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Abstract

First passage percolation with recovery is a process aimed at modeling the spread of epi-
demics. On a graph G place a red particle at a reference vertex o and colorless particles (seeds)
at all other vertices. The red particle starts spreading a red first passage percolation of rate 1,
while all seeds are dormant. As soon as a seed is reached by the process, it turns red and starts
spreading red first passage percolation. All vertices are equipped with independent exponential
clocks ringing at rate γ > 0, when a clock rings the corresponding red vertex turns black. For
t ≥ 0, let Ht and Mt denote the size of the longest red path and of the largest red cluster
present at time t. If G is the semi-line, then for all γ > 0 almost surely lim supt

Ht log log t
log t = 1

and lim inft Ht = 0. In contrast, if G is an infinite Galton-Watson tree with offspring mean
m > 1 then, for all γ > 0, almost surely lim inft

Ht log t
t ≥ m−1 and lim inft

Mt log log t
t ≥ m−1,

while lim supt
Mt

ect ≤ 1, for all c > m − 1. Also, almost surely as t → ∞, for all γ > 0 Ht is of
order at most t. Furthermore, if we restrict our attention to bounded-degree graphs, then for
any ε > 0 there is a critical value γc > 0 so that for all γ > γc, almost surely lim supt

Mt

t ≤ ε.

Keywords: First passage percolation, first passage percolation in hostile environment, com-
petition, recovery, branching processes, Galton-Watson trees, epidemics

1 Introduction

In this work we study a natural process which can be seen as an epidemic process where individuals
can recover, but they can still transmit the disease if they are close to a susceptible individual.
Intuitively, the process is defined as follows. On a graph G (which we can imagine infinite, locally
finite and connected) place a red particle at some reference vertex o and colorless particles at all
other vertices. At time 0 the red particle starts spreading a red first passage percolation (FPP)
of rate 1, which we can think of a disease starting at a single source and spreading throughout a
network. As soon as a seed is reached by the process, it instantly turns red and starts spreading
red FPP. All vertices are equipped with independent exponential clocks that ring at a given rate
γ > 0; as soon as a clock rings, the corresponding vertex turns black. This fact does not inhibit
the red process; in fact, active seeds still spread red FPP, even if their vertices turned black.

This natural model is motivated by the following interpretation. Suppose that vertices of
G represent individuals in a community where red FPP represents an infectious disease. Then,
red vertices represent infected individuals and black vertices those that have recovered from the
disease. The recovery rate clearly represents the rate at which a sick individual becomes healthy.
Here we always assume that a recovered individual will not be able to be infected again. However,
recovered individuals can spread the infection to neighboring sites (those hosting seeds).

We shall study the asymptotic behavior of the size of the longest red path and of the largest
red cluster in two cases, namely when G is the semi-line N, and when G is a supercritical Galton-
Watson tree (including the trivial case of a homogeneous tree).
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To the best of our knowledge, this is the very first time that such a process is analyzed, and
we hope that this work will trigger further investigation in this direction.

1.1 Main results

In the following we shall refer to “red vertices” as those whose seeds have been activated by red
FPP but their corresponding recovery clock hasn’t rung yet. Similarly, “black vertices” are the
ones already reached by red FPP whose recovery clock has already rung.

For all t ∈ R let Ht be the size of the longest (oriented) path consisting of red vertices present
at time t, and Mt be the size of the largest red cluster present at time t. The present work focuses
on the asymptotic behavior of Ht and Mt as t → ∞, when G is a tree (deterministic or random).
More precisely, we show the following results.

Theorem 1.1. When G is the infinite semi-line N then, for all recovery rates γ > 0,

(i) P
(
lim supt→+∞

Ht log log t
log t = 1

)
= 1;

(ii) P (lim inft→+∞Ht = 0) = 1.

Roughly speaking, when G = N then the “largest” red component gets of order log t
log log t , when t

is large. However, even if this event occurs infinitely often, it is not true that anything close to this
size is maintained, as the second item shows. In fact, almost surely, there are arbitrary large times
so that there is no red path in the graph, because all infected vertices have recovered. In contrast,
the next theorem shows that whenever G is a super-critical Galton-Watson tree with finite mean
then eventually there will be non-trivial red paths (and red clusters) in the graph. More precisely,
for all large times t, the longest red path is of order at least t

log t and the largest red cluster is of

order at least t
log log t . The statement includes as well the “degenerate” case of a complete infinite

d-ary tree with branching number d ≥ 2.

Theorem 1.2. If G is a supercritical Galton-Watson tree whose offspring distribution has finite
mean m > 1, then for all γ > 0,

(i) P
(
lim inf
t→+∞

Ht log t

t
≥ m− 1 | G is infinite

)
= 1;

(ii) P
(
lim inf
t→+∞

Mt log log t

t
≥ m− 1 | G is infinite

)
= 1.

As a consequence of Theorem 1.2 we obtain the following result, where #At denotes the number
of vertices reached by the process (either red or black) by time t ≥ 0.

Corollary 1.3. Under the hypotheses of Theorem 1.2 we have

P
(
lim inf
t→+∞

Ht log log(#At)

log(#At)
≥ 1 | G is infinite

)
= 1.

A consequence of [AC11] gives the following bounds on the limsup. In particular, the first two
items follow from bounding the size of the cluster #At.

Proposition 1.4. Under the hypotheses of Theorem 1.2, for all δ > 0,

P
(
lim sup
t→+∞

Mt

e(m−1+δ)t
= 0

)
= 1.

Moreover, there exists a constant c̄ > 1 such that

P
(
lim sup
t→+∞

Ht

t
≤ c̄

)
= 1.

Furthermore, when G has bounded degree, then for any ε > 0 there is a critical value γc > 0 so
that for all γ > γc, P

(
lim supt

Mt
t ≤ ε

)
= 1.
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1.2 Strategy of the proofs

Below we outline the proof strategy behind Theorems 1.1, 1.2 and Proposition 1.4.
Idea of the proof of Theorem 1.1. The starting observation is the fact that at any time the

longest red path is very likely to be at the boundary of the set of occupied vertices. It is therefore
possible to find the distribution of such a cluster; obtaining the first statement as a consequence.
For the second part, by coupling the process with a suitable random walk on the non-negative
integers, we show that almost surely there are arbitrary large times so that there is no red vertex
in the graph.

Idea of the proof of Theorem 1.2. As in the previous case, for every t, large red clusters
tend to be close to the boundary of the occupied region At. We show that if this boundary is
large, then the probability that all clusters at time t are “too small” vanishes quickly. This will
follow from self-similarity (in a distributional sense) of the Galton-Watson tree, together with the
fact that if G is infinite, then it grows exponentially fast. The proof proceeds in steps that take
care of (Ht)t and (Mt)t at the same time. For all t ≥ 0 let Qt be either Ht or Mt, i.e., the size of
either the longest red path or the largest red cluster at time t.

Fix t ≥ 0 and consider a vertex v on the external boundary of At. Clearly, v has not yet
been reached by the process, and the difference between its reaching time and t is distributed as
an Exp(1) random variable. This fact leads us to consider the auxiliary quantity P(Q1−T ≤ m),
for all m ≥ 1, where T is an independent Exp(1) random variable. Subsequently, we show that
for all t ≥ 1 it is possible to compare P(Qt ≤ m) with P(Q1−T ≤ m). Finally, we show that if
P(Q1−T ≤ m) decreases fast enough in m, then the liminf has the sought expression; this is the
most delicate part of the proof. We deduce the result by letting m be a suitable function of t.

Idea of the proof of Proposition 1.4. An asymptotic analysis of the growth of the cluster
implies the first part of the statement. The second part follows from a direct calculation that gives
an exponential upper bound on the probability that At becomes atypically large as t grows. The
last part follows from a coupling with a suitable Bernoulli percolation process and then applying a
result of [AC11]. More precisely, if γ is large enough then the corresponding Bernoulli percolation
has parameter p so small, that the cluster of open vertices (starting at the root) up to generation
ℓ has volume of order at most ℓ, when ℓ goes to infinity.

Structure of the paper. In Section 2 we introduce the main notation and give a formal defi-
nition of the process; then we review some related work, in order to put the proposed model into
context. Then we naturally split the remaining work into three parts: Sections 3, 4, and 5, devoted
to the proofs of Theorem 1.1, Theorem 1.2 (and Corollary 1.3) and Proposition 1.4, respectively.

