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We present the results of a first-principles theoretical study of the inclusive semileptonic decays of theDs

meson. We performed a state-of-the-art lattice QCD calculation using the gauge ensembles produced by the
Extended Twisted Mass Collaboration with dynamical light, strange and charm quarks with physical
masses and employed the so-called Hansen-Lupo-Tantalo (HLT) method to extract the decay rate and the
first two lepton-energy moments from the relevant Euclidean correlators. We have carefully taken into
account all sources of systematic errors, including the ones associated with the continuum and infinite-
volume extrapolations and with the HLT spectral reconstruction method. We obtained results in very good
agreement with the currently available experimental determinations and with a total accuracy at the few-
percent level, of the same order of magnitude of the experimental error. Our total error is dominated by the
lattice QCD simulations statistical uncertainties and is certainly improvable. From the results presented and
thoroughly discussed in this paper we conclude that it is nowadays possible to study heavy mesons
inclusive semileptonic decays on the lattice at a phenomenologically relevant level of accuracy. The
phenomenological implications of our physical results are the subject of a companion Letter [A. De Santis
et al., Inclusive semileptonic decays of theDs meson: Lattice QCD confronts experiments, Phys. Rev. Lett.
135, 121901 (2025).].

DOI: 10.1103/3cxg-k322

I. INTRODUCTION

Understanding the origin and the structure of the flavor
sector of the Standard Model (SM) is one of the main
open challenges of particle physics. After many years of
tireless experimental and theoretical efforts, advancing our

knowledge on flavor physics requires performing very
accurate (at the subpercent level) studies of weak-interaction
processes involving hadrons and leptons. Among the many
interesting processes, a very important rôle is played by the
semileptonic decays of QCD-stable pseudoscalar mesons,
that couple the leptonic and the hadronic flavor sectors
and give access to the matrix elements of the Cabibbo–
Kobayashi–Maskawa (CKM) matrix.
On the theoretical side, the exclusive semileptonic

decays of kaons and heavy [DðsÞ, BðsÞ] pseudoscalar
mesons have been extensively studied by performing lattice
QCD simulations. An updated picture of the level of
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theoretical accuracy currently reached on different interest-
ing processes can be found in the latest edition of the FLAG
review [1]. In some cases, e.g. K ↦ πlν̄l decays, the
subpercent accuracy level has already been achieved, by
relying though on the isospin-symmetric approximation of
QCD (isoQCD), and further progress can only be made by
performing challenging lattice QCDþ QED calculations.
In the present work and in the companion Letter [2], we

face another long-standing challenge in the theoretical
study of flavor physics, namely the nonperturbative calcu-
lation of inclusive semileptonic decay rates. In particular,
by performing state-of-the-art isoQCD lattice simulations,
we have calculated the decay rate and the first two lepton-
energy moments for the inclusive process Ds ↦ Xlν̄l, in
which a negatively charged Ds meson decays into all
possible (kinematically and flavor allowed) hadronic states
X, a lepton l (in the approximation in which it is massless)
and the corresponding antineutrino ν̄l.
On the experimental side, depending upon the specific

process and the experimental setup, inclusive semileptonic
decay rates can be obtained by summing the decay rates of
all possible exclusive channels or measured directly by
using tailored techniques. The latter is the case of Ds ↦
Xlν̄l processes (see Refs. [3,4] for more details) that,
therefore, provide independent information and different
control on the experimental systematics with respect to that
provided by the corresponding exclusive channels.
From a phenomenological perspective, our first-princi-

ples lattice results are important because they allow one to
use the experimental information of Refs. [3,4] to constrain
the CKM matrix elements Vcs, Vcd. The study of the
phenomenological implications of our results is the subject
of the companion Letter [2].
From a theoretical perspective, our results are important

because they show that inclusive semileptonic decays can
nowadays be studied from first-principles on the lattice.
This is a nontrivial result. Indeed, while the hadronic form-
factors parametrizing the decay rates of exclusive processes
involving QCD-stable hadrons in the external states can be
extracted by studying the asymptotic behavior at large
Euclidean times of lattice correlators, the lattice calculation
of inclusive decay rates requires radically different theo-
retical and numerical techniques. Although the key ingre-
dients were already present in the more general,
mathematically oriented and forward-looking Ref. [5]
(see also Ref. [6] for a recent generalization), these
techniques have been developed only recently [7–11].
Together with other collaborators, some of us made a

first important step toward the demonstration of the
numerical feasibility of lattice calculations of inclusive
semileptonic decay rates in Ref. [11]. In that work, by using
the methods of Refs. [8–10], we studied the inclusive
processes H ↦ Xlν̄l at unphysical values of the heavy-
quark mass of the decaying pseudoscalar meson H and
compared the lattice results, obtained at fixed lattice

spacing and fixed volume, with the analytical results
obtained by relying on quark-hadron duality and the
operator product expansion (OPE). In fact, in the absence
of first-principles approaches, OPE techniques [12–16],
that are particularly well motivated in the case of the
phenomenologically very relevant BðsÞ inclusive decays,
have been for many years the only viable theoretical
approach to heavy meson inclusive semileptonic decays.
Reference [11] has shown that in the regions of the
parameters space where the OPE was expected to be
reliable, the lattice results were in fairly nice agreement
(at the level of 1 standard deviation) with the analytical
predictions. This preliminary study has thus highlighted the
necessity of a detailed investigation aiming at establishing
whether lattice calculations can now provide phenomeno-
logically relevant information on inclusive processes. This
is the main subject of the present work.
The problem of the lattice determination of inclusive

observables has already been addressed in the case of
other phenomenologically relevant processes, namely the
(energy-smeared) R-ratio [17] and the inclusive hadronic
decays of the τ lepton [18,19], by producing first-principles
isoQCD lattice results at a level of accuracy that can only
be improved by including the neglected isospin breaking
effects. At the same time, other lattice groups [20–26] have
started to face the challenge of providing phenomenologi-
cally relevant lattice results for heavy mesons inclusive
semileptonic decay rates.1

In this work we computed the differential decay rate and
the first two lepton-energymoments for the inclusive process
Ds ↦ Xlν̄l. We have carefully investigated and quantified
all sources of systematic errors, including the ones associated
with the necessary continuum and infinite-volume extrapo-
lations. As shown in Sec. XI, and discussed inmore details in
the companion Letter [2], our first-principles theoretical
results have a total accuracy ofOð5%Þ and are in very good
agreement with the corresponding experimental results of
Refs. [3,4].
The plan of the paper is as follows. In Secs. II and III we

set our notation and derive the formulas for the decay rate.
In Sec. IV we present the formulas for the lepton-energy
moments. In Sec. V we derive the asymptotic formulas that
we will use to extrapolate our results, obtained with the
HLT algorithm of Ref. [9] at increasingly smaller values of
a smearing parameter σ, down to the σ ↦ 0 limit. In
Sec. VI we define the lattice Euclidean correlators from

1See also [27] which appeared on the arXiv when this work and
the companion Letter [2] were already finalized. The authors of
Ref. [27] perform a lattice QCD analysis of the Ds ↦ Xlν̄l
inclusive decays and focus on the systematic errors associated with
the chosen spectral reconstruction technique andwith finite volume
effects, performing simulations at fixed lattice spacing, fixed
physical volume, and unphysical pion mass (mπ ¼ 300 MeV),
neglecting the c̄d and ūs flavor channels as well as the so-called
weak-annihilation contribution.
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which we extract our physical results. In Sec. VII we
discuss the details of the implementation of the HLT
algorithm used in this work. In the Secs. VIII, IX and X
we present our results for the different flavor contributions
to the decay rate, while the results for the lepton-energy
moments are presented in Appendix C. In Sec. XI we
summarize our results and present our conclusions. In
Appendix D we explain how we obtained the experimental
result for the decay rate by starting from the currently
available measurements of the branching-ratios.

II. THE DIFFERENTIAL DECAY RATE

We work in the rest-frame of the decaying Ds meson
and call

p ¼ mDs
ð1; 0Þ; ω ¼ mDs

ðω0;ωÞ;
pl ¼ mDs

ðel; klÞ; pν ¼ mDs
ðeν; kνÞ; ð1Þ

the four-momenta of the Ds, of the generic hadronic state
X, of the lepton and of the neutrino, so that the energy-
momentum conservation relation p ¼ pl þ pν þ ω (see
Fig. 1) implies

ω0 ¼ 1 − el − eν; ω ¼ −kl − kν: ð2Þ

We work in the approximation in which the charged lepton
is massless, and therefore we have k2l ¼ e2l as well
as k2ν ¼ e2ν.
The fully inclusive processDs ↦ Xlν̄l can be separated

into three different flavor channels. These are mediated by
the flavor components Jμc̄s, J

μ
c̄d and Jμūs of the hadronic

weak current, given by

Jμ
f̄g
ðxÞ ¼ ψ̄ f̄ðxÞγμð1 − γ5ÞψgðxÞ: ð3Þ

When the flavor indexes f̄g are omitted, we refer to the
fully inclusive process that is mediated by the sum of the

three different flavor contributions weighted by the corre-
sponding CKM matrix elements,

JμðxÞ ¼ VcsJ
μ
c̄sðxÞ þ VcdJ

μ
c̄dðxÞ þ VusJ

μ
ūsðxÞ: ð4Þ

Taking into account that the Ds meson has s̄c flavor, in the
channel mediated by Jμc̄d the final hadrons are s̄d-flavored
and, therefore, denoted as Xs̄d. Analogously, in the channel
mediated by Jμūs the final hadrons are ūc-flavored and
denoted as Xūc. In the channel mediated by Jμc̄s the final
hadrons are flavorless and, in this case, we denote them as
Xs̄s. In the following, we shall call XF̄G the hadronic states
in the channel mediated by the current Jμ

f̄g
. We thus have

the correspondence,

f̄g ¼ fc̄s; c̄d; ūsg ↔ F̄G ¼ fs̄s; s̄d; ūcg; ð5Þ

between the flavor indexes of the currents and of the states.
The currently available experimental results [3,4] pro-

vide the fully inclusive decay rate Γ≡ Γ½Ds ↦ Xlν̄l�
which is the sum,

Γ ¼ jVcsj2Γc̄s þ jVcdj2Γc̄d þ jVusj2Γūs; ð6Þ

of the contributions corresponding to the different flavor
channels. In this work, however, we also provide separate
results for all of the contributions, i.e. for the dominant
channel Γc̄s as well as for the Cabibbo-suppressed channels
Γc̄d and Γūs.
Each contribution to the decay rate can be written as

Γf̄g¼G2
FSEW

Z
d3pν

ð2πÞ3
d3pl

ð2πÞ3
Lμνðpl;pνÞHμν

f̄g
ðp;p−pl−pνÞ

4m2
Ds
eleν

;

ð7Þ

where GF is the Fermi constant and SEW ¼ 1.013 accounts
for the logarithmic electroweak correction [28] and for the
QED threshold corrections2 that have been computed in
Ref. [29]. In this work, we perform an isoQCD calculation
and neglect long-distance isospin breaking effects. We
define the leptonic tensor as

Lαβðpl; pνÞ ¼ 4fpα
lp

β
ν þ pβ

lp
α
ν − gαβpl · pν

þ iϵαβγδðplÞγðpνÞδg; ð8Þ

where ϵαβγδ is the totally antisymmetric four-index Levi–
Civita symbol, with ϵ0123 ¼ 1. The so-called hadronic

FIG. 1. The kinematics of the inclusive Ds ↦ Xlν̄l semi-
leptonic decay. The incoming Ds meson carries momentum p,
and the outgoing lepton, neutrino and generic hadron state carry
momentum pl, pν and ω, respectively.

2In Sec. X we provide quantitative evidence that Γūs is
negligible w.r.t. the dominant Γc̄s and the Cabibbo-suppressed
Γc̄d contributions. This allows us to ignore the fact that QED
threshold corrections are different in the ūs channel and, there-
fore, to use the same SEW factor for all channels.
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tensor, which is in fact an hadronic spectral density, is
expressed by

Hμνðp;ωÞ ¼
ð2πÞ4
2mDs

hDsðpÞjJ†μð0Þδ4ðP − ωÞJνð0ÞjDsðpÞi;

ð9Þ

where P ¼ ðH;PÞ is the QCD four-momentum operator.
Based on Lorentz and time-reversal covariance, Hμνðp;ωÞ
can be decomposed into five form-factors,

m3
Ds
Hμνðp;ωÞ ¼ gμνm2

Ds
hð1Þ þ pμpνhð2Þ

þ ðp − ωÞμðp − ωÞνhð3Þ
þ fpμðp − ωÞν þ ðp − ωÞμpνghð4Þ
þ iϵμναβpαðp − ωÞβhð5Þ; ð10Þ

which, in our convention, are real and dimensionless. In
the rest-frame of the Ds meson the dependence of the
form-factors upon the scalars p · ω and ω2 can be traded
for the dependence upon the variables ðω0;ω2Þ.
Therefore, by omitting the dependence upon p2 ¼ m2

Ds
,

we have

hðiÞ ≡ hðiÞðω0;ω2Þ; i ¼ 1;…; 5: ð11Þ

In order to express the form-factors in terms of
the different components of the hadronic tensor, i.e. to
invert the system of Eq. (10), we consider the two unit
vectors n̂r that are orthonormalized and orthogonal to
ω̂ ¼ ω=jωj, i.e.,

n̂r · n̂s ¼ δrs; n̂r · ω̂ ¼ 0; r; s ¼ 1; 2; ð12Þ

and introduce the following quantities3:

Yð1Þ ¼ −
mDs

2

X2
r¼1

X3
i;j¼1

n̂irn̂
j
rHijðp;ωÞ;

Yð2Þ ¼ mDs
H00ðp;ωÞ;

Yð3Þ ¼ mDs

X3
i;j¼1

ω̂iω̂jHijðp;ωÞ;

Yð4Þ ¼ −mDs

X3
i¼1

ω̂iH0iðp;ωÞ;

Yð5Þ ¼ −
imDs

2

X3
i;j;k¼1

ϵijkω̂kHijðp;ωÞ; ð13Þ

where ϵijk is the totally antisymmetric three-index Levi–
Civita symbol, with ϵ123 ¼ 1. We then have

hð1Þ ¼ Yð1Þ;

hð2Þ ¼ ð1 − ω0Þ2 − ω2

ω2
Yð1Þ þ Yð2Þ

þ ð1 − ω0Þ2
ω2

Yð3Þ −
2ð1 − ω0Þ

jωj Yð4Þ;

hð3Þ ¼ Yð1Þ þ Yð3Þ

ω2
;

hð4Þ ¼ −
1 − ω0

ω2
ðYð1Þ þ Yð3ÞÞ þ Yð4Þ

jωj ;

hð5Þ ¼ Yð5Þ

jωj : ð14Þ

In the previous two sets of equations, as already done in the
case of the form-factors, we have used the compact
notation,

YðiÞ ≡ YðiÞðω0;ω2Þ; i ¼ 1;…; 5: ð15Þ
By relying on the form-factors decomposition of

Eq. (10), and by working out the phase-space kinematical
constraints in the rest-frame of theDs meson, Eq. (7) can be
rewritten as

Γf̄g¼
Z ðjωjmax

F̄G
Þ2

0

dω2

Z
ωmax

ωmin
F̄G

dω0

Z
emax
l

emin
l

del
dΓf̄g

dω2dω0del
;

ð16Þ

where the triple-differential decay rate is given by

dΓ
dω2dω0del

¼ m5
Ds
G2

FSEW
32π4

ð−2fð1 − ω0Þ2 − ω2ghð1Þ

þ fω2 − ð1 − ω0 − 2elÞ2ghð2Þ
þ 2½ð1 − ω0Þ2 − ω2�½2el − ð1 − ω0Þ�hð5ÞÞ:

ð17Þ

3In this paper we use a slightly different notation with respect to
Ref. [11]. The leptonic tensor in Eq. (8) differs (is larger) by a
factor 4 with respect to the one that was given in Ref. [[11],
Eq. (2.3)]. The hadronic tensor was denoted as Wμν in Ref. [11],
and we have the correspondence Hμν ¼ 2πWμν. The correspon-
dence between the hadronic form factors of Eq. (10) and those of
Ref. [11] is hð1Þ ¼−2πmDs

W1,hð2Þ ¼2πmDs
W2,hð3Þ ¼2πmDs

W4,
hð4Þ ¼ 2πmDs

W5, hð5Þ ¼ −2πmDs
W3. Finally, the relations be-

tween theYðiÞ quantities defined here and the quantities denoted as
YðiÞ in Ref. [[11], Eq. (2.9)] are Yð1Þ ¼ Yð1Þ=2, Yð2Þ ¼ Yð2Þ,
Yð3Þ ¼ Yð3Þ, Yð4Þ ¼ Yð4Þ=2, and Yð5Þ ¼ Yð5Þ.
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By using Eq. (14) this quantity can also be expressed in
terms of the independent components of the hadronic
tensor, i.e. in terms of the distributions YðiÞðω0;ω2Þ.
The integration limits to be used in Eq. (16) are given by

the following expressions:

emin
l ¼ 1 − ω0 − jωj

2
; emax

l ¼ 1 − ω0 þ jωj
2

;

