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We present a lattice quantum chromodynamics (QCD) calculation of the radiative leptonic decay rates of
the kaon, improving upon our previous work in Desiderio et al. [First lattice calculation of radiative
leptonic decay rates of pseudoscalar mesons, Phys. Rev. D 103, 014502 (2021)]. Our analysis uses
gauge ensembles generated by the Extended Twisted Mass Collaboration (ETMC) with Ny =2+ 1+ 1
flavors of Wilson-clover twisted mass fermions. For the first time, we go beyond the electroquenched
approximation by including quark-disconnected contributions. Several key improvements have been
implemented: (i) the simulations are now performed directly at physical light- and strange-quark masses,
(ii) finite-size effects are carefully investigated using lattices with spatial extents ranging from L ~ 3.8 fm
to L~7.7 fm, and (iii) the continuum extrapolation is based on three lattice spacings in the range
a €10.08,0.058] fm. As a result of the high-precision determination of the relevant correlation functions,
we reduce the uncertainties on both the axial and vector form factors by nearly a factor of two compared
to our previous analysis. When compared to experimental measurements in the electron channel
(K~ — e~ 1,y), our results show a tension—at the level of 2.6 standard deviations—with respect to
KLOE data. On the other hand, they are compatible with measurements from the E36 Collaboration at
J-PARC. In the muonic decay channel (K~ — pu~7,y), we confirm the tensions, already observed in our
previous study, between lattice QCD predictions and ISTRA+ and OKA data, which are both primarily

sensitive to the value of the negative-helicity form factor F~.

DOI: 10.1103/r55k-cnqg

I. INTRODUCTION

Charged pseudoscalar mesons decaying into light lep-
tons, P — uv,(y) (with £ =e, u), provide important
avenues for probing the flavor sector of the Standard
Model (SM). In the absence of the emission of a hard real
photon, these processes are helicity-suppressed by the SM’s
V — A structure. Radiative leptonic decays, P — vy, lift
this suppression and can reveal new-physics signals in the
presence of nonstandard currents and/or nonuniversal
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lepton couplings. Beyond their role in constraining possible
SM extensions, radiative leptonic decays allow for alter-
native determinations of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix elements, complementing the standard
purely leptonic channels. Moreover, in the region of hard
photon energies, radiative leptonic decays serve as power-
ful probes of the mesonic structure. In addition to the
usual axial decay constant fp, nonperturbative structure-
dependent (SD) contributions, parametrized through the
vector (Fy) and axial (F,) form factors, govern the
emission of real photons from quarks. A first-principle
calculation of these contributions requires the use of non-
perturbative methods, a requirement naturally addressed by
lattice QCD + QED.

For pion and kaon decays, chiral perturbation theory
(ChPT) provides analytical predictions for the axial and
vector form factors up to O(p®) [1,2]. These calculations,
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Diagrams contributing to the K~ — £~y at leading order in «,,,,. The double square represents the 4-fermion weak operator

in the Fermi effective theory. Diagram (a) corresponds to the final-state radiation contribution where the photon is emitted from a lepton
leg. Diagrams (b) and (c) correspond respectively to the quark-connected and quark-disconnected contributions to the structure
dependent part of the amplitude, with the photon emitted by a quark. In the case of the quark-disconnected contribution the photon is
emitted by a sea quark (¢ = u, d, s, ¢). Similarly to diagram (b), there is also a contribution where the photon is emitted by the valence i

quark, which it is not shown in the figure.

however, involve low-energy constants that are only par-
tially constrained by experimental data, and in some cases
rely on model-dependent assumptions. For heavier pseu-
doscalar mesons (D, Dy, B), where ChPT does not apply,
the importance of lattice QCD calculations becomes
even more evident (see also our recent calculation of the
D, — Cv,y decay rate [3]). In this work, we present an
improved lattice QCD calculation of the radiative leptonic
decay rates of the kaon, updating our previous study in
Ref. [4]. Our analysis employs gauge ensembles generated
by the Extended Twisted Mass Collaboration (ETMC) with
N;=2+1+1 flavors of Wilson-Clover twisted mass
fermions. With respect to Ref. [4], several key improve-
ments have been implemented:

(1) For the first time, we go beyond the so-called
electroquenched approximation by including
quark-disconnected contributions (see Fig. 1).

(2) We perform simulations directly at physical light-
and strange-quark masses, thereby eliminating the
need for chiral extrapolations.

(3) We systematically investigate finite-size effects
(FSE) by utilizing ensembles with spatial extents
ranging from L ~ 3.8 to 7.7 fm.

(4) We carry out a continuum extrapolation using three
fine lattice spacings in the range a € [0.08, 0.058] fm.

Although performing the simulations directly at the physi-
cal point significantly increases the statistical noise, our
high-statistics evaluations of the relevant Euclidean corre-
lation functions, combined with significant improvements
of the numerical procedures, allows us to reduce the
uncertainties on both F, and Fy by nearly a factor of
two compared to our previous analysis. We anticipate here
our final result for the R, -ratio, defined as

Bi[K~ — e D
R, = r[_ _’e__”f” . E,>10MeV,
Br(K~ — 7 7,(y)]
p.| > 200 MeV, (1)

where E, and p, denote, respectively, the photon energy
and the electron momentum in the rest frame of the kaon.
Combining statistical and systematic uncertainties, we
obtain

R, = 1.84(12) x 107, (2)

to be compared with our previous determination
RETME=21 — 1.74(21) x 107> [4,5]. Our result can be
compared with the experimental data from KLOE [6],
which reports RKLOF = 1.483(67) x 107, and from the
E36 Collaboration at J-PARC [7.8], which finds RE =
1.98(11) x 107>, Our estimate differs from the KLOE data
by 2.6 standard deviations, while it is consistent at 1o level
with the E36 measurement. Furthermore, our result turns
out to be larger than the ChPT predictions at order O(p*),
namely RS"PTP* = 1.28(32) x 1075, In this paper, we will
also compare our results for the decay rate of the muonic
channel (K~ — u~7,y) with those obtained by the E787,
ISTRA+ and OKA experimental collaborations, updating
the analysis of Ref. [5].

The remainder of this paper is organized as follows. In
Sec. II, we define the axial and vector form factors relevant
for describing radiative leptonic decays. We explain how
these form factors can be extracted from Euclidean corre-
lation functions on the lattice in Sec. III. Details about
our numerical setup, including the gauge ensembles
employed for the present calculation and the strategy
adopted for the calculation of both the quark-connected
and quark-disconnected contributions, are given in Sec. I'V.
We present our numerical results in Sec. V, highlighting the
strategies employed to estimate the form factors and
carefully address finite-size (both spatial and temporal)
effects as well as discretization effects. In Sec. VI, we
compare our predictions with available experimental
data, focusing in particular on results from the KLOE
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experiment, the E36 experiment at J-PARC, E787,
ISTRA+ and OKA. Finally, Sec. VII contains our
conclusions.

I1. DEFINITIONS OF THE FORM FACTORS

In the low energy effective description of the SM (Fermi
theory), the relevant diagrams describing the K~ — £ D,y
decay at lowest order in the electroweak interactions are
given in Fig. 1. Diagram (a) corresponds to the so-called
final-state-radiation contribution and the only nonpertur-
bative input required for its calculation is the decay
constant of the kaon, f. Diagrams (b) and (c) describe
instead the nonperturbative quark-photon interaction,
and are the main focus of the present work. We refer
to the latter two diagrams as the quark-connected and
quark-disconnected contributions, respectively. While the
(dominant) quark-connected diagram has already been
calculated in our previous exploratory study [4], in this
work we go beyond the so-called electroquenched approxi-
mation by computing the disconnected contribution for the
first time.

The quark-connected and quark-disconnected contribu-
tions correspond to the two distinct Wick contractions of
the following hadronic tensor:

Hy(E,.k.p)
= eu(k)Hy (E,. k.p)

= ci(8) [ s, O 0) v IK @) (3
where e, (k) is the polarization vector of the outgoing
photon with four-momentum k = (E,, k), while p is the
momentum of the decaying kaon. The T operator in Eq. (3)
stands for time-ordered-product. The electromagnetic cur-
rent jtm(x) and the hadronic weak current j%, are given by

Jen(x) =Y J5 00 =D epdp(x)rtay(x), (4)
f '

7
Jwx) = Jv(x) = Ja(x) = () (" = 7"75)4,(x), (5)

where g/(x) is the quark-field of the flavor f, and we have
indicated by ey its electric charge in units of the charge of
the positron. Throughout this paper, whenever the subscript
V (or A) is used in place of W, it indicates that the vector (or
axial) component of the weak hadronic current in Eq. (5) is
being considered.

Following the definitions given in Ref. [4], Hy (E,.k,p)
can be decomposed, for a general value of k2, in terms of
the kaon decay constant fx and four scalar structure-
dependent (SD) form factors Fy, F,, H; and H, as

H’;(;(E},,k,p) = Hg:/(Ey’k’p) + Hg’ls(EV’k’p)’ (6)

where

(2p — k)" (p — k)*
2pk—k2 |

Hy (E,.k.p) = fx |9 + (7)

F F
Hp(Ey ke.p) = —i—— " Pkypy +—= [(p - k= k) g
mg mg

— (p _ k)ﬂkv] +ﬂ(kzg’”’ _ kﬂkl/)
mg

Hy (p- k= k)K= I (p = k)
mg (p —k)* = mg

x(p—k)*, (8)

and my is the mass of the kaon. The four independent form
factors are functions of two Lorentz invariant, k> and p - k.
Notice that the formal separation between the pointlike
(H}y) and the structure-dependent (HYp,) contribution in
Eq. (6) is such that the Ward identity (WI) satisfied by

HYy/(E,.k.p) reads

K, (E, kop) = {015 (0) K~(p)) = fp".
k,H (E, k.p) = 0. )

The decomposition of the hadronic tensor in Eq. (6)
corresponds to the general case in which the emitted
photon can be either real or virtual. For real photon
emission, the focus of the present work, after setting

=0, €k k=0, (10)

in Eq. (3), one gets

r,v r F v, F v
HW (E}”k’p) = €ﬂ(k) |:_l mz e ﬁkap/i + m/:( [(p ! k).gM
. L P'pt = p'kY
- p'kY] +f1<<g" +7>}

p-k
(11)

which shows that the only structure-dependent form factors
relevant for K~ — £,y decays are the vector (Fy) and the
axial (F,) form factors. In the following, we restrict
ourselves to the kaon rest frame (p = 0), and since for
on-shell photons E, = |k|, for the sake of simplifying the
notation, we set Hy, (k) = Hy (|k|,k,0).