2 Definition of the process

In this note we focus on FPP with recovery, which we formally define as follows. On a graph
G = (V,E) fix a reference vertex o ∈ V that we shall refer to as the origin (or the root, when G is
a tree). At time 0 we place a red particle at o and a colorless seed on all other vertices x ̸= o. On
every edge (u, v) ∈ E we place an exponential random variable of rate 1 (independent of everything
else) denoted by T(u,v), whereas on all vertices we place independent random variables {Cx}x∈V
distributed as exponentials of rate γ > 0, independent of the rest of the process. Later on we shall
refer to T(u,v) as the passage time between u and v, and to Cx as the recovery time (or recovery
clock) of vertex x. As soon as the seed at a vertex v is active (hence v is red), it will take some
random time before v recovers and turns black; such time is exactly Cv. Note that once a vertex
turns black, then it will never turn red again.
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2.1 Notation

We start by setting some notation, which is inherited by classical FPP; for a recent overview on
FPP see e.g. [?].

For all v ∈ V we define τv to be the reaching time of v from the origin, i.e.

τv := inf
π

|π|−1∑
j=1

T(πi,πi+1) (2.1)

where the infimum is taken over all connected paths π = (o = π1, π2, ..., π|π|−1, π|π| = v) joining o
to v, with the convention inf ∅ := +∞. For all t ∈ R, define At to be the set of all vertices that
have been reached by the process by time t, i.e.,

At := {v ∈ V : τv ≤ t}.

Recall that (Cv)v∈V are i.i.d. random variables distributed as Exp(γ), representing the recovery
clock of each vertex. Then, for t ≥ 0 let

Rt := {v ∈ At : τv ≤ t < τv +Cv}, (2.2)

i.e., the set of all vertices that are red at time t.
Finally, recall that for all t ≥ 0 we define Ht to be the size (i.e. number of vertices) of the

longest (oriented) red path present at time t and Mt to be the size of the largest red cluster present
at time t. A graphical representation is given in Figure 1.

Throughout, we let N be the set of non-negative integers, while we set N∗ := N\{0}. Moreover,
for any pair of non-negative integers a, b with a ≤ b we denote [[a, b]] := N∩ [a, b]. Intuitively, [[a, b]]
denotes the (ordered) set of integers between a and b. For every set of vertices X ⊂ V we let #X
denote its cardinality. Finally, whenever for some functions f, g we write that for t large we have
f(t) ∼ g(t), we mean that f(t)

g(t) → 1, as t → +∞.

Figure 1: A possible configuration for At when G is a Galton-Watson tree. Vertices of At are
represented by dots: red if they belong to Rt and black otherwise. Here Ht = 3, given by the red
paths (u, v, w) and (u, v, y), whereas Mt = 5, given by the red cluster of vertices {u, v, w, x, y}.

2.2 Related processes

One of the motivations to study FPP with recovery is its connection with other epidemic and
competition processes, such as the ones outlined below, including First Passage Percolation in
Hostile Environment and the SIR process.

The so-called First Passage Percolation in Hostile Environment (FPPHE) was introduced by
Sidoravicius and Stauffer [SS19]; we briefly outline its definition and refer the interested reader
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to the references mentioned below. On a graph G place a black particle at a reference vertex o,
and on each vertex x ̸= o independently place a red particle (called “seed” in that context) with
probability µ, for some fixed µ ∈ (0, 1). The black particle initiates a FPP with rate 1, while seeds
remain inactive for as long as their hosting vertex has not been reached by the process. When this
occurs, the seed is activated, turning red and starting a red first-passage percolation with some
rate λ > 0. FPPHE can be interpreted as a model for the spread of a disease (black), inhibited
by the presence of a cure (red). FPP with recovery can be thought of a natural modification of
FPPHE. More precisely, FPP corresponds to setting λ = 1 and µ = 1, as in our process. (It
would be interesting to see how different values of λ and µ might affect the asymptotic behavior
of the largest size of a red cluster in the modified version, but this is left for further investigation.)
However, in FPPHE vertices do not recover: whenever a vertex turns black (or red), then it will
maintain its color forever.

For a thorough analysis of FPPHE on Zd (for d ≥ 2) we refer the interested reader to [SS19,
Fin21, FS22b], whereas for questions related to hyperbolic and non-amenable graphs we point out
[CS21a, CS21b].

Another model that is related to the present setting was introduced in [FS22a], and consists
of a first passage percolation (FPP) process with conversion rates. In particular, a FPP process
starts at a reference vertex spreading at rate 1 through vacant vertices. (Say that this process is
of type 1.) Each occupied vertex, independently, switches at rate ρ > 0 to a second type of FPP
(type 2) that spreads at rate λ > 0 through vacant sites as well as sites occupied by type 1. In
this model, type j ∈ {1, 2} survives when there are vertices of type j at all times. [FS22a] shows
that when the underlying graph is a regular tree then coexistence is possible, while if the graph is
a lattice then type 1 always dies if λ is larger than some (small) critical value; the conjecture is
that for λ sufficiently small, type 1 survives. One of the main differences between such a model
and FPP with recovery is the fact in the former, the type-2 process can occupy vertices already
reached by type 1, whereas in the present setting red FPP can only spread through vertices that
have not yet been reached by the process.

Another known model related to the present framework is the so-called contact process (cf. for
example [Lig99] for a formal description). In the contact process, a vertex hosting a particle is
said to be infected (here this would correspond to a red vertex). Infected vertices can pass on the
infection to their neighbors at some constant rate λ > 0, each infected vertex recovers at rate 1
and it can become infected again. FPP with recovery is, however, very different from the contact
process, as a vertex goes from red (infected) to black (recovered), and it will stay so forever.

The latter feature reminds of another related model, the so-called SIR model, where vertices on
the graph are “Susceptible” or “Infected” or “Recovered”. In the SIR model each infected vertex
spreads the infection to its susceptible neighbors at a constant rate. When a vertex recovers, it
becomes immune to infection and it will be unable to spread the infection any further. We refer to
[Het00] for a review on SIR. While [Het00] mainly focuses on the spread of SIR in finite graphs of
large size N , there are also results in the case of infinite trees, for example see [BF21]. The classical
SIR model starts with a positive density of infected vertices, whereas in the present context, the
infection starts from a unique vertex (the origin) and all other vertices are seen as “susceptible”.
Furthermore, FPP with recovery is so that a vertex can be infected by the red process even if the
vertex trying to pass the infection has already recovered. This represents an important difference
between the two models.
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3 Analysis on the semi-line: a proof of Theorem 1.1

In this section the graph G is the infinite semi-line, i.e., V = N∗; we set the origin o := {1} and
the set of edges E := {(n, n+ 1), n ≥ 1}. To simplify the notation, for all n ≥ 2 set

Tn := T(n−1,n).

Since a cluster in G is a path, then for all t ≥ 0 we have Mt = Ht. The recovery rate γ > 0 is
arbitrary but fixed. Recall that for any set X we denote its cardinality by #X.

3.1 Analysis of the limsup

The goal of this subsection is to find a non-decreasing function h : R≥0 → R>0 such that

P
(
lim sup
t→+∞

Ht

h(t)
= 1

)
= 1.

We start with a lemma that will be useful several times.

Lemma 3.1. We have that

P
(

lim
n→+∞

τn
n

= 1

)
= 1 and P

(
lim

t→+∞

#At

t
= 1

)
= 1.

Proof. By definition of τn (cf. (2.1)) and since G is the semi-line, then τn =
∑n

k=2 Tk. Therefore,
by the (strong) law of large numbers, we have that τn

n → 1 almost surely.
Next, observe that for all t ≥ τn we have #At ≥ n. Therefore, when t → ∞ one has #At → ∞

almost surely (since for all n, τn < ∞ almost surely). Thus,
τ#At
#At

→ 1 and
τ#At+1

τ#At
→ 1 almost

surely. Since for all t ≥ 0 one has τ#At ≤ t < τ#At+1, then,
#At

t → 1 as claimed.

Next, we introduce an auxiliary object, which we call the tail red cluster. Recall that [[a, b]]
denotes the connected path going from vertex a to vertex b in G.

Definition 3.2. For n ≥ 1 let Tn denote the largest red cluster present at time τn which includes
vertex n; we call Tn the tail red cluster at time τn. Moreover, for any n ≥ 1 let Ĥn be its size, i.e.,

Ĥn := #Tn = max{m ∈ [[1, n]] : [[n−m+ 1, n]] ⊂ Rτn}.

