to mitigate the vibrations two systems can be implemented: passive

and active. Passive systems are the most consolidated, the easiest to implement,

low-cost and are usually based on resistive-inductive (R-L) shunt circuit. On the

other hand they show a limited efficacy at low frequencies since high inductance

is required (which is difficult to achieve) and a fine tuning of the parameters is25

necessary in the applications where the mode excited by the external load can

change over time [28].

Active controls are the most efficient in applications where the resonant

mode may vary over time because they can operate with larger bandwidth and

can be tuned accordingly to the instantaneous load acting on the structure. On30
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the other side, the active control systems require a power supply, an appropriate

control algorithm and have higher costs.

With regards to the efficiency of active piezoelectric damping systems, the

positioning and the size of the actuators are crucial. To this regard the optimal

placement of piezoelectric actuators is typically represented by the detection35

of the minimum and/or maximum values of an objective function. As an ex-

ample, the optimization criterion could be based on the maximization of: the

modal forces or moments provided by the piezoelectric element, the deflection

of the structure, the degree of observability or controllability of the desired

modes, alternatively the minimization of the structure vibrations could be con-40

sidered [29],[30]. Early studies by Crawley and De Luis [31] proposed the an-

alytical solutions for the stress-strain relationships of piezoelectric single and

patch actuators bonded on a beam. Furthermore it was pointed out that the

actuators must be placed in the highest average strain areas to apply the max-

imum modal moments. The experimental evidence resulting from later studies45

[32],[33] seems to support this outcome. As a consequence, if the first flexural

mode of a clamped-free beam is considered, the actuator should be placed as

close as possible to the fixed end [34–36] while their optimal length coincides

with the length of the beam. Such considerations have been extended to others

constraint conditions as the simply supported beam. In fact it was shown by50

[37] that the piezoelectric actuators should be located in the zone between the

nodal lines in order to obtain the highest damping effect. Barboni [38] showed

that the piezoelectric actuators have to be placed within two consecutive zero

curvature points when a single flexural mode of an Euler-Bernoulli beam has

to be damped. Thereby, the optimal location of a collocated pair of actuators55

in order to damp the second flexural mode of a cantilever beam is obtained

when the right edge of the actuators is on the free-end of the beam and the

left edge is on the other zero curvature point (21.6% length of the beam away

from the fixed end). A controllability index has also been proposed by [39] for

two couples of Lead Zirconate Titanate (PZT) actuators in case of single and60

multimode vibrations of a beam.
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Unfortunately, in many engineering applications the excited modes may be more

than one at the same time, which can be the case of the turbomachinery ro-

tor blades. In fact, the unsteady pressure due to the rotor-stator interaction

may elicit two or more blade modes at certain shaft speeds. Several researchers65

studied the implementation of passive and active systems based on piezoelec-

tric elements in order to damp this type of vibrations [40, 41]. However, the

topic of the optimal positioning in case of multi-modal excitations has not been

discussed as widely as the single modal excitation. Wang et al. [42] reported

the optimal placement of anisotropic piezoelectric composite actuators to con-70

trol single bending and twisting mode excitations and coupled flexural-torsional

modes in a plate structure. In case of piezo-composite actuators the fiber orien-

tation affects the damping efficiency, and the optimal orientation is different for

bending and twisting modes, therefore a trade-off is required in case of coupled

bending-twisting vibration. A semi-analytical model to optimize a sandwich75

type piezoelectric element in case of coupled bending-longitudinal excitations

was proposed by [43].

Earlier works from the authors introduced an analytical method for the

placement optimization of the piezoelectric actuators on a cantilever beam, in

case of multiple simultaneously excited bending modes, and the outcomes were80

corroborated by numerical simulations [44, 45] and experimental results [46].

Recently the method has been improved by considering a piezoelectric bimorph

beam entirely covered with several piezoelectric actuators couples, in such a way

the optimization problem lies in the assessment of the optimal electric potential

distribution that has to be provided to the actuators array, which maximizes85

the attenuation of the bi-modal excitations [47].