As in our previous studies [4], we find it convenient to
parametrize the form factors as a function of the following
dimensionless variable

2p-k 2E 2
v =L R o<k <1-T <1, (12)
my mg my

where m, is the mass of the final-state charged lepton.
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III. FORM FACTORS FROM EUCLIDEAN
CORRELATION FUNCTIONS

The starting point of our calculation is the following
Euclidean three-point correlation function, computed on a
lattice with finite space-time volume V = L? x T

Ciy(tydsty) = > " e ™ (0|4, (1. 0)
x Yy

X jem(t, + tw.3,)Pk(0.x)][0).  (13)

In this equation, P;((O,x) is a pseudoscalar interpolating
operator with the quantum numbers of the kaon. In our
previous work [4], we showed that for real photon emission
it is possible to determine the hadronic tensor H, (k) in
Eq. (3) by integrating the following amputated correlation
function

Clijli;(ty’k; tW) = eEytyN(tW)Cgl,/W(ty’k; tW)’
ZmK

N W L L —
() = = ) PL(O)]0)

(14)

HE (ks 1) — /°° dt,C(1, K ) = HUZ() + ... (1)

—00

The ellipses on the right-hand side of Eq. (15) represent
subleading terms that vanish exponentially in the limit
ty — 00, in which the initial-state kaon is fully isolated. We
evaluate the correlation function in Eq. (13) as a function
of t, at a fixed value of ry. This approach differs from
that adopted in our previous studies [3,4], in which the
correlation function was evaluated for all ¢y, while perform-
ing the time-integration over ¢, directly during the simu-
lation. Both approaches have been studied in detail in
Ref. [9], where they are referred to as the 3D and 4D
methods, respectively.

In this work, we employ the 3D method, which requires
choosing sufficiently large values of fy, so that the initial-
state kaon is properly isolated (see Sec. V B for a detailed
discussion of finite-ty, effects). On a lattice of temporal
extent T, the time-integration over 7, in Eq. (15) is
necessarily restricted to the finite interval z, € [ty f;,],
where f,,, < T — ty, in order to avoid around-the-world
contributions from unwanted time orderings. We refer to
the systematic error associated with truncating the integral
as t,-integral truncation effects. The 3D method allows us
to improve the convergence of the integral by analytically
continuing the correlator to times smaller (larger) than —zy,
(#max) under the assumption of ground-state dominance, as
first proposed in Ref. [10], and pointed out in Ref. [9].
In Sec. VA, we discuss this point in detail. Moreover, the
3D method is helpful to better control the exponential

signal-to-noise problem that arises for £, > m, as observed
in Ref. [3]. The 3D method allows us to study cases in
which the photon is off-shell, making it possible to access
the rare kaon decay K~ — ¢'¢'¢~0, [10,11] without the
need of generating additional correlation functions. It is
also suitable for applying the spectral density recon-
struction method developed in Ref. [12], which is necessary
in the region of large photon virtualities where issues
related to analytic continuation to Euclidean spacetime
arise. We will study the decay K~ — £'¢'¢~ 0, in a forth-
coming paper.

The results in this work are obtained by setting the
photon momentum to be along the z-axis, k = (0,0, k,),
using the strategy described in Sec. IV below. The form
factors Fy and F, in Eq. (11) for a given x, can be
then extracted from the large-ty limit of the following
estimators:

FV(xy;tW) k

b4
i

; Tdr, 1 k). (16)
zJ—0

1
Fulxyty) = £ [H/lal(k§ ty) — Hzlal(()?fw)}
v

1 ©o

- _E/ dt, [C (. ks ty) = C}! (1, 0: 1)
14 —o0
L[>

=0 / dt,CY (1, e ). (17)
y J—00

The subtraction of the zero-momentum axial hadronic
tensor, H}'(0;ty), allows us to isolate F4(x,) from the
pointlike contribution proportional to f, without generating
infrared-divergent cutoff effects, as discussed in Ref. [4].

Before closing this section, we would like to point
out that from the zero-momentum correlator C}{"(z,, 0; ty)
it is possible to extract directly the axial form factor
F4(x, = 0). This has not been realized in previous calcu-
lations (using either the 3D or the 4D method). To show that
this is the case, we start by rewriting F,(x, = 0) as

1 00
—E/ dty |:(€E7t7 - 1)

y J—00

Fy(x, = 0sty) = HT
14

x Ci(1,,0;ty) + ACI (1, ks ty) ] |,

(18)
where we have defined [see Eq. (14)]
ACH (14 1) = 5N (1) [Coly (1, K )
= Ol (1, 0 1) (19)
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TABLE L.

Ny =2+ 1+ 1 ETMC gauge ensembles used for quark-connected contribution. We give the spatial

extent in lattice units L/a, the pion mass M, the lattice spacing a, the vector (Zy) and axial (Z,) renormalization
constants, and the number of gauge configurations N, analyzed. The quark-disconnected contribution is computed
exclusively on the B96 ensemble employing 300 gauge configurations.

ID L/a M, [GeV] a [fm] Zy Z4 N,

B48 48 140.3(3) 0.07948(11) 0.706354(54) 0.74296(19) 441

B64 64 140.2(3) 0.07948(11) 0.706354(54) 0.74296(19) 193

B96 96 140.1(3) 0.07948(11) 0.706406(52) 0.74261(19) 66

C80 80 136.7(3) 0.06819(14) 0.725440(33) 0.75814(13) 172

D96 96 140.8(3) 0.056850(90) 0.744132(31) 0.77367(10) 132
The crucial point is that fermions [14,15] at the physical point." This framework
guarantees the automatic O(a) improvement of parity-even
Elim()ACA‘(g,k; tw)/E, = 0. (20)  observables [16,17]. Essential information on the ensem-

y—)

This can be easily seen by first noting that, by construction,
AC}(1,,0;ty) = 0. Moreover, since AC)!(t,.k;ty) is
invariant under k — —k, its Taylor expansion in the
three-momentum k, starts at order O(E?2), which demon-
strates Eq. (20). It then follows immediately that

Fu(x, —OtW—hm /

:_/_ dt, tyc}f(zy,O;tW), (21)

C”(t 0;ty)

namely that the axial form factor at x, = 0 is nothing
but the first moment of the zero-momentum correlator.
We use the relation in Eq. (21) to evaluate both the
quark-connected and the quark-disconnected contribu-
tions to Fu(x, =0). A similar relation cannot be

derived for the vector form factor at x, =0, since
3 (1,.0; 1) = 0, and
o ACH(t, kit
Fy(x, =0;ty) = limi/ dl’M' (22)
™ —00 Z

The vector form factor at zero momentum could however
be computed using the method of Ref. [13], which involves
the insertion of the momentum-derivative of the Dirac
operator (i.e., the point-split vector current) in the zero-
momentum three-point function C% v(t,.0;1y). However,
this approach requires evaluating an additional (four-point)
correlation function-a computation not undertaken in the
present work.

IV. DETAILS OF THE SIMULATION

To compute the form factors 4 and Fy on the lattice,
we make use of the gauge configurations produced by
the Extended Twisted Mass Collaboration (ETMC) with
N;=2+1+1 dynamical Wilson-clover twisted mass

bles that we use for the present computation are collected in
Table I, and we refer the reader to Ref. [18] for additional
details. We employ the mixed-action lattice setup intro-
duced in Ref. [17], and described in the Appendices of
Ref. [18]. In this setup the action of the valence quarks is
discretized in the so-called Osterwalder—Seiler (OS) regu-
larization, namely

Z ZQf 7/4 /4 ]

f=uds,c x
+mf] CIf(X), (23)

ierS(WCI[U] + mcr)

where W[U] is the Wilson-clover term [19], m,, is the
critical mass, m, the quark mass of the flavor f (with
m, = my = my), and rp = £1 is the sign of the twisted-
Wilson parameter for the flavor f (r, . = —ry; = 1).

At each lattice spacing, the mass m; of the strange quark
has been set in order to reproduce myg = 494.6 MeV,
following the prescription recommended for isospin-
symmetric QCD in the latest FLAG review [20]. We
performed simulations at three values of the lattice spacing
a in the range 0.08-0.056 fm. Moreover, at the coarsest
lattice spacing (a ~ 0.08 fm) we have generated data on
three different lattice volumes, with spatial extent L =~
3.8 fm (B48), L ~ 5.1 fm (B64), and L ~ 7.7 fm (B96), in
order to perform a careful analysis of the finite-size effects
(FSEs). To interpolate the charged kaon we use the
following pseudoscalar interpolator

thx

Pl (t.x) x.¥)r5q.(t.y),  (24)

'"The simulated pion masses differ from the charged pion
mass M} ~ 139 MeV by only =~ 4 2 MeV. The induced effects
are expected to be of the same order of the neglected isospin-
breaking corrections, which are parametrically of order O (o, ) =

(%) ~ O(1%), thus smaller than the accuracy of the final

results presented in Sec. V.
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where G,(x,y) is the Gaussian smearing operator

G[(x,y) = 5xy+KHf(x’y))’ (25)

1
1—|—6K(

where

3
H,(x.y) =Y (Up(t.X)81py + Up' (t.X = ))5x_py). (26)
p=1

and we have indicated by U} (x) the APE-smeared links,
defined as in Ref. [21]. We use x = 0.4, and fix on each
ensemble the number of smearing-steps N in Eq. (24) so as
to obtain a smearing radius ry = av/N/Vk~' + 6 ~0.4 fm.
We have found that this choice of the smearing radius
provides the optimal overlap with the ground-state charged
kaon [22]. Since we work in the rest frame of the kaon, the
following two-point correlation function

Co(1) =Y _T(0|P(t.x)P(0)[0), (27)

is used to determine the overlap factor (K~(0)|P}(0)|0), as
well as the kaon mass my appearing in Eq. (14).

We now discuss the strategy we have adopted to fix the
momenta for the dominant quark-connected contribution.
In this case, as explained in Ref. [4], we can use the
so-called twisted boundary conditions [23,24] to choose
arbitrary (nonquantized) values for the photon and kaon
spatial momenta. This is done by building the two
propagators, among which the electromagnetic current is
inserted, from the contraction of two different fields that we
call yq(x) and w,(x). The two fields have the same mass
and quantum numbers but satisfy different spatial boundary
conditions, given by

wo(x +nL) = yo(x),

wi(x +nL) = exp[i2zn - 0,/ Lly,(x), 0, =(0.0.0,),

(28)

where n is an integer valued three-vector, and 6, is related
to the lattice three-momentum of the photon by

k. = —%Sin {%9,} (29)
In the diagram in Fig. 2, we explicitly show the propagator
of the quark field y, which satisfies nonperiodic spatial
boundary conditions. As discussed in Refs. [23,24], the use
of twisted-boundary conditions induces small violations of
unitarity, which are however exponentially vanishing with
the lattice spatial extent L.

For the quark-connected contribution, we compute
Fy A(x,) using five equally spaced values of x,, namely

) 27
)

K- iy

FIG. 2. The diagram represents the quark-line connected
contribution and illustrates our choice of the spatial boundary
conditions, which allows us to set arbitrary values for the meson
and photon spatial momenta. The diagram implicitly includes all
orders in QCD.

x, =0.1,0.3,0.5,0.7,0.9, (30)

as well as for x, = 0.2 Since the vector and axial form
factors depend smoothly on x,, performing the computa-
tions at only five nonzero values of x, is justified. In the OS
regularization of the valence fermionic action S in Eq. (23),
the weak hadronic current is given by

Jl{lv(x) = EIu(xﬂ—%Vq‘s‘(x) = QM('X) (ZAYU - ZVyUYS)q‘\'(x)’
(31)

where Z,,y are the renormalization factors ensuring that
the Ward identities are satisfied,’ and which are reported in
Table 1. For the electromagnetic current, we use the exactly
conserved point-split current given in Eq. (B10) of Ref. [4].