ωmin
F̄G ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2F̄G þω2

q
; ωmax ¼ 1 −

ffiffiffiffiffiffi
ω2

p
;

jωjmax
F̄G ¼

�
1 − r2F̄G

2

�
: ð18Þ

An important rôle in deriving Eq. (18) is played by the
exclusive process in which the Ds meson decays into the
lightest possible hadronic state in each channel, that we call
PF̄G. In all channels the lightest state is the QCD-stable
pseudoscalar meson corresponding to the isolated single-
particle eigenvalue of the Hamiltonian H with the given
flavor. In the case of Γc̄s the lightest state Ps̄s is the neutral
pion. In the case of Γc̄d the lightest state Ps̄d is a neutral
kaon. In the case of Γūs the lightest state Pūc is a neutral D
meson and, since mDs

< mD þmπ, the “inclusive” channel
Ds ↦ Xūclν̄l is in fact identical to the exclusive chan-
nel Ds ↦ Dlν̄l.
The parameter rF̄G appearing in Eq. (18) is

rF̄G ¼ mPF̄G

mDs

; ð19Þ

i.e. the mass mPF̄G
of the lightest state PF̄G in units of mDs

and, therefore,

rs̄s ¼
mπ

mDs

; rs̄d¼
mK

mDs

; rūc ¼
mD

mDs

: ð20Þ

An important remark is now in order. In order to fully
take into account the exclusive processes Ds ↦ PF̄Glν̄l in
the calculation of Γf̄g the integration limits ωmin

F̄G and jωjmax
F̄G ,

which are in fact the energy and the maximum allowed
spatial momentum of PF̄G in units of mDs

, have to be
understood as

ωmin
F̄G ↦

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2F̄Gþω2

q
− ϵ; jωjmax

F̄G ↦

�
1− r2F̄G

2

�
þ ϵ; ð21Þ

with ϵ a small positive number. Indeed, as we are going to
explain at the end of the section, the contribution of the
exclusive processesDs ↦ PF̄Glν̄l to the differential decay
rate, being associated with the isolated single-particle
eigenvalue of the Hamiltonian in the given flavor channel,
can be separated from the multi-particle contributions
according to

dΓf̄g

dω2dω0del
¼ δðω0−ωmin

F̄G Þ
dΓexcl

f̄g

dω2del
þ

dΓcont
f̄g

dω2dω0del
: ð22Þ

By relying on the interpretation of the integration limits
given in Eq. (21), one has

Z
ωmax

ωmin
F̄G

−ϵ
dω0δðω0 − ωmin

F̄G Þ ¼ 1; ð23Þ

which means that the exclusive contribution has been fully
included. Notice that the shift of the limit jωjmax

F̄G is also
necessary because at the end point corner of the phase-
space where jωj ¼ jωjmax

F̄G one has ωmax ¼ ωmin
F̄G . As far as

the parameter ϵ is concerned, from the theoretical perspec-
tive it has to be read as 0þ, i.e. an infinitesimal shift that sets
the prescription to calculate the integrals of the distributions
dΓ=dω2dω0. From the phenomenological perspective ϵ can
be identified with the energy-momentum resolution of the
experimental apparatus.
We now provide the explicit expression of dΓexcl

f̄g
=

dω2del. In each flavor channel, the hadronic tensor
Hμν

f̄g
ðp;ωÞ can be written as

Hμν
f̄g
ðp;ωÞ ¼ δðω0 − ωmin

F̄G Þρμνf̄gðp;ΩF̄GÞ þ H̄μν
f̄g
ðp;ωÞ: ð24Þ

In the previous expression we called H̄μν
f̄g
ðp;ωÞ the con-

tribution coming from the continuum spectrum, and we
have H̄μν

f̄g
ðp;ωÞ ¼ 0 for ω0 < ωmin

F̄G þ Δ where Δ ¼ OðmπÞ
is the energy gap in the given flavor channel. Then we have
introduced ΩF̄G ¼ mDs

ðωmin
F̄G ;ωÞ, i.e. the on shell four-

momentum of the state PF̄G (Ω2
F̄G ¼ m2

PF̄G
), and the single-

particle exclusive contribution,

ρμν
f̄g
ðp;ΩF̄GÞ ¼

π

2m3
Ds
ωmin
F̄G

hDsjðJμf̄gÞ†ð0ÞjPF̄Gi

× hPF̄GjJνf̄gð0ÞjDsi: ð25Þ

By using the standard decomposition,

hPF̄GjJμf̄gð0ÞjDsi ¼ ðΩF̄G þ pÞμfþ
f̄g
þ ðΩF̄G − pÞμf−

f̄g
;

ð26Þ

where the form factors f�̄
fg
depend on the masses of the PF̄G

and Ds mesons and on q2 ¼ ðΩF̄G − pÞ2, and therefore on
ω2 through ωmin

F̄G , we have

dΓexcl
f̄g

dω2del
¼ m5

Ds

16π3ωmin
F̄G

½ω2 − ð1 − ωmin
F̄G − 2elÞ2�½fþf̄gðω2Þ�2;

ð27Þ
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where dΓexcl
f̄g

=dω2del is the differential decay rate of the

exclusive process Ds ↦ PF̄Glν̄l introduced in Eq. (22).

III. THE TOTAL DECAY RATE

In order to compute the total rate Γ, the integrals
appearing in Eq. (16) have to be performed. Given
Eq. (17), and by using the fact that the hadronic form
factors hðiÞðω0;ω2Þ do not depend upon el, the lepton
energy integral can be performed analytically, and one finds

1

Γ̄
dΓ

dω0dω2
¼ jωj3Zð0Þ þ jωj2ðωmax − ω0ÞZð1Þ

þ jωjðωmax − ω0Þ2Zð2Þ; ð28Þ

where

Γ̄ ¼ m5
Ds
G2

FSEW
48π4

; ð29Þ

and where we have introduced the following three linear
combinations of the five independent hadronic spectral
densities YðiÞðω0;ω2Þ,

Zð0Þ ¼ Yð2Þ þ Yð3Þ − 2Yð4Þ;

Zð1Þ ¼ 2ðYð3Þ − 2Yð1Þ − Yð4ÞÞ;
Zð2Þ ¼ Yð3Þ − 2Yð1Þ: ð30Þ

From the previous expressions it is evident that the parity-
breaking form factor hð5Þ ¼ Yð5Þ=jωj does not contribute to
the total rate.
To compute the ω0 integral in Eq. (16) we first need to

derive a mathematical representation of the decay rate that
is suitable for a lattice evaluation. To this end, we start by
introducing the kernels,

ΘðpÞ
σ ðxÞ ¼ xpΘσðxÞ; ð31Þ

where p ¼ 0; 1; 2;…, is a non-negative integer and ΘσðxÞ
is any Schwartz4 representation of the Heaviside step-
function θðxÞ, which depends smoothly upon the smearing
parameter σ and which is such that

lim
σ↦0

ΘσðxÞ ¼ θðxÞ: ð32Þ

In this work we considered two different representations
ΘσðxÞ which are explicitly given in Eqs. (76) and (77).
The introduction of this mathematical device allows to

trade the ω0 phase-space integral, to be performed in the

compact interval ½ωmin − ϵ;ωmax� [see Eqs. (16) and (18)],
for convolutions of the distributions ZðpÞðω0;ω2Þ with
smooth smearing kernels,

1

Γ̄
dΓðpÞðσÞ
dω2

¼ jωj3−p
Z

∞

ωmin−ϵ
dω0Θ

ðpÞ
σ ðωmax − ω0ÞZðpÞðω0;ω2Þ;

ð33Þ

and with a limiting procedure,

Γ ¼
X2
p¼0

Z ðjωjmaxþϵÞ2

0

dω2 lim
σ↦0

dΓðpÞðσÞ
dω2

: ð34Þ

We now rely on the Stone–Weierstrass theorem and
observe that, for any positive value of the length scale a, the

kernelsΘðpÞ
σ ðωmax − ω0Þ can exactly be represented accord-

ing to

ΘðpÞ
σ ðωmax − ω0Þ ¼ lim

N↦∞

XN
n¼1

gðpÞn ðNÞe−ω0ðamDs Þn: ð35Þ

The coefficients gðpÞn ðNÞ appearing in the previous formula

have to be read as the coordinates of the kernelsΘðpÞ
σ ðωmax −

ω0Þ on the discrete set of basis-functions exp½−ω0ðamDs
Þn�.

The functional basis has been chosen in order to establish a
direct connection between dΓðpÞðσÞ=dω2 and the primary
data of a lattice simulation, i.e. Euclidean correlators at
discrete time separations. Indeed, while it is not possible to
compute the ZðpÞðω0;ω2Þ distributions directly on the
lattice, it is instead possible (see Sec. VI) to compute the
following Euclidean correlators:

ẐðpÞðt;ω2Þ ¼
Z

∞

ωmin−ϵ
dω0e−ω0ðmDs tÞZðpÞðω0;ω2Þ; ð36Þ

at the discrete Euclidean times t ¼ an, where a is the lattice
spacing.5 By usingEq. (35) the connection can now easily be
established,

1

Γ̄
dΓðpÞðσÞ
dω2

¼ jωj3−p lim
N↦∞

XN
n¼1

gðpÞn ðNÞẐðpÞðan;ω2Þ: ð37Þ

In order to determine the coefficients gðpÞn ðNÞ, and to
study numerically the N ↦ ∞ limit at fixed σ > 0 and the
associated systematic errors, we use the HLT algorithm of
Ref. [9]; see Sec. VII. In order to perform the necessary

4That is, infinitely differentiable and vanishing, together with
all of its derivatives, faster than any power of x in the limit
x ↦ −∞.

5See Ref. [6] for the generalization of this strategy to the case
in which the length scale a, called τ in that paper, is kept constant
in physical units.
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σ ↦ 0 extrapolations we rely on the asymptotic formulas
derived and discussed in Sec. V. Details concerning the
numerical evaluation of the ω2 integral will be provided
in Sec. XI.

IV. THE LEPTON-ENERGY MOMENTS

The lepton-energy moments are defined as the integrals
of the differential decay rate multiplied by a power of the
lepton energy (mDs

el) and normalized by the total rate, i.e.,

Mn ¼
Z ðjωjmaxþϵÞ2

0

dω2

Z
ωmax

ωmin−ϵ
dω0

Z
emax
l

emin
l

del
dMn

dω2dω0del
;

ð38Þ

where

dMn

dω2dω0del
¼ ðmDs

elÞn
Γ

dΓ
dω2dω0del

: ð39Þ

In this work we have computed the first two moments, M1

and M2. To do that, as already done in the case of the total
rate, we performed the el integrals analytically and then
represented M1 and M2 in terms of the smearing ker-

nels ΘðpÞ
σ ðωmax − ω0Þ.

Concerning the first moment, we have

M1 ¼
X3
p¼0

Z ðjωjmaxþϵÞ2

0

dω2 lim
σ↦0

dMðpÞ
1 ðσÞ
dω2

; ð40Þ

where

1

M̄1

dMðpÞ
1 ðσÞ
dω2

¼ jωj4−p
Z

∞

ωmin
0

−ϵ
dω0Θ

ðpÞ
σ ðωmax − ω0Þ

× ZðpÞ
1 ðω0;ω2Þ; ð41Þ

with the normalization given by

M̄1 ¼
1

Γ
m6

Ds
G2

FSEW
96π4

; ð42Þ

and where we have introduced the following four linear
combinations:

Zð0Þ
1 ¼ Yð2Þ þ Yð3Þ − 2Yð4Þ;

Zð1Þ
1 ¼ −4Yð1Þ þ Yð2Þ þ 3Yð3Þ − 4Yð4Þ þ 2Yð5Þ;

Zð2Þ
1 ¼ −6Yð1Þ þ 3Yð3Þ − 2Yð4Þ þ Yð5Þ;

Zð3Þ
1 ¼ −2Yð1Þ þ Yð3Þ; ð43Þ

of the five independent hadronic spectral densities
YðiÞðω0;ω2Þ.

Concerning the second moment, we have

M2 ¼
X4
p¼0

Z ðjωjmaxþϵÞ2

0

dω2 lim
σ↦0

dMðpÞ
2 ðσÞ
dω2

; ð44Þ

with

1

M̄2

dMðpÞ
2 ðσÞ
dω2

¼ jωj5−p
Z

∞

ωmin
0

−ϵ
dω0Θ

ðpÞ
σ ðωmax − ω0Þ

× ZðpÞ
2 ðω0;ω2Þ; ð45Þ

the normalization given by

M̄2 ¼
1

Γ
m7

Ds
G2

FSEW
960π4

; ð46Þ

and the relevant hadronic spectral densities, which in this
case are five, given by

Zð0Þ
2 ¼ 6ðYð2Þ þ Yð3Þ − 2Yð4ÞÞ;

Zð1Þ
2 ¼ 2ð−14Yð1Þ þ 5Yð2Þ þ 11Yð3Þ − 16Yð4Þ þ 10Yð5ÞÞ;

Zð2Þ
2 ¼ −54Yð1Þ þ 5Yð2Þ þ 31Yð3Þ − 30Yð4Þ þ 30Yð5Þ;

Zð3Þ
2 ¼ −10ð4Yð1Þ − 2Yð3Þ þ Yð4Þ − Yð5ÞÞ;

Zð4Þ
2 ¼ 5ð−2Yð1Þ þ Yð3ÞÞ: ð47Þ

Note that, in contrast to the total rate Γ, the first two lepton-
energy moments do probe the parity-breaking form fac-
tor hð5Þ ¼ Yð5Þ=jωj.
The connection between the differential moments

dMðpÞ
l ðσÞ=dω2, at fixed smearing parameter σ and for

l ¼ 1, 2, and the Euclidean correlators that we have
computed on the lattice is obtained by using, once again,
the representation given in Eq. (35) of the smearing kernels

ΘðpÞ
σ ðωmax − ω0Þ. We have

1

M̄l

dMðpÞ
l ðσÞ
dω2

¼ jωj3þl−p lim
N↦∞

XN
n¼1

gðpÞn ðNÞẐðpÞ
l ðan;ω2Þ;

ð48Þ

where the lattice correlators,

ẐðpÞ
l ðt;ω2Þ ¼

Z
∞

ωmin−ϵ
dω0e−ω0ðmDs tÞZðpÞ

l ðω0;ω2Þ; ð49Þ

are the Laplace transforms of the spectral densities defined
in Eq. (43) for l ¼ 1 and in Eq. (47) for l ¼ 2. These, as
well as the ones of Eq. (36) entering the calculation of Γ,
can be easily computed as linear combinations of the five
independent amputated correlators,
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ŶðiÞðt;ω2Þ ¼
Z

∞

ωmin−ϵ
dω0e−ω0ðmDs tÞYðiÞðω0;ω2Þ: ð50Þ

The procedure that we used to extract these quantities from
lattice correlators is discussed in Sec. VI. Before doing that,
however, we derive in the next section the asymptotic
formulas that we use to study numerically the σ ↦ 0
extrapolations. These formulas will also motivate our
choice of organizing the calculation in terms of the spectral

densities ZðpÞðω0;ω2Þ and ZðpÞ
l ðω0;ω2Þ and not in terms of

the YðiÞðω0;ω2Þ.

V. THE σ ↦ 0 ASYMPTOTIC BEHAVIOR

In the previous two sections, in order to compute the total
rate and the lepton-energy moments on the lattice, we
traded the compact ω0 phase-space integral for convolu-

tions of the ZðpÞðω0;ω2Þ and ZðpÞ
l ðω0;ω2Þ distributions

with the smooth kernels ΘðpÞ
σ ðωmax − ω0Þ and with the

σ ↦ 0 limiting procedure. In order to understand how to
perform numerically the required σ ↦ 0 extrapolations we
now study the asymptotic behavior for small values of σ of
the generic expression,

GðpÞðσÞ ¼
Z

∞

ωmin−ε
dω0Θ

ðpÞ
σ ðωmax − ω0ÞZðω0Þ; ð51Þ

in which GðpÞðσÞ can be either dΓðpÞðσÞ=dω2 or

dMðpÞ
l ðσÞ=dω2 and, correspondingly, Zðω0Þ can be either

ZðpÞðω0;ω2Þ or ZðpÞ
l ðω0;ω2Þ [see Eqs. (33), (41) and (45)].

