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Abstract: In recent decades, many studies have been conducted on the use of smart materials in order
to dampen and control vibrations. Lead zirconate titanate piezoceramics (PZT) are very attractive
for such applications due to their ability of delivering high energy strain in the structure. A pair
of piezoelectric actuators can actively dampen the resonances of the structure, but the damping
effectiveness strongly relies on its location. Damping effectiveness can be substantially increased
if the structure is fully covered with PZT actuator pairs and the voltage distribution on each pair
is optimized. In this way, each actuator pair contributes to the vibration attenuation and only the
driving voltage’s sign, distributed on each actuator pair, needs to be identified for each resonance.
This approach is here applied to the case of Euler–Bernoulli beams with constant cross-section and
the optimal voltage distribution is investigated for several boundary conditions. The theoretical
model results were corroborated with finite element simulations, which were carried out considering
beams covered by ten PZT actuator pairs. The numerical results agree remarkably well with the
theoretical predictions for each examined case (i.e., free-free, pinned-pinned, and fixed-fixed).

Keywords: piezoelectric; vibration; beam; damping

1. Introduction

Resonance in flexible structures may threaten their safe operation if the structural
damping is inadequate to prevent the fatigue limit from being exceeded. As a result,
many passive and active damping systems have been developed by designers since the
second half of the 1900s. The growing need for lightweight and high-strength components
has promoted the development of smart materials that can modulate some structure’s
mechanical characteristics, whether environmental circumstances make it necessary. The
behaviour of these materials can be tuned through the application of external stimuli such
as temperature [1,2], electric field [3], magnetic field [4,5], etc. Among the available smart
materials, the most suitable is lead zirconate titanate (PZT) for damping, vibration control,
and energy harvesting applications [6–8]. Indeed, they can induce high strain energy,
exhibit wide bandwidth, and fast stimulus response, which make them very attractive for
sensor and actuator operation.

However, piezoceramics have been implemented in several applications such as: en-
ergy harvesting [6], micro-actuators for subspace aircraft [9], wings actuation in drones [10],
vibration damping in cantilever beam under support motion [11], turbomachinery blades
vibration [12–15], axial compressor vibration damping [16], rotating plates vibration con-
trol [17], and active fan blades vibration [18,19].

Active piezoelectric damping systems are usually superior to passive ones because
the behaviour of the actuators can be tailored to the excitation of each eigenmode. The effi-
ciency of these systems is considerably determined by the positioning of the PZT actuators
on the structure. Former investigations regarding the optimal piezoelectric positioning to
efficiently damp single mode excitationwere performed by Refs. [20,21]. Barboni et al. [22]
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showed that a single PZT actuator must be positioned among two consecutive zero curva-
ture points in order to excite a bending mode in an Euler–Bernoulli beam. This method was
proposed for cantilever, simply supported and pinned-fixed boundary conditions. This
kind of optimization criterion is referred to as the maximization of the structure transverse
deflection [23]. The vertical displacement of the beam is considered to identify the optimal
length and position of piezoelectric actuators pair. Given that the vertical displacement is
provided by flexural actions such as the bending moments provided by the piezoelectric
actuators, then the optimization depends on the partial derivative of the mode shapes with
respect to the beam length [24]. The optimal placement of a single PZT pair to control
single and bi-modal excitations in cantilever beams was proposed by Refs. [25,26].

In 2018, a new technique was proposed for optimising the efficiency of active systems
based on PZT actuator pairs (PPs) bonded onto cantilever beams [27]. In this method, the
PZT pairs are always activated regardless of the excited mode. It was shown that, if the
voltage that has to be supplied on each electrode of every actuator pair is optimised, then
the achievable damping is much higher than using a single optimally positioned PZT pair
on a cantilever beam.

