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Abstract. This paper addresses the problem of designing shell and tube heat exchangers 

operating under uncertain conditions. Traditional design methods assume constant process conditions 

and known value of thermal design factors. Thus may fail to meet specifications when operational 

conditions change. Use of safety factors or worst-case design often leads to conservative design and 

equipment oversizing. No guideline is available in the literature for choosing a design approach. In 

order to provide designers better awareness on this issue, we investigate when uncertainty should be 

taken into account, what are the advantages and drawbacks of available approaches for design under 

uncertainty, and which is the preferred method to be applied in specific problem instances. To answer 

the above research questions, comparative sizing of equipment is carried out under consistent 

assumptions adopting five alternative design methods; namely design for nominal reference condition 

with verification of off-design performances, worst case design, use of safety margins, design to 

optimize a prescribed objective function, and robust design. Either random uncertainty in external 

process conditions, and epistemic uncertainty in heat transfer coefficients and fouling resistances are 

considered. Different types of specifications (more/less is better or nominal is better) are accounted 

for. Probability of meeting specifications and resulting geometrical characteristics are compared. It 

is the first time that a similar comparison is carried out, and results discussion allows to identify merits 

and limitations of the considered approaches. It is found that no single approach is superior, as any 

method can be suited to a design situation but perform poorly in other cases. Justification for 

explaining the observed behaviour is used in order to provide guidance to designers in choosing the 

preferable design method for a specific instance resulting in more cost-effective equipment 

configuration with higher probability of meeting specifications. 

 

Keywords: heat exchanger design, variable operating conditions, design under uncertainty, 

robust design. 
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1. INTRODUCTION 

 

Shell and tube heat exchangers are the most frequent type of heat transfer equipment utilized in 

process plants. By providing and removing heat to and from process streams, as well as allowing for 

heat recovery and energy integration of different process streams, heat exchangers play a key role in 

effective feedstock transformation while promoting efficient energy utilization and significant 

resources and economic savings. However, many external and internal sources of uncertainty and 

variability affect heat exchangers operations in actual plants, making thermal and mechanical design 

of this kind of equipment rather complex, despite their apparent structural simplicity. Among external 

sources of variability, either deterministic or random changes of input streams conditions may occur, 

namely variation in hot and cold stream flow rate and temperature, changes in their composition and 

uncertainty in the fluids physical properties. Internal sources of variability include uncertainty 

deriving from imprecise heat transfer and pressure drop correlations, flow maldistribution effects, 

and fouling phenomena [1].  

Sources of uncertainty are often beyond the control of the designer, and could affect different 

aspects [2]: 

• Variations of the environmental and operating condition: whereas during the design phase some 

quantities could be assumed as deterministic and constant, during the operating time their value 

could change. This is the case of input parameters and different noise signal that influence the 

performances of the system. 

• Manufacturing tolerances: some design solution can suffer more or less than others the departure 

from the geometrical theoretical configuration. 

• Output evaluation: the model and the equations used in order to evaluate the performances of the 

equipment are not the exact description of the reality. In fact, assumptions and simplifications 

which are necessary to reduce the modeling effort could introduce other types of uncertainty and 

neglect some phenomena. 

• Constraint uncertainties: the feasibility space, i.e. the set of the possible solutions, could be smaller 

than the one theoretically envisaged, due to model incapability to determine the actual feasibility 

region. 

Furthermore, uncertainty can be divided into a) aleatory uncertainty and b) epistemic uncertainty. 

The former comes from the random variability of the input and it is not reducible, whereas the latter 

is imputable to non-perfect knowledge of the physical phenomena and unperfect correlations, and it 

is theoretically reducible. 

 

Traditional design methods ignore variability, in that they assume constant and known values of 

process conditions, namely temperature and flow rate of input process streams, their composition and 

thermophysical properties, as well as heat transfer and pressure loss coefficients obtained from 

empirical correlations. Equipment is designed referring to nominal operating conditions, often 

assuming average values in case a variability range is expected, and providing ex post verification 

that minimum heat duty specifications are satisfied when operating parameters are changed within a 

likely range. Nevertheless. uncertainty propagation and sensitivity analysis in heat exchanger is a 

topic which gathered some attention from the academics. Statistical methods to understand the 

behavior of an equipment are known and used since ’50 [3]. In particular, methods for assessing 

internal parameters uncertainty and the capability of designs to satisfy requirements are available [4]. 

In order to protect against uncertainty and obtain a desired degree of confidence in satisfying 

specifications design handbooks suggest additional pressure drop and surface area to be factored in 

as a safety factor, determined by statistical combination of the variance of uncertain factors [1, 5]. 



Otherwise, design is made assuming worst case conditions. This may lead to excessively conservative 

design, with equipment oversizing or failure to meet design specification under some operational 

conditions. 

To counter uncertainty in a reactive manner, one could design the equipment incorporating some 

structural flexibility, to be used if and when necessary (i.e. a bypass stream or additional heat transfer 

area to be put into service on request). However, this may be often unpractical given that heat 

exchangers are designed with a predefined structural architecture when the geometrical parameters 

are fixed in the design phase, and can not be changed during operation. As an alternative, some kind 

of equipment regulation and control could be allowed. Another approach could be to design allowing 

output variability, i.e. allowing operational states where specifications are not strictly met, provided 

that some performance measure is optimized. 

When the above options are not feasible, the goal of designing a robust heat exchanger may be 

sought. Robustness is the ability of the equipment to maintain its operational capability and meeting 

design specification under different operating circumstances. Technically it involves a design able to 

optimize the mean response and reduce variability of the output in the face of input variability and 

noise factors by preventing variability propagation rather than reducing the variability of the input 

[6]. Therefore, robustness is a manner of passively managing uncertainty by choosing an equipment 

architecture which ensures adequate performance over a wider range of conditions [7]. However, 

while methods to assess the effects of uncertainty propagation in heat exchangers performances are 

available in the literature, methods for robust design of heat exchangers under uncertain operating 

conditions are scarce.  

 

Overall, as shown in the subsequent literature review, optimal heat exchangers design methods, 

in general, neglect variability and uncertainty. Manual methods, instead, address uncertainty in 

empirical manners or adopting penalizing approaches such as design for average conditions, worst 

case design or oversizing, but no sound justification is offered to support their utilization. Papers 

addressing uncertainty in heat exchangers mostly focus on uncertainty propagation instead of design 

method to counter uncertainty. The designer is left without guidance about how to deal with 

uncertainty. Therefore, a knowledge gap exist as far as equipment design under uncertainty is 

concerned.  

In order to contribute to a solution to this relevant design problem, in this paper an attempt is 

made to answer the following research questions: should uncertainty always be taken into account 

when designing heat exchangers or can it be neglected? What are the available approaches for design 

under uncertainty and what are their advantages and limitations? Which is the preferred method to be 

applied in specific problem instances? 

 

The paper is organized as follows. The literature about optimal heat exchanger design is reviewed 

at first, including the case of uncertainty quantification and equipment design under uncertainty. 

Subsequently the problem of heat exchangers design under uncertainty is stated, identifying five 

possible alternative approaches including robust design. Afterwards, a numerical experiment is 

carried out to compare the five methods on a consistent basis, and to analyze their performances, 

applicability domains and limitations. This is the first time that alternative methods for heat exchanger 

design under uncertainty are compared, and another novelty consists in examining the possibility of 

designing robust shell and tube heat exchangers adopting a metaheuristic optimization method based 

on a Genetic Algorithm (GA). In this case the GA is used to determine the required equipment 

configuration to minimize the distance of output stream temperature from the specification. 

Guidelines to help designer in selecting the best approach according to the specific problem instances 

are derived. The paper is concluded by discussing its limitations and planning future research work. 

 



2. LITERATURE REVIEW ON HEAT EXCHANGER DESIGN, OPTIMIZATION AND 

UNCERTAINTY MANAGEMENT 

 

The traditional design approach for heat exchangers assumes stationary operating conditions. An 

iterative procedure is usually followed where the designer, on the basis of experience, changes the 

value of design variables until a satisfactory equipment configuration is found which meets the 

specifications while satisfying commonly accepted rules of thumbs deriving from good engineering 

practice [8]. Details on this approach are available in textbooks [9] and reference handbooks [1, 10]. 

Design case studies and practical numerical examples are also available in case of shell and tube 

exchangers [11] as well as for other equipment configurations [12, 13]. Computer-aided tools for 

equipment design are available on the market but are still relying on manual inputs and based on the 

above iterative approach which is time-consuming and does not guarantee an optimal solution [14]. 

Numerical design methods, based on optimization algorithms, have been recently made available 

and are reviewed elsewhere [15, 16]. Numerical methods have the capability of handling both discrete 

and continuous variables as well as of efficiently searching the multidimensional design space. 

Nevertheless, while a number of approaches have been proposed to automate and optimize the heat 

exchangers design, several issues still remain to be solved. For instance, most of computer aided 

optimal design procedures assume steady state operations thus neglecting either deterministic and 

stochastic variability in the operating conditions. The uncertainty in the heat transfer coefficients 

correlations is also neglected, and penalties for off-design performances are usually not included in 

the evaluation of economic objective functions. As an alternative, in case of changing operating 

conditions, a worst case design is attempted, or heat transfer coefficients are corrected through 

arbitrary fouling factors, thus penalizing performances when average operating conditions apply. 