The calculation of the quark-connected contribution has
been performed on all the ETMC gauge ensembles of
Table I, employing 72 (36) time-wall (spin-diluted) sto-
chastic sources per gauge configuration to evaluate the
Wick contraction corresponding to photon emission from
the up-quark (strange-quark). For the quark-disconnected
contribution, which proved to be quite small (less than
2.5% of the quark-connected contribution), we restricted
the simulations to a single photon energy and a single
gauge ensemble (the B96). For this contribution it is not
possible to use twisted boundary conditions, and the photon
momentum k is therefore limited to quantized values
k =27zn/L. We have evaluated the disconnected contri-
bution for k=0 and for the first lattice momentum
k = (0,0,2z/L), which for L ~7.7 fm (the spatial linear
extent of the B96 ensemble) corresponds to x, ~0.7.
The quark-disconnected contribution to Cly, (ty,k, tw) in
Eq. (14) is extracted from the quark-disconnected term

2As shown in Sec. I, at x, = 0 we are able to extract the axial
form factor only.

*Note that the renormalization factors to be used in twisted-
mass at maximal twist are chirally rotated with respect to the
ones of standard Wilson fermions. This is a consequence of the
fact that the up-type and down-type quark fields in the action of
Eq. (23) are discretized with opposite values of the Wilson
parameter.
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Oﬁi]{/\/;disc (t’W k’ tW

zvzze*“w (Ol gulow) Ty 4, (ew) 6(@) 7 qul@) > eqr g (5) 7" 4 (9)]10)
l L, |

| l |

q'=u,d,s,c

=avy D et <Tr [T Su(@,2w)7 Suzw, @)

T Yy

of the three-point correlation function C%y(1,.k;1y),
which we compute using a local interpolating operator for
the kaon, P} (x) = g,(x)ysq.(x). In Eq. (32), the arrows
specify the contraction of the quark fields, S (x;, x,) is the
quark propagator with flavor f from x; to x,, x = (0,x),
xw = (tw,0), v, = (¢, + tw.y,), and (.); indicates the
average over the SU(3) gauge fields. The trace Tr|.]
appearing in Eq. (32) is intended over Dirac and color
indices. Note that, while the quark-connected contribution
is calculated using the exactly conserved point-split electro-
magnetic current, the quark-disconnected contribution is
computed using the local vector current (for which the one-
end-trick discussed in Eq. (39) below can be readily
implemented), which renormalizes with the renormaliza-
tion constant Zy .

The quark-disconnected term receives contribution from
all active quark flavors. We have evaluated it by consid-
ering the u-, d-, and s-quark contributions, but neglecting
the contribution of the charm quark which is expected to be
much suppressed due to the heavier mass. When the sum
over ¢’ in Eq. (32) is limited to the first three active flavors,
the sum of the vector loops can be conveniently rewritten as

> ey Trlr Sy (v,.3,)]

q'=ud,s

_ %Tr [ (Su0yeyy) = Sey))]. (33)

where we exploited the fact that m, = m,; = m;. As it is
evident from the left-hand side of the previous equation,
when neglecting the contribution from the charm quark,
the disconnected term vanishes at the SU(3)-symmetric
point m; = m;.

In contrast to the quark-connected contribution, the
quark-disconnected contribution to the hadronic tensor at
zero momentum, H’v‘{; (0; ty ), vanishes identically. This can
be understood by viewing the Wick contraction in Eq. (32)
as a correlation function in a partially quenched theory,
where the sea and valence quark fields are distinct but share
the same mass (and critical mass), as well as the same
electric charge. From the Ward-Takahashi identity of this
partially quenched theory, it immediately follows that

S a—

x Z Cq’ Tr{’y“Sqf(yy,yv)]> )
U

q'=u,d,sc

(32)

Zc?a W:disc [},,0 tW) =0. (34)

To see this explicitly, let O(x;,...,xy) be a generic
multilocal operator composed of valence quark fields,
and define the sea-quark contribution to the electromag-
netic current as

JZ’ (x) = Qq’ (x)y”Qq’ (x) (35)
The homogeneous Ward-Takahashi identity satisfied by
J(x) s
9,C(x) =0, where Cp(x)

=T(017%, ()0 (x;..... 3 0).

(36)

Then, multiplying both sides by x”, integrating over all
space-time, and performing an integration by parts, yields

O:/d“xx/’dﬂC”O(x) = —/d“xC”O(x)é/’,,
= —/d“xC’é(x) = /d“xC%(x) =0, (37)

for any operator O. The expression in Eq. (34) is simply a
special case of this result with O (x;, x,) = 7% (x;) Pk (x2).
The argument above applies in the infinite-volume limit,
where boundary terms vanish under integration by pans.4

To evaluate the disconnected contribution, we have
found it numerically convenient to use the so-called one-
end-trick [25,26], generalized here to the up-strange quark
doublet ¥ = (g, g,). The one-end-trick exploits the exact
invariance of the action S in Eq. (23) at m; = m; = 0 under
the axial transformation

*In a finite volume, the Ward Takahashi identity takes the form

>, Vi Cy(x) = 0, where V ) denotes the forward (backward)

derivative. One can then show that Eq. (37) also holds on a lattice
with periodic boundaries by replacing x, with the operator
V;“/ (V;r vV, + i€). Moreover, at finite lattice spacing, this result
holds exactly only when using the point-split conserved current.
In contrast, when employing the local current—as in our case—it

remains valid only up to discretization effects.
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Quark-connected vector (left panel) and axial (right panel) correlators, corresponding to photon emission by the up antiquark,

for x, = 0.1, as functions of 7,. The data correspond to our determination on the B64 ensemble. The red squares and blue circles
correspond to the naive and improved correlators of Egs. (41) and (42), respectively (see text for details). In the figures the results
obtained using the improved correlators have been slightly shifted horizontally for better clarity.

W(x) - e’ n2P(x), P(x) = P(x)e@n2,  (38)
to derive the following algebraic identity valid for any fixed

gauge configuration

Tf[Vﬂ(Su()’yvyy) - Ss(yy’yr))]

(ml + my

)
- fzzz’rr [}/SSu(Z,yy)}’S]/”SS(yy, Z)

_75Ss(z’yy)75}’ﬂsu<y77 Z)] (39)

As demonstrated in Ref. [27], which first introduced a
similar method for standard Wilson fermions, more than
an order-of-magnitude error reduction in the calculation of
the difference of vector loops, with respect to the naive
stochastic estimate of the left-hand side in Eq. (39), can be
achieved by evaluating the right-hand side of the previous
equation stochastically, performing the sum over z using
standard volume sources. We have employed 100 volume
sources and 300 gauge configurations to evaluate the right-
hand side of Eq. (39). The first trace appearing in Eq. (32),
corresponding to the contraction of the kaon interpolating
field with the weak current jy,, has been evaluated on the
same set of gauge configurations employing 100 wall-time
(spin-diluted) stochastic sources placed at the time where
the interpolator P;( is inserted. In contrast to the quark-
connected contribution, which has been evaluated for all 7,
at fixed tyy, in the case of quark-disconnected term we have
accessto all ty, €[0,T) and ty + t, € [0, T), and we exploit
this fact together with the following properties of the
correlation function under time-reversal

Cilu(t, ks ty) = C5y (=1, ks T — tyy),

Cg%v(ty’k; tW) = _Cg?v(_tyvk;T_ tW) (40)

to either symmetrize or antisymmetrize C5'y,. e (,. k3 ty ),
which leads to a reduction of the errors by a factor of

about v/2. The fact that the correlation function is known
for all ¢y, allows us to monitor the isolation of initial-state
kaon, without the need of performing additional simula-
tions as in the case of the dominant quark-connected contri-
bution, to be discussed extensively in the next section.

V. NUMERICAL RESULTS

In Fig. 3, we show the quark-connected vector and axial
correlators corresponding to photon emission by the up
antiquark,5 for x, = 0.1. The results, obtained on the B64
ensemble (see Table I), are shown as a function of 7, for a
fixed value of ty ~2 fm. The red squares in the figure
correspond to the naive correlators C}(t,.k;ty) and
C},l(ty,k; tw), whose integrals over t, are proportional to
Fy and F 4, respectively, as in Egs. (16) and (17). The blue
circles in Fig. 3 are obtained by averaging the axial
correlator over opposite photon momenta k and —k

- 1 .. -
Ci(t,. ks tw) = = [CY (1, ks 1) + C) (¢, —ks tw)] . (41)

\S]

and by considering the following zero-momentum-
subtracted correlator in the vector channel:

Ci (1, ks ty) = CY (1, k; ty) — C3 (8,051 ) €5, (42)
where we exploited the fact that C}' (1, 0; ty) vanishes up
to statistical errors. At nonzero lattice spacing, the relation

between the on-shell photon energy E, and the three-
momentum k is taken to be

The two contributions to the quark-connected part of the
hadronic tensor in Eq. (3), due to photon emission by the up
antiquark and strange quarks, are obtained by considering the
terms ji(x) and j5(x) in the electromagnetic current jbm,(x)
[see Eq. (4)].

114523-8



KAON RADIATIVE LEPTONIC DECAY RATES FROM LATTICE ...

PHYS. REV. D 111, 114523 (2025)

n 200t § = 0.7,
S tw = 1.4 fm, Disc.X10 @
x 150r ¢ =97 °o
3 tw = 2.2 fm, Conn. S e Ensemble B96
* 100+ ® °©
EY] ® ®
- (9] @
£ 50 o %
E> eoeee ®®®®®
r.g;) or eeeeeoe0@GQESS@mmNW“‘“‘“‘mmmmmmmmmmmmmmmﬂlfllq:m;sﬁ?@@ﬁéééé
s il
S0 -1 0 1 2
ty[fm]

9 L xy=0.7, o0
S 100r & 1 4 fm Disex10 %
X xy =07, ®
- ¢ =22 fm, Conn. e e Ensemble B96
S 50-

g

£ ot

—

<

2

o~

T -s0r

ty[fm]

FIG. 4. Vector (left panel) and axial correlators (right panel) as a function of z,. In each of the two panels, we show both the quark-
connected (blue circles) and the quark-disconnected (red squares) contributions. In the figure, the quark-disconnected contributions have
been multiplied by a factor of 10 for visualization purposes. The quark-connected contributions shown in the figure correspond to
photon emission by the up antiquark. The results correspond to our determination on the B96 ensemble, with x, ~0.7.

== (43)

E, = %Sinh" <%>
2

As the comparison between the red squares and the blue

circles shows, using the two improved correlators in

Egs. (41) and (42) allows for a significant reduction of

the statistical noise.

For C}!(t,.k: tyy) (left panel of Fig. 3) at x, = 0.1, the
zero-momentum subtraction reduces the statistical errors by
approximately a factor of 6 in the region contributing the
most to the integral, t, =~ 0. This reduction occurs because,
although C}'(1,,0;ty) vanishes in the limit of infinite
statistics, this is not true when only a finite number of gauge
configurations is used. As a result, Cy/(z,.k; ty) carries a
momentum-independent error which, for small values of k,
can exceed the signal itself (the signal is proportional to k).
The correlated subtraction in Eq. (42) removes this
unwanted large component of the error by construction,
resulting in the improvement illustrated in Fig. 3. As
expected, we found that the reduction in the error becomes
progressively smaller as the photon’s momentum is
increased. We have also investigated averaging the results
over opposite momenta, k and —k, in the vector channel,
but found no notable reduction in the error compared when
compared to the zero-momentum subtraction.

