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a b s t r a c t

We study a classic problem introduced thirty years ago by Eades
and Wormald. Let G = (V , E, λ) be a weighted planar graph,
where λ : E → R+ is a length function. The Fixed Edge-Length
Planar Realization problem (FEPR for short) asks whether there
exists a planar straight-line realization of G, i.e., a planar straight-
line drawing of G where the Euclidean length of each edge e ∈ E
is λ(e).

Cabello, Demaine, and Rote showed that the FEPR problem
is NP-hard, even when λ assigns the same value to all the
edges and the graph is triconnected. Since the existence of large
triconnected minors is crucial to the known NP-hardness proofs,
in this paper we investigate the computational complexity of the
FEPR problem for weighted 2-trees, which are K4-minor free. We
show the NP-hardness of the problem, even when λ assigns to
the edges only up to four distinct lengths. Conversely, we show
that the FEPR problem is linear-time solvable when λ assigns
to the edges up to two distinct lengths, or when the input
has a prescribed embedding. Furthermore, we consider the FEPR
problem for weighted maximal outerplanar graphs and prove
it to be linear-time solvable if their dual tree is a path, and
cubic-time solvable if their dual tree is a caterpillar. Finally, we
prove that the FEPR problem for weighted 2-trees is slice-wise
polynomial in the length of the large path.
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1. Introduction

The problem of producing drawings of graphs with geometric constraints is a core subject in
raph Drawing (see, e.g., [3–5,10,16,21,29,30,40,46,50,52]). In this context, a classic question is the
ne of testing whether a graph can be drawn planarly so that its edges are straight-line segments
f prescribed lengths. The study of such a question has connections with several topics in com-
utational geometry [24,48,55], rigidity theory [23,34,36], structural analysis of molecules [13,35],
nd sensor networks [19,44,47]. Formally, given a weighted planar graph G = (V , E, λ), i.e., a planar
raph with vertex set V and edge set E equipped with a length function λ : E → R+, the Fixed Edge-
ength Planar Realization problem (FEPR, for short) asks whether there exists a planar straight-line
ealization of G, i.e., a planar straight-line drawing of G in the plane where the Euclidean length of
each edge e ∈ E is λ(e). The FEPR problem was first studied by Eades and Wormald [28], who
showed its NP-hardness even for triconnected planar graphs and for biconnected planar graphs
with unit lengths. Cabello, Demaine, and Rote strengthened this result by proving NP-hardness even
or triconnected planar graphs with unit lengths [18]. The graphs that admit a planar straight-line
ealization with unit lengths are also calledmatchstick graphs. Abel et al. [1] showed that recognizing
matchstick graphs is strongly ∃R-complete, solving an open problem stated by Schaefer [49], who
proved analogous results for non-planar realizations with unit edge lengths.

Since the known hardness proofs of the FEPR problem are all reductions based on gadgets
containing large triconnected minors, we study its computational complexity for weighted 2-trees,
which are the maximal graphs with no K4-minor. A 2-tree is a graph composed of 3-cycles glued
together along edges in a tree-like fashion. As an example, Fig. 1 shows a planar and a non-planar
straight-line realization of the same weighted 2-tree. The class of 2-trees has been deeply studied in
Graph Drawing (e.g., in [31,32,38,39,45]); such a graph class coincides with the one of the maximal
series–parallel graphs. In particular, the edge lengths of planar straight-line drawings of 2-trees
have been studied in [14,15].

Related to our research are the notions of distance number and degenerate distance number of
graphs introduced by Carmi et al. [20]. Let G be a graph. The distance number of G is the minimum
number of distinct edge lengths in a straight-line drawing of G, where vertices are mapped to
distinct points of the plane and no vertex intersects any non-incident edge, however distinct edges
are allowed to cross. The degenerate distance number of G relaxes the requirements of the distance
number, by allowing vertices to intersect non-incident edges. Exploiting polynomial embeddings,
Alon and Feldheim have shown that the degenerate distance number of outerplanar graphs is at
most 3 [3]. This bound was subsequently improved to 2, which is optimal, by Chol-Un Kim and
Kwang-Il Sol [37]. More recently, Bakhajian and Feldheim have shown that the distance number of
outerplanar graphs is at most thirteen [7].

First, we show that, in the fixed embedding setting, the FEPR problem can be solved in linear
time for 2-trees (Section 3). We remark that the FEPR problem is NP-hard for general weighted
planar graphs with fixed embedding [18,28]. Second, we show that, in the variable embedding
setting, the FEPR problem is NP-hard for 2-trees when the number of distinct lengths is at least
four (Section 4), whereas it is linear-time solvable for 2-trees when the number of distinct lengths
is 1 or 2 (Section 5). Note that, for general weighted planar graphs, the problem is NP-hard even
when all the edges are required to have the same length [28]. Third, we move our attention to
maximal outerplanar graphs (Section 6), which form a notable subclass of 2-trees. We show that
the FEPR problem can be solved in linear time for maximal outerpaths, i.e., the maximal outerplanar
graphs whose dual tree is a path, and in cubic time for maximal outerpillars, i.e., the maximal
outerplanar graphs whose dual tree is a caterpillar. Finally, we present a slice-wise polynomial
algorithm for weighted 2-trees, parameterized by the length of the longest path (Section 7). A
slice-wise polynomial algorithm with respect to a parameter k is an algorithm with running time
O(nf (k)), where n is the input size (in our case, the number of vertices of the 2-tree) and f is some
2
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Fig. 1. A planar and a non-planar straight-line realization of the same weighted 2-tree.

computable function (in our case, an exponential function). Section 2 contains preliminaries and
Section 8 provides conclusions and open problems.

Similarly to [18], in our algorithms, we adopt the real RAM model of computation, which is
customary in computational geometry and allows us to perform standard arithmetic operations on
real numbers in constant time. Furthermore, we show NP-hardness in the Turing machine model
by exploiting lengths whose encoding has constant size.

2. Preliminaries

Throughout the paper, we assume that graphs are connected and simple (i.e., with no loops or
parallel edges). Moreover, whenever we refer to the length of a segment or to the distance of two
geometric objects, we always assume that these are measured according to the Euclidean metric.

Drawings and embeddings. A drawing Γ of a graph is a mapping of each vertex v to a distinct point
Γ (v) in the plane and of each edge (u, v) to a Jordan arc Γ (u, v) with endpoints Γ (u) and Γ (v).

e often use the same notation for a vertex v and the point Γ (v). A drawing is planar if it contains
o two crossing edges and it is straight-line if each curve representing an edge is a straight-line
egment. A planar drawing partitions the plane into connected regions, called faces. The bounded
aces are the internal faces, while the unbounded face is the outer face. The boundary of a face is the
ircular list of vertices and edges encountered when traversing the geometric border of the face. A
raph G is planar if it admits a planar drawing. A planar drawing of G defines a clockwise order of
he edges incident to each vertex of G; the set of such orders for all the vertices is a rotation system
or G. Two planar drawings of G are equivalent if (i) they define the same rotation system for G and
ii) their outer faces have the same boundaries. An equivalence class of planar drawings is a plane
mbedding (or simply an embedding). When referring to a planar drawing Γ of a graph that has a
rescribed embedding E , we always imply that Γ is in the equivalence class E; when we want to
tress this fact, we say that Γ respects E . All the planar drawings respecting the same embedding
ave the same set of face boundaries. Hence, we can talk about the face boundaries of a graph with
prescribed embedding. With a little overload of terminology, we sometimes write face of a graph
ith a prescribed embedding, while referring to the boundary of the face. A graph is biconnected if
he removal of any vertex leaves the graph connected. In any planar drawing of a biconnected graph
very face is bounded by a simple cycle. Let Γ be a drawing of a graph G and let G′ be a subgraph
f G; the restriction of Γ to G′ is the drawing of G′ obtained by removing from Γ the vertices and
dges of G that are not in G′.

-Trees and maximal outerplanar graphs. A 2-tree is recursively defined as follows. A cycle formed
y k edges is a k-cycle. A 3-cycle is a 2-tree. Given a 2-tree G containing the edge (u, w), the graph
btained by adding to G a vertex v and two edges (v, u) and (v, w) is a 2-tree. Note that this
3



C. Alegría, M. Borrazzo, G. Da Lozzo et al. European Journal of Combinatorics 119 (2024) 103806

t

o
i
s
s

W
n
c
o
c
p
w
T
P
l
d
c
l
t

f
e
a

Fig. 2. On the left, a 2-tree G. On the right, the decomposition tree of G rooted at △1 . Internal nodes are drawn with
hick lines and leaf nodes of are drawn with thin lines.

peration is a 2-clique-sum G and the 3-cycle (u, v, w). A k-clique-sum of two graphs H1 and H2
s an operation that considers a k-clique K1 in H1 and a k-clique K2 in H2, then identifies the vertex
et of K1 with the one of K2, and finally deletes some (possibly all, possibly none) of the edges of
uch cliques.
We observe that any 2-tree G satisfies the following properties:

(P1) G is biconnected;
(P2) the two neighbors of any degree-2 vertex of G are adjacent; and
(P3) if |V (G)| ≥ 4, then G contains two non-adjacent degree-2 vertices.

A 2-tree G is essentially composed of 3-cycles glued together along edges in a tree-like fashion.
e encode this tree-like structure in a tree we call the decomposition tree of G. This tree has a
ode for each 3-cycle of G, and an edge between two nodes if the corresponding 3-cycles have a
ommon edge1; see Fig. 2. Let T be the decomposition tree of G, and n be the number of nodes
f G. We observe that T is unique and contains n − 2 nodes. Typically, T is rooted at a 3-cycle
of G. We can compute T rooted at c by a recursive construction in which, together with T , we
roduce an auxiliary labeling of the edges of G. An edge e is labeled with the highest node in T
hose corresponding 3-cycle contains e. The construction is as follows. If G coincides with c , then
is a unique root node representing c , and each edge of c is labeled with c itself. Otherwise, by
roperty (P3), there is at least one degree-two vertex not belonging to c. Let v be any such a vertex,
et u and w be the vertices adjacent to v, and let c∗ be the 3-cycle with vertices u, v, and w. Let T ∗
enote the decomposition tree of G−v rooted at c. We obtain T by adding to T ∗ a leaf representing
∗, whose parent is the node corresponding to the label of the edge (u, w). Further, we set to c∗ the
abels of the edges (v, u) and (v, w). It is not hard to see that this procedure constructs T in O(n)
ime.

An outerplanar drawing is a planar drawing in which all the vertices are incident to the outer
ace. A graph is outerplanar if it admits an outerplanar drawing. An outerplane embedding is an
quivalence class of outerplanar drawings of a graph; note that a biconnected outerplanar graph has
unique outerplane embedding [43,51]. An outerplanar graph is maximal if no edge can be added

1 We remark that our concept of decomposition tree coincides with a special case of the well-known decomposition
of graphs (not necessarily 2-trees) that is commonly called tree-decomposition; see, e.g., [27].
4
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to it without losing outerplanarity. In the unique outerplane embedding of a maximal outerplanar
graph, every internal face is delimited by a 3-cycle. The dual tree T of a biconnected outerplanar
graph G is defined as follows. Consider the (unique) outerplane embedding O of G. Then T has a
node for each internal face of O and has an edge between two nodes if the corresponding faces
of O are incident to the same edge of G. An outerpath is a biconnected outerplanar graph whose
dual tree is a path. A caterpillar is a tree that becomes a path if its leaves are removed. Such path
is called the spine of the caterpillar. An outerpillar is a biconnected outerplanar graph whose dual
tree is a caterpillar.

Straight-line realizations. A weighted graph G = (V , E, λ) is a graph equipped with a length function
λ that assigns a positive real number to each edge. A straight-line realization of G is a straight-line
drawing of G in which each edge e is drawn as a line segment of length λ(e). If the drawing is planar,
we say that the realization is planar. The Fixed Edge-Length Planar Realization (FEPR) problem
receives as input a weighted planar graph G, and asks if there exists a planar straight-line realization
of G.

In a straight-line realization of G, each 3-cycle is realized as a triangle. Hence, if the lengths of
the edges of at least one 3-cycle do not respect the triangle inequality, then G does not admit any
(even non-planar) straight-line realization. We can trivially test in O(n) time whether the length
unction of an n-vertex weighted 2-tree is such that every 3-cycle satisfies the triangle inequality.
ereafter we assume that every weighted 2-tree satisfies this necessary condition.
In our proofs and algorithms, when clear from the context, we refer interchangeably to the

-cycles of a 2-tree G, the nodes of its decomposition tree, and the triangles in a straight-line
ealization of G.

Triangles in a planar straight-line realization. Let G = (V , E, λ) be a weighted 2-tree and Γ be a
lanar straight-line realization of G. We denote with △i a triangle drawn in Γ , that is, the straight-
ine realization of a 3-cycle of G. Consider two triangles △i and △j. We say that △i is drawn inside
△j if all the points of △i are points of △j and at least one vertex of △i is an interior point of △j. In
he planar straight-line realization shown in Fig. 2, the triangles △6, △7, and △8 are drawn inside
the triangle △3. Observe that, if △i is drawn inside △j, then △i and △j have at most two common
vertices. On the other hand, in general, △i can be drawn inside △j regardless of their distance in
the decomposition tree of G. We have the following observations, which we use often (sometimes
implicitly) in the paper.

Observation 1. Let ℓi and ℓj be the lengths of the longest sides of two triangles △i and △j, respectively.
If ℓi > ℓj, then △i is not drawn in △j. If ℓi = ℓj and △i is drawn inside △j, then △i and △j share a side
of length ℓi = ℓj and △i does not have any other side of length ℓi.

Observation 2. If △i is drawn inside △j, then the area of △i is strictly smaller than the area of △j.

Of special interest for us is the case in which △i and △j share an edge. If such case occurs, then
△i and △j are either adjacent or siblings in the decomposition tree of G. We have the following.

Observation 3. Let △i and △j be two triangles sharing an edge with end-vertices a and b. Let αi and
βi (αj and βj) denote the interior angles of △i (resp., △j) at a and b, respectively. If △i is drawn inside
△j, then αi < αj and βi < βj.

We conclude the section by defining two specific types of triangles which we are going to use
repeatedly in our paper. Consider an isosceles triangle with base of length ℓ1 and two sides of length
ℓ2, with ℓ1 ̸= ℓ2. We say the triangle is tall isosceles if ℓ2 > ℓ1, and flat isosceles if instead ℓ2 < ℓ1.

Consider now three triangles △i, △j, △k such that △j and △k share a side with △i. If the three
triangles have a common side, then a necessary condition for △j and △k to be drawn inside △i is
given by Observation 3. If instead there is no common side between △j and △k, then we have the
following lemmas.

Lemma 1. Let ℓ1 and ℓ2 be two lengths such that 2ℓ2 > ℓ1 > ℓ2, and △i, △j, △k be three triangles
such that:
5
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Fig. 3. Illustration for Lemma 1: If two flat isosceles triangles (△j and △k) are drawn inside an equilateral triangle (△i),
then ℓ1

ℓ2
>
√
3. The black point is the circumcenter of △i .

– △i is an equilateral triangle with sides of length ℓ1,
– △j and △k are congruent flat isosceles triangles with base of length ℓ1 and two sides of length ℓ2,
– △i shares one side with △j and another side with △k, and
– △j and △k are drawn inside △i and do not overlap with each other.

hen ℓ1
ℓ2

>
√
3 ≃ 1.73.

roof. Refer to Fig. 3. Let v be the common vertex between △i, △j, and △k. Since △i is equilateral
the interior angle of △i at v is 60◦. Hence, since △j and △k are congruent and intersect only at v

(they do not overlap), the internal angle α of both △j and △k at v is at most 30◦. We thus have that
ℓ1 = 2ℓ2 cos(α) > 2ℓ2 cos(30◦) =

√
3ℓ2. □

3. Prescribed embedding

In this section, we describe an O(n)-time algorithm to solve the FEPR problem for an n-vertex
-tree whose embedding or whose rotation system is prescribed.
We start by showing how to check in linear time whether a straight-line realization of a 2-tree

ith prescribed embedding is a planar straight-line realization respecting the embedding. This basic
ool will be exploited throughout the paper.

heorem 4. Let G = (V , E, λ) be an n-vertex weighted biconnected planar graph, E be a plane
mbedding of G, and Γ be a straight-line realization of G. There exists an O(n)-time algorithm that
ests whether Γ is a planar straight-line realization respecting E .

roof. First, we check whether Γ respects E . This can be done in O(n) time by checking: (i) whether
he clockwise order of the edges incident to each vertex in Γ is the same as in E; and (ii) whether
he cycle bounding the outer face of Γ (if Γ is planar) is the same as in E . More in detail, this check
s as follows.

– Check (i) only requires to scan, for each vertex v of G, the list representing the clockwise
order of the edges incident to v in E , and to confirm that the slopes of such edges in Γ form
a decreasing sequence (where the slope of one of such edges is the one of the half-ray from
v through the other end-vertex of the edge and has a value between the slope s of the first
considered edge and s − 360◦). This can be done in time proportional to the degree of v and
hence in O(n) time over all the vertices of G.

– In order to perform check (ii), we find in O(n) time the vertices v← and v→ with smallest
and largest x-coordinates, respectively, among the vertices of the cycle C bounding the outer
6
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face of Γ . Then we check whether the edge that leaves v← in clockwise direction along C lies
above the edge that enters v← in clockwise direction along C in Γ . Together with check (i),
this guarantees that all the edges incident to vertices of C leave the vertices in C towards the
region inside C in Γ , if Γ is planar. It might still be the case, however, that C self-intersects
or that other edges of G cross C, hence at this point we can guarantee that C bounds the outer
face of Γ only by assuming its planarity.

In order to check whether Γ is planar, we augment Γ to a straight-line drawing Γ ′ of a maximal
lanar graph so that, if Γ is planar, then Γ ′ is planar, as well. This is done as follows. If Γ is a planar
traight-line realization respecting E , every internal face f of E is bounded in Γ by a polygon Pf
hose interior is empty. We triangulate the interior of Pf by the addition of dummy edges. This can
e done in linear time over all the internal faces of E by means of the algorithm by Chazelle [22].
e also triangulate the outer face of Γ . This is done similarly as described by Cabello et al. [18].
amely, we enclose Γ into a large equilateral triangle T with a horizontal side ℓ. This partitions the
uter face of Γ into two regions, namely a bounded region R and an unbounded region R′. We then
dd edges from v← and v→ to the left and right end-vertices of ℓ, respectively. This subdivides R
nto two regions delimited by simple polygons. We triangulate the interior of such polygons, again
sing Chazelle’s algorithm [22]. Denote by Γ ′ the resulting straight-line drawing.
If Γ is a planar straight-line realization respecting E , then (as described in [18]) the algorithm

y Chazelle terminates correctly when applied to every polygon bounding an internal face of Γ ′.
ence, if at least one of the executions of Chazelle’s algorithm terminates in error, we conclude
hat Γ is not a planar straight-line realization respecting E . It might also be the case that every
xecution of Chazelle’s algorithm terminates correctly and yet Γ contained crossings. Hence, we
lso need to check whether Γ ′ is planar. This can be done in O(n) time, as if Γ ′ is planar, it is a
riangulation (i.e., a planar straight-line drawing such that every face is delimited by a triangle) and
he planarity of convex subdivisions can be tested in O(n) time [26]. □

heorem 5. Let G = (V , E, λ) be an n-vertex weighted biconnected planar graph, let R be a rotation
ystem for G, and let Γ be a straight-line realization of G. There exists an O(n)-time algorithm that tests
hether Γ is a planar straight-line realization whose rotation system is R.

roof. We are going to recover the cycle C that bounds the outer face of Γ (if Γ is planar) by
xploiting the knowledge of R and of Γ itself. Then it suffices to invoke Theorem 4 in order to test
hether Γ is a planar straight-line realization respecting E , where E is the plane embedding that
as R as rotation system and C as cycle bounding the outer face.
In order to recover the cycle C that bounds the outer face of Γ , we first find in O(n) time the

eftmost vertex v0 in Γ and we then find in O(n) time the edge (v0, v1) incident to v0 with largest
lope; note that, if Γ is planar, then v0 and v1 are encountered consecutively when traversing C in
lockwise direction. Now suppose that, for some i ≥ 1, a path (v0, v1, . . . , vi) has been found such
hat, if Γ is planar and has R as rotation system, then the vertices v0, v1, . . . , vi are encountered
onsecutively when traversing C in clockwise direction. Then, if Γ is planar and has R as rotation
ystem, the vertex vi+1 that is encountered after vi when traversing C in clockwise direction is the
ertex that follows (vi, vi−1) in the clockwise order of the edges incident to vi in R; such a vertex
an be found in O(1) time. When this process encounters a vertex vk for the second time, if such
vertex is not v0, then we conclude that Γ is not a planar straight-line realization whose rotation
ystem is R, otherwise we have found the desired cycle C. □

We remark that theorems as the previous two cannot be stated for general planar graphs. Indeed,
n easy reduction from Element Uniqueness [11] shows that even testing whether a straight-line
rawing of an n-vertex graph with no edges is planar requires Ω(n log n) time.
In order to prove the main results of this section, we need the following lemma, which might be

f independent interest and which is applicable to planar graphs that are not necessarily 2-trees.

emma 2. Let G be an n-vertex planar graph and let R be a rotation system for G. A data structure can
e set up in O(n) time that allows one to answer in O(1) time the following type of queries: Given three
7
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edges ei, ej, and ek incident to a vertex v of G, determine whether they appear in the order ei, ej, and ek
r in the order ei, ek, and ej in the clockwise order R(v) of the edges incident to v in R.

roof. The proof’s main idea is the same as the one of Aichholzer et al. [2] for the O(n2)-time
onstruction of a data structure that allows to answer in O(1) time queries about the orientation of
riples of points in the plane.

Consider any vertex v of G. Let R(v) = [e1, . . . , eℓ]; note that R(v) is a circular list, which is here
inearized by picking any edge as e1. Label each edge ei with the value (v, i). This labeling labels each
dge of G twice, hence it is performed in O(n) time. The data structure claimed in the statement
imply consists of G equipped with these edge labels.
Now suppose that a query as in the statement has to be answered for three edges ei, ej, and ek

ncident to a vertex v of G. We recover in O(1) time the labels (v, i), (v, j), and (v, k) respectively
associated to ei, ej, and ek. Assume that i is smaller than j and k; then ei, ej, and ek appear in the
order ei, ej, and ek in R(v) if and only if j < k, which can be checked in O(1) time. Analogously, if
j < i and j < k, we have that ei, ej, and ek appear in the order ei, ej, and ek in R(v) if and only if
k < i, while if k < i and k < j, we have that ei, ej, and ek appear in the order ei, ej, and ek in R(v) if
and only if i < j. □

We now present the main results of this section.

Theorem 6. Let G be an n-vertex weighted 2-tree and R be a rotation system for G. There exists an O(n)-
time algorithm that tests whether G admits a planar straight-line realization whose rotation system is
R and, in the positive case, constructs such a realization.

Proof. The algorithm is as follows. First, among all the 3-cycles of G, we pick a 3-cycle c with
maximum area, which can clearly be done in O(n) time. Second, we compute in O(n) time the
ecomposition tree T of G rooted at c. Third, by means of Lemma 2, we set up in O(n) time a data
tructure that allows us to decide in O(1) time whether any three edges ei, ej, and ek incident to a
ertex v of G appear in the order ei, ej, and ek or in the order ei, ek, and ej in the clockwise order of

the edges incident to v in R.
Let γ be any straight-line realization of c and let γ ′ be the reflection of γ . Note that γ is unique,

up to rigid transformations. Hence, if there exists a planar straight-line realization ∆ of G whose
rotation system is R and whose restriction to c is some triangle δ, then there also exists a planar
straight-line realization Γ of G whose rotation system is R and whose restriction to c is either γ
or γ ′. Indeed, Γ can be obtained from ∆ by applying the rotation and translation that turn δ into
either γ or γ ′; then the rotation system for Γ is the same as the one for ∆, hence it is R.

We show how to test in O(n) time whether there exists a planar straight-line realization of G
whose rotation system is R and whose restriction to c is γ (in the positive case, such a realization is
constructed within the same time bound). An analogous test can be performed with the constraint
that c is represented by γ ′ rather than γ . Then the algorithm concludes that a planar straight-line
realization of G whose rotation system is R exists if and only if (at least) one of the two tests is
successful.

We are going to use the following key property.

Property 1. Let (u, v, w) be a cycle of G such that u is not a vertex of c. Let P be a shortest path from
u to (any vertex of) c and suppose that the edge of P incident to u, say (u, z), is such that z is different
from v and w. Then, in any planar straight-line realization of G, the edge (u, z) lies outside (u, v, w).

Proof. Consider any planar straight-line realization Γ of G. Since z is different from v and w and
since P is a shortest path, we have that P contains neither v nor w. Hence, if z lies inside (u, v, w),
then so does c , by the planarity of Γ . However, this is not possible, since c is a 3-cycle whose area
is maximum, by definition. □

Our algorithm visits T in pre-order starting at c; let c1, . . . , cn−2 be the order in which the nodes
of T are visited. For i = 1, . . . , n−2, let Gi be the subgraph of G composed of the 3-cycles c1, . . . , ci;
note that G = c = c and G = G. Also, let R be the restriction of R to G .
1 1 n−2 i i

8
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Fig. 4. Illustrations of Cases 1, 2, and 3 for the insertion of w and its incident edges in Γi . Both possible placements of
are shown (a chosen placement is shown in black).

If Γ is a planar straight-line realization of G whose rotation system is R and whose restriction to
is γ , then, for any i = 1, . . . , n−2, the restriction of Γ to Gi is a planar straight-line realization Γi
f Gi whose rotation system is Ri and whose restriction to c is γ . We prove that, if such a realization
i of Gi exists, then it is unique and can be computed in O(1) time from Γi−1 (from γ , if i = 1).
uring the visit of T we maintain, for each vertex u of Gi that does not belong to c , the first edge

(u, z) of a shortest path Pu from u to (any vertex of) c in Gi. Further, we maintain, for each vertex
u of Gi, a value ℓ(u); this is equal to the number of edges of Pu, if u does not belong to c , and to 0,
otherwise.