Finally, the cost correlations used for economic optimization are not sensitive to the constructive 

details of the equipment as determined by the design algorithm, but only to the overall heat exchange 

area. This makes them unsuitable for detailed equipment optimization. This was pointed out by 

Caputo et al. [17] who also develop more detailed cost estimating models. As a consequence some 

authors [18] raise concerns about the use of apparently precise computer based methods, given the 

inherent fuzziness of the problem and the uncertainty in operating conditions or in the adopted design 

correlations. 

 

On the other hand, design of processes under uncertainty is a research field in itself, extensively 

studied from a long time [19] especially in the area of chemical process plant design and process 

synthesis, as reviewed elsewhere [20, 21].  

However, Costa and Bagajewicz [22] point out that despite advances in computational tools the 

basic design of process equipment is still carried out in industry resorting to trial-and-verification 

procedures guided by heuristic rules. This is mainly imputable to the circumstance that the academic 

literature about process design under uncertainty is dominated by mixed-integer nonlinear models 

(see for instance[23, 24]) which, regardless form the utilized solution techniques (i.e. stochastic or 

mathematical programming-based), have practical limitations that have restrained practitioners from 

abandoning the time tested heuristics and simplified computer-aided tools. 

Nevertheless, the literature specific about heat exchanger design under variable operating 

conditions and parameters uncertainty is comparatively scarce, and mainly focused on either 

assessing the equipment performance variation under uncertainty [25], the effect on designs [5] or 

suggesting guidelines to account for variability [4], rather than in providing optimal design solutions 

and methods. However, it can be argued that general methods developed for optimal probabilistic 

design of processes could be applied as well to equipment design. In particular, Haseler et al. [26] as 

well as Clarke et al. [27] investigated the sensitivity of the overall heat exchanger calculations and 

operational performances to uncertainties in individual fluid properties, also using Monte Carlo 

techniques, but they did not consider the effects of uncertainties in process specifications, and did not 

addressed any optimization problem. This kind of analysis was also extended to cross-flow heat 



exchangers[28]. The Monte Carlo method was also used by Affan Badar et al.[29] and Mahbub Uddin 

and Bell [5] to appraise the impact of uncertainties on heat transfer coefficient. Prasad and Bharadwaj 

[30] analysed the performance of a counterflow concentric tube heat exchanger estimating the 

uncertainties in the temperature response caused by uncertainties in the fluids inlet temperatures and 

the overall heat transfer coefficients using a two-point distribution technique. Kayansayan [31] 

developed an analytical method to estimate thermal behaviour of heat exchangers in off-design 

conditions. Knetsch and Hauptmanns [32] investigated the dynamic response of heat exchangers 

under process and parameters uncertainty resorting to a Monte Carlo variability propagation. Lambert 

and Gosselin[33] explored the impact of correlations uncertainty on heat exchangers sizing and cost. 

Bounds on thermal systems performances when operating in uncertain conditions were investigated 

by Taylor, Hodge and James [34]. Abdelaziz and Radermacher [35], investigated the effect of 

manufacturing tolerances and flow maldistribution on the performance of compact heat exchangers. 

Specific investigation on uncertainties in heat exchangers performances owing to fouling phenomena 

have been carried out by Khan and Zubair [36, 37], Zubair and Qureshi [38], while Yeap et al. [39] 

develop specific heat transfer and pressure drop fouling models to allow estimation of cost-effective 

extra area to heat exchangers. Lemos et al. [40, 41] included velocity dependent fouling factors and 

a threshold fouling model into a design optimization procedure. 

From the design point of view Buckley [3] was the first to use a statistical approach to the sizing 

of process equipment. Starting from a design based on nominal values of design parameters, and 

assuming a normal distribution of uncertain parameters, he combined the impact of the standard 

deviation of each variable parameter to determine the overall variability of required exchanger heat 

transfer surface area. Then fixed the oversizing level in order to obtain a desired confidence level. A 

similar design approach based on specifying the probability of meeting a prescribed duty in case of 

process uncertainty, using the root sum squares method, is described by Cho [4] and Affan Badar et 

al. [29], but without attempting an optimal solution. As far as optimal exchanger design under 

uncertainty is considered, Caputo et al. [42, 43] optimized shell and tube exchangers design 

considering variability in the input streams conditions (flow rate and temperature) or uncertainties in 

the heat transfer coefficient, adopting an economic objective function. Saldanha et al. [44] used multi-

objective particle swarm optimization and scenario construction to optimize  shell and tube heat 

exchanger considering uncertainties in the tube-side inlet and outlet temperatures, pressure drop 

factor, friction factor, Nusselt number, as well as shell-side heat transfer coefficient and pressure drop 

while the objective function minimized heat transfer area and pressure drop. 

Finally, a risk assessment method to evaluate the consequences of process uncertainties is 

provided by Shilling et al. [45]. An application of robust design of a heat exchanger in the automotive 

sector is given by Arner [46]. Design under uncertainty was also applied to heat exchangers network, 

HEN,[47]. More recently Al Khulaifi and Al Mutairi [48] developed a method for optimal synthesis 

of HENs while Floquet et al. [49] presented a method to assess the robustness of a HEN. 

 

Overall, the literature review shows that the research on heat exchanger design has been more focused 

on assessing the impact of uncertain parameters and estimating uncertainty propagation. This allows 

to rate the goodness of an equipment configuration but does not directly help in designing the 

exchanger, The established research stream on optimal heat exchanger design generally neglects 

variability and uncertainty. Statistical design methods aimed at ensuring a desired confidence level 

on expected performances have been suggested, but empirical manual methods based on nominal 

condition design with verification for off-design conditions, or empirical techniques based on worst 

case conditions, safety factors and oversizing are used in practice. No justification for such empirical 

method has been elaborated.  

Methods for optimal stochastic design of heat exchangers are quite scarce. Overall, the heat 

exchangers design community lacks a consistent comparison of design methods addressing 

uncertainty, and guidelines helping to choose the proper design method. This paper attempts to give 

a contribution to fill this knowledge gap. 



 

3. PROBLEM STATEMENT OF HEAT EXCHANGERS DESIGN UNDER UNCERTAINTY 

 

Propagation of uncertainty and design of engineering system under uncertainty is a well known 

problem. De Rocquigny provides a general method for quantitative uncertainty management [71] 

while application examples are discussed in [50]. Recent advances in uncertainty quantification are 

reviewed in [51]. Some authors focused their research on large systems [52], characterized by a large 

number of components. As shown in Figure 1 variability associated to input variables, random events 

and to internal parameters uncertainty, propagate through the system making the output performance 

measures variable as well. The output variability may exceed some acceptability range, bounded by 

predefined performance levels thresholds. As an example [32] when a stream feeding a catalytic 

reactor exceeds a maximum threshold the catalyst may be damaged, while if it drops below a 

minimum threshold the required quality of the effluent is not guaranteed. Risk is a quantification of 

the system output deviation from the expected value in term of frequency of occurrence and 

magnitude of consequences. 

 

 

Figure 1 Conceptual schematization of system response under uncertainty. 

 

One possible general formulation of a process design under uncertainty [53] is 

 
𝑀𝑎𝑥         𝑓 (𝑢, 𝑞, 𝑥, 𝜃)

𝑠. 𝑡.    𝑒(𝑢, 𝑞, 𝑥, 𝜃) = 0

                𝑔(𝑢, 𝑞, 𝑥, 𝜃) ≤ 0
  

          𝑔𝑞(𝑦, 𝑦∗) ≤ 0

                                  𝑢 ∈ 𝑈, 𝑞 ∈ 𝑄, 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌, 𝜃 ∈ Θ

      (1) 

 

where f is a scalar function representing the performance measure to be optimized, u, q, x,  are 

the vectors of design, control, state variables, and uncertain parameters respectively; y is the vector 

of quality related variables, having desired values y*, while e represent the model equations, gq the 

quality constraints and g other constraints. 

 

According to the literature [7, 54] there are basically three methods to protect a system against 

uncertainty, namely a) reducing and controlling input variability; b) active protection by making the 



system flexible. i.e. able to adapt to changing conditions [55]; c) passive protection so that the system 

is able to withstand the influence of uncertainty. This, in turn, may be pursued resorting to two 

opposite approaches, namely c1) including reserves and redundancy in system design (i.e. oversizing 

or designing for the worst case), as a cushion to buffer variability, or c2) building robustness in the 

system as means of reducing propagation of uncertainty from input to the output. Robustness criteria 

can be incorporated in the design problem by penalizing the output including a quality cost term [53], 

based on the offset between the expected value and the nominal one, and on the variability around 

the expected value. This can be made for instance through penalty functions, such as Taguchi's loss 

functions (which typically account for nominal-the-best, larger-the-better and smaller-the-better 

conditions), or by imposing explicit restrictions over robustness metrics of quality related variables 

such as their variance or other moments [6, 56]. Robust optimization problems are reviewed for 

instance by Bertsimas et al. [57], Gorissen et al. [58], Dellino et al. [59] and Beyer and Sendhoff [2], 

while advances in sensitivity analysis are resumed by Borgonovo and Plischke [60]. 

