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We present an updated global analysis of beauty decays sensitive to the angle y of the Cabibbo-
Kobayashi-Maskawa matrix and of D-meson mixing data in the framework of approximate universality,
in which CP violation in D — D mixing is described in terms of two universal weak phases correspon-
ding to dispersive and absorptive contributions. We extract the fundamental theoretical parameters
determining absorptive and dispersive contributions to D meson mixing and CP violation, together with
the angle y. The results for the charm mixing parameters are x;, ~x = (0.401 +0.043)% and
yi2 =y = (0.610 £0.017)%, while the two CP-violating phases are given by ¢ = (0.13 £ 0.70)°
and @) = (2.1 £ 1.6)°. The angle y is found to be y = (65.7 & 2.5)°, in excellent agreement with the
indirect determination from the unitarity triangle analysis.

DOI: 10.1103/pknz-r41n

I. INTRODUCTION

Charm mixing occurs through flavor changing neutral
currents (FCNC) that are absent at the tree level in the
Standard Model (SM) and suppressed by the Glashow-
[liopoulous-Maiani (GIM) mechanism [1] and by the
hierarchical structure of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix [2,3]. Thus, new physics (NP) effects due to
heavy particles may appear in the neutral D system [4-23]
through observables such as the amount of CP violation.
The latter could be used as an interesting benchmark of the
SM since it is suppressed by the fourth power of the sine of
the Cabibbo angle 0.

The experimental study of neutral D mixing has been
continuously progressing in the past two decades [24-79].
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The most precise estimates of the charm parameters are
obtained from the rates of Cabibbo favored (CF) (i.e.,
proportional to V . V? ) or doubly Cabibbo suppressed
(DCS) (.e., proportional to V.,V3,) D decays [52-55],
from charm decays to CP eigenstates [56—79], and from
Dalitz plot analyses of the three-body modes K%z"z~,
KYKT K=, or a*z~x° [30-32,36-38]. In particular, LHCb
has achieved impressive results during the LHC Run II,
including the observation of direct CP asymmetries in the
singly Cabibbo suppressed (SCS) decays of D mesons to
K*K~ and zt 7~ [72,75] and the very recent measurements
of CP-violating observables in D — K*zF [55].

This remarkable increase in the experimental accuracy
calls for an update of our previous works on D meson
mixing [80,81], generalizing the so-called “superweak
assumption,” in which the weak phase describing CP
violation in the interference between D meson decays with
and without absorptive mixing is set to zero, to the more
suitable “approximate universality” scenario introduced in
Ref. [82] to be detailed below.

Charm mixing also plays an important role in the
extraction of the CKM angle y = arg(—V,,V:, V., Vi)

Published by the American Physical Society
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from tree-level B decays [83—122], calling for a simulta-
neous combination of charm and beauty measurements, as
pioneered by the LHCb Collaboration [123]. Our results
can be compared with the latest LHCb [124] estimates, the
Belle/Belle II analysis [125] for y, and HFLAV [126] for the
charm parameters. The consistency of the fit is checked by
comparing y estimates obtained by combining measure-
ments involving different types of B mesons separately:
charged B* or neutral B® and BY. The impact of the global
fit on the charm parameters is assessed by comparing it
with the results of a fit to D observables only.

The paper is organized as follows: The dispersive-
absorptive formalism for D meson mixing in the framework
of approximate universality is briefly summarized in Sec. II.
The expressions of the charm observables are described in
Sec. III, while the beauty observables are introduced in
Sec. IV and their dependence on the parameters of interest of
this study is reported in Appendixes A and B. We present and
discuss the most relevant results in Sec. V. The posterior
probability intervals of the fit parameters are given in
Appendix C. A summary can be found in Sec. VL.

II. CHARM MIXING FORMALISM

In this section, we present a parametrization of the
quantities needed to describe charm decays and D mixing
underlying all the observables considered in the combination.

We indicate with M (M) a generic B (B) or D (D) meson,
while its decay amplitudes to CP conjugate final states f
and f are denoted as

Al = (FIH|M),
AL = (FIH|#), (1)

Aly = (FIHIM),
Al = (fIH|8),

where H is the relevant effective Hamiltonian involved in
the process.

The time evolution of a linear combination of D° and D°
mesons follows the Schrodinger equation, with a 2 x 2
non-Hermitian Hamiltonian H (see, e.g., [127-130]) that in
terms of its dispersive M and absorptive I' components is
given by

H =M - /2T, (2)

so that its matrix element between charm states can be
written as

(DOH|D") = Hyy = My, — /2T, (3)

Adopting the long-lived (L) and short-lived (S) meson
notation, the Hamiltonian eigenstates read

|DLs) = p|D°) + D), (4)

with p and g complex coefficients satisfying |p|> + |¢q|> = 1.
Then, the differences between masses and decay widths of

the Hamiltonian eigenstates are parametrized through the
usual quantities

mg —my,
xzir ,

CIg-Tp
oo (5)

with I being the averaged D° lifetime.
D meson mixing is described in terms of the matrix
elements of H by the parameters

Ty, |
T (6)

M, |M 1|
= -—_— |, :2 s d =
P12 arg(F12> X12 T and yip

The phase ¢, governs CP violation in pure mixing, while
X1, and y, are CP conserving.

The CP-violating quantity |¢/p| — 1 and the observables
in Eq. (5) are related to the mixing parameters in Eq. (6) as

q XY o .
|X| = X125 ’_ -1= B > sin ¢y,
p X1 + Y12

[ =y, (7)
up to negligible corrections quadratic in sin ¢,.

In the SM, it is possible to decompose the dispersive and
absorptive parts of H;, in terms of U-spin amplitudes as
follows [82]:

(/Ifw - /130)2 (’mc - j'gc)’lﬁc <’136>2
?g/l - 4 ‘52 + B 51 + 4 50’
§=MT, (8)

where 1y, = ViV, while Mg, and Ty, are the
AUz =0 components of the AU =0, 1, 2 multiplets,
respectively. Thus, the order of magnitude of & ; , is related
to the U-spin breaking parameter ¢, such that &, ~ O(e").
In the approximate universality scenario, CP violation in
the interference between decays with and without disper-
sive and absorptive mixing can be described through two
final state-independent weak phases 4’734 T defined as

o S

¢2 argzlt (ﬂic - 150)252 ’
Furthermore, the difference between ¢% and ¢} is exactly
¢1,, meaning that all types of indirect CP violation con-
cerning D meson mixing, namely CP violation (CPV) in
mixing and in the interference between mixing and decay, are
entirely determined by knowledge of these two universal
weak phases.

Employing in the definition of Eq. (9) the expressions
of MM and I'$) given in Eq. (8) and neglecting the third
(smallest) contribution, the orders of magnitude of the
two CP-violating phases in the SM can be roughly
estimated to be [82]
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From Egs. (6) and (8), we get the relation |I';| = y,I'/
|A5¢|?, which can be employed in Eq. (10) to provide an
upper bound on |¢}| as [82]

b 15 o
|¢F|g7|’1"“1““5m7|XH<(5><10—3)x 061% (1)
: Y12 r Y12

where we used the conservative assumption |41/
(Cy —T)| < 1, a ratio which is nominally of O(e).