When visiting c1, we set Γ1 = γ in O(1) time. Obviously, Γ1 is the unique planar straight-line
realization of G1 in which the straight-line realization of c1 is γ (the rotation system R1 does not
impose any constraint). We initialize ℓ(u) = 0 for each vertex u of c1.

Assume that, for some i ∈ {1, . . . , n−3}, a straight-line realization Γi of Gi has been constructed
such that, if a planar straight-line realization whose rotation system is Ri and whose restriction to
c is γ exists, then Γi is the unique such a realization. Let ci+1 = (u, v, w), where euv := (u, v) is the
edge that ci+1 shares with the 3-cycle represented by the parent of ci+1 in T , while w is the unique
vertex of Gi+1 not in Gi. Let euw and evw denote the edges (u, w) and (v, w), respectively. Assume,
w.l.o.g., that ℓ(u) ≤ ℓ(v). Then we compute in O(1) time the value ℓ(w) as ℓ(w) = 1+ ℓ(u) (the ℓ(·)
value of every other vertex of Gi+1 coincides with the one in Gi). Also, again in O(1) time, we set
euw as the first edge of a shortest path from w to c (for every other vertex of Gi+1, the first edge of
a shortest path to c coincides with the one in Gi).

Note that there are two placements for w that result in the edges euw and evw having the
prescribed edge lengths, thus turning Γi into a straight-line realization of Gi+1. We show that
Property 1 can be used in order to define a unique placement for w in Γi.

If ℓ(u) > 0, let euz := (u, z) be the first edge of the shortest path from u to c in Gi (recall that
we maintain this information). If ℓ(u) = 0, then u is a vertex of c; then we define euz := (u, z) as
any edge of c different from euv (note that euv might or might not be an edge of c). In both cases,
we use Lemma 2 to determine in O(1) time whether the clockwise order of the edges euv , euw , and
euz in R is euv , euw , and euz or euv , euz , and euw . Suppose, without loss of generality, it is the former.
We now proceed according to the following case distinction.

Case 1: If neither of the two possible placements of w guarantees that the clockwise order of the
edges euv , euw , and euz in Γi+1 is euv , euw , and euz , as in Fig. 4(a), then we conclude that there
exists no planar straight-line realization of Gi+1 whose rotation system is Ri+1 and whose
restriction to c is γ .

Case 2: If exactly one of the two possible placements of w guarantees that the clockwise order of
the edges euv , euw , and euz in Γi+1 is euv , euw , and euz , as in Fig. 4(b), then we choose that
placement for w. Indeed, choosing the other placement for w would imply that, even if the
resulting straight-line realization of Gi+1 was planar, it would not have Ri+1 as its rotation
system.

Case 3: If both the possible placements of w guarantee that the clockwise order of the edges euv ,
euw , and euz in Γi+1 is euv , euw , and euz , as in Fig. 4(c), then we observe that one of the
two placements of w is such that (at least part of) the edge e is internal to the triangle
uz

9
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(u, v, w), while the other placement is such that the edge euz is external to the triangle
(u, v, w). We choose the latter placement for w.
If ℓ(u) > 0, this choice is motivated by Property 1. Indeed, u is not a vertex of c , given that
ℓ(u) > 0; further, z is different from w (as z belongs to Gi, while w does not) and from v

(by the assumption ℓ(u) ≤ ℓ(v) and ℓ(z) = ℓ(u)− 1). Hence, Property 1 applies and in any
planar straight-line realization of Gi+1, the edge euz is external to (u, v, w).
If ℓ(u) = 0, then euz is an edge of c , hence if euz were internal to (u, v, w), then c would be
internal to (u, v, w), as well (the two cycles share the vertex u and, possibly, the vertex v

and the edge (u, v)). However, this is not possible in any planar straight-line realization of
Gi+1, as the area of c is greater than or equal to the area of (u, v, w), by the definition of c .

The clockwise order of the edges euv , euw , and euz according to a placement for w can be
omputed in O(1) time, as well as whether the edge euz is external to the triangle (u, v, w) or not.
ence, Γi+1 can be constructed in O(1) time from Γi.
When i = n−2, we have that, if there exists a planar straight-line realization of G = Gn−2 whose

otation system is R = Rn−2 and whose restriction to c is γ , then the constructed representation
:= Γn−2 is the unique such a realization. Hence, it only remains to test whether Γ is a planar

traight-line realization of G whose rotation system is R. This can be done in O(n) time by means
f Theorem 5. □

We can similarly deal with the case in which the cycle bounding the outer face of the planar
traight-line realization is prescribed, as in the following theorem.

heorem 7. Let G be an n-vertex weighted 2-tree and E be a plane embedding of G. There exists an
(n)-time algorithm that tests whether G admits a planar straight-line realization that respects E and,
n the positive case, constructs such a realization.

roof. Let R be the rotation system associated with E . By exploiting R and ignoring the knowledge
f the cycle delimiting the outer face of E , at most two straight-line realizations of G can be
onstructed in O(n) time, exactly as in the proof of Theorem 6, such that G admits a planar straight-
ine realization whose rotation system is R if and only if one of these two realizations is planar and
as R as its rotation system. Differently from the proof of Theorem 6, we use Theorem 4 rather than
heorem 5 to test in O(n) time whether any of the two realizations is planar and respects E . □

. NP-hardness for 2-trees with four edge lengths

In this section, we present a polynomial-time reduction from the Planar Monotone 3-SAT prob-
em to the FEPR problem with four edge lengths. As the former is known to be NP-complete [12],
he reduction shows NP-hardness of the latter. We thus have the following.

heorem 8. The Fixed Edge-Length Planar Realization problem is NP-hard for weighted 2-trees,
ven for instances whose number of distinct edge lengths is 4.

Let φ be a Boolean formula in conjunctive normal form with at most three literals in each clause.
e denote by Gφ the incidence graph of φ, that is, the graph that has a vertex for each clause of
, a vertex for each variable of φ, and an edge (ci, vj) for each clause ci that contains the literal
j or the literal vj. We remark that vertices representing clauses have degree 3 in Gφ , whereas
ertices representing variables might have degree larger than 3. The formula φ is an instance of
lanar Monotone 3-SAT if Gφ is planar and each clause of φ is either positive or negative. A positive
lause contains only positive literals (i.e., literals vj for some variable vj), while a negative clause only
ontains negated literals (i.e., literals vj for some variable vj). The Planar Monotone 3-SAT problem
sks whether there exists a truth assignment for the variables of φ such that each clause has at
east a true literal.

Let φ be an instance of Planar Monotone 3-SAT. Hereafter we assume that each clause of φ

ontains exactly three literals. This is not a loss of generality, since a clause with less than three
10
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Fig. 5. Monotone rectilinear representations of Gφ . Boxes representing variables are red, whereas boxes and trapezoids
epresenting clauses are blue. (a) The original monotone rectilinear representation Γφ . (b) The modified monotone
ectilinear representation Γ ∗φ that satisfies properties D1–D7. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

iterals can be modified by duplicating one of the literals in the clause, which does not alter the
atisfiability of φ. Note this modification might turn Gφ into a planar multi-graph. Nevertheless,
ince this is not relevant for our reduction, it will be ignored hereforth.
A monotone rectilinear representation of Gφ is a drawing that satisfies the following properties

refer to Fig. 5(a)):

P1: Variables and clauses are represented by axis-aligned boxes with the same height.
P2: The bottom sides of all boxes representing variables lie on the same horizontal line.
P3: The boxes representing positive (resp. negative) clauses lie above (resp. below) the boxes

representing variables.
P4: The edges connecting variables and clauses are vertical segments.
P5: The drawing is crossing-free.

he Planar Monotone 3-SAT problem has been shown to be NP-complete, even when the incidence
raph is provided along with a monotone rectilinear representation [12]. Given an instance φ of the
lanar Monotone 3-SAT problem and a rectilinear representation Γφ of φ, we construct a weighted
-tree Hφ that admits a planar straight-line realization if and only if φ is satisfiable. The general

strategy of the reduction is as follows. In Section 4.1 we describe how to modify Γφ into an auxiliary
representation Γ ∗φ that satisfies a set of convenient properties (see Fig. 5(b)). We then exploit the
geometric information of Γ ∗φ to construct Hφ , so that the edges of Hφ are assigned four distinct
lengths. Namely, in Section 4.3, we describe gadgets for the variables, for the clauses, and for the
edges of Gφ . Finally, in Section 4.4, we show how to combine these gadgets to form Hφ .

4.1. The auxiliary monotone rectilinear representation

We start by describing how to transform Γφ into a new representation Γ ∗φ that satisfies the
following properties (refer to Fig. 5(b)):

D1: The corners of the polygons and the end-points of the segments forming Γ ∗φ lie on the points
of the grid formed by equidistant lines with slope 0◦, 60◦, and 120◦, in which each grid cell is
an equilateral triangle with sides of unit length.

D2: The height and width of the bounding box of Γ ∗φ are polynomially bounded in the size of φ.
D3: The variables are represented by axis-aligned boxes. Let δφ denote the maximum degree of Gφ .

The boxes have width 2δφ − 1, height 2
√
3(δφ − 1), and have their bottom sides on a common

horizontal grid line.
11
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D4: The clauses are represented by trapezoids. Each trapezoid has height 2
√
3, lateral sides with

slope 60◦, and horizontal sides whose length is larger than 8.
D5: The edges connecting variables and clauses are line segments with slope 60◦.
D6: Consider the box B representing a variable. The edges incident to B have horizontal distance

from the left side of B that is a multiple of 2.
D7: Consider the trapezoid T representing a positive (resp. negative) clause c. Let p1, p2, and p3 be

the intersection points between the segments representing the edges of Gφ incident to c and
the bottom (resp. top) horizontal side of T . The point p1 lies on the bottom-left (resp. top-left)
corner of T , the horizontal distance between p1 and p2 is at least three, the horizontal distance
between p2 and p3 is at least four, and the horizontal distance between p3 and the bottom-right
(resp. top-right) corner of T is equal to one.

The transformation is described in the following lemma.

Lemma 3. The drawing Γ ∗φ can be constructed in polynomial time starting from Γφ .

Proof. We first transform Γφ into an intermediate rectilinear representation Γ ′φ that satisfies
roperties D1–D3, property D6, and two properties that we denote by D4’ and D7’, obtained from

properties D4 and D7, respectively, by substituting trapezoids with boxes. Since every segment of a
geometric object forming Γφ is either horizontal or vertical, we can transform Γφ into Γ ′φ by suitable
caling the boxes representing variables and clauses, and by a suitable deformation of the plane.
We transform Γ ′φ into Γ ∗φ as follows. Observe that, since Γ ′φ satisfies property D3, the top

resp. bottom) sides of the boxes representing variables lie on a horizontal line ℓt (resp. ℓb). The
ransformation consists of two horizontal shear mappings that transform vertical segments into
egments with slope 60◦ and are applied, respectively, to the points of the plane above ℓt and below
b. More precisely, these shear mappings are as follows. Translate the Cartesian reference system so
hat the x-axis coincides with ℓt (and the origin is anywhere). The first shear mapping then maps
very point (x, y) with y ≥ 0 to the point (x+

√
3
2 y, y). Again translate the Cartesian reference system

so that the x-axis coincides with ℓb (and the origin is anywhere). The second shear mapping then
maps every point (x, y) with y ≤ 0 to the point (x−

√
3
2 y, y).

We show next that the resulting representation Γ ∗φ satisfies properties D1–D7:

1: This property is satisfied since Γ ′φ satisfies property D1. Note that the distance between two
consecutive grid lines (with slope either 0◦, or 60◦, or 120◦) is

√
3
2 .

2: Let B′ and B∗ denote, respectively, the bounding boxes of Γ ′φ and Γ ∗φ . Property D2 is satisfied
since Γ ′φ satisfies property D2, the height of B∗ is equal to the height of B′, and the width of
B∗ is at most the width of B′ plus

√
3 times the height of B′.

D3 and D6: These properties are satisfied since Γ ′φ satisfies properties D3 and D6, and the shear
mappings do not move the points contained in the horizontal strip bounded by ℓt and ℓb.

4, D5, and D7: These properties are satisfied since Γ ′φ satisfies properties D4’ and D7’, since the
shear mappings transform vertical segments outside the horizontal strip delimited by ℓt and ℓb
into segments with slope 60◦, and since the shear mappings do not alter the distance between
any two points on the same horizontal line.

We complete the proof by observing that all the transformations described above can be
omputed in polynomial time. □

.2. Overview of the reduction

For the sake of clarity, before describing in detail the reduction from Γ ∗φ to Hφ , we provide
ext a high-level description of the gadgets we employ to obtain Hφ . In Section 4.3 we present
omplete constructions, as well as lemmas to guarantee that the gadgets behave as required for the
orrectness of the reduction.
12
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We define three main types of gadgets. A variable vi ∈ φ is modeled by means of a gadget we
all variable gadget , a clause cj ∈ φ by means of a gadget we call a clause gadget , and an edge
vi, cj) ∈ Gφ by means of a gadget we call a k-transmission gadget . We also define two auxiliary
adgets we call ladder gadgets and flag gadgets. Ladder gadgets are used to provide structural rigidity
o the reduction, and flag gadgets are used as an auxiliary tool in the construction of clause gadgets.
o construct the gadgets we use the lengths w1 := 1, w2 := 0.9, w3 := 0.2, and w4 := 1.61.
n the figures, we represent edges of length w1, w2, w3, and w4 by means of black, red, blue, and
reen segments, respectively. The lengths w1 and w2 play a special role in the reduction, which is
escribed below; conversely, the lengths w3 and w4 are only used in clause gadgets. We use w1 and
2 to define two main types of triangles: Equilateral triangles with sides of length w1, which we call

rame triangles, and flat isosceles triangles with base of length w1 and two shorter sides of length
2, which we call transmission triangles. We refer to the subgraph of a gadget formed by its frame
riangles as the frame of the gadget. With the exception of clause gadgets, the frame of every gadget
s a maximal outerplanar graph. Then the frame of every gadget other than the clause gadget has
unique planar straight-line realization (up to rigid transformations), given that no frame triangle
an lie inside a distinct frame triangle, as these triangles are equilateral and have the same side
ength. The frame of a clause gadget consists of three maximal outerplanar graphs, each of which
as a unique planar straight-line realization (up to rigid transformations). The variable, clause, and
-transmission gadgets are constructed in such a way that every frame triangle shares two of its
ides each with a different transmission triangle. Since w1

w2
=

1
0.9 <

√
3, by Lemma 1 we have

hat, in any planar straight-line realization of Hφ , two transmission triangles that share a side with
frame triangle cannot both be drawn inside such a frame triangle. This property is exploited in
rder to propagate along the frame of the gadgets the truth values of each literal; this value is
nitially determined by the embedding of a transmission triangle inside one or the other of its two
ncident frame triangles of a variable gadget. A final common property of all our gadgets is a set
f special edges we call attachment edges, which are edges of frame triangles that are also edges
f transmission triangles. In the figures, attachment edges are represented as thick black segments.
e use attachment edges to combine gadgets together so that the encoded truth values can be
ropagated along the resulting 2-tree. We exploit properties D1–D7 of Γ ∗φ to guarantee that, after
ombining all the gadgets, Hφ has a planar straight-line realization if and only if φ is satisfiable.
An example of a planar straight-line realization of Hφ is shown in Fig. 6. This example illustrates

high-level sketch of the reduction from Γ ∗φ to Hφ . The grid formed by lines with slope 0◦, 60◦, and
20◦ is shown in light gray. For the sake of clarity, we only show the frames of the gadgets forming
φ . To illustrate the correspondence with the boxes of Fig. 5(b) that represent the variables and
lauses of φ, we also show the bounding boxes of the variable gadgets (in dashed red) and the
rapezoids enclosing the clause gadgets (in dashed blue). We next provide a high-level description
f each gadget.

he variable gadget. Remember that δφ denotes the maximum degree of Gφ . The variable gadget
rovides 2δφ attachment edges. Further, its frame is a maximal outerplanar graph, hence it has a

unique planar straight-line realization, up to rigid transformations. Let Γ be a planar straight-line
ealization of the variable gadget, Γf ⊂ Γ be the realization of the frame of the gadget in Γ , and
f be the bounding box of Γf . In Fig. 6, the realization Γf is shaded gray and Bf is shown with

red dashed lines. Up to a rotation of Γ , we have that δφ attachment edges lie along the top side
of Bf , say st , while the remaining δφ attachment edges lie along the bottom side of Bf , say sb. The
rucial property of the variable gadget is that, in Γ , either all the transmission triangles incident
o attachment edges along st are drawn outside Γf , or all the transmission triangles incident to
ttachment edges along sb are drawn outside Γf . We exploit this property to encode the truth
ssignment of the variable modeled by the gadget. In particular, the purpose of the attachment
dges on st is to propagate the truth value to incident positive clauses, while the purpose of the

attachment edges on sb is to propagate the negated truth value to incident negative clauses.

The ladder gadget. By Property D3, the bottom sides of the boxes representing variables lie on the
same horizontal grid line in Γ ∗φ . Consider the order of appearance of the boxes while traversing
such line from left to right. The ladder gadget consists of a sequence of frame triangles that form
13
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Fig. 6. Overview of the reduction showing only the frame triangles of the involved gadgets. The frame of each variable
gadget is shaded light gray and is enclosed by a dashed red rectangle. The frame of each ladder gadget is shaded blue.
The frame of each transmission gadget that is not part of a clause gadget is shaded yellow. The frame of each connected
component of the clause gadget is shaded light green. Each clause gadget is enclosed by a dashed blue trapezoid. The
pink region inside a clause gadget is the region where the planarity of the realization can be guaranteed if and only
if at least one of the literals of the corresponding clause is satisfied. The subgraph of Hφ that is embedded inside each
ink region is not connected, indeed it is composed of three connected components, representing the three literals in
he clause. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
f this article.)

maximal outerpath and that connect the frames of two consecutive variable gadgets; see the
riangles shaded blue in Fig. 6. The purpose of the ladder gadgets is to make the entire graph Hφ

iconnected and to make the union of the frames of all the gadgets a maximal outerplanar graph,
hich has a unique planar straight-line realization, up to rigid transformations. This realization can
hen be navigated by the truth values of the variables.

he k-transmission gadget. Let vi and cj be a variable and a clause of φ, respectively, such that
vi, cj) is an edge of Gφ . Let Vi denote the variable gadget modeling vi and Cj denote the clause
adget modeling cj. The purpose of the transmission gadget is to ‘‘transmit’’ to Cj the truth value
f vi corresponding to the realization of Vi. The frame of the k-transmission gadget is a sequence

of k frame triangles that form a maximal outerpath; see the triangles shaded yellow in Fig. 6. The
parameter k coincides with twice the length of the segment representing the edge (vi, cj) in Γ ∗φ .
The k-transmission gadget provides two attachment edges, each incident to one of the faces of
the frame that correspond to the end-vertices of its dual path. To connect Vi to Cj, one of these
ttachment edges is identified with an attachment edge of Vi and the second one is identified with

an attachment edge of Cj.

The clause gadget. Unlike the aforementioned gadgets, the clause gadget consists of three distinct
connected components. Two of these components are formed by frame and transmission triangles.
The third component is not only formed by frame and transmission triangles, but also by a special
14
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subgraph we call a flag gadget . The name of this gadget is due to the resemblance of (some of) its
realizations with a flag in the wind. The frame of each component forms a maximal outerpath; see
the triangles shaded light green in Fig. 6. The clause gadget contains six attachment edges. Three
of them, that we call input attachment edges, are used to combine the clause gadget with the three
-transmission gadgets modeling the edges of Gφ incident to the clause. The remaining three, that
e call output attachment edges, are used to model the logic of the clause; in particular, one of them
onnects the frame of a component to the flag gadget.
Consider a positive clause cj that contains the literal vi. The clause cj is modeled in Hφ by a clause

gadget Cj and is represented in Γ ∗φ by a trapezoid tj. The edge (vi, cj) of Gφ is modeled in Hφ by a
k-transmission gadget Ti,j and is represented in Γ ∗φ by a line segment si,j. The gadgets Cj and Ti,j
are combined together by means of an attachment edge e of Ti,j that is identified with an input
attachment edge of Cj. The combination of Cj with Ti,j exploits the following geometric property.
Consider the unique planar straight-line realization of the subgraph of Hφ that is the union of all
the ladder gadgets and of the frames of all the variable and transmission gadgets. By Property D5
of Γ ∗φ and the fact that k coincides with twice the length of si,j, we have that, in such a realization,
the attachment edge e is represented by a line segment lying along the bottom side of tj. If cj is
instead negative, then e lies along the top side of tj.

By the geometric property described above, the input attachment edges of the components of Cj
are represented by line segments that lie either all on the bottom or all on the top side of tj. The
frames of the components of Cj can thus be defined so that, in any planar straight-line realization
of Cj, we have that (i) all the frames are entirely contained in tj and (ii) the output attachment
edges are represented by line segments that are ‘‘close’’ to each other. In Fig. 6, we emphasize this
closeness by depicting a pink-shaded hexagon whose vertices coincide with some of the endpoints
of these line segments.

Consider the transmission triangles incident to the output attachment edges of the components
of Cj. The clause gadget admits a planar straight-line realization if and only if at least one of these
transmission triangles is drawn inside its incident frame triangle. Let C be a component of Cj.
Assume again that the input attachment edge of C is shared with a k-transmission gadget Ti,j that
connects Cj to the variable gadget representing a variable vi. Our gadgets guarantee that, in any
planar straight-line realization of Hφ , the transmission triangle incident to the output attachment
edge of C can be drawn inside its adjacent frame triangle only if the gadget modeling vi represents
the value True (resp. False) and cj is positive (resp. negative). Thus, if all three variables appearing
in cj represent the value False (resp. True) and cj is positive (resp. negative), then Hφ admits no
planar straight-line realization. Conversely, if at least one of the variables appearing in cj represents
the value True (resp. False) and ci is positive (resp. negative), then the transmission triangle of
the corresponding component of Cj can be drawn inside its incident frame triangle so that Cj admits
planar straight-line realization.

.3. Description of the gadgets

We now present complete constructions for the following gadgets: The transmission gadget , the
split gadget , the variable gadget , the flag gadget , and the clause gadget . We will later show how to
precisely combine these gadgets to obtain Hφ .

In the following, whenever we combine two gadgets G1 and G2, we perform a 2-clique-sum of
G1 and G2 as follows. First, we identify one attachment edge of G1 with one attachment edge of G2
to obtain a single edge e that belongs to both G1 and G2. Second, we remove the degree-2 vertex
of any of the two transmission triangles sharing the edge e, together with the two edges incident
to such vertex. This operation always results in a 2-tree, as stated in the next observation, which
follows from the fact that the operation described in the statement is a 2-clique-sum and from the
fact that any 2-tree is defined as a sequence of 2-clique-sums of 3-cycles.

Observation 9. Let G1 and G2 be two 2-trees, and let e1 be an edge of G1 and e2 be an edge of G2.
The graph G obtained from G and G by identifying e and e is a 2-tree.
1 2 1 2
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Fig. 7. Illustration of two k-transmission gadgets (in (a) and in (b)), differing from one another for the choice of the
attachment edge belonging to △t . For each of the two k-transmission gadgets, both a planar straight-line realization in
hich △IN is drawn inside △s and a planar straight-line realization in which △OUT is draw inside △t are shown. In these

llustrations, we have k = 4.

he k-transmission gadget. For any positive even integer k, a k-transmission gadget consists of a
equence △s = △1, . . . ,△k = △t of k frame triangles, in which each triangle shares exactly one
edge with its successor; refer to Fig. 7. For each pair of consecutive frame triangles, we insert a
transmission triangle (solid red triangles in Fig. 7) whose base edge we identify with the common
edge between the frame triangles. When the value k is not relevant, we refer to a k-transmission
gadget simply as a ‘‘transmission gadget’’. A k-transmission gadget provides two attachment edges.
The first attachment edge, which we denote eIN, can be selected as any of the two edges of △s that
is not shared with its successor frame triangle. Similarly, the second attachment edge, which we
denote eOUT, can be selected as any of the two edges of △t that is not shared with its predecessor
frame triangle. This yields four possible k-transmission gadgets. We complete the construction of a
transmission gadget by inserting a transmission triangle △IN whose base we identify with eIN, and
a transmission triangle △OUT whose base we identify with eOUT; see the dashed triangles in Fig. 7.

Note that a transmission gadget is a 2-tree and its frame is a maximal outerpath. In any planar
straight-line realization of a transmission gadget, its attachment edges are either parallel or not. In
the first case, we say that the transmission gadget is straight , whereas in the second case we say that
it is turning; the transmission gadgets in Figs. 7(a) and 7(b) are straight and turning, respectively.
We have the following lemma.

Lemma 4. In any planar straight-line realization of a transmission gadget, if △IN is drawn inside △s,
then △OUT is drawn outside △t . Further, if △OUT is drawn inside △t , then △IN is drawn outside △s.

Proof. Consider the sequence △1, . . . ,△k of frame triangles of a transmission gadget, where △s =

△1 and △t = △k. For i = 1, . . . , k − 1, the triangles △i and △i+1 share a single edge, which is the
base of a transmission triangle we denote with △T

i . We only prove the first part of the statement,
since the second part is symmetric. Consider any planar straight-line realization of a transmission
gadget in which △IN is drawn inside △s.

Since w1
w2
=

1
0.9 <

√
3, by Lemma 1 we have that△IN and△T

1 are not both drawn inside△1 = △s;
therefore △T

1 is drawn inside △2. Similarly, since △T
i is drawn inside △i+1, then △T

i+1 is drawn inside
△i+2 for i = 1, . . . , k− 2. Finally, since △T

k−1 is drawn inside △k = △t , we have that △OUT is drawn
outside △t . □

The split gadget. Let T 1 and T 2 be two straight 4-transmission gadgets. The split gadget can be
obtained from T 1 and T 2 as follows. For i = 1, 2, let us denote the triangles △IN, △OUT, △s, and △t
of T i as △i

IN, △
i
OUT, △

i
s, and △

i
t , respectively, and the attachment edges eIN and eOUT of T i as eiIN and

ei , respectively; see Fig. 8(a). For i = 1, 2, let △′ be the transmission triangle of T i that is incident
OUT i
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Fig. 8. Split gadget construction. (a) The 4-transmission gadgets T 1 and T 2 . (b) The gadgets T 1 and T 2 after replacing
′

1 and △′2 with scalene triangles. (c) The split gadget with △IN drawn inside △s . (d) The split gadget with △i
OUT drawn

nside △i
t , for i = 1, 2.

o the frame triangle △i
s and different from △i

IN. First, we replace △′i with a scalene triangle, which
e still refer to as△′i , whose longest side is shared with△i

s and whose two shorter sides have length
2 and w3; refer to Fig. 8(b). After this replacement, we still denote the ‘‘modified’’ transmission
adgets as T 1 and T 2. Finally, we identify the frame triangles △1

s and △2
s to obtain a single frame

riangle we denote with △s, and we identify the transmission triangles △1
IN and △2

IN to obtain a
ingle transmission triangle we denote with △IN; refer to Figs. 8(c) and 8(d). By Observation 9 and
he fact that the transmission gadgets are 2-trees, we have that the split gadget is a 2-tree and its
rame is a maximal outerpath.