The behavior of a flexible beam that experiences the base motion is a topic of

great interest because it is linked to aircraft rotors [48], spacecraft antennas [49],

turbomachinery disc-blades coupled vibration [50–53] and to many other recent

applications (e.g. energy harvesters) [54–56], so that it was widely investigated90

since 1940s. Vibration suppression in lightweight industrial robot manipulators

is also a challenging problem when it comes to trajectory end-point control.
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In fact the vibrations that arise from the motion of the robot arms may com-

promise the precision and speed of the manipulator. Several studies have been

made on the control of the vibration induced by the base motion in cantilever95

structures by means of piezoelectric actuators [57–59].

In this paper a novel approach is proposed to analytically compute the po-

sition and the voltage amplitude required by the actuators in order to actively

damp the vibrations of a cantilever piezoelectric bimorph beam, which is sub-100

jected to bi-modal excitations due to its support vibration. Here, the proposed

method can be used to fully remove the beam elastic vibration, in fact only

by knowing the pair of eigenfrequencies excited by the fixed-end motion, the

designer can analytically calculate all the key parameters (voltage, size and

position of the actuators). Moreover the solution is not unique, hence the pa-105

rameters can be chosen on the basis of the specific application bounds. Below,

the governing equations of motion are introduced and discussed. The analytical

solutions have been compared with the numerical results obtained from FEM

simulations performed with a commercial software (COMSOL) and a fair agree-

ment appears. Furthermore, some applications are considered to show how the110

findings may help the designers to choose the proper set of material, size and

location of piezoelectric actuators in cases where the full vibration suppression

is desirable.

2. Materials and method

A cantilever beam is shown in Fig.1.115

Figure 1: The cantilever beam under support vibration
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Assuming that the fixed end is subjected to a support vibration ws(t), this

condition entails the rigid motion ws(t) of the whole beam which in turn induces

the vibration we(x, t). Thereby the total displacement w(x, t) will be:

w(x, t) = ws(t) + we(x, t) (1)

In order to damp the vibrations we(x, t) the piezoelectric effect was used, so

that two piezoelectric plates are surface bonded on the beam in a symmetrical120

position with respect to its axis (Fig.2). By a proper distribution of the electric

potential, the opposite effect will be obtained; for example if the distribution in

Fig.2 is considered, the upper plate stretches out while the bottom plate gets

shorter.

Figure 2: Example of potential distribution on piezoelectric plates (not in scale)

If such deformations are blocked, by gluing the plates on the beam, the125

piezoelectric internal stresses appear and stresses will be applied on the beam.

It is possible to demonstrate that these stresses are concentrated at the ends

of the piezoelectric plates [31] and their action is equivalent to two opposite

flexural moments Ma(t) concentrated at their ends Fig. 3.
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Figure 3: Actions of the piezoelectric plates on the beam (not in scale)

There are many research works in which these moments are used to damp the130

vibrations, however the actuators effectiveness strongly depends on the electric

potential distribution and on their positioning. In this work, a model is pro-

posed to find the most effective voltage and positions (x1, x2) to damp a single

eigenmode or a combination of two eigenmodes, the results are compared with

those obtained with a commercial FEM code (COMSOL).135

Deriving the equilibrium equation by applying the principle of virtual work

and naming the virtual work of elastic, inertial and piezoelectric forces respec-

tively as δLe, δLin, and δLp, the following can be written:

δLe = δLin + δLp (2)

Denoting by a tilde the virtual quantities the individual terms are:

δLe = EbIb

∫ Lb

0

∂2we

∂x2
∂2
∼
we

∂x2
dx (3)

δLin = −ρS
∫ Lb

0

∂2w

∂t2
∼
w dx (4)
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and δLp (see Fig. 3)140