For a given final state f, CP violation in the interference
between decays with and without mixing can be equiv-
alently described by the weak phase of the observable

(12)

TABLE L

which becomes universal in the framework of approximate
universality and we denote by ¢,. The posterior of ¢, is
determined from the charm parameters as

2 ain M 1 v2 ain 2 AhL
an 26, — _(lez s1n2¢12M + yé2 sm2¢2r>' (13)
X7, COS 205" + yi, cos 2¢h,

Notice that ¢, corresponds to the phase ¢ extracted in
global analyses under the assumption of final state inde-
pendence (see, e.g., Refs. [123,124]).

In the superweak assumption, dispersive mixing is
supposed to be the dominant source of CPV in the charm
system, corresponding to the approximation where ¢, = 0

1-lq/p x
I+lg/pl ¥
Then, going from the superweak assumption, adopted in

our previous works [80,81], to approximate universality,
used in this work, involves moving from a description in
terms of a single independent CPV parameter (¢, or ¢,) to
a scenario with two free CPV parameters (¢3! and ¢’ or ¢,

and |g/p| - 1).

and ¢, = ¢ or, equivalently, ¢ = ¢, = arctan

Charm observables used in the combination. We use XX to indicate both z*7~ and KK~ states, while Kr stands for

KT 7. We refer to the multibody final states KTz 77z~ and z+t7~ 2"z~ as K37 and 4, respectively. The state £+ stands for a CP-even
final state. A description of the observables can be found in Secs. IIT A-III C.

Observables DO decays References Observables D° decays References

(-xz + y2)/2 D — Ky [24-28] x/;g,mos ylimto D — Knn® [29]

X,y D — K{XX [30] X,y D — Kinn [31]

X,y D — ntaa° [32] x, ¥, lg/pl, 2 D - Konn [36]
Km\2 ,2 0_, g0 -

B2 mE

cos 6K7, D - Kn [33] 5K(§K” D - KYKn [34]

D 5

sin 55" xSik

Fir D — 4n [39.41] Fﬁxﬂ” D — XXn° [39,40]

BD-KK 7). D - K%Kn [42] FKKnn D - K'K rtn” [44]

B(D°-KK=x")

Xcps Yeps Ax, Ay D — Kinr [37,38] (x* +y%)/4 D — K3rx [45]

1", 8155, ke, D~ Kir 4547491 Ap(f*), Ap(an’).  D—frD—Kr  [50]

pKan’  §Kan' K’ D — Knn® K7 cos 657, 17 sin 657 D — XXn°

Yep D — XX [56-65] AYKK — AY™ AY D - XX [67-70]

(R, . Ack), AZY), D~ Kn 551 (P R Y D= Kn [52-54]

ASP(KK), (7)KK D — K"K~ [71-73] AASE, (7)KK | () D — XX [73-75]

AYKK Ay D — XX [66] ASP(XX), (7)KK, (7)m= D — XX [76-79]
DO-K*7) B(D'—K* 7 a0) D - Kz, D > Knr® [43]

D'>K*trntn)
D'»K ztatn)

B(

B(D'=K-z*)* B(D'—=K~z" ")
B( D — K3n
B(
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III. CHARM OBSERVABLES

The charm observables used in our combination rely on
time-integrated and time-dependent studies of D meson
decays, reconstructed from two-body and multibody final
states. The final states can be either CP eigenstates or non CP
eigenstates originated from CF or DCS decays. We para-
metrize the decay amplitudes through the ratios of their
magnitudes and strong phases and provide expressions for
the observables in Table I in terms of charm decay, mixing, and
CP-violating parameters in the framework of approximate
universality for the neutral D system, following Ref. [82].

A. CF/DCS decays to K*X

In this section, we consider CF/DCS decays to K*X,
such as D — K*7zF. We denote with f the final state of the
CF decay of the D meson (e.g., K~z") and by “wrong-
sign” (WS) and “right-sign” (RS) the time-dependent DCS
(i.e., D° - f and D’ - f) and CF (i, D’ — f and
D" — f) decays respectively. We parametrize the ratios of
decay amplitudes in Eq. (1) as

i f
rge_i‘s'tf) = A—? = A—fD, (14)

where we have neglected possible new weak phases in
CF/DCS decays (weak phases are fully negligible in the
SM). The observables used in the fit for this type of final
states are extracted from the ratios of the WS and RS decay
rates [52-54], given by

(D> f.¢ , (x’-+)2+(y’+)2

FEDO ff_,[; _—(r{))Q“‘r{)yfﬁ ! 4 : o,

I (E_O > J ’t> /- (x/.—)Z (yl'_)z
7( = —’t> _—(’J;)ZJF”{))’f TJF—f 4 ! 2, (15)

up to second order in the charm mixing and CP-violating
parameters and with ¢ = I't. The coefficients x}i and y}i

can be written as a rotation of an angle ¢, of their
CP-conserving limits, which we denote with x; and y,

respectively, as
=+ sin Xy
¢2) { C6)
cosgy )\ V)

I+
Xy :_’g
i p

x} :xcosé’lf) +ysin5f,

+1 ( cos ¢,
F sing,

Yy = ycos 8, — xsin &), (17)

The linear and quadratic terms in Eq. (15) can be decom-
posed into their CP-conserving (cy, c}-) and CP-violating

parts (Acy, Ac}), as follows:

y}i = c; £ Acy,

() + 0 )?

1 = ¢y £ Acl, (18)

where the coefficients on the right-hand side of Eq. (18) are
given in terms of the charm mixing parameters as

¢ = xyp cos @i sin 81— y1p cos @b cos 55,

Acy = —xypsin g} cos 8, — y1p sin @b sin &),
2 2 \2
3+, ()
¢y = n + 4 (vh = ¥,
1 .
AC} :E.X]zyu 51n¢12. (19)

The separation of the CP-violating from the CP-conserving
contributions entering the WS/RS ratios of D° — K*7¥
decays has been performed for the first time this year by
LHCb [55], combining both the Run 1 and Run 2 results.
However, while the Run 1 measurements can be used
directly to extract the coefficients in Eq. (19), the Run 2
data use experimental information from D° — K*K~
decays to correct a detection asymmetry. This operation
leaves invariant ¢ and c}, while it changes the expressions

of the CPV observables as

AZ; = Acy — cakK — 21, AYKK,

AZ), = Ac) — 2cakK — 2r),c AYKK, (20)
and the parameters r}, are replaced by i (1 F aXX) in
Eq. (15). Here, aXX is the direct CP asymmetry in D° —
K"K~ decays and we introduced the parameter AYXK,
They were measured in Refs. [71-73,76-79] and [66-70],
and are defined in terms of decay amplitudes and decay
rates in Egs. (23) and (26), respectively, when describing

the observables involving SCS decays to CP eigenstates.
We consider in the combination also observables coming

from the analysis of quantum correlated D° — D° pairs (see,
e.g., [50]). Here, one of the D mesons decays to the so-
called tagging mode, while the other decays to the signal
mode, typically K~z". Then, the following asymmetries
are measured:

B(D;+ - K~n*) = B(Dy- = K~ zt)

Ap(ff) = B(D; — K x)+B(D, - K 717)’

(1)

where B(D;+ — K~z") are the branching fractions of
neutral charm state decays to K~ z" when tagged by
CP-even or multibody modes, also known as quasi-CP
eigenstates, Dy+, or CP-odd modes D;-. For example,
we could have f* =7"z"(2") and f~ = K$z°. In the
CP-conserving limit, the asymmetry in Eq. (21) depends on
the charm parameters as

013004-4
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FL (y — 2rK7 cos 5K7)
+ (rk7? + (1 = F’; )(y + 2r&7 cos 557)
(22)

AD(f+) =

up to O(x,y, (r&7)?) corrections. Here, we have introduced
the so-called CP-even fraction Ffr of the mode f, which
is a non-negative real number needed for quasi-CP eigen-

states that reaches its maximum of one for CP-even
eigenstates. A definition of Ff: in terms of decay ampli-

tudes is given in Sec. IIIC, in the context of multibody
final states.