The following result shows that, typically, the largest red cluster is the tail red cluster.

Proposition 3.3. Let h : N∗ → R>0 be a non-decreasing function, then:

lim sup
n→+∞

Ĥn

h(n)
= lim sup

t→+∞

Ht

h(#At)
, P-almost surely. (3.1)

Proof. We start by showing that, almost surely, lim supn
Ĥn
h(n) ≤ lim supt

Ht
h(#At)

.
By construction, the size of the tail red cluster is at most the size of the largest red cluster,

that is, Ĥn ≤ Hτn , and by definition #Aτn = n. Moreover τn → ∞ by Lemma 3.1, hence

lim sup
n→+∞

Ĥn

h(n)
≤ lim sup

n→+∞

Hτn

h(#Aτn)
≤ lim sup

t→+∞

Ht

h(#At)
.

Now we proceed with the reverse inequality. Recall that Ci denotes the recovery time of vertex i.

W.l.o.g. assume lim supt
Ht

h(#At)
> 0, (otherwise the result is clear), and fix ℓ ∈

(
0, lim supt

Ht
h(#At)

)
.

Fix an arbitrary value n0 ≥ 1 and define

t0 := max
i∈[[1,n0]]

(τi +Ci),
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that is the time from which the first n0 vertices are black. Almost surely t0 < +∞ and by definition
of lim sup, there is a time t̂ ≥ t0 so that

Ht̂

h(#At̂)
≥ ℓ. (3.2)

Now let N ∈ [[1,#At̂]] denote the rightmost vertex of a red cluster with size Ht̂. If the cluster is
not unique, just pick one arbitrarily. Clearly, since t̂ ≥ t0, then N ≥ n0 by definition of t0.

We now claim that ĤN ≥ Ht̂ and t̂ ≥ τN (see Figure 2). To see this, we reason as follows.
Since N ≤ #At̂, then by time t̂ vertex N must be already part of the aggregate, implying t̂ ≥ τN .
Moreover, between times τN and t̂ there might have been some recoveries in the cluster of size
ĤN , implying ĤN ≥ Ht̂. Using the facts that N ≥ n0 and that both functions h and t 7→ #At are
non-decreasing, we obtain

ĤN

(3.2)

≥ ℓh(#At̂)
t̂≥τN
≥ ℓh(#AτN ) = ℓh(N).

By putting everything together, we have that

lim sup
n→+∞

Ĥn

h(n)
≥ ℓ, P-almost surely.

By letting ℓ → lim supt
Ht

h(#At)
we obtain the claim.

Figure 2: A representation of the reasoning behind the proof of Proposition 3.3; possible configu-
ration for At̂ and AτN where N is the rightmost vertex of a maximizing cluster for Ht̂.

Remark 3.4. On the right-hand side of (3.1), the denominator is not a deterministic function of
t. However, we will be able to get rid of the randomness with the help of Lemma 3.1.

The next step is to find a non-decreasing function h : N∗ → R>0 such that

lim sup
n→+∞

Ĥn

h(n)
= 1, P-almost surely. (3.3)

In order to do this, we will compute the distribution of Ĥn for all n ≥ 1.

Lemma 3.5. Recall that γ > 0 is the recovery rate of the red vertices. For all n ≥ 1 and m ∈ [[0, n]],

P(Ĥn ≥ m) =

[
m−1∏
k=1

(1 + kγ)

]−1

.

Proof. Observe that

{Ĥn ≥ m} =

n⋂
j=n−m+1

Cj >

n∑
k=j+1

Tk

 .
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Now we exploit independence of the recovery clocks (Ck)k≥1 as well as independence between
(Ck)k≥1 and the passage times. This gives

P(Ĥn ≥ m) = E
[
P(Ĥn ≥ m | (Tk)k≥1)

]
= E

 n∏
j=n−m+1

exp

−γ
m∑

k=j+1

Tk


= E

[
exp

(
−γ

m−1∑
k=1

kTn−m+1+k

)]
=

m−1∏
k=1

∫ +∞

0
e−kγxe−xdx =

[
m−1∏
k=1

(1 + kγ)

]−1

,

as claimed.

It follows immediately from Lemma 3.5 that the sequence of random variables (Ĥn)n∈N∗ con-
verges in distribution.

To simplify the notation, for all m ≥ 0 set

Π(m) :=

[
m−1∏
k=1

(1 + kγ)

]−1

.

In the following, Γ denotes the usual Gamma function. By its fundamental properties, for all
m ≥ 1 we have

Π(m) = γ−(m−1) Γ(γ−1)

Γ(m+ γ−1)
.

Using Stirling’s approximation it follows that

logΠ(m) ∼ −m logm as m → +∞. (3.4)

We now show that x 7→ log x
log log x is a good candidate for the function h in (3.3).

Theorem 3.6. Almost surely, lim supn→+∞
Ĥn log logn

logn = 1.

Proof. We start by showing that for all r > 1 we have P
[
lim supn

Ĥn log logn
logn > r

]
= 0. Fix any

r > 1, and for all n ≥ ⌈ee⌉ define

mn :=

⌈
r

log n

log log n

⌉
.

By Lemma 3.5 we have∑
n≥⌈ee⌉

P
(
Ĥn ≥ r

log n

log logn

)
=
∑

n≥⌈ee⌉

Π(mn)1mn≤n ≤
∑

n≥⌈ee⌉

Π(mn). (3.5)

Now, observe that by (3.4), as n → +∞ we have

logΠ(mn) ∼ −mn logmn ∼ −r log n.

As r > 1, this implies that the series in (3.5) converges. Then by the first Borel-Cantelli lemma,
almost surely only finitely many events of the sequence ({Ĥn ≥ r logn

log logn})n≥⌈ee⌉ can be realized.
Since r > 1 was arbitrary,

P

(
lim sup
n→+∞

Ĥn log log n

log n
≤ 1

)
= 1.
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Now we show that P
[
lim supn

Ĥn log logn
logn ≥ r

]
= 1, for all r < 1. Let r ∈ (0, 1) and fix s ∈ (1, 1r ).

Similarly to what we did in the first part, for all n ≥ ⌈ee⌉ + 1 define kn := ⌊ns⌋ and wn :=⌈
r log kn
log log kn

⌉
. By definition,

wn+1

kn+1 − kn
∼ r log n

ns−1 log logn
→ 0 as n → +∞.

For all large enough n, we also have wn ≤ kn, hence there is n0 ≥ ⌈ee⌉ + 1 so that for all n ≥ n0

we have
wn ≤ kn and kn+1 − wn+1 > kn.

By construction this implies that the events ({Ĥkn ≥ wn})n≥n0 are independent. Analogously to
what done above, by lemma 3.5,∑

n≥n0

P
(
Ĥkn ≥ r

log kn
log log kn

)
=
∑
n≥n0

Π(wn)1wn≤kn =
∑
n≥n0

Π(wn). (3.6)

Finally, by reasoning as above, as n → +∞,

log Π(wn) ∼ −wn logwn ∼ −rs log n.

Since rs < 1, the series in (3.6) diverges. By the second Borel-Cantelli lemma, almost surely
there is an infinite sub-sequence of events in ({Ĥkn ≥ wn})n≥n0 that will be realized, giving that

P
[
lim supn

Ĥn log logn
logn ≥ r

]
= 1. Since r ∈ (0, 1) was arbitrary, the claim follows.

Finally we are ready to prove part (i) of Theorem 1.1.

Proof of Theorem 1.1(i). It suffices to show that, almost surely,

lim sup
t→+∞

Ht log log t

log t
= lim sup

t→+∞

Ht log log(#At)

log(#At)
= 1.

The second equality is given by Theorem 3.6 and Proposition 3.3 since (ee,+∞) ∋ x → log x
log log x is

increasing. Finally, since #At ∼ t almost surely by Lemma 3.1, the result follows.

3.2 Analysis of the liminf

One way to show the sought result is the following. (We are grateful to an anonymous referee for
suggesting this short proof.)

First, define a sequence of stopping times {σn}n∈N as follows:

σ0 := 0 and for n ≥ 0, σn+1 := inf{t > σn : #Rt ̸= #Rσn}.

This sequence corresponds to the jumping times of the process (#Rt)t≥0. For simplicity of notation,
for all n ≥ 0 let

Wn := #Rσn .