δLp = Ma

(∂ ∼we

∂x
|x=x2 −

∂
∼
we

∂x
|x=x1

)
(5)

where Ma(t) is (see [31]):

Ma(t) =
ψ

6 + ψ
EabtatbΛ(t) (6)

and

ψ = Ebtb
Eata

Λ(t) = d31
ta
V (t)

(7)

If φi(x) identifies the i-th natural mode of the cantilever beam, and Gi(t) its

corresponding normal coordinate, it is possible to state the elastic part of the

displacement in the form:145

we(x, t) =

N∑
i=1

Gi(t)φi(x) (8)

while the virtual elastic displacement
∼
we part can be written as:

∼
we= Cjφj(x) (9)

Replacing the equations (3-9) in Eq. (2):

EbIbCj

N∑
i=1

Gi(t)

∫ Lb

0

φ′′i (x)φ′′j (x)dx = −ρSCj
N∑
i=1

..

Gi (t)

∫ Lb

0

φi(x)φj(x)dx+

+MaCj

[
φ′j(x2)− φ′j(x1)

]
− ρS

..

ws (x, t)Cj

∫ Lb

0

φj(x)dx (10)

the Eq. 10 can be simplified considering the orthogonality of the principal

modes and setting Cj = 1:

..

Gj (t) + ω2
jGj(t) = Ma

[
φ′j(x2)− φ′j(x1)

]
− ρS

..

ws (x, t)

∫ Lb

0

φj(x)dx (11)
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where ωj are the natural angular frequencies of the beam.150

Introducing the following quantities:



∧
Ma= Ma

V (t) = ψ
6+ψEabtbd31

Qj = ρS
∫ Lb

0
φj(x)dx

Bj(x1, x2) =
∧
Ma

[
φ′j(x2)− φ′j(x1)

] (12)

the Eq. (11) simplifies into:

..

Gj (t) + ω2
jGj(t) = Bj(x1, x2)V (t)−

..

ws (t)Qj (13)

or, if the Rayleigh damping C = αM + βK is included, turns into:

..

Gj (t) + (α+ βω2
j )

.

Gj (t) + ω2
jGj(t) = Bj(x1, x2)V (t)−

..

ws (t)Qj (14)

From the solution of the Eq. (14) the dynamic behavior of the beam is

obtained. In the second member it is possible to distinguish the exciting effect155

due to the vibration support ws and the contribute of the piezoelectric plates

Bj(x1, x2)V (t).

High amplitude vibrations can occur when the support vibrates at frequen-

cies close to one or more eigenfrequencies of the beam with all the related prob-

lems. In order to study this critical condition the following general expression160

for ws(t) was chosen:

ws(t) =

Ns∑
k=1

Ak cos(ωkt) (15)

where Ns is the number of the excited modes, while Ak is the vibration

amplitude of the support at the k-th eigenfrequency. The strategy used in this

work to damp such vibrations, that is typical for the active damping methods,

relies on using the piezoelectric plates to induce counter-vibrations (i.e. in phase165

opposition) at the same frequencies of the vibration induced by ws(t) in such
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a way as to cancel or reduce it. To this regard the following expression for the

voltage V (t) has been chosen:

V (t) =

Ns∑
k=1

Vk cos(ωkt) (16)

which replaced in Eq. (14) gives:

..

Gj (t) + (α+ βω2
j )

.