B. SCS decays to CP eigenstates

SCS decays to CP eigenstates f, such as D° — 7z~ or
D" — K*K~, are described in terms of just two of the
four amplitudes in Eq. (1) and their magnitudes can be
parametrized as

f
1—al = A— (23)

where a{) is the direct CP asymmetry, already introduced in
Eq. (20). CP-conserving and CP-violating ratios of time-
dependent decay rates are measured. The first type is
obtained by calibrating the signal through the CF mode
KT r* as

r(p° - f, t)+F(
I(D° — K~xt, 1) +T(D°

- f.1)

- Kz ,1)

x1 - Tj}cp, (24)

where we have neglected the quadratic terms in the charm
mixing and CP-violating parameters that come with higher
powers in 7. Then, the slope y.p is extracted from Eq. (24)
through a linear fit [56-65], and we have:

el

— rk7 [cosqﬁz(y cos 557 + x sin 557) (‘ ﬁ’+' BD
p q

]

= -I-‘p') —xsin¢2<
rl 19

29cp = ycos ¢, (

— sin ¢h, (x cos 57 — y sin 657) (‘ q‘_’ pD} . (25)
Pl 14

CP-violating ratios can be defined through the time-

dependent asymmetries between the rates of D° and DO
decays to CP-even final states as follows:

r(D° - f.1) —(D°
(D" - f.1) + (DO

- f.1)
= f.1)

ASP(f. 1) = = al, + tAY/ .

(26)

Experiments measure the slopes AY/ of Eq. (26) for the
modes D° - KtK~ and D° — zt 7z~ [66-70], and we can
define the following combinations:

AYKK — Aymr,

1
Y=3 (AYKE + AY™™). (27)

We use the relations in Eq. (27) to constrain the parameter
AYXK which enters the observables coming from the WS/
RS ratios of D° — K*z¥ in Eq. (20). Moreover, since in
the U-spin symmetric limit the final state-dependent con-
tributions to AY/ are equal and opposite in sign for K* K~
and 7"z~ [82], averaging the two modes allows AY to be
expressed in the framework of approximate universality as

ar = s 4| 2) -veoss|5-| 1) |
2 rl g Pl 1q

(28)

up to quadratic corrections in the charm mixing and CPV
parameters.

Notice that we do not include the latest measurement of
AY/ from D° - 7tz 2% decays by LHCb [131] in the
combination, as it is less precise than the observables in
Eq. (27). Moreover, the application of approximate univer-
sality in this case is not as good as for AY since there is no
U-spin cancellation of final-state dependent contributions.

We consider in the combination also measurements of
the time-integrated CP asymmetry for the mode K™K~
[71-73,76-79] which, from Eq. (26), can be written as

AP (f) = ap + () pAYY, (29)

where we introduced the so-called average decay time (r>£~
which depends on the final state f and on the experimental
environment E. We assume (7)%% . = (7)kK =1 for
measurements performed at the B factories.

The first signal of direct CP violation in the charm
system [75] was observed in the difference between the
asymmetries in Eq. (29) for the modes K™K~ and #"7~,
which we fit as

AASF = akK

— i + (D)KKAYKK _ (ymaye. (30)

C. Multibody final states

The most precise observables for multibody final states
constraining together the charm mixing and CP-violating
parameters come from the Dalitz plot analyses of D° —
Kgﬂ+ﬂ_ decays [37,38]. The reconstruction of the two-
dimensional phase space and the decay time is performed,
in a model-independent way, by partitioning them into bins,

013004-5
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which we indicate as +i and j, respectively, with i and —i
connected by a CP transformation. For each of the bins,
ratios analogous to WS/RS in Eq. (15) are measured:

I_;(D° - Kx"n)
I;(D° - K%ntnm) '

(D% — Kontn™)
I_;(D° - Kztz~)

(31)

Fitting the quantities in Eq. (31) with a quadratic expansion
in 7 of the decay rates, the following observables are
determined:

s i ().
Pl 14 p
s 2 - (2)
Pl 14 p
s (3 s ()
Pl 14 Pl 149
2Ay:ycos¢2< kK _‘ED —xsin¢2< 1‘ 'BD
Pl 14 pl 14

Notice that for D — K%zz measurements performed at B
factories we take into account K — K mixing following
Ref. [82] [see Eq. (144)]. Besides the Dalitz plot analysis,
the phase space dependence of the D mesons decay
amplitudes to a multibody final state f, such as
K‘;K ~x", can be parametrized through the following two
quantities:

(rf )2 fchD|“Af fd(DD|A£|
D
[d0p| AL [ ddp AL
fopfx
it [ o, AL AL
VT d@p AL P/ ] oy AL
Jdo, AL AL

(33)

VT a0l AL P/ [ deop AL

where direct CP violation has been neglected. The integrals
in Eq. (33) are performed over the D phase space
coordinates ®,. The parameter in the upper row is a
straightforward generalization for multibody final states of
the ratios introduced in Egs. (14) and (23) for two-body
decays. The interference integral in the bottom row is
described simply through its magnitude Kj;, also known as
the coherence factor, and its integrated strong phase 5{). For
quasi-CP eigenstates, such as z7z~ ", the imaginary part
of the interference integral over the full phase space in
Eq. (33) is vanishing. Then, instead of the coherence factor
and the integrated strong phase, it is customary to use one

single real parameter: the CP-even fraction F: I, defined as

1
Fl=> [1 + ] cos 5{)}, (34)

which has already been introduced in Eq. (22). From its
definition in Eq. (34), the CP-even fraction is non-negative
and it is unity for two-body CP-even states.

The decay parameters for KYK=z¥, K*z¥, and K*7F 2°
final states are measured from the ratio between the
branching fractions of the DCS and CF decays [34,42,43],
given by

J\ bﬁ

7 (y cos 81, — xsin &})
(y cos &), + xsin&})

BD° =) _ () -
ol ,

B~ f) K}
where we have neglected CP violation and the nonlinear
terms in the mixing parameters.

IV. BEAUTY OBSERVABLES

Several charm mixing and decay parameters also enter
time-integrated measurements of the so-called B meson

cascade decays to D° — D° mixed states [123,124,132]. We
show how the CKM angle y appears in the equations
describing the most used and precise observables available
to date. We also discuss the extraction of y from the
CP-violating phase of the interference between neutral B
decays to charmed mesons with and without mixing.

A. Cascade decays
Beauty cascade decays [83—104,112—122] are processes

where a B meson goes to an hadron state 4 and a D° or D°
meson, which subsequently oscillates and decays to one
of the final states f introduced in Sec. III. In the following,
we indicate with B a positively charged Bt or a neutral
meson B(()S).