The split gadget provides three attachment edges. Namely, the attachment edge eIN incident
o △IN (obtained by identifying e1IN and e2IN), the attachment edge e1OUT incident to △1

OUT, and the
ttachment edge e2OUT incident to △2

OUT. We have the following property.

roperty 2. The scalene triangles △′1 and △′2 satisfy the following properties.

(a) The triangles △′1 and △′2 can be drawn together inside △s without intersecting each other.
(b) Neither △′1 nor △′2 can be drawn together with △IN inside △s without intersecting each other.

roof. Statement (a) follows from the fact that the angles of △′1 and △′2 incident to the vertex
hey share sum up to less than 60◦. Indeed, by the law of the cosines, such angles are equal to

rccos
(

w2
1+w2

2−w2
3

2w1w2

)
< arccos(0.983) < 11◦.

Statement (b) follows from the fact that, for i = 1, 2, the angles of △′i and △IN incident to
the vertex they share sum up to more than 60◦. Indeed, by the law of the cosines, such angles
17
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Fig. 9. Schema of the variable gadget when the maximum degree δφ of Gφ is 4.

are equal to arccos
(

w2
1+w2

3−w2
2

2w1w3

)
> arccos(0.57) > 54◦ and arccos

(
w1
2w2

)
> arccos(0.56) > 55◦,

espectively. □

Using Property 2, the proof of Lemma 4 can be easily adapted to obtain the following.

emma 5. In any planar straight-line realization of the split gadget, if △IN is drawn inside △s, then
1
OUT is drawn outside △1

t and △2
OUT is drawn outside △2

t . Further, if △
1
OUT is drawn inside △1

t or △2
OUT

is drawn inside △2
t , then △IN is drawn outside △s.

The variable gadget. Remember that δφ denotes the maximum degree of Gφ . Let S1, S2, . . . , S2δφ−2
be 2δφ − 2 split gadgets, and T2, T3, . . . , T2δφ−3 be 2δφ − 4 straight transmission gadgets such that,
for i = 2, . . . , δφ − 1, the gadgets Ti and T2δφ−i−1 are 4(i − 1)-transmission gadgets. The variable
gadget can be obtained by combining these gadgets as follows; refer to Fig. 9.

– For i = 1, . . . , δφ−2, we combine Si and Si+1 by identifying the attachment edge eIN of Si with
the attachment edge e1OUT of Si+1;

– we combine Sδφ−1 and Sδφ by identifying the attachment edge eIN of Sδφ−1 with the attachment
edge eIN of Sδφ ;

– for i = δφ, . . . , 2δφ − 3, we combine Si and Si+1 by identifying the attachment edge e1OUT of Si
with the attachment edge eIN of Si+1; and

– for i = 2, . . . , 2δφ−3, we combine Si and Ti by identifying the attachment edge e2OUT of Si with
the attachment edge eIN of Ti.

By Observation 9 and the fact that transmission and split gadgets are 2-trees, we have that the
variable gadget is a 2-tree and its frame is a maximal outerplanar graph.

The variable gadget provides 2δφ attachment edges; refer to Fig. 10. Namely:

– the attachment edges e1 and e2 of S ,
OUT OUT 1

18
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Fig. 10. The variable gadget when the maximum degree δφ of Gφ is 4. In the logic of the reduction, the realization on
the left corresponds to an assignment of True to the variable represented by the variable gadget, while the realization
on the right corresponds to an assignment of False to the variable represented by the variable gadget.

– for i = 2, . . . , 2δφ − 3, the attachment edge eOUT of Ti, which we denote as ei+1OUT, and
– the attachment edges e1OUT and e2OUT of S2δφ−2, which we denote as e

2δφ−1
OUT and e

2δφ
OUT, respectively.

For i = 1, . . . , 2δφ , we also denote by △i
OUT and by △i

t the transmission triangle and the frame
triangle incident to eiOUT, respectively. Finally, let △IN be the transmission triangle that is incident
to the attachment edge shared by the split gadgets Sδφ−1 and Sδφ . We call △IN the truth-assignment
triangle. Intuitively, the truth value associated with a planar straight-line realization of the variable
gadget, will depend on whether △IN lies inside the frame triangle △s of Sδφ−1 or inside the frame
riangle △s of Sδφ in such a realization. We show the following simple and yet useful geometric
property of the variable gadget.

Property 3. In any planar straight-line realization of the variable gadget, up to a rotation, the frame lies
in an axis-aligned box B of width w1(2δφ −1) and height 2

√
3w1(δφ −1). Furthermore, the attachment

edges e1OUT, . . . , e
δφ
OUT lie along the top side of B at distance w1 from each other, and the attachment edges

δφ+1
OUT , . . . , e

2δφ
OUT lie along the bottom side of B at distance w1 from each other.

We have the following lemma. Refer to Fig. 10.

emma 6. In any planar straight-line realization of the variable gadget, if the truth-assignment triangle
is drawn inside the frame triangle △ of S (resp. of S ), then, for i = 1, . . . , δ (resp. for
IN s δφ−1 δφ φ
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i = δφ+1, . . . , 2δφ), the transmission triangle△i

OUT is drawn outside the frame triangle△i
t . Furthermore,

f there is some i ∈ {1, . . . , δφ} (resp. some i ∈ {δφ + 1, . . . , 2δφ}) for which the transmission triangle
△

i
OUT is drawn inside the frame triangle △i

t , then △IN is drawn inside the frame triangle △s of Sδφ (resp.
of Sδφ−1).

Proof. We start with the first part of the statement. Let Γ be a planar straight-line realization of
the variable gadget. Suppose the truth-assignment triangle △IN is drawn inside the frame triangle
△s of Sδφ−1 in Γ . We show that, for i = 1, . . . , δφ , the transmission triangle △i

OUT is drawn outside
the frame triangle △i

t in Γ . By a symmetric argument we can proof that, if △IN is drawn inside the
frame triangle △s of Sδφ in Γ , then, for i = δφ, . . . , 2δφ , the transmission triangle △i

OUT is drawn
outside the frame triangle △i

t in Γ . We have the following claims.

Claim 1. Consider any two split gadgets Si and Si−1, for i = δφ − 1, . . . , 2. If the transmission triangle
△

1
OUT of Si is drawn outside the frame triangle △1

t of Si, then the transmission triangle △1
OUT of Si−1 is

drawn outside the frame triangle △1
t of Si−1.

Proof. Observe that, if the transmission triangle △1
OUT of Si is drawn outside the frame triangle △1

t
of Si, then it lies inside the frame triangle △s of Si−1. Since the transmission triangle △1

OUT is in fact
a copy of the transmission triangle △IN of Si−1 (which has been removed when combining Si and
Si−1), by Lemma 5 we have that the transmission triangle △1

OUT of Si−1 is drawn outside the frame
triangle △1

t of Si−1. □

Claim 2. Consider any split gadget Si and any transmission gadget Ti, for i = δφ − 1, . . . , 2. If the
transmission triangle △2

OUT of Si is drawn outside the frame triangle △2
t of Si, then the transmission

triangle △OUT of Ti is drawn outside the frame triangle △t of Ti.

Proof. Observe that, if the transmission triangle △2
OUT of Si is drawn outside the frame triangle △2

t
of Si, then it lies inside the frame triangle △s of Ti. Since △2

OUT is in fact a copy of the transmission
triangle △IN of Ti (which has been removed when combining Si and Ti), by Lemma 4 we have that
the transmission triangle △OUT of Ti is drawn outside the frame triangle △t of Ti. □

Since the truth-assignment triangle △IN lies inside the frame triangle △s of Sδφ−1, then by
Lemma 5, the transmission triangles △1

OUT and △2
OUT of Sδφ−1 are drawn outside the frame triangles

△
1
t and △2

t of Sδφ−1, respectively. Hence, in the variable gadget, the transmission triangle △i
OUT is

drawn outside the frame triangle △i
t ; this follows from Claim 1 for i = 1, 2, and from Claim 2 for

i = 3, . . . , δφ .
We now prove the second part of the statement. Let Γ be a planar straight-line realization of

the variable gadget. Suppose that, for some j ∈ {1, . . . , δφ}, there is a transmission triangle △j
OUT of

the variable gadget drawn inside the frame triangle △j
t of the variable gadget. We show that the

truth-assignment triangle △IN is drawn inside the frame triangle △s of Sδφ in Γ . By a symmetric
argument we can proof that, if there is some j ∈ {δφ+1, . . . , 2δφ} for which a transmission triangle
△

j
OUT of the variable gadget is drawn inside the frame triangle △j

t of the variable gadget, then the
truth-assignment triangle △IN is drawn inside the frame triangle △s of Sδφ−1 in Γ . We have the
following two claims, whose proofs are symmetric to the proofs of Claims 1 and 2.

Claim 3. Consider any two split gadgets Si and Si−1, for i = δφ − 1, . . . , 2. If the transmission triangle
△

1
OUT of Si−1 is drawn inside the frame triangle △1

t of Si−1, then the transmission triangle △1
OUT of Si is

drawn inside the frame triangle △1
t of Si.

Claim 4. Consider any split gadget Si and any transmission gadget Ti, for i = δφ − 1, . . . , 2. If the
transmission triangle△OUT of Ti is drawn inside the frame triangle△t of Ti, then the transmission triangle
△

2 of S is drawn inside the frame triangle △2 of S .
OUT i t i
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Fig. 11. The triangles (a, b, c), (d, b, c), (g, d, c), and (g, h, c) of the flag gadget.

If 1 ≤ j ≤ 2, then the transmission triangle △j
OUT of the variable gadget is actually a transmission

riangle of the split gadget S1. Hence, by Claim 3, we have that the transmission triangle △1
OUT of

δφ−1 is drawn inside the frame triangle △1
t of Sδφ−1. If instead 3 ≤ j ≤ δφ , then the transmission

riangle △j
OUT of the variable gadget is actually a transmission triangle of a transmission gadget.

Hence, by Claim 4, we have that the transmission triangle △2
OUT of Sj is drawn inside the frame

riangle△2
t of Sj. This fact and again Claim 3 imply that either the transmission triangle△1

OUT of Sδφ−1

is drawn inside the frame triangle △1
t of Sδφ−1 (which happens when j < δφ), or the transmission

triangle △2
OUT of Sδφ−1 is drawn inside the frame triangle △2

t of Sδφ−1 (which happens when j = δφ).
In all cases, by Lemma 5, the truth-assignment triangle △IN is drawn inside the frame triangle △s
of Sδφ in Γ . □

The flag gadget. The flag gadget consists of the following triangles (see Figs. 11 and 12):

(i) a transmission triangle (a, b, c) with base (b, c),
(ii) a tall isosceles triangle (d, b, c) with base (b, c) of length w1 and two longer sides of length w4,
(iii) a flat isosceles triangle (f , d, c) with base (d, c) of length w4 and two shorter sides of length

w2,
(iv) an equilateral triangle (g, d, c) with sides of length w4,
(v) a flat isosceles triangle (h, g, c) with base (g, c) of length w4 and two shorter sides of length

w1,
(vi) four tall isosceles triangles (h, i, g), (i, l, g), (h,m, c), and (m, n, c) with bases (h, i), (i, l), (h,m),

and (m, n), respectively, of length w3 and two longer sides of length w1.

By Observation 9 and the fact that any two of the listed triangles share at most one edge, we have
that the flag gadget is a 2-tree. The flag gadget provides a single attachment edge, which coincides
with the base (b, c) of the transmission triangle (a, b, c).

We will exploit the following geometric properties of the flag gadget.

Property 4. The flag gadget admits, among others, planar straight-line realizations in which:

(a) The triangle (a, b, c) lies inside the triangle (d, b, c), and the triangles (h,m, c) and (m, n, c) lie
inside the triangle (h, g, c); see Fig. 12(a).

(b) The triangle (a, b, c) lies inside the triangle (d, b, c), and the triangles (h, i, g) and (i, l, g) lie inside
the triangle (h, g, c); see Fig. 12(b).

(c) The triangle (a, b, c) lies outside the triangle (d, b, c) and the triangles (h,m, c), (m, n, c),
(h,m, c), and (m, n, c) lie inside the triangle (h, g, c); see Fig. 12(c).
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Fig. 12. The flag gadget and three planar straight-line realizations of it. In (a) and (b) the transmission triangle (a, b, c)
ies inside the triangle (d, b, c), while in (c) it lies outside (d, b, c). In (a) the isosceles triangles (h,m, c) and (m, n, c) lie
nside (h, g, c), in (b) the isosceles triangles (h, i, g) and (i, l, g) lie inside (h, g, c), and in (c) all four the isosceles triangles
h,m, c), (m, n, c), (h,m, c), and (m, n, c) lie inside (h, g, c).

roperty 5. The values of some relevant angles of the triangles forming the flag gadget are the following:

– b̂cd := arccos w1
2w4
= arccos 1

3.22 ≃ 71.91◦

– b̂ca := arccos w1
2w2
= arccos 1

1.8 ≃ 56.25◦

– f̂cd := arccos w4
2w2
= arccos 1.61

1.8 ≃ 26.56◦

– ĥcg := arccos w4
2w1
= arccos 1.61

2 ≃ 36.39◦

– ĉhg := 180◦ − 2 · ĥcg ≃ 107.22◦
– ĉhm := arccos w3

2w1
= arccos 0.2

2 ≃ 84.26◦

– Let λ be the smallest internal angle of the tall isosceles triangles with two sides of length w1 and
one side of length w3. We have λ = 180◦ − 2 · ĉhm ≃ 180◦ − 2 · 84.26◦ = 11.48◦.

We show the following.

emma 7. In any planar straight-line realization of the flag gadget, the following statements hold true:

(a) If the transmission triangle (a, b, c) is drawn inside the triangle (d, b, c), then the triangle (h, g, c)
is drawn outside the triangle (g, d, c).

(b) Not both the vertices l and n lie inside the triangle (h, g, c).

roof. Consider a planar straight-line realization of the flag gadget. By Observations 1 and 2, in
uch a realization the triangles (d, b, c) and (g, d, c) are not drawn inside one another. Hence, the
riangle (f , d, c) lies inside (d, b, c) if and only if it lies outside (g, d, c).

To prove statement (a), suppose the triangle (a, b, c) is drawn inside the triangle (d, b, c). By our
discussion above and the fact that f̂cd + b̂ca > b̂cd, then the triangle (f , d, c) lies inside (g, d, c).
By this fact and the fact that f̂cd + ĥcg > d̂cg = 60◦, we have that the triangle (h, g, c) is drawn
outside (g, d, c). This ends the proof of statement (a).

To prove statement (b) it suffices to show that m and i cannot both lie inside the triangle (h, g, c).
This follows from the fact that ĉhm = ĝhi and 2 · ĉhm > ĉhg . □

The clause gadget. We now describe the construction of the clause gadget. Such a construction is
parametric with respect to the distances between the attachment edges of the transmission gadgets
coming from the variable gadgets whose literals appear in the clause. By Property D7 and since the
attachment edges of the transmission gadgets have length one, the horizontal distance between
the two leftmost attachment edges is α

2 + 2, for some non-negative even integer value α, and the
orizontal distance between the two rightmost attachment edges is β

2 + 3, for some non-negative
ven integer value β . Based on the values α and β , we define the clause gadget, which we refer to
22
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Fig. 13. The (α, β)-clause gadget with α = 4 and β = 2.

s the (α, β)-clause gadget . The gadget provides three attachment edges e1IN, e
2
IN, and e3IN incident to

he transmission triangles △1
IN, △

2
IN, and △

3
IN, respectively. The attachment edges e1IN, e

2
IN, and e3IN are

dentified with the attachment edges of the transmission gadgets coming from the variable gadgets
hose literals appear in the clause. Also, recall that the transmission triangles △1

IN, △
2
IN, and △

3
IN

are identified with the ones of the transmission gadgets coming from the variable gadgets whose
literals appear in the clause. In any planar straight-line realization of Hφ , the edges e1IN, e

2
IN, e

3
IN lie

in this left-to-right order along the same horizontal line.
We now describe the (α, β)-clause gadget for a positive clause (the negative clause has a

symmetric construction); refer to Fig. 13. We exploit the placement of e1IN, e
2
IN, e

3
IN (which is fixed,

since such edges belong to the union of the frames of the variable, ladder, and transmission gadgets;
see Section 4.2) as a reference for arranging the gadget components. The (α, β)-clause gadget
consists of three subgraphs C1, C2, and C3 defined as follows.

– The subgraph C1 is obtained by combining into a single connected component a turning 4-
transmission gadget T ′1, a straight α-transmission gadget T ′′1 , a turning 2-transmission gadget
T ′′′1 , and a flag gadget F , as shown in Fig. 13. The attachment edge eIN of T ′1 is the attachment
edge e1IN of the clause gadget.

– The subgraph C2 is a straight 2-transmission gadget, whose attachment edge eIN is the
attachment edge e2IN of the clause gadget.

– The subgraph C3 is obtained by combining into a single connected component a turning 6-
transmission gadget T ′3, a straight β-transmission gadget T ′′3 , and a straight 2-transmission
gadget T ′′′3 , as depicted in Fig. 13. The attachment edge eIN of T ′3 is the attachment edge e3IN
of the clause gadget.

By Observation 9 and the fact that transmission and flag gadgets are 2-trees, we have that each
of C1, C2, and C3 is a 2-tree. We say that a straight-line realization of the (α, β)-clause gadget is
feasible, if it satisfies the following properties:

(A) the attachment edges e1IN, e
2
IN, and e3IN lie in this left-to-right order on a horizontal line ℓ, with

horizontal distance α
2 +2 between e1IN and e2IN, and horizontal distance β

2 +3 between e2IN and
e3IN; and

(B) the frame triangles of the clause gadget all lie above ℓ.

Consider any feasible planar straight-line realization of the (α, β)-clause gadget. In such realization,
consider the trapezoid T whose base is the shortest horizontal segment containing e1IN, e

2
IN, and e3IN,

whose lateral sides have slope 60◦, and whose height is 2
√
3. Observe that the base of T has length

+ (α + β)/2. A key ingredient for the logic of the reduction is the following lemma.

Lemma 8. The (α, β)-clause gadget admits a feasible planar straight-line realization if and only if at
least one of the transmission triangles △1 , △2 , and △3 lies outside T .
IN IN IN
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Proof. Consider any feasible planar straight-line realization of the (α, β)-clause gadget. Note that,
for i = 1, 2, 3, if the transmission triangle △i

IN lies inside T , then it lies inside the frame triangle
s of the transmission gadget composing Ci that contains the edge eiIN. By this observation and
emma 4, we obtain the following properties:

roperty 6. Consider the transmission triangle (a, b, c) and the tall isosceles triangle (d, b, c) of the
lag gadget F . If the transmission triangle △1

IN lies inside T , then the triangle (a, b, c) is drawn inside
he triangle (d, b, c). Conversely, if the triangle (a, b, c) is drawn outside the triangle (d, b, c), then the
ransmission triangle △1

IN lies outside T .

roperty 7. Consider the transmission triangle △OUT and the frame triangle △t of C2. If the transmission
riangle △2

IN lies inside T , then △OUT lies outside △t . Conversely, if △OUT lies inside △t , then the
transmission triangle △2

IN lies outside T .

Property 8. Consider the transmission triangle△OUT and the frame triangle△t of T ′′′3 . If the transmission
triangle △3

IN lies inside T , then △OUT is drawn outside △t . Conversely, if △OUT is drawn inside △t , then
the transmission triangle △3

IN lies outside T .

Suppose first that at least one of △1
IN, △

2
IN, and △

3
IN lie outside T . We prove that the (α, β)-clause

gadget admits a feasible planar straight-line realization. We have the following cases:

– The transmission triangle △1
IN lies outside T .

In this case the transmission triangles of T ′1, T
′′

1 , and T ′′′1 can be drawn in such a way that, in the
flag gadget F , the transmission triangle (a, b, c) lies outside the triangle (b, c, d). This allows
the flag gadget to adopt the realization (c) of Property 4 (see also Fig. 12(c)). Observe that,
regardless of whether △2

IN and △3
IN lie inside T , the transmission triangles of C2, T ′3, T

′′

3 , and
T ′′′3 can be drawn without crossings.

– The transmission triangle △2
IN lies outside T .

In this case the transmission triangles of C2 can be drawn in such a way that the transmission
triangle △OUT of C2 lies inside the frame triangle △t of C2. This allows the flag gadget to adopt
the realization (b) of Property 4 (see also Fig. 12(b)). Observe that, regardless of whether △1

IN
and △3

IN lie inside T , the transmission triangles of T ′1, T
′′

1 , T
′′′

1 , T ′3, T
′′

3 , and T ′′′3 can be drawn
without crossings.

– The transmission △3
IN lies outside T .

In this case the transmission triangles of T ′3, T
′′

3 , and T ′′′3 in such a way that the transmission
triangle △OUT of T ′′′3 lies inside the frame △t of T ′′′3 . This allows the flag gadget to adopt the
realization (a) of Property 4 (see also Fig. 12(a)). Observe that, regardless of whether △1

IN
and △2

IN lie inside T , the transmission triangles of T ′1, T
′′

1 , T
′′′

1 , and C2 can be drawn without
crossings.

Suppose now that all △1
IN, △

2
IN, and △

3
IN lie inside T . We prove that the (α, β)-clause gadget does

not admit a feasible planar straight-line realization. We analyze the possible planar straight-line
realizations of the flag gadget F . By Property 6 and statement (a) of Lemma 7, the triangle (h, g, c)
is drawn outside the triangle (g, d, c). On the other hand, by statement (b) of Lemma 7, we have
that either (i) the vertex n lies outside the triangle (h, g, c) (refer to Fig. 14(a)), (ii) the vertex l lies
outside the triangle (h, g, c) (refer to Fig. 14(b)), or (iii) both vertices n and l lie outside the triangle
(h, g, c). We show next that in all cases, there is an intersection between the edges two triangles
of the (α, β)-clause gadget.

Consider first the case in which the vertex n lies outside the triangle (h, g, c); refer to Fig. 14(a).
The points o, p, q are the vertices of the transmission triangle △OUT of C2. We prove that ĉon+ q̂op >

120◦ and that the length of the segment on is smaller than w2. These two statements imply that the
egment cn intersects the segment oq. To prove both statements we consider an auxiliary isosceles
triangle with vertices n, c , o (note that only the side cn of the triangle (n, c, o) corresponds to an
edge of H ). We have that:
φ
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1

g

a

Fig. 14. Illustration for the proof of Lemma 8 when △1
IN , △

2
IN , and △

3
IN lie all in the interior of T .

– The internal angle at c is n̂co ≃ 48.74◦. Namely, n̂co := 240◦ − b̂cd − d̂cg − ĝch − 2λ. By
Property 5, we obtain n̂co ≃ 240◦ − 71.91◦ − 60◦ − 36.39◦ − 2 · 11.48◦ = 48.74◦.

– The internal angle at o is ĉon ≃ (180◦ − n̂co)/2 = 65.63◦.
– The segments co and cn have length w1.
– The segment on has length 2w1 sin( n̂co2 ) ≃ 0.83.

Since the triangle (q, o, p) is a transmission triangle, we have that q̂op = arccos( w1
2w2

) =
arccos( 1

1.8 ) = 56.25◦, and the segment oq has length w2. Hence, ĉon + q̂op ≃ 65.63◦ + 56.25◦ =
21.88◦ > 120◦, and |oq| = w2 = 0.9 > |on| ≃ 0.83. This implies that cn intersects oq, as claimed.
Consider now the case in which the vertex l lies outside the triangle (h, g, c); refer to Fig. 14(b).

The points r, t, s denote the vertices of the transmission triangle △OUT of T ′′′3 . Let u be the point
at distance w1 = 1 from r such that the ray from r through u has slope 120◦. We show that
r̂u+ l̂rg+ t̂rs > 180◦ and that the length of the segment rl is smaller than w2. These two statements

imply that the segment gl intersects the segment rs. To prove both statements we consider two
uxiliary isosceles triangles. The first triangle has vertices c , g , and r . We have that:

– The segment cg has length w4.
– The segment cr has length |cr| = 2

√
3
2 =
√
3.

– The internal angle at c is ĝcr ≃ 18.09◦. Namely, b̂cr = 150◦. Further, b̂cg = b̂cd+ d̂cg and, by
Property 5, we have b̂cg ≃ 71.91◦ + 60◦ = 131.91◦, hence ĝcr = b̂cr − b̂cg ≃ 18.09◦.

– The segment gr has length |gr| ≃ 0.54. Namely, by the law of cosines, we have |gr|2 =
|cg|2 + |cr|2 − 2|cg| · |cr| · cos(ĝcr). Since |cg| = w4 = 1.61 and |cr| =

√
3, we obtain

|gr|2 ≃ 2.5921+ 3− 2 · 1.61 ·
√
3 · cos(18.09◦) ≃ 0.29, hence |gr| ≃ 0.54.

– The internal angle at r is ĉrg ≃ 68.25◦. Namely, by the law of cosines, we have ĉrg =
arccos

(
|gr|2+|cr|2−|gc|2

2|gr|·|cr|

)
≃ arccos

(
0.542+3−1.612

2·0.54·
√
3

)
≃ arccos

( 0.6924
1.8684

)
≃ arccos(0.3706) ≃ 68.25◦.

– The internal angle at g is r̂gc = 180◦ − ĉrg − ĝcr ≃ 180◦ − 68.25◦ − 18.09◦ = 93.66◦.