 

In case of heat exchangers solution a) is often unfeasible. In fact, although many industrial 

processes are designed to operate in steady state conditions, as many other processes instead work in 

intrinsically unsteady conditions owing to periodic or batch operations. Moreover, even processes 

designed to operate under steady state conditions are subject to random perturbations or occasional 

changes of production rates, and need to be associated to a control system able to regulate process 

parameters, limiting their excursion respect target values. Furthermore, auxiliary plants, such as heat 

recovery systems, are often associated or slaved to process plants, but are not strictly regulated as this 

could interfere with the operations of the main process. Therefore, it is frequent that such heat 

recovery systems, utilizing heat exchangers as the means of energy transfer, are fed by sources with 

a time-varying energy content. Moreover, fluid composition and, consequently, physical properties 

are subject to changes during operation which are difficult to estimate. From the design point of view 

equipment designers use empirical correlations to estimate heat transfer and pressure drop 

coefficients, or fouling rates, which have an intrinsic uncertainty range (often up to 15% error range), 

while the designer may not oversee fabrication to ensure that built equipment is consistent with 

specifications and complies with stated tolerances. Finally, the time trend of equipment degradation 

during operation, i.e. accumulation of fouling deposits which affect fluid dynamics and heat transfer, 

is difficult to estimate and influenced by external events such as timing of maintenance cycles. 

 

Moreover, the performance variations of a heat exchanger when the values of inlet process 

variables change are not always intuitive. For instance, let us assume that the mass flow of the hot 

fluid increases whereas, for sake of simplicity, the cold fluid has constant mass flow and inlet 

temperature. In this case, being fixed the equipment architecture, the hot fluid heat transfer increases 

but, at the same time, the thermal power to be removed increases too. If the hot fluid were the 

controlling one, the former statement would suggest that the hot stream output temperature will 

decrease and the latter that it will increase. The coexistence of the two phenomena, with their own 

influence ad magnitude, may determine a non linear trend in the output of the heat exchanger. Overall, 

the possible non linear response of the equipment makes it strongly susceptible to uncertainty in 

process conditions as far as performance estimation is concerned, and small simultaneous variations 

of process variables may have a relevant amplification effect. This, apart from making the behavior 

of the equipment not readily intuitive, may prevent from meeting design and operational 

specifications. 

 

As far as strategy b) is concerned, it is not feasible to build heat exchangers with a modular or 

changeable structure in order to gain operational flexibility. Therefore, the active uncertainty 

protection frequently adopted is regulation through installation of a control system [61, 62]. However, 

while this represents an added cost and an increase of system complexity, the range of allowed stream 

regulation may be somewhat limited.  



For instance, considering that the transferred heat may be expressed as Q~ S U LMTD, the most 

frequently applied regulation strategies try to modify the effective log-mean temperature difference 

LMTD by acting on the flow rate of the controlling stream, or modify the overall heat transfer 

coefficient U by acting on the flow rate of the controlled stream. Another option is to bypass a portion 

of the controlled stream flow rate and letting it mix downstream the exchanger with the remaining 

portion of the stream which passed through the equipment. In case that the controlling stream is a 

condensing fluid a fourth control method would be to allow partial condensation on the tube bank in 

order to modify surface area S.  

 

In greater detail, when a service fluid is available and the heat exchange is between a process and 

that service fluid, without phase change, three following main regulation strategies are possible. 

However, it must be pointed out that only one of the two outlet temperatures may be controlled. In 

fact, once the inlet and outlet temperatures and mass flow of one fluid are assigned, the heat exchanger 

duty is determined. 

Let be tPI and tPO respectively the process fluid inlet and outlet temperature, tSI and tSO respectively 

the service fluid inlet and outlet temperature, and mP and mS the corresponding mass flows, being tPO 

the process variable to be controlled. A first control strategy (Figure 2) is to measure the process fluid 

outlet temperature by a temperature indicator (TI) and adjust its value by acting on a valve able to 

manipulate the mass flow of the service fluid. 

Modifying mS, the service fluid convective coefficient and the outlet service fluid temperature 

change, determining new values for the driving forces and tPO. Even if the control scheme shown in 

Figure 2 is frequent, when the service fluid convective coefficient is not the controlling one, the 

change in the overall heat transfer coefficient is very small and the regulation may be not effective.  

A possible alternative is the regulation scheme shown in Figure 3, where the measurement on the 

controlled variable determines a modification of the process fluid mass flow rate. In this case, if an 

excessively high value of tPO is measured, the control valve is opened. Consequently, a bigger mP 

flows through the equipment, and the output temperature reduction is obtained as a net result of the 

(possible) increment of overall heat transfer coefficient and the reduced heat amount transferred to 

the unit of mass flowing. Generally, the output temperature change per unit change of mass flow is 

small and may be not linear. 

 



 

Figure 2 Regulation on service fluid mass 

flow 

 

Figure 3 Regulation on process fluid mass flow 

 

Figure 4 By-pass control scheme 

 

Figure 5 Regulation scheme for process/process 

heat exchangers 

 

The third control strategy is depicted in Figure 4, where the heat exchanger is overdesigned. At 

the exit of the equipment the process flow temperature is higher (if the unit has to warm up the process 

fluid) or lower (if the unit must reduce the temperature of the process fluid) respect the specified 

value. The prescribed value of tPO is, then, achieved by blending the main stream passing through the 

heat exchanger and a by-pass stream of the same process fluid. 

A different scenario is also possible when the heat exchange is between two process fluids for 

energy saving purposes. Namely, the first fluid has mass flow rate mp1 and the second one mp2, while 

the inlet temperatures are tP1I and tP2I respectively (see Figure 5). 

In this case both outlet temperatures are relevant and the action on one of the two mass flows only 

is not always possible. This is why in some cases the system is made by two, or more, heat exchangers 

in series. The first one is the main unit and couples the two process steams obtaining output 

temperatures which are different from the respective specified values. Secondary units are disposed 

in series to the main unit in order to reach the specified output temperature resorting to a service 

stream. In the simple scheme of Figure 5, the main unit is actually without any control system and 

the temperature of the mass flow rate mP2 is tuned resorting to the secondary unit. 

As a concluding remark, the actual variations of operating conditions cannot be neglected when 

designing a heat exchanger expected to operate in non stationary conditions, irrespective from the 

installation of a process control system. 

 

As far as solution c) is concerned, alternative c1) is most often practiced either by directly 

increasing the surface area or, indirectly, by increasing the design fouling factors or lowering the 

adopted heat transfer coefficients. Nevertheless, alternative c2), i.e. design a robust exchanger which 

can accommodate changes in input streams and uncertainty in internal parameters without penalizing 

the output performance in excessive manner, would be an attractive solution and possibly superior to 

the alternative of using extra surface area and allowing for extra pressure loss.  

 

Based on the above discussion it can be stated that the utilized methods for heat exchanger design 

under uncertainty either fall into one of the following categories. 

 



Method 1) Neglect uncertainty. The exchanger is designed for nominal conditions and uncertainty 

is neglected. Polley and Pugh [63] in this case suggest to size the equipment according to nominal 

operating conditions, i.e. referring to a nominal “design point” and then evaluate the responses of the 

exchanger to changed conditions. In case the obtained performances fall outside an accepted interval, 

the “design point” is changed in order to obtain an alternative equipment configuration. However, 

one problem of a design based on average values of input conditions derives from the consideration 

that excursions of input process parameters above and below the nominal value will not be 

compensated, as the same percent changes of opposite sign in input variables are likely to determine 

output effects having different magnitude owing to the possible nonlinear behavior of the equipment. 

The basic conceptual flaw inherent in designing for average input values is a well known example of 

the so called Jensen's Law [64], also known as the "Flaw of Averages", which, roughly speaking 

states that, exception made for linear functions, the average of all the possible outcomes associated 

with uncertain parameters is generally not equal to the value obtained from using the average value 

of the parameters" [65]. Finally, it should be also noted that the economic effect of unmet 

specification in the value of a controlled process parameter may be quite different in case the 

specification is not met in excess or in defect of the nominal desired value. Furthermore, if changes 

of input parameters above and below their respective average value have not the same probability of 

occurrence their impact can be even stronger. For instance, in a heat recovery contexts a heat recovery 

amount higher than the nominal value could be useless while one lower than the nominal value would 

shut down the process or require an auxiliary heating. Imagine, for instance, the case where a hot 

stream should be cooled at least to a threshold temperature level Tth. Then exceeding the threshold 

(i.e. having an output temperature T < Tth) does not have a significant economic benefit, while not 

meeting the target cooling level (i.e. having T > Tth) might imply additional cooling expenses. This 

means that deviations of the same magnitude but different sign respect the average may have different 

economic value, so that the economic effects do not compensate by designing the equipment 

according to average process values.  

 

Method 2) Design for worst case. It is a classic example of “overdesign”, where the reference design 

point is chosen assuming the (most credible) worst conditions likely to be expected. When the 

majority of time average operating conditions instead of extreme ones are experienced, this design 

may prove to be uneconomical and unsatisfying from the thermal performances point of view. It is 

important to highlight that the worst case definition is not straightforward when several physical 

quantity are involved and they are interdependent. For example, the growth of process fluid mass 

flow rate increases the quantity of heat to be transferred but, at the same time, increases the velocity 

of the fluid and consequently the heat transfer coefficient. Therefore, the worst case definition is 

difficult under uncertainty.  

 

Method 3) Accommodate uncertainty through the use of design margins. This alternative 

overdesign method implies designing for the nominal design point but adding some “design margin”, 

i.e. addition of extra surface area [63]. A proper way of adopting a safety margin is to obtain the 

probability density function of the heat transfer area required to meet specifications under the various 

operating conditions, often assumed to be Gaussian, and then specifying the oversizing level in terms 

of multiples of the standard deviation in order to obtain a prescribed probability of satisfying the 

specifications [3, 4]. Nevertheless, in practice this merely means that the heat exchange area 

computed for nominal design conditions, neglecting uncertainties, is multiplied by a safety factor 

(from 15% to 100%) chosen relying on designer's experience ([1], page 193). This is rather equivalent 

to design for worst case conditions, but it may have strong drawbacks under the financial and 

operational point of view. For instance, in the words of Polley and Pugh [63] “It can give rise to 

control problems. It can give rise to operability problems. It can promote fouling. It can result in 

under-performance of heat exchanger networks.”  