Using the fact that the exponential distribution is memoryless, we have that the process {Wn}n∈N
is a Markov chain, with

P(Wn+1 −Wn = 1 | Wn) = 1− P(Wn+1 −Wn = −1 | Wn) =
1

1 + γWn
for all n ∈ N∗.

Now, observe that P(Wn+1−Wn = 1 | Wn) ≤ 1/2 iff Wn ≥
⌈
γ−1

⌉
. Therefore, if we see this process

as a random walk on N \ [[0,
⌈
γ−1

⌉
]] reflected at

⌈
γ−1

⌉
, we see that its transition probabilities are
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dominated by those of the simple random walk (on N \ [[0,
⌈
γ−1

⌉
]] reflected at

⌈
γ−1

⌉
), which is

recurrent.
This argument shows that the Markov chain (Wn)n∈N∗ visits vertex

⌈
γ−1

⌉
infinitely often

almost surely. Since P
(
Wn+⌈γ−1⌉ = 0 | Wn =

⌈
γ−1

⌉)
is positive and does not depend on n ∈ N, we

deduce that (Wn)n∈N∗ visits 0 infinitely often almost surely, that is

lim inf
n→+∞

#Rσn = 0 (3.7)

Now, fix n ∈ N∗ and observe that at time τn the process (#Rt)t≥0 may have had at most 2n − 2
jumps: exactly n−1 positive jumps corresponding to new vertices being reached, and at most n−1
negatives jumps corresponding to recoveries; giving σ2n−2 ≥ τn. Since τn → +∞ almost surely as
n → +∞ by Lemma 3.1, we deduce that σn → +∞ almost surely as as n → +∞. Together with
(3.7) this implies that almost surely there are arbitrary large time t so that there is no red vertices
at time t, giving the sought liminf.

Remark 3.7. It is possible to show the result on the liminf also in a different way, which in-
vestigates the process directly. Since we believe it to be of independent interest, we present it in
Appendix A.

4 Supercritical Galton-Watson trees

In this section G is a supercritical Galton-Watson tree and the recovery rate γ > 0 is arbitrary.
More precisely, let ζ denote a distribution on the non-negative integers and consider a random
variable B ∼ ζ. For all k ≥ 0, let ζ(k) := P(B = k). We require that EB :=

∑
k≥1 kζ(k) > 1.

Then, we assume that ζ is the offspring distribution that characterizes G. We let S denote the
event that G is infinite. Furthermore, define

PS(·) := P(· | S).

To simplify the notation, for all v ∈ V \ {o} let v− denote the predecessor of v in the (unique)
non-backtracking path from the root o to v and set Tv := T(v−,v). We also define

α := EB − 1. (4.1)

See Figure 3 for a simulation of FPPHE with recovery on G.

Figure 3: Simulation of At with B ∼ Bin(2, 45), γ = 1
2 and t = 13. Red dots are vertices of Rt and

dark lines are edges inside At.

Our next aim is to find two non-decreasing functions h, g : R≥0 → R>0 so that PS-almost
surely,

lim inf
t→+∞

Ht

h(t)
≥ 1 and lim inf

t→+∞

Mt

g(t)
≥ 1.

10



4.1 Useful notation and properties

We start by defining two sequences of stopping times that will be widely used later on.

Definition 4.1. For all n ≥ 1, set θn := inf{t ≥ 0 : #At ≥ n}. Moreover, for all v ∈ V , let
τv := inf{t > 0 : v ∈ At}.

Fix an integer n ≥ 1 and assume #G ≥ n. Then θn is the reaching time of some vertex, and
#Aθn = n. For any subset A ⊂ V we define ∂∗A to be its external boundary, i.e.,

∂∗A := {w ∈ V \A : {v, w} ∈ E, for some v ∈ A}.

In this subsection we provide asymptotic estimates for θn and #∂∗Aθn as n → ∞. The following
lemma gives a characterization for the distribution of (#∂∗Aθn)n≥1. Recall that the offspring
distribution ζ is described at the beginning of Section 4.

Lemma 4.2. Consider a sequence (Di)i≥1 of i.i.d. random variables distributed according to the
offspring distribution ζ and define a new sequence of random variables (Jn)n≥0 inductively by
setting J0 := 1, and for all n ≥ 0

Jn+1 := Jn + (Dn+1 − 1)1{Jn>0}.

Then, we have that (#∂∗Aθn)n≥1 is distributed as (Jn)n≥1.

Proof. Observe that conditionally on all the passage times, (Aθn)n≥1 is a deterministic exploration
process of G. More precisely, we start at the origin and we consecutively discover, one at the time,
vertices of the external boundary of the currently explored region. In particular, we have that for
all n ≥ 1,

#∂∗Aθn+1 −#∂∗Aθn

is independent of (#∂∗Aθk)1≤k≤n and, on the event #∂∗Aθn > 0, has distribution ζ−1. The result
follows then by induction.

Figure 4: Illustration of the step-by step construction in the proof of Lemma 4.2.

Lemma 4.3. Recall the definition of α from (4.1). Almost surely on S, we have

θn
log n

→ 1

α
and

#∂∗Aθn

n
→ α.

Proof. The first statement follows directly by applying the methods in [AK67] (which are also
deeply discussed in [AN72, Sections I.12 and III.9]). Now we can apply Lemma 4.2. Since the
event {G is infinite} can be rewritten as {∀n ≥ 1, #∂∗Aθn > 0}, by Lemma 4.2 it suffices to show
that, conditional on S ′ := {∀n ≥ 1, Jn > 0}, almost surely Jn

n → α. In order to show this, observe
that, on S ′, we have Jn = 1 +

∑n
k=1(Dk − 1). By the strong law of large numbers, almost surely

on S ′, we have Jn
n → α, giving the second statement.

11



Now we introduce a class of auxiliary processes coupled with the original one.

Definition 4.4. Let v ∈ V . We define the process shifted by v to be the translated process started
at a new root, namely v. In particular, say that now v ̸= o is the root, then we discard the edge
connecting v to v− and consider only the connected component containing v. This guarantees that
the distribution of the process does not change. All quantities in the new version will present a
superscript (v), however, the random variables associated to each edge (passage times) and to each

vertex (recovery clocks) will not be changed. (E.g., C
(v)
v ≡ Cv.)

This procedure is well defined because the Galton-Watson tree is invariant (in a distributional
sense) with respect to translation. Moreover, the process started at any vertex v at time τv has
the same distribution as the original one. In any collection of vertices so that none of them is a
prefix of any other, the corresponding shifted processes are all independent of one another and
distributed as the original one.

Proposition 4.5. There is a random set of vertices U ⊂ V independent of the passage times and
recovery clocks such that,

(i) PS-almost surely we have 1 < #U < +∞ and #
(
V \

⋃
v∈U V (v)

)
< ∞.

(ii) Under PS and conditional on U , (G(v))v∈U is a collection of independent random graphs,
with the same distribution as G.

Proof. Proof of (i). For any v ∈ V , consider the set of “sons” (i.e., direct descendants) of v which
are roots of infinite sub-trees in G, and denote it by Sv := {w ∈ ∂∗{v} : #G(w) = +∞}.

First, observe that PS-almost surely there exists a vertex v ∈ G such that #Sv > 1. (Under
PS , {v ∈ G : Sv ≥ 1} is an almost surely infinite supercritical Galton-Watson tree.) Then, note
that if u, v ∈ V have a common ancestor a /∈ {u, v} and they are such that #Su > 1 and #Sv ≥ 1,
then #Sa > 1. It follows that there is a (random) vertex w ∈ V that, PS-almost surely, is the
unique vertex such that #Sw > 1 and #

(
V \ V (w)

)
< ∞. We set U := Sw; see Figure 5.

Proof of (ii). The second item follows directly from the definition of U , since Sw is a (finite)
set of “siblings” (hence not descendants of one another), and from the distributional invariance of
the Galton-Watson tree.

Figure 5: An illustration of the proof of Proposition 4.5.

4.2 Analysis of the liminf

In this subsection we shall prove results that will be applied to the sequences (Ht)t∈R and (Mt)t∈R,
hence write (Qt)t∈R to denote either of them. In the next subsection we shall see how to use this
in order to prove Theorem 1.2. In a natural way, we set Qt := 0, for all t < 0.