Since the final states f are accessible to both the neutral
D mesons, the total amplitude for the cascade decays is
given by the coherent sum of the two paths in Fig. 1. Then,
the CKM angle y can be measured from the interference
between the favoured b — ¢ and suppressed b — u quark
transitions and the corresponding decay amplitudes can be
arranged as

(ronye _ Ja®al AR
2T = 2
[ dDp|
Dh Dh\*
K%)he—i(ég”ﬂ) — qu)B‘AB (Az") (36)

T a@a AR/ [ doy | AR

with the integrals performed over the B meson phase space
®p. For two-body final states, the expressions in Eq. (36)
simplify since there is no phase space dependence and the
coherence factor is unity.
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Ma P 7

e "//ﬂ/b A//’/d...
Charm 7. "™ [F],h
4 mixing A\ D

) !
\\‘N\ \\\\%\ ‘t‘

FIG. 1. Schematic representation of B — D cascade decays to
two-body final states. The CKM angle y is extracted from the
interference between the green and the red paths, whose ampli-
tudes must be summed coherently. See the text for the definitions
of the parameters and a generalization for multibody final states.

Then, the time-integrated rate of the cascade decay
B — [f]ph is found to be

L(B = [flph) & 1 + (rpr2h)?
+ ZK{)KBQ”rf rB" cos (68" — 5{) -7)

+Fmix(x’ yv 7’f7 h)v (37)

where Iy (x, y, 7. f. h) takes into account D° — D° mixing

and it is given by

TABLE IL.

GLW and ADS observables coming from B mesons cascade decays. The XX notation denotes both K™K~ and #* 7~
while we use Kz for K¥zt. h stands for both K and 7 mesons. We refer to 777" 7

Pois (8,7, £+ ) = =ay [ichr cos 5h (1 + ("))
+ KB cos(65" — 7)(1+ ()]
+ax[x,§rgsm5f(( 2 )
+ BB sin(5R" = 1) (1 = (rh)?).
(38)

up to quadratic corrections in the charm mixing and CP-
violating parameters and neglecting direct CP violation.
The a coefficient in Eq. (38) describes the impact on
[hix (X, v, 7, f, h) of the nontrivial dependence of the signal
selection efficiency on time and it is one when the latter is
constant [132].

Since at this order in the charm mixing and CP-violating
parameters the decay rate of the CP conjugated process is
obtained simply by replacing y with —y in Eq. (37), the
difference between I'(B — [f],h) and T'(B = [f]ph) gives
access to siny. This is commonly referred to as the
time-integrated CP asymmetry, which is an example of
the so-called Gronau-London-Wyler (GLW) [133,134] and
Atwood-Dunietz-Soni (ADS) [135,136] observables that
we use in our combination. A complete list of the GLW and
ADS modes considered in this work is reported in Table II,
while their parametrizations are derived in Appendixes A
and B. We have taken the coherence factors for the modes
B — DK* from [87] and [88] for charged and neutral B

states,

+72~ and KTz 7tz final states as 47 and K3z,

respectively. We use f* as a shorthand notation for CP-even and CP-odd eigenstates, respectively. The observables are described in

details in Appendixes A and B.

GLW observables ADS observables B — D° decays D decays References
ASP(XX20, h), AR (K0 h), B* — Dh* D — K, [91]
RCP (XX, Kz, K, ) R.(Knr®, h) D - XXn°
ASP(XX, har), A (K7, har), B* - Dh*zrn D - K, [86]
RCP(XX,Kn,Knrn, nnx) R, (Kn, hnr) D — XX
P(XX K**), R(XX, Kz, K**) Afvsw (K K*F) RAPS (K7, K*+) B* - DK** D - Kz, D - XX, [96]
CP(4m, K*t), R(4rm, K3m, K*F) ARVSUP (K37 K*F), RAPS (K37, K*F) D — K3z, D — 4x
CP(XX,K*0), R(XX, Kr, K*0) A (Kx, K*9), R, (Kn, K*) B > DK** D — Kz, D - XX, [94]
CP(4m, K*0), R(4n, K3z, K*0) A (K37, K*0), R, (K3m, K*0) B - DK® D—K3n D-dn
CP(XX,h), R°P(XX,Kn,K, ) A™(Kz,K), R.(Kn, h) B* — Dh* D — Kz, D — XX [89]
AgP(XX h(y.7%)), A (Kz, K(y,2%)), B* — [D2%],-h* D — K, [89]
RCP(XX,Kn,K(y,°), n(y, 2°)) R.(Km h(y,x B* — [Dy]p-h* D — XX

7))
)

Al (KOK 7, b

b}

(Table continued)
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TABLE 1I. (Continued)

GLW observables ADS observables B — DO decays DO decays References
RS (KOK7 K, ), B* - Dh* D — K9Kn [901,
RADS(KOK 7, 7) [92]
ASP(XXnm, h), R°Y (XXzr, K3n,K, @) B* - Dh* D — XXnr [101]
RADS (K7, 1), AP (K, h) B* — Dh* D — Kn [84]
RADS(Kzn®, h), AP (Kzz®, h) B* - Dh* D — Knn® [85]
(K*K .K), R°P(K*K~, Kz, K, ) B* > Dh* D—K'K~,D-Kr, [93]
CP(KYnY, K), RP(KOn% Kn, K. 7) D — K9z°
<fi, K(2"), Bt — [Da'l, kit D f, [83]
RC”(fi K, K(2°), 2(x")) D~ Kr
P(fi,K) RCP(f*,Kn,K,x) B* - DK* D— f*, D> Kz [115]
CP(f*,K), RP(f*,Kn, K, x) B* - D'K* D- f* D—>Kn [113]
CP(f%,K*), R(f*, Kn, K**) AP (K, K*+), RADS(Kz, K*¥) B* - DK** D- f*, DKz [114]
CP(ntr %K) B* - DK* D - atan [112]
[R_(Kz, h(y, 7)) + R (Kx, h(y, z°))]/2 B¥ - [Dx°],-h* D — K= [116]
R_(Kmh(y.a) =R, (Km.h(y.a)) B* = [Dyl, h*
R_(Km.h(y,2°))+R . (Kz,h(y,7°))
[R_(Km.h) + R, (Kx, h)]/2 B* — Dh* D - Kn [116]
R_(Km,h)—R. (Kn,h)
R_(Kn.h)+R. (Km.h)
R, (Kzn°, K) B* > DK* D — Knn° [117]
ASP (XX, K), R°P(XX,Kn, K, n) B* > DK* D->XX,D-Kr [118]
A% (Kz, h), RAPS(Kx, h) B* - Dh* D — Kz [119]
mesons, respectively. For cascade decays with multibody BT\ S xg’( 10
final states of the charm [137-139], as KKK, Kz tn~, yor - Y§ x?n VoK (40)
ata~KTK~, and nt2~KTK~, analyses of the variation
of the decay rates across the phase space are available
[96—104]. The Dalitz plots of these events are fitted usinga  where x?” and yé)” are given by
model for the D meson decay amplitudes or by binning the
phase space and solving a system of linear equations in a
. . . . an' Dr
model-independent way. The first method is more precise o "B o (807 — 5DK) pr_ "B sin(507 — 60K)
statistically with respect to the latter but introduces an £ K B B ) e rbk B B
additional systematic uncertainty due to the model. (41)

In both cases, the following cartesian observables are
obtained:

xPh = D cos(6Bh £ y),  yP" = rPhsin(6D" £y). (39)

Measuring the quantities in Eq. (39) for beauty decays with
a pion in the final state is particularly hard due to the small
value of ™ ~ O(1073).