The second auxiliary triangle we consider has vertices g , r , and l. We have that:

– The segment lg has length w1 = 1.
– The internal angle at g is r̂gl ≃ 34.31◦. Namely, l̂gc = ĥgc + 2λ. By Property 5, we have

l̂gc ≃ 36.39◦+2 ·11.48◦ = 59.35◦. We obtain that r̂gl = r̂gc− l̂gc ≃ 93.66◦−59.35◦ = 34.31◦.
– The edge lr has length |lr| ≃ 0.63. Namely, by the law of cosines, we have that |lr|

2
=

|lg|
2
+ |rg|2 − 2|lg| · |rg| cos(r̂gl), and hence |lr| ≃

√
1+ 0.542 − 2 · 0.54 · cos(34.31◦) ≃

√
0.3995 ≃ 0.63.
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– The internal angle at r is l̂rg = 117.2◦. Namely, by the law of cosines, we have l̂rg =
arccos

(
|gr|2+|lr|2−|gl|2

2|gr|·|lr|

)
≃ arccos

(
0.542+0.632−12

2·0.54·0.63

)
= arccos

(
−0.3115
0.6804

)
≃ arccos(−0.4578) ≃

117.2◦.

Let v be the point at distance w1 = 1 from r such that the ray from r through v has slope 240◦.
Note that v̂ru = v̂rc + ĉrg + ĝru, hence ĝru = v̂ru − v̂rc − ĉrg ≃ 120◦ − 30◦ − 68.25◦ = 21.75◦.
On the other hand, since the triangle (r, s, t) is a transmission triangle, we have t̂rs ≃ 56.25◦ and
the segment rs has length w2. Hence ĝru+ l̂rg + t̂rs ≃ 21.75◦ + 117.2◦ + 56.25◦ = 195.2◦ > 180◦,
and |rl| ≃ 0.63 < w2 = 0.9. This implies that gl intersects rs, as claimed, and concludes the proof
of the lemma. □

4.4. Proof of the reduction

We are now ready to prove the main result of this section.

Proof of Theorem 8. We first prove that, starting from the boolean formula φ, the incidence graph
Gφ of φ, and the monotone rectilinear representation Γφ of Gφ , we can construct the 2-tree Hφ in
polynomial time. The first step of the construction is to obtain from Γφ the auxiliary drawing Γ ∗φ we
described in Section 4.1. By Lemma 3, we can construct Γ ∗φ in polynomial time. The next step is to
construct Hφ using Γ ∗φ as an auxiliary tool. We obtain Hφ by introducing a variable gadget, a clause
gadget, and a transmission gadget for each variable, clause, and edge in Gφ , respectively, and then
combining these gadgets together by identifying their attachment edges. In particular, we exploit
Γ ∗φ to (i) define the size k of each k-transmission gadget that represents an edge of Gφ , (ii) define
the parameters α and β of each (α, β)-clause gadget, and (iii) select the appropriate attachment
edges to combine the gadgets together. We then merge the frames of the variable gadgets that are
consecutive in the left-to-right order of the rectangles representing variables in Γ ∗φ . This is done by
means of ladder gadgets (the shaded blue triangles in Fig. 6), which are maximal outerpaths, each
composed of a sequence of frame triangles. We have that Hφ is a 2-tree by repeated applications of
Observation 9, and the union of the frame triangles induces a maximal outerplanar graph. Moreover,
from the detailed description of the gadgets construction of Section 4.3, it is not hard to see that
each edge of Hφ has one of four possible weights, and that Hφ can be constructed in polynomial
time.

We now prove that Hφ admits a planar straight-line realization if and only if φ is satisfiable.
Suppose first that Hφ admits a planar straight-line realization ΓH . We show that φ is satisfiable.
For each variable v of φ, consider the variable gadget V of Hφ modeling v, the truth-assignment
triangle △IN of V , and the frame triangle △s of the split gadget Sδφ of V; refer to Figs. 9 and 10.
We set v = True if and only if △IN is drawn inside △s. We next prove this truth assignment
satisfies every clause c of φ. Assume that c is a positive clause with variables v1, v2, and v3, that
is, c = (v1 ∨ v2 ∨ v3). The proof for the case in which c is negative is symmetric. Let C denote
he clause gadget modeling c and, for i = 1, 2, 3, let Ti denote the transmission gadget modeling
he edge (vi, c) of Gφ . From the construction of the clause gadget, the realization of C in ΓH is such
hat the frame of the components of C are bounded by a trapezoid T . By Lemma 8, at least one of
he triangles △1

IN, △
2
IN, and △

3
IN of C lies outside T . We assume w.l.o.g. that it is actually △1

IN the
triangle that lies outside T . Then △1

IN lies inside the frame triangle △t of the transmission gadget
T1. Let V1 denote the variable gadget modeling the variable v1. By Lemma 4, there exists an index
j ∈ {1, 2, . . . , δφ} such that the transmission triangle △j

OUT of V1 lies inside the frame triangle △j
t of

V1 (for such index j the transmission triangle △j
OUT is shared by V1 and T1). Thus, by Lemma 6, the

truth-assignment triangle △IN of V1 is drawn inside the frame triangle △s of the split gadget Sδφ of
V1. This implies in turn that v1 is assigned the value True. Since this variable appears as a positive
literal in c , we have that c is satisfied. This shows that the constructed truth assignment satisfies
all the clauses of φ.

Suppose now that φ is satisfiable. We show that Hφ admits a planar straight-line realization ΓH .
Let τ be a satisfying truth assignment for φ. For each variable v of φ, let τ (v) denote the truth
value of v in τ . Observe that, up to a rigid transformation, the union of all the frame triangles of
26
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Hφ admits a unique planar straight-line realization. We initialize ΓH to such a realization. Further,
or each variable v, we adopt the configuration of Fig. 10(a) if τ (v) = True and the configuration
f Fig. 10(b) if τ (v) = False. For each transmission gadget modeling an edge of Gφ incident to a
ariable v and to a positive clause c , we adopt the configuration of Fig. 7(a)(right) if τ (v) = True
nd the configuration of Fig. 7(a)(left) if τ (v) = False; a symmetric choice is made if c is
egative. Since, for each clause c of φ, there exists at least one literal that is True, the triangle △i

IN,
∈ {1, 2, 3}, associated with this literal is drawn outside the trapezoid T that bounds the frame of
he components of C in ΓH . Then, by Lemma 8, the clause gadget modeling c admits a feasible planar
traight-line realization; such realizations are used to complete the planar straight-line realization
H of Hφ . This concludes the proof of Theorem 8.

. A linear-time algorithm for 2-trees with two edge lengths

In this section, we study the FEPR problem for weighted 2-trees in which each edge can only
ave one of at most two distinct lengths. We prove that, in this case, the FEPR problem is linear-time
olvable. We first solve the case in which all the edges are prescribed to have the same length; we
emark that the FEPR problem is NP-hard for general weighted planar graphs in which all the edges
ave the same length [28].

heorem 10. Let G = (V , E, λ) be an n-vertex weighted 2-tree, where λ : E → {w} with w ∈ R+.
There exists an O(n)-time algorithm that tests whether G admits a planar straight-line realization and,
in the positive case, constructs such a realization.

Proof. Suppose that there exists a planar straight-line realization Γ of G. Since all the edges of G
have length w, every 3-cycle of G is represented in Γ by an equilateral triangle of side w, hence no
triangle can be contained inside any other triangle in Γ . This, together with the fact that G is a 2-tree,
implies that Γ is an outerplanar drawing of G. Thus, if G admits a planar straight-line realization,
then it is a maximal outerplanar graph and, as such, it has a unique outerplane embedding [43,51].

Therefore, in order to test whether G has a planar straight-line realization, we test whether it
is an outerplanar graph; this can be done in O(n) time [25,42,54]. If the test fails, we conclude
that G admits no planar straight-line realization. Otherwise, we construct in O(n) time its unique
uterplane embedding [25,42,43,51,54]. Finally, by means of Theorem 4, we test in O(n) time
hether G has a planar straight-line realization that respects the computed outerplane embedding.

f the test fails, we conclude that G admits no planar straight-line realization. Otherwise, Theorem 4
rovides us with the desired planar straight-line realization of G. □

We now extend our study to weighted graphs in which each edge is assigned with one of two
possible lengths. We have the following main theorem.

Theorem 11. Let G = (V , E, λ) be an n-vertex weighted 2-tree, where λ : E → {w1, w2} with
w1, w2 ∈ R+. There exists an O(n)-time algorithm that tests whether G admits a planar straight-line
realization and, in the positive case, constructs such a realization.

In the remainder of the section, we prove Theorem 11. Hereafter, we assume, w.l.o.g., that
w1 < w2. Also, for the sake of simplicity of the description, we assume that w1 = 1. This is not a
loss of generality, as any planar straight-line realization with two edge lengths w1, w2 ∈ R+ with
w1 < w2 can be turned into one in which the smaller length is 1 (and the larger length is w2/w1)
by scaling the realization up by 1/w1.

We note that the realization of any 3-cycle of G is one of the following types of triangles (refer
to Fig. 15):

(i) an equilateral triangle of side 1 (a small equilateral triangle),
(ii) an equilateral triangle of side w2 (a big equilateral triangle),
(iii) an isosceles triangle with base 1 and two sides of length w2 (a tall isosceles triangle), and
(iv) an isosceles triangle with base w and two sides of length 1 (a flat isosceles triangle).
2
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w
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w

Fig. 15. The four interesting triangles. Since w2 > 1, the angles in gray are always less than 60◦ , while the angles in
hite are always greater than 60◦ .

Any triangle of one of the types above is called an interesting triangle.
While small equilateral, big equilateral and tall isosceles triangle exist regardless of the value

of w2, the triangle inequality implies that flat isosceles triangles do not exist under the condition
described in the following property.

Property 9. If w2 ≥ 2, then no 3-cycle of G is realized as a flat isosceles triangle.

5.1. Containment among triangles

The first central ingredient of our algorithm are the conditions satisfied by interesting triangles
when they are drawn inside each other in a planar straight-line realization of G.

Lemma 9. The interesting triangles satisfy the two properties below.

(a) No interesting triangle can be drawn inside a small equilateral or a flat isosceles triangle.
(b) Neither a big equilateral nor a tall isosceles triangle can be drawn inside any interesting triangle.

Proof. First note that, from Observation 2, we can derive the following properties:

i. no interesting triangle can be drawn inside a small equilateral triangle;
ii. a big equilateral triangle cannot be drawn inside any interesting triangle; and
iii. no interesting triangle can be drawn inside an interesting triangle of the same type.

Furthermore, by Heron’s formula, the area of a tall isosceles triangle is larger than the area of a flat
isosceles triangle. Hence, again by Observation 2, we have the following property:

iv. a tall isosceles triangle cannot be drawn inside a flat isosceles triangle.

We now prove statement (a). The fact that no interesting triangle can be drawn inside a small
equilateral triangle follows from Property i. To prove that an interesting triangle△1 cannot be drawn
inside a flat isosceles triangle △2, we make a case analysis based on the type of interesting triangle
of △1. The cases in which △1 is either a big equilateral triangle, a flat isosceles triangle, or a tall
isosceles triangle, follow respectively from Properties Properties ii to iv. Consider now the case in
which△1 is a small equilateral triangle. If△1 and△2 share an edge, then△1 cannot be drawn inside
△2 by Observation 3. Suppose instead that △1 does not share an edge with △2. Let a, b, c be the
vertices of △2, where bc is the side of △2 with length w2; refer to Fig. 16. Let d be the orthogonal
rojection of the vertex a on the segment bc , let R1 denote the closed region bounded by the triangle
ith vertices a, c, d, and let R2 denote the closed region bounded by the triangle with vertices a, b, d.

Since △ is flat isosceles, by Property 9 we have w < 2, hence the lengths of the segments bd, cd,
2 2
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Fig. 16. Illustration for the proof of statement (a) of Lemma 9.

nd ad are all smaller than 1. This implies that the only pair of points inside R1 (resp. inside R2)
t distance greater than or equal to 1 is (a, c) (resp. (a, b)). Suppose, for a contradiction, that △1
s contained inside △2. Then two vertices of △1 are contained in the same triangle Ri, say they are
ontained in R1. Since at least one of such two vertices does not coincide with a or c (otherwise △1
nd △2 would share an edge), the distance between such two vertices is smaller than 1, while the
ength of the edge between them is at least 1, a contradiction. This ends the proof of statement (a).

We now prove statement (b). The fact that no big equilateral triangle can be drawn inside any
nteresting triangle follows from Property ii. To prove that a tall isosceles triangle △1 cannot be
rawn inside an interesting triangle △2, we make a case analysis based on the type of interesting
riangle of △2. The cases in which △2 is either a small equilateral triangle, a tall isosceles triangle,
r a flat isosceles triangle, follow respectively from Properties i, iii and iv. The case in which △2 is a
ig equilateral triangle follows from Observation 1, given that △1 and △2 can share at most a single
dge. This concludes the proof of statement (b) and the proof of the lemma. □

Let T denote the decomposition tree of G. Suppose that a planar straight-line realization Γ of G
xists. The second central ingredient of our algorithm is the next lemma.

emma 10. Let △1 and △2 be two triangles realizing two different 3-cycles of G in Γ . Suppose that △1
s drawn inside △2. Then △1 is a leaf triangle of T that shares a side with △2.

roof. By statement (a) of Lemma 9, we have that △2 is either big equilateral or tall isosceles. We
iscuss the two cases separately.
Suppose first that △2 is big equilateral. Consider any interesting triangle △3 that is drawn inside

2 in Γ and shares a side with△2. Note that△3 is flat isosceles; namely,△3 cannot be tall isosceles
r big equilateral by statement (a) of Lemma 9, and it cannot be small equilateral since the sides
f △2 have length w2. Now suppose, for the sake of contradiction, that an interesting triangle △4
hares a side of length 1 with △3. Let v be the common vertex between △2, △3, and △4. If △4 is
mall equilateral or tall isosceles, as in Fig. 17(a) with v = a, then the sum of the angles at v of
3 and △4 exceeds 60◦. Hence △4 crosses △2, a contradiction. Further, if △4 is flat isosceles, as

n Fig. 17(a) with v = b, then △4 crosses △2 by Observation 1. It follows that the only interesting
riangles inside △2 are flat isosceles triangles that are leaves of T and that share a side with △2.

Suppose next that △2 is tall isosceles. The proof follows similar arguments as for the case
n which △2 is big equilateral, although, in this case, we distinguish two subcases. Namely, an
nteresting triangle △3 that is drawn inside △2 and that shares a side with △2 can be either small
quilateral (and then it shares a side of length 1 with △2) as in Fig. 17(b), or flat isosceles (and then
t shares a side of length w2 with △2) as in Fig. 18(a).

Consider first the subcase in which△3 is small equilateral. Suppose, for the sake of contradiction,
hat an interesting triangle △4 shares a side of length 1 with △3. Let v be the common vertex
etween △ , △ , and △ . If △ is small equilateral or tall isosceles, as in Fig. 17(b) with v = a, then
2 3 4 4
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Fig. 17. Two illustrations for the proof of Lemma 10. (a) The case in which △2 is a big equilateral triangle and △3 is a
lat isosceles triangle. (b) The case in which △2 is a tall isosceles triangle and △3 is a small equilateral triangle. In both
igures, the possible cases for △4 are shown with dashed lines.

he sum of the angles at v of △3 and △4 exceeds 90◦. Hence △4 crosses △2, a contradiction. On the
ther hand, if △4 is flat isosceles, as in Fig. 17(b) with v = b, then △4 crosses △2 by Observation 1.
Consider next the subcase in which △3 is flat isosceles. Suppose, for the sake of contradiction,

hat an interesting triangle △4 shares a side of length 1 with △3. Let v be the common vertex
etween △2, △3, and △4. Let a and b be the vertices incident to the base of △2, and let c be the

third vertex of △2; refer to Fig. 18(a). The following cases arise depending of whether v is equal to
c or a:

– Case 1: v = c. If △4 is small equilateral or tall isosceles, then the angle at v of △4 is larger than
or equal to 60◦, which is larger than the angle at v of △2. Hence △4 crosses △2. If △4 is instead
flat isosceles, then △4 crosses △2 by Observation 1. In both case we have a contradiction.

– Case 2: v = a. If △4 is flat isosceles or tall isosceles, then △4 crosses △2 by Observation 1,
a contradiction. Consider that △4 is instead small equilateral, as in Fig. 18(a). Let ̸ z denote
the interior angle of △2 at vertex z, for z ∈ {a, b, c}. Let C be the circle with center on a and
radius 1. The circle cuts the interior of the segment ac in a point y and it cuts the interior of
the segment bc in a point x, since the length of ac is w2 > 1 and since ̸ b < 90◦; see Fig. 18(b).
If △4 is drawn inside △2, the vertices of △4 that are different from a lie on the circular arc
of C that connects x and y through the interior of △2. Furthermore, since △4 is equilateral,
the internal angle at a of the triangle with vertices a, c, x should be greater than 60◦. Let θ

denote such angle. We show that θ is actually less than 60◦, which is a contradiction. Note
that △2 and the triangle with vertices a, b, x are similar to each other, hence θ = ̸ a − ̸ c .
Since ̸ c + 2̸ a = 180◦ we have that

θ = 3̸ a− 180◦. (1)

On the other hand, we have that cos(̸ a) = 1
2w2

and, since △1 exists only if 1
w2

> 1
2 , then

cos(̸ a) > 1
4 . Hence

̸ a < arccos
(
1
4

)
≃ 75.52◦, (2)

and from Eqs. (1) and (2) we obtain that θ = 3̸ a− 180◦ ≃ 46.56o < 60o.

It follows that the only triangles inside △2 are flat isosceles triangles and small equilateral
triangles that are leaves of T and that share a side with △2.

This concludes the proof of the lemma. □
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Fig. 18. Two illustrations for the proof of Lemma 10, for the case in which △2 is a tall isosceles triangle and △3 is a flat
sosceles triangle. (a) The case in which v = c and △4 (in dashed lines) is flat isosceles or tall isosceles, and the case
n which v = a and △4 (in dashed lines) is small equilateral. (b) A focus on the case in which v = a and △4 is small
quilateral.

.2. Conflicts between leaf triangles

Hereafter, we assume that the decomposition tree T of G is rooted at any 3-cycle whose area is
maximum. Hence, the triangle realizing such a 3-cycle cannot be drawn inside any other triangle
in a planar straight-line realization of G.

The framework of G is the subgraph GF ⊆ G obtained as follows: For each leaf triangle △i that
an be drawn inside a triangle △j, which is either its parent or one of its siblings, we remove from G
he vertex v that △i does not share with △j, along with the two edges incident to v. For example, in
ig. 19, the triangles △2 and △4 can be drawn inside their parent triangle △1, and the triangle △21
an be drawn inside its sibling triangle △22. Note that GF is a 2-tree. Further, by Lemma 10, in any
lanar straight-line realization Γ of G, the triangles we removed from G in order to define GF are
he only triangles that can be drawn inside other triangles representing 3-cycles of G. It follows that
he restriction of Γ to GF is an outerplanar drawing. Hence, we start by testing if GF is outerplanar,
hich can be done in linear time [25,42,54]; in the negative case, we reject the instance. In the
ositive case, we test whether GF admits a planar straight-line realization respecting its unique
uterplane embedding E . Both the computation of E and the test can be performed in linear time
sing the algorithms in [25,42,54] and Theorem 4, respectively. If the test is negative we reject the
nstance, otherwise we have a planar straight-line realization ΓF of GF with embedding E .

Let L△ denote the set of triangles that were removed from G to obtain GF . The third central
ngredient of our algorithm is a characterization of the conditions under which ΓF can be extended
o a planar straight-line realization of G, by drawing in ΓF all the triangles of L△. We start with the
ollowing observation.

bservation 12. Every triangle in L△ is either a small equilateral triangle or a flat isosceles triangle.

roof. The observation follows from statement (b) of Lemma 9. □

Let △ = (a, b, c) be a triangle of L△ such that e = (a, b) is the unique edge shared by △ and GF .
Suppose we want to add a drawing of△ to ΓF . If e is incident to two internal faces of ΓF , then we call
each of the two possible drawings of △ an internal embedding , regardless of whether a, b, c appear
in clockwise or counter-clockwise order when traversing △. Consider that e is instead incident to
one internal face and to the outer face of ΓF . Suppose that a precedes b in a counter-clockwise
traversal of the outer face of ΓF . If △ is drawn such that a, b, c appear in clockwise order when
traversing △, then we call such drawing of △ an outer embedding . Otherwise, we call such drawing

of △ an internal embedding .
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Fig. 19. A planar straight-line realization of a weighted 2-tree for
√
3 < w2 ≤ 2 cos(15◦). On the left, the planar straight-

ine realization. Triangles in the framework are drawn with thick lines. On the right, the decomposition tree rooted at
1 .

Consider a straight-line realization Γ of G that extends ΓF ; that is, whose restriction to GF is ΓF .
Suppose that Γ is not planar. We now classify the possible crossings involving triangles in L△.

First, suppose there is a triangle △ ∈ L△ whose drawing in Γ crosses an edge of ΓF . If the
drawing of △ is an outer embedding, then we say it induces a framework conflict . If the drawing of
△ is instead an internal embedding, then we say it induces an overlapping conflict . Second, consider
two triangles △i and △j of L△. If the drawings of △i and △j in Γ are both outer embeddings, neither
of them induces a framework conflict, and they cross each other, then we say that such drawings
induce an external conflict . Similarly, if the drawings of△i and△j in Γ are both internal embeddings,
neither of them induces an overlapping conflict, and they cross each other, then we say that such
drawings induce an internal conflict . In both cases, we say that the drawings of △i and △j conflict
with each other .

We now provide a series of properties of the set of leaf triangles of G. We start with the following
lemma, in which we characterize the existence of internal conflicts.

Lemma 11. Let △i and △j be two triangles in L△, and Γ be a straight-line realization of G that extends
ΓF . Suppose that there exists a triangle △ ∈ ΓF such that both △i and △j are drawn inside △ in Γ . The
drawings of △i and △j induce an internal conflict if at least one of the following statements is true:

(a) △i and △j share an edge.
(b)
√
3 < w2 ≤ 2 cos(15◦) ≃ 1.93 and △ is a tall isosceles triangle.

(c) 1 < w2 ≤
√
3.

Proof. By statement (a) of Lemma 9 and since each of △i and △j is drawn inside △, the triangle △
s either tall isosceles or big equilateral. Furthermore, by Observation 12, each of △i and △j is either
small equilateral or flat isosceles. By Lemma 10, the triangles △i and △ share an edge and so do △j
and △.

Consider first the case in which △i shares an edge with △j, as described in statement (a). Note
that, since G is a 2-tree, the triangles △i, △j, and △ actually share the same edge. By statement (a)
of Lemma 9, △ and △ cannot be drawn inside each other regardless of their types. Since △ and
i j i
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Fig. 20. Illustration for the proof of Lemma 11. On the left, the case in which △ is big equilateral. On the right, the case
n which △ is tall isosceles.

j are drawn inside the same triangle and they cannot be drawn inside each other, their drawings
nduce an internal conflict inside △. This proves statement (a).

Consider now the case in which △i and △j do not share an edge. The triangles △i and △j induce
an internal conflict inside △ depending on the types of △i, △j, △, and the value of w2. Note that w2
is necessarily less than 2 since, otherwise, by Property 9 both △i and △j would be small equilateral
triangles and they could not share each a different side of △, since △ has at most one side of length
1. By a simple geometric argument we can deduce that two triangles are drawn inside △ without
inducing internal conflicts in the following cases (refer to Fig. 20):

(i) If 2 cos(15◦) ≃ 1.93 < w2 < 2 and △ is tall isosceles, then two flat isosceles triangles and
one small equilateral triangle can be drawn inside △ without inducing internal conflicts.

(ii) If
√
3 ≃ 1.73 < w2 < 2 and △ is big equilateral, then three flat isosceles can be drawn inside

△ without inducing internal conflicts; see also Lemma 1.

The limit values w2 = 2 cos(15◦) and w2 =
√
3 split the interval 1 < w2 < 2 into the following

hree intervals. First, if 2 cos(15◦) < w2 < 2, then the cases (i) and (ii) are both possible. Hence, △i
nd △j can be drawn inside △ without inducing internal conflicts, regardless of their types. Second,

if
√
3 < w2 ≤ 2 cos(15◦) then the case (i) is no longer possible. Hence, as described in statement

(b), △i and △j induce an internal conflict inside △ if △ is a tall isosceles triangle, regardless of the
types of △i and △j. Finally, if 1 < w2 ≤

√
3, then none of the cases is possible. Hence, as described

n statement (c), △i and △j induce an internal conflict inside △ regardless of their types. □

From Lemma 11 we obtain the following necessary condition for the existence of a planar
traight-line realization of G extending ΓF .

emma 12. If there exists a planar straight-line realization of G, then no subset of three triangles of L△
share a side.