Gj (t) + ω2
jGj(t) =

=

Ns∑
k=1

[
Bj(x1, x2)Vk(t) + ω2

kAkQj

]
cos(ωkt) (17)

In [45] has been shown that, for β = 0 and ws(t) = 0, the solution of Eq.170

(17) is:

Gj(t) =
Bj(x1, x2)Vj sin(ωjt)

αωj
(18)

Generalizing the solution for a cantilever beam attached to a moving base

and β 6= 0 the ampitude of Gj can be written:

Gj =

[
Bj(x1, x2)Vj + ω2

iAjQj

]
αωj + βω3

j

(19)

and Eq. (8) becomes:

we(x, t) =

Ns∑
j=1

[
Bj(x1, x2)Vj + ω2

iAjQj

]
αωj + βω3

j

sin(ωjt)φj(x) (20)

In the literature several methods are used to evaluate the effectiveness of175

a damping system but, in case of cantilever structures, the tip displacement is

commonly used as a reference point to assess the damping system effectiveness

[60–62]. The method proposed in this paper benefits from the feature that every

eigenmode of the cantilever beam has its maximum amplitude at the free end.

Therefore, if an eigenmode is excited this point will have the maximum vibration180

amplitude. Similarly, if its vibration amplitude is reduced the amplitude of the

all the other points is also reduced. Therefore, the vibration amplitude of the
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free end was chosen to evaluate the actuation efficiency of the PZT actuators.

Considering Eq. (8) and Eq. (19) this will be:

|we
L(x1, x2)| =

Ns∑
i=1

∣∣∣
[
Bi(x1, x2)Vi + ω2

iAiQi

]
φi(L)

αωi + βω3
i

∣∣∣ (21)

In this work the support vibration may excite one eigenmode or two eigen-185

modes simultaneously. Hence the parameter r (0 ≤ r ≤ 1) is introduced to take

into account how the excitation is distributed between the two eigenmodes. So

that, indicating with A a reference amplitude and with i1, i2 the indexes of the

excited modes, ws(t) can be written in the form:

ws(t) = A
[
(1− r) cos(ωi1t) + r cos(ωi2t)

]
(22)

Interesting results are obtained when V (t) is chosen with a spectrum similar190

to that of the ws(t):

V (t) = V
[
(1− r) cos(ωi1t) + r cos(ωi2t)

]
(23)

In fact replacing Eq. (23) in Eq. (21) the amplitude |we
L(x1, x2)| turns into

the following simplified form:

|we
L(x1, x2)| =

∣∣∣
[
Bi1(x1, x2)V + ω2

i1
AQi1

]
(1− r)φi1(L)

αωi1 + βω3
i1

∣∣∣+

+
∣∣∣
[
Bi2(x1, x2)V + ω2

i2
AQi2

]
rφi2(L)

αωi2 + βω3
i2

∣∣∣ (24)

or by explicating the vector B:

|we
L(x1, x2)| =

∣∣∣{
∧
Ma

[
φ′i1(x2)− φ′i1(x1)

]
V + ω2

i1
AQi1

αωi1 + βω3
i1

}
(1− r)φi1(L)

∣∣∣+

+
∣∣∣{
∧
Ma

[
φ′i2(x2)− φ′i2(x1)

]
V + ω2

i2
AQi2

αωi2 + βω3
i2

}
rφi2(L)

∣∣∣ (25)
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In order to have |we
L(x1, x2)| = 0 it is sufficient to put equal to zero, indi-195

vidually, the two addends:


∧
Ma

[
φ′i1(x2)− φ′i1(x1)

]
V + ω2

i1
AQi1 = 0

∧
Ma

[
φ′i2(x2)− φ′i2(x1)

]
V + ω2

i2
AQi2 = 0

(26)

From the previous system it is possible to calculate the voltage V from one

of the two equations and the position (x1, x2) of the piezoelectric plates from

the other. For example calculating V from the first:

V (i1, A, x1, x2) = −
ω2
i1
AQi1

∧
Ma

[
φ′i1(x2)− φ′i1(x1)

] (27)

and replacing it in Eq. (26).2 leads to the equation:200

f(i1, i2, x1, x2) = ω2
i2Qi2

[
φ′i1(x2)− φ′i1(x1)

]
− ω2

i1Qi1

[
φ′i2(x2)− φ′i2(x1)

]
= 0

(28)

from which x1 and x2 can be calculated.