For C}!(t,.k; ty) (right panel of Fig. 3), at x, = 0.1 and
in the 7,-region contributing most to the integral, we
observe an error reduction of about a factor of 3 when
performing the average over opposite momenta k and —k.
The reason behind the improvement, is likely related to the
cancellation of error components which are odd in k and
presumably particularly large in twisted-mass QCD due to
due fact that parity-symmetry is broken by cutoff effects.
Similar to the vector form factor, the improvement
observed for the axial form factor becomes progressively
less significant as the photon momentum increases. In the

results presented in the following, the improved estimators
will always be employed.6

In Fig. 4, we compare the quark-connected and quark-
disconnected contributions to the vector and axial corre-
lators, as obtained on the B96 ensemble for x, ~0.7. As
shown in the figure, the disconnected contributions are
suppressed by more than an order of magnitude relative to
the quark-connected ones and display substantially larger
relative uncertainties. The quark-disconnected contribution
to C}{! (t,.k: ty) (right panel of Fig. 4) is clearly nonzero,
although it has opposite signs in the regions 7z, > 0 and
t, < 0, which leads to significant cancellations after inte-
grating over 7, (a similar behavior is observed for the quark-
connected contribution). The disconnected contribution to
the vector correlator (left panel of Fig. 4) is even more
suppressed than the axial one, and remains compatible with
zero for all z,. In Fig. 5, we present the quark-connected
(blue circles) and quark-disconnected (red squares) con-
tributions to ¢, x C}!(z,,0; ry). As shown in Eq. (21), the
axial form factor at x, = 0 is obtained from the integral of
t, X C}xl (t,,0;ty) over t,. Although the disconnected con-
tribution is suppressed relative to the connected one, a clear
signal is visible.

We now describe in detail our estimates of the three most
relevant sources of systematic errors: those arising from
(1) the truncation of the integral over z,, (ii) finite-fy, effects,
and (iii) finite-size effects. We then discuss the extrapola-
tion of our results to the continuum limit.

®Averaging over opposite photon momenta in the case of
photon emission by the strange quark does not significantly
improve the precision of the axial correlator, as we explicitly
tested for x, = 0.1. Therefore, the improved estimator in Eq. (41)
is only adopted in the case of photon emission by the up
antiquark.
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Eq. (21), the axial form factor at x, = 0 is obtained by integrating

—t, x C}!(1,,0; 1) over t,. The quark-disconnected contribution
has been multiplied by a factor of 50 for visualization purposes.

A. Effects from the truncation of the integration over #,

To discuss our strategy for handling the effects from
truncating the integration over 7,, we start by separating the
contributions from the two different time-orderings to
HYy (ks ty) as

Hy (ks ty) = Hy (ks ty) + Hy 5 (ks ty),  (44)

where

0
Hi () = [, O k),

—0o0

H’;V”J(k;tw)_/o dr, Chy (1, ks ty). (45)

In what follows, we refer to the time-ordering 7, < O (i.e.,
when the electromagnetic current acts before the weak
current) as the first time-ordering, and the time-ordering
t, > 0 (i.e., when the electromagnetic current acts after the
weak current) as the second time-ordering.

As already pointed out in Sec. III, the lattice correlator
Cy (t,.k; 1) can be used only for times 7, € [—ty, £}
where £ < T in order to avoid significant around-the-
world effects (a safe choice is £, = T/2 — ty). Thus, one
must ensure that the contributions from the missing tails of
the correlator to HYy (k;ty) and HYy ,(k;ty) are small
compared to their statistical errors.

It was first pointed out in Ref. [10] that one can acce-
lerate the convergence of the lattice integral toward its
asymptotic value by analytically continuing Cy (z,.k; tyy)
into the region inaccessible directly using lattice data,
under the assumption of ground-state dominance. We begin
by illustrating this strategy for the first time-ordering
contribution.

The central idea is to introduce an intermediate time
t; €[0, ty] and define

-
HP‘:’/.I(t;’k; tW) = / ' dty Cl‘j!l//;asy(t}wkZ tW)

—o0

0
+/ dr, Cy (t,. ks tyy). (46)

*
4

The second integral on the right-hand side of Eq. (46) is
computed directly from the lattice data.” For the first
integral, we assume that for 7, < —t;, the correlator is
dominated by the lightest intermediate state, given by the
following asymptotic (asy) approximation:

C/;il//;asy(ty’k; tW) = eXp[(gl + Ey - mK)(ty + t;)]

x Cy (=1, k; ty), t, < —t,

(47)
where & is the energy of the lightest hadronic intermediate
state (with momentum k; = —k) propagating between
the electromagnetic and weak currents in the first time-
ordering. Substituting Eq. (47) into the first integral of
Eq. (46) yields

v * 1 v * .
Hlljv,l(ty*k; ty) = E, +& —myg C/tjv(_ty’ks tw)
0
+/ dt, Chy (1, ks tyy). (48)
—t*

7

The first term estimates the contribution of the tail of
the correlator assuming ground-state dominance, thereby
improving convergence. We can then compute the estima-
tors of the form factors using Eqs. (16) and (17) for
every 1, as

1
Fui(ty,x,5ty) = £ [H}A%l(t;’k; ty) — Hl&l(f;’(); fw)}’
Y
I

L (.. (#9)

Fyi(t;.x,ty) =
Z

The next step is to examine the stability of
Fya1(t;,x,:ty) as a function of the switching time ;.
Once a plateau is observed (i.e., a sufficiently flat behavior
in 17), a constant fit is performed to extract the value of the
contribution from the first time-ordering to the axial and
vector form factors.

The procedure for the second time-ordering is analo-
gous. One introduces #; € [0, ;%] and defines

7Throughout this work, we use continuum notation. However,
on the lattice, the integral over 7, is understood as a finite sum
over t, = na, with n € Z. By convention, we include the point
t, = 0 in the definition of the first time-ordering.
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I .
Hy (. ks ty) = A dt, iy (t,.k; ty)

+/ dt, Cyy.y (1), K 1), (50)

;

Clx;asy(twk; tW) = exp[_(EZ - E}/)(ty - t;)]clljllfj(t;’k’ tW)’
t, > t;, (51)

where &, is the energy of the lightest hadronic state (with
momentum k, = k) propagating between the weak and
electromagnetic currents in the second time-ordering. The
states with energies £, and &, will be identified below.
Performing the second integral in the right-hand side of
Eq. (50) gives

)
H (ki) = [t o)

+

Cy (6. ks ty). (52
e WG k). (52
As for the contribution from the first time ordering

discussed above, we then define

1
Fao(ty, x, ty) = 5 [H (8 ks ty) — HYL (55,0 1)
4
H%/l,z(t?k; tw), (53)

i

Fyo(t;.x,ty) = A

Z

and then monitor the stability of Fy,.,(#,x,;ty) as a
function of 7;.

The formulas in Eqgs. (48) and (52) can be straight-
forwardly modified in the case of the axial form factor at
x, = 0, where Eq. (21) must be used.

As for the choice of the ground-state energies £; and &,,
we proceed as follows. In the first time-ordering, the
propagating intermediate states have us flavor quantum
numbers. Moreover, in the vector and axial form factors,
these states carry quantum numbers J* = 1~ and J¥ = 1%,
respectively. Consequently, for the first time-ordering, the
lowest-lying intermediate state in the vector (axial) channel
is the K* (K;) resonance. Both K* and K, are unstable
under QCD interactions. The K* decays into a Kz final
state, whereas the K| primarily decays into K*z and pK
states that subsequently decay into Kzz states.

We consider two different choices for &;. First, we treat
the K* and K resonances as stable and set

&1 =/m%. + |k|* (vector channel),
& = \/mg, + |k|* (axial channel). (54)

Alternatively, in the vector channel, we consider a second
value for £, obtained by replacing mg- in Eq. (54) with the

energy of a noninteracting Kz system, where the kaon and
pion each carry the lowest back-to-back quantized momen-
tum (2z/L). Similarly, in the axial channel, we considered
a second option for £; obtained by replacing my, with the
energy of a noninteracting Kzz system, where the kaon
and one of the two pions carry back-to-back momentum
Ip.| = [px| = 27 /L, while the other pion is at rest. Among
the various ways to distribute momenta among the kaon
and the two pions, this configuration yields the lowest
energy.

In the second time-ordering, the propagating states are
flavor-neutral, as they share the same quantum numbers
as the electromagnetic current jt,. When only the quark-
connected contribution is considered the lowest-lying
intermediate state is either the p- or the ¢-resonance,
depending on whether the photon is emitted by the up anti-
quark or by the strange quark. For the quark-disconnected
contribution, the lowest-lying intermediate state is the
p-resonance.

Both the p- and the ¢-resonances are not QCD-stable and
decay into zz and (mainly into) KK states, respectively.
However, in the case of the ¢-resonance, the spatial lattice
extent L is not large enough to allow the ¢y — KK decay,
which is kinematically forbidden. Therefore, when focus-
ing on the quark-connected contribution in which the
photon is emitted by the strange quark, we set

52 = um(zl) + |k|2 (55)

In all other cases, we either set

&y = \/m; + |k® (56)

or replace m,, with the energy of a noninteracting 7z system,
where the two pions carry back-to-back momenta 27 /L.

In the panels of Fig. 6, we show, for illustration, the
connected contribution to Fy 4 (t;,x, = 0.1;¢y) (on the
B96 ensemble) and to Fy 4 (£, x, = 0.9; ty) (on the B48
ensemble) as functions of 7;. The results obtained on all
other ensembles and x, values are very similar to the ones
shown in the figures. The blue circles and black triangles
correspond to results obtained using the analytic-
continuation method, where the ground-state energy is
set to either the resonance energy (K*, K, p) treated as a
stable state (blue circles) or the energy of its decay product
(black triangles), as described above. The squares represent
the results obtained without analytic continuation, i.e., by
setting

ma
CW;asy

(t,. k;ty) =0 (57)
in Egs. (48) and (52). As seen in the figure, the analytic-
continuation method converges very rapidly, exhibiting
stable plateaux for t;‘ ~ 1-1.5 fm. Moreover, the blue
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FIG. 6. Quark-connected contribution to the vector (top panels) and axial (bottom panels) form factors, shown as functions of the
switching time 7;. In the left (right) panels we show the contribution from the first (second) time-ordering. The blue circles and black
triangles correspond to results obtained using the analytic-continuation method, where the ground-state energy is set to either the
resonance energy (K*, K1, p) treated as a stable state (blue circles) or the energy of its decay product (black triangles), as described in the
text. The red squares correspond to the results obtained without using the analytic continuation method. For clarity, the data points are

slightly shifted horizontally.

circles and black triangles are in excellent agreement within
the plateau-region, which is reassuring. By contrast, the
naive integration (red squares) converges only at much
larger #;, and in some cases convergence is not fully
reached within the displayed range. We also find slightly
better convergence when using the resonance energies for
&, and &,, and hence adopt this choice in what follows.
In Figs. 7 and 8, we illustrate how the quark-connected
contributions to the form factors Fy, (Fig. 7) and F 4 (Fig. 8)
are extracted from the plateaux of the estimators
Fyja12(65.x,5ty). The results are shown at fixed values
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FIG. 7.

of ty for several choices of x, (see the legends in the
figures). Blue circles (gray squares) represent results
obtained with (without) the analytic continuation. Where
the blue circles show a clear plateaux in 7y, we perform a
constant fit, the outcome of which is depicted by the
colored bands. In all cases, the asymptotic regime begins at
times of about 1-1.5 fm, allowing us to determine the form
factors with high confidence.

