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Chapter 1

Introduction

In the last decades, the aviation industry has experienced exponential growth, sped up in recent
years by the growing interest in Urban Air Mobility (UAM) applications. Although UAM has
the potential to overcome the limits of ground transportation capacity and to mitigate congestion
and pollution in urban environments, its practical implementation still faces critical challenges.
Among these, the reduction of the environmental impact—both chemical and acoustic—remains
a key requirement. Similar concerns also affect conventional medium- and long-range aviation,
particularly during takeoff and landing phases, where noise abatement is essential. From all these
considerations, it is clear that reducing the acoustic nuisance is essential to: i) facilitate the entry-
into-service of UAM as well as the expansion of standard aviation; ii) guarantee the well-being of
citizens in urban areas closer to the airports and aviation routes; iii) improve passenger comfort.

In response to this need, national and international committees have established quantitative
goals [1] in line with the Flightpath 2050 vision [2]. To achieve these targets and to deal with
the ever-stringent regulations in terms of environmental sustainability, it is fundamental to provide
methods and tools that enable the acoustic emissions to be characterised accurately (particularly,
in case of new concept configurations). At the same time, to effectively reduce the noise emitted,
acoustics should be included from the earliest vehicle’s design phases.

Significant steps forward in terms of environmental sustainability have been made by exploit-
ing low-noise devices to reduce the noise emitted by traditional design vehicles. Despite this,
an asymptotic limit has been reached, and further improvements can only be achieved by de-
signing breakthrough concepts. Instances are Distributed-Propulsion (DP) layouts [3] based on
integrating the propulsive system with the aircraft airframe, with the possibility to exploit Bound-
ary–Layer–Ingestion (BLI) technologies [4].

The aeroacoustics of innovative configurations may be affected by phenomena that might be
negligible in conventional concepts. For instance, the aerodynamic interactions occurring in DP
systems may significantly modify the performance and noise radiation of the aircraft more than in
a standard configuration [5, 6]. Furthermore, particular attention must be paid to the effects of the
body deformation, which might be significant in rotorcraft blade dynamics, as well as, in highly
flexible innovative configurations [7, 8]. These effects may play a crucial role in aerodynamic and
aeroacoustic phenomena simulations and must be accurately accounted for [9]. At the same time,
the presence of the vehicle’s airframe can significantly modify the noise radiated by the main sources
of noise (typically the propulsive system), making the investigation of the installation scattering
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effects of primary importance [10].
While accounting for these effects is necessary to achieve a realistic description of the aeroacoustic

field of complex configurations, it also greatly increases the computational cost of the analysis. This
makes the development of fast and efficient prediction tools of great interest, particularly for use
during preliminary design phases.

In this context, this thesis presents the development and application of boundary integral formu-
lations for the analysis of aeroacoustic problems generated by the interaction between moving and
deforming bodies and the surrounding fluid, with particular attention to sound radiation and scat-
tering. The perturbative field is described either in terms of acoustic pressure or velocity potential,
and the boundary integral formulations are applicable to solid or porous surfaces.

These formulations are employed to solve the acoustic wave equation in a framework that natu-
rally includes radiation and scattering phenomena. In particular, when the goal is the determination
of the far-field propagation of perturbations, they represent an extremely efficient approach. Their
main advantage lies in the ability to provide the solution of the propagated field from the knowl-
edge of the flow parameters on a boundary (emitting) surface, thus avoiding the computationally
expensive discretization of the entire fluid domain between the emitting and receiving points [11–13].

1.1 Boundary integral formulations for aeroacoustics

Boundary integral formulations for the solution of the wave equation have traditionally been de-
veloped for fixed or rigidly moving surfaces, and in this form they can be reliably applied to many
aeroacoustic problems where structural deformations are negligible. Over the years, several versions
have been developed in both time and frequency domains, with applications ranging from the noise
radiation of helicopter rotors and propellers to the scattering of complex geometries [14–19].

However, as mentioned above, with the transition towards innovative aircraft configurations
including multi-rotor vehicles —conceived to reduce both noise impact and fuel consumption in line
with the global targets of Flightpath 2050 [2]—the role of flexibility and structural dynamics becomes
increasingly important. Many next-generation concepts rely on highly deformable structures, for
which shape changes, local motion and variations in surface orientation can strongly affect both
aerodynamic loads and the propagation of acoustic perturbations. In this context, the availability
of simulation tools that explicitly account for surface deformation is essential from the earliest design
phases.

To address this need, several boundary integral formulations valid for deformable surfaces have
been proposed in the literature. These include extensions of the Kirchhoff equation [20] and
the Farassat 1A formulation, widely used in helicopter noise and Computational fluid dynamics
(CFD)/Computational Aeroacoustics (CAA) applications [21], as well as formulations for the ve-
locity potential field around lifting bodies [22].

In line with these developments, the present work introduces a general boundary integral formu-
lation for the solution of arbitrarily forced acoustic wave equation that includes both noise radiation
and scattering analyses. The formulation is based on the free-space Green function and applies to
fluid domains bounded by arbitrary solid or porous surfaces undergoing arbitrary motion and defor-
mation. It can be considered as the extension to deforming boundaries of the formulation presented
in [23] and, at the same time, as the application of the boundary integral approach introduced in [24]
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to the arbitrarily forced acoustic wave equation. Although conceived for aeronautical applications,
the boundary integral formulation introduced is not limited to them.

Two versions of the deformable-boundary integral formulation that solves the arbitrarily-forced
acoustic wave equation problem are developed: one expressed in a frame of reference fixed with the
undisturbed fluid, fluid frame of feference (FFR), and the second expressed in a frame of reference
in arbitrary motion, moving frame of reference (MFR) (typically fixed to the undeformed moving
body). In principle, they are theoretically equivalent, but the efficiency of their computational
application may differ and depend on the specific problem under investigation.

The computational application of these formulations is carried out through the Boundary Ele-
ment Method (BEM), which provides an efficient numerical algorithm well suited for the aerody-
namic and aeroacoustic analyses of realistic configurations of aeronautical interest (see, for instance,
[25–27]).

The boundary integral formulation can be applied in two ways. When the perturbation field
(pressure or velocity potential) over the boundary surface is known from a preliminary aerodynamic
solution, the formulation provides an integral representation that directly radiates the far-field
perturbation (as is typically the case in applications related to rotors and propellers noise, see for
instance [15, 17, 28, 29]). Instead, when the perturbation field over the boundary surface is unknown,
first it provides a boundary integral equation to be solved to determine it, and then, it is used as
an integral representation to evaluate the radiated field (as it typically occurs in potential-flow
aerodynamics or noise scattering applications, see for instance [30–34]).

Finally, it is important to observe that most of the applications of boundary integral formu-
lations concern problems where the contributions from the boundary surface are dominant with
respect to those possibly given by the presence of source field terms (namely, problems in which
the nonlinear terms are negligible, see later). Indeed, in these cases they provide particularly ef-
ficient computational solutions, while the presence of significant field terms requires the inclusion
of volume contributions which decreases the computational performance of the methodology. This
occurs, for instance, in the case of aerodynamic/aeroacosutic analyses of bodies in transonic flight
(see, for instance, [35–37]).

To overcome such difficulties, the proposed boundary integral approach includes the possibility
of considering domains bounded by porous (fictitious) surfaces. In fact, porous (fictitious) bound-
ary surfaces can be introduced to enclose complex and/or nonlinear source regions, enabling the
far-field propagation of acoustic perturbations to be computed efficiently from surface integrals. In
this strategy, the near-field solution is typically derived through an accurate CFD solver, while the
boundary integral formulation is applied as an integral representation to determine the acoustic field
radiated by the porous surface. This coupling has been successfully applied to jet-noise problems
[38–40], high-speed impulsive noise [17], and the noise of complex aeronautical configurations in-
cluding helicopters and multi-rotor vehicles [41, 42]. In all these cases, porous-surface formulations
provide a powerful bridge between CFD and BEM, combining high-fidelity near-field resolution with
efficient and accurate far-field radiation predictions.

Beatrice De Rubeis 3



1.2. Radiation and scattering problems

1.2 Radiation and scattering problems

The boundary integral formulation developed in this work is primarily conceived for the study of
noise radiation and scattering phenomena relating to moving and deforming objects, namely for
external aeroacoustics problems. These two classes of phenomena share the same mathematical
modelling framework, but differ in the physical mechanism generating the acoustic field.

In noise radiation problems, the aerodynamic solution on the surface of the moving emitting
body is assumed to be known. This is the typical case, for example, in aeronautical applications
such as helicopters or propellers aeroacoustics, for which the pressure distribution on the blades
is preliminary evaluated by an aerodynamic solver and the radiated sound is evaluated using the
boundary integral formulation in the form of an integral representation. The aerodynamic loads pro-
vide the surface source terms and the boundary integral formulation propagates the corresponding
perturbations to the far field (see, for instance, [17, 28, 29]).

On the other hand, scattering problems require a different application of the boundary integral
formulation. Scattering formulations can be used for the efficient evaluation of the effect of the
presence of secondary bodies on noise emitted by main noise sources. For instance, in aeronautical
applications, these may be used to account for distortion effects due to airframe and installations
on the noise emitted by the propulsive system.

Scattering formulations are based on the assumption that the perturbation signal (pressure
or velocity potential) emitted by the main noise source (incident signal) is independent of the
presence of the scatterer. This allows the decomposition of the total perturbation field into incident
and scattered components, which can be determined separately, avoiding demanding computations
solving jointly the aerodynamic field around source and the scatterer. Indeed, first, the incident field
is evaluated assuming the source as it was isolated and "frozen", and then the rest of the vehicle
components are considered as contributing only as scatterers. In this framework, the boundary
integral formulation is first applied as an integral equation to determine the perturbation field
on the scattering surface, and subsequently as an integral representation to radiate the scattered
component to the far field (see, for instance, Refs. [18, 32, 34])).

A broad literature is available on acoustic scattering, mostly assuming rigid fixed or moving
scatterers [43, 44]. Formulations have been developed using either the velocity potential [45, 46] or
the acoustic pressure [23, 47, 48]. Scattering from deforming surfaces has also been investigated. For
simple geometries such as cylinders and spheres, analytical perturbation methods have shown that
kinematic nonlinearities in boundary conditions generate multi-harmonic spectra, with frequency
content depending on the motion of the scatterer and on the perturbation order considered [49, 50].

A second possible source of multiple tones resides in the fluid nonlinearities, which are strongly
related to the flow induced by the deformation of the scatterer. The effect of fluid nonlinearities
on the scattered field was studied, for instance, in [51] for an infinitely long cylinder impinged by
a plane wave, while the relative importance of the two sources of multi-harmonic scattering was
examined by Mujica et al. [52]. These studies confirm that both the structural deformation and
the nonlinear behaviour of the fluid may play a significant role in shaping the spectral content of
the scattered sound.

Radiation and scattering formulations are not mutually exclusive but can be combined depending
on the problem. For instance, in DP configurations with multiple propellers mounted on a wing, the
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aeroacoustic analysis can be approached in two alternative ways. A first strategy is to compute the
coupled aerodynamic solution of all components, including mutual interactions, and then radiate
the noise from propellers and wing via the boundary integral representation.

A second strategy consists of solving the aerodynamics of the propellers as if they were isolated,
followed by the determination of the corresponding radiated noise, which is then considered as
an incident field impinging the wing (playing the role of scatterer). Solving the wing scattering
problem produces the scattered contribution, which is then superimposed on the sound radiated by
the propellers. In this way, the total acoustic field produced by the DP configuration is obtained
at the cost of solving multiple isolated body problems instead of a single, more complex multiple
body problem.

1.3 Acoustic field in terms of velocity potential or pressure

The general wave equation solved in this thesis encompasses description of the acoustic field ex-
pressed both in terms of velocity potential and pressure, thus providing a unified framework for
aeroacoustic analyses. Depending on the problem under investigation, one or the other description
can be more convenient.

In aeronautical applications for which the aerodynamic solution on the surface of the emitting
body is available, the acoustic pressure formulation is generally the most suitable choice. In this
case, the body loads given by the aerodynamic solution yield the acoustic source terms which are
efficiently radiated by the boundary integral representation (see, for instance, [17, 29]).

However, a velocity potential approach for the analysis of noise radiated by helicopter rotors
has also been applied in Ref. [53]. In this case, the aerodynamic solution yielding the sound
perturbation sources and the acoustic radiation are both expressed in terms of velocity potential,
and it is not necessary to evaluate the pressure over the emitting body. Compared to the pressure-
based formulation, wake effects are considered differently, making the potential-based formulation
more computationally expensive.

In scattering problems, velocity potential-based formulations are typically applied. This derives
from the straightforward imposition of the boundary conditions relating to the incident perturbation
wave. However, scattering formulations expressed in terms of the acoustic pressure have also been
developed and applied (see, for instance, Refs. [18, 32]). Discussions of scattering formulations
expressed in terms of velocity potential and acoustic pressure (the latter derived both from the
Lighthill equation and the Ffowcs Williams and Hawkings equation) are presented in Refs. [23, 46,
48]. In particular, it is shown that different predictions of the signal scattered by a moving body are
given by linear boundary integral formulations applied for the solution of the Ffowcs-Williams and
Hawkings equation, the Lighthill equation, or the velocity potential wave equation. This occurs
because the nonlinear field terms neglected in these linear formulations produce significant but
different contributions in the presence of non-uniform meanflow [23, 46].

From the above, it appears that the application of pressure or velocity potential formulations for
aeroacoustic analysis depends on the problem under consideration and the configurations examined.
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1.4 Structure of the Thesis

This thesis is organized into six chapters and eight appendices. These provide detailed description
of development and validation of the introduced boundary integral formulation for the solution of
arbitrarily-forced wave equation in fluid domains bounded by deforming surfaces.

Chapter 2 recalls the equations governing the propagation of perturbation fields in fluids, and
introduces the general arbitrarily-forced acoustic wave equation, which forms the basis of all sub-
sequent developments. The mathematical structure of the problem is outlined, highlighting the
dual description of the acoustic field in terms of either acoustic pressure or velocity potential. In
addition, it is shown that the governing equations commonly used in aeroacoustics—namely, the
velocity potential equation, Lighthill’s equation, and the Ffowcs Willams and Hawkings equation
(FWHE)—can all be regarded as particular cases of the general formulation.

Chapter 3 is devoted to the derivation of the deformable-boundary integral formulation, which
extends previous boundary integral approaches to arbitrarily moving and deforming surfaces. The
solution developed in this chapter is that of the general arbitrarily-forced acoustic wave equation
introduced in Chapter 2. The formulation is presented both in a fluid-fixed reference frame, FFR,
and in a body-fixed reference frame, MFR.Furthermore, its application as an integral representation
or an integral equation for the perturbation field is discussed.

Chapter 4 focuses on the validation of the proposed formulation for noise radiation problems,
through a set of test cases where analytical or experimental reference solutions are available. The
first case concerns the propagation of perturbations from a pulsating moving source enclosed by a
porous deforming surface, where the formulation is applied in the form of an integral representation
and validated by comparison with the analytical solution. The second case addresses the compress-
ible non-circulatory flow around a translating and deforming wing, allowing a direct comparison
between velocity potential and pressure formulations, as well as between FFR and MFR. The third
validation problem again considers the pulsating moving source enclosed by a porous deforming
surface, but in this case the formulation is solved as an integral equation, providing a further ver-
ification of the methodology. The fourth case examines the far-field radiation of a pulsating solid
sphere, for which the analytical solution is derived in detail in a dedicated appendix (appendix E)
and compared with the predictions of the boundary integral formulation. Finally, the proposed
solver is applied to a realistic problem consisting of the simulation of the noise radiated by a heli-
copter rotor in forward flight. In this case, numerical predictions are compared with experimental
measurements, and the effect of structural deformation on the acoustic signatures is assessed and
discussed.

Chapter 5 addresses the problem of noise scattering. The acoustic field is described through
the deformable-boundary integral formulation, both in terms of pressure and velocity potential,
and solved using time- and frequency-domain BEM approaches. Particular attention is devoted to
the development of a novel frequency-domain algorithm capable of capturing the multi-harmonic
content of the scattered field generated when deforming bodies are impinged by mono-harmonic
incident waves. For validation purposes, analytical solutions for the scattering of a pulsating sphere
are presented in appendix G. While Sec. 5.1 deals with the linear scattering formulation, Sec. 5.3 ad-
dresses the nonlinear formulation. Indeed, a new cascade iterative algorithm has been implemented
to include nonlinear terms in the velocity potential equation. This approach makes it possible to
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account not only the kinematic nonlinearities in the boundary conditions introduced by the defor-
mation of the scatterer (already taken into account in the linear formulation), but also the fluid
nonlinearities, thus extending the predictive capability of the formulation and enabling the investi-
gation of their impact on the scattered spectrum. The appendix H contains some remarks on the
various iterative procedures that are applicable for solving the nonlinear scattering equation.

Finally, Chapter 6 presents the conclusions, summarizing the key findings and outcomes of this
study.
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Chapter 2

Acoustic wave equations

This chapter presents various formulations describing the propagation of acoustic waves. The first
two are based on the acoustic analogy and are expressed in terms of acoustic pressure: we start
with Lighthill’s equation, and continue with Ffowcs Williams and Hawkings’ equation written for
solid and porous surfaces. These acoustic pressure equations differ essentially in the contribution of
the nonlinear terms related to the Lighthill tensor.

Alongside these acoustic pressure formulations, the velocity potential equation is also intro-
duced, which describes the wave propagation through the velocity potential (flow is assumed to be
irrotational) and provides an alternative description of the acoustic phenomenon.

The concluding part of the chapter shows how all these different formulations – written in
terms of pressure or potential – can be obtained as particular forms of a general arbitrarily-forced
wave equation, which represents a unifying formulation of the problems of acoustic radiation and
scattering, in domains bounded by solid or porous deforming surfaces in arbitrary motion.

2.1 Lighthill equation

Let us consider a homentropic, compressible fluid, a closed surface, S, arbitrarily moving within it,
and a frame of reference, R(x), fixed to the undisturbed fluid at rest (FFR).