In this case, the cartesian observables for B — [f],7
are written as rotated with respect to the ones entering
B — [f]pK through the transformation

Then, the coefficients in Eq. (41) are extracted simulta-
neously with x2X and y?X. The cartesian observables used
in our combination are reported in Table III.

It is worth noting that the expressions in Egs. (37)—(39),
and (41) are still valid for cascade decays with the D° or D°
meson produced together with a z° meson or a photon y by
the decay of a D* intermediate state, simply replacing the

strong phase 5{) with 5{;* or 6’;* + 7, respectively.
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TABLE III. Bondar-Poluektov-Giri-Grossman-Soffer-Zupan cartesian observables used in the combination. Here,
XX stands for both the K™K~ and zt z~ states. The dependence of the observables on the fit parameters are reported
in Egs. (39) and (41).

BPGGSZ cartesian observables B — D° decays DO decays References
DK DK B’ — DK** D — K$XX [104]
XK, x?” B* > DK* D — Kz n=2° [98]
Yok, yé)ﬂ Bt = Dt

XK, X2 B* - DK* D - K9XX [99,100]
yPK, y?n B* = Da*

XK x?” B* - DK* D— K"K rntn [101]
yoK, y?n B* = Dn*

x[fﬂ“]u*K, x[f}’]mK B* - [Dr°%] .- K* D — Kgﬂ'+ﬂ'_ [97]
y[iDﬂo]n*K’ y[iDy]n*K B* = [Dy]p-K*

XK X B* - D'K* D — K$XX [102,103]
YK, y?n B = Dt

XDK (DK B* — DK** D - KiXX [96]
XK, x?” B* - DK* D — K¥ntntn [95]
yoK, y?n B* = Dn*

\/(ng _ (2P _1))2 4 (yPK )2 B* - DK* D -zt (112}

arctan[y2 / (x2X — (2P —1))]

DK, DK 3 DK DK B o DM KE D — K9XX [121]
DK (DK B* - DK** D - Konn [121]
xg[(*i’ ygk*i B* —» DK*+ D - Kinn [120]
XDK | DK BY —» DK*0 D — Krn [122]

*We thank Matthew W. Kenzie for providing us with the results of the analysis in terms of cartesian observables.

B. Neutral B decays to charmed mesons

The CKM angle y can be obtained from the C P-violating
phase of the interference between neutral B decays to
charmed mesons f (e.g., f = D®~z",D=p*, D;K*, and
D;K*ztz~) with and without mixing, as shown sche-
matically in Fig. 2. The decay amplitudes for these
processes can be organized into ratios of magnitudes,
coherence factors and strong phases through the following
integrals over the phase space ® B

fd%g‘)M]:U’z

BO
s

P LR
i) [d®g AL [P
(s) (s)

: foopfx
i(ég o0 +0(s) f d(DB?X) A[;((Jy) AB?Q FIG. 2. Schematic representation of the extraction of the CKM
‘ = > - ' > (42) angle y from the CP-violating phase of the interference between
5) \/ f do ), \/ f do 5, A{; ) neutral B decays to charmed mesons with and without mixing.
s s (s)

Here, i stands for ™ and p™ (K™ and K™z z"~) for B?»‘) decays.

AL
By,
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TABLE IV. Observables coming from time-dependent analyses of neutral B mesons decays to charmed mesons.

The observables are defined in Eq. (44).

Observables B?S) . D?:)hi decays References
CD\xKi, GD\;K:’ SD‘_;Ki B(s) - DK [107]
Spas ’ BY - Dx [105]
Cpixtnrs GpFktar SpFK*rn BY - D .Knn [106]
—=(Sp-r+ + Sp+a-)/2, (Sp-+ = Sp+a-)/2 B° - Dx [109,110]
_(SDXVIJr + SD**ﬂ’)/z’ (SD*’/ZJr - SD**/Z’)/2 BO - D*rx [108_1 1 ]]
—(Spp+ +Sp+y-)/2, (Sp-p+ — Sp+p-)/2 B° - Dp [109]

where ¢, are the weak phases entering the decay, which
are given in the SM by a combination of the relevant CKM
matrix elements. Then, the time-dependent rates of neutral
B(()S> meson decays can be written as [140,141]
F(B‘()S) — f.1) xcosh(tAl () /2) — G, sinh (1AL () /2)

+ Cycos(tAmyy) — Sysin(tAm)),  (43)

where Am(,) and AT'(,) are the differences in masses and
lifetimes between the heavier and lighter eigenstates of the
B(()S> mixing Hamiltonian. The observables C fs Gf, and Sf

are fitted from the data [105-111] and are given by

! 1+(rg?))2’
—277(S)KJ;?)”2?) f
G, = : ‘cos(é o+ ),
T, w, = Pa +7)
()
2”<S)Kg?>r£?> f
S, = . “sin(& — g + ) 44
FT T, (a) +7) (44)
0

with # = —1 and 5, = 1. Here, we have neglected CP
violation in pure B(()S) - B?S) mixing, as well as direct CP
violation. The phases ¢4 are obtained in the SM from
the CKM angles p = arg(-V;,V.,V:,Vy) and g, =
arg(_vzxvtsv:ibvch) as ¢d = Zﬁ and ¢x = _zﬂs’ up to
corrections to the fourth power of the sine of the Cabibbo
angle. Similar observables to the ones in Eq. (44) can be
obtained for the CP conjugate final states by changing the
sign of 77,) and of the CP-violating phases between mixing
and decay —(¢4) + 7). Beyond the SM, the relations
between ¢, and f3(,) could be altered, but one can still use
the experimental values of ¢, ) to take into account B(()S>

mixing effects in the extraction of y. The measurements
used in the combination are reported in Table IV,
while inputs for ¢,; and ¢, are taken from the UTfit
summer 2024 update [142] (including also the theoretical
uncertainty [143]) and from the HFLAV summer 2024
average of B — J/y¢ modes [126], respectively.

For the purpose of using y in the unitarity triangle
analysis, the correlation between the results for y and the

inputs used for ¢, should be taken into account.
However, in practice, for current experimental uncertainties
such correlation is lost in the global fit, although it might
move the central value of y at the degree level when only B
decays are considered.

V. RESULTS

We combine the observables in Tables I-IV in a
Bayesian framework, employing as likelihood the pro-
duct of Gaussian distributions for each set of correlated
measurements. The fit parameters are assumed to follow
uniform distributions in a sufficiently large range. It is
worth noting that the beauty observables described
in Sec. IV and Appendixes A and B are symmetric
under the simultaneous transformation y — y &z and
59" — 58" 4 7, for each of the B modes considered, and
we have limited our study to just one of these solutions.
Other solutions can be found by adding £z to our
results. The posterior probability density functions
(PDFs) of the parameters are determined through a
Markov chain Monte Carlo (MCMC) algorithm' imple-
mented using the Bayesian Analysis Toolkit (BAT)
software package [145]. We perform four combinations
using different subsets of the beauty observables, di-
vided by the species of the B mesons: all the modes
together, only charged B, only neutral B and B; modes.
Furthermore, we perform a combination of the charm
observables only, to compare the results with the ones
obtained by HFLAV and to assess the impact of the
combined analysis.