Anyway if just one mode is excited (r = 0), Eq. (25) becomes:

|we
L(x1, x2)| =

∣∣∣{
∧
Ma

[
φ′i1(x2)− φ′i1(x1)

]
V + ω2

i1
AQi1

αωi1 + βω3
i1

}
φi1(L)

∣∣∣ (29)

and only Eq. (27) needs to be verified to obtain |we
L(x1, x2)| = 0 .

3. Results and discussions

In this section the analytical results of the proposed model are compared205

with the FEM simulations. The material and overall dimensions of the beam

and piezoelectric actuators considered in the simulations are reported in Table

(1) while the amplitude A was set to 0.1 mm. The dimensionless coordinates

ξ1 = x1

L and ξ2 = x2

L will be used to indicate the positions of the left and right

edges of the piezoelectric actuators.210
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Table 1: Material and geometrical properties

Steel PZT-5A

Mass density [kg/m3] 7.85× 103 7.75× 103

Young modulus [N/m2] 200× 109 69.3× 109

Poisson ratio 0.33 -

d31[C/N] - −1.71× 10−10

Length [mm] 800 34.78

Width [mm] 30 30

Thickness [mm] 3 0.5

The piezoelectric plates can provide a damping effect if an electric circuit

like the one described hereinafter may be considered. Fig.4 shows the outline of

a feasible experimental setup where 23 pairs of PZT actuators were considered.

The function generator delivers a sinusoidal voltage vf(t) or, in case of bi-modal

excitation, a periodic voltage consisting of two frequencies. The signal is then215

magnified by a γ factor by means of an amplifier in non-inverting configuration

supplied with a dual voltage ±Vcc. The amplifier is essential since the considered

piezoelectric plates may be supplied with a voltage such high as 250 V - 300

V and a commercial function generator typically provides up to ±20 V. The

amplified voltage is then delivered to all the external electrodes of each actuator220

while the voltage on the internal electrodes must be phase-shifted by 180 degrees,

therefore 23 inverting buffers have been included in order to provide the output

voltage −γvf(t). This system allows to use 23 relays in order to selectively

deactivate one or more PZT pairs depending on the values of (x1, x2) used to

damp the considered vibration. The relays can be controlled by an analog or225

digital signal from an external microcontroller such as in [63].

15



Figure 4: The electric circuit to drive the piezoelectric actuators. 1, 2, 3, ..., 23 represent the

digital outputs (DO) of a microcontroller which handles 23 mechanical relays. Each DO can

be set as: High (H, closed circuit) or Low (L, open circuit).

3.1. Single mode excitations

In this paragraph, the cases of single mode excitations will be seen and the

first five eigenmodes will be addressed. From Eq. (27), for every eigenmode,

the electric potential V that allows to reach we
L = 0 has been calculated. The230

equation shows that the action of the piezoelectric actuators depends on the

position of the edges of the plates (see also Eq. (5)): the effectiveness of this

action will increase as the difference φ′i1(ξ2) − φ′i1(ξ1) increases or, in other

words, the larger is the difference φ′i1(ξ2) − φ′i1(ξ1) the lower is the voltage

needed to suppress the elastic vibration (we
L = 0). In Figs. 5a - 9a the plots of235

the derivatives of the first five modes have been reported. Each derivative has

its absolute maximum in ξ2 = 1, while the position of the absolute minimum

depends on the considered mode. Such position has been highlighted with the

dashed red lines and the difference φ′i1(ξmax) − φ′i1(ξmin) has been represented

with the red arrows. For every eigenmode the blue rectangle represents the best240

efficiency position of the piezoelectric plates to damp that mode. In Figs. 5b

- 9b the corresponding configuration of the electrical circuit are also reported:
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the active piezoelectric plates are depicted in orange and the inactive ones in

gray.