By combining the continuity and Navier-Stokes equations the following Lighthill equation for
the acoustic pressure, p0 = c

2
0(⇢� ⇢0), is obtained (acoustic analogy) [54, 55]

r
2
p
0
�

1

c
2
0

@
2
p
0

@t2
= �r ·r ·T (2.1)

where c0 and ⇢0 are the speed of sound and density of the undisturbed fluid, (⇢�⇢0) denotes density
perturbation, whereas T = (p�c

2
0⇢) I+⇢u⌦u�V = P�p

0
I+⇢u⌦u is the Lighthill tensor, where

P = (p�p0) I�V denotes the compressive stress tensor, with V, p,u representing, respectively, the
viscous stress tensor and the local fluid pressure and velocity, whereas p0 = c

2
0 ⇢0 is the undisturbed

fluid pressure.
This equation is assumed to be valid outside of the closed surface S, namely for x 2 Vf . To

determine the solution of the boundary-value problem in Eq. (2.1) through a boundary integral
formulation, it is convenient to recast the problem into an equivalent infinite-space one. To this
aim, for the function f = f(x, t) such that f = 0 if x 2 S, f > 0 if x 2 Vf , f < 0 if x 2 R3

\Vf , the
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definition of the acoustic pressure is extended to the entire R3 domain as p̄
0 = p

0
H(f), where H

represents the Heaviside function. Then, multiplying the two sides of Eq. (2.1) by H(f), considering
that for a generic function f̂ , the Laplacian and time second derivative operators applied to the
extension of f̂ to the entire domain R3 give

r
2(Hf̂) = Hr

2
f̂ +r · (f̂rH) +rH ·rf̂ (2.2)

and
@
2(Hf̂)
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= H
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2
f̂

@t2
+
@

@t

✓
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@H

@t

◆
+
@H

@t

@f̂

@t
(2.3)

and using the definition of the extended acoustic pressure we have [23]
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◆� (2.4)

This equation is valid for both a solid S surface and a porous (fictitious) S surface, and provides
explicit description of the effects of the presence of a fluid boundary in the Lighthill equation.

2.2 Ffowcs Williams and Hawkings equation

An alternative equation governing the propagation of acoustic perturbations within a bounded fluid
is obtained by observing that

r·r·[H T] = Hr·r·T+r·[TrH] + (r·T)·rH (2.5)

Indeed, combining Eq. (2.4) with Eq. (2.5) and suitably re-arranging the right-hand-side of the
resulting equation [56] yields the following Ffowcs Williams and Hawkings equation in the case of
a solid S surface [47]

r
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0
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c
2
0

@
2
p̄
0

@t2
= r · [PrH]�

@

@t
[⇢0v ·rH]�r ·r · [HT] (2.6)

where v denotes the velocity of the surface S. It is possible to derive the extension of the Ffowcs
Williams and Hawkings equation to the case of a porous S surface. It reads [57]

r
2
p̄
0
�

1

c
2
0

@
2
p̄
0

@t2
=r · [PrH] +r · [⇢u⌦ (u� v)rH] +

�
@

@t
[⇢0v ·rH]�

@

@t
[⇢(u� v) ·rH]�r ·r · [HT]

(2.7)

Details on the derivation of the FWHE for solid and porous surfaces from the Lighthill equation
are given in appendix A.
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2.3 Velocity potential equation

Next, note that under the assumption of inviscid, irrotational flow, the velocity field may be de-
scribed through the velocity potential, ', such that u = r'. It is possible to show that also
the propagation of velocity potential perturbations is governed by the wave equation whose solu-
tion, therefore, provides the kinematics of the flow. Specifically, in a FFR, the combination of the
continuity equation with Bernoulli’s theorem yields

r
2
'�

1

c
2
0

@
2
'

@t2
= � (2.8)

where � = [(c0 � c)r2
'+2u · @u/@t+u ·ru

2
/2]/c20 collects all the nonlinear terms, for c denoting

the local speed of sound. Following an approach similar to that applied in Sec. 2.1, the problem is
extended to the entire R3 domain. Thus, multiplying the two sides of Eq. (2.8) by H(f) and using
Eq. (2.2) and Eq. (2.3), yields the following equation
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(2.9)

where '̄ = 'H(f). This equation is valid for both solid and porous (fictitious) boundary surfaces
S.

2.4 Arbitrarily-forced wave equation

It is interesting to note that Eqs. (2.4), (2.6), (2.7) and (2.9) govern the radiation of perturbations
from solid or porous surfaces, but they can be readily extended to scattering problems (expressed
in terms of acoustic pressure or velocity potential perturbations). These are problems for which an
external source not affected by the surface S (i.e., frozen) generates perturbation (incident) waves
interacting with it and, thus, are scattered. This is readily obtained by introducing a suitable
external forcing term in Vf (see, for instance, [19, 23]).

Observing the structure of Eqs. (2.4), (2.6), (2.7) and (2.9) it comes out that all formulations
suitable for the analysis of radiation or scattering problems can be considered as sub-cases of the
following arbitrarily-forced acoustic wave equation, which is valid throughout unbounded space
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0
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2 ̄

@t2
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@H

@t
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+

+
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@t
(w ·rH)

(2.10)

where, for  denoting the problem perturbation variable,  ̄ =  H(f), whereas k1, k2, w, z, Z and
�
 are forcing terms to be defined for the specific problem under examination.

In the case of acoustic pressure perturbation variable, Eq. (2.10) yields:

• the Lighthill equation (Eq. (2.4)) for  = p
0, z = rp

0, Z = P, k1 = �1/c20 (@p
0
/@t), k2 =

�p
0
/c

2
0, w = 0 and � = �r ·r ·T;

• the FWHE for solid surfaces (Eq. (2.6)) for  = p
0, z = 0, Z = P, k1 = k2 = 0, w = �⇢0v

and � = �r ·r · (HT);
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• the FWHE for porous surfaces (Eq. (2.7)) for  = p
0, z = 0, Z = P+⇢u⌦(u�v), k1 = k2 = 0,

w = �⇢0v � ⇢(u� v) and � = �r ·r · (HT).

In the case of velocity potential perturbation variable, Eq. (2.10) yields Eq. (2.8) for  = ', z = r',
Z = 'I, k1 = �1/c20 (@'/@t), k2 = �'/c

2
0, w = 0 and � = �.

In each of these formulations, the variable � represents nonlinear contributions, unless a scat-
tering problem is considered. In that case, this term is suitably defined to formally include the
presence of an incident field [19, 23].

The next chapter develops the deformable-boundary integral formulation that gives the solution
of Eq. (2.10), and hence of any radiation/scattering or potential-aerodynamics problem defined in
a domain bounded by arbitrarily moving solid or porous deforming surfaces.
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Chapter 3

The deformable-boundary integral

formulation for acoustic wave solution

As is well known, boundary integral methods are suitable approaches for predicting the propagation
of perturbations (acoustic waves, in particular) in the field outside the perturbing object.

This is due to the use of the Green function of the wave operator to describe the effect of a
perturbation source on arbitrarily distant observers, which does not require the introduction of
computationally expensive discretization meshes to track the propagation of the signal (as is typical
in CFD solution methods).

In this section, extending the formulation presented in [9], a boundary integral approach that
solves Eq. (2.10) in a fluid domain bounded by a deforming surface is developed. It derives from
the application of a boundary integral method inspired by the work in [24].

3.1 Green function and integral form of the solution of the arbitrarily-

forced acoustic wave equation

The first step to determine the boundary integral formulation for the solution of Eq. (2.10) is
the introduction of the free-space Green’s function, G, of the wave equation. It is defined as the
(fundamental) solution of the wave equation forced by time and space impulses, namely it is the
solution of the following equation

r
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G�
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c
2
0

@
2
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@t2
= �(x� x⇤)�(t� t⇤) (3.1)

associated with the boundary condition G = 0 for kx�x⇤k ! 1, and the time conditions G = Ġ = 0

for t ! 1. It reads [58]

G(x� x⇤, t� t⇤) =
�1

4⇡r
�

✓
t� t⇤ +

r

c0

◆
(3.2)

where r = krk = kx⇤ � xk.
Next, the application of the boundary integral equation method consists of the combination of

Eq. (2.10) multiplied by the function G with Eq. (3.1) multiplied by the function  ̄, followed by
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3.1. Green function and integral form of the solution of the arbitrarily-forced acoustic wave
equation

the integration over the entire R3 domain and over time, to obtain

 ̄(x⇤, t⇤) =

Z 1

�1

Z

R3
G�

 dV (x)dt+
Z 1

�1

Z

R3
z ·rH G dV (x)dt

+

Z 1

�1

Z

R3
r · (ZrH)G dV (x)dt+

Z 1

�1

Z

R3
k1
@H

@t
G dV (x)dt (3.3)

+

Z 1

�1

Z

R3

@

@t

✓
k2
@H

@t

◆
G dV (x)dt+

Z 1

�1

Z

R3

@

@t
(w ·rH)G dV (x)dt

With the aim of determining the general expression of the solving boundary integral formulation
in an arbitrary frame of reference, let us introduce a frame of reference, R(y), in motion with respect
to FFR (moving frame of reference - MFR), such that the positions of its points in the FFR are
described as

x(y, t) = x0(t) +R(t)y

where x0 denotes the position of the point y = 0, whereas R(t) represents the rigid rotation between
the two frames of reference.

Note that, for an arbitrary given differentiable scalar field, f̂ , the time derivatives at fixed FFR
and MFR points are related through the following expression

@f̂

@t

�����
x

=
@f̂

@t

�����
y

� vy ·rf̂ (3.4)

where vy denotes the velocity of a MFR point with respect to the FFR.
In addition, note also that for any two given functions q(t) and h(t), the application of the

generalized scaling property of the Dirac delta function yields
Z 1

�1
q(t)� [h(t)] dt =

X

k


q(t)

|ḣ(t)|

�

t=tk

=
X

k

Z 1

�1

q(t)

|ḣ(t)|
� (t� tk) dt (3.5)

where ḣ = dh/dt and tk are the roots of h(t) = 0. Thus, regarding the argument of the Dirac
delta function in Eq. (3.2), the function h corresponds to the function ḡ identified as ḡ = t � t⇤ +

kx(y⇤, t⇤)�x(y, t)k/c0 which, in a MFR description of the problem yields ˙̄g = 1� r ·vy/(rc0). For
subsonic motion k = 1 and the single root is t1 = t⇤ � ✓y, where ✓y satisfies the equation

kx(y⇤, t⇤)� x(y, t⇤ � ✓y)k = c0 ✓y (3.6)

and represents the time taken by a perturbation signal to propagate from y to y⇤ at the time t⇤.
For a surface in supersonic motion, k > 1 (see, for instance, [59] for the case of rotating blades).
Notice also that if we choose to describe the function g in the air reference, it turns out to be
ḡ = t� t⇤ + kx⇤ � xk/c0 and its derivative in time is ˙̄g = 1. Furthermore, the root is t1 = t⇤ � ✓x,
with ✓x = r/c0 representing the delay between two fixed points in the air reference. In this way,
Eq. (3.5) yields the definition of Green’s function in the FFR.
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3.1. Green function and integral form of the solution of the arbitrarily-forced acoustic wave
equation

The combination of Eq. (3.3) with Eqs. (3.4) and (3.5) gives

 ̄(x⇤, t⇤) =

Z 1

�1

Z

R3
Ĝ�

 dV (y)dt+
Z 1

�1

Z

R3
z ·rH Ĝ dV (y)dt

+

Z 1

�1

Z

R3
r · (ZrH) Ĝ dV (y)dt+

Z 1

�1

Z

R3
k1
@H

@t
Ĝ dV (y)dt (3.7)

+

Z 1

�1

Z

R3

@

@t

✓
k2
@H

@t

◆
Ĝ dV (y)dt+

Z 1

�1

Z

R3

@

@t
(w ·rH) Ĝ dV (y)dt

where Ĝ is the Green function expressed in the MFR

Ĝ(y,y⇤, t, t⇤) = Ĝ0 � (t� t⇤ + ✓y) =
�1

4⇡r (1�M
y
r )

����
✓y

� (t� t⇤ + ✓y) (3.8)

In the above equation, M
y
r = My · er where My = vy/c0 and er = r/r, while (...)|✓y indicates

evaluation at the retarded time t = t⇤ � ✓y.
Integrating by parts of the third, fifth and sixth integral and the imposing of the condition of

wave propagation away from the source without any reflection or inward radiation (Sommerfeld
radiation condition [60]), we obtain

Z

R3
r · (ZrH) Ĝ dV (y)dt =

h
(ZrH)Ĝ

i ����
S1

�

Z

R3
(ZrH) ·rĜdV (y) (3.9)

where S1 denotes the boundary at infinity of R3, where rH is zero because it corresponds to the
Dirac delta function and is equal to one only on the surface of the body. For the other two integrals,
we have Z 1

�1

@

@t

✓
k2
@H

@t

◆
Ĝdt =

✓
k2
@H

@t
Ĝ

◆ ����
1

�1
�

Z 1

�1
k2
@H

@t

@Ĝ

@t
dt (3.10)

and Z 1

�1

@

@t
(w ·rH) Ĝdt =

⇣
w ·rHĜ

⌘ ����
1

�1
�

Z 1

�1
w ·rH

@Ĝ

@t
dt (3.11)

where the first term on the right in Eqs. (3.10) and (3.11) is deleted because the Dirac delta function
in the Green’s function is non-zero only at finite time instants.

Substituting Eqs. (3.9) to (3.11) into Eq. (3.7) and writing the time derivatives as in Eq. (3.4),
we obtain

 ̄(y⇤, t⇤) =

Z 1

�1

Z

R3
Ĝ�

 dV (y)dt+
Z 1

�1

Z

R3
z ·rH Ĝ dV (y)dt

�

Z 1

�1

Z

R3

h
(ZrH) ·rĜ� k1

⇣
Ḣ � vy ·rH

⌘
Ĝ

i
dV (y)dt

�

Z 1

�1

Z

R3
k2

⇣
Ḣ � vy ·rH

⌘⇣
˙̂
G� vy ·rĜ

⌘
dV (y)dt

�

Z 1

�1

Z

R3
w ·rH

⇣
˙̂
G� vy ·rĜ

⌘
dV (y)dt (3.12)

where ˙(...) = @(...)/@t|y.
The above equation yields the solution of Eq. (2.10) in terms of an integral formulation extended
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3.2. Boundary integral formulation in a moving frame of reference

over the entire space domain, based on the use of the free-space Green’s function. In the next
sections, it is suitably further developed to obtain the solution expressed in terms of deformable-
boundary integral formulations written both in the MFR and the FFR.

3.2 Boundary integral formulation in a moving frame of reference

The integral solution in Eq. (3.12) includes many contributions given by the space and time deriva-
tives of generalized functions (namely, rH, Ḣ,rĜ,

˙̂
G, see Eq. (3.12)). The boundary integral

formulation for the solution of the perturbation field,  ̄, is obtained by suitably integrating these
contributions.

To this purpose, let us introduce a time-dependent body-fitted right-handed curvilinear coordi-
nate system, (⇠1, ⇠2, ⇠3), such that within an arbitrarily small thin layer around the surface S it is
possible to define the mapping

ym(⇠1, ⇠2, ⇠3, t) = ymS (⇠
1
, ⇠

2
, t) + ⇠

3
n(⇠1, ⇠2, t) (3.13)

where y = ymS (⇠
1
, ⇠

2
, t) = ym(⇠1, ⇠2, 0, t) describes the location of the points of S in the MFR,

while n(⇠1, ⇠2, t) denotes the outward local unit normal to S at the time t.
This implies that the points of the surface are mapped onto a finite domain ⌦ in the (⇠1, ⇠2)-plane

and that, for ⇠↵ = ⇠
↵
m(y, t) representing the inverse of the mapping in Eq. (3.13), the argument of

the Heaviside function used to define  ̄ can be expressed as

f [x(y, t), t] = ⇠
3
m(y, t) (3.14)

If the coordinate ⇠3 is chosen to be coincident with the arclength along the unit normal to S we
have rf = r⇠

3
m = n. Thus, observing that H = H[⇠3m(y, t)], it follows that

rH = �(⇠3)n (3.15)

and
Ḣ =

@H

@t

����
y

= �(⇠3)
@⇠

3
m

@t

����
y

= ��(⇠3)vm
y · n (3.16)

with the latter obtained by observing that, for @(...)/@t|⇠ denoting time derivative at a (⇠1, ⇠2, ⇠3)-
fixed point

@⇠
3
m

@t

����
⇠

=
@⇠

3
m

@t

����
y

+ v
m
y ·r⇠

3
m = 0

where v
m
y denotes the velocity of a (⇠1, ⇠2, ⇠3)-fixed point with respect to the MFR.