 



Method 4) Design to optimize a prescribed performance measure. In this method the output variability 

is accepted, but equipment is designed in order that, considering the actual performances resulting 

from off design operation, a specific goal is met. This in general is obtained by optimizing an assigned 

objective function (i.e. the net economic value including capital and operating costs, value of 

economic performance EP of exchanged or recovered energy and possibly penalties for not meeting 

specifications).  

For instance, such an objective function (OF, €/yr) could be expressed as the net economic result 

 

𝑂𝐹 =  ±𝐶𝐼𝜏 ±  ∑ 𝑃𝑗𝐶𝑒𝑛𝐻𝑝𝑗 ± 𝐶𝑝𝑒 ±  ∑ 𝐶𝑇𝐸(𝑡𝑗𝑜)𝑁
𝑗=1

𝑁
𝑗=1 ∆𝑇𝑗𝑚𝑗𝐶𝑝𝐻𝑝𝑗    (2) 

 

where the signs of the various terms depend on whether a minimization or maximization of OF is 

sought and whether the economic value of exchanged heat, represented by the latter term at right hand 

member, is a revenue or an operating cost. In the above equation CI is the capital investment,  the 

capital recovery factor, j  (1 to N) the index representing the j-th operating condition, Cen (€/kWh) 

is the electric energy unit cost, Pj the required fluid pumping power in the j-th operating condition, H 

the yearly operating hours, pj the probability of the j-th operating condition, Cpe a penalty value in 

case any of the design constraint is violated, CTE(tjo) a user-defined function specifying the unit value 

of exchanged energy (€/kJ) as a function of the actual outlet temperature tjo of the reference stream 

in the j-th operating state, Tj the difference between tjo and the desired goal temperature for the 

reference outlet stream in the j-th operating state, mj the mass flow rate of the reference stream in the 

j-th operating state, Cp the constant pressure specific heat of the stream. 

Adopting this approach, Caputo et al. [42, 43] optimized shell and tube exchangers design considering 

either deterministic as well random changes in the input streams conditions (flow rate and 

temperature) and uncertainties in the overall heat transfer coefficient. In both paper a GA optimization 

algorithm used previously for optimal design in deterministic conditions [66] and to include fouling 

effects [67] was utilized. This approach proved to be superior to Methods 1, 2, and 3.  

 

Method 5) Design for robustness. This means designing an exchanger with the explicit goal of 

minimizing the variability of the actual output respect a reference nominal output when factoring in 

changes in the input streams process conditions and/or internal parameters variations. The first 

general mathematical formulation of robust design was done by Taguchi introducing a quadratic loss 

function, giving a quantitative interpretation of the quality cost. Firstly, he remarked the importance 

of the type of specification (bilateral or unilateral), and then gave three different formulations for the 

computation of the expected quality loss: nominal is better (eq. 3), more is better and less is better. 

While the first considers both the standard deviation and the mean of the quantity of interest, the 

remaining two formulations consider only the distances of the mean from the specification. 

 

𝐸(𝐿) = 𝑘[(𝑦𝑚 − 𝑦𝑡)2 + 𝜎2]          (3) 

 

where E(L) is the expected economic quality loss, k is the quantification of the economic value of 

quality, ym is the mean value of the output variable of interest y, yt is the target value and σ is the 

standard deviation. Robust design can act on the output performances of interest in three different 

ways: a) reducing the reducible uncertainty, b) changing the slope of the transfer function that 

determine uncertainty propagation from the input to the output and c) when the transfer function is 

non-linear, moving the design point on a flatter portion of the curve (Figure 6). 

 



 

Figure 6 Robust design uncertainty mitigation: a) reducible uncertainty reduction, b) slope changing 

and c) move on a flatter portion of the curve 

For heat exchangers, specification may be assigned in three different ways: 

• single value of outlet temperature is used when uncertainty is not considered, and the problem is 

formulated in deterministic manner. In this case uncertainty is not allowed; 

• more/less is better, meaning that the specification is achieve if the outlet temperature is at least 

equal to a defined value, and the lower (or higher) the best. The uncertainty may be considered; 

• nominal is better, meaning that the specification is met when the outlet temperature falls in a 

specified range around a defined value and the closer the value is on the target the better. The 

uncertainty may be considered. 

In robust design literature the design problem is thus formulated in the following manner [68-70] 

(eq.4). 

 

find                              𝑥 

minimising                     {𝐸(𝑓(𝑥, 𝑦)), 𝜎(𝑓(𝑥, 𝑦))} 

subject to  𝐸(𝑔𝑖(𝑥, 𝑦)) + 𝛽𝑖𝜎(𝑔𝑖(𝑥, 𝑦)) ≤ 0         (i=1,2,…,k)                                                       (4) 

                                           𝜎 (𝑐𝑗(𝑥, 𝑦)) ≤ 𝜎+
𝑗                                  (j=1,2,…,l) 

                                           𝑥−
𝑎  ≤ 𝑥𝑎 ≤ 𝑥+

𝑎                                     (a=1,2,…,n) 

E(f), that is the expected value of the performance function, and its standard deviation σ(f) are both 

minimised. 𝛽𝑖 is a flexibility index for the i-th constraint, that represent the maximum acceptable 

probability of not satisfying the i-th constraint, and cj is the structural performances function that 

imposes an upper limit on standard deviation at 𝜎+
𝑗.  

 A different formulation which assigns different weights to minimizing the mean and the 

standard deviation in the objective function is also proposed by Doltsinis et al. [68] (eq.5). 

find                              𝑥 

minimising                       𝑓 = (1 − 𝛼)𝐸(𝑓(𝑥, 𝑦))/𝑥̅ + 𝛼𝜎(𝑓(𝑥, 𝑦))/𝜎∗ 

subject to  𝐸(𝑔𝑖(𝑥, 𝑦)) + 𝛽𝑖𝜎(𝑔𝑖(𝑥, 𝑦)) ≤ 0         (i=1,2,…,k) 

                                       𝜎 (𝑐𝑗(𝑥, 𝑦)) ≤ 𝜎+
𝑗                                  (j=1,2,…,l)                                                (5) 

                                       𝑥−
𝑎  ≤ 𝑥𝑎 ≤ 𝑥+

𝑎                                    (a=1,2,…,n) 

                                           0 ≤ 𝛼 ≤ 1 

However, no research explicitly focused on a formally robust exchanger seems to be available.  
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4. COMPARISON OF ALTERNATIVE APPROACHES FOR HEAT EXCHANGER DESIGN 

UNDER UNCERTAINTY  

 

In order to compare in a consistent manner the above five design methods they will be applied to 

a common case study. However, two different problem instances will be considered to focus on both 

random and epistemic uncertainty. Case study 1 will examine the circumstance where uncertainty 

exists in the input streams conditions (i.e. external random variability), while Case 2 will examine the 

impact of uncertainties in the design correlations (i.e. internal epistemic uncertainty). 

 

In Case 1 we assume that a countercurrent heat exchanger has to be designed to cool a process 

fluid, and that nominal flow rates, temperatures and thermophysical properties of both fluids are as 

shown in Table 1. 

 

Table 1 Nominal conditions and thermophysical properties of the two fluids for the Case 1. 

Fluid m (kg/s) ti (°C) to (°C)  (kg/m3) Cp (kJ/kgK)  (Pa s)  (W/m K) Rf (m2 K/W) 

methanol 25 95 40 750 2.84 0.00034 0.19 0.0002 

sea water 74.38 27.5 40 995 4.2 0.0008 0.59 0.00033 

 

Although in literature it is frequent the use of an economic objective function, here we will only 

consider the thermal performance as objective, while economic evaluation will be used only to 

compare the obtained alternative design solutions. 

 

For sake of cost comparison, the total discounted heat exchanger cost is computed as sum of 

investment cost (Eq.6) and present worth of pumping cost (DOC, Eq.7). Economic values and 

parameters for cases study are shown in Table 2. For symbols meaning please refer to the 

nomenclature at the end of the paper. 

 

𝐼𝐶 = 𝑎1 + 𝑎2𝑆𝑎3           (6) 

 

𝐷𝑂𝐶 = ∑

[(
1

𝜂
)∙

(
𝑚𝑇
𝜌𝑇

)∙Δ𝑃𝑇+(
𝑚𝑆
𝜌𝑆

)∙Δ𝑃𝑇

1000
]∙𝐶𝑒𝑛∙𝐻

(1+𝐼)𝑛

𝑁𝑦
𝑛=1         (7) 

 

Table 2: Parameters used to assess the investment and operating costs. 

a1 (€) a2 (€ 𝑚2∙𝑎3⁄ ) a3  H (h/y) I (%/y) Ny (y) Cen (€/kWh) 

8000 259.2 0.91 0.7 7000 10 10 0.12 

 

 

In order to evaluate the impact of aleatory uncertainty on equipment design, both more is better 

(MisB) and nominal is better (NisB) specifications are compared. Aleatory uncertainty of inputs has 

been modeled as shown in Table 3, assuming that all variables have a normal probability density 

distribution 

Table 3 Probability distributions of flow rates and temperatures of inlet fluids. 

 thi (°C) mh (kg/s) tci (°C) mc(kg/s) 

E[x] 95 25 27.5 75 

σ 2.14 0.83 1.25 0.83 

CV 0.02 0.03 0.05 0.01 



 

where the operator E[x] is the expected value of each x-th process parameter labelled in the columns, 

 is the standard deviation, and CV = E[x] is the coefficient of variation. 