As we are now going to explain, the behavior of GðpÞðσÞ
for small values of σ is governed by the behavior of the
distribution Zðω0Þ for ω0 in a neighborhood of ωmax. A
rigorous mathematical analysis of the possible singularities
of the hadronic tensor [the distributions ZðpÞðω0;ω2Þ and
ZðpÞ
l ðω0;ω2Þ are indeed linear combinations of Hμνðp;ωÞ]

goes far beyond the scope of this paper. Here, we study the
σ ↦ 0 limit of GðpÞðσÞ by starting from Eq. (24) and by
relying upon (well motivated) physics assumptions on
the contributions to Zðω0Þ coming from the continuum
part of the spectrum (multihadrons states) of H. Indeed,
the separation of the hadronic tensor Hμνðp;ωÞ into
ρμν
f̄g
ðp;ΩF̄GÞ and H̄μνðp;ωÞ given in Eq. (24) generates a

corresponding separation for the distributions YðiÞðω0;ω2Þ
and, therefore, also for ZðpÞðω0;ω2Þ and ZðpÞ

l ðω0;ω2Þ. This
allows us to write

Zðω0Þ ¼ δðω0 − ωminÞZexcl þ Z̄ðω0Þ; ð52Þ

and, correspondingly, to split the observable GðpÞðσÞ
according to

GðpÞðσÞ ¼ GðpÞ
exclðσÞ þ ḠðpÞðσÞ; ð53Þ

where

GðpÞ
exclðσÞ ¼ ΘðpÞ

σ ðωmax − ωminÞZexcl;

ḠðpÞðσÞ ¼
Z

∞

ωmin
dω0Θ

ðpÞ
σ ðωmax − ω0ÞZ̄ðω0Þ: ð54Þ

Our physics motivated6 working assumption concerns
Z̄ðω0Þ, which we shall consider analytical in a neighbor-
hood of ωmax.
Both the kernels ΘσðxÞ considered in this work [see

Eqs. (76) and (77)] satisfy the following properties:

ΘσðxÞ ¼ Θ1

�
x
σ

�
; Θ1ðxÞ þ Θ1ð−xÞ ¼ 1;

xp∂q½Θ1ðxÞ − 1� ⟶
x↦∞

Oðe−xÞ; ð55Þ

where p and q are generic non-negative integers. Given our
interpretation of the phase-space integration limits (see
Sec. II), a direct consequence of these properties is that the

single-particle contribution GðpÞ
exclðσÞ approaches its asymp-

totic limit GðpÞ
exclð0Þ ¼ ðωmax − ωminÞpZexcl with corrections

that vanish faster than any power of σ.
The multiparticle contribution ḠðpÞðσÞ requires a more

careful analysis, that we start by considering the difference,

ΔḠðpÞðσÞ ¼ ḠðpÞðσÞ − ḠðpÞð0Þ; ð56Þ

between the observables ḠðpÞðσÞ at σ > 0 and the asymp-
totic result ḠðpÞð0Þ. This can be rewritten as

ḠðpÞð0Þ¼
Z

∞

ωmin
dω0ðωmax−ω0Þpθðωmax−ω0ÞZ̄ðω0Þ; ð57Þ

so that, by using Eq. (51), the first of the properties listed
in Eq. (55) and by making the change of variables
x ¼ ðωmax − ω0Þ=σ, we have

6Assuming, as commonly done on the experimental side, that a
differential decay rate can be measured at any energy is
equivalent, on the theoretical side, to assume that the associated
spectral density is a regular function in that energy range. From
the physical perspective, it is very reasonable to assume that
Z̄ðω0Þ is a continuous function with a countable (zero measure)
set of θ-function singularities located in correspondence of the
thresholds of the allowed multi-particle states. In addition to these
threshold singularities one has also to consider possible con-
tributions to Z̄ðω0Þ coming from very narrow resonances. These
are not true singularities but, in practice, might have the same
effect of δ-function singularities. There is no physical/kinematical
reason to expect that one of these possible (δ-) θ-function (quasi)
singularities can have an impact on our analysis.
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ΔḠðpÞðσÞ ¼ σpþ1

Z ωmax−ωmin
σ

−∞
dxxp½Θ1ðxÞ − θðxÞ�

× Z̄ðωmax − σxÞ: ð58Þ

By relying again on Eq. (55) we now split the integral for
x < 0 and x > 0 and extend the upper limit of integration
up to corrections that vanish faster than any power of σ,

ΔḠðpÞðσÞ ¼ σpþ1

Z
∞

0

dxxp½Θ1ðxÞ − 1�Z̄ðωmax − σxÞ

þ σpþ1

Z
0

−∞
dxxpΘ1ðxÞZ̄ðωmax − σxÞ

þOðe−ωmax−ωmin
σ Þ: ð59Þ

Finally, by changing variable x ↦ −x in the second integral
of the previous expression, by relying on the (assumed)
analyticity of Z̄ðωÞ around ω ¼ ωmax we arrive at

ΔḠðpÞðσÞ¼
X∞
n¼0

σpþnþ1f1þð−1Þpþnþ1gZ̄ðnÞðωmaxÞIðp;nÞ

þOðe−ωmax−ωmin
σ Þ; ð60Þ

where

Z̄ðnÞðωmaxÞ≡ dnZ̄ðωÞ
dωn

����
ω¼ωmax

; ð61Þ

and we have introduced the finite numerical “shape-
integrals” of the kernel,

Iðp; nÞ ¼ ð−1Þn
n!

Z
∞

0

dxxpþn½Θ1ðxÞ − 1�: ð62Þ

Equation (60) is crucially important for the nonpertur-

bative lattice calculation of dΓðpÞ=dω2 and dMðpÞ
l =dω2

since it prescribes the functional forms to be used in order
to extrapolate the results obtained at σ > 0. Only even
powers of σ arise in the asymptotic expansions of

dΓðpÞðσÞ=dω2 and dMðpÞ
l ðσÞ=dω2 and, in particular, in

the case of the rate we have

dΓð0;1ÞðσÞ
dω2

¼ dΓð0;1Þ

dω2
þOðσ2Þ;

dΓð2ÞðσÞ
dω2

¼ dΓð2Þ

dω2
þOðσ4Þ: ð63Þ

Similarly, in the case of the moments we have

dMð0;1Þ
l ðσÞ
dω2

¼ dMð0;1Þ
l

dω2
þOðσ2Þ;

dMð2;3Þ
l ðσÞ
dω2

¼ dMð2;3Þ
l

dω2
þOðσ4Þ;

dMð4Þ
2 ðσÞ
dω2

¼ dMð4Þ
2

dω2
þOðσ6Þ: ð64Þ

The previous two sets of asymptotic relations explain our
choice of organizing the calculation in terms of the kernels

ΘðpÞ
σ ðωmax − ω0Þ and, therefore, in terms of the distribu-

tions ZðpÞðω0;ω2Þ and ZðpÞ
l ðω0;ω2Þ. Indeed, while it

remains true that in taking the σ ↦ 0 limits of our physical
observables the leading corrections are Oðσ2Þ, the contri-

butions dΓðpÞðσÞ=dω2 and dMðpÞ
l ðσÞ=dω2 for p > 1 can be

computed more precisely by exploiting their faster rate of
convergence toward the σ ¼ 0 physical point.

VI. LATTICE CORRELATORS

The lattice correlators needed to extract the decay rate
and the lepton-energy moments have been computed on the
physical-point gauge ensembles, listed in Table I, that have
been generated [30–33] by the ETMC with nf ¼ 2þ 1þ 1

flavors of Wilson-Clover twisted mass (TM) sea quarks
[34,35]. The bare parameters of the simulations have been
tuned to match our scheme of choice for defining isoQCD,
the so-called Edinburgh/FLAG consensus [1], and there-
fore to match the inputs mπ ¼ 135.0 MeV, mK ¼
494.6 MeV, mDs

¼ 1967 MeV and fπ ¼ 130.5 MeV.
We adopted the mixed-action lattice setup introduced

in [37] and described in full detail in the appendixes of

TABLE I. ETMC gauge ensembles used in this work. We give the values of the lattice spacing a, of the spatial lattice extent L, of the
simulated bare light (mu ¼ md ¼ mud), strange (ms) and charm (mc) quark masses and of the critical mass mcr. The temporal extent of
the lattice is always T ¼ 2L. Details concerning the determination of the lattice spacing and of the quark masses can be found in [36].

Ensemble L=a a [fm] L [fm] amud ams amc amcr

B48 48 0.07948(11) 3.82 0.0006669(28) 0.018267(53) 0.23134(52) −0.4138934ð46Þ
B64 64 0.07948(11) 5.09 0.0006669(28) 0.018267(53) 0.23134(52) −0.4138934ð46Þ
B96 96 0.07948(11) 7.63 0.0006669(28) 0.018267(53) 0.23134(52) −0.4138934ð46Þ
C80 80 0.06819(14) 5.46 0.0005864(34) 0.016053(67) 0.19849(64) −0.3964534ð41Þ
D96 96 0.056850(90) 5.46 0.0004934(24) 0.013559(39) 0.16474(44) −0.3761252ð39Þ
E112 112 0.04892(11) 5.48 0.0004306(23) 0.011787(55) 0.14154(54) −0.3613136ð75Þ
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Ref. [38]. In this setup the action of the valence quarks
is discretized in the so-called Osterwalder–Seiler (OS)
regularization,

SOS¼ a4
X
x

ψ̄ffγμ∇μ½U�− irfγ5ðWcl½U�þmcrÞþmfgψf;

ð65Þ

where f is the flavor index, the sum runs over the lattice
points, mf is the bare quark mass, mcr is the critical-mass
counterterm, and we refer to Refs. [30–33] for the explicit
definition of the covariant derivatives ∇μ½U� and of the
Wilson-Clover term Wcl½U�, both depending upon the
gauge links UμðxÞ. Valence and sea quarks have been
simulated with the same value ofmcr, tuned to restore chiral
symmetry, and the bare masses mf of the valence quarks
have been tuned so that the corresponding renormalized
masses match those of the sea quarks. For each physical
flavor f we have two valence OS quark fields with opposite
values of the Wilson parameters, rf ¼ �1. The unitarity of
the theory and the physical number of dynamical quarks is
recovered in the continuum limit (see Ref. [38] for more
details). We exploited this flexibility to optimize the
numerical signal-to-noise ratios of the lattice correlators
and, as explained in more details below, adopted the OS
(TM) regularization of the weak currents to compute the
quark connected (disconnected) Wick contractions.
To interpolate the Ds meson we use the following

pseudoscalar operator:

Pðt; xÞ ¼
X
y

ψ̄cðt; xÞGNsm
t ðx; yÞγ5ψ sðt; yÞ; ð66Þ

with rc ¼ −rs. In the previous expression Gtðx; yÞ is the
Gaussian smearing operator,

Gtðx; yÞ ¼
1

1þ 6κ
ðδx;y þ κHtðx; yÞÞ; ð67Þ

with

Htðx; yÞ ¼
X3
μ¼1

ðUμðt; xÞδxþμ̂;y þ U†
μðt; x − μ̂Þδx−μ̂;yÞ; ð68Þ

and we have indicated with UμðxÞ the APE-smeared links,
defined as in Ref. [39]. For this calculation, we employed
the values κ ¼ 0.5 and fixed the number of smearing steps

Nsm to obtain a smearing radius a
ffiffiffiffiffiffiffiffi
Nsmκ
1þ6κ

q
¼ 0.18 fm.

The two-point correlator,

CðtÞ ¼
X
x

Th0jPðt; xÞP†ð0Þj0i; ð69Þ

is used to amputate the four-points functions from which
we extract the correlators ŶðiÞðt;ω2Þ. To this end, from the
asymptotic behavior for 0 ≪ t ≪ T of CðtÞ,

CðtÞ ¼ RP

2mDs

e−mDs t þ � � � ; ð70Þ

where the dots represent exponentially suppressed contri-
butions, we extract the mass of theDs meson at finite lattice
spacing and the residue RP.
The four-point correlators from which we extract the

amputated correlators ŶðiÞðt;ω2Þ are given by

Cμνðtsnk; t; tsrc;ω2Þ ¼ a9
X

xsnk;xsrc;x

eimDsω·x

× Th0jPðxsnkÞJ†μðxÞJνð0ÞP†ðxsrcÞj0i;
ð71Þ

where x ¼ ðt; xÞ, xsnk ¼ ðtsnk; xsnkÞ and xsrc ¼ ðtsrc; xsrcÞ,
and JμðxÞ is the lattice discretized version of the weak
current (see below).
The correlators CðtÞ and Cμνðtsnk; t; tsrc;ω2Þ have been

computed on all the different gauge ensembles by using
the values of the parameters listed in Table II. The
parameters θmax

F̄G have been used to compute the correlators
Cμν
f̄g
ðtsnk; t; tsrc; ω2Þ with spatial momenta mDs

ω ¼
ð0; 0; 2πθ=LÞ along the third spatial direction by using
flavour-twisted boundary conditions [40] for the quark field
ψg, i.e. ψgðxþ 3̂LÞ ¼ expð2πθiÞψgðxÞ. The values of θmax

s̄d
correspond, on the different ensembles, to the value of
jωjmax

s̄d appearing in Table IV.
By integrating out the quark fields, the correlator Cμν

f̄g

gets decomposed into the gauge-invariant contributions
corresponding to the different fermionic Wick contractions.
The contractions corresponding to the quark-connected
diagram shown in Fig. 2 contribute to both the dominant c̄s
channel and to the Cabibbo suppressed c̄d channel.

TABLE II. Simulation parameters used in the calculation of the
correlators CðtÞ and Cμνðtsnk; t; tsrc;ω2Þ. Ncnfg is the number of
gauge configurations per ensemble, and Nhit is the number of
stochastic sources used per configuration. tsnk and tsrc are used as
described in details in Fig. 7. The parameters θmax

F̄G are used for the
insertion of the spatial momenta by using flavour-twisted
boundary conditions (see explanation in the text).

Ensemble Ncnfg Nhit ðtsnk − tsrcÞ=a tsrc=a θmax
s̄d θmax

ūc

B48 400 5 48 −12 5.754410 � � �
B64 300 3 56 −12 7.672547 0.684726
B96 300 2 56 −12 11.50882 � � �
C80 600 2 65 −14 8.221447 � � �
D96 300 2 78 −16 8.232777 0.734723

E112 300 2 91 −19 8.253267 � � �
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The quark-connected contraction shown in Fig. 3 contrib-
utes to the Cabibbo suppressed ūs channel. The quark-
disconnected contraction shown in Fig. 4 contributes only to
the dominant c̄s channel. In the following, as commonly
done in the phenomenological literature on the subject, we
shall call this contribution the “weak-annihilation” diagram.
In our mixed-action setup the quark-connected contrac-

tions of Figs. 2 and 3 have been computed by employing
the so-called OS discretization of the weak current, i.e.,

JOS;μ
f̄g

ðxÞ¼ ψ̄fðxÞγμðZV −ZAγ5ÞψgðxÞ; rf ¼ rg; ð72Þ

while the weak-annihilation diagram of Fig. 4 has been
computed by employing the so-called TM discretization of
the current, i.e.,

JTM;μ
f̄g

ðxÞ¼ ψ̄fðxÞγμðZA−ZVγ5ÞψgðxÞ; rf ¼−rg: ð73Þ

The values of ZV and ZA used in this calculation are given
in Table III. These have been determined in [36] following
the Ward-identity method explained in Appendix B
of Ref. [41].
The analysis procedure that we used to estimate the

statistical errors on our lattice data, to take into account
systematic uncertainties and the correlations between the
different results is explained in Appendix A. Concerning
the renormalization constants, their uncertainties are at the
0.03% level and, therefore, totally negligible with respect to
the statistical errors of our results for the differential decay
rate and lepton-energy moments which (see Sec. XI) are at
the few percent level. Nevertheless, we have taken into
account these errors as explained in details in Appendix A.
Concerning the uncertainties on the lattice spacings and on
the bare quark masses, these are at the few permille level
(see Table I), i.e. of the same order of magnitude of the
isospin breaking corrections that we are neglecting in this
calculation. Albeit, for this reason, these uncertainties can
consistently be neglected, we wanted to have a quantitative
evidence of the fact that the systematic errors induced by
the uncertainties on the bare parameters are totally negli-
gible with respect to the statistical errors of our physics
results. To this end, we performed a dedicated study on the
B64 ensemble by using the techniques described in the
appendices of Ref. [36] to vary the values of the bare
parameters within their uncertainties. The study confirmed
the expectations and, therefore, we do not keep track of the
negligible fine-tuning and renormalization constants sys-
tematic uncertainties in our final error budgets.
The quark-disconnected contraction shown in Fig. 5

deserves some comments. In principle, this contraction
contributes to the correlator Cμν

f̄g
in all channels and,

therefore, it should be computed. On the other hand, by
interpreting this diagram in the partially quenched setup in
which the quark fields of the current have the same mass of
the physical quarks but different flavor, one has that the
states propagating between the two currents have flavor

FIG. 2. Quark-connected Wick contraction contributing to Cμν
c̄g

in the c̄s and c̄d channels.

FIG. 3. Quark-connected Wick contraction contributing to Cμν
ūs.

FIG. 4. The weak-annihilation contribution to Cμν
c̄s .

TABLE III. The values of the renormalization constants ZA and
ZV used in this work. The three B ensembles share the same bare
parameters and differ only in volume. This justifies the use of the
same renormalization constants. Nevertheless, to verify the
robustness of these determinations and the theoretical expectation
that finite volume effects on these short-distance quantities are
negligible, we have recalculated them on the B96 ensemble.

Ensemble ZV ZA

B48 0.706354(54) 0.74296(19)
B64 0.706354(54) 0.74296(19)
B96 0.706406(52) 0.74261(19)

C80 0.725440(33) 0.75814(13)

D96 0.744132(31) 0.77367(10)

E112 0.758238(18) 0.78548(9)
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c̄sf̄g. Given our previous knowledge of the QCD spectrum,
a prerequisite to any decay rate or scattering amplitude
calculation, this implies that these are states with energy
mDs

ω0 > mDs
. Therefore, although the current-current

contraction gives a contribution to the correlator Cμν
f̄g

it

does not contribute to the hadronic tensor Hμνðp;ωÞ for
ω0 ≤ 1. By relying on this argument we neglected the
current-current contraction in our calculation of the
decay rate.7

The asymptotic behavior of the four-points correlator
Cμνðtsnk; t; tsrc;ω2Þ in the limits T=2 ≫ tsnk ≫ t > 0 ≫
tsrc ≫ −T=2 is given by

Cμνðtsnk; t; tsrc;ω2Þ¼ RP

4πmDs

e−mDs ðtsnk−t−tsrcÞ

×
Z

∞

ωmin−ϵ
dω0e−ω0ðmDs tÞHμνðp;ωÞþ �� � ;

ð74Þ

where Hμνðp;ωÞ is the hadronic tensor and the dots
represent again exponentially suppressed terms. From
the previous relation, by using the values of RP and mDs

extracted from CðtÞ [see Eq. (70)] and by projecting the

different components of Cμνðtsnk; t; tsrcÞ as done in
Eq. (13) to define the five independent spectral densities
YðiÞðω0;ω2Þ, we have extracted the correlators ŶðiÞðt;ω2Þ
[see Eq. (50)], e.g.,

Ŷð2Þðt;ω2Þ¼ lim
tsnk↦∞

lim
tsrc↦−∞

lim
T↦∞

4πm2
Ds
C00ðtsnk; t; tsrc;ω2Þ

RPe−mDs ðtsnk−t−tsrcÞ
:

ð75Þ

Then, by performing the linear combinations of the
ŶðiÞðt;ω2Þ correlators corresponding to Eqs. (30), (43) and

(47), we obtain the correlators ẐðpÞðt;ω2Þ and ẐðpÞ
l ðt;ω2Þ.