In addition, regarding the Green function’s derivatives, by introducing the function g = t�t⇤+✓y,
and noting that Ĝ(y,y⇤, t, t⇤) = Ĝ0(y,y⇤) � [g(y,y⇤, t, t⇤)] (see Eq. (3.8)), we have

rĜ = rĜ0 �(g) + Ĝ0
@�(g)

@g
r✓y (3.17)

and
˙̂
G = Ĝ0

@�(g)

@g
ġ = Ĝ0

@�(g)

@g
(3.18)
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3.2. Boundary integral formulation in a moving frame of reference

The observation of Eqs. (3.15), (3.16), (3.17) and (3.18) shows that in order to integrate the
Dirac delta function contributions given by rH, Ḣ,rĜ,

˙̂
G it is convenient to introduce the following

transformation of the integration variables

(y, t) ! (⇠1, ⇠2, ⇠3, g)

which is such that
dV (y) dt = Ĵ d⇠1d⇠2d⇠3 dg (3.19)

with Ĵ denoting the Jacobian of the transformation given by

Ĵ =
|a1 ⇥ a2 · a3|

|1 + vm
y ·r✓y|

(3.20)

where a1,a2,a3 are the covariant basis vectors of the curvilinear coordinate system (⇠1, ⇠2, ⇠3) (see
appendix B). Thus, by considering the transformation of the variables of integration in Eq. (3.19),
and combining the corresponding form of Eq. (3.12) with Eqs. (3.15), (3.16), (3.17), (3.18), (3.20)
yields

 ̄(y⇤, t⇤) =

Z 1

�1

Z

R3
�
 
Ĝ0�(g)Ĵ d⇠1d⇠2d⇠3dg

+

Z 1

�1

Z

R3
z · n Ĝ0�(⇠

3)�(g) Ĵd⇠1d⇠2d⇠3dg

�

Z 1

�1

Z

R3
(Zn) ·

✓
rĜ0�(g) +r✓yĜ0

@�(g)

@g

◆
�(⇠3)Ĵd⇠1d⇠2d⇠3dg

�

Z 1

�1

Z

R3
k1
�
v
m
y + vy

�
· nĜ0�(g)�(⇠

3)Ĵd⇠1d⇠2d⇠3dg

�

Z 1

�1

Z

R3
k2
�
v
m
y + vy

�
· nvy ·rĜ0�(g)�(⇠

3)Ĵd⇠1d⇠2d⇠3dg

+

Z 1

�1

Z

R3
k2
�
v
m
y + vy

�
· n Ĝ0 (1� vy ·r✓y)

@�(g)

@g
�(⇠3)Ĵd⇠1d⇠2d⇠3dg

�

Z 1

�1

Z

R3
w · n


Ĝ0 (1� vy ·r✓y)

@�(g)

@g
� vy ·rĜ0�(g)

�
�(⇠3)Ĵd⇠1d⇠2d⇠3dg

(3.21)

Note that Eq. (3.17) introduces the derivative of the Dirac delta function, @�(g)/@g. To determine
its contribution, let us observe that for an arbitrary space-time function, h, after integration by
parts we have Z 1

�1
h
@�(g)

@g

����
⇠

dg = �

Z 1

�1

@h

@t

����
⇠

�(g)�
1 + vm

y ·r✓y
� dg (3.22)

since
@h

@g

����
⇠

=
@h

@t

����
⇠

 
@g

@t

����
⇠

!�1

and, considering that @✓y/@t|y = 0,

@g

@t

����
⇠

= 1 +
@✓y

@t

����
⇠

= 1 + v
m
y ·r✓y
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3.2. Boundary integral formulation in a moving frame of reference

Now, using the the Dirac delta function’s properties we obtain the following general solution of
the inhomogeneous wave equation in a fluid domain bounded by deforming surfaces, written in an
arbitrarily moving frame of reference (see also [9])

 ̄(y⇤, t⇤) =

ZZ

⌦
(z� k1 v) · n Ĝ0 Ĵ

����⇠3=0
g=0

d⇠1d⇠2

�

ZZ

⌦
[Zn+ (k2 v �w) · nvy] ·rĜ0 Ĵ

����⇠3=0
g=0

d⇠1d⇠2

+

ZZ

⌦

 
@

@t

����
⇠

h
(Zn) ·r✓y Ĝ0 Ĵ

i! 1

⇥̂

����⇠3=0
g=0

d⇠1d⇠2

�

ZZ

⌦

 
@

@t

����
⇠

h
(k2 v �w) · n (1� vy ·r✓y) Ĝ0 Ĵ

i! 1

⇥̂

����⇠3=0
g=0

d⇠1d⇠2

+

ZZZ

V⌦

Ĝ0�
 
Ĵ

����
g=0

d⇠1d⇠2d⇠3 (3.23)

where ⇥̂ = (1 + v
m
y · r✓y), v = vy + v

m
y denotes the velocity with respect to the FFR of a

(⇠1, ⇠2, ⇠3)-fixed point, (...)|⇠3=0 indicates evaluation on the surface S (see Eq. (3.13)), and V⌦

denotes the (⇠1, ⇠2, ⇠3)-space where the fluid region around the surface is mapped. In addition,
(...)|g=0 indicates evaluation at the retarded time t = t⇤ � ✓, which is the time of emission of the
signal starting from a point identified by the coordinates (⇠1, ⇠2, ⇠3) and reaching the observer at
the time t⇤. Note that, the time delay ✓⇠ satisfies the following equation

��x⇤(y⇤, t⇤)� x
⇥
y
�
⇠
1
, ⇠

2
, ⇠

3
, t⇤ � ✓

�
, t⇤ � ✓

⇤�� = c0 ✓ (3.24)

and, thus, differs from ✓y (see Eq. (3.6)): the delay ✓y is related to signals emitted from points
fixed in the MFR, whereas the delay ✓ is related to signals emitted from points that follow the
deformation of the surface S as indicated in Eq. (3.13) (incidentally, they coincide in the case of a
non-deforming surface S rigidly connected to the MFR). In Eq. (3.23), ✓y has to be interpreted as
the transmission delay associated with the MFR position where the point (⇠1, ⇠2, 0) of the deforming
surface is passing through at the time t⇤ � ✓.

The expression in Eq. (3.23) provides a description of the solution of the wave equation in
terms of integrals evaluated over the deforming boundary surface, S, and a field integral which
is typically related to nonlinear sources (the last contribution in that expression). This boundary
integral formulation is particularly efficient for computational applications when the field term is
absent, negligible or known a priori.

When the boundary surface forcing terms (and, eventually, those in the neighbouring field) are
known (e.g., as provided by a CFD solver), Eq. (3.23) can be used as an integral representation to
evaluate the radiated solution at any point in the field. This is the case, for instance, of the typical
solution approach applied to rotorcraft aeroacoustics problems [53, 61, 62].

However, for a large number of problems, the forcing terms might be unknown and directly de-
fined in terms of the perturbation field,  . In the latter case, the boundary integral formulation can
be applied, first, as a boundary integral equation of Fredholm of the second kind [63] to determine
the solution over the boundary surface (and, eventually, in the neighbouring field), and then as an
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3.3. Boundary integral formulation in the fluid frame of reference

integral representation to radiate the perturbation field at any point in the field. This is the case,
for instance, of sound scattering and potential aerodynamics problems [18, 19, 31, 34, 53].

3.3 Boundary integral formulation in the fluid frame of reference

The formulation in Eq. (3.23), although general, presents some issues related to the introduction
of the MFR and the associated delay ✓y.

In many applications it is convenient to describe the integral formulation directly in the FFR.
Its expression can be straightforwardly derived from Eq. (3.23) by observing that, in this case: (i)
vy = 0 and, thus, v = v

m
y where v

m
y represents the sum of deformation and rigid-body velocity of

the boundary surface; (ii) the Green function spatial term, Ĝ0, becomes G0 = �1/(4⇡ r); (iii) the
delay ✓y becomes ✓x = r/c0, which is the time taken by a signal to reach the observer starting from
a point fixed in the FFR, and thus, r✓x = �er/c0, with er denoting the unit vector pointing from
x to x⇤, as in Eq. (3.8).

Combining these observations with Eq. (3.23) yields the following boundary integral solution of
the arbitrarily-forced wave equation in a fluid domain bounded by deforming surfaces written in a
frame of reference fixed with the undisturbed fluid (see also [9])

 ̄(x⇤, t⇤) =

ZZ

⌦
[(z� k1 v) · nG0 � (Zn) ·rG0] J

����⇠3=0
g=0

d⇠1d⇠2

�

ZZ

⌦

 
@

@t

����
⇠


(Zn) ·

er

c0
G0 J

�!
1

⇥

����⇠3=0
g=0

d⇠1d⇠2

�

ZZ

⌦

 
@

@t

����
⇠

[(k2 v �w) · nG0 J ]

!
1

⇥

����⇠3=0
g=0

d⇠1d⇠2

+

ZZZ

V⌦

G0�
 
J

����
g=0

d⇠1d⇠2d⇠3 (3.25)

where ⇥ = (1 � v · er/c0), and J = |a1 ⇥ a2 · a3|/|⇥| is the Jacobian of the transformation of
integration variables in the FFR, (x, t) ! (⇠1, ⇠2, ⇠3, g). The meaning of (...)|⇠3=0 and (...)|g=0 is
the same as that in Eq. (3.23).

The boundary integral formulations expressed in the MFR and FFR are fully equivalent. The
latter is more compact and its application is simpler, especially since the delay ✓y is replaced by
✓x (see their definitions). However, the use of the MFR formulation is convenient in the case of
a moving rigid boundary surface, by assuming the MFR fixed to it (indeed, in this case, ⇥̂ = 1,
Ĵ = |a1 ⇥ a2 · a3| is time-independent and the integration surface coincides with the real boundary
surface, Ĵ d⇠1d⇠2 = dS). This is particularly true for the analysis of the potential aerodynamics of
rigid lifting wings and rotors in hovering or axial flight, with prescribed wake geometry. In fact, in
these cases, in the MFR the wake appears as rigidly connected to the body, and the body and wake
surfaces form a rigid fixed boundary (see, for instance, [64, 65]).
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3.3. Boundary integral formulation in the fluid frame of reference

3.3.1 Expanded form of the boundary integral formulation in the FFR

A more readable expression of the boundary integral solution written in the FFR is obtained by
explicitly showing the result of applying the spatial and temporal differential operators acting on
some of the terms that appear in it (in particular those that do not involve the forcing terms of
Eq. (2.10)).

Indeed, considering the mathematical developments presented in appendix C, and neglecting the
field term in which no differential operators to be explicitly applied appear, the integral formulation
of Eq. (3.25) can be recast in the following form (see also [9])

 ̄(x⇤, t⇤) = Iz(x⇤, t⇤) + IZ(x⇤, t⇤) + Ik1(x⇤, t⇤) + Ik2(x⇤, t⇤) + Iw(x⇤, t⇤) (3.26)

where
4⇡Iz = �

ZZ

⌦
z · n

Js

r(1�Mr)

����⇠3=0
g=0

d⇠1d⇠2 (3.27)

4⇡IZ =
1

c0

ZZ

⌦
(Zn)·

 
(c0Mr � c0M

2 + rṀ · er) er Js
r2(1�Mr)3

!����⇠3=0
g=0

d⇠1d⇠2

+
1

c0

ZZ

⌦
(Zn) ·

 
c0 (er �M) Js
r2(1�Mr)2

+
er J̇s

r(1�Mr)2

!����⇠3=0
g=0

d⇠1d⇠2

+
1

c0

ZZ

⌦

⇣
Żn+ Zṅ

⌘
·

✓
er Js

r(1�Mr)2

◆ ����⇠3=0
g=0

d⇠1d⇠2 (3.28)

4⇡Ik1 =

ZZ

⌦
k1

c0Mn Js

r(1�Mr)

����⇠3=0
g=0

d⇠1d⇠2 (3.29)

4⇡Ik2 =

ZZ

⌦
k2

 
c0Mn (c0Mr � c0M

2 + rṀ · er) Js
r2(1�Mr)3

!����⇠3=0
g=0

d⇠1d⇠2

+

ZZ

⌦
k2

 
c0 Ṁn Js

r(1�Mr)2
+

c0Mn J̇s

r(1�Mr)2

!����⇠3=0
g=0

d⇠1d⇠2

+

ZZ

⌦
k̇2

c0Mn Js

r(1�Mr)2

����⇠3=0
g=0

d⇠1d⇠2 (3.30)

4⇡Iw =�

ZZ

⌦
w · n

 
(c0Mr � c0M

2 + rṀ · er) Js
r2(1�Mr)3

+
J̇s

r(1�Mr)2

!����⇠3=0
g=0

d⇠1d⇠2

�

ZZ

⌦
(ẇ · n+w · ṅ)

Js

r(1�Mr)2

����⇠3=0
g=0

d⇠1d⇠2 (3.31)

The meaning of the symbols introduced in the above equations is explained in C and is not repeated
here for the sake of brevity.

The combination of Eq. (3.26) with Eqs. (3.27)-(3.31) expresses the proposed deformable-
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3.4. Boundary integral formulation for multiple boundary surfaces

boundary integral formulation through a mathematical formalism typically used in aeroacoustics
(see, for instance, the Farassat 1A formulation for radiation of thickness and loading noise [14], which
is a special case of this combination obtained for z = 0, Z = P, k1 = k2 = 0, and w = �⇢0 v).

By following a procedure similar to that used to determine Eqs. (3.27)-(3.31), it is also possible
to obtain the expansion of the deformable-boundary integral formulation expressed in MFR and
given in Eq. (3.23). For reasons of brevity, this is not done here. Appendix D shows the steps
needed to obtain the extended formulation in MFR. Some of these steps are shown also in [66],
where the expansion is applied to the boundary integral formulation valid for rigid surfaces.

3.4 Boundary integral formulation for multiple boundary surfaces

The deformable-boundary integral formulations in Eqs. (3.23) and (3.25) may be extended to the
case of N⌦ disjoint surfaces, each independently deforming and subject to arbitrary motion. In this
case, for Dn denoting the domain enclosed by the surface Sn, the Heaviside function, H, introduced
in chapter 2 is conveniently defined as the product of N⌦ Heaviside functions, Hn, such that

H(x) =
N⌦Y

n=1

Hn[fn(x)]

where fn = 0 if x 2 Sn, fn > 0 if x 2 R3
\Dn, fn < 0 if x 2 Dn.

The assumption of disjoint surfaces implies

rH =
N⌦X

n=1

rHn;
@H

@t
=

N⌦X

n=1

@Hn

@t

and, therefore, the combination of these relations with Eq. 2.10 yields the following form of the
solution

 ̄(x⇤, t⇤) =
N⌦X

n=1

In(x⇤, t⇤) (3.32)

where In denotes the integral contribution from the n-th surface (each expressed in the most con-
venient, moving or fixed, frame of reference by using Eq. (3.23) or Eq. (3.25) or their expanded
forms).
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Chapter 4

Noise radiated by solid and porous

deforming surfaces

This chapter presents the methodology used for the numerical application of the boundary integral
formulation developed in the previous chapter, aimed at the prediction of the acoustic radiation in
fluid domains bounded by solid or porous surfaces subject to deformation.

After introducing the spatial and temporal discretisation procedures necessary for the numerical
application of the deformable-boundary integral formulation, the results of two validation cases are
proposed, extending those discussed in [9]. Both of them regard the application of the boundary
integral formulation as a boundary integral representation of the solution for which the surface
source terms are known a priori.

The first test case concerns the evaluation of the perturbation signal outside a deforming porous
surface radiated by and enclosed pulsating source, while the second test case considers the acoustic
field generated by a deforming wing in translational motion, assuming the aerodynamic solution
over its surface as known. In the former case the numerical solution from the present formulation
is validated against the analytical one, while in the latter case the objective is to demonstrate the
perfect equivalence between FFR and MFR formulations.

Next, the attention is focused on the validation of the proposed boundary integral formulation
when applied as a boundary integral equation over deforming surfaces. Still considering a deforming
porous surface enclosing a pulsating source, the corresponding external acoustic pressure field is
determined by first evaluating the acoustic pressure over the surface by application of the boundary
integral equation relating to the solution of the FWHE (with only the kinematic terms assumed
to be known on the surface, see Eq. (2.7)), and then radiating it through the boundary integral
representation of the solution. The numerical solution from the present formulation is validated
against the analytical one directly obtained from the expression of the emitting source.

Then, the attention is turned to the problem of acoustic radiation from a solid sphere subject
to large amplitude pulsations. Also in this problem, the solution (in this case expressed in terms
of the velocity potential) is determined by, first, applying the boundary integral formulation as a
boundary integral equation to evaluate it over the emitting surface, and then as a boundary integral
representation to radiate it. This problem, originally discussed in [67], is here further developed
and extended. The numerical predictions of the noise emitted by the pulsating solid sphere are
validated against analytical solutions which, depending on the amplitude and frequency of the
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4.1. Numerical application of the boundary integral formulations

sphere’s pulsations, are partly available in the literature and partly developed originally in this
doctoral work. In particular, the validation demonstrates the ability of the proposed formulation
to capture the multi-harmonic content of the radiated signal due to kinematic nonlinearities.

Finally, the presented deformable-boundary integral formulation is applied to a realistic case
of aeronautical interest, consisting of the noise emitted by a helicopter rotor in forward flight, for
which experimental data are available in the literature, extending the analysis presented in [9].

Overall, this chapter demonstrates the ability of the presented boundary integral formulation
for deforming bodies to successfully address complex acoustic radiation problems, validating its
accuracy both on simple configurations for which the analytical solutions are available and on
application cases of engineering relevance.

4.1 Numerical application of the boundary integral formulations

To numerically determine the perturbation field, whether expressed in terms of velocity potential
or acoustic pressure, the integral formulations introduced above are rewritten in discretized form
using a BEM approach. Indeed, through appropriate space and time discretisation the integral
formulations are transformed into algebraic relations yielding the solution at arbitrary points in the
domain of interest.

For the purposes of this chapter, the contribution relating to the generic nonlinear forcing term
�
 will be neglected. It will be resumed and dealt with in detail in the second part of chapter 5.

The numerical method used to solve a boundary-integral equation problem for noise radiation
consists of the following steps (this is, for instance, the case of sound radiated by a pulsating surface
described in terms of velocity potential):

1. Discretisation of the surface: the surface of the boundary (or boundaries) is divided into
a finite set of elements, generally polygonal, called panels, whose vertices lie on the original
surface. This discretisation allows the integration domain to be represented approximately.

2. Approximation of variables: the unknown functions under the integrals (e.g. potential or
acoustic pressure) are approximated as linear combinations of shape functions suitably defined
on each panel. The shape functions can be constant, linear, or of higher order, depending on
the required accuracy.

3. Imposition of the integral equation: the integral equation must be satisfied exactly at
a finite set of points on the surface, called collocation points. This procedure, known as the
collocation method, allows the continuous integral equation to be transformed into a linear
algebraic system, whose unknowns are the coefficients of the linear combinations of the shape
functions.

4. Solving the algebraic system: next a suitable time discretization is applied (depending
on the nature of the problem under consideration, see later), and an this yield an algebraic
system of equations. This system is finally solved to determine the instantaneous coefficients
of the shape functions, from which the physical quantities of interest (potential or pressure)
are obtained on the boundary.
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4.1. Numerical application of the boundary integral formulations

5. Solution in the field: once the physical quantities of interest over the boundary are deter-
mined from the solution of the algebraic system, the discretised form of the integral formulation
interpreted as an integral representation is applied to evaluate the radiated signal anywhere
in the field.

When the quantities of interest over the boundary are known a priori like, for instance, in
aeroacoustic radiation problems following a near-field aerodynamic solution, points 3 and 4 of the
above numerical solution process are missing. This kind of approach is typically used in rotorcraft
aeroacoustic applications.

It is worth noticing that this procedure of solution based on the boundary element method
allows for effective treatment of scattering and radiation problems in external domains. Indeed,
it requires the discretization of a finite boundary domain, with evident computational advantages
with respect to those methods needing the discretization of the domain of propagation of the signal
perturbations.