In Fig. 9, we present the corresponding plots for the
quark-disconnected contribution, obtained on the B96
ensemble. The figure shows our results for the vector
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Quark-connected contribution to Fy ; (£}, x,; ty) (left panels) and Fy 5 (7}, x,; ty) (right panels) as functions of the switching

time #; (see text for details). The results correspond to our determination on the B64 ensemble for x, = 0.9 (top panels) and on the D96
ensemble for x, = 0.1 (bottom panels). The results obtained using the analytic continuation method are shown as blue circles. The red
bands indicate the results of a constant fit in the region where Fy ; (7, x,; ) show a plateaux. The results from naive integration (gray
squares) are also shown for reference. To improve readability, data points have been slightly shifted horizontally.
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FIG. 8. Quark-connected contribution to F ; (£, x,; tw) (left panels) and F A’z(t;, Xy tw) (right panels) as functions of the switching
time 77 (see text for details). The results correspond to our determination on the B96 ensemble for x, = 0.7 (top panels) and on the C80
ensemble for x, = 0.3 (bottom panels). The results obtained using the analytic continuation method are shown as blue circles. The red
bands indicate the results of a constant fit in the region where F4 ; »(f;, x,; ) show a plateaux. The results from naive integration (gray
squares) are also shown for reference. To improve readability, data points have been slightly shifted horizontally.
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FIG. 9. Quark-disconnected contribution to the vector (top panels) and axial (bottom panels) form factors, shown as functions of the
switching time 7, (see text for details) and for tyy =~ 1.7 fm. In the left (right) panels, we show the contribution from the first (second)
time-ordering. The form factors are computed on the B96 ensemble for X, o 0.7 and, for the axial form factor, also at x, = 0. The red

bands correspond to the results of a constant fit to the data in a region where they display a plateau. For improved readability, data points
have been slightly shifted horizontally.

114523-13



R. DI PALMA et al.

PHYS. REV. D 111, 114523 (2025)

0.08
E Constant fit b Xy = 0.5, ty =2 fm
*_-'S Constant fit ¢ x,=0.5,ty=2.6fm
X
> 0077 bRt ¢ ¢ ¢
g +++ﬂ”ﬂ+++ﬂ++ﬂ+ﬁﬁﬁﬁﬁ o
'y Ensemble Bo64
0.06 ! s
—-0.09
’§ ‘H] Constant fit b xy=0.1,ty=2fm
= ‘H’ <H: Constant fit b x,=0.1ty=2.6fm
:i ~0.10} #
E’ Ensemble B64 + H’HH]H#H% {@ {@ # # }
—0.11¢ \ \ , \ L . .
0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50
t, [fm]

0.055
S Constantfit  § x,=05ty=2fm  Ensemble B64
= 0.050F Constant fit ¢ x,=0.5ty=2.6fm

><>

< 0.045F
20T b eh b +H”HH
E0.040 ++‘{’++++%++++++++HH‘++++++++
w

0.035 - : . . . .

= 0.145- Ensemble B64

< A s L L s LY
£ 0.140F b ¢t ¢
\-‘:'. ¢m ! Constant fit ¢ x,=0.1ty=2fm
LE 0.135 - . <I>EIJ , . I Constant‘ﬁt 4: XV=IO'1’ tW:IZ'G fn

0.2 0.4 0.6 0.8 1.0 12 1.4 1.6 1.8
t, [fm]

FIG. 10. Quark-connected contribution to the vector (top panels) and axial (bottom panels) form factors, shown as functions of the
switching time #; (see text for details). In the left (right) panels, we show the contribution from the first (second) time-ordering. Results
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correspond to ty ~?2 fm and ty ~ 2.6 fm, respectively. The colored bands represent constant fits performed on the data points of the

corresponding colors.

and axial form factors at x, ~ 0.7, as well as the axial form
factor F,(x, = 0), obtained from the zero-momentum
disconnected correlator via Eq. (21). Results are shown
for ¢ty ~ 1.7 fm. A similar behavior has been observed also
for other choices of ;. As can be seen, the contributions
from both the first and second time-orderings to the vector
form factor are consistent with zero within their statistical
uncertainties. These uncertainties are, however, signifi-
cantly smaller than those found in the dominant connected
contribution. For the axial form factor on the other hand,
the contributions from both time-orderings are nonzero
for the two values of x, considered in this paper. Notably,
the relative uncertainties at x, = 0 are much smaller than

at x, =~ 0.7.

B. Finite-ty, effects

Having presented our strategy for determining the axial
and vector form factors F4(x,; ty) and Fy(x,; ty) at fixed
tw, we now turn to the systematic errors associated with
the fy — oo extrapolation required to isolate the initial-
state kaon. We begin by focusing on the dominant
quark-connected contribution. As discussed earlier, the
quark-connected component of the correlation function
Csy (t,. k; ty) is evaluated for all 7, at fixed values of #y.

At an initial stage of our simulations, we computed the
quark-connected contribution to Cg‘fw(ty,k; ty) for multi-
ple values of fy, but with limited statistics (O(50) gauge
configurations), on the B64 ensemble. The goal was to
estimate how large #y, must be so that any systematic error
arising from the (necessarily) imperfect isolation of the
initial-state kaon remains much smaller than the statistical
uncertainty. We observed practically no fy-dependence
for ty > 2 fm. Consequently, we chose to perform the

full-statistics calculations on the B64 ensemble for all x,
at two specific values of ty, namely fy ~2 fm and
tw ~2.6 fm. The resulting form factors Fy (1, x,; ty)
and Fy 15(t;.x,; ty) for these two values of 1y, are shown
in Fig. 10 for selected x,. As the figure illustrates, the two
sets of results agree very well.
To quantify the systematic error due to finite-ty, effects,
we define the following quantity:
) oo

Ayjalx,)

ZV/A(xy):AV/A(xy) (\/_GA ( )

where erf(x) is the error function and

= ’FV/A X lW22.6 fm)
—FV/A(xy;thZ.O fm)|

Ay/alx,
(59)

In Eq. (58) oa,,(x,) is the statistical uncertainty on
Ay/4(x,). The quantity Xy 4 (x,) corresponds to the spread
between the results at #yy ~ 2 fm and ¢y ~ 2.6 fm, weighted
by the probability that the difference is not a mere statistical
fluctuation.

On the B64 ensemble, our final central value for each
form factor is taken to be the average of the results at
tw ~2 fm and ty ~ 2.6 fm. The total error is obtained by
adding in quadrature the statistical error and Xy /4 (x,). For
all other ensembles, we have limited our simulations to a
single ty ~2.2-2.3 fm. To account for possible finite-ty,
effects there, we add in quadrature to the statistical error the
systematic error Xy 4 (x, ) determined on the B64 ensemble.

We have compared Xy /4(x,) to the statistical uncertain-
ties of the form factors, obtained on all the five ensembles,
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FIG. 11. Quark-disconnected contribution to the vector (top panels) and axial (bottom panels) form factors, as a function of #y. In the

left (right) panels, we show the contribution from the first (second) time-ordering. The results are obtained on the B96 ensemble at
x, = 0.7for Fy y,(x,. ty) and at x, = 0, 0.7 for F 5 ; »(x,, ty ). The blue bands indicate the result of a constant fit to the data where they

display a plateau.

and for every value of x, considered, amounting to a total
of 55 comparisons. In nearly all cases, Zy 4 (x,) is small: in
about 90% of cases, it is below the statistical uncertainty
itself; in 98% of cases, it is below twice the statistical
uncertainty; and it is never larger than 2.5 times the
statistical uncertainty.

In the case of the quark-disconnected contribution,
the finite-ty, effects can be examined rather straightfor-
wardly. As discussed in Sec. IV, we evaluate the correlation
function C%'y. g (7. ks ty) in Eq. (32) for all 7, and ty,.
Figure 11 illustrates the fy-dependence of the axial
Fuip(x,.ty) and vector Fy ,(x,,ty) form factors at
X, ~ 0.7, as well as the axial form factor at X, = 0, on the
B96 ensemble. Results are shown for both the first and
second time-ordering contributions. From the figure, we
observe intervals containing approximately 8-10 data
points (corresponding to a length of about 1 fm) where no
appreciable dependence on ty, is detected. Consequently,
the form factors can be reliably extracted by performing
constant fits within these intervals.

C. Finite-size effects

We now discuss our strategy for the infinite-volume
extrapolation. We begin with the dominant quark-
connected contribution, which has been computed on all
ETMC ensembles listed in Table I. As shown in the table,
the C80 and D96 ensembles both have (within uncertain-
ties) a spatial lattice extent of L ~ 5.46 fm. At the coarsest

lattice spacing (a ~ 0.0796 fm), we have three ensembles
with spatial lattice extents of L ~ 3.8 fm (B48), L ~5.1 fm
(B64), and L ~ 7.7 fm (B96).

Our approach is as follows. First, we use the form factors
obtained on the B48, B64, and B96 ensembles to inter-
polate the results at a ~0.0796 fm to a reference spatial
lattice extent L; = 5.46 fm. Next, we perform the con-
tinuum-limit extrapolation (discussed in the next section) at
this fixed volume. After performing the continuum-limit
extrapolation, we add the finite-volume corrections
required to reach the infinite-volume limit.

We denote by F,(x,,L) and Fy(x,,L) the axial and
vector form factors evaluated on a lattice of spatial extent L.
To both interpolate the form factors at a ~0.0796 fm to
L = L and to the infinite volume limit, we fit, separately
for each x,, the B43, B64, and B96 data using the following
ansatz:

(60)

Here, C4(x,), Da(x,), Cy(x,), and Dy(x,) are free
parameters (there is a different set of fit parameters for
each x,). The results obtained using this ansatz are shown in
Fig. 12 for selected values of x,. The data used for the fits
are already inclusive of the systematic error associated with
the finite-ty, effects, estimated as discussed in the previous
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FIG. 12. Infinite volume extrapolation of the quark-connected contribution to the vector (top panels) and axial (bottom panels) form

factors. Results are shown for Fv(xy, L)at X, = 0.1,0.9, and for F 4

(xy, L)at X, = 0, 0.7. From larger to smaller values of the inverse of

the spatial lattice extent ™!, the black triangles represent form factors computed on the B48, B64, and B96 ensembles. The blue circles

correspond to the result of the interpolation at the reference volume

Vit = Lfef, with L; = 5.46 fm. The colored bands indicate the fit

to the black triangles using the ansatz in Eq. (60). The red squares represent the form factors extrapolated to the infinite volume

limit (L — o0).

section. As can be seen, the dependence on L is mild, and
the B64 and B96 data agree within uncertainties. The blue
circles in the figure indicate the results of the interpolation
to L = L. As a conservative choice, we inflated the errors
on the interpolated points so that their uncertainties do
not become smaller than the most precise among the B48,
B64 and B96 data-points. We have also tested variations
of the ansatz in Eq. (60), for example by including a
prefactor (1/L)" in front of the exponential terms (with
n = 1 or3/2), or by replacing M, L with v/2M, L or 2M L.
None of these modifications significantly changed the final
results.