Proof. Suppose, for a contradiction, that there exists a planar straight-line realization Γ of G and
hat three triangles of L△ share an edge e. Consider two of such triangles that are on the same side
f e in Γ and denote them by △i and △j. If △i and △j do not cross each other in Γ , then they
re contained one inside the other. However, this is not possible: by Observation 12, △i and △j are

either small equilateral or flat isosceles triangles, and by statement (a) of Lemma 9, we have that
△i and △j cannot be drawn inside one another. See Fig. 19. □

If L△ satisfies the condition stated in Lemma 12, we say that L△ is consistent .

emma 13. If L△ is consistent, then there are O(1) pairs of triangles of L△ whose drawings induce an
nternal conflict inside a triangle △ ∈ Γ .
F
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Algorithm 1: Overview of the O(n)-time algorithm described in the proof of Theorem 11.
Input: An n-vertex 2-tree G, in which each edge is assigned one out of two real weights

w1 = 1 and w2 > 1.
esult: True and a planar straight-line realization of G, or False if such a realization does not

exist.

tage one: Computing and drawing the framework.
tep A: Compute the framework GF , and the set L△ of leaf triangles of G.
tep B: if L△ is consistent then continue; else return False;
tep C: if GF is outerplanar then continue; else return False;

Construct the unique outerplane embedding E of GF .
if GF admits a planar straight-line realization with E then continue; else return False;
Construct the planar straight-line realization ΓF of GF .

tage two: Drawing the set of leaf triangles on the framework.
f w2 ≥ 2 then // there are no flat-isosceles triangles

Step D.1: Draw the leaf triangles of L△ on ΓF .
if The resulting drawing is planar then

return True and the constructed realization;
else

return False;
end

else
Step D.2: Compute all the pairs of triangles of L△ that induce an internal conflict.
Step E : Compute all the triangles of L△ that induce an overlapping conflict.
Step F : Compute all the pairs of triangles of L△ that induce an external conflict, and all

the triangles of L△ that induce a framework conflict.
Step G : Test whether ΓF can be extended to a planar straight-line realization Γ of G.

if The realization Γ exists then
Construct Γ and return True and Γ ;

else
return False

end
nd

Proof. By Lemma 10, all the triangles of L△ that can be drawn inside △ (including those inducing an
internal conflict) share an edge with △. By Lemma 12 and the assumed consistency of L△, there are
at most 6 of such triangles. Hence, the drawings of at most

(6
2

)
= 15 pairs of triangles can induce

an internal conflict inside △. □

5.3. The algorithm

We are now ready to describe the algorithm to solve the FEPR problem in O(n) time when the
edges of G can only have one of two lengths. The algorithm consists of two stages. In the first stage,
we compute the framework GF of G, and test whether GF admits a planar straight-line realization ΓF .
Such a realization is constructed in the positive case, and the input instance is rejected otherwise.
In the second stage, we test whether ΓF can be extended to a planar straight-line realization Γ of
G, by drawing the triangles of L△ without inducing conflicts. In the positive case, we construct and
report Γ as the desired realization of G. As before, the input instance is rejected in the negative
case. An overview of the algorithm is shown in Algorithm 1. We describe the algorithm in detail

next.
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5.3.1. Computing a planar straight-line realization ΓF of the framework of G.
The first stage of the algorithm is formed by the following three steps.

tep A. Computing the framework GF of G and the set L△ of leaf triangles. To compute the framework
f G we first choose, among all the triangles of G, a triangle △O with maximum area. Note that △O
annot be drawn inside any other triangle of G, hence it does not belong to L△. We then compute
he decomposition tree T of G rooted at △O. Note that, if G admits a planar straight-line realization,
hen the degree of T is bounded by a constant. Indeed, each edge of G can be incident to at most
wo interesting triangles of the same type (and hence each 3-cycle of G can be adjacent to at most
4 distinct 3-cycles). We test whether the degree of T is bounded by 24 in O(n) time. We reject the
nstance in the negative case. In the positive case we traverse T looking for leaf triangles that can
e drawn inside their parent or sibling triangles. By Lemma 10, these are the only triangles in G
hat can be drawn inside any other triangle. We identify such triangles by means of Observation 3.
ince the degree of T is in O(1), each triangle has a constant number of sibling triangles, hence we
an compute both GF and L△ in O(n) time.

tep B. Testing if L△ is consistent. The next step is to test if L△ is consistent. By Lemma 12, this is
necessary condition for the existence of a planar straight-line realization of G. This condition can
e trivially tested in O(n) time by looking at the triangles of L△ sharing an edge with a parent or a
ibling triangle in T . The input instance is rejected in the negative case.

tep C. Constructing a planar straight-line realization ΓF of GF . The final step of this stage is to
ompute a planar straight-line realization of GF , if it exists. We first test whether GF is outerplanar. If
his is not the case we reject the instance. Otherwise, we construct its unique outerplane embedding
n O(n) time [25,42,54]. Then, by means of Theorem 7 we test in O(n) time if GF admits a planar
traight-line realization with the computed embedding. We construct ΓF in the positive case, and
eject the input instance otherwise.

.3.2. Extending ΓF to a planar straight-line realization of G
In the second stage the algorithm distinguishes two cases, namely, the one in which w2 ≥ 2 and

he one in which w2 < 2. In the former case, which is much simpler to handle, the algorithm is
ompleted by means of a single step, called D.1, while in the latter case the algorithm is completed
y means of four steps, called D.2, E, F, and G.

Case w2 ≥ 2. Note that, by Property 9, in this case there are no flat isosceles triangles. Hence,
every leaf triangle △ in L△ is a small equilateral triangle such that the parent or a sibling of △ is a
tall isosceles triangle. We act as described in the following step.

Step D.1. Consider each edge e of GF incident to a triangle in L△. If e is incident to two triangles
in L△, we draw them in ΓF on opposite sides of e. If e is incident to one triangle △ ∈ L△, then we
draw △ inside any tall isosceles triangle incident to e (recall that such a tall isosceles triangle is the
parent or a sibling of △). At the end of this process we obtain a straight-line realization Γ of G, and
a plane embedding E of G.

Lemma 14. G admits a planar straight-line realization if and only if Γ is planar.

Proof. Obviously, if Γ is planar, then it is a planar straight-line realization of G.
We prove that, if G admits a planar straight-line realization, then Γ is planar. Consider an edge

e ∈ GF . Since L△ is consistent, the edge e is shared by a set Le
△
⊆ L△ of at most two leaf triangles.

Suppose that e is an internal edge of ΓF . Then, in Γ , each small equilateral triangle Le
△

is drawn as
an internal embedding inside a tall isosceles triangle △∗ ∈ GF . Note that no other triangle is drawn
inside △∗, since a tall isosceles triangle has a single side of length 1. Hence, no triangle of Le

△
creates

crossing in Γ .
Suppose now that e is incident to the outer face of ΓF . If Le△ consists of a single triangle, then the

riangle is drawn as an internal embedding and, as above, it does not create crossings in Γ . If Le
△

onsists instead of two triangles, then least one of them, say △s, is drawn as an outer embedding.
owever, the two triangles in Le are drawn on different sides of e in any planar straight-line
△
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realization of G, hence if △s creates a crossing, it does so in every straight-line realization of G.
Since a planar straight-line realization of G exists by hypothesis, it follows that △s does not create
crossings in Γ , and hence Γ is planar. □

Observe that Γ and E are constructed in linear time. We test whether Γ is a planar straight-
line realization of G with embedding E in O(n) time by means of Theorem 4. By Lemma 14, in the
negative case we conclude that G admits no planar straight-line realization, otherwise Γ is the
desired planar straight-line realization of G.

Case w2 < 2. The algorithm in this case is much more complicated, since there might be flat
sosceles triangles in G, which might or might not need to be embedded inside their adjacent large
quilateral or tall isosceles triangles in ΓF . Moreover, more than one leaf triangle might be drawn

inside the same interesting triangle of ΓF . Further, while two leaf triangles might be individually
drawn inside the same interesting triangle of ΓF , it might be the case that they cannot be drawn
inside the interesting triangle simultaneously, hence the algorithm might need to perform a choice.
This situation differs from the one of the case w2 ≥ 2, as in that case a single leaf triangle can be
drawn inside an interesting triangle of ΓF .

An example of a planar straight-line realization of a weighted 2-tree for which w2 < 2 is shown
in Fig. 19. The value of w2 was chosen so that

√
3 ≃ 1.73 < w2 ≤ 2 cos(15◦) ≃ 1.93. By Property (b)

of Lemma 11, a pair of flat isosceles triangles can be drawn inside a big equilateral triangle without
crossing each other, but any pair of interesting triangles (either two flat isosceles or a flat isosceles
and a small equilateral) cross with each other if they are drawn inside a tall isosceles triangle. The
triangles of ΓF are drawn with thick lines, and the edges of the leaf triangles of L△ that are not
art of ΓF are drawn with thin lines. Observe that any type of interesting triangle can belong to the
ramework, whereas the triangles of L△ are either small equilateral or flat isosceles triangles. If a
leaf triangle is small equilateral, then it is adjacent to (at least) an interesting triangle of the frame
that is tall isosceles. If it is instead a flat isosceles, then it is adjacent to (at least) an interesting
triangle of the frame that is either tall isosceles or big equilateral.

From Lemma 10, a leaf triangle can be drawn inside its parent triangle, a sibling triangle, or
both. In our example, △2 can be drawn both inside its parent triangle △1 and inside the sibling
triangle △3. On the other hand, △18 can only be drawn inside its parent triangle △17, and △21
can only be drawn inside its sibling triangle △22. Consider the triangle △27. It can only be drawn
inside its parent triangle△3 since it is congruent to its sibling triangle△8. Hence it would induce an
overlapping conflict if it were drawn on the same side as △8. Consider now the interesting triangles
drawn with dashed lines. If △9 was drawn inside △17, then △9 and △18 would cross each other.
n the other hand, if the drawing of △16 is an outer embedding, then it would induce a framework

conflict. Finally, if the drawings of both △13 and △6 are outer embeddings, then they would induce
an external conflict.

To deal with this case we proceed as follows. First, we compute the pairs of triangles whose
drawings may induce a conflict. Achieving this in total linear time is a challenging task, since there
might be a linear number of triangles and hence a quadratic number of pairs of triangles. However,
we can prove that it suffices to consider only a linear number of pairs of triangles in order to detect
all conflicts. Then we construct a 2SAT formula φ that contains a Boolean variable for each triangle
△ ∈ L△. The value of the variable is associated to a choice of the two possible drawings of △: recall
that an edge of △ is part of GF , while the vertex of △ not incident to such an edge might be placed
n either side of it. For each triangle △ that induces a framework or an overlapping conflict in one
f its two drawings, there is a clause in φ that is True if and only if the drawing of the triangle
s not the one inducing a conflict. Similarly, for each pair of triangles whose drawings induce an
nternal or an external conflict, there is a clause in φ that is True if and only if the drawings of
he triangles are not both the ones inducing a conflict. If φ is satisfiable, then there is a planar
traight-line realization of G which can be obtained by embedding the triangles of L△ according to
he values of the variables of φ. We reject the instance otherwise. We describe the algorithm in

etail next.
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Step D.2. Detecting internal conflicts. We start by computing all the pairs of triangles of L△ that
nduce an internal conflict. This is done by traversing T while processing each triangle △ ∈ ΓF as
ollows. We first obtain the set L′

△
⊆ L△ of leaf triangles that can be drawn inside △. By Lemma 10,

these triangles share an edge with △, so they are children or siblings of △. We then decide which
pairs of leaf triangles of L′

△
induce an internal conflict inside △, by means of Lemma 11. Since L△

is consistent, by Lemma 13 there are O(1) triangles in L′
△
. Hence, we process each triangle in O(1)

time, and the traversal takes O(n) time.

Step E Detecting overlapping conflicts. Next, for each triangle △ ∈ L△, we detect whether any of
its two drawings induces an overlapping conflict. Let △∗ be the parent of △ in T and let e be the
edge shared by △ and △∗. Note that, since △ ∈ L△, one of the two drawings of △ lies inside △∗
and hence does not induce an overlapping conflict. We first check whether the other drawing of △
is an internal or an outer embedding (in the latter case, we can conclude that △ does not induce
an overlapping conflict). This is equivalent to checking whether there is a triangle △s in ΓF on the
other side of e with respect to △∗. Note that, if such a triangle △s exists, then it is a sibling of △ in
T , given that it shares the edge e with △ and that it is not the parent △∗ of △. Hence, for each of
the O(1) siblings of △ in T , we check in O(1) time whether it is a triangle in ΓF and whether it is
incident to e. If no sibling of △ in T satisfies both checks, then we conclude that no drawing of △
induces an overlapping conflict. Otherwise, there is a sibling of △ in T that satisfies both checks;
then this sibling is the desired triangle △s and hence the drawing of △ outside △∗ is an internal
embedding of △. Then we also check in O(1) time whether △s and the drawing of △ outside △∗
cross each other. In the positive case, we conclude that the drawing of △ outside △∗ induces an
overlapping conflict, while in the negative case we conclude that it does not. Since we process each
triangle △ ∈ L△ in O(1) time, this step takes O(n) time.

Step F. Detecting framework and external conflicts. Detecting framework and external conflicts in
linear time is more challenging than overlapping and internal conflicts. Indeed, an outer embedding
of a triangle△ ∈ L△ might cross a triangle of ΓF or the outer embedding of a triangle in L△ that is far,
in terms of graph-theoretic distance, from △. Hence, the trivial solution would detect framework
and external conflicts by comparing each triangle △ ∈ L△ with every triangle of ΓF and with every
triangle in L△. However, this would result in a quadratic running time. In order to achieve linear
running time, we decompose the plane into cells and then derive several combinatorial properties
of such a decomposition, including: (i) only a linear number of cells can host conflicts and such cells
can be found efficiently; (ii) conflicts can only occur between triangles in a single cell or in adjacent
cells; and (iii) each cell can host only a constant number of outer embeddings of triangles from L△.
The last property is only true because of the assumption w2 < 2. We now describe the details of
Step F.

Let L′
△
be the subset of L△ composed of those triangles that are incident to external edges of ΓF .

Only the outer embeddings of the triangles in L′
△

can induce framework and external conflicts. We
translate the Cartesian axes so that the bottom-left corner of the bounding box of ΓF lies on the
origin, and give an outer embedding to every triangle in L′

△
. This results in a possibly non-planar

straight-line realization Γ ′F of the graph G′F := GF∪L′△. Our strategy to detect external and framework
conflicts is based on the construction of a linear-size ‘‘proximity’’ graph H defined on the vertices of
G′F . We show that, if two triangles of L′

△
induce an external conflict, then their vertices are associated

either with the same node or with adjacent nodes of H . Similarly, if a triangle △ ∈ L′
△

induces a
framework conflict by intersecting an edge e of G′F , then the vertices of △ and the end-vertices of
e are associated either with the same node or with adjacent nodes of H . We then detect external
and framework conflicts by a linear-time traversal of H .

In the following, we say that a vertex of GF is a framework vertex and a vertex of L′
△

that is not
contained in GF is a leaf vertex. For each leaf vertex v, we denote with △(v) the outer embedding of
the triangle in L′

△
whose leaf vertex is v. We define the graph H as follows. Consider a square grid

whose cells have side length 3w2 covering the plane; see Fig. 21. We assign a label l(v) = (i, j) to
every vertex v ∈ V (G′F ), where i and j respectively denote the row and the column of one of the (at
most four) grid cells that contain v in their interior or on their boundary. More precisely, the vertex

x(v)
⌋, ⌊

y(v)
⌋), where (x(v), y(v)) denotes the coordinates of v in Γ ′. The graph H
v gets the label (⌊ 3w2 3w2 F
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Fig. 21. On the left, the straight-line realization Γ ′F of the graph G′F := GF ∪ L′
△
, where each triangle in L′

△
has an outer

embedding. The triangles of GF are shown in gray, and the outer embeddings of the triangles in L′
△

are shown in white.
Framework vertices are shown in white and leaf vertices are shown in blue. The grid cell filled with dashed lines is
zoomed-in on the right. All the triangles in L′

△
contained in this cell can induce external or framework conflicts only with

the triangles contained in the nine highlighted cells.

has a node for each label assigned to at least one vertex of G′F , and two nodes (i, j) and (i′, j′) are
connected if and only if |i− i′| ≤ 1 and |j− j′| ≤ 1. Note that H has at most n nodes and maximum
degree 8, hence it has O(n) edges. We say that a vertex of G′F is associated with a node µ of H if µ
represents the cell (i, j) and l(v) = (i, j).

Lemma 15. The graph H satisfies the following properties:

(a) For each node µ of H, there are O(1) leaf vertices associated with µ.
(b) Let △1,△2 be two triangles in L′

△
. For i = 1, 2, let µi denote a node of H such that at least

one vertex of △i is associated with µ. If the outer embeddings of △1 and △2 induce an external
conflict, then either µ1 = µ2 or (µ1, µ2) ∈ E(H).

(c) Let △ be a triangle in L′
△
, and e be an edge of GF incident to the outer face of ΓF . Let µ and ν

denote two nodes of H such that at least one vertex of △ is associated with µ and at least one
end-vertex of e is associated with ν. If the outer embedding of △ induces a framework conflict by
intersecting e, then either µ1 = µ2 or (µ1, µ2) ∈ E(H).

Proof. Consider any leaf vertex v associated with a node µ of H . Let (i, j) be the cell corresponding
to µ and △ be the parent triangle of the triangle in L′

△
that has v as a vertex. By statement (b)

of Lemma 9, we have that △ is either a big equilateral or a tall isosceles triangle. Further, △ is
contained in the union of the nine cells (i′, j′) for |i− i′| ≤ 1 and |j− j′| ≤ 1 (see the highlighted
cells in Fig. 21); this is because the Euclidean distance between v and every point of △ is smaller
than 2w2, while the side length of a grid cell is 3w2. Observe that the area of a big equilateral or
tall isosceles triangle is larger than the area of a small equilateral triangle, which is equal to

√
3/4.

oreover, any two parent triangles are interior-disjoint in Γ ′F . Since the area of the union of the
ine cells is 81w2

2 , then at most 81w2
2

4
√
3
=

324
√
3
w2

2 ∈ O(w2
2) parent triangles are contained in the

nine cells, and O(w2
2) leaf vertices are associated with µ. Since w2 < 2, we have O(w2

2) ∈ O(1). This
proves Property (a).

To prove Property (b), suppose, for the sake of contradiction, that the outer embeddings of △1
and △2 induce an external conflict, with µ1 ̸= µ2 and (µ1, µ2) /∈ E(H). Since △1 and △2 induce an
external conflict, then there is at least a point x in △1 ∩△2. Note that x is at distance smaller than
or equal to w2 from the vertices of △1 and △2, which implies that every vertex of △1 is at distance
smaller than or equal to 2w2 from any vertex of △2. Since there is a distance larger than or equal
to 3w2 between two vertices of G′F associated to non-adjacent nodes of H , then either µ1 = µ2 or
(µ , µ ) ∈ E(H), which is a contradiction.
2 2
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Finally, Property (c) can be proved by similar arguments to those we used to prove Prop-
rty (b). □

In order to detect external and framework conflicts, we define each node µ of H representing
he cell (i, j) as a record storing (i) a label l(µ) = (i, j) and (ii) a list L(µ) that contains the vertices
f G′F associated with µ. We next describe an efficient algorithm to construct H .

emma 16. The graph H can be constructed in O(n) time.

roof. We first show how to construct the vertex set V (H) of H .
Consider a total order π of the vertices of G′F such that, for any two vertices u and v with

(u) = (iu, ju) and l(v) = (iv, jv), it holds that u precedes v in the order if (i) iu < iv or (ii) iu = iv
nd ju < jv; if iu = iv and ju = jv , then u and v are in any relative order in π . Since G′F is connected
nd any edge of G′F has length at most w2, then i, j ≤ w2n

3w2
=

1
3n for any label (i, j). Hence, we can

ompute π in O(n) time by means of counting sort.
We process the vertices of G′F in the order in which they appear in π . Let s be the first vertex in

he order π . We create a node ν of H , set l(ν) = l(s), and add s to L(ν). Let now v be the currently
onsidered vertex of π and let us denote by µ the last created node of H . If l(v) = l(µ), then we add
to L(µ); otherwise, we create a node µ′ of H , set l(µ′) = l(v), and add v to L(µ′). Note that, if two
ertices of G′F have the same label, then they are consecutive in π . Therefore, the above procedure
reates a new node of H for each label of a vertex of G′F , and vertices with the same label (i, j) are all
laced in the list L(µ) of the node µ such that l(µ) = (i, j). The procedure can clearly be performed
n overall O(n) time.

We now show how to construct the edge set E(H) of H .
We define a partition of E(H) into four subsets E−, E|, E/, E\; refer to Fig. 22. Consider any edge

(µ, ν) ∈ E(H), where we denote l(µ) = (iµ, jµ) and l(ν) = (iν, jν). Then (µ, ν) belongs to E−, E|, E/,
or E\, depending on whether (µ, ν) satisfies Property P−, P|, P/, or P\, respectively, where:

−: iµ = iν and |jµ − jν | = 1,

P|: jµ = jν and |iµ − iν | = 1,

P/: either iµ − iν = jµ − jν = 1 or iµ − iν = jµ − jν = −1, and

P\: either iµ − iν = 1 and jµ − jν = −1 or iµ − iν = −1 and jµ − jν = 1.

In order to construct the sets E−, E|, E/, and E\, we define four total orders π−, π|, π/, and π\ of
he nodes of H , respectively. For any two nodes µ and ν of H , it holds that µ precedes ν in π−, π|,
/, and π\ if and only if the following conditions hold, respectively:

−: either iµ < iν or iµ = iν and jµ < jν ,

|: either jµ < jν or jµ = jν and iµ < iν ,

/: either iµ − jµ < iν − jν or iµ − jµ = iν − jν and iµ < iν , or

\: either iµ + jµ < iν + jν or iµ + jµ = iν + jν and iµ < iν .

We construct the set Ei with i ∈ {−, |, /, \} as follows. First, we compute the total order πi of
he nodes of H for which condition Ci holds for any pair (µ, ν) of nodes such that µ precedes ν
n πi. Similarly as in the construction of π , the order πi can be computed in O(n) time by means
f counting sort. Then we process the nodes of V (H) in the order πi and add a new edge (µ, ν) to
i whenever condition Pi holds for two nodes µ and ν such that µ immediately precedes ν in πi.
ince, by construction, nodes that are adjacent in Ei are consecutive in πi, it follows that the above
rocedure correctly computes each set Ei. Clearly, the procedure can be performed in overall O(n)
ime. This concludes the construction of H . □

We now describe an algorithm, which we call ConflictFinder, to detect external and framework
onflicts. Broadly speaking, the algorithm performs two linear-time traversals of the edges of H .
n the first traversal, we detect external conflicts. When processing the edge (µ, ν) ∈ E(H) we
39
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I
(
a

Fig. 22. Construction of the set of edges E(H). The edges on the sets E−, E|, E/ , and E\ are shown in yellow, blue, green,
and red, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

detect intersections between the triangles of L′
△

whose leaf vertices are contained in L(µ) ∪ L(ν).
n the second traversal, we detect framework conflicts. In this case, when processing the edge
µ, ν) ∈ E(H) we detect intersections between the triangles of L′

△
and the edges of G′F whose leaf

nd framework end-vertices, respectively, are contained in L(µ) ∪ L(ν).
The algorithm consists of the following steps:

Step 1: Compute the drawing Γ ′F of G′F and the auxiliary graph H as described above.
Step 2: For every framework vertex v, create the list LE(v) of the two edges of ΓF incident to both

v and the outer face of ΓF .
Step 3: For every node µ ∈ V (H), create the lists Lℓ(µ) and LF (µ) of leaf and framework vertices

contained in L(µ), respectively.
Step 4: Detect which triangles of L′

△
induce external conflicts as follows. Let Eℓ = {(u, v) ∈

Lℓ(µ) × {Lℓ(µ) ∪ Lℓ(ν)} | (µ, ν) ∈ E(H)}. For every pair of vertices (u, v) ∈ Eℓ, test if △(u)
and △(v) intersect each other. In the positive case, the triangles △(u) and △(v) induce an
external conflict.

Step 5: Detect which triangles of L′
△

induce framework conflicts as follows. Let EF = {(u, v) ∈
LF (µ)× {Lℓ(µ) ∪ Lℓ(ν)} | (µ, ν) ∈ E(H)}. For every pair of vertices (u, v) ∈ EF , test if there is
an edge e ∈ LE(u) such that e intersects △(v). In the positive case, the triangle △(v) induces
a framework conflict with the edge e.

The correctness and complexity of the algorithm are proved in the following lemma.

Lemma 17. The algorithm ConflictFinder detects all the external and framework conflicts in O(n) time.

Proof. We first prove the correctness of the algorithm. Consider first the detection of external
conflicts. Let u and v be two leaf vertices associated respectively to two nodes µ and ν. Remember
that △(u) and △(v) induce an external conflict if and only if they intersect each other. Then, by
Property (b) of Lemma 15, we have that either µ = ν or (µ, ν) ∈ E(H). Since in Step 4 the algorithm
processes each pair of leaf triangles whose leaf vertices are associated with the same node of H or
with adjacent nodes of H , it follows that all the external conflicts are being detected.

Consider now the detection of framework conflicts. Let u be a framework vertex associated to
a node µ, let v be a leaf vertex associated to a node ν, and e be an edge in L (u). Remember that
E
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△(v) induces a framework conflict with e if and only if △(v) and e intersect each other. Then, by
roperty (c) of Lemma 15, we have that either µ = ν or (µ, ν) ∈ E(H). Since in Step 5 the algorithm
rocesses each pair composed of a framework and a leaf vertex that are associated either with the
ame node of H or with adjacent nodes of H , it follows that all the framework conflicts are being
etected.
We now bound the time complexity of the algorithm. This is done by bounding the time

omplexity of each of the Steps 1–5.

– Since there are O(n) triangles in L′
△
, we have that ΓF can be extended to Γ ′F in O(n) time.

Furthermore, the graph H can be computed in O(n) time by Lemma 16. Hence Step 1 takes
O(n) time.

– Step 2 takes O(n) time since the boundary of the outer face of ΓF consists of O(n) line segments.
– Step 3 takes also O(n) time, since H has at most n nodes, and every vertex v of G′F is contained

in the list L(µ) of a single node µ of H .
– The time complexity of Step 4 is bounded by O(|Eℓ|). Note that H contains O(n) edges;

moreover, for every node µ of H , the list Lℓ(µ) contains O(1) leaf vertices, by Property (a)
of Lemma 15. Hence Eℓ contains O(n) pairs of vertices and Step 4 takes O(n) time.

– Finally, the time complexity of Step 5 is bounded by O(|EF |). In this case, even though Θ(n)
framework vertices might be associated with the same node of H , each framework vertex
appears in O(1) pairs of EF ; namely, if a framework vertex u is associated with a node µ of H ,
then it only appears in the pairs (u, v) of EF such that the leaf vertex v is associated either with
µ or with one of the (at most 8) neighbors of µ in H . By Property (a) of Lemma 15, there are
O(1) leaf vertices associated with the same node of H , hence EF contains O(n) pairs of vertices
and Step 5 takes O(n) time.