In this paper, the optimal voltage distribution approach is applied to the case of
Euler–Bernoulli beams with constant cross-section and investigated for several boundary
conditions. The free-free, pinned-pinned, and fixed-fixed boundary conditions were con-
sidered in order to offer the possibility of gaining insight into the best voltage distributions
in case of resonance, which may be appealing for designers of PZT-based damping systems.
For example, free-free beam dynamics is often used to study vibrations in several sports
equipment such as tennis racquets [28], baseball bats [29], etc. The dynamic behaviour
of turbomachinery stator blades can be modelled as fixed-fixed beams, while the pinned-
pinned beam model is often adopted in several civil, aircraft, and mechanical engineering
applications [30].

From the dynamics of the Euler–Bernoulli beam, a theoretical model is presented
to identify the optimal voltage distribution on PZT actuator pairs that entirely cover the
structure. The reliability of the theoretical model was proven by means of finite element
method (FEM) simulations. The numerical results reveal a fair agreement with the analytical
predictions, confirming the accuracy of the theoretical model.

In the following Sections, the theoretical model for the identification of the optimal
voltage distribution on PZT actuator couples is described in Section 2. The numerical model
and outcomes are reported and discussed in Section 3.

2. Optimal Voltage Distribution on Piezoelectric Actuators Coupled with Beams under
Different Constraints

In Figure 1, the beams coupled with piezoelectric actuator pairs are depicted for the
considered boundary conditions.

The equilibrium equation of the beam can be obtained through the principle of virtual
work:

δLe = δLi + δLa + δLp (1)

where the δLe, δLi, δLa, and δLp represent, respectively, the virtual works of elastic, inertial,
external, and piezoelectric forces. In this paper, the focus will be on flexural vibrations,
so that, if w represents the vertical displacement of the beam section the virtual works can
be written in the form (the superimposed tilde indicates the virtual quantities):
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δLe =

∫
L

0
Me(x, t)

∼
w
′′
(x, t)dx

δLi = −
∫

L

0
ρA

..
w (x, t)

∼
w (x, t)dx

δLa =

∫
L

0
fa(x, t)

∼
w (x, t)dx

(2)

where Me(x, t) = EIw′′(x, t) is the internal elastic moment while fa(x, t) is the external
force.

By distributing the voltage on the PZT plates as reported in Figure 2, the actions
exerted on the beam by each pair of actuators can be represented by a pair of bending
moments Mp(t) applied to their ends.

PP1 PP2 PP3 PPi-1 PPi PPN

beam

PP1 PP2 PP3 PPi-1 PPi PPN

beam

PP1 PP2 PP3 PPi-1 PPi PPN

beam

fixed-fixed

free-free

pinned-pinned

Figure 1. Beams coupled with PZT actuator pairs (PPs) for different boundary conditions: free-free,
fixed-fixed, and pinned-pinned.

i-th PP

beam

V(t)

V(t)
V(t)

V(t)

𝑥

Mp(t) Mp(t)

Figure 2. i-th PZT actuator pair actions induced on the beam.

Denoting with: 
Λ(t) = d31

Ta
V(t)

ψ = EbTb
EaTa

(3)
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the flexural moment can be written as [11,20,27]:

Mp(t) =
ψ

6 + ψ
EacTaTbΛ(t) (4)

The aim of this article is the identification of the optimal voltage distribution for
damping modal vibrations. In this regard, the voltage V(t) will always be the same for
each PP and only its sign varies according to a step function (Figure 3). In this way, the
effect of different voltage distributions can be compared to each other.

PP1 PP2 PP3 PPi-1 PPi PPN

𝑥

+V(t)

𝑥0 𝑥1 𝑥2 𝑥3 𝑥𝑖−1 𝑥𝑖 𝑥𝑁

-V(t)

Figure 3. Example of a voltage distribution on the PPs.