 

The design campaign has been carried out as follows: 

• 1. nominal design is done mimicking the traditional design process manually changing the 

following design variables, outer diameter of tube, fluids side pass, shell diameter, baffle spacing, 

number of tube side passes and tube pattern, until all constrains are satisfied and suitable cost 

reduction is obtained; 

• 2. worst case design scenario is carried out considering the lowest logarithmic mean temperatures 

difference and the higher value of duty; 

• 3. safety factor design is carried out considering a safety factor with a value of 1.5. The value has 

been chosen to reach a probability approximately 100% of meeting specification for more is better 

design. However, in the following even the values of 1.25, and 1.75 will be considered in order to 

perform a sensitivity analysis.  

The effect of safety factor use is an increase of exchanger’s length and consequently of heat 

exchange surface; 

• 4. objective function optimized design. In this case two alternatives are considered depending on 

NisB or MisB specifications. For NisB case, the objective function OBJ is to maximize the 

probability of obtaining a temperature in a range ±2 °C across the specification (Eq.8). For the 

MisB case, the adopted objective function is to maximize the probability to have an exit 

temperature lower than the specification (Eq.9).  

𝑂𝐵𝐽 = max  P [(𝑡𝑜 − 2) < 𝑇𝑜𝑢𝑡𝑖 < (𝑡𝑜 + 2)]       (8) 

𝑂𝐵𝐽 = max  P [𝑇𝑜𝑢𝑡𝑖 < 𝑡𝑜]         (9) 

where P[..] is the probability of obtaining the wanted result, 𝑇𝑜𝑢𝑡𝑖 is the actual outlet temperature 

when scenario i is under analysis and 𝑡𝑜 is the specification.  

5. robust design. Regardless of traditional formulations of robust design, which usually include in the 

objective both the average and standard deviation of the performance measure, here the objective is 

pursued minimizing the expression in Eq.10, i.e. centering the outlet temperatures distribution on the 

specification and reducing its standard deviation. Moreover, although usual formulation for robust 

design resorts to economic penalties to asses a solution, here no economic penalty is included in the 

objective function to guarantee more consistency with the other design methods. In fact, here we are 

more interested in minimizing the distance from the specification regardless of economic 

consequence of unmet specification. 

The proposed objective function (OBJ) simultaneously minimizes the difference between the mean 

of outlet temperature and the specification and its standard deviation 

𝑂𝐵𝐽 = min √∑ (𝑇𝑜𝑢𝑡𝑖 − 𝑡𝑜)2𝑛𝑠
𝑖=1 ∙ 𝑝𝑖        (10) 

where 𝑛𝑠 is the number of considered scenarios, and 𝑝𝑖 is the probability of the i-th scenario.  

This novel formulation differs from the traditional Taguchi formulation which separately minimizes 

deviation and standard deviation resorting to penalty cost factors. As compared to other objective 

functions which can be found in the literature, the rather simple structure of the chosen function is 

justified considering that the goal of this design approach is to reduce uncertainty propagation, which 

merely implies to minimize output variability in the face of input variability. 



In order to globally evaluate the behavior of obtained designs, each configuration has been 

assessed in a set of possible operating conditions including all possible permutations of discretized 

probability density functions of each aleatory process quantity (mh, thi, mc, tci).  

To build the design scenarios a six-sigma truncated Gaussian distribution is used and five equally 

spaced samples are taken thus generating 625 combinations. The pdf of the mass flow rates is included 

to correctly size the pumping system and avoid excessive pressure drops.  

 

It should be noted that design methods 1), 2), 3) do not utilize any optimization procedure. 

Therefore, obtained solutions are not necessarily the best, while methods 4) and 5) seek optimization 

of the above stated objective functions. 

 

The adopted optimal design procedure for methods 4) and 5), based on a GA, is shown in Figure 

7.  

Procedure starts with specification definition (outlet temperature of one of the two fluids) and 

data collection (fluids chemical composition, computation of thermophysical properties , , , Cp 

at mean temperature, Rf, HE type – fixed tube sheet, U-tube, split ring floating head and others - and 

choice of probability density function for process variables mc, mh, tci and thi). Second step of adopted 

procedure builds scenarios containing expected operating conditions. Each scenario is obtained by 

permuting discretized pdf, previously identified. Next step is managed by optimization algorithm 

(GA) which selects initial values of Independent Design Variables (IDV, namely Ds, B, do, Ntp, Tube 

side (fluid that flow through tubes), Pattern and a fictitious value for reference process condition to 

be used for design purposes mc, thi, tci). Such values are supplied to a design routine using Kern 

relations [9] to determine Dependent Design Variables (DDV, namely fictitious mh and Q, vs, vt, hS, 

hT, Udirt, di, Pt, Cl, Ntt, Ltt, S). “Fictious” means that temperatures and mass flow rates values selected 

by GA are used for design purposes but do not correspond to nominal values of process parameters. 

The use of a fictitious design point is required because it is not assured, giving the variability of actual 

streams conditions and the Jensen’s inequality, that designing the equipment with a deterministic 

algorithm (Kern method) for the nominal design point delivers an equipment configuration which 

optimizes the selected objective function [42]. In fact, Jensen inequality suggests that mean values of 

temperatures and mass flow rates are not always the best choice for equipment design. The use of a 

GA assigning fictitious values to the input process conditions, to be used as the reference nominal 

operating point for design purposes, frees the designer from assuming an average design point or 

choosing arbitrary design point in case of process conditions variability. 

The obtained equipment configuration is evaluated in Performance Evaluation step over the entire 

range of actual operating conditions described by the assumed scenarios, determining the expected 

value of pressure drop E[P], operating cost E[OC] and discounted operating cost E[OCD], expected 

total cost E[TC] and fluids outlet temperatures probability density functions. Based on the obtained 

equipment configuration and the scenario values of the input process variables, the corresponding 

output temperature values are computed resorting to the -NTU method. 

During Constraint Violation Analysis a penalty cost is considered if some constraint is violated 

(e.g. use of a correlation out of its validity range), rejecting unsuitable equipment. Each feasible 

design found is saved. GA acts iteratively modifying IDV and supplying them to design routine 

looking for alternative designs. Adopted optimization tool, provided by Matlab, uses traditional 

genetic algorithm tools – elite count, crossover, mutation and migration. Procedure stops when the 

best current value is maintained for a defined number of iterations or when a maximum number of 

runs is reached. 

No explicit validation of the design procedure and obtained results is provided given that the 

adopted method iteratively utilizes an established and well proven design algorithm from the literature 

(Kern and efficiency method). The numerical implementation was validated in previous works of 



same authors utilizing the same code. The optimization algorithm was taken from widely utilized 

MATLAB library. 

 

Expected values of outlet temperatures, for each solution, are computed resorting to -NTU 

method across all scenarios. Before comparing a solution with others found by GA, possible 

constraint violation is checked. Solutions not respecting constraints are disregarded. Considered 

constraints are: maximum allowed pressure drop of 70 kPa for both shell and tube side, Reynolds 

number > 300 shell side or 10.000 tube side, and tube length to shell diameter ratio in the range 3 to 

15. Reynolds number is computed according to Kern’s method [9] using the equivalent hydraulic 

diameter corresponding the adopted tubes pattern and using the flow velocity evaluated referring to 

the shell free pass area along diametral plane.  

 

 

 

Figure 7 Optimized design procedure considering operating variable conditions. 

 

In Case study 2 the influence of epistemic uncertainty on the performance of the equipment is 

instead investigated. Input variables are fixed at their nominal values while uncertainty of heat 

transfer coefficients correlations and fouling resistances values are accounted for. In particular, 

nominal values of heat transfer coefficients are computed with deterministic correlations (Eq.11, 12) 

[9],whereas fouling resistances resorting to common used value [9].  

 

ℎ𝑆 = 0.36(𝜆𝑆/𝐷𝑒)(𝑅𝑒𝑆
0.55𝑃𝑟𝑆

1/3)(µ𝑆/µ𝑤𝑆)0.14      (11) 

ℎ𝑇 = 0.027(𝜆𝑇/𝑑𝑖)(𝑅𝑒𝑇
0.8𝑃𝑟𝑇

1/3)(µ𝑇/µ𝑤𝑇)0.14      (12) 
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Then to model epistemic uncertainty and to evaluate the effect of low and high level of 

uncertainty their actual values are changed in the range ±20% and ±40% of the respective nominal 

value assuming a uniform distribution. For each variable the range is divided into eight equally spaced 

intervals. All the 4096 admissible permutations are considered. 

 

5. RESULTS DISCUSSION 

 

5.1 Comparison of design solutions under Aleatory Uncertainty 
 

Design results for the NisB (Case 1A) and MisB (Case 1B) for each of the five design methods 

are shown in the appendix (Table A1 and A2). Please note that in the Tables results related to method 

1,2, 3 and 5 are the same for both NisB and MisB case, because the procedure is unchanged, and the 

only difference is in the probability of meeting the specification. Results for method 4 instead are 

different due to the change in the objective function. Relevant geometric characteristics and outputs 

of interest are printed in bold typeface. 