After the continuum-limit extrapolation (see the next
section) is performed at L = L, in order to extrapolate to
the infinite-volume limit, we add the following finite-
volume corrections

ALFA(xJ/) = FA(XJ/’ 00) - FA(xvaref)’

ALFV(xy) = FV(X}" OO) - FV('x;HLref)’ (61)

which are related to the fit parameters in Eq. (60) through

ALFA(xy) = _DA(xy) exp{_MnLref}’

ApFy(x,) = =Dy (x,) exp{—M L} (62)

For the quark-disconnected contribution, we have data
only on the B96 ensemble. Since the lattice extent of the
B96 is relatively large (L ~7.7 fm), and given that the
disconnected contribution has significantly larger statistical
uncertainties than the connected part, we treat the B96
results as effectively in the infinite-volume limit.

D. Continuum-limit extrapolation

The final step in our analysis is the continuum-limit
extrapolation. We start by discussing the quark-connected
contribution. In this case, we use for the extrapolations
the results from three lattice spacings, a ~ 0.057 fm (D96),
a~0.068 fm (C80), and a ~0.0796 fm (B-ensembles),
all corresponding to a spatial volume of linear extent L,.; =
5.46 fm. We denote by F'y' (x,,a)and F Lt (x,, a) the axial
and vector form factors, respectively, evaluated at a lattice
spacing a and at the spatial extent L.

We follow two different approaches. In the first, we
perform the continuum-limit extrapolation for both axial
and vector form factors, and separately for each simulated
value of x,, using the following linear ansatz in a?

(
(

)
)

Fﬁ”" X, a
Fhet Xy, a (63)
where distinct fit parameters, R4(x,), Ba(x,), Ry(x,), and
By(x,) are used for each x, value. Two fits are performed.
In one, the slope parameters B4(x,) and By (x,) are set to
zero, thus reducing the fit to a constant form, and we restrict
the fit to the two finest lattice spacings (D96 and C80).
The errors of the continuum-extrapolated values from this
constant fit are inflated so that they do not become smaller
than the most precise of the two data points (either D96 or
C80). In the other fit, the full linear ansatz is retained by
including the slope parameters, and the fit is performed
including the data from the coarsest lattice spacing as well.
These two fits are then combined via the Bayesian Akaike
information criterion (BAIC) [28]. Let x; and x, be the
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outcomes of the two fits. The final central value is given by

X = wiX| + WrXs, (64)
and the total error is
o? = that +w (xl - )_C)z + Wz(xz - )_5)21 (65)

where o, is the statistical error of X, and w; and w, are
weights normalized to one and given by

w; o exp[—(y? 4+ 2NF" —2Nd )| i =1,2.  (66)

Here, y? denotes the chi-squared of the ith fit, while N?**
and N9 are its number of free parameters and data points,
respectively. Results obtained for selected values of x, are
shown in Fig. 13. In each panel, the red band represents
the constant fit to the two finest lattice spacings (with
inflation of its uncertainty as described above), the blue
band represents the linear fit to all three lattice spacings,
and the meshed band indicates the BAIC-weighted average.
As the figure shows, no significant cutoff effects are
observed within the quoted uncertainties, which justifies
the inclusion of a constant fit in the BAIC. The reduced y?
values are always close to unity.

The second approach to the extrapolation to the con-
tinuum limit is a global fit, that simultaneously describes
the x, and a dependence of the form factors, using

0.18
. 017¢ Linear fit & Fr(x,,a=0)
2 o16r Constant fit % BAIC combined
X o015r =01
E>
3> o4 *
Q13 | D !:“”&&“XXXXW
0.07
0.06 Linear fit ] Fk’ef(xy, a=0)
(US : Constant fit @8 BAIC combined
X 005t $ =0
004§ WM%WWW
00375000 0001 0002 00035 0004 0005 0006
a?[fm?]
FIG. 13.

extrapolation is performed at fixed reference volume V oy = Lref,

Fﬁ“"(xy, a) = RA.l ‘I’RA,QX}, +BAa2,
F

6ref (xyy a)

where Ry 1, Ry, By, with W = {V, A}, are free-fit para-
meters. The simple parametrization in Eq. (67) accurately
describes the data, and including an additional term propor-
tional to azxy does not change the results (the corresponding
fit parameter turns out to be zero within uncertainties).

Figure 14 compares the two strategies. The red circles
correspond to the results obtained performing separate
continuum-limit extrapolations for each value of x,, while
the blue band is the outcome of the global fit. In both cases
we have added the finite-volume correction A;F(x,)
and A, Fy(x,), discussed in Sec. V C. The meshed band
is a linear fit in x, to the red circles. Both methods agree
well within uncertainties, indicating the robustness of the
continuum-limit extrapolation.

For the disconnected contribution, we have results only
for the B96 ensemble. Figure 15 shows Fy and F, at
x, = 0.7, as well as F4 at x, = 0. At x, = 0.7, the value of
Fy is compatible with zero within uncertainties, while F 4
has an uncertainty of approximately 50%. At x, = 0, the
error on F, is about 35%. Given these relatively large
statistical errors, cutoff effects are expected to be sublead-
ing. We take the blue and red bands in Fig. 15 as our final
estimates for the disconnected contribution to Fy (blue
band) and F, (red band), namely

= RV,I + quzx}, + Bvaz, (67)

Fy(x,) = —=0.3(4) x 1072,

Fi™(x,) = 1.3(1.3) x 1073. (68)
0.120 Linear fit & F\I}ref(xyr a=0)
© 0.115F Constant fit 77 BAIC combined
X 0.110F I x,=09
E_0105¢
% 0.100¢ * :::0:0:0:0:0:0:’0’0:2’0’00 5K KR HFK
0.095 : : ' : :
__0.050¢ Linear fit i F(x,a=0)
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f 0.040 - =0.9
T 0035+
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Continuum-limit extrapolation of the quark-connected contribution to the vector (top) and axial (bottom) form factors. The
with L.; = 5.46 fm. The results are shown for F V’e* (x,,a)atx, = 0.1,

0.9 and for F ﬁ“‘ (xy, a) at x, = 0, 0.9. The red circles correspond, in order of increasing lattice spacing a, to the results obtained on the
D96 and C80 ensembles, and to the values obtained at a ~ 0.0796 fm after the volume interpolation. The red bands represent the result
of a constant fit to the two finest lattice spacings, while the blue bands correspond to a linear fit including all the red circles. The two fits
are combined using the BAIC, which yields the meshed bands. Finally, the black squares represent the final results of the continuum-
limit extrapolation at spatial extent L = L.
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FIG. 14. Quark-connected contribution to the vector (left panel) and axial (right panel) form factors as functions of x,. The red circles
represent the results obtained after performing the continuum and infinite-volume limits separately for each x, [see Eq. (63)]. In both
panels, two different fitting strategies are compared. The meshed band corresponds to a linear fit of the red circles. The blue band
represents a global fit, where data from all photon momenta and ensembles are simultaneously fitted using a linear ansatz in both x, and
the lattice spacing a® [see Eq. (67)].
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FIG. 15. Final results for the quark-disconnected contribution to the vector (left panel) and axial (right panel) form factors. Black
circles are obtained on the B96 Ensemble. The blue and red bands represent the final results for F ‘3}”()5},) and Fgse (x,), respectively.

Since the form factors were computed at a single lattice spacing, a 100% uncertainty was assigned to the axial form factor. For the vector
form factor, we used its own uncertainty, as its relative uncertainty already exceeds 100%.

Note that the disconnected contribution is very small, and  provide a linear parametrization of the axial and vector
negligible within the current uncertainties of the quark-  form factors:
connected contribution.

In Table II, we present our final results for F4(x,) and
Fy(x,), which include the contributions from the quark-
disconnected term and the finite-volume corrections. To
facilitate their use in phenomenological analyses, we also ~ where
J

Fa(x,) = F§ + F)x,, Fy(x,) = F) + Fyx,. (69

F9 =0.0428(34),  Fl =-00116(40),  corr(F9,F.) = —0.37, (70)

FY =0.1421(57),  Fl, =-0.0452(72),  corr(FY,Fl) = —0.77, (71)

TABLEII.  Final results for the vector and axial form factors for all simulated values of x,. For each x,, the total uncertainty is given in
square brackets. A detailed breakdown of the uncertainties is provided in parentheses: the first term represents the statistical error, the
second accounts for finite-size effects, and the third corresponds to the quark-disconnected contribution.

x, =0 x, = 0.1 x, =03 x, =05 x, =07 x, =09

Fy(x,) x 10 1.376[501(48)(14)(4)  1.285[49](d4)21)(4) 1.199[511(49)(13)@4) 1.099[41](38)(14)(4) 1.017[371(35)(13)(4)
Fu(x,) x 102 4.19[34]1(33)(0)(13) 4.27[50](43)(21)(13) 4.10[46](39)(22)(13) 3.72[39](34)(14)(13) 3.41[36](31)(11)(13) 3.24[36](30)(14)(13)
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FIG. 16. Comparison between Fy (x,) (left panel) and F (x,) (right panel), as obtained in this work (meshed gray band), in our ETMC

"21 paper [4] (blue band), and in ChPT at O(p*) (red band).

and corr(F9, F}) and corr(FY, F},) denote the correlation
coefficients between the parameters FY, F} and FY, F},
respectively.

In Fig. 16, we compare our final results for 'y, and F
with those obtained in our previous work [4], as well as
with the ChPT predictions at O(p*), given by

mg SmK r r
F‘C/hPT(x,,) = i fy thPT(xy) = f—K(L9 + L)

(72)

Adopting the values L§+ L}, = 0.0017(7) [29], mg =
494.6 MeV and f = 155.7(7) MeV [20], the form factors
in Eq. (72) from ChPT are

FG"PT(x,) = 0.08046(36),  FSMPT(x,) = 0.043(18).

(73)

Our results for F,(x,) show a good agreement with both
our previous determination and with the O(p*) ChPT
predictions. However, the accuracy is greatly improved
and the presence of a nonzero slope is now more evident, as
it can be seen by comparing the result for F} in Eq. (70)
with our previous value of F} = —0.0012(74). For the
vector form factor Fy(x,), as illustrated in the figure, our
results are compatible with the previous analysis within at
most 1.5¢ in the small x, region. However, we observe a
steeper slope in magnitude compared to our earlier work,
where we obtained F}, = —0.024(10), which differs from
our result in Eq. (70) by approximately 1.7¢. Additionally,
both the new and previous results lie above the correspond-
ing ChPT predictions. Note that the errors have been
reduced by approximately a factor of two with respect to
our previous work.