In Fig. 6 we show the extraction of the mass mDs
on the

ensemble B64 from the correlator CðtÞ. The blue points
correspond to the so-called effective mass of the correlator
while the red band corresponds to the constant fit of the
effective mass in the plateau-region and, therefore, to our
estimate of amDs

. Similar plots can be shown for all of the
ensembles listed in Table I.
From the analysis of CðtÞ on the different ensembles we

extracted the information needed to compute the correlators
Cμνðtsnk; t; tsrc;ω2Þ in the interesting region of the param-
eter space, i.e. for values of tsrc and tsnk such that the
systematic errors associated with the asymptotic limits
T ↦ ∞, tsrc ↦ −∞ and tsnk ↦ ∞ can be kept under
control. An example of this analysis is shown in Fig. 7.

The figure shows the five amputated correlators ŶðiÞ
c̄s ðt;ω2Þ

extracted on the B64 ensemble from the quark-connected
contraction of the correlator Cμν

c̄sðtsnk; t; tsrc;ω2Þ (see Fig. 2)
for two different values of the separation tsnk − tsrc between
the interpolating operators and for ðmDs

ωÞ2 ¼ 0.43 GeV2.
In both cases we set tsrc ¼ −12a ≃ −1 fm while we set
tsnk ¼ 36a ≃ 2.9 fm in the case of the light-blue points and
tsnk ¼ 44a ≃ 3.5 fm in the case of the red points. The solid
vertical lines mark the points corresponding to the con-
dition tsnk − t ¼ 0 − tsrc ¼ 12a, i.e. the values of t (t ¼ 32a
red dataset and t ¼ 24a light-blue dataset) such that the two
separations between each interpolating operator and the
closer current are equal. As can be seen, the light-blue and
red datasets are fully compatible within the statistical errors
up to values of t such that tsnk − t ¼ a. The separation
0 − tsrc between the interpolating operator of the initial state
and the first weak current has been fixed at ≃1 fm, a
distance of the same order of the time separation where the
plateau of the effective mass of the correlator CðtÞ sets in
(see Fig. 6). Then, by relying on the symmetries of our
four-points correlator, we studied the dependence of our
results upon tsrc and tsnk by varying the distance tsnk − t
between PðxsnkÞ and the weak current inserted at time t.
From this analysis, that we repeated for all considered
values of the momenta ω (see following sections) and
also for the other flavor channels, we concluded that
the systematic errors associated with the tsrc ↦ −∞ and

FIG. 5. The quark-disconnected current-current contribution
to Cμν

f̄g
.

7Strictly speaking, since the presence of ghosts prevents a
straightforward interpretation of partially quenched theories
within the canonical formalism, this argument is not entirely
rigorous. On the other hand, the argument is strongly supported
by a very large amount of numerical evidence [e.g. any quenched
calculation of hadronic quantities or any nf < 4 (nf < 5)
calculation ofDðsÞ (BðsÞ) mesons observables has been performed
by relying on the canonical interpretation of (partially) quenched
correlators], and therefore we consider it fully satisfactory in
practice.
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tsnk ↦ ∞ limits are negligible with respect to the statistical
errors of our correlators. Our estimates of the systematic
errors associated with finite size effects, i.e. with the
T ↦ ∞ and L ↦ ∞ limits, will be discussed in details
in the following sections.
In order to extract the decay rate and the lepton-energy

moments we used the data corresponding to the larger
separation, i.e. to tsnk − tsrc ≃ 4.5 fm, that we kept fixed in
physical units on the different gauge ensembles. With this
choice the systematics associated with the asymptotic limits
can safely be neglected w.r.t. the statistical errors and,
moreover, we can use larger values of N to reconstruct the
smearing kernels according to Eq. (35) and, hence, to study
the systematics associated with the N ↦ ∞ limits (see
Sec. VII).

VII. THE HLT ALGORITHM
AND THE N ↦ ∞ LIMIT

In this section we provide the details of the numerical
implementation of the HLT algorithm [9] that we have used
to extract the different contributions to the decay rate and to

the lepton-energy moments according to Eq. (37) and
Eq. (48). Here we focus the discussion on the decay
rate. The case of the lepton-energy moments is totally
analogous.

FIG. 6. Top-panel: the blue points show the effective mass of
the correlator CðtÞ [see Eq. (69)] on the ensemble B64. The red
band shows our estimate of amDs

on this ensemble. Bottom-
panel: the plot shows the windowing procedure that we used to
choose the range of the (correlated) plateau-fit shown in the
top-panel. The red band is that of the fit already shown in the
top-panel. The different datasets show the results of the plateau-
fits performed by fixing the lower (upper) extreme of the fit
interval and by varying the upper (lower) extreme.

FIG. 7. From top to bottom we show the correlators defined in
Eq. (50) for i ¼ 1;…; 5. The data have been obtained from the
B64 ensemble and correspond to the dominant contribution c̄s at
spatial momentum ðmDs

ωÞ2 ¼ 0.43 GeV2, or equivalently
jωj ¼ 0.33. The red points correspond to the separation tsnk −
tsrc ¼ 56a ≃ 4.5 fm while the light-blue points to tsnk − tsrc ¼
48a ≃ 3.9 fm. The solid vertical lines mark the points corre-
sponding to the condition tsnk − t ¼ 0 − tsrc ¼ 12a ≃ 1 fm, i.e. to
the values of t (t ¼ 32a red dataset and t ¼ 24a blue dataset)
such that the two separations between each interpolating operator
and the closer current are equal. The vertical dashed and solid
black lines correspond, respectively, to tsrc and to the position of
the current that we kept fixed.
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We have considered two definitions of the smearing

kernel ΘðpÞ
σ ðxÞ of Eq. (31). These have been obtained by

starting from the following two regularizations of the
Heaviside step-function:

ΘσðxÞ ¼
1

1þ e−
x
σ
; ð76Þ

and

ΘσðxÞ ¼
1þ erf

�
x
sσ

�
2

; ð77Þ

where the error-function is defined as

erfðxÞ ¼ 2ffiffiffi
π

p
Z

x

0

dte−t
2

: ð78Þ

In the following we call “sigmoid kernel” and “error-

function kernel” the smooth functions ΘðpÞ
σ ðxÞ obtained

multiplying by xp respectively Eqs. (76) and (77). The two
regularizations differ at σ > 0 and become equivalent in the
σ ↦ 0 limit [see Eq. (32)]. Moreover, the properties of
Eq. (55) are satisfied in both cases and, by combining the
numerical results corresponding to the two regularizations,
we have a better control on the necessary σ ↦ 0 extrap-
olations. To this end, we used the parameter s > 0
appearing in Eq. (77) to rescale the width of the error-
function kernel with respect to that of the sigmoid kernel.
Indeed, the shape of the smearing kernels is governed by
the integrals of Eq. (62), and we set s ¼ 2.5 in order to have

Isigmoidð0; 1Þ ≃ Ierror−functionð0; 1Þ; ð79Þ

see Sec. VIII for more details.

The coefficients gðpÞn ðNÞ appearing in Eq. (35), that
represent the smearing kernels on the basis functions
expð−ω0ðamDs

ÞnÞ, are obtained by minimizing the linear
combination,

WðpÞ
α ½g� ¼ AðpÞ

α ½g�
AðpÞ
α ½0�

þ λBðpÞ½g�; ð80Þ

of the so-called norm functional,

AðpÞ
α ½g� ¼

Z
∞

ωth
dω0eαðamDs Þω0

×

�
ΘðpÞ

σ ðωmax−ω0Þ−
XN
n¼1

gne−ω0ðamDs Þn
	2
; ð81Þ

and of the error functional,

BðpÞ½g� ¼
XN

n1;n2¼1

gn1gn2Cov
ðpÞðan1; an2Þ; ð82Þ

where the matrix CovðpÞ is the statistical covariance of the
correlator ẐðpÞðan;w2;aÞ at finite lattice spacing. More

precisely the coefficients gðpÞn ðNÞ≡ gðpÞn ðN;ΣÞ are obtained
by solving the linear system of equations,

∂WðpÞ
α ½g�
∂g

����
g¼gðpÞðN;ΣÞ

¼ 0; ð83Þ

and, therefore, at fixed N and in presence of statistical
errors, depend upon the HLT algorithmic parameters,

Σ ¼ fωth; α; λg: ð84Þ

The parameter ωth appears in the definition of the norm
functional, Eq. (81), as the lower limit of the ω0 integral. In
order to choose a value for ωth it is important to observe
[see Eq. (36)] that the spectral density ZðpÞðω0;ω2Þ
vanishes for ω0 < ωmin and that, therefore, an error in

the approximation of the smearing kernel ΘðpÞ
σ ðωmax − ω0Þ

forω0 < ωmin does not affect the physical result. By relying
on this observation, for each flavor channel and for each
contribution, we set ωth ¼ 0.9ωmin

F̄G .
We have considered a family of norm functionals,

depending upon the parameter α, by introducing in
Eq. (81) the weight factor expðαamDs

ω0Þ. By considering
sufficiently small values of σ, from the behavior of the

kernels ΘðpÞ
σ ðωmax − ω0Þ in the ω0 ↦ ∞ limit it follows

that the integral of Eq. (81) is convergent for α < 2. For
0 < α < 2, the presence of the weight in the integrand
forces the error in the approximation of the smearing
kernel,

ΘðpÞ
σ ðωmax−ω0;N;ΣÞ¼

XN
n¼1

gðpÞn ðN;ΣÞe−ω0ðamDs Þn; ð85Þ

to decrease exponentially in the ω0 ↦ ∞ limit (see Fig. 9).
This feature is particularly important in order to keep

under control the cutoff effects on our physical observables.
Indeed, the decay rate and the lepton-energy moments are
on-shell quantities that probe the QCD spectrum for
energies smaller than mDs

. Therefore, in principle, to keep
under control cutoff effects, given our OðaÞ-improved
lattice setup, it would be enough to have ðamDs

Þ2 ≪ 1

on the finer simulated lattices and, in fact, this condition is
satisfied in our case (see Table I). On the other hand, given
our representations of the decay rate and of the lepton-
energy moments [see Eqs. (33) and (41)], it is important to
avoid large errors in the approximation of the smearing

kernels ΘðpÞ
σ ðωmax − ω0Þ for ω0 ≫ 1=ðamDs

Þ that could
enhance the cutoff effects by interfering with the distortions
of the lattice spectral densities ZðpÞðω0;ω2; aÞ at energies
of the order of the lattice cutoff. Actually, in our approach
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(see Ref. [6] for a different possibility) the limits,

dΓðpÞðσÞ
dω2

¼ lim
a↦0

lim
N↦∞

lim
λ↦0

dΓðpÞðσ;a;N;ΣÞ
dω2

; ð86Þ

where

dΓðpÞðσ; a;N;ΣÞ
dω2

¼ Γ̄jωj3−p
XN
n¼1

gðpÞn ðN;ΣÞẐðpÞðan;ω2; aÞ;

ð87Þ

have to be taken by first performing the λ ↦ 0 and N ↦ ∞
limits, that can safely be interchanged and that we perform
jointly with the so-called stability analysis procedure (see
below), and then by performing the continuum extrapola-
tion. Notice that the dependence upon the parameter α
disappears after performing the N ↦ ∞ limit because,
according to the Stone-Weierstrass theorem, the systematic
error associated with the imperfect reconstruction of the
smearing kernel at finite N can be made arbitrarily small by
increasing N for any definition of the L2-norm and there-
fore, in our language, for any definition of the functional

AðpÞ
α ½g�. Unfortunately, this is not the case for the statistical

error,

Δstat

�
1

Γ̄
dΓðpÞðσ; a;N;ΣÞ

dω2

	
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðpÞ½gðpÞðN;ΣÞ�

q
: ð88Þ

Within the HLT algorithm statistical errors are tamed by
implementing the regularization mechanism originally pro-
posed by Backus and Gilbert in Ref. [42]. This is done by
introducing the so-called trade-off parameter λ and by
adding the term proportional to the error functional in
Eq. (80). There are two facts that have to be considered
in order to understand the rôle of the trade-off parameter
within the HLT algorithm. The first is that the Backus-
Gilbert regularization is statistically unbiased: in the ideal-
ized situation in which the correlators ẐðpÞðan;ω2; aÞ have
no errors the functional BðpÞ½g� is identically zero and,
therefore, the same result is obtained for any value of λ. The
second fact is that, for small values of the smearing
parameter σ, the coefficients obtained by solving Eq. (83)
with increasingly smaller values of λ tend to become huge in
magnitude and oscillating in sign [9]. Consequently, by
using these coefficients in Eq. (87), the statistical errors on
the differential decay rate tend to be unacceptably large and,
moreover, the estimates of the central values cannot be
trusted in this regime because even tiny rounding errors on
the lattice correlators ẐðpÞðan;ω2; aÞ get enormously
enhanced. The stability analysis, introduced in Ref. [43]
(see alsoRefs. [17–19,22,44–52]), is a procedure that allows
to perform the λ ↦ 0 and N ↦ ∞ limits appearing in
Eq. (86) by leveraging on these two facts.

An example of stability analysis is shown in Fig. 8. The

data correspond to the dΓð0Þ
c̄s ðσ; a;N;ΣÞ=dω2 contribution

to the decay rate evaluated on the D96 ensemble for
σmDs

¼ 120 MeV and jωj ¼ 0.38. In the top and middle
panels the differential decay rate is plotted as a function of
the variable,

dðpÞðN;ΣÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðpÞ
0 ½gðpÞðN;ΣÞ�

AðpÞ
0 ½0�

vuut ; ð89Þ

FIG. 8. Stability analysis for the contribution p ¼ 0 to the total
decay rate for the c̄s channel with smearing parameter
σmDs

¼ 120 MeV, spatial momentum jωj ¼ 0.38, sigmoid ker-
nel and D96 ensemble. See the main text for the complete
description and interpretation of the figure. Top-panel: study of
the limit N ↦ ∞ by changing λ at fixed α ¼ 0. Middle-panel:
study of the dependence on α, i.e. on the definition of the norm
functional of Eq. (81), by changing λ at fixed N ¼ 43. Bottom-
panel: the plot shows the difference of the N ¼ 43 and N ≤ 43

results obtained at the value of dðpÞðN;ΣÞ corresponding to the
red vertical dashed line in the top-panel. The errors on the points
take into account the correlations between the different datasets.
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measuring the deviation of the reconstructed kernel

ΘðpÞ
σ ðωmax − ω0;N;ΣÞ from the target one. By choosing

increasingly smaller values of λ one gets smaller values of
dðpÞðN;ΣÞ and, therefore, smaller systematic errors on the
differential decay rate. Conversely, by reducing dðpÞðN;ΣÞ
the statistical errors rapidly increase. In the top-panel we
show the data corresponding to α ¼ 0 and to increasingly
larger values of N. As can be seen, for sufficiently small
values of dðpÞðN;ΣÞ (on the left of the vertical dashed black
line) and for N > 13 the results for the differential decay
rate become independent upon N within the statistical
errors. The differences between the N ¼ 43 result and the
results at the other considered values of N, obtained at the
value of dðpÞðN;ΣÞ corresponding to the vertical red dashed
line in the top-panel, are also shown in the bottom-panel.
The red band in this panel corresponds to the statistical
error of the N ¼ 43 result and the errors on the points take
into account the correlations of the different datasets. As
can be seen, the N ¼ 33 result is compatible with the
N ¼ 43 result at the level of the small error of the corre-
lated difference. This means that by using N ¼ 43 on
this ensemble, the systematic error associated with the
N ↦ ∞ limit is totally irrelevant with respect to the
statistical errors of our results. This fact is also corroborated
by the results shown in the middle-panel, that correspond to
N ¼ 43 and to different values of the norm parameter α. As
can be seen, there is no significant dependence upon the
choice of the norm parameter and this is another evidence
that, within the statistical errors, the onset of the N ↦ ∞
limit has been reached.
In order to quote the central value, the statistical error

and to estimate the residual systematic error on the differ-
ential decay rate we search for a plateau-region in which the
results do not show any significant dependence upon
dðpÞðN;ΣÞ. The absence of such a plateau-region would
prevent us from quoting a result but, in the case of our data,
a plateau-region is clearly visible for all contributions, all
flavor channels, all considered values of σ and of ω. In the
case shown in the top and middle panels of Fig. 8, we
extracted our estimate of the physical differential decay
rate, i.e. the λ ↦ 0 and N ↦ ∞ result, from the red dataset,
corresponding to α ¼ 0 and N ¼ 43, that clearly exhibits a
plateau on the left of the vertical red line. For any point in
the plateau-region the systematic error on the differential
decay rate can safely be neglected with respect to the
corresponding statistical error. Given the strong statistical
correlations of the different points, we do not consider a
constant fit of the plateau-region but, in order to quantify a
possible residual systematic error, we select two points. The

first point, whose coefficients are denoted by gðpÞ⋆ , is
selected at the beginning of the plateau-region (the red
vertical line in Fig. 8). We then select a second point, whose

coefficients are denoted by gðpÞ⋆⋆, corresponding to the
condition,

AðpÞ
α ½gðpÞ⋆⋆�

BðpÞ½gðpÞ⋆⋆�
¼ 1

10

AðpÞ
α ½gðpÞ⋆ �

BðpÞ½gðpÞ⋆ �
; ð90Þ

and therefore to a (ten times) better reconstruction of the
smearing kernel (the black vertical line in Fig. 8). From
these two points we obtain a conservative estimate of the
residual systematic error associated with our results as we
are now going to explain.
Let us consider a given quantity O for which we have

different determinations Oi that we expect to differ by an
amount comparable to the systematic error. In order to
obtain a data-driven estimate of this systematic error we
consider the pull variables,