4.1.1 Space discretisation of BEM

Defining Np as the number of panels used to discretise the surface, S, of the boundary, in the case
of a boundary-integral equation problem the generic unknown perturbation field,  , is expressed as
a linear combination of shape functions, �n(x),

 (x, t) =

NpX

n=1

 n(t)�n(x), x 2 S

The shape functions are defined so that their value is equal to one on the surface of the n-th panel,
Sn, and zero elsewhere, as follows (zero-th order BEM)

8
<

:
�n = 1 x 2 Sn

�n = 0 x /2 Sn

The  n(t) time-variant coefficients of the linear combination, which play the role of problem un-
knowns, are assumed to be equal, at each time instant, to the value of the  function at the centroid
of the n-th panel, xc

n, namely
 n(t) =  (x

c
n, t)

In this way, a constant distribution of the unknown function is considered on each panel, equal to
the value assumed at the centroid (zero-order boundary element method). The same type of dis-
cretisation is also applied to all forcing terms appearing in the specific problem under examination,

Z(x, t) =

NpX

n=1

Zn(t)�n(x) z(x, t) =

NpX

n=1

zn(t)�n(x) w(x, t) =

NpX

n=1

wn(t)�n(x)

k1(x, t) =

NpX

n=1

k1n(t)�n(x) k2(x, t) =

NpX

n=1

k2n(t)�n(x)

some of which are necessarily defined in terms of the unknown perturbation field when a boundary-
integral equation problem is considered.
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4.1. Numerical application of the boundary integral formulations

From the above space discretization of the problem, at each time t⇤ it is possible to define the
following set of Np equations for the Np unknown functions  n(t) by imposing that the integral
equation be satisfied at each centroid of the discretization boundary elements, with k = 1, ..., Np

�k k(t⇤) =

NpX

n=1

Akn(t⇤) · Zn(t⇤ � ✓kn) +

NpX

n=1

A
d
kn(t⇤) · Żn(t⇤ � ✓kn)

+

NpX

n=1

Bkn(t⇤) · zn(t⇤ � ✓kn) +

NpX

n=1

Ckn(t⇤)k1n(t⇤ � ✓kn)

+

NpX

n=1

Dkn(t⇤) ·wn(t⇤ � ✓kn) +

NpX

n=1

D
d
kn(t⇤) · ẇn(t⇤ � ✓kn)

+

NpX

n=1

Ekn(t⇤)k2n(t⇤ � ✓kn) +

NpX

n=1

E
d
kn(t⇤)k̇2n(t⇤ � ✓kn)

(4.1)

where ✓kn denotes the signal transmission delay between the centroids of the k-th receiving panel
and the n-th transmitting panel, while the expression of the coefficients depends on the applied
formulation (namely, the FFR or the MFR one).

If we consider the FFR formulation, and denote the (⇠1, ⇠2)-domain where the surface of the
n-th panel is mapped as ⌦n, the coefficients Akn and A

d
kn are second-order tensors given by the

following expression

Akn(t⇤) = �

ZZ

⌦n

"
n⌦rG0 J +

@

@t

����
⇠

✓
n⌦ er

c0
G0 J

◆
1

⇥

#

✓kn

d⇠1d⇠2

A
d
kn(t⇤) = �

ZZ

⌦n

n⌦ er

c0
G0

J

⇥

����
✓kn

d⇠1d⇠2

and their scalar product with the tensors Zn and Żn is defined in such a way that, for generic tensors
A and B, A ·B = AijBij . In addition, the coefficients Bkn, Dkn and D

d
kn are vectors defined as

Bkn(t⇤) =

ZZ

⌦n

nG0 J

����
✓kn

d⇠1d⇠2

Dkn(t⇤) =

ZZ

⌦n

@

@t

����
⇠

(nG0 J)
1

⇥

����
✓kn

d⇠1d⇠2

D
d
kn(t⇤) =

ZZ

⌦n

nG0
J

⇥

����
✓kn

d⇠1d⇠2

while the scalar coefficients Ekn and E
d
kn are expressed as

Ekn(t⇤) = �

ZZ

⌦n

@

@t

����
⇠

(v · nG0 J)
1

⇥

����
✓kn

d⇠1d⇠2

E
d
kn(t⇤) = �

ZZ

⌦n

v · nG0
J

⇥

����
✓kn

d⇠1d⇠2

In Eq. (4.1), the coefficient �k derives from the free term arising from the regularisation of
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4.1. Numerical application of the boundary integral formulations

singular integrals that may appear when x ! x⇤ in the solution procedure of a boundary integral
equation (�k = 1 in the case of a boundary integral representation). In particular, it can be
demonstrated that in the case of boundary integral equation problems solving a velocity potential
field �k = 1/2, while �k = 0.5/(1�M

2
n) in the case of boundary integral equation problems described

in terms of acoustic pressure (see, for details, [18, 68]).

4.1.2 Time discretisation

Spatial discretisation of the surface alone is not sufficient for the numerical implementation of
integral formulations applied to solve the wave equation: temporal discretisation must also be
introduced. In other words, the evolution of the perturbation field must also be described in a
discrete set of time instants in order to make the problem computable in the time domain.

A peculiar feature of integral formulations for propagation problems in compressible fluids is that
the integrands must be evaluated at a delayed time, i.e. at time instants preceding the observation
time, with delay depending on the distance between the source and the observation point and
relative motion. Of course, the delayed time associated with each couple of emitting and receiving
points is not generally a multiple of the time interval �t used to define the discrete time instants
of evaluation of the solution.

It follows that in order to calculate the delayed contributions to the integrals, it is necessary to
interpolate the values of the physical quantities involved (such as, for instance, potential or acoustic
pressure) from the knowledge of their values at the defined discrete time instants of solution. Thus a
temporal interpolation strategy is introduced, capable of providing the physical quantities considered
and their time derivatives at arbitrary time instants.

To this aim, first each propagation delay is represented in terms of the introduced time dis-
cretization interval as

✓kn = (mkn + ↵kn)�t

with mkn being an integer number and 0 < ↵kn < 1. Assuming the discrete observation time as
t⇤ = n�t, a generic function at time f(t⇤ � ✓kn) is re-defined as f [(n � mkn � ↵kn)�t], and its
Taylor series expansion around f [(n�mkn)�t] yields

f [(n�mkn � ↵kn)�t] = f [(n�mkn)�t] +
@f

@t

����
(n�mkn)�t

(�↵kn�t)

By defining the backward finite difference time derivative

@f

@t

����
(n�mkn)�t

=
f [(n�mkn)�t]� f [(n�mkn � 1)�t]

�t
+O(�t

2)

and combining with the above expression gives

f [(n�mkn � ↵kn)�t] = (1� ↵kn) f [(n�mkn)�t] + ↵kn f [(n�mkn � 1)�t] (4.2)

Next, let us consider the discretisation of the derivative of a delayed function ḟ(t⇤ � ✓kn) =
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4.1. Numerical application of the boundary integral formulations

ḟ [(n�mkn � ↵kn)�t], and apply again the backward finite difference derivative to define it

ḟ [(n�mkn � ↵kn)�t] =
f [(n�mkn � ↵kn)�t]� f [(n�mkn � 1� ↵kn)�t]

�t
+O(�t

2)

Substituting Eq. (4.2) into this expression and observing that we similarly obtain

f [(n�mkn � 1� ↵kn)�t] = (1� ↵kn) f [(n�mkn � 1)�t] + ↵kn f [(n�mkn � 2)�t]

the discretised form of the delayed time derivative can be expressed in the following way

ḟ [(n�mkn � ↵kn)�t] =
1

�t

h
(1� ↵kn) f [(n�mkn)�t] + (2↵kn � 1) f [(n�mkn � 1)�t]

� ↵kn f [(n�mkn � 2)�t]
i (4.3)

Finally, the application of the discretised expressions of arbitrary delayed function and its time
derivative given in Eqs. (4.2) and (4.3) in Eq. (4.1) provides the following set of algebraic equations
with unknown the set of of current values of the physical quantity to be determined,  k(n�t),
which explicitly appear at the left-hand side and implicitly appear in the definition of some of the
forcing terms at the right-hand side (where many contributions are given by terms known from the
previous time history of solution).

�k k(n�t) =

NpX

n=1

A
(1)
kn (n�t) · Zn[(n�mkn)�t] +

NpX

n=1

A
(2)
kn (n�t) · Zn[(n�mkn � 1)�t]

+

NpX

n=1

A
(3)
kn (n�t) · Zn[(n�mkn � 2)�t]

+

NpX

n=1

B
(1)
kn (n�t) · zn[(n�mkn)�t] +

NpX

n=1

B
(2)
kn (n�t) · zn[(n�mkn � 1)�t]

+

NpX

n=1

C
(1)
kn (n�t) k1n [(n�mkn)�t] +

NpX

n=1

C
(2)
kn (n�t) k1n [(n�mkn � 1)�t]

+

NpX

n=1

D
(1)
kn (n�t) ·wn[(n�mkn)�t] +

NpX

n=1

D
(2)
kn (n�t) ·wn[(n�mkn � 1)�t]

+

NpX

n=1

D
(3)
kn (n�t) ·wn[(n�mkn � 2)�t]

+

NpX

n=1

E
(1)
kn (n�t) k2n [(n�mkn)�t] +

NpX

n=1

E
(2)
kn (n�t) k2n [(n�mkn � 1)�t]

+

NpX

n=1

E
(3)
kn (n�t) k2n [(n�mkn � 2)�t]

In the above equation, the coefficients A
(i)
kn, for i = 1, 2, 3, are given by the following expressions

A
(1)
kn = (1� ↵kn)

✓
Akn +

A
d
kn

�t

◆
A

(2)
kn = ↵knAkn + (2↵kn � 1)

A
d
kn

�t
A

(3)
kn = �↵kn

A
d
kn

�t
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representation

and the same expressions define also the coefficients D
(i)
kn and E

(i)
kn by replacing, respectively, Akn

with Dkn and Ekn, and A
d
kn with D

d
kn and E

d
kn. The coefficients B

(i)
kn, for i = 1, 2, are defined as

follows
B

(1)
kn = (1� ↵kn)Bkn B

(2)
kn = ↵knBkn

while the coefficient C
(i)
kn are given by the same expressions by replacing Bkn with Ckn.

4.2 Deformable porous sphere enclosing a pulsating source: valida-

tion of boundary integral representation

As first case of validation of the deformable-boundary integral formulation presented in this work,
let us consider an inviscid fluid with a pulsating velocity potential point source moving in rectilinear
uniform motion, located at the center of a co-moving translating porous (fictitious) sphere of radius
r0.

In a translating MFR with the origin fixed to the source, the velocity potential field radiated by
the source is analytically expressed as

's(y, t) =
�1

4⇡r�
sin[!s(t� ✓y)] (4.4)

where r� =
⇥
(My · y)2 + �

2
|y|

2
⇤1/2 with � = (1�My ·My)1/2, the transmission delay is given by

the expression ✓y = (r� + My · y)/(c0�2), while !s represents the signal frequency (see Eq. (3.8)
and, for instance, [30]).

Thus, the validation test consists of: (i) to deform dynamically the porous surface enclosing
the source; (ii) to determine the potential field external to the deforming porous surface through
the presented boundary integral formulation applied over that surface, where the flow parameters
are assumed to be known from Eq. (4.4); (ii) to compare the velocity potential field obtained
numerically with that directly provided by the analytical expression of Eq. (4.4).

Introducing the unit basis vectors, (e1, e2, e3), of a Cartesian system of coordinates, (y1, y2, y3),
fixed to the MFR, let us assume My = �0.3 e1, !s = 10 rad/s, r0 = 1 m, and the points of the
deforming sphere, (yd1 , yd2 , yd3) = (xd, yd, zd), given by the following expression

zd(t) =
q

r
2
0 � (x2d + y

2
d) +Ay

2
d cos(!dt), (xd, yd) 2 Dc (4.5)

where Dc represents the circular disk of radius r0 lying on the plane (y1, y2), centered at the origin
of the coordinate system, while A and !d denote, respectively, the amplitude and frequency of
deformation of the sphere.

For arbitrary values of amplitude and frequency of deformation of the sphere, A = r0/2 and
!d = 4 rad/s, Fig. 4.1a shows the comparison between the velocity potential evaluated at the
observer location (yo1, y

o
2, y

o
3) = (�150r0, 10r0, 0) through Eq. (4.4), and that predicted by the

present FFR deformable-boundary integral formulation applied to the deforming porous sphere
surface which solves the wave equation for the velocity potential, Eq. (2.9). Similarly, for the same
problem and still considering the parameters over the porous surface to be known from Eq. (4.4),
Fig. 4.1b presents the comparison between the acoustic pressure determined analytically from Eq.
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(a) (b)

Figure 4.1: Signals emitted by a moving, pulsating source. (a): Velocity potential; (b): Acoustic pressure.

(4.4) combined with Bernoulli’s theorem and that provided by the deformable-boundary integral
formulations applied in the FFR over the deforming sphere to solve the Lighthill equation, Eq.
(2.4). Notice that, an identical acoustic pressure signature is obtained by the deformable-boundary
integral formulations applied to the Ffowcs-Williams and Hawkings equation for porous surfaces,
Eq. (2.7).

Thus, these figures demonstrate that the proposed boundary integral formulation perfectly cap-
tures the radiated field from the data given over an arbitrarily deforming surface, both by solving
velocity potential and acoustic pressure problems.

This is confirmed by Fig. 4.2, which depicts the comparison between the analytical acoustic
pressure and that given by the deformable-boundary integral formulation applied over the deforming
sphere to solve the Ffowcs-Williams and Hawkings equation (or the Lighthill equation) for porous
surfaces, in the case of the presence of an additional source pulsating with a frequency equal to
!'/2, also located at the origin of the coordinate system.

Figure 4.2: Acoustic pressure emitted by a pair of moving sources with different frequencies of pulsation.

Finally, it is worth noting that the same excellent quality of predictions is obtained by considering
different deformations of the sphere, and different locations of the second pulsating source. This set
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4.3. Non-circulatory flow around deforming wing

of results can be considered a validation of the proposed formulation for applications on deforming
porous surfaces.

4.3 Non-circulatory flow around deforming wing

The next step of the validation process consists of proving numerically the equivalence of the
deformable-boundary integral formulations expressed in the MFR, Eq. (3.23), and in the FFR,
Eq. (3.25).

This is accomplished by examining the acoustic field radiated by a non-lifting flapping and
twisting wing in uniform translation (the fluid is assumed to be perfect, the flow is assumed to
remain non-circulatory and no wake is generated at the trailing edge). Specifically, we evaluate the
acoustic pressure and velocity potential fields observed at a point fixed in the FFR during the wing
flyover by applying, respectively, the integral solutions of Eqs. (2.6) and (2.9) both in the FFR
and in the MFR translating with the wing. Note that, the signal radiation is based on the a-priori
knowledge of the flow parameters over the boundary surface. These are approximately assumed to
be equal to those determined through a well-assessed rigid-boundary integral formulation for the
velocity potential, in which the wing deformation is only taken into account through the boundary
condition of body impermeability [30].

The examined wing is rectangular, with NACA 0012 airfoil shaped cross sections, chord length
equal to c = 1 m and span length equal to b = 10 m. It is assumed to fly along the x1�axis of a
Cartesian coordinate system fixed to the FFR, with the (x1, x3)-plane coinciding with the vertical
plane of symmetry of the wing and the x2-axis directed starboard.

In a Cartesian coordinate system, (y1, y2, y3), fixed to the MFR and parallel to the system of
coordinates (x1, x2, x3), wing bending and torsion are described by the following field of displace-
ments

yd(y, t) = qb(t)   b(y) + qt(t)   t(y), y 2 S
u
w

where S
u
w is the surface of the undeformed wing, qb(t) and qt(t) represent Lagrangian coordinates,

while    b and    t are bending and torsion shape functions, respectively.
For harmonic bending and torsion wing deformations such that

qb(t) = A cos(!bt); qt(t) = B cos(!tt)

and

   b(y) =

8
>><

>>:

0

0⇣
y2

b

⌘2

9
>>=

>>;
;    t(y) =

8
>>>><

>>>>:

y3 sin

✓
⇡
|y2|

b

◆

0

�y1 sin

✓
⇡
|y2|

b

◆

9
>>>>=

>>>>;

Fig. 4.3a and Fig. 4.3b present, respectively, the velocity potential and the acoustic pressure at
the observer position (x1, x2, x3) = (0,�b/5, b/10) determined by the deformable-boundary integral
formulations expressed in the FFR and MFR while the wing moves from x1 = �10 m to x1 = 10

m, flying at three different Mach numbers, M , with A = 0.5 m, B = 0.2 rad, !b = ⇡Mc0/5 rad/s,
!t = 3⇡Mc0/10 rad/s (i.e., such that two bending oscillations and three torsion oscillations occur
during the windowed wing trajectory). These results prove the equivalence between the proposed
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4.3. Non-circulatory flow around deforming wing

(a) (b)

Figure 4.3: Velocity potential and acoustic pressure radiated by a translating wing subject to bending and
torsion deformations. (a): Velocity potential; (b): Acoustic pressure.

integral formulations expressed in FFR and MFR, regardless of the strength of the compressibility
effects and the perturbation variable that is considered to describe the propagation phenomenon,
thus providing further validation of their correctness.

Next, to highlight the importance of describing the propagation phenomena through a formula-
tion that takes into account boundary deformations (if present), Fig. 4.4a and Fig. 4.4b show the
comparison between the predictions of the radiated acoustic pressure obtained by the formulation
in chapter 3 with those obtained under the assumption of undeformed boundary, at two Mach num-
bers. It can be observed that the effects due to boundary deformation are not negligible and in
particular, they become significant for the higher Mach value.

(a) (b)

Figure 4.4: Acoustic pressure from deformed-boundary and undeformed-boundary integral formulations.
(a): M = 0.5; (b): M = 0.7.
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4.4 Deformable porous sphere enclosing a pulsating source: valida-

tion of boundary integral equation

Let us consider the same case of a deforming porous sphere enclosing a pulsating source examined
in Sec. 4.2, but assuming both the source and the sphere at rest.

As in Sec. 4.2, the objective is to compare the pressure perturbation directly radiated by the
source (determined analytically) with that predicted numerically through application of the pro-
posed BEM tool (since the porous surface does not affect the perturbation field, the pressure propa-
gated outward by the boundary integral solution theoretically coincides with that radiated directly
by the source).

However, in this case, the boundary integral formulation is first applied as a boundary integral
equation to determine the acoustic pressure over the porous surface (solution of the FWHE with
kinematic terms known from imposed surface deformation and flow velocity induced by the source),
and then as a boundary integral representation to radiate it in the external field.

Specifically, we consider a point source pulsating with angular frequency !s = 2⇡ rad/s, at rest
at the center of the spherical porous surface of radius r0 = 1 m which deforms according to Eq.
(4.5) with A = 2 r0/5 and !d =

p
2!' ().

For an observer located at a distance d = 50r0 from the source, Fig. 4.5(a) shows the comparison
between the pressure perturbation evaluated analytically with that radiated by the porous surface
according to the BEM approach. Note that, although the solution from the boundary integral
formulation includes the combination of several multi-harmonic contributions due to the harmonic
deformation of the surface (see Fig. 4.5(b) which depicts the time-history of the pressure determined
over an arbitrary point of the pulsating surface), these suitably cancel-out at the fixed observer
position and thus the numerical and analytical solutions are mono-harmonic and perfectly coincide,
thus validating the formulation applied here.