12



The first goal is to provide a sufficient property to characterize the asymptotic lower bound
for Qt, as t → ∞. More precisely, if f : R≥0 → R>0 is a non-decreasing function we want to get a
non-trivial property on f that guarantees lim inft

Qt
f(t) ≥ 1, PS-almost surely.

In order to do so, we start by looking for an upper bound on P (Qt ≤ m) when (t,m) ∈ R2
≥0

are large. We shall later apply the first Borel-Cantelli lemma to show that when m = m(t) has
the claimed expression, then the event {Qt ≤ m} occurs only finitely many times almost surely.
Below we make use of the fact that a Galton-Watson tree is self-similar (in a distributional sense)
and, when it survives, it grows exponentially fast. For all (t,m, n) ∈ R≥0 × N× N let

Pn
m(t) := P[Qt ≤ m, #∂∗At−1 ≥ n]. (4.2)

Let T ∼ Exp(1) be a random variable independent of the whole process. For all m ∈ N∗ set

η(m) := P[Q1−T ≤ m]. (4.3)

Proposition 4.6. For all (t,m, n) ∈ R≥0 × N× N, we have

Pn
m(t) ≤ η(m)n,

where Pn
m(t) and η(m) are defined in (4.2) and (4.3) respectively.

Proof. By construction, for all fixed t ≥ 0, the set ∂∗At−1 is almost surely finite. For all n ≥ 1 let
Bn+ denote the set all possible shapes of size at least n for ∂∗At−1, i.e. the set of all subsets of
vertices F such that #F ≥ n and P(∂∗At−1 = F ) > 0. Hence, by definition of Pn

m(t) and of the
shifted process, one has

Pn
m(t) =

∑
F∈Bn+

P({Qt ≤ m} ∩ {∂∗At−1 = F})

≤
∑

F∈Bn+

P[{∀v ∈ F, Q(v)
t−τv ≤ m} ∩ {∂∗At−1 = F}],

where τv was introduced in Definition 4.1. Fix any F ∈ Bn+. By the memoryless property of the
exponential distribution, when we condition on {∂∗At−1 = F}, the set (τv−t+1)v∈F is a collection
of i.i.d. Exp(1) random variables.

Now consider the collection of processes shifted by v, where v varies in F . Thus, conditional
on {∂∗At−1 = F}, such collection consists of i.i.d. processes, distributed as the original one,
independent of (τv)v∈F . Therefore,

P[∀v ∈ F, Q(v)
t−τv ≤ m | F ] = (P[Q1−T ≤ m])#F ≤ η(m)n

(where the last inequality follows from the fact that #F ≥ n), and hence

Pn
m(t) ≤

∑
F∈Bn+

η(m)nP(∂∗At−1 = F ) = η(m)nP(#∂∗At−1 ≥ n).

Hence the claim follows.

An illustration of the reasoning in the above proof is given in Figure 6.
The next auxiliary lemma gives a bound on the desired liminf restricted to a random sequence

of times. Recall the definition of α from (4.1).
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Figure 6: Possible configuration of the red vertices at time t.

Lemma 4.7. Let (Yn)n≥1 and (Zn)n≥1 be two random sequences so that (Zn)n≥1 is independent
of the process of FPP with recovery, such that P( Yn

logn → α−1) = 1 and P( Zn
logn → α−1) = 1. Let

η(·) be as in Proposition 4.6 and let h : R≥0 → R>0 be a non-decreasing function so that, for all
x > 0 large enough,

η (h(x)) ≤ exp(−1/x). (4.4)

Then, for all β ∈ (0,α),

lim inf
n→+∞

QZn

h(eβYn)
≥ 1, PS-almost surely.

Proof. Fix y ∈ ( βα , 1) and z ∈ (y, 1). For all n ≥ 1 define

Bn := {QZn ≤ h(eβYn)} and Gn := {#∂∗AZn−1 ≥ βnz, h(eβYn) ≤ h(ny)}.

Since (Zn)n≥1 is independent of the process, then for all n ≥ 1,

P(Bn ∩Gn) ≤ P[QZn ≤ h(ny), #∂∗AZn−1 ≥ βnz] = E
[
P βnz

h(ny)(Zn)
]
,

where the last equality follows from the definition in (4.2). Thus, by Proposition 4.6 and by
assumption (4.4), we get that for all n ≥ 1 sufficiently large

P(Bn ∩Gn) ≤ E
[
P βnz

h(ny)(Zn)
] Prop. 4.6

≤ E
[
η (h(ny))βn

z
] (4.4)

≤ exp

(
− 1

ny
βnz

)
= exp(−βnz−y).

Since z−y > 0, it follows that
∑

n≥1 P(Bn∩Gn) < ∞. Moreover, for all event E so that P(E) = 0
we also have PS(E) = 0. Thus, by the first Borel-Cantelli lemma

PS

[
lim sup
n→+∞

(Bn ∩Gn)

]
= 0. (4.5)

Our next aim is to show that the sequence of events (Gn)n≥1 does not give any real contribution
in the above intersection, implying that (4.5) only depends on the limsup of the events (Bn)n≥1.

Since y/β > 1/α, from the asymptotic behavior of (Yn)n≥1 it follows that almost surely for
all n ≥ 1 large enough we have Yn ≤ y logn

β . Thus, since h and the exponential function are
non-decreasing, PS-almost surely,

h(eβYn) ≤ h(ny) for all n sufficiently large. (4.6)

Using the assumption on the asymptotic behavior of (Zn)n≥1 and the fact that z < 1, together
with Lemma 4.3, it follows that PS-a.s. for all n and k large enough,

Zn − 1 ≥
√
z

α
log n and θk ≤ 1√

zα
log k.
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Thus, for all n and k large enough, Zn − 1− θk ≥
√
z

α log n− 1√
zα

log k. Setting k = ⌊nz⌋, we get

that PS-almost surely,
Zn − 1 ≥ θ⌊nz⌋ for all n sufficiently large. (4.7)

Using again Lemma 4.3, since β < α, PS-a.s. for all n ≥ 1 large enough we have #∂∗Aθn ≥ β(n+1),
which implies that for all n large and t ≥ θ⌊nz⌋ we have #∂∗At ≥ βnz. As a consequence, by (4.7)
one obtains that there is a PS-almost surely finite value n0 so that, for all n ≥ n0,

#∂∗AZn−1 ≥ βnz. (4.8)

Putting together equations (4.6) and (4.8) gives that there is a PS-almost surely finite value n1

so that, for all n ≥ n1, Gn is realized. Together with (4.5) we obtain PS [lim supnBn] = 0, which
implies the claim.

Finally, the previous lemma and Proposition 4.5 will be used to obtain a sufficient characteri-
zation for an asymptotic lower bound.

Theorem 4.8. Let h : R≥0 → R>0 be a non-decreasing function such that η (h(x)) ≤ exp(−1/x)
for all x large enough. Then, for all β ∈ (0,α) we have

lim inf
t→+∞

Qt

h(eβt)
≥ 1, PS-almost surely.

Proof. For all t0 ≥ 0 define
Q−

t0
:= lim

t→t−0

Qt;

in words, Q−
t0

coincides with Qt0 except that it ignores the last vertex reached by the process at
time t0, if there is one. First we show that, for all t > 0,

Qt ≥ Q−
θ#At+1

and h(eβt) ≤ h
(
eβθ#At+1

)
PS-almost surely. (4.9)

The first inequality can be deduced from the following observations. At any fixed time t the
quantity Q−

θ#At+1
is the size of a longest red path (or red cluster) at time θ#At+1, excluding the

last occupied vertex. Since θ#At+1 is the first time that the occupied set has size #At + 1 then,
when ignoring the last infected vertex, the occupied set has size #At. Thus, θ#At+1 ≥ t. However,
between t and θ#At+1 only one vertex turns red (the one we ignore) while other red vertices might
recover, then Qt ≥ Q−

θ#At+1
. The second inequality follows from the fact that θ#At+1 ≥ t and h is

non-decreasing by assumption.
By dividing both terms of the first inequality in (4.9) by the terms in the second inequality

and taking the liminf, since #At → ∞, we obtain

lim inf
t→+∞

Qt

h(eβt)
≥ lim inf

n→+∞

Q−
θn

h(eβθn)
.