The virtual work of the piezoelectric forces Lp can be written as:

δLp = Mp

Np−1

∑
i=0

[(∂
∼
w

∂x
|x=xi+1 −

∂
∼
w

∂x
|x=xi

)
δ(Vi)

]
(5)

where Np is the number of PPs, xi are the points where there is a change of the voltage’s
sign, and the step function δ(Vi) may assume the values +1 or −1 depending on the plate i
and the considered voltage distribution (see Figure 3). In this way, the assessment of the
optimal voltage distribution lies in the search for the optimal points xi where the voltage
switches its sign. Let wj(x) be the generic vibration mode to be damped, the most effective
voltage distribution will be the one that maximizes δLp. Since Mp is constant for each PP, the

variation of the work δLp will depend essentially on the differences
(

∂
∼
wj

∂x |x=xi+1 −
∂
∼
wj

∂x |x=xi

)
,

as a function of the different voltage distributions. This implies that it will be convenient
to choose xi+1 and xi at the extrema of the eigenmode’s first derivative to maximize such
difference. However, it will also be necessary to change the voltage’s sign at each extremum
in order to cumulate all the contributions and achieve the maximum damping effectiveness
(Figure 4).

Thereby, the optimal voltage distribution will be obtained by changing the sign of V(t)
at each minimum or maximum of the eigenmode’s first derivative that has to be dampened.
The following formula can be used for all the considered boundary conditions to calculate
the total virtual work of the piezoelectric forces:

δLp = Mp

[
w′(xL)− w′(x0) + 2

k

∑
i=1

(
w′(x2i−1)− w′(x2i)

)]
(6)

with k being a parameter that depends on the number of the extrema points (Ne) that appear
in w′· k can be found as follows:
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k =


Ne−1

2 if there is not a maximum in x = L

Ne−2
2 if there is a maximum in x = L

(7)

δLp3
δLp2 < 0

δLp1

ҧ𝑥1ҧ𝑥0 ҧ𝑥2 ҧ𝑥𝐿

δV1 = +1 δV2 = +1 δV3 = +1

(a)

δLp3

δLp2 > 0

δV1 = +1 δV2 = -1 δV3 = +1

δLp1

ҧ𝑥1ҧ𝑥0 ҧ𝑥2 ҧ𝑥𝐿

voltage’s sign 

switch

(b)

Figure 4. Example of the optimal voltage distribution to achieve the maximum work δLp for the
third mode and free-free boundary condition. δLp is only dependent on the first derivative of the
eigenmode (w′3(x̄)): (a) no voltage’s sign switch is provided, (b) optimal voltage distribution (two
sign switches entailed). In the case (a), the total work δLp = δLp1 + δLp2 + δLp3 is not the highest
since the work δLp2 is negative and reduces the total work. Case (b) shows that the optimal voltage
distribution entails two voltage sign switches, respectively, at x̄1 = 0.36 and x̄2 = 0.64. In this way,
the resulting total work δLmax

p = δLp1 + δLp2 + δLp3 is the highest since δLp2 is actually positive. The
solid red line represents the function w′3(x̄) when the voltage’s sign is switched for 0.36 ≤ x̄ ≤ 0.64.

3. Numerical Model and Results

A commercial multiphysics FEM code (COMSOL) was used to verify the analytical
results on the optimal voltage distribution for several cases of beam constraints. The model
geometry specifications are listed in Table 1.
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Table 1. Geometric details of the beam and each PZT actuator.

beam
L (mm) b (mm) hb (mm)

300 30 3

PZT
Lp (mm) bp (mm) hp (mm)

30 30 0.3

The beam is entirely covered by 10 PZT actuator couples, hence 210 possible voltage
distributions exist (Table 2) and they all are explored in order to assess the optimal one.
The optimal voltage distribution is numerically evaluated by comparing the amplitudes of
the displacement reached by a reference point for all the voltage distributions (with the
only restriction of not selecting a node, i.e., zero-displacement point). Then, the voltage
distribution that allows to obtain the maximum displacement is identified. The PZT
and beam material specifications are reported in Table 3. For each considered boundary
condition, the frequency response of the beam was simulated by supplying all the PPs
with the harmonic voltage V(t) = Vejωt, where V is the voltage amplitude (set to 100 V),
j is the imaginary unit, and ω is the angular frequency corresponding to one of the first
three eigenmodes. The sign of the voltage has been distributed as reported in Table 2, so
1024 frequency response simulations have been performed for each eigenmode. The beam
coupled with 10 PPs is modelled in a 3D environment and its mesh consists approximately
of 50,000 free-triangular elements. The edges of each PZT actuator have been refined to
enhance the solution’s accuracy, since the piezoelectric moment provided by every PP is
concentrated at the ends of each actuator (Section 2).