(a) observer pressure (b) surface pressure

Figure 4.5: Pressure perturbation due to a pulsating source.
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4.5 Sound waves emitted by large-amplitude pulsations of spheres

The objective of this section is the assessment of the accuracy of the boundary integral formulation
developed in this work in predicting the acoustic field generated by bodies undergoing large defor-
mations. In particular, it is focused on the validation of the boundary integral contributions from
deforming surfaces by comparison with analytical solutions.

Thus, the problem of the linear sound waves radiated by a pulsating sphere immersed in an
inviscid fluid is considered. It is solved by using the boundary integral formulation for the velocity
potential field expressed in FFR, with nonlinear terms neglected, which is obtained from Eq. (3.25)
by considering  = ', z = r', Z = 'I, k1 = �1/c20 (@'/@t), k2 = �'/c

2
0, w = 0, � = 0 (null

nonlinear terms), and reads
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where ⇥ = (1�v ·er/c0) and J = |a1⇥a2 ·a3|/|⇥| (note that the contribution from nonlinear terms
in Eq. (3.25) would be expressed by a field volume integral). The associated boundary conditions
are: (i) the impermeability condition defined at any time over the surface, S, of the deforming body,
which reads

@'

@n

����
S
= v · n (4.7)

where v denotes the velocity of the surface points, and n represents the outward unit normal vector
of body surface, and (ii) the Sommerfeld condition at points that are infinitely distant from the
body.

The radiated perturbation field is determined in two steps: first, Eq. (4.6) is applied as a
boundary integral equation with x⇤ 2 ⌦ in order to evaluate the velocity potential field over the
sphere surface and then, the same equation is applied as a boundary integral representation to
evaluate the velocity potential at any point in the field.

The predictions from this boundary integral formulation are validated against linear analyti-
cal solutions of the sound waves emitted by the pulsating sphere, partly already available in the
literature (those related to small-amplitude pulsations or large-amplitude/low-frequency pulsations
[69, 70]), and partly originally developed in this work in appendix E (those related to large -
amplitude/high-frequency pulsations).

It is worth remarking that, although the nonlinear forcing terms in Eq. (2.8) might considerably
affect the acoustic waves radiated by large deformations of the sphere (see, for instance, Refs. [71–
73]), these are neglected in this comparison because it is aimed at validating the boundary integral
contribution from deforming surfaces.

Finally, note that Eq. (4.6) can be applied to develop an alternative derivation of the closed-
form analytical solutions of the acoustic field radiated by a sphere undergoing small-amplitude
pulsations or large amplitude pulsations with low-frequency, which are already available in the
literature [69, 70]. This is accomplished in appendix F.
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4.5.1 Space discretization of the velocity potential formulation

For the purpose of the numerical application of the above boundary integral formulation, and follow-
ing the approach indicated in Sec. 4.1, the surface of the sphere is discretized into Np quadrilateral
panels. These panels are represented as hyperbolic paraboloid surfaces. Over these surfaces the
velocity potential and its space and time derivatives are assumed to be uniformly distributed, equal
to those evaluated at the centroid of the hyperbolic paraboloid (zeroth-order BEM).

When the formulation is applied as a boundary integral equation, the satisfaction of the equation
is imposed at the center of each discretization panel (collocation method, see Sec. 4.1 for details).
This yields the following set of time-delay equations whose solution provides the time-history of the
piecewise constant velocity potential over the surfaces of the panels

1

2
'k(t⇤) =

NpX
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Akm �m(t⇤ � ✓km) +
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t
m(t⇤ � ✓km), for k = 1, Np (4.8)

where 'm and '
t
m denote, respectively, the velocity potential and the derivative of the velocity

potential along the direction of the local body Mach number component tangent to the surface,
Mt = M � Mnn evaluated at the center of the m-th panel, �m represents the normal derivative
of the velocity potential evaluated at the same point (known from the impermeability boundary
condition in Eq. (4.7)), ✓km denotes the signal transmission delay related to the observer at the
center of the k-th panel and the emitting source at the center of the m-th panel. In addition, the
influence coefficients are derived as particular cases of the general coefficients given in Sec. 4.1.1,
and are defined as
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with ⌦m denoting the (⇠1, ⇠2)-domain where the surface of the m-th panel is mapped. The factor
1/2 which appears at the left-hand side of Eq. (4.8) accounts for the contribution of the free terms
deriving from the singularity of the kernel function @G0/@n arising when the position of the observer
tends to the limit on the emitting surface. Thus, when k = m the coefficients Bkm are intended as
Cauchy principal values of the surface integral [30, 68].

Once the velocity potential over the sphere is known, it may be readily used to determine
the velocity potential field radiated at external points through the discretized boundary integral
representation which is formally identical to Eq. (4.8), with the factor 1/2 at the left-hand side
removed [30, 68].
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4.5.2 Harmonic-balance solution algorithm

Then, let us consider a harmonically pulsating sphere with the instantaneous radius, rs, given by

rs(t) = r0 + a sin!t (4.13)

where r0 represents its average value, while a and ! denote, respectively, amplitude and angular
frequency of the oscillations. The application of the BEM solver for the determination of the
corresponding velocity potential field yields time-periodic influence coefficients in Eqs. (4.9), (4.10),
(4.11) and (4.12). Indeed, they are defined over the delayed deforming surface in terms of the
surface velocity, v, and the variables r, J, ✓,⇥, and thus depend on its motion. Their fundamental
harmonic is equal to that of the sphere pulsations. Note that, if the surface of the sphere is assumed
to be undeformed (as it is typically done in the case of small-amplitude vibration problems), these
coefficients are constant over time.

Differently to general solution approach described in Sec. 4.1.2, in this case to evaluate the
time history of the velocity potential perturbation it is convenient to express it in terms of its
Fourier series (typically, this solution procedure is useful for any wave radiation problem that can
be described as a combination of harmonics). For the piecewise constant, time-dependent variables
introduced in the velocity potential problem described in Eq. (4.8) this yields
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s
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where ! represents the fundamental harmonic, Na is the number of harmonics included in the
analysis, 'c

mn and '
s
mn are the cosine and sine components of the n-th harmonic of the velocity

potential at the center of the m-th panel, while 'm0 denotes its average value. The substitution of
the above expressions in Eq. (4.8) yields
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where

D
nc
km(t⇤) =[(1/2) �km +Bkm(t⇤) + Fkj(t⇤)Gjm(t⇤)] cos [n!(t⇤ � ✓km)] (4.15)

�n!Ckm(t) sin [n!(t⇤ � ✓km)]

D
ns
km(t⇤) =[(1/2) �km +Bkm(t⇤) + Fkj(t⇤)Gjm(t⇤)] sin [n!(t� ✓km)] (4.16)

+n!Ckm(t⇤) cos [n!(t⇤ � ✓km)]

B̂km(t⇤) = (1/2) �km +Bkm(t⇤) + Fkj(t⇤)Gjm(t⇤)

where Gjm(t⇤) are the coefficients providing 't at the center of the j-th panel from the knowledge of
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the velocity potentials 'm, for m = 1, ..., Np. Since in the problem under consideration the velocity
of the deforming surface is aligned with the local normal direction, the term Fkm(t⇤) is zero (see
Eq. (4.12)). In addition, the forcing term fk(t⇤) is related to the normal derivative of the velocity
potential and can be evaluated from the knowledge of the impermeability boundary conditions as

fk(t⇤) =

NpX

m=1

Akm(t⇤)�m(t⇤ � ✓km) (4.17)

Next, collecting the above coefficients in the Np⇥Np matrices Dnc
,D

ns and B̂, and the forcing
terms in the Np-element vector, f , and introducing the following Fourier-series expansions
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the system of periodic-coefficient algebraic equations in Eq. (4.14) can be reformulated in the fol-
lowing constant-coefficient system of algebraic equations with unknowns the Fourier coefficients of
the velocity potential at the centroids of the panels
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where 'nc and 'ns are vectors collecting, respectively, the cosine and sine components of the n-
th harmonic of the velocity potentials over the Np discretization panels, whereas '0 is the vector
collecting their average values (a similar definition is valid for the vectors fnc, fns and f0).

Equation (4.18) can be conveniently rearranged in the following equivalent expression
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Then, denoting with ' the vector of Np(2Na + 1) elements collecting the '0, 'nc and 'ns

Fourier coefficients, with f
� the vector of Np(2Na+1) elements collecting the f0, fhc and fhs Fourier

coefficients, and with D the matrix of dimensions Np(2Na + 1) ⇥ Np(2Na + 1) that collects the
Fourier coefficients of the matrices D

nc
,D

ns and B̂, Eq. (4.19) can be re-written in the following
compact form

' = D'+ f
� (4.20)

and, thus, the Fourier coefficients of the velocity potential on each panel of the sphere surface can
be determined as (see also [67])

' = (I�D)�1
f
� (4.21)

Note that, in general, even in the case of mono-harmonic sphere pulsations (as those considered
here), the corresponding velocity potential perturbations are multi-harmonic, due to the presence
of kinematic nonlinearities which imply the combination of harmonic signals. A mono-harmonic
solution arises if the amplitude of pulsations is very small (see later).

As already mentioned, once the values of the velocity potential over the body’s panels are
evaluated, the velocity potential in the field may be readily determined through the proposed
numerical algorithm applied to the integral formulation conceived as an integral representation.

Finally, it is worth highlighting that for rigid boundaries Eq. (4.19) is equivalent to the solution
algorithm that can be obtained from the Fourier transform applied to Eq. (4.8), with complex
variables replaced by their expressions given in terms of sine and cosine components.

4.5.3 Numerical investigation

Next, the results of the numerical investigation carried out to validate the novel deformable-
boundary integral formulation are presented. Considering the velocity potential field radiated by
pulsations of a sphere with small or large values of amplitude and low or high values of frequency
that satisfy the kinematic and geometric constraints, namely, ka < 1 and a/r0 < 1 (where k = !/c0

is the wave number), the validation consists of correlations with predictions given by analytical
solutions of the homogeneous wave equation discussed in appendix E (where an original analyti-
cal solution for large-amplitude, non-small frequency pulsations is introduced, and also solutions
already available in the literature are presented for the sake of completeness [69, 70]).

For a physical interpretation of the results, these are presented in terms of the corresponding
acoustic pressure (pressure perturbations) determined by application of the Bernoulli’s theorem as
p
0 = �⇢0 '̇, where ⇢0 denotes the density of the undisturbed fluid. For the sake of clarity the

different analytical solutions proposed here are referred to as

• solution A: valid for a/r0 ⌧ 1 and kr0 ⌧ 1, low-frequency, small-amplitude pulsations, Eq.
(E.14);

• solution B: valid for a/r0 ⌧ 1, small-amplitude pulsations, Eq. (E.16);

• solution C: valid for kr0 ⌧ 1, low-frequency pulsations, see Eq. (E.18);

• solution D: valid for either large-amplitude or high-frequency pulsations, such that ka ⌧ 1,
see Eq. (E.24);
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• solution E (exact): valid for large-amplitude, high-frequency pulsations, such that ka < 1,
see Eq. (E.24).

The numerical investigation concerns a sphere with average radius equal to r0 = 1 m, immersed
in an undisturbed fluid with density ⇢0 = 1.22 kg/m3, and speed of sound c0 = 340 m/s. All results
obtained by the BEM solver are to be considered numerically converged. Unless specifically stated,
they are obtained by using 578 panels to discretize the surface, given by diving it into 34 meridian
circles and 17 parallel circles (the results of a detailed convergence analysis are given later).

Fig. 4.6 shows the acoustic pressure observed at a distance d = 10 r0 concerning a low-frequency,
small-amplitude pulsations case with kr0 = 0.05 and a/r0 = 0.01 (note that, for all the results
presented in the following the same values of r0, ⇢0 and c0 are assumed).

Figure 4.6: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 0.05, a/r0 = 0.01.

As expected, for this low-frequency, small-amplitude pulsations case the radiated noise given
by all the proposed solutions coincides with the BEM prediction and is mono-harmonic (with the
same frequency of the sphere pulsations). In contrast, when a higher-frequency case is considered,
two of the proposed solutions, namely solution A and solution C which are developed under the
low-frequency assumption, are of low accuracy and have discrepancies from the BEM results. This
is demonstrated in Fig. 4.7 where the outcomes for kr0 = 0.8 and a/r0 = 0.01 are shown, with
the results that are not in agreement with BEM predictions depicted by dashed lines (this type of
representation to distinguish accurate from inaccurate predictions is also applied in the following
figures).

The results corresponding to low-frequency, large-amplitude pulsations are depicted in Fig. 4.8,
for kr0 = 0.05 and a/r0 = 0.5. In this case, solutions A and B present significant differences
from the BEM solution (note that only one dashed curve appears since these two solutions are
numerically coincident). It is worth observing that, as expected from the structure of the BEM
solution in Eq. (4.21) and as discussed in the theoretical development of the analytical solutions
in appendix E, large-amplitude pulsations produce multi-harmonic perturbation waves which are
correctly captured by solutions C, D, and E.
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Figure 4.7: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 0.8 and a/r0 = 0.01.

Figure 4.8: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 0.05 and a/r0 = 0.5.

As mentioned above, all results are obtained by using 578 panels to discretize the surface.
This provides converged results, as proven by a dedicated numerical investigation based on the
determination of the relative L2-error between between the numerical prediction, p0 num, and the
analytical solution, p0 an, of the acoustic pressure defined as

✏
2
r =

NtP
i=1

⇣
p
0 num
i � p

0 an
i

⌘2

NtP
i=1

(p
0 an
i )2

where Nt denotes the number of time intervals within a period. Indeed, for the case examined in
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Fig. 4.8 regarding pulsations with a/r0 = 0.5 and kr0 = 0.05, Fig. 4.9 shows the decay of the
relative L2-error with increasing number of discretization panels. The fourth-degree polynomial
extrapolation curve (dashed line) demonstrates that correctly the asymptotic relative error is equal
to zero as the number of discetization panels increases. Note that for Np = 17 (which corresponds
to 17 parallels and 34 meridian lines of discretization and a total number of panels equal to 578)
we have a negligible relative L2-error, ✏2r ⇡ 5 ⇥ 10�5. However, this figure also demonstates that
a very small error, ✏2r ⇡ 1 ⇥ 10�3, is achieved by using a much smaller numer of discretization
panels amounting to 128. Next, we consider pulsations of higher frequency and medium amplitude.

Figure 4.9: Relative L2-error between numerical prediction and analytical solution of the radiated acoustic
pressure as a function of the discretization mesh, for kr0 = 0.05, a/r0 = 0.5, d/r0 = 10 (NP = number of
parallel circles and half of the number of meridian lines).

In particular, for kr0 = 0.3 and a/r0 = 0.1, the results presented in Fig. 4.10 demonstrate that
accurate predictions can be obtained only by solutions D and E which provide predictions well
matched to those obtained by the BEM solver.

Instead, when the pulsations of the sphere are, at the same time, of large amplitude and not low
frequency only the solution E is in perfect agreement with the BEM prediction. This is proven by
Fig. 4.11 for kr0 = 1.0 and a/r0 = 0.5, where all other proposed solutions show large discrepancies
from the BEM results.

The numerical investigation presented provides a successful validation of the developed BEM
solver for arbitrarily deforming boundaries, with the analytical results that are perfectly in line with
the expected trend in the prediction accuracy of the different solutions as frequency and amplitude
of the pulsations change.

They confirm that when the amplitude of the pulsation is not small, the signal radiated by single-
frequency pulsations is multi-harmonic, with the amplitude of the higher harmonics increasing with
the amplitude of the pulsation amplitude. This is clearly illustrated in Fig. 4.12 which depicts
the spectrum of acoustic waves propagated at d/r0 = 10, for kr0 = 1.0 and a/r0 = 0.1, 0.3, 0.5

evaluated by the solution E and the BEM solver. In fact, this picture shows that for the lowest
considered value of the amplitude, a/r0 = 0.1, the signal is almost mono-harmonic, with a very small
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Figure 4.10: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 0.3 and a/r0 = 0.1.

contribution from the second harmonic. In contrast, for a/r0 = 0.3 and a/r0 = 0.5 non-negligible
contributions in the spectrum of the radiated acoustic wave are observed from the first three and
six harmonics, respectively.

Figure 4.11: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 1.0 and a/r0 = 0.5.

It is interesting to note that, when the surface deformation is significant, the terms proportional
to the time derivative of the Jacobian, J , which appear in the new deformable-boundary integral
formulation play a key role in the prediction of radiated waves (see Eq. (4.6)). This is proven
by the results shown in Fig. 4.13 and 4.14 which are related to kr0 = 1.0 and, respectively,
a/r0 = 0.05 and a/r0 = 0.5. In fact, Fig. 4.13 demonstrates that when the sphere is slightly
deformed, a/r0 = 0.05, the inclusion of the terms proportional to dJ/dt in the BEM solver has a
negligible effects on the prediction. To the contrary, Fig. 4.14 shows that when the sphere is subject
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to large deformations, a/r0 = 0.5, the contributions to the BEM solution of the terms proportional
to dJ/dt are of fundamental importance, since they significantly affect the prediction of the higher
harmonic content of the radiated signal due to the large amplitude of the pulsations.

Figure 4.12: Acoustic wave spectra at d/r0 = 10, for kr0 = 1.0 and a/r0 = 0.1, 0.3, 0.5.

Figure 4.13: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 1.0 and a/r0 = 0.05.
Comparison among complete BEM solution, BEM solution without dJ/dt terms, and analytical solution E.

Finally, again considering the case of high frequency and large amplitude pulsation, kr0 = 1.0

and a/r0 = 0.5, the agreement between the predictions provided by the BEM solver and those
provided by the E solution is confirmed whatever the distance of the observer from the centre of
the sphere. This is proven by considering the results in Fig. 4.11 obtained for d/r0 = 10, and those
presented in Fig. 4.15 obtained for d/r0 = 2 and d/r0 = 100. Thus, it is possible to conclude that
these two solutions coincide correctly for both near-field and far-field observers.

Beatrice De Rubeis 41



4.5. Sound waves emitted by large-amplitude pulsations of spheres

Figure 4.14: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 1.0 and a/r0 = 0.5.
Comparison among complete BEM solution, BEM solution without dJ/dt terms, and analytical solution E.

(a) (b)

Figure 4.15: Acoustic pressure radiated by a pulsating sphere at d/r0 = 10, for kr0 = 1.0 and a/r0 = 0.5.
Comparison between BEM solution and solution E for (a) d/r0 = 2, and (b) d/r0 = 100.