In order to verify the proposed model, for each excited mode, the values ξmax,245

ξmin and V were computed from Eq. (27) and were used in a FEM software

to obtain wL versus time t (Figs. 5c - 9c). To highlight the damping efficacy,

the instant from which the piezoelectric action begins has been set to t0 6= 0.

The activation of the actuators can be seen to cause a fast decrease of |wL| and,

substantially, only ws remains. To prove that the damped vibrations of the free250

end imply the damping of the whole beam vibrations, the maximum value of

the mean of |w(x, t)|:

wm(t) =
1

Lb

∫ Lb

0

|w(x, t)|dx (30)

has been calculated and compared as to two conditions (without and with

control) by means of FEM analysis1. It can be observed that the proposed

method is effective to damp the vibrations of the whole beam for all the config-255

urations taken into account (Figs. 5d - 9d).

3.2. Bi-modal excitations

Following a closer analysis of equations (27) and (28), it can be noted that

the values of (ξ1, ξ2) and V are affected only by the indexes of the excited

modes (i1, i2) while the modes coupling ratio r has no influence, so that once260

the coupled modes are identified, if any change in the spectral distribution

between the two eigenmodes occurs, it is not necessary to change the control

parameters. In case of vibration damping in gas turbines rotor blades, for

example, the bi-modal excitations may vary in accordance with both the shaft

speed and the degree of mistuning of the blades. In fact, the mistuning may265

1The mean value wm(t) is proportional to the amplitude vibrations of the whole beam.

It depends on time and for every regime (damped or not damped) has been selected the

instant where this value is maximum in order to compare the two configurations in equivalent

conditions.
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cause the onset of excessive vibrations in one or more blades of the bladed disk

and the coupling ratio of the eigenfrequencies involved may vary from blade to

blade. This implies that some blades might be excited with different values of r,

nevertheless a vibration damping system based on the proposed method would

not be sensitive to this issue.270

The results obtained for several bi-modal excitations are reported in Figs. 10

- 17. The solutions of the Eq. (28) are reported in Figs. 10a - 17a, while (b), (c)

and (d) plots show wL versus time, calculated for the same control parameters

(ξ1, ξ2, V ) but different r values, by means of a COMSOL FEM code. As it may

be noted, several solutions (ξ1, ξ2) are available for each pair of coupled modes275

(i1, i2) but these differ from each other for their efficiency or, in other words, for

the voltage needed to achieve the same result. The adopted procedure was the

following: first the indexes of the coupled modes i1, i2 were chosen, then the

values of (ξ1, ξ2) were calculated by solving Eq. (28) and choosing, among all the

available solutions, the most efficient as the one which requires the lowest voltage280

V value. Thereafter, these values were included in the COMSOL FEM code to

perform the dynamic analysis. The piezoelectric actuators were activated after

1 second from the beginning. Different r values were chosen to corroborate

the model in different conditions. The effectiveness of the piezoelectric active

damping can clearly be seen, in fact after its activation only the displacement285

ws remains, while the elastic displacement we
L is almost completely suppressed.

In Figs. 10c - 17c the configurations with the maximum value of the mean of

|w(x, t)|, obtained with a FEM analysis as previously done for the single mode

excitations, are reported. Even in case of bi-modal excitations the efficiency

of the proposed method for damping the vibrations of the whole beam can be290

observed.

One of the advantages of the proposed method is that for each bi-modal

excitation different set of pairs (ξ1, ξ2), with the corresponding V , are available

to completely attenuate the elastic part of the vibration, and this simplifies the

problem of the optimal positioning of the actuators for the following reasons:295
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1. if the particular application involves a unique bi-modal excitation which

must be addressed, the designer can select the optimal (ξ1, ξ2) on the basis

of the project bonds (maximum admissible piezoelectric voltage, costs,

dimensions, etc.);

2. if the application requires the damping of different bi-modal excitations300

(for example simultaneously synchronous resonances occurring in bladed

assemblies [64–66]) the structure may be covered with multiple pairs of

actuators (up to the full coverage of the structure in the most general

case), so that the only additional complication is the proper powering of

the group of actuators that allows to mitigate the ongoing excitation.305
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Figure 5: (a) the derivative of the first eigenmode (solid black line) and the illustration of

the most efficient position of the piezoelectric plates (blue rectangle); (b) the corresponding

circuital scheme; (c) and (d), respectively, the plot of wL vs t and the configuration (without

and with control), to which the maximum value of the mean of |w(x, t)| corresponds, both

calculated by means of the COMSOL FEM code considering the data obtained by the proposed

model and reported in the label of the plot.