Geometrical differences between the optimized equipment (Methods 4 and 5) and the non-

optimized ones reside mainly in the larger length of the firsts and in the number of tube passes, that 

are doubled. Significant differences in baffle spacing and shell diameter are not detectable. The outer 

diameter of tube doubles in Method 5 as compared to the others. The hot fluid pass in the optimized 

design is tube side. This choice can be explained by the greater simplicity in reaching the goal for the 

algorithm thanks to the larger number of degrees of freedom offered by tube side pass. Being the 

probability density function of the inlet temperature centred on the specification, the nominal design 

(Method 1) has high performances, comparable with those of optimized equipment, but this does not 

happen for worst case design (Method 2) and safety factor (Method 3) because the higher heat 

exchange area increases the difference between the expected value of the outlet temperature and the 

specification. Robust design (Method 5) has the best performances in this case, achieving the lowest 

standard deviation of the output and the same probability to meet the specification of the Method 4 

design. Expected total cost is computed resorting to the probability density function of pumping costs, 

as affected by the pressure drops, and the investment cost, but does not consider any cost or revenue 

coming from meeting or not the specification. From this point of view Robust design is the most 

expensive while the nominal design the least one, but comparable with the optimized design obtained 

from Method 4.  

 

It can be noticed that in the MisB case, method 3 (safety factor) performs as good as the optimization 

method 4 because it directly acts on the surface area. Conversely, method 4 indirectly tries to correct 

the LMTD by changing the input reference conditions (i.e. fluid mass flow rates and temperatures) 

but always within the variability range imposed by the assumed probability distribution functions.  

This constraint is included to prevent the optimization algorithm from selecting fictitious conditions 

leading to excessive pressure drops or oversizing. However, the safety factor method should be used 

with caution. In fact, while it can ensure total satisfaction of the specification, this may be obtained 

at the expense of excessive oversizing whereas other methods car reach more effective compromise 

design. For instance, method 4 reduces by 5% the probability of meeting the specifications but allows 

a 30% reduction of heat exchange surface, although, in this case study, suffering a pressure drop 

increase. 

 

The poor performance of robust design in MisB case, similar to method 1 design, is justified 

considering that reducing the variability of the output is not the objective of this kind of problem. 

 

In Figure 8 and Figure 9 the relevant results, namely the probability of satisfying the specification 

and the obtained value of the objective function (Eq.10), are shown. The lower is the value of the 



objective function, and the higher the probability of meeting the specification, the better is the 

obtained exchanger. A low value of the objective function means outlet temperature distributions 

with low standard deviation and centered on the specification, while high probability to meet the 

specification means the correct sizing of the equipment. The usage of safety factor and of the worst-

case scenario is useful when the assigned specification is MisB, but leads to inferior solutions when 

the problem is NisB as the distribution of the outlet temperature is not centered on the specification. 

For the perfect centering robust design results the best solution.  

 

 

Figure 8 Probability to satisfy the specification under NisB (a) and MisB (b) for different design 

methods. 

 

Figure 9 Objective function value under NisB (a) and MisB (b) specification fo different design 

methods. 

 

In order to find dominating solutions, it is useful to represent the obtained equipment 

configurations in terms of total cost and probability to meet the specification as made in Figure 10.  

 

                                                          

   

   

   

      

                                      

              

   

 

  

  

  

  

  

  

  

  

  

   

 
  

 
 
 
   
  
  
 
  

 
 
  
  

 
  
 
 
 
  
  
 
  
 
 
   

 

                                                       

   

   

    

   

   

                                      

              

   

 

  

  

  

  

  

  

  

  

  

   

 
  

 
 
 
   
  
  
 
  

 
 
  
  

 
  
 
 
 
  
  
 
  
 
 
   

 

                                                             

    

    

    

        

                                      

              

   

 

   

 

   

 

   

 

   

 

 
 
  
 
  
 
 
  
 
 
 
  
 
 
  
 
  
 
  
  

 

                                                             

    

    

    

    

    

                                      

              

   

 

   

 

   

 

   

 

   

 

 
 
  
 
  
 
 
  
 
 
 
  
 
 
  
 
  
 
  
  

 



 

Figure 10 Probability to meet the specification and expected total cost of designs in Case 1A (a) and 

1B (b). 

 

In case of NisB specification, and when the standard deviation of the output is neglected, then 

Method 1 provides the lowest cost and a probability of satisfying the specification comparable with 

the optimized approaches (Methods 4 and 5).  

 

However, it should be borne in mind that the cost shown neglects the economic effect of failing 

to meet the specification. When such effects are accounted for, on a case-specific basis, the solutions 

comparison could lead to significantly different results. 

 

5.2 Sensitivity analysis on Safety factor effect 
 

To show the impact of the safety factor (SF), three different values, namely 1.25, 1.5, 1.75, are 

assumed, and the resulting equipment configurations are shown in Table A3, while in Figure 11 

Figure 11 Comparison of probability to meet the specification NisB (a) and MisB (b) and expected 

total cost of designs obtained with different safety factor values is shown. 

As it can be seen in Figure 11, in NisB case is not useful to adopt the safety factor method because 

the total cost rises and the probability of meeting specification lowers when the value of SF increases. 

This happens because in method 3 at first the equipment is designed according to method 1 procedure 

and then the surface area is increased by safety factor. Thus, the pdf of the outlet temperature, which 

is centered on the nominal specification in method 1, when applying the surface extension is shifted 

towards lower temperatures. 

 

Instead, when the specification is MisB the growth of SF increases the expected total cost but 

also improves the performances. Caution must be applied in choosing SF value because it has 

decreasing marginal return. In fact, when it grows from 1.25 to 1.5 gain of only 3% is obtained in the 

probability to meet the specification, and there is no gain rising SF from 1.5 to 1.75. 

 



 

Figure 11 Comparison of probability to meet the specification NisB (a) and MisB (b) and expected 

total cost of designs obtained with different safety factor values. 

 

 

5.3 Comparison of design solutions under Epistemic Uncertainty  

 

As previously stated, in this section attention is focused on the impact of epistemic uncertainty 

only. This refers to “internal” variability imputable to unperfect knowledge of heat transfer and 

fouling phenomena through empirical correlations.  

In this section an exchanger designed for nominal operating conditions (method 1) will be used 

as a reference case, and compared to robust design (method 5) configuration observing the resulting 

output variability. 

In practice, the shell side and tube side heat transfer coefficients (Eq. 11 and 12) and fouling 

factors will be computed resorting to widely accepted literature correlations in nominal operating 

conditions and the obtained values will be then changed in the +/- 40% range with a more detailed 

analysis focused on +/- 20% variations using uniform distributions.  

In particular, possible variation of heat transfer coefficients over such wide range may determine 

the shift of controlling film from tube side to shell or vice-versa. Moreover, the change of the heat 

transfer coefficients when the heat exchange area was assigned would modify the outlet temperatures 

thus shifting their probability distribution.  

However, heat transfer coefficients variation is here caused only by epistemic uncertainty instead 

of by changes in fluids flow rates or thermophysical properties.  

 

Figure 12 shows both the probability of satisfying the specifications (outlet hot fluid temperature 

of 40 +/-2 °C) and the weighted average dispersion of outlet temperature around the specification (i.e. 

the objective function value, Eq. 10).  

 

In general, an increase of objective function value, as well as a decrease of the probability of 

satisfying the specification is observed when the uncertainty in heat transfer coefficient calculation 

and fouling factor increase. This is caused by the structure of input/output temperature transfer 

function as shown below. However, resorting to robust design (method 5) better results can be 

obtained compared to nominal design (method 1), with gains increasing when the uncertainty level 



increases. In fact, when the uncertainty range increases from +/- 20% to +/-40% the output 

temperature variability reduction in method 5 compared to method 1 grows from 7% to 11%. 

 

 

Figure 12 Probability to satisfy the specification NisB (a) and Objective Function values (b) under 

epistemic uncertainty effect. 

 

Obtained design configurations and their performances are shown in Table A4. The optimized designs 

(method 5) are more compact that the equipment designed according to Method 1. In particular the 

outer diameter of tubes and of the shell decrease, while the length is similar. The number of tube 

passages increases, and the final result is that the fluid velocity both in the shell and tube side 

increases. Results suggest that robust design can be effective to counter epistemic uncertainty 

although to minor extent. 

 

 

5.4 Comparison of aleatory and epistemic uncertainty impact 

 

In order to compare the relative impact of epistemic and aleatory uncertainty the standard deviation 

of outlet temperature σy is evaluated resorting to the Taylor expansion formula for the moments of 

functions of random variables.  

 

𝜎𝑦 = √∑ (
𝑑𝑦

𝑑𝑥𝑖
𝜎𝑥𝑖)

2
𝑁
𝑖=1           (13) 

 

In eq. 13 N is the number of variables affected by uncertainty (i.e. mass flow rates and 

temperatures when aleatory uncertainty is under investigation, and the heat transfer coefficients and 

fouling resistances when epistemic one is considered), being σxi is the standard deviation of the i-th 

input variable x.  

 

In Figure 13 the standard deviation of the hot stream outlet temperature is shown when uncertainty is 

propagated in an optimized design (Method 5) and a nominally designed (Method 1) exchanger. This 

result is computed assuming for each i-th variable 𝜎𝑖 = 𝑧 ∙ 𝐸[𝑥𝑖] ∙ 𝐶𝑉𝑖, where z is a scaling factor, 

E[x] and CV are respectively expected value and coefficient of variation of the assigned variables 



distribution. The same factor z (0.5, 1, 1.5, 2) is used to scale each process variable in the same 

manner. 

 

Overall, the outlet temperature variability increases linearly with the inlet temperature variability 

but less than proportionally with the mass flow rates variability. This linear growth of output also 

means that the possible compensation effects occurring when homogeneous variables assume 

opposite values is not able to significantly reduce the outlet variability. 