The pulsation frequency kr0 = 1.0 corresponds to a wavelength that is about three times larger
than the diameter of the undeformed sphere. When the wavelength is similar to or smaller than the
diameter of the sphere, the number of discretization panels needed to maintain a relative L2-error
close to that of the previous results must necessarily increase.

The reason why the number of discretization panels needed to obtain accurate predictions in-
creases with the frequency and amplitude of pulsations lies in the shape of the emitting acoustic
surface on which the different contributions of the deformable-boundary integral formulation are
evaluated (for a given observation time and position, the emitting acoustic surface is the geometric
location where the points of the emitting surface were located at the moment they emitted the
signal received by the observer).

Beatrice De Rubeis 42



4.6. Noise emitted by a helicopter rotor in forward flight

This can be clearly understood by observing the acoustic surfaces depicted in Figs. 4.16 and
4.17. For a given time and a given position of the observer on the sphere, Fig. 4.16 shows the
acoustic surface for kr0 = 2.0 and a/r0 = 0.1, while Fig. 4.17 shows the acoustic surface for
kr0 = 10.0 and a/r0 = 0.05 (the color map represents the distribution of acoustic delays relative
to the given observer indicated by the red dot). In the case of non-small pulsation amplitudes, as
the pulsation frequencies increase, acoustic surfaces of increasingly complex shapes are generated,
which, therefore, require a very large number of discretization panels to accurately capture the
corresponding integral contributions.

Figure 4.16: Acoustic surface for given observer time and position over the sphere; kr0 = 2.0 and a/r0 =
0.01.

Figure 4.17: Acoustic surface for given observer time and position over the sphere; kr0 = 10.0 and
a/r0 = 0.05.

4.6 Noise emitted by a helicopter rotor in forward flight

In this section, the proposed boundary integral formulation is applied to examine the noise emitted
by the model helicopter rotor in forward flight tested in the framework of the HELINOISE project,
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for which experimental measurements are available in the literature [74]. The aim of this inves-
tigation is twofold: to assess its capability to simulate realistic aeronautical configurations and to
examine the influence of the deformation of the emitting surface on the emitted signal.

The rotor model corresponds to the BO-105 main rotor geometrically scaled by a scale factor
of 0.4. It has a diameter D = 4 m, four hingeless blades with NACA 23012 airfoil shaped cross-
sections, chord length c = 0.121 m, linear geometric twist equal to �8� and pre-coning angle equal
to 2.5�. The flight condition examined here consists of a forward flight with effective tip-path-plane
angle ↵TPP = �14.63�, advance ratio µ = 0.148, and hovering tip Mach number MTIP = 0.645

(case "508" of the HELINOISE project [74]).
The evaluation of the radiated noise by the proposed boundary integral formulation follows a

preliminary aeroelastic analysis of the rotor providing blade pressure and deformations. It is carried
out through the methodology described and validated in [61], which is based on the application of
Galerkin method, with the aerodynamic solution for potential flows determined by a boundary
integral formulation for rigid boundaries, where the effect of the dynamic deformation of the blades
is taken into account through the boundary conditions of impermeability.

The structural dynamics model of the blades is defined through the inertial and stiffness data
given in the HART II experimental programme [75] which examines the same scaled model of
the BO-105 main rotor considered in the HELINOISE project (no structural data are available in
[74])). The aeroelastic solution is obtained by considering three flapping modes, three lagging modes
and three torsion modes coinciding with the natural modes of vibration of a uniform, nonrotating
bending-torsion beam.

Considering the blade section located at 75% of the blade radius, Fig. 4.18 compares the pressure
coefficients determined numerically by the aeroelastic analysis during one revolution, with those
measured experimentally [74]. It shows that the numerical prediction is in good agreement with
measurements, thus providing reliable aerodynamics data for determining the aeroacoustic field.

The corresponding noise radiated by the deforming rotor blades is evaluated by the proposed
deformable-boundary integral formulation applied to solve the Ffowcs-Williams and Hawkings equa-
tion for solid surfaces, Eq. (2.6). Given a Cartesian coordinate system with the origin at the rotor
hub, the x-axis directed along the advancing direction pointing backward, the y-axis directed star-
board advancing side, and the z-axis pointing upward, for the microphone placed at xm = �3.99 m,
ym = 1.62 m, zm = �2.30 m, Fig. 4.19 depicts the noise signatures evaluated by the proposed for-
mulation expressed in the FFR and in a MFR following the rigid-blade motion. These are in perfect
agreement, thus confirming their equivalence also in the case of rotating deforming boundaries.

Next, Fig. 4.20 presents the comparisons among noise signatures provided by measurements,
those determined by the proposed deformable-boundary integral formulation, and those obtained
under rigid-blade assumption at four microphones placed in the advancing side. These results show
that the aeroelastic deformations scarcely affect the noise radiation predicted by boundary integral
formulations, and that the numerical simulation is in overall good agreement with the experimental
data: the positions of the noise signatures peaks are well captured, and the shape and amplitude
of the signals are predicted quite well, with some small local discrepancies. It is worth noting
that a slightly lower level of accuracy is obtained for microphones placed in the retreating side
where, however, the influence of the boundary deformation on the predicted noise radiation remains
negligible.

Beatrice De Rubeis 44



4.6. Noise emitted by a helicopter rotor in forward flight

Figure 4.18: Pressure coefficient at 75% of BO-105 rotor blade radius during one revolution, µ = 0.148
(case 508 of the HELINOISE project).

Figure 4.19: Comparison between noise signatures evaluated by the FFR and MFR deformable-boundary
integral formulations solving the Ffowcs-Williams and Hawkings equation.
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(a) (b)

(c) (d)

Figure 4.20: Comparison between numerical and experimental data, microphones coordinates expressed
in meters. (a): (xm, ym, zm) = (�3.99, 1.62,�2.30); (b): (xm, ym, zm) = (�3.99, 2.70,�2.30); (c):
(xm, ym, zm) = (2.01, 1.62,�2.30); (d): (xm, ym, zm) = (2.01, 2.70,�2.30).

Figure 4.21: Effect of increased torsion deformation on noise signature.
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Finally, in order to identify the sensitivity of the radiated noise on the deformation of the
boundary, the aeroelastic and aeroacoustic analyses are repeated for rotor blades with torsional
stiffness equal to 1/3 of the original one. For the microphone located at xm = �3.99 m, ym = 1.62

m, zm = �2.30 m, Fig. 4.21 presents the comparison among the noise signatures obtained by
deformable-boundary and rigid-boundary formulations, for the two different blade torsional stiff-
nesses, proving that when the torsional deformation increases the effect of boundary deformation
on noise propagation determined by integral formulations becomes significant.

It is important to note that, in all cases analyzed in Fig. 4.21, the aeroelastic solution is obtained
by considering aerodynamic loads that account for blade deformation solely through the imperme-
ability boundary conditions applied to the undeformed blade geometry. In contrast, the effects of
geometric boundary deformation are fully incorporated in the acoustic radiation integral formu-
lation, through the corresponding variations of the local normal vector and the surface Jacobian,
denoted by n and Js, respectively.

To evaluate their influence on the problem under investigation, Fig. 4.22 reports the Root Mean
Square (RMS) values

RMS
T (f) =

s
1

T

Z T

0
[f(t)]2 dt

computed over the blade surface and over one rotor revolution period, T , for the terms f|ṅ|Js = |ṅ|Js

and f|n|J̇s = |n|J̇s, with ṅ denoting the rate of change of the local normal due to deformation (rigid
body motion effect is omitted). Therefore, these terms represent the contributions arising specifically
from the dynamic deformation of the boundary (see, for instance, Eq. (3.26)). Figure 4.22 compares
these values computed for the nominal torsional stiffness configuration (see Figs. 4.22a and 4.22c)
with those obtained for the reduced torsional stiffness configuration (see Figs. 4.22b and 4.22d). As
expected, the contour plots clearly indicate that both RMS

T (f|ṅ|Js) and RMS
T (f|n|J̇s) attain larger

magnitudes in the reduced torsional stiffness case. Moreover, the results show that the deformation
effects associated with f|ṅ|Js are dominant, as evidenced by the different scales adopted in the
graphical representations.

This behaviour is intrinsically related to the nature of the blade deformation, which predomi-
nantly alters the orientation of the surface and, consequently, the local normal vector, rather than
its area. This represents a substantial difference with respect to the pulsating-sphere problem, in
which the only non-zero contribution arising from the dynamic deformation is associated with the
term f|n|J̇s (see Sec. 4.5.3).

The significant impact of increased torsional deformation on the noise signatures is further
confirmed by the results presented in Fig. 4.23 and Fig. 4.24, where the difference between the
overall sound pressure level (OASPL) evaluated by the deformable-boundary and the rigid-boundary
integral formulations over a hemisphere of radius R = 4 m centered at the rotor hub is shown, both
for the nominal blade torsional stiffness (Fig. 4.23) and for the reduced blade torsional stiffness
(Fig. 4.24).
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(a) Nominal torsional stiffness - f|ṅ|Js (b) Reduced torsional stiffness - f|ṅ|Js

(c) Nominal torsional stiffness - f|n|J̇s
(d) Reduced torsional stiffness - f|n|J̇s

Figure 4.22: RMS
T values of the terms f|ṅ|Js

and f|n|J̇s
computed over the blade surface and over one

rotor revolution period. Comparison between nominal and reduced torsional stiffness configurations.
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4.6. Noise emitted by a helicopter rotor in forward flight

Figure 4.23: Difference between OASPL evaluated by deformable-boundary and rigid-boundary integral
formulations over a hemisphere centered at the rotor hub for nominal torsional stiffness.

Figure 4.24: Difference between OASPL evaluated by deformable-boundary and rigid-boundary integral
formulations over a hemisphere centered at the rotor hub for reduced torsional stiffness.
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Chapter 5

Noise scattered by deforming bodies

This chapter deals with the theoretical and numerical analysis of sound scattering from deforming
bodies. The objective is the development of advanced predictive tools, based on boundary inte-
gral formulations, capable of accurately describing noise scattered by moving surfaces subject to
deformation.

In the first part of this chapter, the novel deformable-boundary integral formulation presented in
the previous chapters is applied to solve the linear wave equation for the scattered perturbation field
described in terms of either velocity potential or acoustic pressure, extending the analysis previously
presented in [76]. As for the propagation of noise produced by a pulsating sphere, a harmonic-
balance, multi-harmonic solution algorithm is applied, in order to include the nonlinear effects
generated both by the kinematics of deformable surfaces and to overcome the stability issues arising
when high-frequency scattering problems are solved through time-marching solution methods. The
method has been successfully tested on rigid and pulsating spherical scatterers, thus providing the
prediction of body deformation effects on the directivity of the scattered noise.

The second part of the chapter extends the analysis presented in [77] to include the fluid nonlin-
earities relating to the flow generated by the dynamic deformation of the scatterer surfaces. These
appear as forcing terms in the wave equation of the velocity potential, Eq. (2.8). An innovative iter-
ative scheme, called “velocity-potential cascade”, is introduced, capable of solving the corresponding
nonlinear problem of sound scattered by deforming bodies via a harmonic-balance approach. The
effectiveness of the approach is evaluated through simulations of the sound scattered by a pulsating
sphere impinged by a plane wave. The convergence of the iterative procedure and the effects on the
angular distribution of the scattered sound of the amplitude and frequency of the pulsation, as well
as the amplitude of the incident signal, are examined and discussed.

5.1 Linear scattering formulations

In this section the linear sound scattering problem is examined through two different descriptions
of the perturbation field: one in terms of the acoustic pressure governed by the FWHE and one in
terms of the velocity potential.

In principle, velocity potential perturbations and acoustic pressure are scalar fields that can
equivalently describe scattering acoustic phenomena. However, this is entirely true for those phe-
nomena not significantly affected by the presence of vorticity. In this case, acoustic pressure formu-
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lations provide more accurate predictions by appropriately including the nonlinear terms given by
the Lighthill stress tensor. At the same time, it has been shown that when sound scattering is not
significantly affected by the presence of vorticity and the scatterer is moving (as in most applica-
tions of aeronautical interest), the velocity potential formulation is convenient because it provides
more accurate linear solutions than those given by the Lighthill or Ffowcs-Williams and Hawkings
equations (see, for instance, Ref. [23], where it is proven that the different approaches are perfectly
equivalent only if all nonlinear terms are included). For these reasons, it is appropriate to develop
sound scattering solutions expressed in terms of both velocity potential and acoustic pressure.

This section is structured as follows. The boundary integral solution of the scattered field
formulated in terms of the acoustic pressure is presented in Sec. 5.1.1, with a detailed description of
a computationally-efficient algorithm which provides the frequency spectrum of the multi-harmonic
scattered field (as shown later, it must necessarily be used for high-frequency impinging waves
for which time-marching approaches present numerical inaccuracies). Next, Sec. 5.1.2 provides
the boundary integral solution of the scattered field formulated in terms of the velocity potential,
from which the frequency-domain solution can be expressed by straightforward application of the
harmonic-balance, multi-harmonic algorithm introduced above.

5.1.1 Sound scattering described in terms of acoustic pressure

Let us consider the acoustic pressure governed by the acoustic analogy expressed by the FWHE,
Eq. (2.6) [47]. Then, the integral formulation solution for the acoustic pressure field bounded by
deformable surfaces can be derived from the general integral solution Eq. (3.25) suitably specialized,
as given in chapter 2.

Denoting by P = (p � p0) I the compressive stress tensor (the viscous term appearing in the
definition of P given in Sec. 2.1 is a negligible source of sound and is typically neglected) and by v and
u, respectively, the velocity of the points of the boundary surface and the local velocity of the fluid
with respect to the FFR, Eq. (2.10) reproduces the FWHE for a generic porous boundary surface
when  = p

0, � = �r ·r ·(HT), where T denotes the Lighthill stress tensor, Z = P+⇢u⌦(u�v)

and w = �⇢0v � ⇢(u � v), while z = 0, k1 = 0 and k2 = 0 [57]. Thus, suitably re-arranging
the integral formulation solution of the general wave equation in Eq. (3.25) expressed in the FFR,
neglecting the nonlinear contribution of � , and assuming (p�p0) ⇡ p

0, the following representation
of the external acoustic pressure radiated by deformable porous surfaces is readily obtained
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0n · er

c0
G0

J

⇥

# ����⇠3=0
g=0

d⇠1d⇠2

�

ZZ

⌦
⇢0

"
@

@t

����
⇠

[v · nG0 J ]
1

⇥

# ����⇠3=0
g=0

d⇠1d⇠2

�

ZZ

⌦

"
⇢u

�
· nu ·rG0 J +

@

@t

����
⇠


⇢u

�
· n

✓
1 +

u · er

c0

◆
G0 J

�#
1

⇥

����⇠3=0
g=0

d⇠1d⇠2

(5.1)

where G0 = �1/(4⇡r), with r = |x⇤ � x| denoting the distance between the emitting point
x(⇠1, ⇠2, ⇠3, t) and the receiving point x⇤, whereas ˙(...) = @(...)/@t|⇠. In addition, u

� = u � v,
⇥ = 1 �M · er where M = v/c0 and er = r/r, while J = |a1 ⇥ a2 · a3|/⇥ is the Jacobian of the
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curvilinear co-ordinates transformation, with a� denoting the covariant basis vectors of the curvi-
linear coordinate system. Furthermore, the symbol (...)|⇠3=0 indicates evaluation over the boundary
surface, whereas, for g = t� t⇤+ ✓, the symbol (...)|g=0 represents evaluation at the time t = t⇤� ✓.

Following the approach outlined in Ref. [48], let us extend the acoustic pressure formulation by
considering N⌦ surfaces. To simplify the notation, the first integral of Eq. (5.1) is called I

p
⌦(p, ṗ),

the second integral relating to the surface velocity is called I
v
⌦(v), and the third integral accounting

for the possible porosity of the surface is called I
u
⌦(⇢,u). This yields

p
0(x⇤, t⇤) =

N⌦X

j=1

I
p
⌦j
(p0, ṗ0) +

N⌦X

j=1

I
v
⌦j
(v) +

N⌦X

j=1

I
u
⌦j
(⇢,u) (5.2)

For scattering applications the total acoustic pressure field (in the following named p instead of
p
0 for the sake of symbol conciseness) is conceived as the superposition of an incident component,

p
I , independent of the scatterer, and a component due to the scatterer influence, pB. Let us call
⌦I the (eventually porous) surface that emits the incident field, which is considered independent
of the presence of the solid scattering surfaces, ⌦S

j , where u
�
· n = 0. The incident field therefore

satisfies the following equation

p
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p
⌦I (p
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I) (5.3)

The substitution of the combination of incident and body-induced pressure fields, p = p
I + p

B, in
Eq. (5.2) yields (note that I

u
⌦S

j
(⇢,u) = 0, 8j)
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from which, considering Eq. (5.3), the following expression for the pressure component due to the
presence of scatterers is obtained

p
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Next, it is convenient to distinguish between two contributions to pressure pB: one related to the
motion of the body, independent of the incident field, pM , and one that accounts for the scattered
field p

S . Thus, for p
B = p

M + p
S , Eq. (5.4) gives the relation

p
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with p
M satisfying, by definition, the equation of pressure perturbations generated by body motion

(often referred to as thickness noise in aeronautical applications)

p
M (x⇤, t⇤) =
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Combining Eq. (5.5) with Eq. (5.6), and recalling that the contribution of the acoustic pressure to
the boundary integral terms is linear, the following expression for the scattered component of the
acoustic pressure is finally obtained

p
S(x⇤, t⇤) =

N⌦�1X

j=1

I
p
⌦S

j
(pS + p

I
, ṗ

S + ṗ
I)

From the above expression, it turns out that from the knowledge of the incident pressure field,
the scattered acoustic pressure distributed over the solid surface, S, of a single scatterer can be
evaluated through solution of the following boundary integral equation derived from Eq. (5.1), with
x⇤ ! S (see also [48, 76])
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(5.7)

where, for Mn = M ·n, the contribution of the coefficient � = 0.5/(1�M
2
n) represents the so-called

free terms deriving from the singularity of the kernel function which arises when the position of the
observer tends to the limit on the emitting surface, while the right-hand-side of the equation must
be intended as the Cauchy principal value of the surface integral.

The expression of the singularity free term is demonstrated in [48] for rigid bodies. It can
be demonstrated that it remains valid also for deformable surfaces (this can be straightforwardly
accomplished by repeating the demonstration of [48] by applying the Prandtl-Glauert transformation
related to the total local velocity Mach number).

Once Eq. (5.7) is numerically solved by a BEM algorithm, the scattered field at any point of the
external domain can be readily evaluated by applying Eq. (5.1) as an integral representation that
exploits the knowledge of the scattered pressure over the body.