We report in Table V the charm mixing and CP-violating
parameters obtained using all the inputs or excluding the
beauty modes, while the corresponding PDFs are shown
in Fig. 3. Two-dimensional contours are depicted in
Fig. 4. The charm parameters are compatible with the
estimates found by the 2023 analysis by HFLAV? [126].
An interesting byproduct of our fit is the value of

'"The fit code is available at https://github.com/silvest/
GammaDDbar [144].

See the “No subleading ampl. for CF/DCS decays” fit
at https://hflav-eos.web.cern.ch/hflav-eos/charm/CKM23/results_
mix_cpv.html.
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TABLE V. Results for the charm part of the combination when using all the observables (“All modes”) or excluding the beauty
measurements (“Charm only”’). The half-width of the smallest interval containing at least 68% probability (Uncertainty) and its center
(Value) are reported for each quantity of interest. The smallest interval containing at least 95% probability is reported as well.

All modes Charm modes only
Parameter Value Uncertainty 95.4% probability Value Uncertainty 95.4% probability
! 0.13 +0.70 [-1.27, 1.54] 0.07 +0.73 [-1.42,1.53]
AN 2.1 +1.6 [-1.0,5.2] 1.9 +1.6 [-1.1,4.9]
d5[° -1.5 +1.1 [-3.7,0.6] -1.3 +1.1 [-3.5,0.7]
lg/p| — 1[%)] -1.6 +1.5 [-4.5,1.4] -14 +1.5 [-4.3, 1.5]
X122 x[%o] 4.01 +0.43 [3.16, 4.83] 3.96 +0.43 [3.12, 4.80]
Vi & y[%o 6.10 +0.17 [5.77, 6.45] 6.28 +0.23 [5.84, 6.74]
a8 (%o 0.40 +0.53 [-0.63, 1.43] 0.40 +0.53 [-0.64, 1.44]
af %o 2.34 +0.60 [1.15, 3.53] 2.34 +0.61 [1.15, 3.52]
d12[°] -2.0 +1.8 [-5.6,1.7] -1.8 £1.9 [-5.5,1.9]
rK71%] 5.8573 £0.0094 [5.8387, 5.8758] 5.8601 +0.0099 [5.8406, 5.8796]
587 [ 191.4 +2.4 [186.6, 196.0] 194.1 +3.2 [187.6, 200.3]

D® -zt~ at approximately 4o, together with a sizable
deviation from the U-spin expectation of akX ~ —afr.
Notice that HFLAV and LHCb fit XX and a%" neglecting
final-state-dependent contributions to the linear parts enter-
ing the time-integrated CP asymmetries in Eqs. (29) and
(30) (i.e., AY/ = AY). These terms are not known at present
and could be non-negligible since they have a relative size of
the order of the U-spin breaking parameter with respect to

the direct CP asymmetries in D — K* K~ and D° — ztz~
decays within the framework of approximate universality:

Y/ 7/ p—

af = (23.4+£6.0) x 1074,
(45)

akk = (4.0+£5.3) x 1074,
p=57%.

We report their two-dimensional PDF in Fig. 5. The values
in Eq. (45) provide evidence for direct CP violation in

FIG. 3.
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FIG. 4. PDFs of the charm mixing and CP-violating parameters obtained using all the observables (“All modes™) or using only the
charm modes (“Charm only”). Darker (lighter) regions correspond to 68% (95%) probability.
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FIG. 5. Pdf of the parameters describing the direct CP violation
in D* — KK~ (afX) and D° — 727z~ (afF) decays. Darker
(lighter) regions corresponds to 68% (95%) probability.

the final-state independent part [82]. On the other hand,
the relations we adopted exploit the average between
D° - KK~ and D° — n"z~ decays to get an additional
suppression of O(e) of the final-state-dependent con-
tributions. At this level of precision, the probability inter-
vals found for a%X and @%F are compatible between
the two fitting strategies, except for small shifts of their
central values. As the precision of A§”(f) measurements
improves, differences between the fits might become
relevant.

Adding beauty observables to the combination mainly
improves the determination of the strong phase 557,
which in turn improves the determination of y;, from
D — Kr decays.” Let us now discuss the results for the

*We are indebted to Tommaso Pajero for pointing this out to us.

CKM angle y. The estimates extracted using separately
measurements of beauty decays with different types of
initial B mesons are reported in Table VI and their
PDFs are shown in Fig. 6; we also report in Fig. 7 the
PDFs obtained using the different categories of B°
observables. The CKM angle y obtained using all the
inputs falls within the confidence intervals found by the
latest LHCb combination [124], as the other beauty and
charm parameters. The y estimates extracted from
different subsets of beauty observables are all compat-
ible with each other, substantially reducing the mod-
erate tension of 2.2¢ between yz: and ygo observed in
previous combinations [146,147]. This change is driven
by the most precise measurement of B® — DK*0 cas-
cade decays recently published by LHCb [94], which
already in their work provided a y estimate compatible
with our result. The full results of the fit are reported in
Tables VIII and IX and Fig. 8. Correlation between D
meson mixing parameters and the CKM angle y is below
5%, as reported in Table VII. Correlations between y and
®a(s) 18 1% (=2%) when combining all the observables,

while itis —5% (—8%) when considering only neutral B?J(S)
measurements.

TABLE VI. Probability intervals for y when using all the
measurements and when splitting the inputs of the combination:
only charged B measurements (y 5= ), only neutral B (yg), and B
modes (yp). The central value (Value) and the half-width of the
smallest interval containing at least 68% probability (Uncer-
tainty) are reported.

B meson types Value Uncertainty
All modes: y[°] 65.7 +2.5
BE: yp:[] 65.5 +2.7
BO:)/B() [o] 57 +13
BY: 7po[°] 77.4 +9.6
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FIG. 6. Left: PDFs of the estimates of y obtained combining all the beauty modes and using separately measurements involving only
charged B, only B°, or B mesons. Right: PDF of y obtained by combining all the modes.
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FIG. 7. Left: PDFs of y obtained using different types of B observables. Right: correlation between y and the strong phase entering
B — DK*0 decays.
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TABLE VII. Correlation matrix for the most significant quantities in percent. Values smaller than 1% are not reported. Large
correlations between qﬁg” . q/p| — 1 and ¢, are due to the fact that they are not independent parameters, as shown in Egs. (7) and (13).