 

 

Figure 13 Output standard deviation under aleatory (a) and epistemic(b) uncertainty computed with 

uncertainty propagation formula applied on a robust optimized and a non-optimized HE. 

 

5.5 Findings and results discussion 

 

Although the above results were obtained referring to a single specific numerical experiment, there 

are some findings which appear to be somewhat generalizable in order to provide some guidelines 

for designers as summarized below. 

 

1. The input uncertainty is linearly propagated in output uncertainty. The linear correlation 

implicates that if inlet uncertainty increases the difference of performance between the robust 

heat exchanger (method 5) and an equipment designed for nominal conditions (method 1) 

become more significant. 

2. Aleatory uncertainty has a higher impact than epistemic one on performances of the 

exchanger. In fact, mass flow rates and temperatures variations influence the log mean 

temperature difference and even the heat transfer coefficients, while epistemic uncertainty 

only affects the latter.  

3. A symmetric change in homogeneous variables do not necessarily lend itself to effective 

variability compensation. 

4. As far as random variations of external process variables are concerned, optimization method, 

including robust design generally leads to more compact equipment in terms of surface area, 

although with smaller number of longer and larger diameter tubes and more tube passes. In 

case of NisB specification a nominal point design provides performances comparable to 

        

 

   

 

   

 

   

 

   

 
 
  
 
  
 
  
 
 
 
  

  
 
  
 
  
 
 
  
  

 

                                                

                      

        

 

   

 

   

 

   

 

   

 
 
  
 
  
 
  
 
 
 
  

  
 
  
 
  
 
 
  
  

 

                                                 

                      



optimal design while safety factor and worst-case design deliver poor performances as the 

distribution of the outlet temperature is not centered on the specification. This suggests that 

in NisB cases with symmetrical variations of process parameters around their average, a 

simple design based on average conditions neglecting uncertainty can be acceptable. Worst-

case design and safety factor method is not effective with symmetric variations of process 

parameters because it leads to higher heat exchange area increasing the gap between expected 

performance and the design specification, also lowering the probability of meeting the 

specification.  

In MisB situations the latter method can ensure satisfaction of specifications over a wide range 

of operating conditions but at the expense of excessive oversizing. Caution must be applied 

in choosing safety factor value as it has decreasing marginal return. Robust design performs 

as poorly as nominal design point method as reducing the variability of the output is not the 

design goal in this type of application. 

5. In case of epistemic uncertainty of internal parameters the robust design method can be 

slightly superior to nominal point design and also provide a more compact equipment.  

6. Robust design appears to be effective in compensating both aleatory and epistemic uncertainty 

although in a minor manner. In fact, with a given inlet uncertainty some configurations 

amplify the uncertainty while others dampen it, so it is in theory possible to optimize the HE 

and obtain a more robust design, but in practice, the behavior difference is not really 

significant. Moreover, a heat exchanger is characterized by a geometrically fixed physical 

structure making the equipment hardly adaptable to changing operating conditions. 

 

Based on the above findings, Table 4 can be built providing a suggestion for choosing the preferable 

design method to address uncertainty. This table is to be intended as a starting reference only. We do 

not make a claim of its absolute validity, and the designer is encouraged to explore alternative 

methods as it is hard to predefine which is the best method in a specific instance. 

 

Table 4 Suggested STHE design approaches for addressing uncertainty. 

Type of uncertainty 
Bilateral specifications 

(Nominal is Better) 

Unilateral specifications 

(More is Better) 

Random variation of 

external process conditions 
I, IV, V II, III, IV 

Epistemic uncertainty of 

internal parameters 
V 

Legend: I) design for nominal reference condition; II) worst case design; III) use of safety margins; IV) objective function 

optimization; V) robust design. 

 

 

6. CONCLUSIONS 

 

The purpose of this article was to discuss the existing methods to cope with uncertainty in shell 

and tube heat exchangers design, understand the influence of uncertainty on the thermal performances 

of the equipment and explore the potential for optimal robust design of exchangers under uncertainty.  

This is the main novelty of this contribution as a direct and consistent comparison of alternative 

design methods under uncertainty was not performed earlier, and no detailed analysis of their 



effectiveness is available. Moreover, to the best of our knowledge, this is the first time that robust 

design of heat exchanger has been practically considered as a tool to address uncertainty. 

Results show that different methods may give different results and they are not exchangeable. 

There is not a preferred method to deal with the uncertainty, but obviously the best solution is not to 

neglect it. In fact, variations in mass flow rates could lead to error in pumping system sizing and to 

unexpectedly high pressure drop values, with correspondingly high pumping costs, while changes in 

inlet temperatures could reduce dramatically the driving force. The application of the uncertainty 

propagation formula through Taylor expansions shows that in shell and tube heat exchangers 

uncertainty in the input propagates to the output in linear manner. Different geometric configurations 

of the equipment could reduce the proportionality constant, but not in a significant manner. Aleatory 

uncertainty has the major impact on the output. In fact, it influences with mass flow rates heat transfer 

coefficient and with inlet temperatures the log-mean temperature difference, while epistemic one 

influences only the first one. As a practical advice, at first it is necessary to understand the nature of 

the problem. In fact, when NisB specifications apply, results suggest avoiding Worst Case scenario 

and Safety factor methods and to prefer Objective function optimization and Robust optimization. In 

MisB case, the Safety factor method with the correct selection of safety factor value, as shown, can 

lead to superior performances, while Robust optimization has no benefit. 

The main limitation of this work is that a single objective function is considered, that economic 

consequences of failing to meet specifications are not considered, ad that results refer to a single, 

although extensive, numerical experiment. Generality of findings must be verified resorting to a more 

extensive experimental campaign. 

In future works the use of Method 4 will be examined in greater detail by exploring the impact 

of different objective functions including both thermal and economic parameters and the value of 

exchanged heat. Moreover, the combined effect of both aleatory and epistemic uncertainty will be 

explored.  

Overall, based on the findings of this work, designers of shell and tube heat exchangers can gain 

greater awareness of when and why uncertainty should be accounted for and can be assisted in 

choosing with greater confidence the proper design approach for heat exchangers operating under 

uncertainty.  
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 APPENDIX 

Table A1 Different design obtained by different design mode and performances evaluation for 

nominal is better specification. 

Name [-] Case 1A 

Design type [-] Nominal Worst Case Safety factor 
Objective 

function 
Robust design 

thi [°C] 95.0 101.4 95.0 96.3 94.6 

tho [°C] 40.0 40.0 40.0 40.0 40.0 

mh [kg/s] 25.0 27.5 25.0 25.9 27.3 

tci [°C] 27.5 31.3 27.5 25.9 25.2 

tco [°C] 40.0 40.0 40.0 40.0 40.0 

mc [kg/s] 74.4 130.6 74.4 70.1 68.1 

Q [kW] 3905 4798 3905 4136 4222 

LMTD [°C] 28.7 27.0 28.7 30.4 30.4 

F [-] 0.81 0.82 0.81 0.81 0.81 

HE type [-] SRFH SRFH SRFH SRFH SRFH 

Tube Side [-] Cold fluid Cold fluid Cold fluid Hot fluid Hot fluid 

Ds [m] 0.9 1.0 0.9 1.0 1.0 

B [m] 0.4 0.3 0.4 0.8 0.5 

do [m] 0.02 0.02 0.02 0.0318 0.04 

Ntp [-] 2 2 2 4 4 

Ntt [-] 918 1191 918 345 258 

Ltt [m] 4.2 4.0 6.4 8.1 8.7 

vs [m/s] 0.52 0.53 0.52 0.42 0.72 

vt [m/s] 0.81 1.10 0.81 0.79 0.70 

ReS [-] 16701 17200 16701 16391 25956 

PrS [-] 5.1 5.1 5.1 5.7 5.7 

ReT [-] 16109 21813 16109 44163 49453 

PrT [-] 5.7 5.7 5.7 5.1 5.1 

hS [W/m2 K] 1709 1737 1709 2507 3513 

hT [W/m2 K] 4126 5259 4126 1803 1569 

Udirt [W/m2 K] 684 720 684 598 602 

S [m2] 244 299 367 279 284 

L/D [-] 4.74 4.00 7.10 7.94 8.36 

ΔPT [Pa] 25331 29610 37996 9371 56752 

ΔPS [Pa] 7373.7 12421 9757 10092 7168 

Eq. 10 Value [°C] 1.27 2.03 3.73 1.25 1.24 

E[ΔPT] [Pa] 7487 4493 9905 9492 6045 

E[ΔPS] [Pa] 25355 24840 38032 10631 66712 

Pattern [-] Triang Triang Triang Square Triang 

Eq. 10 Value 

norm 
[-] 3.17% 5.08% 9.33% 3.12% 3.09% 

MAX[ΔPT] [Pa] 7857 4714 10388 10939 6973 

MAX[ΔPS] [Pa] 29214 28620 43821 11161 70040 

IC [€] 46618 54459 63851 51590 52213 

OC [€/y] 1675 2299 2395 1244 5378 

E[OC] [€/y] 1686 1397 2410 1333 6226 



E[DOC] [€] 10359 8582 14807 8193 38257 

DOC [€] 10290 14124 14717 7646 33043 

TC [€] 56908 68583 78567 59236 85257 

E[TC] [€] 56976 63040 78658 59783 90470 

Probability to 

satisfy the 

specificication 

NisB 

[-] 89% 61% 12% 90% 90% 

Thout [°C] 1.27 1.26 1.24 1.25 1.24 

E[Thout] [°C] 39.9 38.4 36.5 40.0 40.0 

CV [-] 3.17% 3.27% 3.40% 3.12% 3.09% 

Eq. 10 Value 

norm E[Thout] 
[-] 3.18% 5.29% 10.24% 3.12% 3.09% 

 

Table A2 Different design obtained by different design mode and performances evaluation for more 

is better specification. 