Multi-harmonic scattering solution algorithm

The numerical solution of Eq. (5.7) can be determined by application of the BEM approach il-
lustrated in Sec. 4.1, for which the scatterer surface is discretized into quadrilateral panels where
the acoustic pressure is assumed to be uniformly distributed, and the time discretisation of the
equations obtained by imposing the satisfaction of Eq. (5.7) at the centers of the panels (collocation
method) yields the system of algebraic equations to be solved.

However, acoustic problems are typically represented in the frequency domain. This occurs
because acoustic phenomena typically deal with high-frequency signals, for which time-domain so-
lution algorithms are subject to the occurrence of numerical instabilities that prevent the evaluation
of accurate and reliable solutions.

For rigid scatterers the frequency-domain version of the boundary integral equation for the scat-
tered pressure is readily obtained by applying the Fourier transform to Eq. (5.7). In that case, each
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harmonic of the incident pressure corresponds to a scattered pressure signal of the same harmonic,
whose amplitude and phase depend on the shape of the scatterer and the position of the observer
(linear, time-invariant coefficient problem). Instead, akin to the problem of sound radiated by a
pulsating sphere examined in Sec. 4.5, in the case of deformable scatterers the influence coefficients
derived from the BEM solution algorithm are not constant in time and each harmonic of the inci-
dent pressure corresponds to a multi-harmonic scattered pressure signal due to the combination with
the harmonics of the influence coefficients (linear, time-variant problem). Thus, to determine the
frequency-domain solution of sound scattered by deformable surfaces the multi-harmonic algorithm
already introduced in Sec. 4.5.2 is applied to the integral formulation for scattered pressure.

To this aim, let us consider the surface of the scatterer divided into Np panels. By imposing the
satisfaction of the space-discretized version of Eq. (5.7) at the center of the k-th panel we obtain
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where p
S
k , p

I
k denote scattered and incident acoustic pressure evaluated at the center of the k-th

panel, ✓km denotes the delay ✓ related to the observer located at the center of the k-th panel and
the emitting source located at the center of the m-th panel, whereas

Bkm = �
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Ckm = �
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where ⌦m represents the region in the (⇠1, ⇠2) domain where the surface of the m-th surface panel is
mapped. Due to the deformation of the surface its geometrical parameters, and thus the coefficients
�k, Bkm, and Ckm, are time-variant (it is worth recalling that the coefficients Bkm are intended as
Cauchy principal values of the integral when k = m).

To determine a frequency-domain expression of the scattered field, let us assume that the incident
pressure is harmonic and that the influence coefficients given by application of the BEM approach
are periodic, with their fundamental harmonic being a multiple or a sub-multiple of the harmonic
of the incident signal. Note that this assumption is not too limiting or unrealistic. It is applicable,
for example, in all those cases where the deformation of the scatterer is the result of the response
of an elastic structure to incident pressure. In particular, when the structural dynamics operator is
linear the deformation is mono-chromatic with the same harmonic as the incident pressure, whereas
when nonlinear geometric contributions appear due to large deformations, these give rise to multi-
harmonic contributions that are multiples or sub-multiples of the harmonic of the forcing signal.

Thus, it is useful to introduce the Fourier series expressing the scattered pressure and its time
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derivative, namely

p
S
m(t⇤ � ✓km) = p

S
m0 +

NaX

n=1

�
p
Sc
mn cos [n!(t⇤ � ✓km)] + p

Ss
mn sin [n!(t⇤ � ✓km)]

�
(5.11)

ṗ
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where ! represents the fundamental harmonic, Na is the number of harmonics included in the
analysis, pScmn and p

Ss
mn are the cosine and sine components of the n-th harmonic of the scattered

pressure at the center of the m-th panel, while p
S
m0 denotes its average value. The substitution of

the above equations in Eq. 5.8 yields
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where
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km(t⇤) = [�km�m(t⇤) +Bkm(t⇤)] sin [n!(t⇤ � ✓km)] + n!Ckm(t⇤) cos [n!(t⇤ � ✓km)] (5.15)

B̂km(t⇤) = �km�m(t⇤) +Bkm(t⇤) (5.16)

and the forcing term f
I
k is related to incident pressure and thus is a known term defined as

f
I
k (t⇤) = �kp

I
k(t⇤) +

NpX

m=1

Bkm(t⇤) p
I
m(t⇤ � ✓km) +

NpX

m=1

Ckm(t⇤) ṗ
I
m(t⇤ � ✓km) (5.17)

Next, for D
nc
,D

ns and B̂ denoting the Np ⇥ Np matrices collecting, respectively, the periodic
coefficients in Eqs. (5.14), (5.15) and (5.16) whose Fourier series expansions read

D
nc(t⇤) = D

nc
0 +

NaX

h=1

[Dnc
hc cos(h!t⇤) +D

nc
hs sin(h!t⇤)]

D
ns(t⇤) = D

ns
0 +

NaX

h=1

[Dns
hc cos(h!t⇤) +D

ns
hs sin(h!t⇤)]

B̂(t⇤) = B̂0 +
NaX

h=1

h
B̂hc cos(h!t⇤) + B̂hs sin(h!t⇤)

i

the following system of algebraic equations with unknowns the Fourier coefficients of the scattered
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pressure at the centers of the panels is obtained from Eq. (5.13), applied for k = 1, Np
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(5.18)

In the above equation, pS
nc and p

S
ns are vectors collecting, respectively, the cosine and sine com-

ponents of the n-th harmonic of the scattered pressure at the Np panel centers, whereas p
S
0 is the

vector collecting their average values. Similarly, f Inc and f
I
ns are vectors collecting, respectively, the

cosine and sine components of the n-th harmonic of the forcing term in Eq. (5.17) evaluated at the
Np panel centers, while f

I
0 collects the corresponding average values.

Equation (5.18) can be conveniently rearranged in the following equivalent form
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(5.19)

Then, denoting with p
S the vector of Np(2Na + 1) elements collecting the p

S
0 , pS

nc and p
S
ns Fourier

coefficients, with f
I the vector of Np(2Na + 1) elements collecting the f

I
0 , f

I
nc and f

I
ns Fourier

coefficients, and with D the matrix of dimensions Np(2Na + 1) ⇥ Np(2Na + 1) that collects the
Fourier coefficients of the matrices D

nc
,D

ns and B̂, Eq. (5.19) can be re-written in the following
compact form (see also [76])

p
S = Dp

S + f
I (5.20)

and, thus, the Fourier coefficients of the scattered pressure on each panel of the scatterer surface
are given by

p
S = (I�D)�1

f
I (5.21)

Once the values of the scattered pressure over the body’s panels are evaluated, the scattered
pressure in the field may be readily determined through the proposed numerical algorithm applied
to the integral formulation conceived as an integral representation. In this case, the integral solution
can be formally expressed through Eq. (5.8) with x⇤ 62 S and hence �k = 0 (no singular integrals
appear). Indeed, for No representing the number of external observers where the scattered field is
evaluated, and for p

S
f denoting the vector of dimensions No(2Na + 1) which collects the Fourier

coefficients of the scattered pressure at these points we have

p
S
f = Df p

S + f
I
f (5.22)

where Df is a rectangular matrix that collects the Fourier components of the BEM coefficients for
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external observers, while f
I
f collects the Fourier components of the contribution from the incident

pressure expressed by Eq. (5.17) written for the same observers.

5.1.2 Sound scattering described in terms of velocity potential

Here, following a widely-used approach to study sound scattering problems, the perturbation field
is expressed in terms of the velocity potential, '(x, t), rather than acoustic pressure.

To this aim, let us enclose by a suitable porous surface ⌦I = @VI the sources of the incident
field. For VI denoting a subdomain of the inviscid fluid region Vf such that the nonlinear term � in
Eq. (2.8) can be considered negligible at all points x 2 Vf\VI (see Fig. 5.1), the equation governing
the velocity potential field reads

r
2
'�

1

c
2
0

@
2
'

@t2
= 0 x 2 Vf\VI

Figure 5.1: Representation of the scattered surface and incident field sources.

The integral solution of this equation is given in Eq. (4.6). Thus, considering N⌦ closed surfaces
forming the boundary of the domain Vf\VI , and denoting all integrals on the right-hand side of
Eq. (4.6) by I⌦(', '̇), we can rewrite the boundary integral solution of the velocity potential in the
following compact form

'(x⇤, t⇤) =
N⌦X

j=1

I⌦j (', '̇)

Observing that the incident velocity potential field satisfies the equation

'
I(x⇤, t⇤) = I⌦I

�
'
I
, '̇

I
�

(5.23)

and that, since the incident velocity potential is considered frozen, i.e. independent of the presence
of scatterers, also the following equation is satisfied (the surfaces of the scatterers behave like porous
boundaries of the fluid domain for the incident field)

'
I(x⇤, t⇤) = I⌦I

�
'
I
, '̇

I
�
+

N⌦�1X

j=1

I⌦S
j

�
'
I
, '̇

I
�

(5.24)

for ⌦I
⌘ ⌦N⌦ and ⌦S

j denoting the surface of the j-th scatterer, the combination of Eqs. (5.23)
and (5.24) implies that the integral of the incident field on the surfaces of the scatterers is null,
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namely
N⌦�1X

j=1

I⌦S
j

�
'
I
, '̇

I
�
= 0 (5.25)

Following the same solution procedure applied to the acoustic pressure field in the previous
section, the velocity potential field is considered as the sum of a scatterer-independent contribution
related to the incident field, 'I , a contribution related to the motion of the scatterer, 'M (if present),
and finally a scattered component, 'S . This gives

'
I(x⇤, t⇤) + '

M (x⇤, t⇤) + '
S(x⇤, t⇤) = I⌦I

j

�
'
I
, '̇

I
�
+

N⌦�1X

j=1

I⌦S
j

�
'
I + '

M + '
S
, '̇

I + '̇
M + '̇

S
�

Combining the above equation with Eq. (5.25), recalling that, by definition, the velocity poten-
tial field generated by the motion of the body satisfies the equation

'
M =

N⌦�1X

j=1

I⌦S
j
('M

, '̇
M )

with the boundary condition of body impermeability over each scatterer surface

@'
M

@n
= v · n

and recalling that the contribution of the velocity potential to the boundary integral terms is linear,
the boundary integral formulation for the scattered component of the velocity potential is expressed
by the compact form

'
S =

N⌦�1X

j=1

I⌦S
j
('S

, '̇
S) (5.26)

which yields the following expanded form of the corresponding boundary integral equation written
for a single scattering surface, S, with x⇤ 2 S (see Eq. (4.6))

1
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d⇠1d⇠2 (5.27)

where rt(...) denotes application of the tangential gradient operator. The definition of all terms
appearing in this equation coincides with that already given for Eq. (5.7). Akin to the coefficient
� in Eq. (5.7), the coefficient 1/2 at the left-hand side of the above equation accounts for the
contribution of the free terms deriving from the singularity of the kernel function which arises when
the position of the observer tends to the limit on the emitting surface, and thus the right-hand-side
of the equation must be intended as the Cauchy principal value of the surface integral.

The boundary conditions to be associated with Eq. (5.27) is obtained by imposing the condition
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of impermeability to the total potential which yields

@'
S

@n
+
@'

I

@n
+
@'

M

@n
= v · n )

@'
S

@n
= �

@'
I

@n
= �

I (5.28)

The boundary integral equation for the scattered velocity potential can be solved by application
of the time-marching BEM approach described in Sec. 4.1, or through application of a the multi-
harmonic solution algorithm to obtain the frequency-domain solution of Eq. (5.27). In this case,
the same solution algorithm presented in Sec. 4.5.2 can be used, with the forcing vector suitably
defined in terms of the boundary conditions in Eq. (5.28). Thus, the Fourier coefficients of the
scattered velocity potential on each panel of the scattering surface can be determined as (see also
[76])

'S = (I�D)�1
f
I (5.29)

where matrix D is the same as that defined in Sec. 4.5.2, while f
I collects the Fourier coefficients

of the following forcing term due to the boundary conditions

fk(t⇤) =

NpX

m=1

Akm(t⇤)�
I
m(t⇤ � ✓km)

where Akm is given in Eq. (4.9).

5.2 Numerical results for linear scattering

This section considers cases of increasing complexity in acoustic scattering. Indeed, sound scatter-
ing from a rigid sphere, a pulsating sphere and a wavy deforming spherical surface is examined.
This allows to highlight the ability and accuracy of the proposed solution method to study sound
scattering from deforming bodies and, at the same time, to determine under which conditions sig-
nificant multi-harmonic contributions and significant differences between predictions from pressure
and velocity potential formulations arise.

First, the perturbation field scattered by a rigid sphere impinged by a plane wave is analysed,
both in the time and frequency domains, and the results are compared with analytical solutions. It
is shown that these two solution approaches are fully equivalent until too high harmonics appear in
the spectrum of the scattered field, for which the time domain approach has difficulty converging
and numerical inaccuracies can arise. Then, a scattering solution method based on a multi-harmonic
frequency-domain approach is validated for pulsating spherical scatterers through comparison with
analytical results, and the effect of body deformation on the directivity pattern of the scattered noise
is examined. Two analytical linear solutions for sound scattered by pulsating spheres are derived in
appendix G. First, in appendix G.1, the approximate first-order analytical solution introduced by
Censor [49] for small-amplitude pulsations of the sphere is extended to second-order terms. Then,
appendix G.2 presents a novel exact analytical solution valid for arbitrary subsonic pulsations.

All numerical results presented in this section are obtained through a discretization of the surface
that ensures converged solutions. Specifically, as a result of a preliminary investigation of numerical
convergence, the discretization panels used are Np = 600, generated by dividing the sphere surface
through 30 meridians and 20 parallels. The number of harmonics, Na, considered in the multi-
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5.2. Numerical results for linear scattering

harmonic solution algorithm depends on the problem examined. Converged results are obtained by
increasing Na until the significant harmonics of the output remain unchanged.

5.2.1 Sound scattered by a rigid sphere

Here, the integral formulations for sound scattering presented above are applied to the problem of
a plane wave impinging a rigid sphere of radius r0. The the developed time-domain and frequency-
domain BEM computational tools are validated against available analytical solutions.

Figure 5.2: Directivity pattern of |pS |/|pI | related to acoustic pressure scattered by a rigid sphere impinged
by a plane wave, kIr0 = 0.8, d/r0 = 10.

(a) acoustic pressure (b) velocity potential

Figure 5.3: Directivity pattern of (a) |p
S
|/|p

I
|, and (b) |'

S
|/|'

I
| related to acoustic pressure and velocity

potential scattered by a rigid sphere impinged by a plane wave; kIr0 = 1.2, d/r0 = 10.
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Let us consider a set of microphones uniformly located on a circle at a distance d = 10 r0 from the
sphere centre, and lying on a plane perpendicular to the plane of the impinging wave. For incident
plane wave frequency, !I , such that kIr0 = 0.8 (with kI denoting the incident wave number),
Fig. 5.2 shows the comparison between the directivity patterns of the acoustic pressure scattered
by the rigid sphere determined analytically [78] and numerically. The numerical results are related
to the problem expressed in terms of acoustic pressure, and obtained by the frequency-domain
(FD) formulation of Eqs. (5.21) and (5.22) and the time-domain (TD) solution determined by the
direct application of Eq. (5.8). The agreement between the analytical solution and the two BEM
solutions is excellent, thus validating the proposed boundary integral approach for both time-domain
and frequency-domain acoustic scattering predictions. Note that, the result presented in Fig. 5.2 in
terms of the scattered acoustic pressure is identical to that obtained in terms of the solution of the
scattered velocity potential. This occurs because for the fixed, rigid sphere case the nonlinear terms
neglected in the acoustic pressure and velocity potential scattering formulations discussed above are
both negligible, and thus the corresponding integral solutions are fully equivalent [23].

However, similar comparisons performed for several values of the wave numbers of the impinging
wave reveal that for kIr0 < 1 the level of agreement between the analytical solution and the time-
domain and frequency-domain BEM predictions is comparable with that shown in Fig. 5.2, whereas
for higher values of the parameter kIr0 the time-domain prediction deviates from the analytical
solution due to the rise of numerical inaccuracies deriving from the approximation through which
the delayed time derivative of the unknown scattered pressure is evaluated. For instance, this is
shown in Fig. 5.3 for kIr0 = 1.2. From this figure we can notice that the accuracy of the time
domain solution decreases with increasing frequency of the impinging wave, and that this problem
affects both the solution given by the formulation expressed in terms of acoustic pressure (see Fig.
5.3a) and that given by the formulation expressed in terms of velocity potential through Eq. (5.27)
or Eq. (5.29) (see Fig. Fig. 5.3b). The results in this figure are obtained by using a number of time
steps per harmonic equal to that applied for the results in Fig. 5.2. The increase of this number
does not lead to a converged solution, but provides less accurate predictions.

Conversely, the acoustic pressure and velocity potential solutions evaluated through the multi-
harmonic approach coincide with the analytical one regardless of the wave number of the impinging
wave.

5.2.2 Sound scattered by a deforming sphere

Once validated for rigid scatterers, the proposed boundary integral formulations are applied to the
problem of a plane wave impinging a deforming sphere. The sphere radius is assumed to vary
harmonically as follows

rs(t) = r0 + a sin(!t) (5.30)

while the impinging wave is assumed to travel along the x-axis of a Cartesian system of coordinates
with the origin located at the center of the sphere, and is expressed as

'
I(x, t) = A

I sin(!It� kIx) (5.31)

First, time-domain and frequency-domain solutions are compared to confirm their perfect equiv-
alence within the wave number range for which the time-domain algorithm is stable.
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(a) acoustic pressure (b) velocity potential

Figure 5.4: Directivity pattern of (a) |p
S
|/|p

I
|, and (b) |'

S
|/|'

I
| related to acoustic pressure and velocity

potential scattered by a pulsating sphere impinged by a plane wave; kIr0 = 0.1, ! = !I , a = 0.03 r0,
d/r0 = 10, Na = 5.

For kIr0 = 0.1, Figs. 5.4, 5.5 and 5.6 show the directivity patterns of the acoustic pressure field
and velocity potential field scattered by a sphere pulsating with angular frequency, !, equal to that
of the incident wave (! = !I) and amplitude, a = 0.03 r0, a = 0.1 r0 and a = 0.3 r0, respectively
(see, Eq. (4.13)). Both time-domain and frequency-domain solutions are presented, along with the
analytical solution for the rigid sphere case, which is shown for comparison with the results of the
conventional scattering problem.