A A A . A A T R S N e N
y 100 35 58 3 18 1 5 5 -1 -1 1
rlB?K 100 17 -6 2 —4 -9 1 -8 1 1 -1 -1
65?1( 100 —11 12 —14 -38 2 -33 4 5 -5 -3
rg” 100 60 7 10 -1 8 -1 -1 1 1
507 100 1 -9 -1 =10 1 2 -2 -1
rg” 100 38 36 3 -5 -3 7 -1 -1 -1
5’5” 100 6 88 —11 -13 14 8 -1 -1
X12 100 8 1 -1 8 -4 1 1
Vi2 100 —10 -10 11 6 -1
’2"’ 100 -18 1 53 43 42
g 100 -98 -93 3 1
b 100 84 —11 -9
|q/p| -1 100 14 15
a’D“ 100 57
ay 100
L [l 68% Probability [l 68% Probability
" [ 95% Probability L [ 95% Probability
C sl
105F — |
—_— 3
X o |
é,_m 10 5-: 6
9.5F I
C 4
ofF |
| SRR T W ST ST SN SN (N N SN S SN N ST S U NN | IS T R (N ST ST T T ST SN SR S
115 120 125 130 135 260 280 300 320
DKo Drro
g [°] 85 [°]

FIG. 8. Two-dimensional contours of the beauty decay parameters describing the most precise observables of the combination
obtained by combining all the modes.
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VI. CONCLUSIONS

We presented a Bayesian combination of charm and beauty observables to determine the CKM angle y and the neutral D
mixing and CP-violating parameters simultaneously in the framework of the SM and employing approximate universality
for D° — DY mixing.

The charm parameters are given by

X1p = x = (0.401 £ 0.043) %, yi2 =y = (0.610 £ 0.017)%, P = (0.13 £ 0.70)°, #h = (2.1 +£1.6)°,
¢y = (-1.5+1.1)° lg/p|—1=(-1.6£1.5)%,
while the CKM angle y is found to be
y = (65.7 +2.5)°,

in perfect agreement with the indirect determination from the unitary triangle analysis yyr = (65.6 & 1.4)° [142]. The
uncertainties on the two CP-violating phases ¢§” T are still one order of magnitude larger than what is needed to test the
predictions ¢3! ~ ¢} ~ 0.1° obtained from U-spin arguments in Eq. (10), and a factor of 7 larger than the upper bound of
|¢%] < 0.3° in Eq. (11). The direct CP asymmetries in D° — K"K~ and D° — z*z~ decays within the framework of
approximate universality are given by

akk = (4.0 £5.3) x 1074, a’F = (23.4£6.0) x 107, (46)

To check the consistency of our combination of measurements sensitive to the angle y, we extracted the value of y separately
from charged B, B, and BY meson decays. We found three compatible estimates, given by

ype = (655+27)°%  ypo=(57£13)°%  yp = (774£9.6).
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APPENDIX A: GLW OBSERVABLES

The GLW observables consist of CP-conserving and CP-violating ratios of time-integrated rates of B cascade decays
when the final states f are (quasi-)CP eigenstates. Here, we report the definitions of the observables in the leftmost column
of Table II and their expressions up to quadratic corrections in charm mixing and CP-violating parameters, neglecting direct
CP violation.

The CP asymmetry ASP(f, h) is defined as

ACP(F 1) = F(? = [flph) =T(B - [f}D@) _ IZrZé?:c%:h éinysinégh . (A1)
(B = [flph) + (B = [f]ph) (1+ (rgh)z)H + 2r2MBh cos y cos 55"

The ratio of rates for decays in which the D meson is reconstructed as a CP eigenstate and decays with CF final states f*, as
K=n" (%) or K~ntztn, is given by

B ) T(B = [flph) +T
RO = B0 S F T (B = [ h) + T

flph

fIb

(

B —
(B —

(A2)

= ~—

3
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In terms of charm parameters, Eq. (A2) can be written as

(14 (P21 = 2F, = Day) 4 2r2"kP" cos y cos 85" (2F. = 1) — ay)

) o+ 2By cosycos(aR? = 0) + T (v ) A
with F;ix(x, v, ¥, f*, h) arising due to the mixing terms in Eq. (38), given by
P (9.7 ) = =y [y (14 (r")2) cos &y + B (1 + (1)) cosy cos 53"
+ax [rghlcgh(l — (rh)?) cos y sin 82" — I il (1 = (rBM)2) sinég}. (A4)

Sometimes, it is useful to avoid the dependence on the charm branching fractions in Eq. (A2) by measuring directly the so-
called double ratio, which is related to R(f, f*, h) for two different meson states & and /' as

R(f.f*.h)

CcP , *,]’l,h/ =

(AS)

APPENDIX B: ADS OBSERVABLES

In this section, we give an overview of the ADS observables considered in the combination in Table II, expanding them in
terms of the charm parameters and neglecting the nonlinear terms, as well as direct CP violation. The ADS observables are
defined through time-integrated rates of B cascade decays, involving CF/DCS decays of the D mesons. As in Sec. [II A, we
refer to the CF mode of the D° meson as f.

The simplest observables that can be measured are the CP conjugate suppressed over favored ratios

~ (B - [fl,h (B — [f]ph
R-(f.h) = LB = Uoh) oy oy LB = Flph). (B1)
(B — [f]ph) (B = [f]ph)
The rates for the favored processes are reported in Eq. (37), while for the suppressed modes, we have
(B = [flph) o (rh)* + (") + 2" rikR"xy cos(8" + 8 = 1) + Foix (—x.3.7. £ ). (B2)

with Ty (x, v, 7, f, h) defined in Eq. (38). The rate for the CP conjugate mode can be obtained simply replacing y with —y
in Eq. (B2).
Suppressed (sup) and favored (fav) decays can be used also to define the following asymmetries:

L(B — [flph) =T(B — [flph) f T(B = [flph) —T'(B — [f]ph)
ASUP(f h) = —= = == A (f, h) = —= === B3
PG o B ph) Y TGS e B k)
In terms of charm parameters, AS*P(f, h) reads
Asup(f’ h) — zrgrgh’(lghkg Sil’l]/ Sin(5§h + 5];) + FI:IiX (X, Y7 f7 h) (B4)

(PR o+ (rh)? 4 27 PR kB cos y cos(85" + 8)) + Tt (=x.y,7. fo h)

mix

where Il (x,y.7, f, h) has been already defined in Eq. (A4) for the GLW modes, while I, (x,y,7, f.h) is given by

o (%,y.7. f.h) = —arDh siny[y sin 624 (1 + (r)%) — x cos 624 (1 — (r{))Z)] (BS)
In the same way, we find for the favored asymmetry:

20l siny sin(0g" = 85) + Ty (=, 7. /1)

mix

L+ (rprg")? + 2R iy, cos y cos(83" = 8)) + Ty (x, v 7. £ )

mix

Afav(f, h) — . (B6)
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Favored and suppressed charm modes can be arranged into CP-conserving ratios as

I'(B h) +T'(B h
RADS(f, 1) = (_ = [flph) +I'(B - []_(]D_)’ (B7)
[(B — [fIph) + (B = [f]ph)
or using two different channels for beauty decays, B — [f],h and B — [f],//, through the following observables:
I'(B - [flph) + (B h I'(B h) +T(B = [f]ph
RSUp(f,h,h/) — (_ - [;f]D /) + ( - [f]D_/) , Rfav(f, h,/’l/) — (_ - [f]D /) + ( - [_]D_/) . (BS)
L(B — [flph') + T(B — [f]ph') L(B — [flph') + (B — [f]ph')
The ADS ratio in Eq. (B7) can be expressed in terms of charm parameters as
RADS(f ]’l) — (rgh)Z + (rli;)z + 2’J;rghK/DKBQh cosycos(égh + 5£> + Fr-;ix(_x’ v, f’ h) ) (B9)
L+ (rprg")? + 20" Rl iy, cos y cos(83" = 5)) + Ty (x, v 7. £ h)
The fit equation for RP(f, h, h') is given by
Rsup(f h h/) . B<B - Doh) (rgh>2 + (rfD>2 + Zr{)rgh Dth COS]/COS((‘)‘gh + 52) + FI—;iX<_'x7 y7 }/7 f? h) (BIO)
T BB~ D) ()2 1 (rh ) + 2R kB cos 7 cos(85” + ) + Ty S )
while for R®(f, h, h') we have
RO (f b 1) = B(B = D°h) 1+ (rhr2")2 4+ 2rRhilh il cos y cos(68" — 65) + T (x, v, 7. £, h) . (B11)

B(B - D°h')1 + (r{)rgh’)z + 2r§h/1<§h'r1’;1cl’; cosy cos(6B" — 5’;) +Th (x, v, 7, f, 1)

mix

APPENDIX C: FIT RESULTS

We report the results of the fit obtained by combining all the observables. The correlation matrix of the most physically
relevant parameters is reported in Table VII. Tables VIII-X present the probability intervals found for the charm and beauty
parameters. In Fig. 8, we report two-dimensional contours of the ratio of decay amplitudes and strong phases describing the
most precise modes used in the combination: B* — Dz*(K™).