Table 2. Possible voltage distributions.

Distribution\PP 1 2 3 4 5 6 7 8 9 10

1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1

2 +1 +1 +1 +1 +1 +1 +1 +1 +1 −1

3 +1 +1 +1 +1 +1 +1 +1 +1 - +1

4 +1 +1 +1 +1 +1 +1 +1 −1 +1 +1

5 +1 +1 +1 +1 +1 +1 −1 +1 +1 +1

... ... ... ... ... ... ... ... ... ... ...

k +1 −1 +1 −1 −1 +1 −1 +1 +1 −1

... ... ... ... ... ... ... ... ... ... ...

210 = 1024 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

Table 3. PZT actuators and beam material specifications.

Label Material Density (kg/m3) Young’s Modulus (GPa) Poisson’s Ratio d31(10−12C/N)

Beam Aluminium 2700 70 0.3 –

Actuator PZT-5A 7750 39 – 374

Figure 5 reports the comparison between the analytical and numerical calculated
optimal voltage distribution considering the free-free boundary condition and the first
three eigenmodes. As described in Section 2, the optimal voltage distribution provides
a sign change whether a minimum or a maximum in the first derivative of the mode is
encountered. When the first mode is excited, the best voltage distribution implies no sign
change (Figure 5a). If the second mode has to be dampened, the voltage’s sign must change
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from x̄ = 0.5 onwards (Figure 5b). When the third mode is excited, the most effective
voltage distribution entails two voltage’s sign changes, respectively, within 0 ≤ x̄ ≤ 0.36
and 0.64 ≤ x̄ ≤ 1 (Figure 5c). In this case, the FEM sign switch location are slightly shifted
with respect to the extrema locations of w′3(x̄) because of the numerical discretization
error. This is due to the inherent finite number of PZT plates; the edge of a PZT pair
does not always coincide with an extremum of w′j(x̄). Figure 6 depicts the errors in the
damping effectiveness to show the above mentioned considerations. In this case, the
total analytical virtual work δLp,an = |δLp1,an|+ |δLp2,an|+ |δLp3,an| is the maximum work
theoretically achievable. Since 10 PZT actuator pairs are considered in the FEM simulations,
the total virtual work obtained via FEM will be always lower than δLp,an. δLp, f em and it
can be written as δLp, f em = |δLp1, f em|+ |δLp2, f em|+ |δLp3, f em| ≤ δLp,an. The total damping
effectiveness error due to the number of actuators can be written as etot = e1 + e2. The
terms e1 and e2 can be calculated as e1 = δLp1,an − δLp1, f em and e2 = δLp3,an − δLp3, f em. It
is worth noting that δLp2,an − δLp2, f em = e1 + e2. The total percentage loss of damping due
to the discretization can be written as:

e(%) =
δLp,an − δLp, f em

δLp,an
(8)

For the considered cases, e(%) is always lower than 4–5% while, in the worst case
(Figure 6), the discretization error yields to a numerical loss of damping effectiveness equal
to 8%.

A similar fair agreement among the analytical and numerical outcomes can be ob-
served for the fixed-fixed boundary condition (Figure 7). If the first mode is excited, the
optimal voltage distribution entails two sign switches (x̄ = 0.23 and x̄ = 0.77), as reported
in Figure 7a. The optimal voltage distribution to damp the second mode excitation includes
three sign changes (Figure 7b), while four sign switches must be provided when the third
eigenmode is excited (Figure 7c).