This concludes the proof of the time complexity and hence the proof of the lemma. □

tep G. Extending ΓF to a planar straight-line realization of G. The final step is to draw the triangles
f L△ in ΓF without inducing conflicts, so that the resulting drawing remains planar. We decide if
his is possible by means of a 2SAT formula. Each leaf triangle △i ∈ L△ can have two embeddings
which differ from each other for the position of the leaf vertex of △i). We arbitrarily associate each
mbedding with a distinct truth value of a suitable Boolean variable, and construct the clauses of
he formula as follows:

– If a drawing of △i induces an overlapping conflict, then we introduce a clause (¬ℓi), where ℓi
is the literal that is True when △i has the drawing that induces an overlapping conflict.

– If △i induces a framework conflict, we introduce a clause (¬ℓi), where ℓi is the literal that is
True when △i has an outer embedding.

– If two leaf triangles △i,△j ∈ L△ induce an internal conflict inside a triangle △ ∈ ΓF , we
introduce a clause (¬ℓi∨¬ℓj), where ℓi (resp. ℓj) is the literal that is True when △i (resp. △j)
is drawn inside △.

– If two leaf triangles △i,△j ∈ L△ induce an external conflict, we introduce a clause (¬ℓi∨¬ℓj),
where ℓi (resp. ℓj) is the literal that is True when △i (resp. △j) has an outer embedding.

Let φ be the 2SAT formula produced by the clauses introduced as described above. Note that
he clauses of φ describe all and only the overlapping, framework, internal, and external conflicts
efined in Section 5.2. Moreover, since there are O(n) triangles in L△, the number of framework and
verlapping conflicts is in O(n). Further, since H has O(n) vertices and edges, by Lemmas 13 and
5 the number of internal and external conflicts is in O(n), respectively. It follows that φ contains
(n) clauses. The following lemma shows that a solution to φ corresponds to a planar straight-line
ealization of G.

emma 18. The formula φ is satisfiable if and only if ΓF can be extended to a planar straight-line
ealization of G. Also, if φ is satisfiable, then such a planar straight-line realization can be constructed
n O(n) time.
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Proof. We prove the two directions separately.
(H⇒) Assume that φ is satisfiable. We show that ΓF can be extended to a planar straight-line
realization of G. Consider a truth assignment for the Boolean variables that satisfies φ. The variables
f φ are in one to one correspondence with the triangles of L△. We draw in ΓF each triangle △i ∈ L△
ith the embedding associated with the truth value of the variable corresponding to △i in the
atisfying assignment for φ. This can be done in O(1) time per triangle in L△, hence in overall O(n)
ime. Since each clause of φ is satisfied, it follows that △i is drawn in ΓF without inducing conflicts.
ince this is true for every △i ∈ L△, it follows that the resulting straight-line realization of G is
lanar. Furthermore, such a realization can be constructed in O(n) time since there are O(n) clauses
n φ.
⇐H) Let Γ be a planar straight-line realization of G. We show that φ is satisfiable. The embedding
n Γ of each triangle △i ∈ L△ identifies a truth value for the corresponding variable in φ, and thus,
truth assignment for φ. Such an assignment satisfies φ since an unsatisfied clause would imply

hat we have either an overlapping, or a framework, or an internal, or an external conflict, which
n turn implies that the boundary of some triangle △i ∈ L△ crosses the boundary of a triangle of
F or the boundary of another triangle of L△, contradicting the fact that Γ is planar. This concludes
he proof. □

By the discussion in Steps D.2, E, and F, we have that φ can be constructed in O(n) time. Further,
s argued above, φ contains O(n) clauses. We can therefore test whether φ is satisfiable in O(n)
ime [6]. If φ is not satisfiable, we reject the instance. Otherwise, we extend ΓF to a planar straight-
ine realization of G in O(n) time as described in the proof of Lemma 18. This concludes the proof
f Theorem 11.

. Maximal outerplanar graphs

In this section we study the FEPR problem for weighted outerplanar 2-trees, that is, for weighted
aximal outerplanar graphs. While we could not establish the computational complexity of the
EPR problem for general maximal outerplanar graphs, we can prove the following two theorems.

heorem 13. Let G be an n-vertex weighted maximal outerpath. There exists an O(n)-time algorithm
hat tests whether G admits a planar straight-line realization and, in the positive case, constructs such
realization.

heorem 14. Let G be an n-vertex weighted maximal outerpillar. There exists an O(n3)-time algorithm
hat tests whether G admits a planar straight-line realization and, in the positive case, constructs such
realization.

Before proving Theorems 13 and 14, we establish some notation and definitions that are common
o both proofs. Let G be a weighted 2-tree. For a planar straight-line realization Γ of G, the interior
f Γ , denoted by IΓ , is the complement of the outer face of Γ , i.e., the union of the closure of
he internal faces of Γ . Let e be an edge of G. An e-outer realization of G is a planar straight-line
ealization of G such that e is incident to its outer face. Given two e-outer realizations Γ and Γ ′ of
, we say that Γ is e-smaller than Γ ′ if there exists an e-outer realization Γ ′′ that can be obtained
y a rigid transformation of Γ such that the end-vertices of e lie at the same points in Γ ′′ and in Γ ′

nd such that IΓ ′′ ⊆ IΓ ′ (see Fig. 23); that is Γ is e-smaller than Γ ′ if it can be rotated, translated,
nd possibly reflected so that the representation of e coincides with the one in Γ ′ and so that its
nterior is a subset of the interior of Γ ′. A set R of e-outer realizations of G is e-optimal if, for every
-outer realization Γ ′ of G, there exists an e-outer realization Γ of G in R such that Γ is e-smaller
han Γ ′. An e-outer realization Γ of G is e-optimal if the set {Γ } is e-optimal.

The following lemma will be very useful; see Fig. 24. Roughly speaking, it asserts that, in order
o construct a planar straight-line realization of a weighted 2-tree, for certain subgraphs we might
ssume, without loss of generality, that the realizations are ‘‘as e-small as possible’’.

emma 19. Let G be a weighted 2-tree that admits a planar straight-line realization G. Let H and K be
wo subgraphs of G such that:
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Fig. 23. (a) and (b) show two e-outer realizations Γ and Γ ′ of a weighted 2-tree. The gray regions show IΓ and IΓ ′ .
e have that Γ is e-smaller than Γ ′ . Indeed, as shown in (c), Γ can be rotated, translated, and reflected so that the

epresentation of e coincides with the one in Γ ′ and so that its interior is a subset of the interior of Γ ′ .

Fig. 24. (a) The drawing G; the set IH is shaded gray. The region with dark gray strips is the face f of K. (b) The
rawing obtained from G by replacing H with H′′; the set IH′′ is gray.

(i) H ∩ K = e, that is, H and K share an edge e, the end-vertices of e, and no other edge or vertex;
and

(ii) G is the 2-clique-sum of H obtained by identifying the two copies of e into a single edge e of G.

uppose also that the restriction H of G to H is an e-outer realization of H, and that no vertex of K lies
nside an internal face of H in G.

Let H′ be any e-outer realization of H that is e-smaller than H. Then it is possible to replace H with
n e-outer realization of H that can be obtained by a rigid transformation of H′ in such a way that the
esulting straight-line realization of G is planar.

roof. Let K be the restriction of G to K . Assume that H has more than two vertices, as otherwise H
ontains a single edge, hence H′ can be obtained by a rigid transformation of H and the statement
s trivial. By assumption, no vertex of K lies in IH; further, H is biconnected, by Property (P1) of a
-tree. It follows that there is a face f of K that contains H entirely, except for the edge e and its
nd-vertices, which are shared by H and K . By assumption, there exists an e-outer realization H′′
f H that can be obtained by a rigid transformation of H′ such that IH′′ ⊆ IH, hence the part of H′′
ifferent from the edge e does not intersect K; the edge e does not intersect K either, as it is part
f it and K is planar. Hence, the straight-line realization of G resulting from the replacement of H
ith H′′ in G is planar. □

We are now ready to prove Theorems 13 and 14.
Proof of Theorem 13. Let G = (V , E, λ) be an n-vertex weighted maximal outerpath (as the one

n Fig. 25) and let O be its outerplane embedding, which can be found in O(n) time [25,42,54]. Since
is an outerpath, its dual tree is a path, which we denote by P := (p1, . . . , pk), where k = n − 2;
ote that P can be easily recovered from O in O(n) time. Each node pi of P corresponds to an
nternal face of O; we denote by ci the 3-cycle of G bounding such a face; each cycle ci has a unique
planar) straight-line realization (up to a rigid transformation), which we denote by Ci. Further, for
= 1, . . . , k − 1, let ei be the edge of G that is dual to the edge (pi, pi+1) of P; note that ei is an
nternal edge of O.
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3
i

Fig. 25. The outerplane embedding of an outerpath. The gray face is the one bounded by cx . The graphs G1 and G2 are
enclosed inside fat curves.

Fig. 26. The four different ways to combine Γ1 and Γ2 with Cx . In this example, the first realization is not planar, while
the other three are.

Let x ∈ {1, . . . , k} be an index such that the area of cx is maximum. Let G1 be the subgraph
of G composed of the 3-cycles c1, c2, . . . , cx−1 and let G2 be the subgraph of G composed of the
-cycles cx+1, cx+2, . . . , ck. One of these graphs might be undefined if x = 1 or x = k; however,
n the following, we assume that 1 < x < k as the arguments for the cases x = 1 and x = k are
analogous and actually simpler. Note that G1 and G2 are maximal outerpaths.

Assume that a planar straight-line realization Γ of G exists; for i = 1, 2, let Γi be the restriction
of Γ to Gi. Since the area of cx is maximum among all the 3-cycles of G, it follows that cx does not
lie inside any 3-cycle of G in Γ ; hence, Γ1 is an ex−1-outer realization of G1 and Γ2 is an ex-outer
realization of G2.

A key ingredient of our algorithm is the fact that, if there exists an ex−1-outer realization of G1
(resp. an ex-outer realization of G2), then there exists an ex−1-optimal realization of G1 (resp. an
ex-optimal realization of G2). Indeed, in the following, we show an O(n)-time algorithm that either
(i) concludes that G1 admits no ex−1-outer realization or that G2 admits no ex-outer realization, and
thus G admits no planar straight-line realization, or (ii) constructs an ex−1-optimal realization Γ1 of
G1 and its plane embedding E(Γ1), and an ex-optimal realization Γ2 of G2 and its plane embedding
E(Γ2).

In view of the argument above, the existence of such an algorithm suffices to conclude the proof
of the theorem. Indeed, if the algorithm concludes that G1 admits no ex−1-outer realization or that
G2 admits no ex-outer realization, then G admits no planar straight-line realization. Otherwise, the
algorithm constructs an ex−1-optimal realization Γ1 of G1, together with its plane embedding E(Γ1),
and an ex-optimal realization Γ2 of G2, together with its plane embedding E(Γ2). Then, in order
to test whether G admits a planar straight-line realization, we consider the unique (up to a rigid
transformation) planar straight-line realization Cx of cx and we try to combine it with Γ1 and Γ2
(see Fig. 26). This combination can be done in four ways. Indeed, once Γ1 and Cx coincide on the
representation of ex−1, it still remains to decide whether the vertex of cx−1 not incident to ex−1 and
the vertex of cx not incident to ex−1 lie on different sides or on the same side of the line through ex−1,
and similarly for Γ2 and Cx. These two independent choices result in four straight-line realizations
of G. Each of these realizations, say Γ , can be constructed in O(n) time; further, its plane embedding
E(Γ ) can also be constructed in O(n) time from E(Γ1) and E(Γ2). Then it can be tested in O(n) time

whether Γ is a planar straight-line realization respecting E(Γ ), due to Theorem 4. If (at least) one of
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the four realizations is planar, then it is the desired planar straight-line realization of G. Otherwise,
e claim that there exists no planar straight-line realization of G. For a contradiction, assume that
here exists such a realization, and denote it by Γ . Since Γ1 is ex−1-optimal, it is ex−1-smaller than
he restriction of Γ to G1; hence, we can apply Lemma 19 with H = G1, K = G2 ∪ cx, G = Γ ,
= ex−1, and H′ = Γ1, in order to obtain a planar straight-line realization Γ ′ of G whose restriction
o G1 is Γ1. Further, since Γ2 is ex-optimal, it is ex-smaller than the restriction of Γ ′ to G2; hence,
e can apply Lemma 19 with H = G2, K = G1 ∪ cx, G = Γ ′, e = ex, and H′ = Γ2, in order to obtain
planar straight-line realization Γ ′′ of G whose restriction to G1 is Γ1 and whose restriction to G2

s Γ2; however, this is one of the four straight-line realizations for which the planarity testing was
egative, a contradiction.
It remains to show an O(n)-time algorithm that either concludes that G1 admits no ex−1-outer

ealization, or determines an ex−1-optimal realization of G1. A very similar application of the
lgorithm allows us to either conclude that G2 admits no ex-outer realization or to determine an
x-optimal realization of G2.
For i = 1, . . . , x − 1, let Gi

1 be the subgraph of G1 composed of the 3-cycles c1, c2, . . . , ci; note
hat Gx−1

1 = G1. A key observation for our algorithm is the following. Assume that an ex−1-outer
ealization Γ1 of G1 exists; let Γ i

1 be the restriction of Γ1 to Gi
1. Then Γ i

1 is an ei-outer realization of
i
1. This is trivial when i = x− 1; further, when i < x− 1, if ei were not incident to the outer face
f Γ i

1 , then ex−1 could not be incident to the outer face of Γ1 without violating the planarity of Γ1.
Our algorithm works by induction on i in order to either conclude that Gi

1 admits no ei-outer
ealization (and thus G1 admits no ex−1-outer realization), or to determine an ei-optimal realization
i
1 of Gi

1. This is trivial when i = 1, namely G1
1 is the 3-cycle c1 which has a unique planar

traight-line realization Γ 1
1 := C1, up to a rigid transformation; then Γ 1

1 is indeed an e1-optimal
ealization.

Assume that we have an ei−1-optimal realization Γ i−1
1 of Gi−1

1 , for some i ∈ {2, . . . , x−1}; indeed,
f we already concluded that G1 admits no ex−1-outer realization, there is nothing else to do.

Note that the cycles ci−1 and ci share the edge ei−1; let vi−1 and vi be the vertices of ci−1 and
ci, respectively, not incident to ei−1. Any straight-line realization of Gi

1 is of one of two types: it is
a different-side realization if vi−1 and vi lie on different sides of the line through ei−1, while it is a
same-side realization if vi−1 and vi lie on the same side of the line through ei−1.

In order to determine whether an ei-outer realization of Gi
1 exists, we combine Γ i−1

1 with Ci in
two ways, so to form a different-side realization and a same-side realization. Namely, Gi−1

1 and ci
share the edge ei−1; hence, once Γ i−1

1 and Ci coincide on the representation of ei−1, it still remains
to decide whether vi−1 and vi lie on different sides or on the same side of the line through ei−1. This
choice leads to two straight-line realizations of Gi

1, which we respectively denote by Γ
i,a
1 and Γ

i,b
1 .

We check each of Γ
i,a
1 and Γ

i,b
1 for planarity and discard each realization that is not planar.

Further, if Γ
i,b
1 was not discarded, then the triangles Ci−1 and Ci are one nested into the other one

(except for the edge ei−1, which is common to both triangles) in such a realization. If Ci is nested
into Ci−1, then we discard Γ

i,b
1 , as it is not an ei-outer realization of Gi

1. We have now three cases:

– If we did not discard Γ
i,b
1 , then we set Γ i

1 = Γ
i,b
1 . Indeed, if we did not discard Γ

i,b
1 , then Γ

i,b
1

is a planar straight-line realization of Gi
1 in which Ci−1 is nested into Ci; this implies that all

of Γ i−1
1 lies inside Ci, hence IΓ i

1
coincides with the closure of the interior of Ci. It follows that

Γ i
1 is an ei-optimal realization of Gi

1, given that in any planar straight-line realization of Gi
1 the

cycle ci is represented by the triangle Ci.
– If we discarded Γ

i,b
1 but we did not discard Γ

i,a
1 , then we set Γ i

1 = Γ
i,a
1 . We prove that Γ i

1 is
an ei-optimal realization of Gi

1.
First, we prove that there exists no same-side ei-outer realization of Gi

1. This is obvious if Γ
i,b
1

was discarded because Ci is nested into Ci−1, as the same would be true in any same-side
realization of Gi

1. Suppose hence that Γ
i,b
1 was discarded because it is not planar and suppose,

for a contradiction, that there exists a same-side ei-outer realization Ψ i
1 of Gi

1. Since Γ i−1
1 is

i i−1
ei−1-optimal, it is ei−1-smaller than the restriction of Ψ1 to G1 ; hence, we can apply Lemma 19
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with H = Gi−1
1 , K = ci, G = Ψ i

1, e = ei−1, and H′ = Γ i−1
1 , in order to obtain a planar straight-

line realization Γ
i,∗
1 of G whose restriction to Gi−1

1 is Γ i−1
1 . Since Ψ i

1 is a same-side realization
of Gi

1, we have that Γ
i,∗
1 is also a same-side realization of Gi

1. Hence, Γ
i,∗
1 is the same realization

as Γ
i,b
1 , a contradiction to the fact that Γ

i,b
1 is not planar.

Second, since we did not discard Γ
i,a
1 , we have that Γ i

1 = Γ
i,a
1 is planar. This, together with the

fact that Γ i
1 is a different-side realization, implies that Γ i

1 is an ei-outer realization. The proof
that Γ i

1 is an ei-optimal realization of Gi
1 easily follows by induction. Namely, as proved above,

any ei-outer realization of Gi
1 is a different-side realization. Consider any such realization Ψ i

1
and let Ψ i−1

1 be the restriction of Ψ i
1 to the vertices and edges of Gi−1

1 . By induction, we have
that Γ i−1

1 is ei−1-smaller than Ψ i−1
1 , hence Γ i

1 is ei-smaller than Ψ i
1, given that the realization

Ci of ci coincides in Γ i
1 and Ψ i

1.
– Finally, if we discarded both Γ

i,a
1 and Γ

i,b
1 , we conclude that there exists no ei-outer realization

of Gi
1. Namely, the proof that there exists no same-side ei-outer realization of Gi

1 is the same
as for the case in which we discarded Γ

i,b
1 but we did not discard Γ

i,a
1 . The proof that there

exists no different-side ei-outer realization of Gi
1 is also very similar to the proof for a same-

side realization. Indeed, that we discarded Γ
i,a
1 was unequivocally due to the fact that it is not

planar. Suppose, for a contradiction, that there exists a different-side ei-outer realization Ψ i
1 of

Gi
1. Since Γ i−1

1 is ei−1-optimal, it is ei−1-smaller than the restriction of Ψ i
1 to Gi−1

1 ; hence, we
can apply Lemma 19 with H = Gi−1

1 , K = ci, G = Ψ i
1, e = ei−1, and H′ = Γ i−1

1 , in order to
obtain a planar straight-line realization Γ

i,∗
1 of G whose restriction to Gi−1

1 is Γ i−1
1 . Since Ψ i

1
is a different-side realization of Gi

1, we have that Γ
i,∗
1 is also a different-side realization of Gi

1.
Hence, Γ i,∗

1 is the same realization as Γ
i,a
1 , a contradiction to the fact that Γ

i,a
1 is not planar.

It remains to show how the described algorithm can be implemented to run in O(n) time. Note
hat a naive implementation of our algorithm would take O(n2) time. Indeed, for each of the O(n)
nductive steps, the realizations Γ

i,a
1 and Γ

i,b
1 , together with their plane embeddings E(Γ i,a

1 ) and
(Γ i,b

1 ), can be constructed in O(1) time from Γ i−1
1 and its plane embedding E(Γ i−1

1 ). Further, the test
n whether Ci is nested into Ci−1 in Γ

i,b
1 can also be performed in O(1) time. Finally, by Theorem 4,

t can be tested in O(n) time whether Γ
i,a
1 and Γ

i,b
1 are planar straight-line realizations of Gi−1

1
especting E(Γ i,a

1 ) and E(Γ i,b
1 ), respectively.

In order to achieve O(n) total running time, we do not test planarity at each inductive step.
ather, for i = 1, . . . , x − 1, we compute a ‘‘candidate’’ straight-line realization Γ i

1 of Gi
1, and we

nly test for the planarity of the final realization Γ x−1
1 . ‘‘Candidate’’ here means ei-optimal, however

nly in the case in which Γ i
1 is planar. Indeed, Γ i

1 might not be planar, in which case the candidate
traight-line realization Γ i

1 of Gi
1 is not required to satisfy any specific geometric constraint.

More formally, for i = 1, . . . , x−1, we construct a straight-line realization Γ i
1 of Gi

1, together with
plane embedding E(Γ i

1), satisfying the following invariant: If an ei-outer realization of Gi
1 exists,

hen Γ i
1 is an ei-optimal realization of Gi

1 and E(Γ i
1) is the plane embedding of Gi

1 corresponding to
i
1 . We again remark that, if an ei-outer realization of Gi

1 does not exist, then Γ i
1 is non-planar or

he edge ei is not incident to the outer face of Γ i
1 .

In order to construct Γ i
1 , we maintain:

– the boundary Bi
1 of the convex hull of Γ i

1 (that is, the sequence of vertices along Bi
1);

– a Boolean value β(ei) such that β(ei) = True if and only if ei is an edge of Bi
1; and

– a distinguished vertex ξi of Bi
1 (this information is only available if β(ei) = False; the meaning

of ξi will be explained later).

ur algorithm only guarantees the correctness of the above information in the case in which Gi
1

dmits an ei-outer realization. For example, if Gi
1 does not admit an ei-outer realization, Bi

1 might
ot correctly represent the boundary of the convex hull of Γ i

1 .
Before describing our algorithm, we introduce a problem and a known solution for it. Let Z be a
lanar straight-line drawing of a path Z = (z1, z2, . . . , zm) and, for any i ∈ {1, . . . ,m}, let Zi be the
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restriction of Z to the subpath Zi = (z1, z2, . . . , zi) of Z . Suppose that the locations of z1, z2, . . . , zm
in Z are unveiled one at a time, in that order. For i = 1, . . . ,m, when the location of zi is unveiled,
we want to compute the boundary of the convex hull of Zi. Melkman [41] presented an algorithm
to solve the problem (i.e., to compute the boundaries of the convex hulls of Z1,Z2, . . . ,Zm) in total
O(m) time.

This result allows us to compute the boundaries B1
1,B

2
1, . . . ,B

x−1
1 of the convex hulls of

Γ 1
1 , Γ 2

1 , . . . , Γ x−1
1 in total O(n) time. Indeed, an easy inductive argument proves that Gx−1

1 contains a
path Z spanning all its vertices and such that, for i = 1, . . . , x−1, the vertices of Gi

1 induce a subpath
Zi of Z . For i = 2, . . . , x − 1, our algorithm constructs Γ i

1 from Γ i−1
1 by assigning a position to the

vertex vi of Ci not incident to ei−1; once we have done that, the algorithm by Melkman [41] can be
employed in order to compute Bi

1 from Bi−1
1 (more precisely, we run Melkman’s algorithm [41] in

parallel with our algorithm and feed it the locations of the vertices of Z in the order our algorithm
computes them). Note that, if Gi

1 admits an ei-outer realization, then Bi
1 is correctly computed,

otherwise Bi
1 might not correctly represent the boundary of the convex hull of Γ i

1 . We will only
sketch what Melkman’s algorithm [41] does in order to compute B1

1,B
2
1, . . . ,B

x−1
1 .

The base case takes O(1) time, as G1
1 has a unique (planar) straight-line realization Γ 1

1 = C1,
up to a rigid transformation; further, E(Γ 1

1 ) is easily computed from Γ 1
1 , and we have B1

1 = C1,
β(e1) = True, and ξ1 = Null. Now assume that, for some i ∈ {2, . . . , x − 1}, we have a
candidate straight-line realization Γ i−1

1 of Gi−1
1 , together with a plane embedding E(Γ i−1

1 ), satisfying
the invariant, the boundary Bi−1

1 of the convex hull of Γ i−1
1 , the Boolean value β(ei−1), and the vertex

ξi−1. We are going to distinguish some cases; common to all the cases is the observation that, if
Γ i−1
1 is not planar, then it is not important how our algorithm computes Γ i

1 , E(Γ
i
1), B

i
1, β(ei), and

ξi, because, by the invariant, Gi−1
1 admits no ei−1-outer realization and hence Gi

1 admits no ei-outer
realization.

Case 1: β(ei−1) = True. We check whether Γ i−1
1 and Ci can be combined in order to form a

same-side ei-outer realization of Gi
1 (assuming that Γ i−1

1 is planar). Since we know Bi−1
1 , this check

only requires O(1) time. Indeed, once Ci is embedded in such a way that vi−1 and vi lie on the same
side of the line through ei−1, it suffices to compare the slopes of the edges of Ci different from ei−1
with the slopes of the segments of Bi−1

1 incident to the end-vertices of ei−1 and different from ei−1;
see Fig. 27(a).

– Case 1.1: If the check is successful, we let Γ i
1 be the resulting straight-line realization of Gi

1;
further, the plane embedding E(Γ i

1) can be computed in O(1) time from E(Γ i−1
1 ) by inserting

the edges of ci incident to vi next to ei−1 in the cyclic order of the edges incident to the end-
vertices of ei−1 and by letting the outer face of E(Γ i

1) be bounded by the cycle ci. Finally, we
let Bi

1 = Ci, β(ei) = True, and ξi = Null. Note that, if Γ i−1
1 is planar, then Γ i

1 is an ei-optimal
realization of Gi

1 (this is the realization which was earlier called Γ
i,b
1 ).

– Case 1.2: If the check is unsuccessful, we let Γ i
1 be the straight-line realization obtained from

Γ i−1
1 by embedding Ci in such a way that vi−1 and vi lie on different sides of the line through

ei−1. Thus, Γ i
1 can be constructed in O(1) time from Γ i−1

1 . The plane embedding E(Γ i
1) can

also be computed in O(1) time from E(Γ i−1
1 ); indeed, the set of clockwise orders of the edges

incident to each vertex in E(Γ i
1) is computed as in Case 1.1, while the boundary of the outer

face of E(Γ i
1) is computed from the one of E(Γ i−1

1 ) by letting the two edges of ci incident to
vi replace the edge ei−1. Note that, if Γ i−1

1 is planar, then Γ i
1 is an ei-optimal realization of Gi

1;
this is the realization which was earlier called Γ

i,a
1 .