Pij
sys ¼ Oi −Oj

Δij
; ð91Þ

where Δij is a conservative estimate of the error of the
difference Oi −Oj (depending upon the observable we
consider either the error of one of the terms or the sum in
quadrature of the errors of the two terms [see Eqs. (94),
(96), (100), and (102)]). We then estimate the systematic
error by using the formula,

FIG. 9. The plots of this figure have been obtained by using the
same data of Fig. 8. The top-panel shows the difference between
the approximated and the exact kernels for N ¼ 43 and for the
three norms α ¼ 0, α ¼ 1 and α ¼ 2−. The coefficients that
define the approximations in the plot are associated with the
points in correspondence of the red vertical dashed line in Fig. 8
and, therefore, to different approximations at fixed dðpÞðN;ΣÞ≃
0.08. The vertical dashed red and black lines correspond to the
lightest state in the spectrum, ωmin ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2s̄s−conn þ ω2

p
, and to the

parameter ωth, respectively. The error in the approximation of the
kernel in the gray area, ω0 < ωth, is irrelevant for the physical
result. The vertical dotted green line corresponds to ωmax. The
bottom-panel shows the direct comparison between the approxi-
mated and exact kernels.
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Δsys ¼ max
ij

�
jOi −Ojjerf

�
Pij

sysffiffiffi
2

p
�	

: ð92Þ

The error-function weights the difference with a (rough)
estimate of the probability that the observed value is not
due to a fluctuation. To ensure a reliable estimate of the
systematic error, the observables Oi must have different
sensitivities to the given systematic error. For example, in
the case of finite-size effects (FSE) we considered the
determinations of our observables obtained on significantly
different physical volumes.
In the case of the HLT stability analysis we estimate both

the statistical errors and the central values of our results

from the results at the gðpÞ⋆ point,

ΔðpÞ
statðω; σÞ≡ Δstat

�
1

Γ̄
dΓðpÞ

⋆ ðσÞ
dω2

	
; ð93Þ

and the systematic error by using the results at gðpÞ⋆ and gðpÞ⋆⋆
in Eq. (92) with the pull variable,

PðpÞ
HLTðω; σÞ ¼

1

ΔðpÞ
statðω; σÞΓ̄

�
dΓðpÞ

⋆ ðσÞ
dω2

−
dΓðpÞ

⋆⋆ðσÞ
dω2

�
: ð94Þ

In Fig. 9 we compare the exact kernel ΘðpÞ
σ ðωmax − ω0Þ

with the reconstructed ones at the gðpÞ⋆ point for the different
considered values of α.
In order to compute the decay rate and the lepton-energy

moments for each flavor channel, for all of the considered
values ofω2 and of σ, on all of the lattice ensembles and for
the two different definitions of the smearing kernel (sig-
moid and error-function), we performed more than 24000
stability analyses. Aggregated information concerning
these analyses, that are totally analogous to the one
discussed in full details in this section, will be given in
the following sections (see e.g. Fig. 10).

VIII. ANALYSIS OF THE Γc̄s CONTRIBUTION

In this section we present and discuss our results for the
dominant Γc̄s contribution to the decay rate. We discuss
separately the quark-connected contribution, extracted
from the Wick contraction shown in Fig. 2, and the
weak-annihilation contribution, extracted from the diagram
of Fig. 4.

A. The quark-connected contribution

In the numerical calculation it is convenient to separate
the quark-connected contribution to Γc̄s from the weak-
annihilation contribution. When this is done one has to take
into account, though, that the lightest possible hadronic
state Ps̄s appearing in the quark-connected contribution is
not the neutral pion but the unphysical ηs̄s meson (which is
lighter than a two-kaon state). Indeed, while in the case of
the weak-annihilation contribution there are no strange
propagators between the two weak currents (see Fig. 4),
and a single neutral pion can be generated from the sea, this
cannot happen in the case of the quark-connected contri-
bution (see Fig. 2). We have extracted the mass of the ηs̄s
meson from the quark-connected contribution to the
correlator,

CðtÞ ¼
X
x

Th0js̄γ5sðt; xÞs̄γ5sð0Þj0i; ð95Þ

obtaining rs̄s−conn ≃ 0.35 and, consequently, jωjmax
s̄s−conn ≃

0.44 [see Eq. (18)]. By using this information, and the fact
that jωjmax

s̄d > jωjmax
s̄s−conn (see next section), to be able to

cover the full phase space we have then computed the
quark-connected Wick contraction of the correlators
Cμν
c̄sðtsnk; t; tsrc;ω2Þ for the ten values of jωj given in

Table IV.
In order to provide information concerning the quality of

the HLT stability analyses that we have performed to
extract the quark-connected contribution to Γc̄s, we show

in Fig. 10 the pull variable PðpÞ
HLTðω; σÞ, defined in Eq. (94),

for the three different quark-connected contributions

dΓðpÞ
c̄s ðσ; a; LÞ=dω2 (that at this stage depend upon the

FIG. 10. Pull variable PðpÞ
HLTðω; σÞ for the quark-connected

contributions dΓðpÞ
c̄s ðσ; a; LÞ=dω2. Different colors correspond

to different ensembles while different gradations of the same
color correspond to different values of σ (darker points corre-
spond to smaller values of σ, see Table V).
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lattice spacing and the volume), for all gauge ensembles,
for all of the values of σ and ω that we considered, and
for both smearing kernels. As can be seen, in all cases

we have jPðpÞ
HLTðω; σÞj < 3 and only in very few cases

jPðpÞ
HLTðω; σÞj > 2. This means that, at the level of two

standard deviations, our results are in the statistically
dominated regime.
In order to estimate the FSE systematic errors

ΔðpÞ
L ðω; σÞ we used the three ensembles B48, B64 and

B96 at the coarsest simulated value of the lattice spacing
(see Table I). While the ensembles C80, D96 and E112
(with lattice spacings aC, aD and aE) have been generated
at the same reference physical volume L⋆ ≃ 5.5 fm, the
volume of the B48 ensemble is L ≃ 3.8 fm, that of the
B64 ensemble is L ≃ 5.1 fm and that of the B96 ensemble
is L ≃ 7.6 fm. In Fig. 11 we illustrate the procedure that
we use to quote our results at the coarsest value of the
lattice spacing (aB ≃ 0.08 fm) and to estimate the FSE
systematic errors. The top-panel shows the stability
analyses from which we extract the results on the B48
(red), on the B64 (green) and on the B96 (blue)
ensembles. We then perform both linear and quadratic
interpolations of these results. From the fits shown in the
bottom-panel of Fig. 11 we obtain dΓðpÞðσ; aB; L⋆Þ=dω2,
by taking the central value from the linear fit and by
adding in quadrature to the error of the linear interpola-
tion a systematic error estimated from the spread between
the linear and the quadratic interpolation, according to
Eq. (92). We stress that this systematic error, the first that
in our calculation is associated with the volume depend-
ence, is needed to properly quantify the total error on our
L⋆ results at the coarsest value of the lattice spacing but
not to estimate the systematic error associated with the
L ↦ ∞ extrapolation. To estimate the latter, the one that
in the following we call FSE systematic error, we use
again Eq. (92) with

PðpÞ
FSEðω; σÞ ¼

dΓðpÞðσ;aB;L⋆Þ
dω2 − dΓðpÞðσ;aB;7.6 fmÞ

dω2

ΔðpÞ
statðω; σ; aB; L⋆ÞΓ̄

; ð96Þ

where dΓðpÞðσ; aB; 7.6 fmÞ=dω2 is the B96 result. By
relying upon the separation of ultraviolet and infrared
physics in a local quantum field theory setup, we use this

estimate of the FSE systematic error [ΔðpÞ
L ðω; σÞ],

obtained on the B ensembles, to correct our results after
having performed the continuum extrapolations (see
below). We show the values of the pull variable

PðpÞ
FSEðω; σÞ for the quark-connected c̄s contribution to

the decay rate in Fig. 12. As can be seen, in all cases we

have jPðpÞ
FSEðω; σÞj < 2 and in most of the cases

jPðpÞ
FSEðω; σÞj < 1. This means that the FSE systematic

errors on our results are, on average, much smaller than
the corresponding statistical errors. Indeed, the case
shown in Fig. 11 corresponds to one of the points with

larger values of Pð0Þ
FSEðω; σÞ in the top-left panel of Fig.

12. In Fig. 13, for the same value σ considered in Fig. 11,
we show as functions of jωj the results for the three

TABLE IV. Values of the spatial momenta of the hadronic state
used in the lattice calculation of the differential decay rate and of
the lepton-energy moments.

jωj jωjmDs
[GeV]

0.05 0.09
0.09 0.19
0.14 0.28
0.19 0.37
0.24 0.47
0.28 0.56
0.33 0.65
0.38 0.75
0.42 0.84
0.45 0.89

jωjmax
s̄d 0.47 0.93

FIG. 11. Top-panel: stability analyses of the quark-connected
contribution dΓð0Þ

c̄s ðσ; aB; LÞ=dω2 on the B48, B64 and
B96 ensembles that have the same lattice spacing (aB) but
different physical volumes. The data correspond to jωj ¼ 0.38
and σmDs

¼ 100 MeV. The dashed vertical lines correspond

to the gðpÞ⋆ points. Bottom-panel: interpolation of the results

dΓð0Þ
c̄s ðσ; aB; LÞ=dω2, extracted from the stability analyses shown

in the top-panel, at the reference volume L⋆ ≃ 5.5 fm. The red
point is the result of the linear interpolation and the larger error
bar takes into account our estimate of the FSE systematic error
associated with the interpolation and with the L ↦ ∞ limit.
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different contributions to the differential decay rate on the
three different volumes. The red points in the figure
correspond to our estimates of dΓðpÞðσ; aB; L⋆Þ=dω2 and
their errors include our estimates of the L ↦ ∞FSE
systematic error. As can be seen, the points corresponding
to the B48, B64 and B96 results are always compatible
with the corresponding red point within its error, also in
the case shown in Fig. 11 in which, because of unavoid-
able statistical fluctuations, the B48 and B96 results differ
at the level of 2 standard deviations.
In Fig. 14 we show an example of the continuum

extrapolation of our results dΓðpÞðσ; a; L⋆Þ=dω2. We have
four points (see Table I) that, at this stage of the analysis,
are totally uncorrelated. Indeed, as already remarked in the
previous paragraph, while we add to the results at the
coarsest value of the lattice spacing the systematic uncer-
tainty associated with the interpolation of the B48, B64 and
B96 results, we do not add the FSE systematic error to any
of the points and perform the continuum extrapolations at
the fixed physical volume L ¼ L⋆. We then add the FSE
systematic error to the continuum extrapolated result and,
in this way, take into account the fact that L⋆ < ∞.
With these four points we perform four different extrap-

olations: a constant fit of the two finer points (correspond-
ing to aE and aD); a fit linear in a2 of the three finer points
(corresponding to aE and aD and aC); a fit linear in a2 and a
fit quadratic in a2 of all points. The different fits are
combined by employing the Bayesian model average [53]
(see also Ref. [18]) that we are now going to explain.
Given N different fits, the central value of the extrapo-

lated result is given by

FIG. 12. Pull variable PðpÞ
FSEðω; σÞ of Eq. (96) for the connected

contribution dΓðpÞ
c̄s ðσÞ=dω2 to the differential decay rate.

FIG. 13. In the case shown in Fig. 11 the FSE systematic error
is particularly important. The data of this figure also correspond
to σmDs

¼ 100 MeV but here we show, as functions of jωj, the
results for the three contributions to the differential decay rate
obtained on the different volumes. The red points are the results
of the interpolation and their errors take into account our estimate
of the FSE systematic uncertainty.

FIG. 14. Continuum extrapolation of the quark-connected

dΓð0Þ
c̄s ðσ;L⋆Þ=dω2 contribution to the decay rate. The data

correspond to jωj ¼ 0.33, to σmDs
¼ 100 MeV and to the

sigmoid smearing kernel. The four different dashed lines corre-
spond to the different fits that we combine by using the Bayesian
model Average procedure discussed in the text. The histogram
shows the distribution of the weighted bootstrap samples, the
horizontal red dashed lines are the 16% and 84% percentiles
while the red band is the statistical error. The red point is the
continuum result with the larger error bar taking into account our
estimate of the systematic error associated with FSE (that instead
is not added to the fitted points).
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x̄ ¼
XN
k¼1

wkxk; ð97Þ

where xk are the extrapolated results of each separate fit.
The weights wk are such that

wk ∝ exp½−ðχ2k þ 2Nk
params − Nk

pointsÞ=2�;
XN
k¼1

wk ¼ 1; ð98Þ

where χ2k, N
k
params, Nk

points are the χ
2-variable, the number of

parameters and the number of points of the different fits.
The total error is estimated by using

Δ2
tot ¼

XN
k¼1

wkΔ2
k þ

XN
k¼1

wkðxk − x̄Þ2; ð99Þ

where the first sum is the weighted average of the square of
the errors Δk on xk coming from the different fits. The
second sum, the weighted sum of the square of the spread
between each fit and the central value, provides an estimate
for the systematic error. We employ the same procedure to
extrapolate our results to the σ ↦ 0 limit (see below).
Aggregated information concerning the quality of all our

continuum extrapolations is provided in Fig. 15. The figure
shows three histograms, collecting the information on the
values of three “quality variables” coming from the
continuum extrapolations of all our results for the quark-

connected contribution dΓðpÞ
c̄s ðσ;L⋆Þ=dω2, i.e. for each

value of p, σ, ω and for the two smearing kernels. The
blue bars correspond to the pull variable,

Pa ¼
jx̄ − xðaEÞj

Δtot
; ð100Þ

where x̄ again represents the result of the combined
continuum extrapolation, Δtot its error while xðaEÞ is the
result at the finer value of the lattice spacing (that in our
case is the one obtained on the E112 ensemble). Figure 15
shows that Pa ≤ 1 in more than 95% of the cases and that
we never observe Pa > 2. This means that (almost) all our
continuum extrapolated results are compatible with the
points at the finest lattice spacing within 1 standard
deviation. The orange bars correspond to the reduced χ2

of the dominant (larger weight) fit entering the weighted
average of Eq. (97). The figure shows that in more than
90% of the cases the dominant fit has χ2=d:o:f: ≤ 1.
The green bars correspond to the Nparams variable of the
dominant fit. We have Nparams ¼ 1 in the case of the
constant fit, Nparams ¼ 2 in the case of the linear fits and
Nparams ¼ 3 for the quadratic fits. The figure shows that in
more than 80% of the cases the dominant fit is the constant
one of the two finer points, i.e. the one providing the larger

statistical error on the continuum extrapolated result. In
summary, Fig. 15 provides evidence that our continuum
extrapolations are rather flat, i.e. that we observe rather
small cutoff effects within our estimates of the statistical
and HLT systematic errors, and makes us very confident on
the quality of our continuum extrapolations.
After having performed the continuum extrapolations the

error of the continuum results (that already takes into account
our estimates of the HLT and continuum-extrapolation
systematic uncertainties) is added in quadrature to our
estimates of the FSE systematic errors. This allows us to
neglect the dependence upon the volume of our results and,
therefore, we call them dΓðpÞðσÞ=dω2.
The last step of the analysis consists in performing the

necessary σ ↦ 0 extrapolations. To this end, we use the
asymptotic formulas of Eq. (63) and consider the following
fitting functions,

dΓð0Þ;IðσÞ
dω2

¼ Cð0Þ;I
0 þ Cð0Þ;I

1 σ2 þ Cð0Þ;I
2 σ4;

dΓð1Þ;IðσÞ
dω2

¼ Cð1Þ;I
0 þ Cð1Þ;I

1 σ2 þ Cð1Þ;I
2 σ4;

dΓð2Þ;IðσÞ
dω2

¼ Cð2Þ;I
0 þ Cð2Þ;I

1 σ4 þ Cð2Þ;I
2 σ6; ð101Þ

where I ¼ fsigmoid; error − functiong is the label associ-
ated to the two different smearing kernels. For each quark-

connected contribution dΓðpÞ
c̄s ðσÞ=dω2, we perform three

different fits: the first two correspond to separate poly-
nomial extrapolations of the results obtained with the
sigmoid and the error-function smearing kernels. The third
fit is a combined extrapolation in which the coefficient of
the constant term is the same for the two datasets, i.e.