The numerical optimal voltage distributions for the first three modes of a pinned-
pinned beam (Figure 8) are similar to those of the free-free beam modes (Figure 5). This is
due to the fact that the ends of the beam are free to rotate for both boundary conditions.
However, the local minima and maxima of w′j x̄ share the same absolute value in the case of
pinned-pinned beams (Figure 8), while this is not the case for the free-free and fixed-fixed
boundary conditions.

Finally, it seems to be confirmed that the proposed method allows to theoretically
find the optimal voltage distribution on PZT actuator pairs, regardless of the boundary
condition, which also ensures the highest achievable piezoelectric work δLp. In other terms,
by maximizing the piezoelectric work, the maximum damping efficiency can be achieved
in the case of resonance mitigation.

Analytical

* FEM

(a)

Figure 5. Cont.
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Analytical

* FEM

(b)

Analytical

* FEM

(c)

Figure 5. First derivatives of the first three modes for free-free boundary condition: (a) first mode,
(b) second mode, and (c) third mode. The FEM results highlight the optimal location of the voltage
sign switch (illustrated with blue stars).

𝑒1

𝑒2

δLp1,an

δLp1,fem

δLp2,an
δLp2,fem

δLp3,an

δLp3,fem

Figure 6. Example of discretization errors when evaluating the damping effectiveness in the case
of free-free boundary conditions and third mode excitation. The total analytical virtual work
δLp,an = |δLp1,an| + |δLp2,an| + |δLp3,an| is the maximum theoretically achievable. Since 10 PZT
actuator pairs are considered in the FEM simulations, the total virtual work, obtained via FEM, will
be always lower than δLp,an and it can be written as: δLp, f em = |δLp1, f em|+ |δLp2, f em|+ |δLp3, f em| ≤
δLp,an. e1 and e2 can be obtained as: e1 = δLp1,an − δLp1, f em and e2 = δLp3,an − δLp3, f em. It is worth
noting that δLp2,an− δLp2, f em = e1 + e2. The total percentage loss of damping due to the discretization

error (Equation (8)) is e(%) =
δLp,an−δLp, f em

δLp,an
= 2e1+2e2

δLp,an
= 8%.
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Analytical

* FEM

(a)

Analytical

* FEM

(b)

*

*

*

*

*

*0.2 0.4 0.6 0.8 1.0
x

-1.0

-0.5

0.5

1.0

w'3(x)

Third mode

Fixed-Fixed

Analytical

* FEM

(c)

Figure 7. First derivatives of the first three modes for fixed-fixed boundary condition: (a) first mode,
(b) second mode, and (c) third mode. The FEM results highlight the optimal location of the voltage
sign switch (illustrated with blue stars).
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Analytical

* FEM

(a)

Analytical

* FEM

(b)

Analytical

* FEM

(c)

Figure 8. First derivatives of the first three modes for pinned-pinned boundary condition: (a) first
mode, (b) second mode, and (c) third mode. The FEM results highlight the optimal location of the
voltage sign switch (illustrated with blue stars).

In Figure 9a–d the damping effectiveness of several voltage distributions reported in
Table 4 are compared in the case of the resonance induced by an external load F(t). The load
F(t) = F0 cos(ω1t) is evenly distributed on the beam length, with F0 = 15 N and ω1 being
the angular frequency. The damping efficacy is calculated by considering the displacement
of a reference point located at x̄ = 0.2 and driving the PPs with the same voltage amplitude
V = 80 V for each considered voltage distribution. It is worth noting that when the PPs
within the maximum and minimum of the first derivative of the first eigenmode is not
activated at all (i.e., δVi = 0, Equation (5)), about 50% damping effectiveness can be reached
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(Figure 9a). In this case, the virtual work of the piezoelectric forces is not optimized since
the participation of PPs located between x̄ =0.2 and x̄ =0.8 is zero. Such a contribution
can be recovered, reaching 100% damping efficacy by switching the sign of the voltage at
x̄ =0.2, and proving the validity of the proposed method (Figure 9c). In fact, considering
Figure 10, the total piezoelectric virtual work δLptot can be written as:

δLptot = δLp1 + δLp2 + δLp3 (9)

which can be normalized to highlight the individual percentage contributions:

rtot = r1 + r2 + r3 =
δLp1

δLptot
+

δLp2

δLptot
+

δLp3

δLptot
= 1 (10)

Since the difference between the damping efficacy obtained with A and OVD1 dis-
tributions is 50%, it can be seen that it actually coincides with r2 because r1 + r3 = 50%.
When the optimal voltage distribution for the second eigenmode excitation (OVD2) and B
distribution are activated, the damping efficacy is way lower than that reached with the
OVD1 (Figure 9b–d).

Table 4. Selected voltage distributions for the damping effectiveness comparison illustrated in
Figure 9 and considering the first eigenmode excitation of the fixed-fixed beam. OVD1 and OVD2 are
the optimal voltage distributions when the mode is excited, respectively, for the first and the second
mode.

Distribution\PP 1 2 3 4 5 6 7 8 9 10

A +1 +1 0 0 0 0 0 0 +1 +1

B +1 +1 −1 −1 −1 +1 +1 −1 −1 +1

OVD1 +1 +1 −1 −1 −1 −1 −1 −1 +1 +1

OVD2 +1 +1 −1 −1 −1 +1 +1 +1 +1 −1

(a) (b)

Figure 9. Cont.
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(c) (d)

Figure 9. Example of the damping efficacy achieved activating the voltage distributions listed in
Table 4. wx̄=0.2 vs. time plots in the case of: (a) activation of the voltage distribution A, (b) activation
of the voltage distribution B, (c) activation of the voltage distribution OVD2, and (d) activation of the
voltage distribution OVD1. The first eigenmode of the fixed-fixed beam is excited by the external
load F(t), evenly distributed on the beam length, with F(t) = F0 cos(ω1t), F0 = 15 N and ω1 being
the angular frequency of the first mode (1174.4 rad/s). The vertical displacement of a point located at
x̄ = 0.2 is used as the reference point. The dashed red line shows the instant of voltage distribution
activation.

δLp1
δLp2

δLp3

δLptot= δLp1 + δLp1 + δLp3

rtot(%)= 
δLp1

δLptot
+ 
δLp2

δLptot
+ 
δLp3

δLptot

Figure 10. Virtual works of the piezoelectric forces (δLp) in the case of the first eigenmode excitation
in a fixed-fixed beam. The FEM results highlight the optimal location of the voltage sign switch
(illustrated with blue stars).

4. Conclusions

The optimal voltage distribution to dampen the vibration at resonance has been
investigated for the Euler–Bernoulli beam entirely covered with PZT actuator pairs and
for different boundary conditions. The optimization method lies in the maximization
of the virtual work of the piezoelectric forces that depends on the first derivative of the
target mode shape. The optimal voltage distributions have been investigated for the first
three eigenmodes and free-free, fixed-fixed, and pinned-pinned boundary conditions. It
was numerically verified that the voltage must change its sign whenever a minimum or
maximum of the piezoelectric work is reached. The numerical simulations have been
performed through a FEM code considering 10 PZT actuator pairs and a fair agreement
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with the theoretical predictions arises for each case under study. The proposed approach
may be relevant for many engineering problems involving the design of active vibration
damping systems, based on the PZT actuators.
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the manuscript.
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Nomenclature

L beam’s length
d31 piezoelectric coefficient
ρ beam’s density
Ea Young’s modulus of the piezoelectric actuator
Eb Young’s modulus of the beam
Mp piezoelectric bending moment
Ta piezoelectric actuator thickness
Tb beam’s thickness
b beam’s width
A beam’s cross-section area
w vertical displacement
∼
w virtual vertical displacement
wi(x) i-th flexural mode of the cantilever beam
x̄ dimensionless length of the beam: x

Lb
xi points where the potential changes its sign
x̄ = x

L dimensionless length
′ derivative with respect to the x−axis
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