The sub-sequence of times (θn)n has some of the desired properties, but it is not independent of the
process, thus we can not apply Lemma 4.7 directly. To get round this problem we apply Proposition
4.5. First, recall from Proposition 4.5 that U is a discrete random variable representing a certain
(finite) set of vertices. Therefore, it is enough to prove the claim on the event {U = F} for any
arbitrary finite set F , and then let F vary. Fix a finite set of vertices F such that PS(U = F ) > 0,
in particular we have #F > 1. From now on we reason under PS and conditional on the event
{U = F}. For every u ∈ F , fix u∗ ∈ F such that u∗ ̸= u. For all u ∈ F and n ≥ 1, define

Y u
n := τu + θ(u)n and Zu

n := Y u
n − τu∗ .
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All but finitely many vertices of V belong to G(u) for some u ∈ F . Thus, by Proposition 4.5, for
all n ≥ 1 large enough, for some u ∈ F at time θn there will be a vertex v in G(u) that will be
reached by the process (see Figure 7). Therefore, PS-almost surely given {U = F} for all n ≥ 1
big enough there exists a (random) vertex vn ∈ F and a (random) index Ln ≥ 1 such that

θn = Y vn
Ln

.

By construction we have then

Q−
θn

≥ Q(v∗
n)

Zvn
Ln

. (4.10)

In fact, start by noticing that, since θn = Y vn
Ln

, then Zvn
Ln

= Y vn
Ln

−τv∗
n
= θn−τv∗

n
is the time elapsed

from the moment vertex v∗
n has been reached by the process. Thus, the quantity Q

(v∗
n)

Zvn
Ln

= Q
(v∗

n)

Y vn
Ln

−τv∗n
is the size of a maximal red path (or maximal red cluster) at time θn when we restrict the observed
process to G(v∗

n). However, the size of a maximal red path (or red cluster) in this case is at most
the size of a maximal red path (or red cluster) at time θn in G. Thus,

Qθn ≥ Q(v∗
n)

Zvn
Ln

.

Furthermore, the “minus” in the notation of (4.10) comes from the fact that at time θn only one
vertex has been added to the cluster, and it was vn /∈ G(v∗

n), hence we can ignore the last added
vertex, obtaining (4.10). Now observe that, by definition, Ln → ∞ as n → ∞. Therefore,

lim inf
n→+∞

Q−
θn

h(eβθn)
≥ min

u∈F
lim inf
n→+∞

Q(u∗)
Zu
n

h(eβY u
n )

, PS-almost surely, given {U = F}.

Next, fix u ∈ F . By Lemma 4.3, PS-almost surely limn
Zu
n

logn = limn
Y u
n

logn = limn
θ
(u)
n

logn = 1
α .

Moreover, the shifted process corresponding to u∗ has the same distribution as the original one
and it is independent of (Zu

n)n≥1. Hence, by Lemma 4.7 we get

lim inf
n→+∞

Q(u∗)
Zu
n

h(eβY u
n )

≥ 1, PS-almost surely, given {U = F}.

By letting F vary, we obtain the claim.

Figure 7: Illustration for the proof of Theorem 4.8.
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4.3 Proofs of Theorem 1.2 and Corollary 1.3

In this subsection we use the previous results to compute the sought asymptotic lower bounds.
The first two lemmas guarantee that the probabilities that we are investigating do indeed satisfy
assumption (4.4). Recall that for all t < 0 we set Ht := 0 and Mt := 0.

Lemma 4.9. Let T ∼ Exp(1) be independent of the process, and r ∈ (0, 1). Then for all x > e
large enough,

P
[
H1−T ≤ r log x

log log x

]
≤ e−1/x.

Proof. Fix x > e and define

mx :=
r log x

log log x
and px : R → [0, 1], t 7→ P[Ht ≤ mx]. (4.11)

Next, denote
M(x) := inf {1− px(t), t ∈ [1− log 2, 1]} .

By standard facts we have that

P[H1−T ≤ mx] = E[px(1− T )1T>log 2] + E[px(1− T )1T≤log 2]

≤ P(T > log 2) + P[T ≤ log 2] sup
t∈[1−log 2,1]

px(t) = 1− M(x)

2
.

Now, using the fact that log(1 + z) ≤ z for all z > −1, taking logarithms we obtain

logP[H1−T ≤ mx] ≤ log

(
1− M(x)

2

)
≤ −M(x)

2
. (4.12)

Now, for all n ≥ 0 we let the vertex vn correspond to the left-most individual of the n-th generation
in the tree, and recall that (Cv)v∈V is the sequence of recovery clocks. Moreover, for all v ∈ V let
Bv denote the number of children of vertex v. Set To := 0 for convenience and notice that, for all
t ∈ [1− log 2, 1],

⌊mx⌋⋂
k=0

{
Cvk > 1, Bvk ≥ 1, Tvk <

1− log 2

mx + 1

}
⊂ {Ht > mx}.

Therefore, considering the corresponding probabilities,

M(x) ≥ P[B ≥ 1]mx+1e−γ(mx+1)

(
1− exp

[
−1− log 2

mx + 1

])mx

. (4.13)

For the remainder of this proof, let

M̂(x) := P[B ≥ 1]mx+1e−γ(mx+1)

(
1− exp

[
−1− log 2

mx + 1

])mx

. (4.14)

Next, since log(1− e−z) ∼ log z as z → 0+ together with (4.11), we have

log M̂(x) ∼ mx log

(
1− log 2

mx + 1

)
∼ −mx logmx ∼ −r log x as x → +∞.

Thus, since r < 1 we have that for all x large enough

M̂(x) ≥ 2 exp(− log x).
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Finally, since M̂(x) ≤ M(x) (by (4.14) and (4.13)), by plugging this inequality into (4.12) we get

logP[H1−T ≤ mx] ≤ −M(x)

2
≤ −M̂(x)

2
≤ −1

2

2

x
= −1

x
.

By taking exponentials, we obtain the claimed result.

Lemma 4.10. Let T ∼ Exp(1) be independent of the process and r ∈ (0, 1). Then for all x > ee

large enough we have

P
[
M1−T ≤ r log x

log log log x

]
≤ e−1/x.

Proof. We proceed as in the proof of Lemma 4.9. Fix x > ee and define

m′
x :=

r log x

log log log x
and p′x : R → [0, 1], t 7→ P[Mt > mx].

Thus, by letting M′(x) := inf {p′x(t), t ∈ [1− log 2, 1]}, we have logP[M1−T ≤ mx] ≤ −M′(x)/2.
Let Vx denote the set of vertices corresponding to the first 1 + ⌊m′

x⌋ individuals of the (deter-
ministic) binary tree. Now, since G is supercritical, we can reason as follows. As in the previous
proof, for v ∈ V let Bv denote the number of children of v. The probability that G contains Vx is
positive and, since the variables {Bv}v are i.i.d., it can be bounded by

P

[ ⋂
v∈Vx

{Bv ≥ 2}

]
= (1− ζ(0)− ζ(1))1+⌊m′

x⌋,

where, as defined at the beginning of Section 4, ζ(k) = P(Bv = k). Furthermore, by definition of
Vx, we have that all such individuals are to be found within generation log2(1 + ⌊m′

x⌋).
Now set To := 0 for convenience. For all t ∈ [1− log 2, 1], we have⋂

v∈Vx

{
Cv > 1, Bv ≥ 2, Tv <

1− log 2

log2(m
′
x + 1)

}
⊂ {Mt > m′

x}.

Therefore computing the probability,

M′(x) ≥ P[Bo ≥ 2]m
′
x+1e−γ(m′

x+1)

(
1− exp

[
− 1− log 2

log2(m
′
x + 1)

])m′
x

=: M̂′(x).

Next, by reasoning like in the previous lemma, we obtain (for all fixed r < 1)

log M̂′(x) ∼ −m′
x log logm

′
x ∼ −r log x as x → +∞,

which implies the claim.

Now we finally able to provide a proof of Theorem 1.2.

Proof of Theorem 1.2. It suffices to show that, almost surely on S,

lim inf
t→+∞

Ht log t

t
≥ α and lim inf

t→+∞

Mt log log t

t
≥ α.

We start with the first claim. Fix r ∈ (0, 1) and for all x ∈ (e,∞) define h(x) := r log x
log log x . This

function is non-decreasing and by Lemma 4.9, it satisfies the assumptions of Theorem 4.8 for
(Qt)t∈R ≡ (Ht)t∈R and thus for all β ∈ (0,α) we have

lim inf
t→+∞

Ht

h(eβt)
≥ 1, PS-almost surely.
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Simplifying the above expression we get lim inft
Ht log t

t ≥ rβ, PS-almost surely. Then, by letting
β → α and r → 1 we get the first part of the claim. The second part of the claim is obtained
similarly, by using Lemma 4.10 and Theorem 4.8 with h so that, for all x ∈ (ee,∞), h(x) =

r log x
log log log x and (Qt)t∈R ≡ (Mt)t∈R.