VI. COMPARISON WITH EXPERIMENTAL DATA

In this section, we use our results for the vector and axial
form factors Fy and F4 to evaluate the branching fractions

for K~ — f‘Df}/,S and compare them with available exper-
imental data. The starting point is the double-differential
decay rate that, following Refs. [4,5], can be written as

d*T (K~ = ¢"izy)

dx},dxf
_ dT, _ %em ) IR @RS® PRNT (74)
dx,dx, 4n dx,dx, dx,dx, dx,dx,|’

where the subscript 1 denotes the number of photons in the
final state, while x, and x, are the photon and lepton
kinematical variables, the latter being defined as

2p-pe
==z -3 (75)

where p, is the four-momentum of the final-state lepton of
mass my, and r, = my/mg. In the kaon’s rest frame x, =
2E,/my, while x, = 2E;/mg — r, where E, is the energy
of the final-state lepton. In Eq. (74) the quantity I'“) is the
leptonic decay rate at tree level, given by

GVl

r©
8

mirz(1 =) (76)

where G is the Fermi constant, and V ; the relevant CKM
matrix element. The other entries on the right-hand side of
Eq. (74) are

&R} 2
- 9 ’ 77
dx,dxf (1 _ r%)zfpt(xy xf) ( )

8Throughout this section, all relations regarding the decay
process K~ — £~v,y equally apply to its charge conjugate
counterpart, K+ — £tu,y.
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RSP m%
dx,dx; 2fKrf( r7)

2

e - aple (% x) [F™(x)]5 (78)

QfSD(xy’xf)[F+( )]2

dlelNT 2m]( N
= — F+
s, = Fi(1 - Bl 2P0
2m
‘]T_Krz)zfﬁw(xwxf)F‘(xy), (79)
4

where [, &, and fiy are analytic kinematical functions
whose explicit expressions are given in Eqgs. (7)—(11) of
Ref. [5]. The term in Eq. (77) corresponds to the pointlike
contribution to the decay rate (often referred to as the inner-
bremsstrahlung term), while the term in Eq. (78) to the
structure-dependent contribution, which depends on the
following combinations of the axial and vector form
factors:

F~(x,) = Fy(x,) = Falxy). (80)

Finally, the term in Eq. (79) is the interference between the
pointlike and structure-dependent contribution.
In absence of any kinematical cut, one has

AP =1-x, +x Ay <x, <1, (81)
and defining
dR; ! d*RY, 1-r dR’
= dxy,——— RI(AE,)) = dx
dx, / mn C dx dx,’ [(AE,) 22 r dx,
r = {pt,SD,INT}, (82)

one has, in the limit x, — 0, that dR}®/dx, x x; and

dR'™N'/dx,  x,, while dRp /dx, = 1/x, [5]. The point-
like term gives rise, in the soft photon limit AE, — 0,
to a logarithmically divergent contribution proponional
to log (AE,) and is therefore the dominant contribution
for sufficiently small values of AE However, it is also
chirally suppressed with respect to the SD contribution by
the factor r2 = (m,/my)?. Unlike the pointlike contribu-
tion, the SD contribution is small at small photon energies,
then grows reaching a maximum at some value of the
photon energy which depends on the specific channel

°In the limit AE, — 0, the infrared divergence in the leptonic
decay with a real photon in the final state is canceled by the
O(aey) virtual photon contribution to the purely leptonic decay
amplitude, through the Bloch-Nordsieck mechanism [30]. The
inclusive leptonic decay rate K~ — £~ D, (y) is infrared finite.

considered, and then decreases to zero at the edge of phase
space, i.e. for X, = 1- r?;. Therefore, for a sufficiently
large photon energy cutoff AE, and a small value of r,, the
SD contribution is the dominant one. The modulus of the
final-state lepton’s three-momentum, |p |, and the angle 6,
between the photon and lepton (both measured in the kaon
rest frame) are related to x, and x, by

m
/| :l\/ (xp+12)* —4r7,

Xp+15—-2-2x,—1)/x,

cos O, (x,, x,) = (83)

(rf +x.)% = 4rL%

In the following, we use Eqgs. (74)—(83) to compare our
results with experimental data, imposing the same kin-
ematical cuts on x,, x,, |p/|, and 6, that each experiment
employs. For a more detailed description of the explicit
formulas used to evaluate the branching fractions in the
presence of different types of kinematical cuts, we refer
to Ref. [5].

A. K~ — e i,y: Comparison with the experimental
results from KLOE and E36

In order to compare our results with the KLOE [6]
experimental data, we consider the following differential
branching fraction for the decay K~ — e~ 7,y as a function
of the photon energy E:

dR, 1 dU(K~ = e D,y) (84)
dE, T(K™ — u1,(y)) dE, |
with
dU'(K~ 7 2 [l da’r
( - e Uey) — / xe 1 , (85)
dE Mg [ ou dx,dx,

14 14

where the double-differential decay rate on the right-hand
side is given in Eq. (74). The lower integration limit, xS"
corresponds to an experimental cut on the electron momen-
tum, namely |p,| > |[pS"|, and it is given by

L I (86)
mg

The KLOE Collaboration has measured [6] the differential
branching fraction in Eq. (85) under the experimental
condition

=
Q

.| > [P =200 MeV = x ~0.8, (87

and integrated it over five photon energy bins
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FIG. 17. Comparison between our lattice results (blue squares)
for AR;, the experimental data from KLOE (red circles), and the

prediction from ChPT at O(p*) (green diamonds). The bin
labeled “0” represents the total rate given in the last column
of Table III divided by the number of bins.

, B dR,
AR} = / dE,—L,
E, dE,

Ei €{10,50, 100, 150,200,250} MeV.  (88)

The integrated branching fraction, so-called R, is then
given by

R, = / o dEy? —S AR (89)
10 MeV E, %

Since we work at first-order in a,,, we can replace I'(K~ —
4~ D,(y)) in the denominator of Eq. (84) with its tree-level
expression in Eq. (76). The neglected radiative corrections
to'(K~ — u~1,(y)) are estimated to be at the level of few
per mille.

In Fig. 17, we compare our estimates (blue squares) with
the ChPT predictions at O(p*) (green diamonds) and the
KLOE experimental results (red circles). The data pre-
sented in the figure are also provided in Table III. Our
results are consistently larger than the KLOE data in all
bins except the last one. The largest difference, approx-
imately 2.40, occurs in the second, third and fourth bins,
which correspond to photon energies E, € [50,200] MeV.
For all the bins except the first (i.e. for i > 1), the dominant
contribution to AR} is the structure-dependent term related
to the F*(x,) combination of the form factors in Eq. (80).

T T T T | L
—@—— This work
KLOE —&—
—l— E36
t /s i
ChPT O(p?)
! A | ETMC 21
[ B S| [ B
1 1.2 T4 1.6 1.8 2 2.2 2.4
Ry x 107

FIG. 18. Comparison between the values of R, obtained in the
present work (black circle), and the determination by the KLOE
(empty blue circle) and the E36 (filled blue square) Collabora-
tions. In the figure, we also show the ChPT predictions at O(p*)
(filled red triangle), as well as the results from our previous work
[4] denoted in the figure as ETMC 21 (empty gray triangle).

Note that our previous work already showed our predic-
tions to be slightly larger than the KLOE results: with
the uncertainties now reduced by a factor of two and
central values practically unchanged, the significance of the
difference is more pronounced. We provide a quantitative
measure of the overall level of agreement between the
KLOE experimental data and our results by considering the
following reduced y?-variable

Nbins . i
FkLoE = ) (AR;™' — ARY™)
bins ; i—1
x CiH (AR — ARYY), (90)

where Ny = 5 is the total number of bins, while C;; is the
covariance matrix of our theoretical predictions (the corre-
lations between the experimental data are not available).
We get

Lo = 23 (o1)

to be compared with the value obtained in our previous
work 7% o = 0.7.

A new measurement of the R, ratio in Eq. (89) was
recently published by the E36 Collaboration at J-PARC
[7,8]. In Fig. 18, we compare our prediction for R, with

exp,i

TABLE III.  Comparison between KLOE experimental data (AR;*™") and our predictions (AR™) for each of the
energy bins considered by the KLOE experiment.

Bin 1 2 4 5 Total

E, [MeV] 10-50 50-100 100-150 150-200 200-250 10-250
AR?XPJ x 106 0.94(30)(3) 2.03(22)(2) 4.47(30)(3) 4.81(37)4) 2.58(26)(3) 14.83(66)(13)
ARM™ % 109 1.31(2) 2.69(16) 5.60(36) 6.13(46) 2.69(24) 18.4(1.2)
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the experimental measurements by the KLOE and E36
Collaborations.

For completeness, we also show the value predicted by
ChPT at O(p*) (filled red triangle) and the result from our
previous work [5], indicated by an empty gray triangle. As
the figure illustrates, the new E36 measurement aligns more
closely with our prediction, whereas the KLOE determi-
nation is 2.6¢ lower. These findings highlight the need for
further experimental improvements to clarify the source of
the observed differences.

B. K~ — p~v,y: Comparison with the experimental
results from E787

The E787 experiment [31] has measured the K~ —
u~ U,y decay at fixed values of the angle ,, between the
muon and the photon (as measured in the kaon’s rest
frame). Specifically, they have provided results for the
following ratio

dR, _ 1 _ dU(K~ = u~0,y) , 92)
dcos@,, K- - WD, (7)) dcos@,,
where
ey 1-r2 1 2
dr(lfi cos é;, B B L;m dxy [nax(x;}‘in,x;m) o {dj{cyl;)lcj
x 8[cos B, —cosb,, (x,,x,)], (93)

and where cos 6,,,(x,, x,) and x'" are given respectively in
Egs. (81) and (83). In the previous equation x;" and x§"
correspond to the kinematical cut imposed by the E787
experiment respectively on the photon and muon energy,
given by

E, > 90 MeV — x5 ~ 0.36,
E, > 243 MeV —> x ~ 0.94. (94)

The ratio dR,/dcos@,, in Eq. (92) includes both the
structure-dependent and the pointlike contributions.
Since the latter is a purely kinematic factor, it can be
subtracted from the experimental data without introducing
any additional uncertainty. The subtraction of the pointlike
contribution leads to

dR,  dR, dR}}
dcos6,, ~ dcos 0,, dcosb,,’

(95)

where dR,l[jt /d cos 6, is obtained by retaining only the point-
like term in the double-differential decay-rate in Eq. (93).
The comparison between the E787 data for dkﬂ /dcos@,,
and our theoretical predictions is shown in Fig. 19 and
presented in Table IV, for all the values of cos 6, considered
in the E787 experiment. As in the previous section, our

TABLE IV. Comparison between the E787 experimental dis-
tribution, dR}¥/dcos,,, with our theoretical predictions,
di?},h /dcos 6,,, over the entire range of cos 8, values considered

in the E787 experiment.

cosd,, dR;/d cos6,, x 10* dR"M/d cos6,, x 10*
—-0.996 1.26(14) 1.053(87)
—0.988 0.87(13) 0.836(66)
—0.980 1.06(12) 0.680(52)
—-0.972 0.90(11) 0.559(42)
~0.964 0.69(11) 0.465(35)
—-0.956 0.463(94) 0.389(28)
—0.948 0.46(10) 0.327(24)
—0.940 0.368(91) 0.276(20)
—0.932 0.320(94) 0.234(17)
—-0.924 0.315(82) 0.199(14)
-0.916 0.251(88) 0.170(12)
—0.908 0.081(71) 0.145(10)
—0.900 0.146(71) 0.1241(88)
—0.892 0.194(79) 0.1062(75)
—0.884 —0.001(28) 0.0909(64)
—0.876 0.013(74) 0.0777(55)
—0.868 0.011(74) 0.0663(47)
—0.860 —0.009(68) 0.0565(40)
—0.852 0.014(62) 0.0479(34)
—0.844 0.104(65) 0.0405(29)
—0.836 —0.017(44) 0.0339(25)
—0.828 0.053(62) 0.0282(21)
—0.820 0.074(56) 0.0232(17)
—-0.812 0.047(56) 0.0187(14)
—0.804 0.016(50) 0.0148(11)

predictions are obtained by using the tree-level expression
for'(K~ — u~7,(y)) [given in Eq. (76)] in the denominator
of Eq. (92). Overall, our results exhibit good agreement with