In order to compute Bi
1 from Bi−1

1 , Melkman’s algorithm [41] works as follows; refer to
Fig. 27(b). Let si−1 and ti−1 be the end-vertices of ei−1 and assume that si−1 immediately
precedes ti−1 in clockwise order along Bi−1

1 . Since vi is a vertex of Bi
1, the algorithm needs to

find the vertices of Bi−1
1 that follow vi in clockwise and counter-clockwise order along Bi

1. In
order to find the vertex that follows vi in counter-clockwise order along Bi

1 (the computation
of the other vertex is done similarly), the algorithm computes the segments from vi to the
vertices of Bi−1

1 , starting from si−1 and proceeding in counter-clockwise order along Bi−1
1 .

′ i−1
This computation stops when a segment from vi to a vertex si−1 of B1 is considered such
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Fig. 27. Embedding Ci (thick black) together with Γ i−1
1 . (a) In order to establish whether Γ i−1

1 (whose convex hull is
gray) fits inside Ci , the slopes of the edges of Ci incident to vi are compared with the slopes of the segments of Bi−1

1
incident to the end-vertices of ei−1 and different from ei−1 (lines through these segments are dark gray). (b) If Ci is
embedded so that vi−1 and vi lie on different sides of the line through ei−1 , then Bi

1 has to be computed; Melkman’s
algorithm [41] examines the segments from vi to the vertices that follow si−1 in counter-clockwise order along Bi−1

1 , until
it finds a segment (dark gray) from vi to a vertex s′i−1 that keeps the previously encountered segment to the right. (c)
If ei lies in the interior of the convex hull of Γ i

1 , except possibly for its end-vertices, then the segments σi and τi of Bi
1

incident to ξi = vi represent the only ‘‘way out’’ of Bi
1 for a planar straight-line realization of Gx−1

1 ; in particular, in any
ex−1-outer realization of Gx−1

1 , the vertices and edges that are not in Gi
1 and that lie inside Bi

1 can only lie in the dark
gray regions incident to σi and τi . (d) Illustration for the case in which vi lies outside the convex hull of Γ i−1

1 and ξi−1

is the end-vertex of ei different from vi . (e) Illustration for the case in which vi lies outside the convex hull of Γ i−1
1 and

ξi−1 is not the end-vertex of ei different from vi . (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

that the oriented line that passes first through vi and then through s′i−1 keeps the previously
encountered segment s to the right. When that happens, the end-vertex of s different from vi
is the vertex that follows vi in counter-clockwise order along Bi

1. This computation does not,
in general, take O(1) time, however it takes linear time in the number of vertices of Bi−1

1 that
are not in Bi

1, hence it takes O(n) time over all the convex hull computations.
Let σi and τi be the segments of Bi

1 incident to vi. In order to compute β(ei) and ξi, we check
whether ei coincides with one of σi and τi. In the positive case, since ei is an edge of Bi

1, we
let β(ei) = True and ξi = Null. In the negative case, since ei is not an edge of Bi

1, we let
β(ei) = False and ξi = vi. We are now ready to explain the meaning of the information
conveyed by β(ei) and ξi; refer to Fig. 27(c). If ei lies in the interior of the convex hull of Γ i

1 ,
except possibly for one of its end-vertices, then the segments σi and τi of Bi

1 incident to ξi
represent the only ‘‘way out’’ of Bi

1 for a planar straight-line realization of Gx−1
1 . Formally, let j

be the smallest index such that j > i and such that vj lies outside Bi
1 in a planar straight-line

realization of Gj
1, if any such an index exists; then (at least) one of the two edges incident to

vj in Gj
1 crosses σi or τi. This very same property is exploited in Melkman’s algorithm [41], and

comes from the fact that, by the connectivity of Gi
1, any path that starts at vi, that does not

share any vertex with Gi
1 other than vi, and that first intersects the interior of the convex hull

of Γ i
1 and then crosses Bi

1 in a segment different from σi and τi crosses Γ i
1 as well.

Case 2: β(ei−1) = False. In this case Γ i−1
1 lies on both sides of the line through ei−1, hence

Γ i−1
1 and Ci cannot be combined in order to form a same-side ei-outer realization of Gi

1, even if
Γ i−1
1 is planar. Thus, as in Case 1.2, we let Γ i

1 be the straight-line realization obtained from Γ i−1
1 by

embedding Ci in such a way that vi−1 and vi lie on different sides of the line through ei−1; this is
again the realization which was earlier called Γ

i,a
1 . The plane embedding E(Γ i

1) is computed in O(1)
time from E(Γ i−1

1 ) as in Case 1.2. Then Γ i
1 satisfies the invariant; indeed, in the description of the

algorithm, it was proved that, if Γ
i,a
1 is planar, then it is ei-optimal, otherwise Gi

1 admits no ei-outer
realization. Further, Γ i

1 can be constructed in O(1) time from Γ i−1
1 . Note that, in this case, it might

happen that Γ i
1 is not planar even if Γ i−1

1 is planar; however, we do not check the planarity of Γ i
1

at this time.
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Fig. 28. The outerplane embedding of an outerpillar. The gray face is the one bounded by cx . The graphs G1 and G2 are
enclosed inside fat curves.

In order to compute Bi
1, β(ei), and ξi, we exploit the information stored in ξi−1. As explained in

Case 1.2, if Γ i−1
1 is planar, the value ξi−1 represents a vertex on the boundary Bi−1

1 of the convex
hull of Γ i−1

1 such that vi lies outside Bi−1
1 only if the (at least one) edge e of ci incident to vi and not

incident to ξi−1 crosses σi−1 or τi−1, where σi−1 and τi−1 are the segments incident to ξi−1 in Bi−1
1 .

Hence, we (as in Melkman’s algorithm [41]) check in O(1) time whether e crosses σi−1 or τi−1.

– In the positive case, vi lies outside the convex hull of Γ i−1
1 ; then Bi

1 is constructed as in Case 1.2,
where the segment between σi and τi that crosses e plays the role of ei−1. If ξi−1 is the end-
vertex of ei different from vi, as in Fig. 27(d), then we set β(ei) = True and ξi = Null (in this
case Gi

1 ‘‘made it out’’ of Bi−1
1 ), otherwise, as in Fig. 27(e), we set β(ei) = False and ξi = vi.

– In the negative case, vi lies inside the convex hull of Γ i−1
1 or Γ i

1 is not planar (or both). Hence,
we set Bi

1 = Bi−1
1 , β(ei) = False, and ξi = ξi−1.

This concludes the description of the inductive case of our algorithm. Each inductive step takes
O(1) time, except for the computation of the boundaries B1

1,B
2
1, . . . ,B

x−1
1 , which however takes

total O(n) time as explained above. Hence, the overall running time of the algorithm is in O(n). □

Proof of Theorem 14. The proof uses several ideas from the proof of Theorem 13. We hence omit
details of arguments that have been already detailed in that proof.

Let G = (V , E, λ) be an n-vertex weighted maximal outerpillar (as the one in Fig. 28) and let O
be its outerplane embedding, which can be found in O(n) time [25,42,54]. Since G is an outerpillar,
its dual tree is a caterpillar T , whose spine we denote by P := (p1, . . . , pk); note that T can be
easily recovered from O in O(n) time. We arbitrarily select two leaves of T , respectively adjacent to
p1 and pk, and denote them by p0 and pk+1; we further denote by P ′ the path (p0, p1, . . . , pk, pk+1).
Each node pi of P ′ corresponds to an internal face of O; we denote by ci the 3-cycle of G bounding
such a face. Further, each node pi in P ′ is adjacent to at most one leaf not in P ′ (the satisfaction
of this property was the reason to augment P to P ′), which corresponds to an internal face of
O; we denote by di the 3-cycle of G bounding such a face. Each cycle ci has a unique (planar)
straight-line realization (up to a rigid transformation), which we denote by Ci, and each cycle di
has a unique (planar) straight-line realization (up to a rigid transformation), which we denote by
Di. For i = 0, . . . , k, let ei be the edge of G that is dual to the edge (pi, pi+1) of P ′; note that ei is
an internal edge of O. Further, for every index i ∈ {1, . . . , k} such that di exists, let gi be the edge
shared by ci and di.

Let c∗ be a 3-cycle of G whose area is maximum among all the 3-cycles of G. Let x ∈ {0, 1, . . . , k+
1} be the index such that we have either c∗ = cx or c∗ = dx. Let G1 be the subgraph of G composed
of the 3-cycles ci and of the 3-cycles di with i = 0, . . . , x − 1 (some of the 3-cycles di might not
exist). Analogously, let G2 be the subgraph of G composed of the 3-cycles ci and of the 3-cycles di
with i = x+1, . . . , k+1 (again, some of the 3-cycles di might not exist). One of these graphs might
be undefined if x = 0 or x = k + 1; however, in the following, we assume that 1 ≤ x ≤ k as the
arguments for the cases x = 0 and x = k+ 1 are analogous and actually simpler. Note that G and
1
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G2 are maximal outerpillars. Also, we assume that the 3-cycle dx exists, as the argument for the
ase in which it does not is simpler.
Assume that a planar straight-line realization Γ of G exists; for i = 1, 2, let Γi be the restriction

of Γ to Gi. If c∗ = cx, then cx does not lie inside any 3-cycle of G in Γ . If c∗ = dx, then cx might lie
nside dx in Γ , however it does not lie inside any other 3-cycle of G in Γ , as otherwise, by planarity,
uch a 3-cycle would also contain dx, which is not possible. Therefore, both if c∗ = cx and if c∗ = dx,
we have that Γ1 is an ex−1-outer realization of G1 and that Γ2 is an ex-outer realization of G2.

We show an O(n3)-time algorithm that either concludes that G1 admits no ex−1-outer realization
or constructs an ex−1-optimal set R1 of ex−1-outer realizations of G1, where for each realization Γ1
in R1 the plane embedding E(Γ1) is constructed as well. The same algorithm is then also used in
order to either conclude that G2 admits no ex-outer realization or to construct an ex-optimal set
R2 of ex-outer realizations of G2, where for each realization Γ2 in R2 the plane embedding E(Γ2) is
constructed as well.

For i = 0, 1, . . . , x− 1, let Gi
1 be the subgraph of G1 composed of the 3-cycles c0, c1, . . . , ci and

of the 3-cycles d0, d1, . . . , di (some of these 3-cycles might not exist); note that Gx−1
1 = G1. As in

the proof of Theorem 13, we use the observation that the restriction of any ex−1-outer realization
of G1 to Gi

1 is an ei-outer realization of Gi
1.

Our algorithm works by induction on i in order to either conclude that Gi
1 admits no ei-outer

realization (and thus G1 admits no ex−1-outer realization), or to determine an ei-optimal set Ri
1 of

ei-outer realizations of Gi
1 with |Ri

1| ≤ i + 1, where for each realization Γ i
1 in Ri

1 the plane E(Γ i
1)

s constructed as well. This is trivial when i = 0, namely G0
1 is the 3-cycle c0 which has a unique

planar straight-line realization Γ 0
1 := C0, up to a rigid transformation; then R0

1 := {Γ
0
1 } is indeed

an e0-optimal set of e0-outer realizations of G0
1 with |R0

1| ≤ 1 and E(Γ 0
1 ) is easily computed from

0
1 .
Assume that we have an ei−1-optimal set Ri−1

1 of ei−1-outer realizations of Gi−1
1 with |Ri−1

1 | ≤ i,
or some i ∈ {1, . . . , x − 1}, and we have, for each realization Γ i−1

1 in Ri−1
1 , the plane embedding

(Γ i−1
1 ); indeed, if we already concluded that G1 admits no ex−1-outer realization, there is nothing

lse to do. We present an algorithm that either concludes that G1 admits no ex−1-outer realization or
onstructs the set Ri

1 and, for each realization Γ i
1 in Ri

1, the plane embedding E(Γ i
1). The algorithm

onsists of three steps. Step 1 tries to construct an ei-outer realization of Gi
1 in which both Gi−1

1 and
i lie inside ci, as in Fig. 29(a). If this construction succeeds, then Ri

1 consists uniquely of such a
ealization of Gi

1 and Steps 2 and 3 are not performed. Otherwise, Steps 2 and 3 try to construct
i-outer realizations of Gi

1 in which Gi−1
1 and/or di lie outside ci, as in Figs. 29(b) and 29(c). In

articular, Step 2 considers the realizations in which Gi−1
1 lies inside ci and di lies outside ci. This

tep adds to Ri
1 at most one of such realizations. Step 3 instead considers the realizations in which

i−1
1 lies outside ci and di lies inside ci (if it fits) or outside ci (otherwise). This step adds to Ri

1
every constructed realization of Gi

1. In all three steps, the used realizations of Gi−1
1 are those in the

inductively constructed set Ri−1
1 . We next describe each step in detail.

– Step 1. In the first step, we aim for the construction of an ei-outer realization of Gi
1 in which

both Gi−1
1 and di lie inside ci (except for the edges ei−1 and gi, which ci shares with Gi−1

1 and
di, respectively), as the one in Fig. 29(a). This is done by checking whether any of the O(n)
realizations of Gi−1

1 in Ri−1
1 fits inside Ci together with Di. More precisely, we act as follows.

(A) We test in O(1) time whether Ci−1 lies inside Ci once they coincide on the representation
of ei−1 and once their vertices not incident to ei−1 lie on the same side of the line through
ei−1. If the test is positive, we proceed with the first step of the algorithm, otherwise
we conclude that no realization of Gi−1

1 fits inside Ci, we terminate the first step of the
algorithm and proceed to the second one.

(B) We test in O(1) time whether Di lies inside Ci once they coincide on the representation
of gi and once their vertices not incident to gi lie on the same side of the line through gi;
if di does not exist, this test is skipped. If the test is positive, we proceed with the first
step of the algorithm, otherwise we conclude that Di does not fit inside Ci, we terminate

the first step of the algorithm and proceed to the second one.
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Fig. 29. Three ei-outer realizations of Gi
1 . The cycle ci is represented by a thick line. (a) Gi−1

1 and di lie inside ci; (b) Gi−1
1

lies inside ci and di lies outside ci; (c) Gi−1
1 lies outside ci .

(C) For each realization Γ i−1
1 of Gi−1

1 in Ri−1
1 , we construct a straight-line realization Γ i

1 of
Gi
1 in which Gi−1

1 is represented by Γ i−1
1 and Ci−1 and Di are embedded inside Ci. Such

a realization can be obtained in O(1) time by augmenting Γ i−1
1 with a representation of

the edges of ci and di not in Gi−1
1 . Further, the plane embedding E(Γ i

1) can be constructed
in O(1) time by inserting the edges incident to vi next to ei−1 in the cyclic order of the
edges incident to the end-vertices of ei−1, by then inserting the edges of di different
from gi next to gi in the cyclic order of the edges incident to the end-vertices of gi, and
by letting the outer face of E(Γ i

1) be bounded by the cycle ci. We then test in O(n) time,
by means of Theorem 4, whether Γ i

1 is a planar straight-line realization of Gi
1 respecting

E(Γ i
1).

The total running time of the first step of the algorithm is hence in O(n2). If (at least) one
of these tests succeeds in constructing a realization Γ i

1 , then we complete the induction with
Ri

1 = {Γ
i
1}. If none of the tests succeeds, we proceed to the second step of the algorithm.

– Step 2. In the second step, we aim for the construction of an ei-outer realization of Gi
1 in which

Gi−1
1 lies inside ci (except for the edge ei−1, which is shared by Gi−1

1 and ci) and di lies outside
ci (except for the edge gi, which is shared by ci and di), as in Fig. 29(b). If di does not exist,
then this step is actually ignored, given that the desired representation of Gi

1 would have been
already constructed in the first step. As in the first step, we first check whether Ci−1 lies inside
Ci once they coincide on the representation of ei−1 and once their vertices not incident to
ei−1 lie on the same side of the line through ei−1. If the test is negative, we conclude that no
realization of Gi−1

1 fits inside Ci, we terminate the second step of the algorithm and proceed to
the third one with Ri

1 = ∅. If the test is positive, we independently consider each of the O(n)
realizations of Gi−1

1 in Ri−1
1 , say Γ i−1

1 . We augment Γ i−1
1 to a realization Γ i

1 of Gi
1 (and compute

the plane embedding E(Γ i
1) from the plane embedding E(Γ i−1

1 )) in O(1) time similarly as in
the first step, except that Di is now embedded outside Ci and hence the outer face of E(Γ i

1) is
now delimited by the edges of ci and di different from gi. By means of Theorem 4, we test in
O(n) time whether Γ i

1 is a planar straight-line realization of Gi
1 respecting E(Γ i

1). Hence, the
total running time of the second step is in O(n2). If (at least) one of these tests shows that a
realization Γ i

1 of Gi
1 is planar, we conclude this step by initializing Ri

1 = {Γ
i
1}. If none of the

tests succeeds, then we initialize Ri
1 = ∅. In both cases, we proceed to the third step of the

algorithm.
– Step 3. In the third step, we aim for the construction of (possibly multiple) ei-outer realizations

of Gi
1 in which Gi−1

1 lies outside ci (except for the edge ei−1, which is shared by Gi−1
1 and ci),

as in Fig. 29(c). This is done as follows. Preliminarly, we construct a realization of ci ∪ di (if
di exists). In order to do that, we check in O(1) time whether Di fits inside Ci; in the positive
case, we place it inside Ci, otherwise we place it outside Ci. We now independently consider

i−1 i−1 i−1
each ei−1-outer realization Γ1 of G1 in R1 and we put it together with the constructed
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representation of ci ∪ di (if di does not exist, we just put Γ i−1
1 together with Ci), so that

the vertices of ci−1 and ci not incident to ei−1 lie on different sides of the line through ei−1.
This can be done in O(1) time, as in the first and second steps, by augmenting Γ i−1

1 with a
representation of the edges of ci and di not in Gi−1

1 . The plane embedding of the constructed
representation of Gi

1 can also be constructed in O(1) time from the plane embedding E(Γ i−1
1 ),

similarly as in the first and second steps. We now check in O(n) time whether the constructed
representation of Gi

1 is a planar straight-line realization of Gi
1 respecting the constructed plane

embedding, by means of Theorem 4; in the positive case, we add it to Ri
1. Hence, the total

running time of the third step is in O(n2). After the third step, if Ri
1 = ∅, we conclude that G1

admits no ex−1-outer realization.

This concludes the description of the algorithm. We now prove its correctness.
First, we prove that |Ri

1| ≤ i+1. This is obvious if the first step succeeded in the construction of
realization of Gi

1, as in that case we have |Ri
1| = 1 < i+ 1. Otherwise, at most one realization of

i
1 was inserted into Ri

1 in the second step; further, during the third step, at most one realization of
i
1 was inserted into Ri

1 for each realization in Ri−1
1 . Since |Ri−1

1 | ≤ i, by the inductive hypothesis,
t follows that |Ri

1| ≤ i+ 1.
Second, we have that each realization in Ri

1 is planar, as ensured by a test performed on it before
he insertion into Ri

1. Further, each realization in Ri
1 is ei-outer. Namely, if the vertices of ci−1 and

i that are not incident to ei−1 lie on the same side of the line through ei−1, we test whether Ci−1
ies inside Ci; further, if the vertices of di and ci that are not incident to gi lie on the same side of
he line through gi, we test whether Di lies inside Ci. A realization is added to Ri

1 only if both tests
ucceed, which ensures that Ci does not lie inside Ci−1 or Di in any realization in Ri

1. A containment
f Ci inside any other 3-cycle of Gi

1 would contradict the planarity of the corresponding realization.
Finally, we prove that Ri

1 is ei-optimal. This can be done very similarly as in the proof of
heorem 13. Namely, consider any ei-outer realization Ψ i

1 of Gi
1 and let Ψ i−1

1 be the restriction of Ψ i
1

o Gi−1
1 . Since Ri−1

1 is ei−1-optimal, there exists an ei−1-outer realization Λi−1
1 of Gi−1

1 in Ri−1
1 such

hat Λi−1
1 is ei−1-smaller than Ψ i−1

1 . Hence, we can apply Lemma 19 with H = Gi−1
1 , K = ci ∪ di

(or K = ci if di does not exist), G = Ψ i
1, e = ei−1, and H′ = Λi−1

1 , in order to obtain an ei-outer
realization Λi

1 of Gi
1 whose restriction to Gi−1

1 can be obtained by a rigid transformation of Λi−1
1 and

such that Ci−1 lies inside Ci in Λi
1 if and only if Ci−1 lies inside Ci in Ψ i

1. It only remains to prove that
Λi

1, or an ei-outer realization that is ei-smaller than Λi
1, actually belongs to Ri

1.
First, if Ri

1 contains a single realization Γ i
1 added during the first step, then the outer face of Γ i

1
is bounded by Ci; since the set IΛi

1
contains at least the closure of the interior of Ci, we have that

Γ i
1 is ei-smaller than Λi

1. We can hence assume that Λi−1
1 lies outside Ci or that Di lies outside Ci

(or both). Indeed, if both Λi−1
1 and Di lied inside Ci, then the first step of the algorithm would have

constructed Λi
1, and hence Ri

1 would contain a single realization Γ i
1 added during the first step

(note that Γ i
1 would not necessarily be the same as Λi

1, however the outer faces of both Γ i
1 and Λi

1
would be delimited by Ci).

Second, consider the case in which Λi−1
1 lies inside Ci and Di lies outside Ci in Λi

1. This implies
that the second step of the algorithm constructs Λi

1, and hence Ri
1 contains a realization Γ i

1 added
during the second step of the algorithm. The outer face of Γ i

1 is bounded by the edges of Ci and Di
different from gi, same as Λi

1, hence Γ i
1 is ei-smaller than Λi

1.
Third, consider the case in which Λi−1

1 lies outside Ci. If Di lies inside Ci in Λi
1, or if Di lies outside

Ci in Λi
1 and does not fit inside Ci, then the third step of the algorithm constructs Λi

1 and adds it
to Ri

1. If Di lies outside Ci in Λi
1 and fits inside Ci, then the third step of the algorithm constructs a

realization Γ i
1 which coincides with Λi

1 when restricted to Gi−1
1 ∪ ci, but in which Di lies inside Ci.

Then we have that Γ i
1 is ei-smaller than Λi

1. This concludes the proof of the ei-optimality of Ri
1 and

of the correctness of the inductive step.
The inductive step is hence performed in O(n2) time. Since there are O(n) inductive steps, our

algorithm takes O(n3) time in order to either conclude that G1 admits no ex−1-outer realization or
to construct an ex−1-optimal set R1 with |R1| ∈ O(n) of ex−1-outer realizations of G1 together with

3
the plane embedding E(Γ1) of each realization Γ1 in R1; the algorithm also takes O(n ) time in
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order to either conclude that G2 admits no ex-outer realization or to construct an ex-optimal set R2
with |R2| ∈ O(n) of ex-outer realizations of G2 together with the plane embedding E(Γ2) of each
realization Γ2 in R2.

As argued above, if G1 admits no ex−1-outer realization or G2 admits no ex-outer realization, then
G admits no planar straight-line realization. Assume hence that R1 and R2 are both non-empty. We
independently consider each pair (Γ1, Γ2) such that Γ1 ∈ R1 and Γ2 ∈ R2; since |R1| and |R2| are
both in O(n), there are O(n2) such pairs. We construct eight straight-line realizations of G, each with
the corresponding plane embedding, according to the following choices:

– the vertices of cx−1 and cx not incident to ex−1 might lie on the same side or on different sides
of the line through ex−1;

– the vertices of cx+1 and cx not incident to ex might lie on the same side or on different sides
of the line through ex; and

– the vertices of dx and cx not incident to gx might lie on the same side or on different sides of
the line through gx.

We test in O(n) time whether each of these straight-line realizations is planar and respects the
corresponding plane embedding, by means of Theorem 4. Hence, all these tests can be performed
in overall O(n3) time. If (at least) one of these realizations is planar, then it is the desired planar
straight-line realization of G. Otherwise, there exists no planar straight-line realization of G; this
can be proved as in the proof of Theorem 13. Namely, if a planar straight-line realization Γ of G
exists, then the restriction of Γ to G1 and the restriction of Γ to G2 can be replaced by straight-line
realizations obtained by rigid transformations of suitable realizations in R1 and R2, respectively. By
Lemma 19, this results in a planar straight-line realization of G which, by construction, is one of the
straight-line realizations for which the planarity testing was negative. This contradiction concludes
the proof of the theorem. □ □

7. 2-Trees with short longest path

In this section, we show that the FEPR problem is polynomial-time solvable for weighted 2-trees
whose longest path has bounded length, where the length of a path is the number of edges in it. Our
algorithm actually runs in polynomial time in a more general case: if the height of the SPQ-tree of
the 2-tree is bounded. We start this section by introducing the necessary definitions and notation.

The notion of SPQ-tree is a specialization of the well-known notion of SPQR-tree [9,33] for series–
parallel graphs [8,53]. A series–parallel graph is any graph that can be obtained by means of the
following recursive construction (see Fig. 30).

– An edge (u, v) is a series–parallel graph with two poles u and v; its SPQ-tree T is rooted tree
with a single Q-node. We say that (u, v) corresponds to the Q-node (and vice versa).

– Let G1, . . . ,Gk be series–parallel graphs, where Gi has poles ui and vi, for i = 1, . . . , k; also, let
T1, . . . , Tk be their SPQ-trees. The graph obtained by identifying the vertices u1, . . . , uk into a
single vertex u and the vertices v1, . . . , vk into a single vertex v is a series–parallel graph G
with poles u and v. The SPQ-tree T of G is the tree whose root is a P-node which is the parent
of the roots of T1, . . . , Tk. We say that G corresponds to T .

– Let G1, . . . ,Gk be series–parallel graphs, where Gi has poles ui and vi, for i = 1, . . . , k; also, let
T1, . . . , Tk be their SPQ-trees. The graph obtained by identifying the vertex vi with the vertex
ui+1, for i = 1, . . . , k− 1, is a series–parallel graph G with poles u1 and vk. The SPQ-tree T of
G is the tree whose root is an S-node which is the parent of the roots of T1, . . . , Tk. We say
that G corresponds to T .