Remark 4.11. Observe that PS(#At → ∞) = 1, and thus by Lemma 4.3,

θ#At ∼
log#At

α
∼ log(#At + 1)

α
∼ θ#At+1.

Then, since for all t > 0 we have θ#At ≤ t ≤ θ#At+1, we deduce that for all t large enough,

log#At ∼ αt, PS-almost surely. (4.15)

Finally we can provide a proof of Corollary 1.3.

Proof of Corollary 1.3. By Remark 4.11 when t → ∞ we obtain

log(#At)

log log(#At)

(4.15)∼ αt

log(αt)
∼ αt

log t
, PS-almost surely.

Finally, the result follows from Theorem 1.2.

5 Proof of Proposition 1.4

The first part of the claim follows from Remark 4.11. In fact, since for all t ≥ 0 we have Mt ≤ #At,
the asymptotic given in (4.15) implies that for all δ > 0, PS−almost surely for all t big enough

logMt ≤
(
α+

δ

2

)
t.

The remaining part of the proof of Proposition 1.4 is split into Lemmas 5.1 and 5.2 below. In the
following, let Bx(r) denote the ball (in the graph metric) of radius r centered at x.

Lemma 5.1. In the same setting as above there is a constant c̃ > 0 large enough, so that

P
(
lim sup
t→+∞

{
At ⊂ Bo(c̄t)

})
= 1,

and in particular for all γ > 0, P
(
lim supt

Ht
t ≤ c̄

)
= 1.

Proof. To get the first part, we investigate what happens at integer times and then use the fact
that (At)t≥0 is non-decreasing. Let c̃ > 1 be a constant so large, that

1 + c̃ log c̃− c̃(1 + logm) > 0. (5.1)

Since P (An ̸⊂ Bo(c̃n)) = E [P (An ̸⊂ Bo(c̃n) | G)], we start by bounding the inner part of the ex-
pectation. In the following, let Gk denote generation k of the tree G, thus

P (An ̸⊂ Bo(c̃n) | G) = P
(
∃x ∈ G⌊c̃n⌋+1 : τx ≤ n | G

)
≤ #G⌊c̃n⌋+1P(Poi(n) > c̃n),

where the second-to-last inequality follows from a union bound and the following fact. The prob-
ability that a vertex at distance ℓ from o is reached by time n coincides with the probability that
within time n one witnesses at least ℓ observations of a Poisson process of rate 1. In this case we
have ℓ = ⌊c̃n⌋+ 1 > c̃n.
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By taking the expectation and recalling that m > 1 denotes the mean of the offspring distri-
bution, the above calculations imply

P (An ̸⊂ Bo(c̃n)) ≤ m⌊c̃n⌋+1P(Poi(n) > c̃n).

Now we reason as follows. For any λ > 0, Markov’s inequality gives

P(Poi(n) > c̃n) = P(eλPoi(n) > eλc̃n) ≤
E
[
eλPoi(n)

]
eλc̃n

= exp
{
−n
(
1 + c̃λ− eλ

)}
.

Since c̃ > 1 we can choose λ = log c̃, obtaining

P (An ̸⊂ Bo(c̃n)) ≤ m exp {−n [1 + c̃ log c̃− c̃(1 + c̃ logm)]} .

By defining c1 := 1 + c̃ log c̃− c̃(1 + logm), by (5.1) we obtain∑
n≥0

P (An ̸⊂ Bo(c̃n)) ≤ m
∑
n≥0

e−c1n < +∞.

Therefore, by the first Borel-Cantelli lemma, almost surely for all n ∈ N large enough we have
An ⊂ Bo(c̃n) and in particular, fixing c̄ > c̃, for all t ≥ 0 large enough we get

At ⊂ A⌈t⌉ ⊂ Bo(c̃⌈t⌉) ⊂ Bo(c̃(t+ 1)) ⊂ Bo(c̄t).

Finally, since for all t ≥ 0 Ht cannot be larger than the maximal distance of any vertex in At from
the origin, we obtain the claimed result.

Now, assuming that G has bounded degree, we shall show that for all fixed ε > 0, if the recovery
rate γ is large enough, then asymptotically as t → ∞ the volume of the largest red cluster at time
t is at most εt. Recall that ∆ denotes the maximal degree of G.

Lemma 5.2. Fix ε > 0 arbitrarily small. Then there is a critical value γc = γc(∆, ε, c̃) so that for
all γ > γc,

P
(
lim sup
t→+∞

Mt

t
≤ ε

)
= 1.

Proof. In this proof we shall use a percolation argument. Since the maximal degree of G is ∆,
then G is a subgraph of the regular tree of degree ∆. We denote by T∆ such a tree. Furthermore,
for all t ≥ 0 set

T∆(t) := {x ∈ T∆ : d(o, x) ≤ c̄t},

i.e., the set of nodes of T∆ up to generation ⌊c̄t⌋.
Since the minimum of ∆ independent Exp(1) random variables is distributed as an Exp(∆),

for all v ∈ V the probability that v activates a seed at any of its neighbors before recovering is

P
(
Cv > min

w∈∂∗{v}
Tw

)
≤ ∆

γ +∆
,

where the minimum is taken over all vertices w that are (direct) descendants of v. Now define

p(γ) :=
∆

γ +∆
,

and consider Bernoulli site percolation on T∆ of parameter p(γ). Clearly, by taking γ large enough,
we can make p(γ) as small as we wish. Let γ be so large that we are in the sub-critical regime (i.e.
there is almost surely no infinite open cluster) and such that if we set

κ := p(γ)
(
1− p(γ)

)∆−1 ∆∆

(∆− 1)∆−1
,
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then we have
∆ c̄

log∆(1/κ)
≤ ε. (5.2)

At this point, let Kt denote the size of largest open cluster containing a vertex of T∆(t). Then the
main tool towards the sought conclusion is [AC11, Theorem 2] which states that

P
(

Kt

⌊c̄t⌋
→ 1

log∆(1/κ)

)
= 1. (5.3)

We now define a coupling between the above site percolation process and FPPHE with recovery
as follows. Since the probability that any vertex of G activates a seed at any of its neighbors is at
most p(γ), we can declare each vertex that does so to be open.

For t ≥ 0, let M ′
t denote the size of the largest red cluster in At \ ∂At, where ∂At denotes the

internal boundary of At (i.e., all v ∈ At that have a neighbor outside At). Since the degree of G
is at most ∆, one has Mt ≤ ∆M ′

t + 1. The “+1” is needed if M ′
t = 0. In fact, it might happen

that red vertices are only present on ∂At, since they would be isolated red vertices, the largest red
cluster has cardinality 1. Moreover, since Bo(c̃(t+ 1)) ⊂ T∆(t), then by Lemma 5.1 we have that
almost surely At ⊂ T∆(t) for all t large enough, thus M ′

t ≤ Kt by construction of the coupling.
Summing up, almost surely for all t large enough, Mt ≤ ∆Kt + 1.

Finally, this implies the claim, as ∆Kt+1
t → ∆ c̄

log∆(1/κ) ≤ ε almost surely by (5.3) and (5.2).

A Alternative proof of Theorem 1.1(ii)

In Subsection 3.2 we presented a short proof for the liminf of Theorem 1.1. However, the result
can be obtained via another proof that we believe to be of independent interest, hence we present
it below.

We need to introduce some notation.

Definition A.1. For all n ≥ 0 and v ∈ [[1, n]], define the events

En
v :=

{
Cv >

n+1∑
k=v+1

Tk

}
,

namely, En
v corresponds to the event that v does not recover before the reaching time of vertex

n + 1. Moreover, define the complete recovery probability of order n as the probability that all
vertices in [[1, n]] have recovered before time τn+1 i.e.,

νn := P

(
n⋂

v=1

(En
v )

c

)
= 1− P

[
n⋃

v=1

En
v

]
.

Recall the definition of Rt from (2.2); then, En
v = {v ∈ Rτn+1}. As a consequence, for all n ≥ 0,

νn = P(Rτn+1 = {n+ 1}).