TABLE VIII. Results for the charm part of the combination. For each of the parameters, we have reported the central value (“Value™)
and the smallest intervals containing at least 68% (“Uncertainty”’) and 95% probabilities.

Parameter Value Uncertainty  95.4% probability Parameter Value Uncertainty  95.4% probability
e 0.13 +0.70 [-1.27, 1.54] AN 2.1 +1.6 [-1.0,5.2]

5[] -1.5 +1.1 [-3.7,0.6] lg/p| — 1[%)] -1.6 +1.5 [-4.5,1.4]
X1 2 x[%0) 4.01 +0.43 [3.16, 4.83] V12 = y[%o 6.10 +0.17 [5.77, 6.45]
a¥¥ (%o 0.40 +0.53 [-0.63,1.43] ap %o 2.34 +0.60 [1.15, 3.53]
d12[°] -2.0 +1.8 [-5.6,1.7] S 0.444 +0.092 [0.261, 0.617]
K3 0.05502  +0.00070  [0.05364, 0.05636] 583719 164 +21 [126, 208]
rk71%] 5.8573 £0.0094 [5.8387, 5.8758] 5871 191.4 +2.4 [186.6, 196.0]
Kgfm" 0.791 £0.039 [0.713, 0.868] rg,,,,o 0.04433  +0.00099  [0.04239, 0.04626]
5gﬂfr° [] 201.0 +7.9 [185.2, 216.3] Kgf%’(ﬂ 0.824 +0.094 [0.652, 0.995]
rg'éKﬂ 0.6192 £0.0052 [0.6090, 0.6297] 552’0![0} 13 +14 [-15,39]
Fir 0.7444 £0.0097 [0.7252, 0.7635] FKKnn 0.756 +0.013 [0.732, 0.781]
Ffifmo 0.9417 £0.0040 [0.9337, 0.9496] FIiKﬂO 0.641 +0.017 [0.608, 0.674]
(AYEK — AY™) [%0] 0.24 +0.26 [-0.27,0.75]
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TABLE IX. Results for the beauty part of the combination. For each of the parameters, we have reported the central value (“Value™)
and the smallest intervals containing at least 68% (“Uncertainty”) and 95% probabilities. For the phases 52X and 657", we report the
two disjoint intervals at 68.5% and 68.9% probabilities, respectively.

Parameter  Value Uncertainty ~ 95.4% probability Parameter Value Uncertainty ~ 95.4% probability

CKM Angles 7] 657 +2.5 (60.8.704]  $4/2F] 2213 =060 [20.96, 23.32]
¢l 336 £0.80 493, -1.79]
B* parameters DK 0950 +0.043 (0852, 1.001]  ,0K* 00994  £0.0090  [0.0806, 0.1162]
oK< S +12 [30, 80] rDK[%)]  9.80 +0.20 [9.42, 10.19]
SKPl 1270 +2.5 [121.9, 131.8]  rD%[%]  5.18 +0.56 [4.17, 6.38]
] 2998 +8.5 [282.0,315.1] 2K 01078  +0.0088  [0.0905, 0.1251]
SIKF] —47.6 +5.9 [-60.0,-36.7] /2% 00058  £0.0030  [0.0001, 0.0123]
s 39 +31 4, 133] Be=pE 00782 £0.0038  [0.0707. 0.0857)
—Dr
PPET 0048 +0.031 [0.000, 0.096]  §BKm=[]  [~226,~154] U [~75,69]@68.5% probability
kDKse 0.8 +0.28 [0.00, 0.92] /Dmn 00099 £0.0099  [0.0000, 0.0365]
s ] [~204,-100] U [<72, 11] @68.9% probability kb7 0.23 +0.23 [0.00, 0.88]
B parameters  /2F  0.0220  £0.0090  [0.0058,0.0439] 6277 32 +31 [-43,75]
DK 0933 40,025 [0.885,0.982] DK 0231 £0.015 [0.200, 0.259]
SDEOF] 1926 +6.0 [180.9,205.2] /D7 00244  £0.0083  [0.0099, 0.0476]
S 34 +31 74, 41] 200060 £0.060 [0.000, 0.261]
52’({' ] =77 +27 [—265,93]
BY parameters 2K 0331 40,035 [0.264,0.402] 2K =110 +6.0 -22.8,0.8]
KD 076 +0.14 [0.51,1.00] Pk 0453 £0077 [0.301, 0.605]
sk —14 +12 -39, 10] WDKT 040 +0.30 [0.00, 0.92]
KT 0057 £0.029 [0.000, 0.098]  sp&oe 72 +58 [—44,215]
BY BY

TABLE X. Parameters corresponding to the average decay times entering the integrated CP asymmetries AS”(f,¢) in Eq. (29) and
AASP in Eq. (30). The column (Exp.) lists the name of the experiment, the tagging (-tag) mode employed, the calibration (-cal) method,
and the reference describing the measurement.

Parameter Value Uncertainty Exp. Parameter Value Uncertainty Exp.
((r)fffcp + (D) ¥cr)/2 173 £0.10 LHCb Run2, z-tag [75] <r>f§cp — () 3cr 0.1350  £0.0020 LHCb Run2, 7-tag [75]
D D D D
((r)ffc;, + (1) %4cr)/2 1210 £0.010 LHCb Run2, p-tag [75] (r)’gfcp —(7)4cr —0.0030 £0.0010 LHCb Run2, u-tag [75]
D D D D
(t)fc’i [ps] 0.7315 +0.0020 LHCb Run2, D"-cal [72] <t>§£ [ps] 0.6868 +0.0014 LHCb Run2, D -cal [72]
D D
(r)f/’fc,, 2.152  40.016 LHCb Runl, z-tag [71] <T>Z’ACF 2.037 £0.015 LHCb Runl, z-tag [71]
D D
(1)§§gp 1.0820 £0.0041 LHCb Runl, p-tag [71] (1)2’25,, 1.0679 £0.0041 LHCb Runl, u-tag [71]
(r) K& 2239  +0.019 LHCb Runl, z-tag [71] (K& 1.0510 +0.0041 LHCb Runl, p-tag [71]
D D
7)KE 2.65 +£0.03 CDF [79] )% 2.40 £0.03 CDF [79]
Ap Ap
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