Every 2-tree G is a series–parallel graph (see, e.g., [17, Chapter 5]) such that:

(C1) The root of the SPQ-tree T of G is a P-node.
(C2) Each P-node has at least two children; one of them is a Q-node and the others are S-nodes.
(C3) Each S-node has exactly two children, each of which is either a Q-node or a P-node.
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Fig. 30. A 2-tree G and its SPQ-tree T . The gray regions show Gµ and Tµ , for a node µ of T . The poles of µ are
represented by empty disks in G. The fat edge corresponds to the Q-node that is a child of the root of T . The height of
T is 8, the one of Tµ is 4.

Moreover, if e is a prescribed edge of G, then the SPQ-tree of G can be constructed in such a way
that the Q-node corresponding to e is a child of the root ρ of the SPQ-tree (that is, e is the edge
between the poles of ρ). We will use this property later.

Let G be a 2-tree, T be the SPQ-tree of G, and µ be a node of T . We denote by uµ and vµ the
poles of µ, by Tµ the subtree of T rooted at µ, and by Gµ the subgraph of G corresponding to Tµ. The
height of T is the maximum number of edges in any root-to-leaf path in T . By Conditions (C1)–(C2),
the height of T is even and positive.

We can upper bound the height of an SPQ-tree of a 2-tree G in terms of the length of the longest
path of G, as proved in the following lemma.

Lemma 20. Let G be a 2-tree, let ℓ be the length of the longest path of G, let T be the SPQ-tree of G,
and let h be the height of T . Then we have h ≤ 2ℓ− 2.

Proof. We prove the following claim. For every P-node µ in T , there exists a path Pµ in Gµ that
connects the poles u and v of µ and whose length is hµ

2 +1, where hµ is the height of Tµ. The claim
mplies the lemma by choosing µ to be the root of T ; this can be done since, by Condition (C1), the
oot of T is a P-node.

We prove the claim by induction on hµ. Recall that hµ is even and positive. Let ν be a child of
such that the height of Tν is hµ − 1; by Condition (C2) and since hµ ≥ 2, we have that ν is an

-node with poles u and v. By Condition (C3), we have that ν has two children ν1 and ν2, each of
which is either a P-node or a Q-node. Assume, w.l.o.g. up to a relabeling, that u is a pole of ν1, that
v is a pole of ν2, and that w is the pole shared by ν1 and ν2.

In the base case, we have hµ = 2. Then ν1 and ν2 are both Q-nodes, as otherwise the height of
T would be greater than 2. It follows that G contains the path Pµ = (u, w, v).

In the inductive case, we have hµ > 2. Assume that the height of Tν1 is hµ − 2, as the case
in which the height of Tν2 is hµ − 2 is analogous. Since hµ > 2, we have that ν1 is a P-node. By
induction, Gν1 contains a path Pν1 with length hµ−2

2 +1 between u and w. Further, Gν2 contains the
dge (w, v); this is obvious if ν2 is a Q-node and comes from Condition (C2) otherwise. The path
ν1∪(w, v) is the desired path Pµ with length hµ

2 +1 between u and v. This completes the induction
nd hence the proof of the lemma. □

The main result of this section is the following.
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Theorem 15. Let G an n-vertex weighted 2-tree, let e be an edge of G with maximum length, let T be the
PQ-tree of G such that the Q-node corresponding to e is a child of the root of T , and let h be the height
f T . There exists an nO(2h)-time algorithm that tests whether G admits a planar straight-line realization
nd, in the positive case, constructs such a realization.

Due to Lemma 20, Theorem 15 implies the following.

orollary 1. Let G an n-vertex weighted 2-tree and let ℓ be length of the longest path of G. There exists an
O(4ℓ)-time algorithm that tests whether G admits a planar straight-line realization and, in the positive
ase, constructs such a realization.

In the remainder of the section, we prove Theorem 15. Let H be a 2-tree and let (u, v) be an
dge of H . A uv-external realization of H is a planar straight-line realization of H such that both
and v are incident to the outer face; note that the edge (u, v) is not necessarily incident to the
uter face of a uv-external realization of H . Given two uv-external realizations Γ and Γ ′ of H , we
ay that Γ is uv-equivalent to Γ ′ if Γ can be rotated and translated (note that reflections are not
llowed) so that the representation of (u, v) coincides with the one in Γ ′ and so that the boundary
f the outer face of Γ coincides with the boundary of the outer face of Γ ′. Given a set R of uv-
xternal realizations of H , we say that R is uv-complete if, for every uv-external realization Γ ′ of
, there exists a uv-external realization Γ of H in R such that Γ is uv-equivalent to Γ ′. Finally, a
v-complete set R of uv-external realizations of H is minimal if no realization in R is uv-equivalent
o a distinct realization in R.

As a first step of our algorithm, we compute the SPQ-tree T of G such that the Q-node
orresponding to e is a child of the root ρ of T ; this can be done in O(n) time [9,33,53]. One key
oint of our algorithm is that, for every P-node µ of T , we only need to look for uµvµ-external
ealizations of Gµ (recall that uµ and vµ are the poles of µ). This is formalized in the following.

emma 21. Let Γ be any planar straight-line realization of G. For any P-node µ of T , the restriction
µ of Γ to Gµ is a uµvµ-external realization of Gµ.

roof. Consider first the case in which µ = ρ. Then Γµ coincides with Γ . If Γ were not a uµvµ-
xternal realization of Gµ, then e would lie inside a 3-cycle c of G in Γ . However, this would
ontradict the planarity of Γ . Namely, since e is an edge with maximum length, the length of e
ould be larger than the one of each side of the triangle representing c in Γ .
Consider now the case in which µ ̸= ρ. Suppose, for a contradiction, that (at least) one of uµ and

µ, say uµ, is not incident to the outer face of Γµ. Hence, uµ lies inside a cycle c of Gµ in Γµ and in
. Furthermore, at most one of uρ and vρ , say uρ , is a vertex of c (if both uρ and vρ would belong

o Gµ, we would have µ = ρ). Since uρ and vρ are incident to the outer face of Γ , we have that
ρ lies outside c in Γ . Since G is biconnected, it contains a path that connects uµ with vρ and that
oes not contain vertices of Gµ other than uµ. By the Jordan curve theorem, such a path crosses c
n Γ , a contradiction. □

For each P-node µ of T , we construct an order ν1, . . . , νk of the children of µ as follows. First,
e let ν1 be the only Q-node that is a child of µ; this node exists by Condition (C2). We denote by
(ν1) the length of the edge of G corresponding to such a Q-node. Every other child νi of µ is an
-node. Let σi and τi be the two children of νi; by Condition (C3), each of them is either a Q-node or a
-node. We denote by wνi the pole that σi and τi share (that is, their pole different from uµ and vµ);
lso, we can assume, w.l.o.g. up to a relabeling of σi with τi, that uµ is a pole of σi and vµ is a pole of
i. Then the edges (uµ, wνi ) and (vµ, wνi ) belong to Gνi , as each of σi and τi is either a Q-node (and
hen it obviously contains the edge between its poles) or a P-node (and then it contains the edge
etween its poles by Condition (C2)). Let λ(νi) denote the sum of the lengths of the edges (uµ, wνi )
nd (vµ, wνi ). Then the order of the children of µ is established so that λ(ν1) ≤ λ(ν2) ≤ · · · ≤ λ(νk).
learly, such orders can be found for all the P-nodes of T in overall O(n log n) time. For a P-node µ

f T with children ν , . . . , ν and for any i ∈ {1, . . . , k}, we denote by Gi the subgraph of G which
1 k µ µ
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Fig. 31. Construction of the realizations Φ i
µ and Ψ i

µ of Gi
µ from the realizations Γ i−1

µ ∈ Ri−1
µ , Γσi ∈ Rσi , and Γτi ∈ Rτi .

n this example, i = 4; further, Φ i
µ is planar and Ψ i

µ is non-planar.

s the union of the graphs Gν1 , . . . ,Gνi . Observe that G1
µ is the edge (uµ, vµ), while Gk

µ coincides with
µ.
Our algorithm either concludes that G admits no planar straight-line realization or constructs

he following sets:

– For each Q-node or P-node µ, the algorithm constructs a non-empty minimal uµvµ-complete
set Rµ of uµvµ-external realizations of Gµ. For each realization Γµ in Rµ, the algorithm also
constructs the plane embedding E(Γµ).

– For each P-node µ with children ν1, . . . , νk and for each i = 1, . . . , k, the algorithm constructs
a non-empty minimal uµvµ-complete set Ri

µ of uµvµ-external realizations of Gi
µ. For each

realization Γ i
µ in Ri

µ, the algorithm also constructs the plane embedding E(Γ i
µ).

In order to construct such sets, the algorithm bottom-up visits all the Q-nodes and all the P-nodes
f T .
When a Q-node µ is visited, the set Rµ is defined as {Γµ}, where Γµ is the unique (up to rotation

nd translation) straight-line realization of the edge of G corresponding to µ. Obviously, Rµ is a
inimal uµvµ-complete set of uµvµ-external realizations of Gµ.
Suppose now that a P-node µ of T with children ν1, . . . , νk is considered. For i = 2, . . . , k,

ince we already visited the children σi and τi of νi, we have the sets Rσi and Rτi (indeed, if
e concluded that G admits no planar straight-line realization, there is nothing else to do). Our
lgorithm processes the children ν1, . . . , νk of µ in this order. For i = 1, . . . , k, after visiting νi,
he algorithm either concludes that G admits no planar straight-line realization or constructs the
et Ri

µ. In the latter case, for each realization Γ i
µ in Ri

µ, the algorithm also constructs the plane
mbedding E(Γ i

µ). If the algorithm constructs the set Rk
µ, then we set Rµ = Rk

µ.
We now describe how the algorithm processes the children ν1, . . . , νk of a P-node µ. The

lgorithm starts by defining R1
µ = Rν1 (recall that ν1 is a Q-node). Then, for i = 2, . . . , k, it

onstructs the set Ri
µ by combining the realizations of Gi−1

µ in Ri−1
µ with the realizations of Gσi

n Rσi and with the realizations of Gτi in Rτi . This is done as follows.
We initialize Ri

µ = ∅. Then, for every triple of realizations Γ i−1
µ ∈ Ri−1

µ , Γσi ∈ Rσi , and Γτi ∈ Rτi ,
e construct two straight-line realizations Φ i

µ and Ψ i
µ of Gi

µ (and two plane embeddings E(Φ i
µ) and

(Ψ i
µ) of G

i
µ) as follows. Recall that the poles of σi are uµ and wνi , while the ones of τi are vµ and

νi . Refer to Figs. 31 and 32.

– First, we initialize both Φ i
µ and Ψ i

µ to Γ i−1
µ .

– Second, we place the vertex wνi in Φ i
µ and Ψ i

µ with the two placements that realize the
prescribed lengths of the edges (u , w ) and (v , w ); in particular, the placement of w in
µ νi µ νi νi
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Fig. 32. Construction of the plane embeddings E(Φ i
µ) and E(Ψ i

µ) of Gi
µ from the plane embeddings E(Γ i−1

µ ), E(Γσi ), and
(Γτi ). The illustration is coherent with the realizations of Fig. 31.

Φ i
µ is such that the clockwise order of the vertices of the cycle (uµ, vµ, wνi ) is uµ, wνi , vµ,

while the placement of wνi in Ψ i
µ is such that the clockwise order of the vertices of the cycle

(uµ, vµ, wνi ) is uµ, vµ, wνi .
– Third, we insert Γσi in Φ i

µ so that the representation of the edge (uµ, wνi ) in Γσi coincides with
the one in Φ i

µ. We also insert Γτi in Φ i
µ so that the representation of the edge (vµ, wνi ) in Γτi

coincides with the one in Φ i
µ. This concludes the construction of Φ i

µ. The insertion of Γσi and
Γτi in Ψ i

µ in order to conclude the construction of Ψ i
µ is done in the same way.

– Finally, we construct a plane embedding E(Φ i
µ) as follows:

• We glue the lists of the edges incident to uµ in E(Γ i−1
µ ) and E(Γσi ), so that, in the counter-

clockwise order of the edges incident to uµ, the edge eu that enters uµ when traversing
in counter-clockwise order the boundary of the outer face of E(Γ i−1

µ ) comes immediately
before the edge gu that enters uµ when traversing in clockwise order the boundary of the
outer face of E(Γσi ).
• We glue the lists of the edges incident to vµ in E(Γ i−1

µ ) and E(Γτi ), so that, in the clockwise
order of the edges incident to vµ, the edge ev that enters vµ when traversing in clockwise
order the boundary of the outer face of Γ i−1

µ comes immediately before the edge gv that
enters vµ when traversing in counter-clockwise order the boundary of the outer face of
Γτi .
• We let the cycle bounding the outer face of E(Φ i

µ) be composed of the path that goes
from vµ to uµ in clockwise direction along the outer face of E(Γ i−1

µ ), of the path that
goes from uµ to wνi in clockwise direction along the outer face of E(Γσi ), and of the path
that goes from wνi to vµ in clockwise direction along the outer face of E(Γτi ).

We remark that E(Φ i
µ) is not necessarily the plane embedding of Φ i

µ, in fact Φ i
µ might even

be non-planar.
A plane embedding E(Ψ i

µ) is constructed analogously.

The straight-line realizations Φ i
µ and Ψ i

µ, together with the plane embeddings E(Φ i
µ) and E(Ψ i

µ),
re hence constructed in O(n) time.
We remark that the plane embeddings E(Φ i

µ) and E(Ψ i
µ) both place Gνi ‘‘externally’’ with respect

o Gi−1
µ . This is a main ingredient for bounding the running time of our algorithm. It is also not a

oss of generality, because of the ordering that has been established for the children of µ, as proved
n the following lemma.
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Lemma 22. Consider a uµvµ-external realization Γ i
µ of Gi

µ. Then the restriction of Γ i
µ to Gνi lies in the

uter face of the restriction of Γ i
µ to Gi−1

µ .

roof. Suppose, for a contradiction, that the restriction of Γ i
µ to Gνi lies inside an internal face f

f the restriction of Γ i
µ to Gi−1

µ . In particular, the path (uµ, wνi , vµ) lies inside f in Γ i
µ. Since Γ i

µ is
uµvµ-external realization of Gi

µ, both uµ and vµ are incident to the outer face of Γ i
µ, hence it is

ossible to draw a Jordan arc Cµ connecting uµ and vµ and lying in the outer face of Γ i
µ, except

t its end-points. Now Cµ and the path (uµ, wνi , vµ) form a closed curve which contains the edge
uµ, vµ) on one side and a graph Gνj on the other side (as otherwise f would be the outer face of
i
µ), for some 2 ≤ j < i. However, this implies that the path (uµ, wνi , vµ) lies inside the triangle
epresenting the 3-cycle (uµ, wνj , vµ) in Γ i

µ. This contradicts the planarity of Γ i
µ; indeed, we have

(νi) > ℓ(νj) > ℓ(ν1), hence the length of the path (uµ, wνi , vµ) is larger than the lengths of the
ath (uµ, wνj , vµ) and of the edge (uµ, vµ) in Γ i

µ. □

We now resume the description of how the algorithm constructs Ri
µ. By means of Theorem 4,

e test in O(n) time whether Φ i
µ is a planar straight-line realization respecting E(Φ i

µ). By the
onstruction of E(Φ i

µ), the test is positive if and only if Φ i
µ is a uµvµ-external realization of Gi

µ. If
he test is negative, then we discard Φ i

µ. Otherwise, for every realization Λi
µ in Ri

µ, we test whether
i
µ is uµvµ-equivalent to Λi

µ and, if it is, we discard Φ i
µ. This can be done in O(n) time by rotating

nd translating Φ i
µ so that the representation of the edge (uµ, vµ) coincides with the one in Λi

µ and
y then checking whether the vertices along on the boundary of the outer face of Φ i

µ have the same
oordinates as the vertices along on the boundary of the outer face of Λi

µ. If we did not discard Φ i
µ,

hen we insert it into Ri
µ.

We process Ψ i
µ analogously to Φ i

µ.
After we have processed every triple of drawings Γ i−1

µ ∈ Ri−1
µ , Γσi ∈ Rσi , and Γτi ∈ Rτi , if

he set Ri
µ is empty, then we report that G admits no planar straight-line realization, otherwise

i
µ is a minimal uµvµ-complete set of uµvµ-external realizations of Gi

µ. The correctness of these
onclusions is proved in the following lemma.

emma 23. If Ri
µ is empty, then G admits no planar straight-line realization. Otherwise, Ri

µ is a minimal
µvµ-complete set of uµvµ-external realizations of Gi

µ.

roof. The main ingredient of the proof is the following claim: If Gi
µ admits a uµvµ-external

ealization Λi
µ, then Ri

µ contains a uµvµ-external realization that is uµvµ-equivalent to Λi
µ.

We prove the claim. For a contradiction, suppose that Gi
µ admits a uµvµ-external realization Λi

µ

nd that Ri
µ does not contain any uµvµ-external realization that is uµvµ-equivalent to Λi

µ. We are
oing to replace parts of Λi

µ with realizations in Ri−1
µ , Rσi , and Rτi , so to obtain a uµvµ-external

ealization of Gi
µ that is constructed by the algorithm and that should hence have been inserted

n Ri
µ (unless a uµvµ-equivalent uµvµ-external realization of Gi

µ is already in Ri
µ), from which a

ontradiction follows.
Let Λi−1

µ , Λσi , and Λτi be the restrictions of Λi
µ to Gi−1

µ , Gσi , and Gτi , respectively. By Lemma 22, we
ave that Λσi and Λτi lie in the outer face of Λi−1

µ ; furthermore, the fact that Λi
µ is a uµvµ-external

ealization directly implies that Λσi and Λi−1
µ lie in the outer face of Λτi and that Λτi and Λi−1

µ lie
n the outer face of Λσi .

Since Ri−1
µ is a uµvµ-complete set of uµvµ-external realizations of Gi−1

µ , it follows that there
xists a uµvµ-external realization Γ i−1

µ ∈ Ri−1
µ of Gi−1

µ that is uµvµ-equivalent to Λi−1
µ . Analogously,

here exists a uµwνi-external realization Γσi ∈ Rσi of Gσi that is uµwνi-equivalent to Λσi and there
xists a vµwνi-external realization Γτi ∈ Rτi of Gτi that is vµwνi-equivalent to Λτi .
We can now replace Λi−1

µ with Γ i−1
µ in Λi

µ, after rotating and translating Γ i−1
µ so that the

epresentation of the edge (uµ, vµ) coincides with the one in Λi
µ. Since the boundary of the outer

ace of Γ i−1 coincides with the boundary of the outer face of Λi−1 and since Λ and Λ lie in the
µ µ σi τi
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outer face of Λi−1
µ , it follows that after the replacement Λi

µ remains a uµvµ-external realization
f Gi

µ (in particular, it remains planar) that is uµvµ-equivalent to Λi
µ. We can analogously replace

σi with Γσi and Λτi with Γτi , obtaining a uµvµ-external realization of Gµ that is constructed by
he algorithm and that is uµvµ-equivalent to Λi

µ. This implies that Ri
µ contains a uµvµ-external

ealization that is uµvµ-equivalent to Λi
µ, a contradiction which proves the claim.

The claim directly implies that, if Ri
µ is empty, then Gi

µ admits no uµvµ-external realization,
ence Gµ admits no uµvµ-external realization (given that Gi

µ is a subgraph of Gµ), and finally that
G admits no planar straight-line realization, by Lemma 21.

Suppose now that Ri
µ is non-empty. We prove that Ri

µ is a minimal uµvµ-complete set of uµvµ-
xternal realizations of Gi

µ. First, that every realization Γ i
µ in Ri

µ is uµvµ-external directly descends
rom the O(n)-time test that is performed by means of Theorem 4 on Γ i

µ; indeed, Γ i
µ is inserted

nto Ri
µ only if the test reports that Γ i

µ is a planar straight-line realization whose plane embedding
s the one constructed by the algorithm, in which uµ and vµ are incident to the outer face. Second,
hat Ri

µ is uµvµ-complete is a direct consequence of the claim above. Finally, the minimality of Ri
µ

omes from the fact that a realization is inserted into Ri
µ only if it is not uµvµ-equivalent to any

ealization already in Ri
µ. □

It remains to determine the running time of our algorithm. The main ingredient we are going to
se is the following combinatorial lemma.

emma 24. Let µ be a Q-node or a P-node of T , and let η be the height of Tµ. We have that
Rµ| ≤ n

2η−1
3 ·2

2η−1
3 . Furthermore, if µ is a P-node, let ν1, . . . , νk be the children of µ. For i = 1, . . . , k,

e have that |Ri
µ| ≤ n

2η−1
3 · 2

2η−1
3 .

Proof. We prove the following claim. Let f (k) be the function whose domain consists of the even
natural numbers, that is recursively defined as follows: f (k) = 1 if k = 0, and f (k) = 2n · (f (k− 2))4
if k > 0. Then we claim that |Rµ| ≤ f (η) and |Ri

µ| ≤ f (η). The claim implies the lemma, as an easy

inductive proof shows that the closed form of f (k) is f (k) = n
2k−1

3 · 2
2k−1

3 .
The claim is proved by induction on η. If η = 0, then µ is a Q-node, hence by construction we

have that |Rµ| = 1 = f (0).
Suppose now that η > 0, hence µ is a P-node with children ν1, . . . , νk. First, we have R1

µ =

1 < f (η). We now prove that |Ri
µ| ≤ n

2η−1
3 · 2

2η−1
3 , for any i ∈ {2, . . . , k}; this suffices to complete

the induction, since by construction Rµ = Rk
µ. Consider any realization Γ i

µ in Ri
µ. Since Γ i

µ is a
µvµ-external realization of Gi

µ and since i ≥ 2, it follows that there are exactly two graphs among
ν1 , . . . ,Gνi that contain edges incident to the outer face of Γ i

µ. By Lemma 22, one of these graphs
s Gνi , while the other graph, say Gνj , might be any graph among Gν1 , . . . ,Gνi−1 . When traversing
he boundary of the outer face of Γ i

µ in clockwise direction, the edge eνi of Gνi incident to uµ might
ppear right before or right after uµ. Altogether, there are less than 2n possibilities for the choice of
he graph Gνj and for whether eνi appears right before or right after uµ in clockwise order along the
oundary of the outer face of Γ i

µ. For each of these 2n possibilities, the interior of Γ i
µ is determined

y the choice of four realizations Γσi ∈ Rσi , Γτi ∈ Rτi , Γσj ∈ Rσj , and Γτj ∈ Rτj . Indeed, the
estriction of Γ i

µ to Gσi , Gτi , Gσj , and Gτj is a realization in Rσi , Rτi , Rσj , and Rτj , respectively. Since
he heights of Tσi , Tτi , Tσj , and Tτj are each at most η−2, by induction each of Rσi , Rτi , Rσj , and Rτj
as size smaller than or equal to f (η−2). Hence, the number of possible choices for the realizations
σi ∈ Rσi , Γτi ∈ Rτi , Γσj ∈ Rσj , and Γτj ∈ Rτj is smaller than or equal to (f (η − 2))4. Finally, the
inimality of Ri

µ implies that no two realizations in Ri
µ coincide when restricted to Gσi , Gτi , Gσj ,

nd Gτj . This proves that the number of realizations in Ri
µ is smaller than or equal to 2n ·(f (η−2))4;

his concludes the induction and hence the proof of the lemma. □

We are now ready to determine the running time of our algorithm. Whenever a P-node µ with
i
children ν1, . . . , νk is visited in the bottom-up traversal of T , for i = 1, . . . , k, the set Rµ is
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constructed by considering every triple of drawings Γ i−1
µ ∈ Ri−1

µ , Γσi ∈ Rσi , and Γτi ∈ Rτi ,

where σi and τi are the children of νi. By Lemma 24, the number of such triples is at most
(
n

2h−1
3 ·

2h−1
3

)(
n

2(h−2)−1
3 ·2

2(h−2)−1
3

)2
= n(2(h−1)−1)

·2(2(h−1)−1); indeed, the height of T is h, hence the height of
µ is smaller than or equal to h, and the heights of Tσi and Tτi are smaller than or equal to h−2. For
ach of such triples, two straight-line realizations Φ i

µ and Ψ i
µ are constructed in O(n) time, together

ith the plane embeddings E(Φ i
µ) and E(Ψ i

µ). By means of Theorem 4, it is tested in O(n) time
hether Φ i

µ and Ψ i
µ are planar straight-line realizations with plane embeddings E(Φ i

µ) and E(Ψ i
µ),

espectively. For each realization Λi
µ of Gi

µ in Ri
µ, it is tested in O(n) time whether Φ i

µ is uµvµ-

quivalent to Λi
µ. By Lemma 24, the set Ri

µ contains at most
(
n

2h−1
3 ·2

2h−1
3

)
realizations of Gi

µ, hence

hese O(n)-time tests are performed
(
n(2(h−1)−1)

· 2(2(h−1)−1)
)(
n

2h−1
3 · 2

2h−1
3

)
=

(
n

5·2h−1−4
3 · 2

5·2h−1−4
3

)
imes, with a

(
n

5·2h−1−1
3 · 2

5·2h−1−4
3

)
running time. Since the number of P-nodes in T is in O(n),

he running time of our algorithm is in
(
n

5·2h−1+2
3 · 2

5·2h−1−4
3

)
∈ nO(2h). This concludes the proof

f Theorem 15.

. Conclusions and open problems

We studied the problem of testing if a 2-tree has a planar straight-line drawing with prescribed
dge lengths, both when the number of distinct edge lengths is bounded and when it is unbounded.
In the bounded setting, we proved that the problem is linear-time solvable if the number of

rescribed distinct lengths is at most two, while it is NP-hard if this number is four or more. Hence,
n intriguing question is to determine the complexity of the problem for weighted 2-trees with
hree prescribed distinct lengths.

In the unbounded setting, we showed that the problem is linear-time solvable if the embedding
f the input graph is prescribed. Moreover, we studied weighted maximal outerplanar graphs,
nd we proved that the problem is linear-time solvable if their dual tree is a path, and cubic-
ime solvable if their dual tree is a caterpillar. We leave open the problem about general maximal
uterplanar graphs.
Finally, for the general problem on weighted 2-trees, we described a slice-wise polynomial-time

lgorithm, parameterized by the length of the longest path. A natural open problem is to determine
hether the problem admits an FPT algorithm with respect to the same parameter.
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