0.96 0.71 0.57 0.47 0.41
e e o e E S e o e B M S s

1.210™ i O E787 A
oF : \ <]) = ='SD" + INT" ]
8 g010° | é\ <]) K" > u vy 1
§ [ st (i) ---- SD + INT :
Z;‘: 4010° | E\ﬁé\i\i éi\é O et s |

S I . TR
-1.00 -0.95 -0.90 -0.85 0.80

cos 6
wy

FIG. 19. Comparison between E787 experimental data (red
circles) and our theoretical predictions (blue squares) for the
differential decay rate d1~€” /dcos0,,. For completeness, the
figure also displays the individual contributions from the form
factors F=, labeled as SD* + INT=. In the figure, xI™* stands for
the maximum value that can be reached by x, given the corres-
ponding value of cos@,,.
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the experimental data, with the exception of the region of
large angles, where we observe a difference of about 2.
In this kinematical region, our estimate of dINQM /dcos8,, is
primarily determined by the contribution of the form factor
F*(x,), labeled in the figure as SD* + INT*. While the
relative contribution from F~(x,) (denoted as SD™ + INT~
in the figure) is generally small, it becomes more significant
at small angles, reaching 20-30% for cos 6, ~ —0.8. As in
the previous subsection, to quantify the overall level of
agreement between our predictions and the E787 measure-
ments, we introduce the reduced y?-variable

N =exp.i Hih.i
P = Li( dr;® ~ dR{ )
Ny = dcos@,, dcosl,,
exp b
. dR;™’ B dR,"’
dcosb,, dcosb,,)

x Cy; (96)
In the previous equation, C is the correlation matrix (which
again includes only correlations among the theoretical
predictions), and the indices i and j run over all values of
0,, given in Table IV, which total number is Ny = 25. We
obtain

Tizsy = 17, (97)
which is very close to the value obtained in our previous
work, namely 7%.¢; = 1.6.

C. K~ — p~v,y: Comparison with the experimental
results from ISTRA+ and OKA

The ISTRA+ and OKA experiments have measured
the decay rate for K~ — u~7,y, in specific regions of the
phase-space (strips) defined by kinematic constraints on x

x, and cos0,,, given by

V&l

. CO i+1 cut,i cut,i
i~th strip: x;, < x, <x,", X < x, < Xy,

cos@,, > cos g (98)

The values of xi, xi""', X;"' and cos 6}, adopted by the
ISTRA+ and OKA Collaborations are reported in Table V.

The double-differential decay rate in Eq. (74) integrated
over the ith strip reads

) Xi+l X*j ‘{21—‘
F}’l:/y dxy/”dxﬂ[ 1]
X i dx,dx,

x ©[cos b, (x,.x,) — cos "],

(99)

where ©(x) is the Heaviside function. The integration
limits are given by

X0t = max(x, xg"), X' = min(1, X;"),  (100)

TABLE V. Summary of the kinematic cuts applied by the
ISTRA+ experiment (left table) and the OKA experiment (right
table).

Strip xi < x, <xit! Xt < x, < X cos Ot
01 0.05 < x, < 0.10 0.85 < x, < 1.05 -0.8
02 0.10 < x, < 0.15 0.85 < x, < 1.05 -0.8
03 0.15 < x, <0.20 0.80 < x, <0.95 -0.8
04 0.20 < x, < 0.25 0.75 < x, < 0.90 -0.2
05 0.25 < x, < 0.30 0.70 < x, < 0.85 -0.3
06 0.30 < x, <0.35 0.67 < x, <0.82 -0.4
07 0.35 < x, < 0.40 0.60 < x, < 0.80 -0.3
08 0.40 < x, < 0.45 0.57 < x, < 0.80 -0.5
09 0.45 < x, <0.50 0.52 <x, <0.75 -0.7
10 0.50 < x, < 0.55 047 < x, < 0.70 -1.0
11 0.55 < x, < 0.60 043 < x, < 0.65 -1.0
01 0.10 < x, <0.15 0.84 < x, <0.96 -0.8
02 0.15 < x, < 0.20 0.80 < x, < 0.96 -0.2
03 0.20 < x, < 0.25 0.75 < x, < 0.95 -0.2
04 0.25 < x, <0.30 0.70 < x, <0.92 -0.4
05 0.30 < x, < 0.35 0.65 < x, < 0.88 -04
06 0.35 < x, < 0.40 0.61 < x, < 0.85 -0.5
07 040 <x <045 057 <x, <083  —05
08  045<x <050 053 <ux, <08l ~0.6
09 0.50 < x, < 0.55 0.49 < x, < 0.78 -0.6
10 0.55 < x, < 0.60 045 <x, <0.75 -0.6

where x;{‘i“ is given in Eq. (81). A corresponding expression
to Eq. (99) can be introduced for the pointlike contribution
Fﬁt’i by replacing the total double-differential decay rate in
Eq. (77) with its pointlike component. ISTRA+ [32] and
OKA [33] have measured the following quantities:

] ]
IIV\L,. =i (101)

pt Fﬂ
using a Monte Carlo estimate for the number of pointlike
events Njy.

A comparison between our results, the ChPT predictions
at O(p*), and the experimental data is presented in Fig. 20
and summarized in Table VI. For large values of x,
(x, 2 0.45), the plots reveal a significant tension between
our lattice results and the ISTRA-+ and OKA data, as well
as between the ISTRA+ and OKA data and the ChPT
predictions. In particular, both our lattice results and the
ChPT predictions show a much flatter behavior in x,
compared to the experimental data. To quantify this
discrepancy, we compute the following reduced chi-
squared variable for ISTRA+:

1 & (N, N Ny N}

2 exp _ Vih | ~—1 Yexp  Vip
=— E = tci —=-—21, (102
XISTRA+ N <N;)t N&) L <Nf)t N] ) ( )

Sij=1 pt
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FIG. 20. The ratio N/ N{)t from ISTRA -+ data (red circles), our lattice QCD results (blue squares), and the ChPT predictions at O( p4)
(green diamonds). Right: the same ratio measured by OKA (red circles), obtained in this work (blue squares), and predicted by ChPT at
O(p*) (green diamonds). In both panels, the results are given for each “strip” in Table V.

TABLE VL. Values of Niy,/Nj, (see text for details) obtained
by the ISTRA+ (left table) and OKA experiments (right table),
compared to our theoretical predictions N} /Ny, for the kin-
ematical ranges selected by the two experiments (see Table V).
The fourth columns correspond to the predictions of ChPT at
order O(p*), based on the vector and axial form factors given
in Eq. (72).

Strip Nis/Ni, Ni/NE, ChPT
01 0.922(65) 1.0001(1) 1.0002(1)
02 0.983(33) 1.0001(1) 1.0004(4)
03 1.001(22) 0.9996(2) 1.0005(8)
04 0.982(23) 0.9981(3) 1.0002(14)
05 0.982(21) 0.9953(5) 0.9994(23)
06 0.974(24) 0.9913(8) 0.9981(37)
07 0.922(25) 0.9860(12) 0.9963(54)
08 0.890(27) 0.9798(17) 0.9942(78)
09 0.924(34) 0.9691(23) 0.989(11)
10 0.853(46) 0.9556(31) 0.983(14)
11 0.625(79) 0.9390(41) 0.975(18)
01 0.972(18) 1.0000(1) 1.0004(3)
02 1.022(17) 0.9994(2) 1.0004(7)
03 0.988(11) 0.9981(3) 1.0002(14)
04 0.988(11) 0.9962(5) 1.0001(24)
05 0.966(14) 0.9928(8) 0.9991(38)
06 0.992(14) 0.9877(12) 0.9975(56)
07 0.959(17) 0.9810(17) 0.9950(79)
08 0.905(19) 0.97237(23) 0.992(11)
09 0.922(22) 0.9609(31) 0.986(14)
10 0.857(27) 0.9472(39) 0.980(18)

where C is the correlation matrix, and N, the total number
of strips (Ny = 11 for ISTRA+). 7ok is defined analo-
gously. We find

(103)

J?IZSTRA+ =39, J?%)KA = 3.6,

confirming the tension, already observed in our previous
work [5], between lattice QCD predictions and ISTRA+
and OKA data.

VII. CONCLUSIONS

In this work, we presented a lattice QCD study of
radiative leptonic kaon decays at physical quark masses
including, for the first time, quark-disconnected contribu-
tions. Our computation uses gauge ensembles produced
by the ETM Collaboration, featuring spatial volumes of
up to L ~7.7 fm and lattice spacings in the range a €
[0.08,0.058] fm. Compared to our previous work, we
employed the 3D method [9,10] to compute the relevant
form factors and have carried out thorough analyses of the
systematic errors associated with isolating the initial-state
kaon, as well as those arising from the finite temporal
extent of the lattice. The improvement of the numerical
setup, in combination with a high-statistics evaluation of
the correlation functions, led to a reduction in the uncer-
tainties on both the axial and vector form factors by nearly a
factor of two relative to our earlier determination [4].

The dependence of the form factors on X, (i.e., the
photon energy in units of the kaon mass) can be accurately
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described using a linear behavior. By performing a linear fit to our data as in Eq. (69), we obtain

F9 = 0.0428(34),

FY, = 0.1421(57).

for the intercept FY y) and the slope Fl ., of the axial
(vector) form factor, respectively. These results can be
directly applied in phenomenological analyses and in
estimating the acceptance of future experiments. The
sum and the difference of the vector and axial form factors
at x, = 1 are found to be

F(x, = 1) = 0.128(7),

(106)

F~(x, = 1) = 0.066(6).

, (107)

For comparison, the last PDG review [34] quotes from the
available experimental results

F*(x, = 1) =0.133(8) [fromK — evy], (108)
—0.165(7)(11)  [fromK — pvy],  (109)
F~(x, =1) =0.153(33) [from K — pvy]. (110)

Our final results exhibit a mild tension of 2.6¢ with the
KLOE measurement of the CKM-independent ratio R, in
Eq. (2) for K~ — e~ 1,y, while they agree within 1o with
the more recent measurement by the E36 Collaboration at
J-PARC. In the muonic decay channel K~ — u~0,y, we
confirm the tensions with ISTRA+ and OKA data (already
noted in Ref. [5]), which are particularly sensitive to the
negative-helicity form-factor F~. This results in a 2.6¢
discrepancy between our determination of F~(x, = 1) in
Eq. (107) and the experimental estimate in Eq. (110).
Additionally, a discrepancy of about two standard devia-
tions is found when comparing our predictions with E787
data at large angles between the muon and the photon.

The correlation functions generated for this work will
also be used to investigate the rare kaon decay K~ —
¢'¢'¢" Dy, an interesting probe of potential new physics. A
fully controlled determination of this decay rate requires,
however, addressing the analytic continuation problem that
emerges when the virtual-photon offshellness ¢* exceeds the
two-pion threshold, g> > 4M2. Building on the approach
proposed in Ref. [12] and employing the Hansen-Lupo-
Tantalo (HLT) spectral-density reconstruction method [35]
(already employed in our recent work on B, — u™u~y [36]),
we aim to resolve the issue of the analytic continuation for

Fl = —0.0116(40),

Fl, = —0.0452(72),

corr(FS, F}) = —-0.37, (104)

corr(FY, Fl) = —0.77, (105)

K= - £'¢'¢", decays. Our results will be presented in a
forthcoming paper.

The open-source packages tmLQCD [37—40], LEMON [41],
DD-cAMG [42-45], QpPhix [46,47] and QUDA [48-50] have
been used in the ensemble generation.
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