CðpÞ;sigmoid
0 ¼ CðpÞ;error−function

0 . The three fits are then com-
bined by using Eqs. (97)–(99) to obtain our estimates of the

FIG. 15. Aggregated information concerning the quality of all
our continuum extrapolations of the quark-connected contribu-
tion dΓðpÞ

c̄s ðσ;L⋆Þ=dω2 (all values of p, σ, ω and for the two
smearing kernels). The blue histogram corresponds to the Pa
variable defined in Eq. (100). The orange histogram corresponds
to the reduced χ2 of the dominant continuum extrapolation fit.
The green histogram corresponds to the number of free param-
eters (Nparams) of the dominant continuum extrapolation fit.
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connected contributions dΓðpÞ
c̄s =dω

2 to the physical differ-
ential decay rate. Examples of these extrapolations are
shown in Figs. 16 and 17. The data in Fig. 16 correspond to
a point close to the lower-end of the phase-space integration
interval ½0; jωjmax

s̄s−conn ¼ 0.44�. As can be seen, in this
kinematic configuration our results show a very mild
dependence upon σ, almost negligible within the errors
that, at this stage, include our estimates of the systematics
associated with the HLT stability analysis, with FSE and
with the continuum extrapolations. The data in Fig. 17
correspond to a point close to the upper-end of the phase-
space integration interval. In this case, while the depend-
ence upon σ is significant with respect to the errors, it is
reassuringly consistent with the expected asymptotic
behavior. We do not observe a significant difference
between the results of the two smearing kernels and this
makes us confident on the robustness of our extrapolated
results. Actually, as explained in Sec. VII, we matched the
Oðσ2Þ corrections associated with the two kernels by
choosing the value s ¼ 2.5 for the shape parameter appear-
ing in the definition of the error-function kernel given in

Eq. (77). Therefore, the fact that at all the chosen values of
σ we do not observe significant differences between the two
kernels means that Oðσ4Þ corrections are rather small, and
can be read as a reassuring evidence that our data can be
extrapolated by relying on the expected theoretical asymp-
totic behavior.
In Fig. 18 we show, for each smearing kernel, the pull

variable,

PðpÞ
σ ðωÞ ¼ 1

ΔðpÞðωÞΓ̄

�
dΓðpÞ

dω2
−
dΓðpÞðσminÞ

dω2

�
; ð102Þ

obtained by taking the ratio between the difference of the
extrapolated point and of the result at the smallest consid-
ered value of σ with the error ΔðpÞðωÞ of the extrapolated
point. As can be seen, almost all our data have

jPðpÞ
σ ðωÞj < 0.5, and this corroborates our confidence on

the robustness of our σ ↦ 0 extrapolations.
Our final results for the quark-connected contribution

dΓc̄s=dω2 to the physical differential decay rate are shown
in Fig. 19.

B. The weak-annihilation contribution

The lattice evaluation of the weak-annihilation contrac-
tion of Fig. 4 is much more challenging and computation-
ally demanding than the quark-connected contractions
of Fig. 2 that has been discussed in the previous subsec-
tion. Additionally, the weak-annihilation contribution is

FIG. 16. σ ↦ 0 extrapolation of the connected dΓðpÞ
c̄s =dω

2

contribution to the differential decay rate. The data correspond
to jωj ¼ 0.05. The blue and orange solid lines are the separate fits
of the results obtained by using the sigmoid and the error-function
smearing kernels, respectively. The red line is the combined fit of
both datasets. The red point is the extrapolated result, the one that
we use to quote our physical result, and its error includes our
estimate of the systematic error associated with the extrapolation.
In order to stress the fact that the results at the different values of σ
are strongly correlated, and that our error analysis procedure (see
Appendix A) properly takes into account these correlations, we
also show the gray points. These correspond to the extrapolations
performed by treating the fitted points as uncorrelated. As it can
be seen, the gray errors are much smaller than the errors that we
quote on our physics results.

FIG. 17. Same as Fig. 16 but for jωj ¼ 0.38. The nonmonot-
onous behavior of the errors observed in some cases, e.g. in the
bottom-panel, is due to the fact that the procedure that we use to
estimate the HLT systematic errors (see Sec. VII) is data-driven
and, therefore, sensitive to statistical fluctuations. In fact, the
condition of Eq. (90) can generate in some cases quite large, and
therefore very conservative, errors.
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expected [54–57] to be OðΛ3
QCD=m

3
cÞ suppressed with

respect to the dominant contribution. For these reasons,
we limited the calculation of the weak-annihilation contri-
bution to a single gauge ensemble, theB64, and to two values
of the momentum, corresponding to jωj ¼ f0.10; 0.20g. As
we are now going to show, although obtained on a restricted

set of the parameter’s space, our first-principles nonpertur-
bative lattice results show that the weak-annihilation
contribution is strongly suppressed with respect to the
quark-connected one. In fact, within the errors that we quote
on the dominant quark-connected dΓc̄s=dω2 contribution,
the weak-annihilation contribution can be safely neglected.
In Fig. 20, the analogous of Fig. 7, we show the five

amputated correlators ŶðiÞ
c̄s ðt;ω2Þ extracted from both the

FIG. 18. Pull variable PðpÞ
σ ðωÞ for the connected dΓðpÞ

c̄s =dω
2

contribution to the differential decay rate.

FIG. 19. Quark-connected contribution dΓc̄s=dω2 to the physi-
cal differential decay. The black points correspond to the sum of

the three quark-connected contributions dΓðpÞ
c̄s =dω

2 that are also
shown in different colors. The error-bars correspond to the total
error, i.e. to the sum in quadrature of the statistical errors and of
the HLT, FSE, a ↦ 0 and σ ↦ 0 systematic errors. The central
values and the associated errors of the black points are listed in
the column denoted by c̄s of Table VII.

FIG. 20. Comparison of the fermion connected (blue) and
disconnected (red) amputated correlators ŶðiÞ

c̄s ðt;ω2Þ. The data
have been obtained on the B64 ensemble at jωj ¼ 0.10. The slope
of the black straight line is −tEπ , with E2

π ¼ m2
π þ jωj2m2

Ds
while

the intercept has been tuned in the different panels to match the
value of one of the red points. From the nice agreement of the
behavior of the weak-annihilation correlators at large times with
the corresponding black lines we deduce that, as expected, the
lightest hadronic state propagating in this channel is the neutral
pion that, instead, does not appear in the fermion connected
channel where we have the heavier ηs̄s meson. The single-pion
state is not expected to contribute to the parity-breaking correlator

Ŷð5Þ
c̄s ðt;ω2Þ which is shown in the bottom panel.
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quark-connected (blue) and weak-annihilation (red) contrac-
tions of the correlatorCμν

c̄sðtsnk; t; tsrc;ω2Þ at the samevalue of
the momentum,8 jωj ¼ 0.10. As can be seen, althoughmuch
more noisy than the quark-connected ones, the weak-anni-
hilation correlators provide statistically significant physical
information and are nicely consistent with the expected
asymptotic behavior at large times, i.e. with the fact that the
lightest hadronic state in this channel is the neutral pion

(black solid line). A similar plot can be shown for the other
considered value of the momentum, jωj ¼ 0.20.
In Figs. 21 and 22 we compare the HLT stability analyses

of the quark-connected and weak-annihilation contribu-

tions to dΓðpÞ
c̄s ðσÞ=dω2, for the two considered values of ω

and for σmDs
¼ 140 MeV in the case of the sigmoid

smearing kernel. As can be seen, at both the considered
values of the momenta (that cover up to the middle of the
phase-space integration interval of the quark-connected
contribution, see Fig. 19), the weak-annihilation contribu-
tion is a factor Oð10−3Þ smaller than the connected one.
Similar results can be shown for different values of the
smearing parameter σ.
The results discussed in this subsection, obtained from a

nonperturbative lattice evaluation of the weak-annihilation
diagram, allow us to neglect the weak-annihilation con-
tribution with respect to the errors that we have on the

dominant quark-connected dΓðpÞ
c̄s =dω

2 contribution to the
decay rate.

IX. ANALYSIS OF THE Γc̄d CONTRIBUTION

In this section we present our results for the Γc̄d
contribution to the decay rate. These have been obtained

FIG. 21. HLT stability analyses for the quark-connected (blue)
and weak-annihilation (red) contributions to dΓðpÞ

c̄s ðσÞ=dω2. The
data have been obtained on the B64 ensemble for jωj ¼ 0.10 and
σmDs

¼ 140 MeV. The plots are focused on the plateau-regions,
where the statistical errors are dominant, and show that the weak-
annihilation contribution is 3 orders of magnitude smaller than,
and therefore totally negligible with respect to the errors of, the
quark-connected contribution.

FIG. 22. Same as Fig. 21 but for jωj ¼ 0.20.

8The data presented in the previous subsection have been
obtained by using twisted boundary conditions [40] in order to
calculate the quark-connected correlators at the values of mo-
menta listed in Table IV. This is not possible in the case of the
weak-annihilation correlators that have been evaluated at two
values of the momentum allowed by periodic boundary con-
ditions. In order to have a direct comparison of the fermion
connected and disconnected contributions, we have generated the
blue data in Fig. 20 at the same values of the momenta used in the
calculation of the weak annihilation diagram.
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by repeating all the steps of the analysis extensively
discussed in Sec. VIII.
In this flavor channel we have only the quark-connected

diagram and the lightest hadronic state Ps̄d is the neutral
kaon, for which we have rs̄d ≃ 0.26 and, consequently,
jωjmax

s̄d ≃ 0.47. We have considered the same values of jωj
and σ that we used in the case of the c̄s channel which are
given respectively in Tables IV and V.
The quality of the HLT stability analyses is illustrated in

Fig. 23, where the plot shows the pull variable PðpÞ
HLTðω; σÞ

of Eq. (94) for the three contributions dΓðpÞ
c̄d ðσ; a; LÞ=dω2,

for all the values of jωj and σ, all the ensembles and for the

two smearing kernels. The plot shows that jPðpÞ
HLTðω;σÞj> 2

in very few cases and thus provides numerical evidence that
also in this channel the statistical error is dominant over the
HLT systematic error [defined in Eq. (92)].

In Fig. 24 we show the pull variable PðpÞ
FSEðω; σÞ, defined

in Eq. (96), for the three contributions dΓðpÞ
c̄d ðσÞ=dω2 for all

the values of jωj, σ and the two smearing kernels. As can be

seen, jPðpÞ
FSEðω; σÞj < 1.5 in all cases, a reassuring quanti-

tative evidence of the fact that also in this channel FSE are
smaller than the statistical errors. In Fig. 25 we also show
an example of the required stability analyses and of the
estimation of the FSE.
Figure 26 shows an example of continuum extrapolation

for the contribution dΓð0Þ
c̄d ðσÞ=dω2. The data correspond to

jωj ¼ 0.38, σmDs
¼ 80 MeV and to the sigmoid smearing

kernel. The figure also shows the distributions of the
“quality variables” Pa, χ2=d:o:f: and Nparams, introduced
in Sec. VIII. The variable Pa is smaller than 1 in more than
95% of the cases and never larger than 2, a quantitative
evidence of the compatibility between the extrapolated
points and the corresponding ones at the finest lattice
spacing at the level of one standard deviation in almost all
the cases. The reduced χ2 of the dominant fit is smaller than
1, between 1 and 2, between 2 and 3 and larger than 3 in

50%, 25%, 15% and 10% of the cases, respectively. These
numbers highlight a slight worsening of the quality of the
continuum extrapolations compared to the quark-connected
Γc̄s contribution to the decay rate; see Fig. 15. This trend
can presumably be correlated with the fact that the
amputated correlators ŶðpÞðt;ω2Þ for the c̄d channel exhibit

FIG. 23. Same as Fig. 10 for the Γc̄d contribution.

TABLE V. The table shows the values of the smearing
parameter σ that we used for the two different smearing kernels.
In the case of the error-function kernel only values of σ ≥ 0.020
have been considered.

σ σmDs
[MeV]

0.005 10
0.010 20
0.020 40
0.031 60
0.041 80
0.051 100
0.061 120
0.071 140
0.081 160
0.102 200

FIG. 24. Pull variable PðpÞ
FSEðω; σÞ for the contribution

dΓðpÞ
c̄d ðσÞ=dω2 to the differential decay rate. See also Figs. 11

and 12.
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a larger noise-to-signal ratio compared to those correspond-
ing to the quark-connected diagram of the c̄s channel since
MK0

< Mηs̄s . In fact, the slight worsening of the quality of
the continuum extrapolations is due to slightly larger

statistical fluctuations in the c̄d channel with respect to
the quark-connected c̄s channel and, at the same time, the
c̄d correlators are more noisy than the c̄s ones. The
dominant fits are constant and linear in 75% and 25% of
the cases, respectively, as it is shown by the distribution of
the variable Nparams.
The σ ↦ 0 extrapolations have been performed as

explained in Sec. VIII for the connected dΓðpÞ
c̄s =dω

2

contributions to the decay rate.
Two examples are shown in Figs. 27 and 28. As can be

seen, the behavior of dΓðpÞ
c̄d ðσÞ=dω2 as σ ↦ 0 is accurately

FIG. 25. Top-panel: stability analyses of contribution

dΓð0Þ
c̄d ðσ; aB; LÞ=dω2 on the B48, B64 and B96 ensembles. The

data correspond to jωj ¼ 0.38 and σmDs
¼ 100 MeV. Bottom-

panel: interpolation of the results dΓð0Þ
c̄d ðσ; aB; LÞ=dω2, extracted

from the stability analyses shown in the top-panel, at the
reference volume L⋆ ≃ 5.5 fm.

FIG. 26. Same as Figs. 14 and 15 for the Γc̄d contribution.

FIG. 27. σ ↦ 0 extrapolation of the dΓðpÞ
c̄d =dω

2 contribution to
the differential decay rate for jωj ¼ 0.09. See the analogous
Fig. 16.

FIG. 28. Same as Fig. 27 but for jωj ¼ 0.38.

INCLUSIVE SEMILEPTONIC DECAYS OF THE DS MESON: … PHYS. REV. D 112, 054503 (2025)

054503-25



reproduced by the theoretical small-σ expansion worked

out in Sec. V. In Fig. 29 we show the pull variable PðpÞ
σ ðωÞ

defined in Eq. (102), for the contribution dΓðpÞ
c̄d =dω

2. As

can be seen, PðpÞ
σ ðωÞ < 1 in all the cases and PðpÞ

σ ðωÞ <
0.5 in most of the cases, a strong quantitative evidence of
the robustness of our σ ↦ 0 extrapolations. The final result

for dΓðpÞ
c̄d =dω

2 is shown in Fig. 30.

X. ANALYSIS OF THE Γūs

AND OF THE Γexcl
c̄s CONTRIBUTIONS

As discussed in Sec. II, the Γūs contribution is totally
saturated from the exclusive process Ds ↦ Dlν̄,

dΓūs

dω2
≡ dΓexcl

ūs

dω2
; ð103Þ

with the available phase space limited to the narrow interval
0 ≤ jωj ≤ jωjmax

ūc ≃ 0.05. Moreover, Γūs is Cabibbo sup-
pressed with respect to the dominant Γc̄s contribution. For
these reasons, Γūs represents a negligible contribution to the
total decay rate. Nevertheless, we have explicitly computed
dΓexcl

ūs =dω2 on the B64 and D96 ensembles.
In order to compute the exclusive contribution to the

differential decay rate, we extracted the form factor fþ
appearing in Eq. (27) from the asymptotic behavior at large
t of the amputated correlator,

Ŷþðt;ω2Þ ¼ Ŷð2Þðt;ω2Þ þ ð1 − ωminÞ2
ω2

Ŷð3Þðt;ω2Þ

−
2ð1 − ωminÞ

jωj Ŷð4Þðt;ω2Þ; ð104Þ

which is given by

Ŷþðt;ω2Þ ¼ 2π

ωmin ½fþðω2Þ�2e−ωmint þ � � � ; ð105Þ

FIG. 29. Pull variable PðpÞ
σ ðωÞ for the dΓðpÞ

c̄d =dω
2 contribution

to the differential decay rate.

FIG. 30. dΓc̄d=dω2 contribution to the physical differential
decay. See the analogous Fig. 19. The central values and the
associated errors of the black points are listed in the column
denoted by c̄d of Table VII.

FIG. 31. Top-panel: Ŷþ
ūsðt;ω2Þ correlators at jωj ¼ 0.025

computed on the B64 (blue) and D96 (green) ensembles.
Bottom-panel: ½fþūsðω2Þ�2 extracted from two correlators in the
top-panel by fitting to a constant the large-t behavior of the
“effective residue” ωmin

ūs eω
min
ūs tŶþ

ūsðt;ω2Þ=2π [see Eq. (105)].
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where the dots represent exponentially suppressed
contributions.
Figure 31 shows the extraction of the form-factor

fþūsðω2Þ from the amputated correlator Ŷþ
ūsðt;ω2Þ on both

the B64 and D96 ensembles for jωj ¼ 0.025. In Fig. 32 we
provide quantitative evidence that dΓūs=dω2 is in fact
negligible with respect to the errors that we have on the
dominant dΓc̄s=dω2 contribution.
Before closing this section we show in Fig. 33 the

comparison of the dominant contribution dΓc̄s=dω2 to the
inclusive differential decay rate with the exclusive contri-
bution in the same flavor channel, i.e. with dΓexcl

c̄s =dω2.
The exclusive results, that we show separately for the
different ensembles, have been obtained by using the same
analysis procedure that we used to compute dΓexcl

ūs =dω2,
i.e. by extracting the form-factor fþc̄sðω2Þ from the ampu-
tated correlator Ŷþ

c̄sðt;ω2Þ. As expected (see Sec. II), the
inclusive and exclusive contributions are fully compatible
within errors at the end point of the phase-space, i.e. at
ω ¼ ωmax

s̄s−conn. This is a reassuring evidence concerning
the robustness of the procedure that we used to estimate
the systematic errors. Particularly important in this case
is the systematic uncertainty associated with the σ ↦ 0
extrapolations that become steeper when ω gets closer to
ωmax

s̄s−conn (see Figs. 16 and 17). In the bulk of the phase
space, i.e. for jωj < jωjmax

s̄s−conn, the inclusive decay rate is
substantially larger than the exclusive contribution. This is
a strong evidence that the method that we have used in
our lattice calculation allows to study from first-principles
truly inclusive processes, i.e. processes that cannot be

approximated by considering a single exclusive channel,
at a level of accuracy which is relevant for phenomenology.