20



0.2 0.4 0.6 0.8 1.
ξ

-1.0

-0.5

0.5

1.0

ϕ2 ξ ξ1≈0.2; ξ2=1

(a)

(b)

without control with control

0.5 1. 1.5 2. 2.5
[ ]

-0.6

-0.4

-0.2

0.2

0.4

w[mm]
V≃-15[V]

(c)

blue: without control red: with control

0.25 0.5 0.75 1.
ξ

-1.

-0.8

-0.6

-0.4

-0.2

0.2

0.4

0.6

0.8

1.

w[mm]

(d)

Figure 6: The second flexural mode is considered here. (a), (b), (c), (d) have the same meaning

as in Fig. 5.
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Figure 7: The third flexural mode is considered here. (a), (b), (c), (d) have the same meaning

as in Fig. 5.
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Figure 8: The fourth flexural mode is considered here. (a), (b), (c), (d) have the same meaning

as in Fig. 5.
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Figure 9: The fifth flexural mode is considered here. (a), (b), (c), (d) have the same meaning

as in Fig. 5.
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Figure 10: The first and the third coupled modes are considered. In (a) the plot of the

solution couples {ξ1, ξ2} calculated from the Eq. (28); in (b),(c) and (d) the plots of wL vs t

obtained for the same configuration ({ξ1, ξ2}, V ) but different r values; in (e) the configuration

(without and with control), to which the maximum value of the mean of |w(x, t)| corresponds,

both calculated by means of the COMSOL FEM code considering the data obtained by the

proposed model and reported in the label of the plot. The (e) plot is the same for every r

values of (b),(c),(d) plots.
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Figure 11: The first and fifth coupled modes are considered here. (a), (b), (c), (d), (e) have

the same meaning as in Fig. 10.
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Figure 12: The second and third coupled modes are considered here. (a), (b), (c), (d), (e)

have the same meaning as in Fig. 10.
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Figure 13: The second and fourth coupled modes are considered here. (a), (b), (c), (d), (e)

have the same meaning as in Fig. 10.
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Figure 14: The second and fifth coupled modes are considered here. (a), (b), (c), (d), (e) have

the same meaning as in Fig. 10.
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Figure 15: The third and fourth coupled modes are considered here. (a), (b), (c), (d), (e)

have the same meaning as in Fig. 10.
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Figure 16: The third and fifth coupled modes are considered here. (a), (b), (c), (d), (e) have

the same meaning as in Fig. 10.
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Figure 17: The fourth and fifth coupled modes are considered here. (a), (b), (c), (d), (e) have

the same meaning as in Fig. 10.
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4. Conclusions

In this paper a new model to damp the elastic vibrations induced in a can-

tilever beam by the support vibration is proposed. An active damping system

based on the piezoelectric actuators has been considered. The innovation of this

research consists in the provision of a new formula that allows to concurrently310

identify both the best actuators placement and the proper electric potential that

must be applied to the actuators, regardless of the degree of modes coupling. As

a consequence, depending on both the nature of the application and the number

of bi-modal excitations which have to be addressed, designers can figure out the

overall dimensions of the piezoelectric actuators, calculate the required power315

and their related costs. With the aim of corroborating the proposed analytical

model, a comparison with the results obtained by means of a FEM software

was performed and a good agreement was found between the analytical and

numerical model results.
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