Name [-] Case 1B 

Design type [-] Nominal Worst Case Safety factor 
Objective 

function 
Robust design 

thi [°C] 95.0 101.4 95.0 101.3 94.6 

tho [°C] 40.0 40.0 40.0 40.0 40.0 

mh [kg/s] 25.0 27.5 25.0 27.5 27.3 

tci [°C] 27.5 31.3 27.5 31.3 25.2 

tco [°C] 40.0 40.0 40.0 40.0 40.0 

mc [kg/s] 74.4 130.6 74.4 130.4 68.1 

Q [kW] 3905 4798 3905 4791 4222 

LMTD [°C] 28.7 27.0 28.7 27.0 30.4 

F [-] 0.81 0.82 0.81 0.82 0.81 

HE type [-] SRFH SRFH SRFH SRFH SRFH 

Tube Side [-] Cold fluid Cold fluid Cold fluid Hot fluid Hot fluid 

Ds [m] 0.9 1.0 0.9 0.8 1.0 

B [m] 0.4 0.3 0.4 0.5 0.5 

do [m] 0.02 0.02 0.02 0.0127 0.04 

Ntp [-] 2 2 2 6 4 

Ntt [-] 918 1191 918 2151 258 

Ltt [m] 4.2 4.0 6.4 2.7 8.7 

vs [m/s] 0.52 0.53 0.52 1.50 0.72 

vt [m/s] 0.81 1.10 0.81 1.26 0.70 

ReS [-] 16701 17200 16701 17094 25956 

PrS [-] 5.1 5.1 5.1 5.7 5.7 

ReT [-] 16109 21813 16109 28285 49453 

PrT [-] 5.7 5.7 5.7 5.1 5.1 

hS [W/m2 K] 1709 1737 1709 8794 3513 

hT [W/m2 K] 4126 5259 4126 3161 1569 

Udirt [W/m2 K] 684 720 684 918 602 

S [m2] 244 299 367 235 284 

L/D [-] 4.74 4.00 7.10 3.25 8.36 

ΔPT [Pa] 25331 29610 37996 179170 56752 



ΔPS [Pa] 7373.7 12421 9757 37451 7168 

Eq. 10 Value [°C] 1.27 2.03 3.73 2.38 1.24 

E[ΔPT] [Pa] 7487 4493 9905 31427 6045 

E[ΔPS] [Pa] 25355 24840 38032 64428 66712 

Pattern [-] Triang Triang Triang Triang Triang 

Eq. 10 Value 

norm 
[-] 3.17% 5.08% 9.33% 5.94% 3.09% 

MAX[ΔPT] [Pa] 7857 4714 10388 36201 6973 

MAX[ΔPS] [Pa] 29214 28620 43821 67641 70040 

IC [€] 46618 54459 63851 45236 52213 

OC [€/y] 1675 2299 2395 17570 5378 

E[OC] [€/y] 1686 1397 2410 7037 6226 

E[DOC] [€] 10359 8582 14807 43237 38257 

DOC [€] 10290 14124 14717 107962 33043 

TC [€] 56908 68583 78567 153199 85257 

E[TC] [€] 56976 63040 78658 88473 90470 

Probability to 

satisfy the 

specificication 

MisB 

[-] 53% 89% 100% 95% 52% 

Thout [°C] 1.27 1.26 1.24 1.24 1.24 

E[Thout] [°C] 39.9 38.4 36.5 38.0 40.0 

CV [-] 3.17% 3.27% 3.40% 3.27% 3.09% 

Eq. 10 Value 

norm E[Thout] 
[-] 3.18% 5.29% 10.24% 6.26% 3.09% 

 

Table A3 Safety factor selection effect on performances and designs configuration. 

Name [-] Safety factor effect 

Safety factor 

value 
[-] 1.25 1.5 1.75 

thi [°C] 95.0 95.0 95.0 

tho [°C] 40.0 40.0 40.0 

mh [kg/s] 25.0 25.0 25.0 

tci [°C] 27.5 27.5 27.5 

tco [°C] 40.0 40.0 40.0 

mc [kg/s] 74.4 74.4 74.4 

Q [kW] 3905 3905 3905 

LMTD [°C] 28.7 28.7 28.7 

F [-] 0.81 0.81 0.81 

HE type [-] SRFH SRFH SRFH 

Tube Side [-] Cold fluid Cold fluid Cold fluid 

Ds [m] 0.9 0.9 0.9 

B [m] 0.4 0.4 0.4 

do [m] 0.02 0.02 0.02 

Ntp [-] 2 2 2 

Ntt [-] 918 918 918 

Ltt [m] 5.3 6.4 7.4 

vs [m/s] 0.52 0.52 0.52 

vt [m/s] 0.81 0.81 0.81 



ReS [-] 16701 16701 16701 

PrS [-] 5.1 5.1 5.1 

ReT [-] 16109 16109 16109 

PrT [-] 5.7 5.7 5.7 

hS [W/m2 K] 1709 1709 1709 

hT [W/m2 K] 4126 4126 4126 

Udirt [W/m2 K] 684 684 684 

S [m2] 305 367 428 

L/D [-] 5.92 7.10 8.29 

ΔPT [Pa] 31663 37996 44328 

ΔPS [Pa] 8565 9757 10948 

Eq. 10 Value [°C] 2.62 3.73 4.36 

E[ΔPT] [Pa] 8696 9905 11114 

E[ΔPS] [Pa] 31694 38032 44371 

Pattern [-] Triang Triang Triang 

Eq. 10 Value 

norm 
[-] 6.55% 9.33% 10.91% 

DELTA [-] - - - 

MAX[ΔPT] [Pa] 9122 10388 11653 

MAX[ΔPS] [Pa] 36518 43821 51125 

IC [€] 55312 63851 72261 

OC [€/y] 2035 2395 2755 

E[OC] [€/y] 2048 2410 2772 

E[DOC] [€] 12583 14807 17032 

DOC [€] 12503 14717 16930 

TC [€] 67815 78567 89191 

E[TC] [€] 67895 78658 89293 

Probability to 

satisfy the 

specificication 

MisB 

[-] 97% 100% 100% 

Probability to 

satisfy the 

specificication 

NisB 

[-] 40% 12% 4% 

Thout [°C] 1.25 1.24 1.23 

E[Thout] [°C] 37.7 36.5 35.8 

CV [-] 3.32% 3.40% 3.44% 

Eq. 10 Value 

norm E[Thout] 
[-] 6.95% 10.24% 12.18% 

 
 

Table A4 Nominal design evaluation and optimized heat exchanger design under epistemic 

uncertainty effect. 

Name [-] Nominal Optimized 

Design type [-] -0.2 -0.4 -0.2 -0.4 

thi [°C] 95.0 95.0 95.0 95.0 

tho [°C] 40.0 40.0 40.0 40.0 

mh [kg/s] 25.0 25.0 25.0 25.0 

tci [°C] 27.5 27.5 27.5 27.5 



tco [°C] 40.0 40.0 40.0 40.0 

mc [kg/s] 74.4 74.4 74.4 74.4 

Q [kW] 3905 3905 3905 3905 

LMTD [°C] 28.7 28.7 28.7 28.7 

F [-] 0.81 0.81 0.81 0.81 

HE type [-] SRFH SRFH SRFH SRFH 

Tube Side [-] Cold fluid Cold fluid Hot fluid Hot fluid 

Ds [m] 0.9 0.9 0.8 0.6 

B [m] 0.4 0.4 0.8 0.6 

do [m] 0.02 0.02 0.018 0.012 

Ntp [-] 2 2 6 4 

Ntt [-] 918 918 726 1026 

Ltt [m] 4.2 4.2 4.8 4.5 

vs [m/s] 0.52 0.52 0.55 0.91 

vt [m/s] 0.81 0.81 1.69 1.80 

ReS [-] 16701 16701 12088 13425 

PrS [-] 5.1 5.1 5.7 5.7 

ReT [-] 16109 16109 53716 38030 

PrT [-] 5.7 5.7 5.1 5.1 

hS [W/m2 K] 1709 1709 3747 5954 

hT [W/m2 K] 4126 4126 3726 4239 

Udirt [W/m2 K] 684 684 846 959 

S [m2] 244 244 198 174 

L/D [-] 4.74 4.74 5.81 7.03 

ΔPT [Pa] 25331 25331 14068 53992 

ΔPS [Pa] 7374 7374 69992 69986 

Eq. 10 Value [°C] 1.07 2.09 0.99 1.87 

Pattern [-] Triang Triang Square Square 

Eq. 10 Value 

norm 
[-] 2.66% 5.23% 2.48% 4.67% 

IC [€] 46618 46618 39816 36379 

OC [€/y] 1675 1675 4062 7643 

DOC [€] 10290 10290 24957 46961 

TC [€] 56908 56908 64773 83340 

Probability to 

satisfy the 

specificication 

NisB 

[-] 95% 67% 96% 72% 

Thout [°C] 1.05 1.98 0.98 1.80 

E[Thout]  [°C] 40.2 40.7 40.2 40.5 

CV [-] 2.61% 4.86% 2.43% 4.43% 

Eq. 10 Value 

norm E[Thout] 
[-] 2.65% 5.14% 2.46% 4.61% 

 