XI. SUMMARY AND OUTLOOKS

In this work we have computed from first-principles on
the lattice the decay rate and the first two lepton-energy
moments of the inclusive Ds ↦ Xlν̄l semileptonic proc-
ess. We have studied separately the different flavor chan-
nels that contribute to the total rate and investigated
carefully all sources of systematic uncertainties. Our
quantitative analysis has shown that, at the present level
of accuracy, the Γūs contribution is negligible with respect
to the dominant Γc̄s and the Cabibbo-suppressed Γc̄d
contributions.
Our final results for dM1;c̄s=dω2 and dM1;c̄d=dω2 are

shown in Fig. 34 while the associated error-budgets are

FIG. 32. The blue points correspond to the dominant dΓc̄s=dω2

contribution to the differential decay rate and have been obtained
by multiplying the data discussed in Sec. VIII for the current best-
estimate value of jVcsj2 taken from Ref. [58]. The green and red
points correspond to the negligible dΓūs=dω2 contribution and
have been obtained by using our lattice determinations of the
form-factor fþūsðω2Þ and the current best-estimate value of jVusj2
also taken from Ref. [58].

FIG. 33. Comparison between the inclusive (black) and the
exclusive differential decay rates for the different ensembles in
the dominant c̄s flavor channel.

FIG. 34. Differential first lepton-energy moment for the two
dominant channels. In this plot we inserted the CKM factors
jVcsj2 and jVcdj2 taken from Ref. [58] (PDG 2024). The filled
bands represent the results of a cubic spline interpolation of the
corresponding points.
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shown in Fig. 35. The correspondingplots for the differential
decay rate are shown in the companionLetter [2] while those
for the secondmoment are shown inAppendix C. The tables
containing the numerical values of the results shown in these
figures, as well as the associated covariancematrices, can be
found in Appendix B. As can be seen, our errors are
statistically dominated and, therefore, the overall accuracy
can certainly be improved.
In order to obtain our predictions forM1;f̄g we performed

a numerical integration of the differential moment
dM1;f̄g=dω

2. The same procedure has been used also in
the case of the rate and of the second moment. More
precisely, for each flavor channel we have interpolated
dM1;f̄g=dω

2 which we have computed for the discrete set
of momenta listed in Table IV. We used a cubic spline (see
Ref. [59] and references therein for further information) by
sampling the interval ½0; jωjmax

F̄G � uniformly with 200 points.
The end points of the interval have been included in the
sampled set. Notice that the points above the largest
simulated momentum (respectively 0.42 and 0.45 for the
c̄s and c̄d channels) up to jωjmax

F̄G have been extrapolated.

We imposed the theoretical constraint that the differential
decay rate has to vanish for jωj ¼ 0. The filled bands in
Fig. 34 are the results of these interpolations.
The interpolated points have then been used to perform

the numerical integration by applying both the trapezoid
method and the Simpson’s rule. The difference between the
two results is totally negligible with respect to our statistical
errors and, therefore, we do not quote below a systematic
error associated with this step of the analysis. Finally, the
integrated results are multiplied by the respective normali-
zation factors9 Γ̄, M̄1 and M̄2. The results with errors for the
three observables and for the two channels are given in
Table VI.
By using the current best estimates of the relevant CKM

matrix elements from Ref. [58] (namely jVcsj ¼ 0.975ð6Þ
and jVcdj ¼ 0.221ð4Þ) and by combining the results of
Table VI we get

Γ ¼ 8.72ð47Þð31Þ½56� × 10−14 GeV;

M1 ¼ 0.456ð19Þð11Þ½22� GeV;
M2 ¼ 0.227ð9Þð5Þ½10� GeV2: ð106Þ

Our first-principles theoretical results compare very well
with the corresponding experimental results, obtained by
the CLEO [3] and BES-III [4] Collaborations,

ΓCLEO ¼ 8.56ð55Þ × 10−14 GeV;

ΓBES−III ¼ 8.27ð22Þ × 10−14 GeV;

MCLEO
1 ¼ 0.456ð11Þ GeV;

MBES−III
1 ¼ 0.439ð9Þ GeV;
MCLEO

2 ¼ 0.239ð12Þ GeV2:

MBES−III
2 ¼ 0.222ð5Þ GeV2: ð107Þ

The experimental results for the decay rate have been
obtained by using the experimental branching-ratios as
explained in Appendix D. The experimental results for the
lepton-energy moments have been obtained by repeating

FIG. 35. Error budgets of the differential first lepton-energy
moment for the channels c̄s (top-panel) and c̄d (bottom-panel).
The red points correspond to the total error Δtot, the blue points to
the statistical error Δstat, the green points to the finite size
systematic error ΔL, the purple points to the continuum extrapo-
lation systematic error Δa, the yellow points to the σ ↦ 0
extrapolation systematic error Δσ and the black points to the
HLT systematic error ΔHLT. Δa and Δσ are given by the second
term in Eq. (99).

TABLE VI. Our final determinations of the decay rate and the
first two lepton-energy moments for the two dominant channels.
The CKM factors are not included in this table. The covariance
matrix of these results is given in Table X.

f̄g c̄s c̄d

1014 × Γf̄g [GeV] 8.53(46)(30)[55] 12.60(79)(49)[93]
ΓM1;f̄g=Γc̄s [GeV] 0.453(21)(11)[24] 0.731(53)(30)[61]
ΓM2;f̄g=Γc̄s [GeV2] 0.223(9)(6)[11] 0.416(37)(22)[43]

9We have used GF ¼ 1.1663788ð6Þ × 10−5 GeV−2 from
Ref. [58].
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also in the case of the BES-III data the analysis performed
in Ref. [56] in the case of the CLEO results.
The analysis of the phenomenological implications of

our theoretical results is the subject of the companion Letter
[2]. The main goal of this work was to provide robust
evidence concerning the fact that inclusive semileptonic
decays of heavy mesons can nowadays be studied on the
lattice at a phenomenologically relevant level of accuracy.
Given the very careful analysis of all sources of systematic
errors that we described in the previous sections, and given
the very good agreement of our first-principles lattice
results with the available experimental determinations,
we can state with confidence that the goal has been reached.
As already stressed, the total error of our results is

dominated by the statistical uncertainty and, therefore, it
can be reduced (likely at the level of the accuracy of the
BES-III measurements). We postpone this task to future
work on the subject. Indeed, our results open a brilliant
perspective for future lattice calculations of inclusive B
mesons decays. We have already started a project in which
we will compute the inclusive semileptonic decay rates of
the BðsÞ mesons by extrapolating the results obtained at
increasingly heavier quark masses. This will also give us
the chance to reduce the errors on the Ds inclusive
observables computed in this work.
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APPENDIX A: ERROR ANALYSIS

In order to analyze our lattice data we use the bootstrap
procedure explained in this appendix. This procedure
allows to combine results obtained from different simu-
lations and, at the same time, to properly take into account
statistical correlations when combining results extracted
from the same set of gauge configurations. Furthermore,
the procedure also allows to easily incorporate and properly
take into account systematic errors.
The starting point of our analysis is the calculation, on all

the gauge ensembles listed in Table I, of the required two
and four points correlators, our primary observables. Let
us call X a generic observable and let’s introduce the
ensemble index G∈ fB48;B64;B96;C80;D96;E112g. At
the beginning of the analysis a correlator, at fixed values of
the time and spatial momenta variables, is represented as a
double-index array Xc

G where c ¼ 1;…; NG
cnfg is the con-

figuration index and NG
cnfg is the number of the gauge

configurations of the ensemble G (see Table II).
We then fix the same number Nb of samples for all the

ensembles and bootstrap-resample the primary data Xc
G in

order to get the ensemble-dependent bootstrap samples Xb
G.

The index b ¼ 1;…; Nb now runs on the bootstrap sam-
ples. By introducing the bootstrap average,

hXY � � �i≡ 1

Nb

XNb

b¼1

ðXbYb � � �Þ; ðA1Þ

and by considering two different ensembles G ≠ G0, we
have hXGYG0 i ¼ 0 because, at this stage, there is no
correlation between the samples Xb

G and Yb
G0 . Indeed these

have been generated by starting from independent, and
therefore uncorrelated, Monte Carlo simulations.
Given a bootstrap sample fb, that can either be an

observable computed on a single ensemble (fb ¼ Xb
G) or

the combination (e.g. a fit or a linear combination) of results
coming fromdifferent ensembles (fb ¼ fðXb

1;G1
;…;Xb

N;GN
)),

we estimate the central value of this quantity by taking hfi
and its error Δ½f� by taking
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Δ½f� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Nb

XNb

b¼1

ðfb − hfiÞ2
vuut : ðA2Þ

By varying the number of bootstrap samples (from Nb ¼
Oð102Þ to Nb ¼ Oð104Þ) and by building bins of different
sizes of the raw simulation data, i.e. by averaging data
obtained on consecutive (with respect to Monte Carlo time)
gauge configurations, we checked the reliability of our
estimates of the statistical errors.
We now explain how systematic errors are taken into

account within this procedure. The data-driven procedure
that we use to estimate systematic errors is explained in
Sec. VII (see the paragraph around Eq. (92). Let us callΔsys

the data-driven estimate of a given systematic error affect-
ing the observable X. In order to incorporate this error in
our analysis procedure we generate Nb random bootstrap
samples from a Gaussian distribution with zero mean and
with variance Δsys. This allows us to represent this
systematic error with the arrayΔb

sys where b is the bootstrap
index. Then, by starting from the original samples Xb, we
build a new bootstrap representation of the observable X by
taking

X̂b ¼ Xb þ Δb
sys: ðA3Þ

Given the fact that hΔsysi ¼ 0we have that the central value
is unchanged,

hX̂i ¼ hXi; ðA4Þ

barring finite Nb effects. Moreover, given the fact that
hXΔsysi ¼ 0, we have that Δ½X̂� [computed using Eq. (A2)]
provides an estimate of the total error,

ðΔ½X̂�Þ2 ¼ ðΔ½X�Þ2 þ ðΔsysÞ2; ðA5Þ

barring again finite Nb effects.
In order to combine different systematic errors Δsys;i,

where the index i distinguishes the estimates of the
different errors, we generate uncorrelated random bootstrap
samples Δb

sys;i, i.e. such that hΔsys;iΔsys;ji ¼ 0 if i ≠ j, and
generalize Eq. (A3) according to

X̂b ¼ Xb þ
X
i

Δb
sys;i: ðA6Þ

In the case of the systematic errors associated with the
HLT spectral reconstruction we apply the previous pro-
cedure separately and independently for each ensemble.
More precisely, by calling XG and Δsys;G the estimates of

dΓðpÞ
⋆ ðσÞ=dω2 and of the associated systematic error

ΔðpÞ
HLTðω; σÞ obtained on the ensemble G (see Sec. VII),

we define X̂b
G ¼ Xb

G þ Δb
sys;G. In this way, the estimates

associated with two different ensembles G ≠ G0 are totally
uncorrelated, hXGXG0 i ¼ 0. The systematic errors associ-
ated with the uncertainties of the renormalization constants
(see Table III) are treated with the same ensemble-depen-
dent procedure just described.10

In the case of the FSE systematic uncertainties we have
two error estimates that have to be taken into account.

The first, let us call itΔðpÞ
L⋆

ðσ; aBÞ, is the one coming from
the difference between the linear and quadratic interpola-
tions that we use to obtain our determination of
dΓðpÞðσ; aB; L⋆Þ=dω2 (see Fig. 11 and the related discus-

sion in the main text). We stress that ΔðpÞ
L⋆

ðσ; aBÞ is only
used to generate the bootstrap samples associated with the
determination of dΓðpÞðσ; aB; L⋆Þ=dω2, i.e. at the coarsest
value of the lattice spacing, and not to correct the
determinations of dΓðpÞðσ; a; L⋆Þ=dω2 on the other ensem-

bles, i.e. the ones with a < aB. Therefore, Δ
ðpÞ
L⋆

ðσ; aBÞ only
affects the right-most point in Fig. 14 and the four
determinations of dΓðpÞðσ; a; L⋆Þ=dω2 that we use to
perform our continuum extrapolations at L ¼ L⋆ remain
totally uncorrelated.
After having performed the continuum extrapolations,

we correct the resulting bootstrap samples according to

Eq. (A6). To this end we use our estimates of ΔðpÞ
FSEðσ;ωÞ

[the second error associated with FSE that we estimate as
explained in the paragraph around Eq. (96)] and our

TABLE VII. Our results for 1
Γ̄
dΓf̄g

dω2 corresponding to the black
points in Figs. 19 and 30. The first error is statistical, the second
one is systematic and in the square-brackets we report the total
error obtained as the combination in quadrature of the statistical
and systematic uncertainties. The covariance between the points
is given in Eqs. (B1) and (B2).

jωj c̄s c̄d

0.05 0.115(8)(7)[11] 0.137(14)(10)[18]
0.09 0.238(15)(8)[17] 0.291(26)(18)[31]
0.14 0.364(25)(9)[26] 0.438(48)(34)[58]
0.19 0.483(29)(13)[32] 0.620(47)(30)[56]
0.24 0.568(29)(22)[37] 0.759(50)(10)[51]
0.28 0.637(39)(23)[45] 0.901(64)(30)[70]
0.33 0.642(61)(37)[71] 0.907(46)(42)[62]
0.38 0.535(51)(32)[60] 0.740(81)(54)[97]
0.42 0.306(25)(36)[44] 0.497(73)(57)[93]
0.45 � � � 0.34(9)(5)[10]

10Although we use the same determination of renormalization
constants for the B48 and B64 ensembles, given the fact that this
systematic uncertainty is totally negligible with respect to the
statistical errors of our physics results, we generate uncorrelated
bootstrap samples for these two ensembles by starting though
from the same estimates of Δsys;ZV;A

.
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estimates ΔðpÞ
a ðσ;ωÞ of the systematic uncertainties asso-

ciated with the continuum extrapolations.
We finally perform our σ ↦ 0 extrapolations and correct

the resulting bootstrap samples, according to Eq. (A3), by

using our estimates ΔðpÞ
σ ðωÞ of the associated systematic

uncertainties.
The bootstrap samples of our physics results, for each

flavour contribution to the differential decay rate and to the
differential lepton-energy moments, that is associated with
the numbers quoted in Eq. (106), Table VI, Table VII,
Table VIII and Table IX (see also next section), can be
found in the Supplemental Material [63]. The bootstrap
samples of our intermediate results, i.e. at σ > 0 and at
fixed lattice spacing, can be downloaded from [62].

APPENDIX B: TABLES
AND COVARIANCE MATRICES

In this section we provide the tables containing the
numerical values of our physical results for the differential
decay rate and for the differential lepton-energy moments
as well as the associated covariance matrices.

The results for the differential decay rate 1
Γ̄
dΓf̄g

dω2 , corre-
sponding to all the simulated momenta jωj, are listed in
Table VII for both the c̄s (black points in Fig. 19) and c̄d
channels (black points in Fig. 30). In each column and
row, the first number corresponds to the central value, the
first error is the statistical uncertainty, the second error the
systematic uncertainty and the number in square-brackets
is the total error obtained as the combination in quad-
rature of the statistical and systematic errors. The infor-
mation about the correlations between the different
momenta is provided in the covariance matrices reported
in Eqs. (B1) and (B2) for the channel c̄s and c̄d,
respectively.