The next lemma gives a formula that will be used to obtain the asymptotic behavior of (νn)n≥1.

Lemma A.2. For all n ≥ 1 and ℓ ≥ 1, let

Nn
ℓ :=

{
x ∈ (N∗)ℓ :

ℓ∑
k=1

xk ≤ n

}
and Sℓ(n) :=

∑
x∈Nn

ℓ

ℓ∏
k=1

(1 + kγ)−xk .

Then for all n ≥ 1 we have

νn = 1 +

n∑
ℓ=1

(−1)ℓSℓ(n). (A.1)
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In words, Nn
ℓ is the set of all vectors of length ℓ, so that the sum of the entries is at most n. Sℓ(n)

is a quantity related to the probability that all vertices in any set of cardinality ℓ ∈ {1, 2, . . . , n}
recover before τn+1. Its meaning will become clear in the proof.

Proof of Lemma A.2. Let n ≥ 1, and for k ∈ {1, . . . , n} let Bk denote any subset of [[1, n]] of cardi-
nality k; for k = 0 set B0 := ∅. Then, by the inclusion-exclusion principle applied to P [

⋃n
v=1E

n
v ],

νn = 1− P

[
n⋃

v=1

En
v

]
= 1−

n∑
k=1

(−1)k+1 P

 ⋂
v∈Bk

En
v

 = 1 +
n∑

k=1

(−1)k P

 ⋂
v∈Bk

En
v

 .

For simplicity, we re-write the above as

νn = 1 +
∑

A⊂[[1,n]], A ̸=∅

(−1)#A P

[⋂
v∈A

En
v

]
. (A.2)

Now fix any subset A ⊂ [[1, n]], define ℓ := #A ≥ 1 and let (ai)i∈[[1,ℓ]] denote the elements of A in
increasing order. (Note that A is not necessarily connected.) For convenience, define aℓ+1 := n+1.

For all ℓ ≥ 1 (and hence for all A ⊂ [[1, n]]) fixed, we now compute P
[⋂

v∈AEn
v

]
. Start by

observing that by independence of the recovery clocks {Cj}j we have

P

(⋂
v∈A

En
v | {Tk}k

)
=

ℓ∏
j=1

P

Caj >
n+1∑

k=aj+1

Tk | {Tk}k

 =
ℓ∏

j=1

exp

−γ
n+1∑

k=aj+1

Tk

 . (A.3)

Therefore,

P

[⋂
v∈A

En
v

]
= E

[
P

(⋂
v∈A

En
v | {Tk}k

)]
(A.3)
= E

 ℓ∏
j=1

exp

−γ
n+1∑

k=aj+1

Tk


= E

exp
−γ

ℓ∑
j=1

(
j

aj+1∑
k=aj+1

Tk

) =
ℓ∏

j=1

aj+1∏
k=aj+1

∫
R≥0

e−γjte−tdt,

where the last equality follows from independence of the recovery clocks and of the passage times.
By solving the integral one obtains

P

[⋂
v∈A

En
v

]
=

ℓ∏
j=1

(1 + jγ)−(aj+1−aj). (A.4)

Next, we define a function Ψℓ from Nn
ℓ to the collection of all subsets of cardinality ℓ contained

in [[1, n]] as follows. For any fixed x = (x1, . . . ,xℓ) ∈ Nn
ℓ let

Ψℓ(x) :=

{
n+ 1− x1, n+ 1− x1 − x2, . . . , n+ 1−

ℓ∑
i=1

xi

}
.

This defines a one-to-one correspondence. By construction, for all x ∈ Nn
ℓ equation (A.4) gives

P

 ⋂
v∈Ψℓ(x)

En
v

 =
ℓ∏

k=1

(1 + kγ)−xk .

Finally, since Ψℓ defines a one-to-one correspondence, we obtain (A.1) by replacing A ⊂ [[1, n]] by
Ψℓ(x) in (A.2) for every ℓ ∈ [[1, n]] and x ∈ Nn

ℓ .
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The next result shows that (νn)n≥1 converges to a positive value, which we compute explicitly.

Proposition A.3. The sequence (νn)n≥1 converges to e−1/γ.

Proof. Fix an arbitrary ℓ ≥ 1 and recall the definition of Sℓ(n) from Lemma A.2. Define

S∞
ℓ :=

∑
x∈(N∗)ℓ

ℓ∏
k=1

(1 + kγ)−xk .

Then, since Sℓ(n) is a series with positive terms, we have Sℓ(n) → S∞
ℓ as n → ∞. Observe that

since every entry of x varies in N∗, we have

∑
x∈(N∗)ℓ

ℓ∏
k=1

(1 + kγ)−xk =
ℓ∏

k=1

+∞∑
j=1

(
1

1 + kγ

)j

,

which gives that for all fixed ℓ ≥ 1, one has S∞
ℓ =

∏ℓ
k=1

1
kγ = 1

ℓ!γℓ .

Now note that for all fixed n ≥ 1 and ℓ ≥ 1 we have Sℓ(n) ≤ S∞
ℓ (which is summable, as∑

ℓ≥0 S
∞
ℓ = e1/γ) then, by Lemma A.2 and the dominated convergence theorem with respect to

the counting measure, we deduce that

lim
n→∞

νn = lim
n→∞

∑
ℓ≥0

(−1)ℓSℓ(n) =
∑
ℓ≥0

(−1)ℓS∞
ℓ =

∑
ℓ≥0

(−1/γ)ℓ

ℓ!
= e−1/γ ,

as claimed.

The result below is an intermediate step, as it gives a liminf over a sub-sequence of times,
namely the random times (τn)n≥1. Clearly, lim infn→∞Hτn ≥ lim inft→∞Ht.

Theorem A.4. We have P({Rτn = {n}}, i.o.) = 1.

Proof. A straightforward consequence of Proposition A.3 and Fatou’s lemma is

P
(
lim sup
n→+∞

{Rτn = {n}}
)

≥ lim sup
n→+∞

P(Rτn = {n}) = lim
n→+∞

νn = e−1/γ > 0. (A.5)

We shall use this fact to deduce the statement from the Kolmogorov 0-1 law. Now we condition
on the event that for all k ≥ 1, Tk+1 < +∞ and Ck < +∞ as well as τn → +∞; since this occurs
almost surely (cf. Lemma 3.1), it is not a real restriction. For all m ≥ 1 let

Tm := σ ((Cj)j≥m, (Tj+1)j≥m) and T :=
⋂
m≥1

Tm

denote the σ-algebra generated by all recovery clocks and passage times starting from vertex m
and the corresponding tail-σ-algebra, respectively. Then observe that for all k ≥ 1 we have

lim sup
n→+∞

{Rτn = {n}} = lim sup
n→+∞

{Rτn \ [[1, k − 1]] = {n}}. (A.6)

This follows from the fact that, for all fixed k, the first k−1 vertices will eventually recover. (Recall
that we are working under the assumption that all recovery times are finite.) Formally, denoting

t0 := max
i∈[[1,k−1]]

(τi +Ci),
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we have τn > t0 for all n large enough since t0 < +∞ and τn → +∞. Therefore since by
construction after time t0 the first k−1 vertices are recovered, this implies that Rτn = Rτn\[[1, k−1]]
for all n large enough, hence (A.6) follows.

Now, observe that the RHS of (A.6) is Tk-measurable for all k. In fact, for all n ≥ k the set
Rτn \ [[1, k−1]] corresponds to the set of red vertices for the process started at k when the occupied
region reaches size n − k + 1. This implies that the LHS of (A.6) is T -measurable and therefore
the result follows by Kolmogorov 0-1 law and (A.5).

Finally we are ready to prove part (ii) of Theorem 1.1.

Proof of Theorem 1.1(ii). Now we will show that, almost surely, lim inft→∞Ht = 0. Start by
observing that, by definition of the process and the properties of the exponential distribution,

P(∃ (v, w) ∈ [[1, n]]2 : τv = Cw + τw) = 0. (A.7)

Moreover, by Theorem A.4 almost surely there is an infinite increasing sub-sequence of indices
(nk)k∈N for which Rτnk

= {nk} for all k ∈ N. Since the process takes place in continuous time, by
(A.7) for each k ≥ 1 there is a value εk ∈ (0, 1) so that Rτnk

−εk = {nk} \ {nk} = ∅. (In fact, at
time τnk

vertex {nk} is the only one to be red and thus, right before, no vertex can be red.) Hence
the result.
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