Cov

�
1

Γ̄
dΓc̄s

dω2

	
¼

0
BBBBBBBBBBBBBBBBB@

1.19 1.66 2.23 2.11 1.88 1.54 1.65 0.83 0.06

1.66 2.84 3.98 4.06 3.46 2.86 2.61 0.86 0.06

2.23 3.98 6.90 7.47 6.90 5.78 5.37 1.73 0.24

2.11 4.06 7.47 9.93 9.61 8.86 8.18 2.54 0.21

1.88 3.46 6.90 9.61 13.38 12.88 14.05 5.66 −0.52
1.54 2.86 5.78 8.86 12.88 20.30 24.60 10.74 −1.45
1.65 2.61 5.37 8.18 14.05 24.60 50.18 26.40 −1.87
0.83 0.86 1.73 2.54 5.66 10.74 26.40 36.05 9.46

0.06 0.06 0.24 0.21 −0.52 −1.45 −1.87 9.46 19.20

1
CCCCCCCCCCCCCCCCCA

× 10−4: ðB1Þ

TABLE VIII. Our results for 1
M̄1

dM1;f̄g

dω2 corresponding to the
black points in the top and bottom panel of Fig. 45. The first error
is statistical, the second one is systematic and in the square-
brackets we report the total error obtained as the combination in
quadrature of the statistical and systematic uncertainties. The
covariance between the points is given in Eqs. (B3) and (B4).

jωj c̄s c̄d

0.05 0.0521(47)(34)[58] 0.0683(76)(63)[99]
0.09 0.108(7)(5)[9] 0.141(18)(13)[22]
0.14 0.161(13)(8)[15] 0.218(28)(24)[37]
0.19 0.216(14)(8)[16] 0.302(36)(27)[45]
0.24 0.259(23)(9)[25] 0.411(31)(7)[32]
0.28 0.292(24)(14)[27] 0.438(38)(11)[39]
0.33 0.296(25)(17)[30] 0.424(42)(28)[51]
0.38 0.245(30)(13)[33] 0.350(60)(26)[65]
0.42 0.142(28)(12)[31] 0.253(46)(28)[54]
0.45 � � � 0.205(39)(30)[50]

TABLE IX. Our results for 1
M̄2

dM2;f̄g

dω2 corresponding to the black
points in the top and bottom panel of Fig. 46. The first error is
statistical, the second one is systematic and in the square-brackets
we report the total error obtained as the combination in quad-
rature of the statistical and systematic uncertainties. The covari-
ance between the points is given in Eqs. (B5) and (B6).

jωj c̄s c̄d

0.05 0.112(16)(13)[20] 0.182(25)(20)[32]
0.09 0.249(26)(17)[31] 0.374(67)(42)[79]
0.14 0.387(35)(22)[42] 0.65(96)(55)[11]
0.19 0.517(43)(28)[51] 0.84(13)(8)[16]
0.24 0.658(37)(21)[43] 1.19(9)(3)[10]
0.28 0.730(56)(30)[64] 1.19(11)(5)[12]
0.33 0.734(49)(28)[56] 1.18(12)(8)[14]
0.38 0.615(62)(40)[74] 0.94(19)(10)[21]
0.42 0.343(79)(56)[97] 0.84(21)(12)[24]
0.45 � � � 0.71(18)(12)[22]
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Cov

�
1

Γ̄
dΓc̄d

dω2

	
¼

0
BBBBBBBBBBBBBBBBBBB@

3.10 4.05 4.72 2.85 0.49 2.16 1.21 0.33 −0.53 −0.72
4.05 9.84 13.29 7.94 0.59 5.79 4.02 2.35 0.86 0.61

4.72 13.29 34.00 22.73 0.93 11.73 8.78 4.87 2.72 1.68

2.85 7.94 22.73 31.13 2.91 15.41 9.22 7.33 0.74 −0.74
0.49 0.59 0.93 2.91 25.88 3.25 3.72 0.69 1.98 2.54

2.16 5.79 11.73 15.41 3.25 49.28 28.97 17.47 6.66 5.39

1.21 4.02 8.78 9.22 3.72 28.97 38.45 35.30 13.78 10.02

0.33 2.35 4.87 7.33 0.69 17.47 35.30 95.03 45.74 40.04

−0.53 0.86 2.72 0.74 1.98 6.66 13.78 45.74 86.52 82.75

−0.72 0.61 1.68 −0.74 2.54 5.39 10.02 40.04 82.75 101.57

1
CCCCCCCCCCCCCCCCCCCA

× 10−4: ðB2Þ

The covariance matrices are calculated in the standard
way, i.e. the values on the diagonal correspond to the
variance (squared error). Rows and columns are ordered
according to the ordering of the momenta provided in the
corresponding tables. For instance, Eq. (B1) is a sym-
metric 9 × 9 matrix for the nine numbers provided in the
column denoted by c̄s in Table VII. The square root of the
top-left number,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1.19 × 10−4

p
≃ 0.011, is the total error

of 1
Γ̄
dΓc̄s
dω2 for jωj ¼ 0.05 (0.115(8)(7)[11] is the

corresponding value shown in Table VII). Similarly, the
square root of bottom-right number is the total error of
1
Γ̄
dΓc̄s
dω2 for jωj ¼ 0.42.

The corresponding results for 1
M̄1

dM1;f̄g

dω2 (black points in

Fig. 45) and 1
M̄2

dM2;f̄g

dω2 (black points in Fig. 46) for the two

channels are given respectively in Table VIII and Table IX.
The associated covariance matrices, organized as those for
the decay rate, are given in Eqs. (B3)–(B6).

Cov

�
1

M̄1

dM1;c̄s

dω2

	
¼

0
BBBBBBBBBBBBBBBBB@

0.34 0.47 0.71 0.56 0.61 0.47 0.36 0.25 0.16

0.47 0.84 1.16 1.10 1.14 1.00 0.83 0.57 0.30

0.71 1.16 2.38 2.11 2.52 1.77 1.38 0.92 0.38

0.56 1.10 2.11 2.60 3.23 2.57 2.09 1.35 0.35

0.61 1.14 2.52 3.23 6.05 4.49 3.82 2.78 0.29

0.47 1.00 1.77 2.57 4.49 7.42 7.46 4.97 1.90

0.36 0.83 1.38 2.09 3.82 7.46 9.24 7.63 3.95

0.25 0.57 0.92 1.35 2.78 4.97 7.63 11.02 6.78

0.16 0.30 0.38 0.35 0.29 1.90 3.95 6.78 9.58

1
CCCCCCCCCCCCCCCCCA

× 10−4: ðB3Þ

Cov

�
1

M̄1

dM1;c̄d

dω2

	
¼

0
BBBBBBBBBBBBBBBBBBB@

0.98 1.60 1.45 1.23 0.24 0.69 0.40 0.04 0.13 0.22

1.60 4.82 5.74 4.16 0.45 2.21 1.50 0.21 0.71 0.71

1.45 5.74 13.97 11.97 0.59 4.42 3.79 1.27 1.94 1.11

1.23 4.16 11.97 20.38 0.45 6.99 5.46 1.70 2.48 0.39

0.24 0.45 0.59 0.45 9.94 1.10 1.64 −0.58 0.51 1.06

0.69 2.21 4.42 6.99 1.10 15.19 10.98 4.71 3.10 2.13

0.40 1.50 3.79 5.46 1.64 10.98 25.82 16.89 6.59 4.17

0.04 0.21 1.27 1.70 −0.58 4.71 16.89 42.60 20.60 14.72

0.13 0.71 1.94 2.48 0.51 3.10 6.59 20.60 29.31 23.28

0.22 0.71 1.11 0.39 1.06 2.13 4.17 14.72 23.28 24.74

1
CCCCCCCCCCCCCCCCCCCA

× 10−4: ðB4Þ
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Cov

�
1

M̄2

dM2;c̄s

dω2

	
¼

0
BBBBBBBBBBBBBBBBB@

4.15 5.97 6.69 6.59 3.82 4.05 2.74 2.74 1.58

5.97 9.71 12.13 12.56 7.98 7.90 5.22 4.59 2.58

6.69 12.13 17.43 19.92 13.64 13.23 8.82 7.33 3.21

6.59 12.56 19.92 26.04 18.22 18.46 12.50 9.98 2.04

3.82 7.98 13.64 18.22 18.17 20.64 16.12 12.69 2.65

4.05 7.90 13.23 18.46 20.64 40.43 31.16 24.78 2.71

2.74 5.22 8.82 12.50 16.12 31.16 31.87 32.34 11.14

2.74 4.59 7.33 9.98 12.69 24.78 32.34 54.57 37.47

1.58 2.58 3.21 2.04 2.65 2.71 11.14 37.47 94.33

1
CCCCCCCCCCCCCCCCCA

× 10−4: ðB5Þ

Cov

�
1

M̄2

dM2;c̄d

dω2

	
¼

0
BBBBBBBBBBBBBBBBBBB@

10.54 18.24 13.16 12.23 1.27 5.91 3.45 2.11 −1.87 2.88

18.24 63.02 62.62 51.55 0.85 21.00 18.88 6.97 −5.72 3.31

13.16 62.62 122.36 118.41 −0.48 37.06 38.40 11.27 −1.64 −1.09
12.23 51.55 118.41 239.12 −15.54 65.55 53.91 9.99 −0.19 −7.81
1.27 0.85 −0.48 −15.54 95.01 −1.01 2.23 −8.69 −3.79 9.23

5.91 21.00 37.06 65.55 −1.01 144.74 107.54 40.05 30.10 30.10

3.45 18.88 38.40 53.91 2.23 107.54 205.37 122.29 51.49 21.35

2.11 6.97 11.27 9.99 −8.69 40.05 122.29 452.53 295.03 199.95

−1.87 −5.72 −1.64 −0.19 −3.79 30.10 51.49 295.03 577.72 446.52

2.88 3.31 −1.09 −7.81 9.23 30.10 21.35 199.95 446.52 473.50

1
CCCCCCCCCCCCCCCCCCCA

×10−4: ðB6Þ

Finally, the covariance matrix between the six observ-
ables listed in Table VI is provided in Table X. In this case
the association between the matrix entries and the corre-
sponding observables is made manifest and the elements on
the diagonal still correspond to the squared total errors.

APPENDIX C: ANALYSIS OF THE LEPTON-
ENERGY MOMENTS

In this appendix we present aggregated information,
analogous to that discussed for the decay rate, from the
analysis of the first and second lepton-energy moment. The
analysis is carried out in a equivalent way to that exten-
sively discussed for the decay rate. We have computed the

lepton-energy moments for the (quark-connected) c̄s and
c̄d channels and neglected the further contributions. Where
not specified, the pull variables are obtained by collecting
together the data from the two channels.

The pull variable PðpÞ
HLTðω; σÞ for the first and second

lepton-energy moment is shown in Figs. 36 and 37

respectively. The plots show that jPðpÞ
HLTðω; σÞj < 2 in the

majority of the cases and always jPðpÞ
HLTðω; σÞj < 3 mean-

ing that the stability analysis are dominated by statistics.

The pull variables PðpÞ
FSEðω; σÞ are shown respectively in

Figs. 38 and 39. In almost all the cases jPðpÞ
FSEðω; σÞj < 1

and always jPðpÞ
FSEðω; σÞj < 2. The finite size effects are

TABLE X. Covariance matrix of the final results given in Table VI. All the numbers in the table are multiplied by 102.

1014 × Γc̄s 1014 × Γc̄d ΓM1;c̄s=Γc̄s ΓM1;c̄d=Γc̄s ΓM2;c̄s=Γc̄s ΓM2;c̄d=Γc̄s

1014 × Γc̄s 30.783 23.542 0.139 −0.890 −0.004 −0.505
1014 × Γcd 23.542 85.857 −0.037 3.044 −0.067 1.689
ΓM1;c̄s=Γc̄s 0.139 −0.037 0.055 −0.002 0.019 0.003
ΓM1;c̄d=Γc̄s −0.890 3.044 −0.002 0.378 0.003 0.233
ΓM2;c̄s=Γc̄s −0.004 −0.067 0.019 0.003 0.011 0.006
ΓM2;c̄d=Γc̄s −0.505 1.689 0.003 0.233 0.006 0.181

INCLUSIVE SEMILEPTONIC DECAYS OF THE DS MESON: … PHYS. REV. D 112, 054503 (2025)

054503-33



therefore subdominant for the two lepton-energy moments
as well. The histograms for the variables Pa, χ2=d:o:f: and
Nparams, providing a global quantitative measure of the
goodness for the continuum limits, are shown in the top-
and bottom-panel of Fig. 40 respectively for the first and
second lepton-energy moment. Similarly to the decay rate,
the figure shows that lattice artifacts are almost completely
absent (Pa < 1), the quality of the fits are good
(χ2=d:o:f: < 1 in more than half of the cases and
χ2=d:o:f: > 2 only in less than 10% of the cases for the
second lepton-energy moment) and dominated by constant
and linear ansatze.
Concerning the σ ↦ 0 limit, the first lepton-energy

moment has an additional contribution labeled by p ¼ 3
and the second lepton-energy moment has two more
labeled by p ¼ 3, 4. According to the asymptotic expansion
for small σ done in Sec. V, for these new contributions we
consider the following polynomial fits:

dMð3Þ;I
1;2 ðσÞ
dω2

¼ Cð3Þ;I
0 þ Cð3Þ;I

1 σ4 þ Cð3Þ;I
2 σ6 ðC1Þ

and

dMð4Þ;I
2 ðσÞ
dω2

¼ Cð4Þ;I
0 þ Cð4Þ;I

1 σ6 þ Cð4Þ;I
2 σ8: ðC2Þ

Figure 41 shows the σ ↦ 0 extrapolation for the quantity

dMðpÞ
1;c̄s=dω

2 in correspondence of jωj ¼ 0.28. Figure 42
shows instead the σ ↦ 0 extrapolation for the quantity

dMðpÞ
2;c̄s=dω

2 for jωj ¼ 0.42. As can be appreciated in both
the figures, the fit ansatz proposed above excellently
reproduces the trend of the data points. The pull variables

PðpÞ
σ are shown in Figs. 43 and 44 for the first and second

lepton-energy moment respectively. Again, PðpÞ
σ is very

FIG. 36. The same as Fig. 10 for the first lepton-energy
moment. Data for the c̄s and c̄d are displayed together.

FIG. 37. The same as Fig. 10 for the second lepton-energy
moment. Data for the c̄s and c̄d are displayed together.
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small and, besides few exceptions, jPðpÞ
σ j < 0.5 in all the

cases showing the goodness of the σ ↦ 0 extrapolations.
Figure 45 shows the quantity dM1;f̄g=dω

2 for the c̄s
(top-panel) and c̄d (bottom-panel) channels. The analogous
plot for the second lepton-energy moment is displayed in
Fig. 46. Our final results for the differential lepton energy
moments are shown in Figs. 34 and 47, respectively.
Finally, Fig. 35 shows the error budget of dM1;f̄g=dω

2

for the c̄s (top-panel) and c̄d (bottom-panel) channels. The
corresponding plots for the second lepton-energy moment
are shown in Fig. 48. Analogously to what we found in the
case of the decay rate, also for lepton-energy moments the
main source of uncertainty is the statistical one.

APPENDIX D: EXPERIMENTAL
MEASUREMENTS OF THE BRANCHING-RATIOS

AND THE DECAY RATE

The experimental decay rate is given by

Γexp ¼ Γexp
tot · BexpðDþ

s ↦ XeþνeÞ; ðD1Þ

where BexpðDþ
s ↦ XeþνeÞ is the experimental branching-

ratio for the semileptonic mode and Γexp
tot is the total decay

rate of the Ds meson. By using for the mean lifetime the of
Ds meson the value τ ¼ 501.2ð2.2Þ × 10−15 s from

Ref. [58], we obtain

Γexp
tot ¼ ℏc

τ
¼ 131.33ð58Þ × 10−14 GeV; ðD2Þ

with ℏc ¼ 6.5821 × 10−25 GeV × s. Currently, the avail-
able experimental branching-ratios are measured by the
CLEO Collaboration Ref. [3] and by the BES-III
Collaboration Ref. [4],

Bexp
CLEOðDþ

s ↦ XeþνeÞ ¼ 6.52ð39Þð15Þ%; ðD3Þ

Bexp
BES−IIIðDþ

s ↦ XeþνeÞ ¼ 6.30ð13Þð10Þ%; ðD4Þ

Bexp
averageðDþ

s ↦ XeþνeÞ ¼ 6.33ð15Þ%; ðD5Þ

where the average has been taken from Ref. [58]. The
corresponding decay rates for the inclusive semileptonic
channel are given in Eq. (107).

FIG. 38. The same as Fig. 12 for the first lepton-energy
moment. Data for the c̄s and c̄d are displayed together.

FIG. 39. The same as Fig. 12 for the second lepton-energy
moment. Data for the c̄s and c̄d are displayed together.
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FIG. 40. The same as Fig. 15 for the first (top-panel) and
second (bottom-panel) lepton-energy moment. The histograms
gather together the c̄s and c̄d channels.

FIG. 41. σ ↦ 0 extrapolation of the dMðpÞ
1;c̄s=dω

2 contribution
to the differential first lepton-energy moment for jωj ¼ 0.28. See
the analogous Fig. 16.
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FIG. 43. The same as Fig. 18 for the first lepton-energy
moment. Data for the c̄s and c̄d are displayed together.FIG. 42. σ ↦ 0 extrapolation of the dMðpÞ

2;c̄s=dω
2 contribution

to the differential second lepton-energy moment for jωj ¼ 0.42.
See the analogous Fig. 16.
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FIG. 44. The same as Fig. 18 for the second lepton-energy
moment. Data for the c̄s and c̄d are displayed together.

FIG. 45. dM1;c̄s=dω2 (top-panel) and dM1;c̄d=dω2 (bottom-
panel) contributions to the first lepton-energy moment. See the
analogous Fig. 19. The central values and the associated errors of
the black points are listed in the column denoted by c̄s (top-panel)
and c̄d (bottom-panel) of Table VIII.
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FIG. 46. dM2;c̄s=dω2 (top-panel) and dM2;c̄d=dω2 (bottom-
panel) contributions to the second lepton-energy moment. See the
analogous Fig. 19. The central values and the associated errors of
the black points are listed in the column denoted by c̄s (top-panel)
and c̄d (bottom-panel) of Table IX.

FIG. 47. The same as Fig. 34 but for the second lepton-energy
moment.

FIG. 48. Error budgets of the second lepton-energy moment for
the channels c̄s (top-panel) and c̄d (bottom-panel), analogous
to Fig. 35.
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