Several considerations arise from the observations of these figures. First of all, note that the
scattered signal is multi-harmonic (as already discussed in Sec. 5.1.1, even for a single-harmonic
incident wave the signal scattered by a deforming body is multi-harmonic), with the amplitudes of
the harmonics that are multiples of the fundamental one increasing with the increase of the sphere
pulsation amplitude.

Second, these figures demonstrate that for a low-frequency scattering problem (kIr0 < 1), the
solutions from time and frequency domain solvers match for all the significant harmonics, and thus
are perfectly equivalent (note that, the fourth harmonics of the scattered signal are negligible for
all the cases examined).

Third, in the case of small pulsation amplitudes, namely a = 0.03 r0 and a = 0.1 r0 in Fig. 5.4
and Fig. 5.5, the directivity pattern of the first harmonic coincides with that of the single-harmonic
signal scattered by the rigid sphere. Contrarily, for higher values of the pulsation amplitude (in
this case a = 0.3 r0) even the first harmonic of the scattered signal significantly deviates from
the rigid case solution. Note that this is due to the combination of the second harmonic of the
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(a) acoustic pressure (b) velocity potential

Figure 5.5: Directivity pattern of (a) |p
S
|/|p

I
|, and (b) |'

S
|/|'

I
| related to acoustic pressure and velocity

potential scattered by a pulsating sphere impinged by a plane wave; kIr0 = 0.1, ! = !I , a = 0.1 r0,
d/r0 = 10, Na = 5.

BEM coefficients with the incident signal, from which first and third harmonic contributions are
generated: in fact, Fig. 5.4, Fig. 5.5 and Fig. 5.6 show that when the first harmonic scattered
by the pulsating sphere deviates from that scattered by the rigid one, the amplitude of the third
scattered harmonic becomes significant, while when rigid and pulsating spheres provide the same
first scattered harmonic the third scattered harmonic is negligible.

Fourth, all the above observations are identically valid for the scattered problem expressed in
terms of both acoustic pressure and velocity potential perturbations. However, except for the first
harmonic, the directivity patterns of the scattered signal predicted by the integral formulations
expressed in terms of acoustic pressure and velocity potential differ considerably. This means that
when the amplitude of the sphere pulsation increases the corresponding generated fluid flow is such
that the nonlinear contributions not included in Eq. (5.7) and Eq. (5.27) are not negligible, and
that those related to the acoustic pressure formulation differ from those related to the velocity
potential one. This outcome is in agreement with the results already available in the literature that
concern the sound scattered by a moving rigid body. Indeed, in that case the nonuniform meanflow
may significantly alter the scattered signal through contributions deriving from the nonlinear terms
forcing the wave equation, and it was shown that these contributions in the formulation described
in terms of acoustic pressure differ from those arising in the velocity potential formulation (see, for
instance, [23, 46]).

Next, the effect of increasing the impinging wave frequency is examined. First of all, note
that, confirming the outcomes of the rigid-body sound scattering, for higher-frequency problems
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(a) acoustic pressure (b) velocity potential

Figure 5.6: Directivity pattern of (a) |p
S
|/|p

I
|, and (b) |'

S
|/|'

I
| related to acoustic pressure and velocity

potential scattered by a pulsating sphere impinged by a plane wave; kIr0 = 0.1, ! = !I , a = 0.3 r0,
d/r0 = 10, Na = 5.

the degree of accuracy of the time-domain solver is reduced since numerical inaccuracies arise.
This is shown in Fig. 5.7 which presents the predicted scattered signals for the same configuration
considered in Fig. 5.5, but with an increased value of the impinging wave frequency such that
kIr0 = 1.2 (the same wave number considered for the results in Fig. 5.3). Indeed, contrary to the
outcomes shown in Fig. 5.5, in this higher-frequency case the convergence trend of the results from
the time-domain formulation is considerably irregular. The results depicted in Fig. 5.7 are obtained
by using the same time step used for the analysis of the case in Fig. 5.5 and significantly differ from
those given by the frequency-domain formulation (which is based on a numerically robust algebraic
solution algorithm).

This confirms that as the impinging wave frequency increases the time-domain solver becomes
unsuitable for acoustic phenomena investigations, and therefore the following investigations are
performed using only the frequency domain solver.

Next, the BEM solver is validated against the analytical prediction proposed by Censor [49],
based on a perturbation solution method. The first-order perturbation solution is explicitly provided
in Ref. [49] and is compared in Fig. 5.8a with the outcomes of the BEM solver for the same case
of Fig. 5.5, related to kIr0 = 0.1, ! = !I , and small-amplitude pulsations, a = 0.1 r0. This figure
shows that the presented numerical solution captures first and second harmonics of the scattered
wave, which are in excellent agreement with those given by the first-order analytical perturbation
solution.

The directivity pattern of the velocity potential scattered by higher-frequency and larger-amplitude
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(a) acoustic pressure (b) velocity potential

Figure 5.7: Directivity pattern of (a) |p
S
|/|p

I
|, and (b) |'

S
|/|'

I
| related to acoustic pressure and velocity

potential scattered by a pulsating sphere impinged by a plane wave; kIr0 = 1.2, ! = !I , a = 0.1r0, d/r0 = 10,
Na = 5.

pulsations is examined in Fig. 5.8b, considering kIr0 = 0.3, ! = !I/2, and a = 0.25 r0. In this
case the spectrum of the scattered field is enriched by additional contributions from higher harmon-
ics. These are determined by the analytical solution necessarily through inclusion of second-order
perturbation terms. These are explicitly derived in appendix G.1 where, following the approach
suggested by Censor [49], the extension to the analytical second-order perturbation solution is pro-
vided. Differently from the small-amplitude case of Fig. 5.8a, the second-order perturbation term
(given by coefficients Cn in appendix G.1) significantly affects also the second harmonic of the scat-
tered velocity potential which, however, is still dominated by the zeroth-order perturbation term
(rigid-sphere solution, coefficients An in appendix G.1). Figure 5.8b confirms the excellent agree-
ment between the BEM solution and the analytical one for the harmonics of the scattered signal
that are reliably captured by the second-order analytical perturbation solution method. Notice that
the same excellent agreement between numerical and analytical scattering predictions is obtained
also for near-field and far-field observers. For the sound scattering case defined by kIr0 = 0.1,
! = !I , and a = 0.1 r0, this is proven in Figs. 5.9a and 5.9b which depict the directivity patterns
of sound scattered at observers placed at d/r0 = 2 and d/r0 = 100, respectively.

For even larger sphere pulsation amplitudes, neither the analytical solution proposed in [49]
nor its extension described in appendix G.1 are capable of accurately predicting the potential
scattered by the sphere. For the sake of validating the proposed multi-harmonic, boundary element
formulation for the prediction of sound scattered by surfaces undergoing large deformations, a
novel analytical exact linear solution is developed in appendix G.2, which is applicable to arbitrary
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(a) kIr0 = 0.1, ! = !I , a = 0.1 r0, Na = 4 (b) kIr0 = 0.3, ! = !I/2, a = 0.25 r0, Na = 6

Figure 5.8: Directivity pattern of |'S
|/|'

I
| related to velocity potential scattered by a pulsating sphere

impinged by a plane wave; d/r0 = 10

(a) d/r0 = 2 (b) d/r0 = 100

Figure 5.9: Directivity pattern of |'S
|/|'

I
| related to velocity potential scattered by a pulsating sphere

impinged by a plane wave; kIr0 = 0.1, ! = !I , a = 0.1 r0, Na = 4.

Beatrice De Rubeis 66



5.2. Numerical results for linear scattering

subsonic pulsations of spheres.
For ! = !I and d/r0 = 10, Figs. 5.10 to 5.12 present the comparisons among the analytical

solutions (the small-amplitude one, S-A an, and the exact one, E an) and those obtained by the
BEM solver, respectively for a/r0 = 0.5 and kIr0 = 1, a/r0 = 0.50 and kIr0 = 1.5, a/r0 = 0.7 and
kIr0 = 1, with the surface Mach number between ka = 0.5 and ka = 0.75, and variations in the
radius of the sphere up to 70%.

These results show excellent agreement between BEM predictions and exact analytical solutions,
even for the extreme pulsation conditions considered. In contrast, as expected, the approximate an-
alytical solution valid for small pulsation amplitudes gives results that show discrepancies increasing
with the harmonic number, and is unable to provide predictions for higher harmonics .

An excellent agreement between the BEM predictions and the exact analytical solutions is also
observed in Fig. 5.13, which presents the results for the same spherical pulsations and observers as
in Fig. 5.10, but with the incident wave frequency such that kIr0 = 2. Note that, in this case, the
shape of the directivity pattern of the scattered velocity potential most similar to that of the rigid
sphere is that of the second harmonic, since it corresponds to the frequency of the incident wave.

The results shown in Figs. 5.8 to 5.13 definitely validate the proposed BEM solver for the
analysis of sound scattered by deforming objects.

(a) 1st and 2nd harmonics (b) 3rd, 4th and 5th harmonics

Figure 5.10: Directivity pattern of |'S
|/|'

I
| related to velocity potential scattered by a pulsating sphere

impinged by a plane wave, comparison between numerical results (BEM), analytical solution for small pul-
sation amplitude (SA-analyt.) and exact analytical solution (E-analyt.); kIr0 = 1, ! = !I , a = 0.5 r0,
d/r0 = 10, Na = 10.

Finally, the effect of the shape of the scatterer deformation is investigated through the formu-
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(a) 1st and 2nd harmonics (b) 3rd, 4th and 5th harmonics

Figure 5.11: Directivity pattern of |'S
|/|'

I
| related to velocity potential scattered by a pulsating sphere

impinged by a plane wave, comparison between numerical results (BEM), analytical solution for small pul-
sation amplitude (SA-analyt.) and exact analytical solution (E-analyt.); kIr0 = 1.5, ! = !I , a = 0.5 r0,
d/r0 = 10, Na = 20.

lation expressed in terms of the acoustic pressure presented in Sec. 5.1.1. Specifically, a pulsating
wavy deformation of the sphere is considered. It is described as

xd = a

✓
r0 � |x|

r0

◆2

sin(!t) sin(Nw�) r̂ (5.32)

where xd denotes the displacement of the points of the sphere with respect to the undeformed
configuration, Nw denotes the number of deformation waves introduced along the sphere parallel
circles, r̂ is the unit radial vector, and � = arctan(y/z). A representation of the sphere deformation
is shown in Fig. 5.14 (in which colours are used only to make the shape of the sphere clearer).

The directivity patterns of the acoustic pressure scattered by the sphere deformed according
to Eq. (5.32), and impinged by an incident wave propagating along the y-axis (see Fig. 5.14) are
presented in Fig. 5.15 for Nw = 5 and Nw = 6. These results are obtained with kIr0 = 1, ! = !I ,
a = 0.3 r0. In this case the effect of the body deformation is almost negligible with respect to that
observed for the equivalent uniformly pulsating sphere case in Fig. 5.15c, with the first harmonic of
the scattered signal very similar to the rigid scattering solution, and the higher harmonics having
a very small amplitude. However, it is interesting to observe that when Nw is odd all harmonics
provide contributions to the scattered signal (see Fig. 5.15a), while when Nw is even non-zero
contributions are given only by the even harmonics of the signal (see Fig. 5.15b).
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(a) 1st and 2nd harmonics (b) 3rd, 4th and 5th harmonics

Figure 5.12: Directivity pattern of |'S
|/|'

I
| related to velocity potential scattered by a pulsating sphere

impinged by a plane wave, comparison between numerical results (BEM), analytical solution for small pul-
sation amplitude (SA-analyt.) and exact analytical solution (E-analyt); kIr0 = 1, ! = !I , a = 0.7 r0,
d/r0 = 10, Na = 20.

5.2.3 Remarks on the sound scattered by spheres undergoing large pulsations

It is interesting to observe that when the sphere is subject to small-amplitude pulsations, the
resulting scattered field is dependent on the frequencies of sphere pulsations and incident wave,
but is independent on the harmonic functions used in Eq. (5.30) and Eq. (5.31) to represent them.
Instead, when the pulsation amplitude is large, the scattered field depends also on the harmonic
functions used in Eq. (5.30) and Eq. (5.31).

This is illustrated in Fig. 5.16 through predictions provided by the exact analytical solution
presented in appendix G.2, for kIr0 = 1 and observers located at a distance d/r0 = 10 from the
sphere center. Indeed, for a/r0 = 0.05, Fig. 5.16a proves that the scattered velocity potential due
to the incident field given in Eq. (5.31) and that resulting from the following plane wave

'
I(x, t) = A

I cos(!It� kIx) (5.33)

are practically coincident, while 5.16b shows that, for much larger pulsation amplitudes, a/r0 = 0.5,
the scattered fields given by the two plane wave representations considerably differ. In particular,
while the ’sin’ and ’cos’ representations diverge at larger amplitudes, the numerical results obtained
using BEM always coincide with the exact analytical solution. This confirms that both methods
effectively capture the underlying physics of these scattering effects.
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Figure 5.13: Directivity pattern of |'S
|/|'

I
| related to velocity potential scattered by a pulsating sphere

impinged by a plane wave, comparison between numerical results (BEM) and exact analytical solution (E-
analyt.); kIr0 = 2, ! = !I/2, a = 0.5 r0, d/r0 = 10, Na = 20.

5.2.4 Remarks on the proposed boundary integral formulations for sound scat-

tering

Two issues concerning the proposed boundary integral formulations for sound scattering deserve
further discussion. The first concerns the elimination of fluid nonlinearities in the wave equations
for acoustic pressure and velocity potential, while the second regards the harmonic content of the
signals.

The scattering formulations in Sections 5.1.1 to 5.1.2 solve linear wave propagation equations
which neglect the effects due to the fluid flow produced by the motion of the scatterer. The
importance of these effects depend on the kinematics of the scatterer, particularly on the normal
component of the Mach number of the surface (generally given by the superposition of rigid-body
motion and deformation). To account for this, it is necessary to include nonlinear terms in the wave
equations. These terms would introduce additional multiple tone contributions in the scattered
signal (see, for example, Ref. [51]), in addition to those already present in the numerical predictions
presented in the previous figures, which are geometric in nature due to body deformation. Therefore,
regardless of the ability to accurately solve the linear wave equation problem, the validity of the
proposed formulations for simulating the physical phenomenon of sound scattering depends on the
importance of the neglected nonlinear terms, namely on the kinematics of the scatterer.

Regarding the harmonic content of the scattered signal, recall that for the problems of sound
scattered by a pulsating sphere examined above, the fundamental harmonic of the dynamic deforma-
tion, !, was assumed to be a multiple or a submultiple of the harmonic of the incident wave, !I . This
implies that the scattered field spectrum contains the following set of harmonics, !k = k ·min[!,!I ].

More generally, if ! and !I are arbitrary, the set of harmonics of the scattered sound is given by
!k = !I±k !. In this case, the fundamental harmonic, !f , and the number of harmonics, Na, of the
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Figure 5.14: Representation of the wavy deformed sphere.

Fourier series introduced in Section 5.1.1 must be chosen so as to adequately capture the harmonics,
!k, appearing in the resulting scattered signal (indeed, in this case, the proposed frequency solution
process can be considered equivalent to the application of discrete Fourier transforms).

5.3 Nonlinear scattering formulation

The previous section has shown that, depending on the scatterer dynamic deformation, linear scat-
tering solutions formulated in terms of velocity potential or acoustic pressure can present signif-
icant discrepancies. Indeed, the contributions of fluid nonlinearities produced by the motion of
the scatterer are differently accounted for in the two formulations of the problem. Therefore, the
linear formulations written in terms of velocity potential and acoustic pressure that neglect them
inevitably provide two different solutions.

In this framework, this section introduces a novel harmonic-balance, velocity-potential solution
approach for nonlinear sound scattering from arbitrarily shaped three-dimensional bodies impinged
by an incident wave.

As highlighted above, the dynamic deformation of the scatterer generates kinematic nonlinear-
ities through the boundary conditions that make the scattered field intrinsically multi-harmonic.
The approach presented here, in addition to including these kinematic nonlinearities, also takes into
account the nonlinear effects due to the flow field generated by the body deformation. The effect of
fluid nonlinearities on the scattered field was studied, for instance, in Ref. [51] for an infinitely long
cylinder impinged by a plane wave. The relative importance of the two sources of multi-harmonic
scattering was examined by Mujica et al. [52].

In the following, the scattered noise field is obtained through a technique (here called velocity
potential cascade solution mode) consisting of the superposition of incremental velocity potential
solutions forced by progressively decreasing fluid nonlinearities that are given by the combination of
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(a) Nw = 5 (b) Nw = 6

(c) Nw = 0 (without wavy sphere deformation)

Figure 5.15: Directivity pattern of !pS |/|pI | related to acoustic pressure scattered by a wavy deformed
pulsating sphere impinged by a plane wave; kIr0 = 1, ! = !I , a = 0.3 r0, d/r0 = 10, Na = 7.

incident and scattered signals with the velocity potential related to the flow-field generated by the
motion of the scatterer. These incremental velocity potential solutions are determined through the
application of the deformable-boundary integral formulation for solution of the velocity potential
wave equation described in the previous chapters.

The velocity potential cascade solution is illustrated in Sec. 5.3.1, while the harmonic-balance/
boundary-element-method numerical algorithm applied to determine the solution of the deformable-
boundary integral formulation is outlined in Sec. 5.3.3. The results of a numerical investigation
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(a) a/r0 = 0.05 (b) a/r0 = 0.5

Figure 5.16: Directivity pattern of |'S
|/|'

I
| related to velocity potential scattered by a pulsating sphere

impinged by the plane waves expressed in Eq. (5.31) (results indicated by ‘sin’) and in Eq. (5.33) (results
indicated by ‘cos’); kIr0 = 1, ! = !I , d/r0 = 10, Na = 10.

.

regarding the sound scattered by a pulsating sphere impinged by a plane sound wave are discussed
in Sec. 5.4. The numerical investigation examines the convergence rate of the proposed nonlinear
solution algorithm and the effects of the fluid flow generated by the surface pulsations on the
scattered signal. The influence of the amplitude of the incident signal on the directivity pattern of
the scattered sound is also investigated.

5.3.1 Nonlinear integral formulation for sound scattered by deforming bodies

Let us consider a body moving in a perfect, inviscid gas, initially at rest, and the irrotational velocity
field expressed through the velocity potential, ', such that u = r'.

Extending the governing equation of the velocity potential given in Sec. 2.3 to include the effects
of the presence of arbitrary perturbation sources we have

�⇤2
' = r

2
'�

1

c
2
0

@
2
'

@t2
= � + �EXT (5.34)

where ⇤2 represents the d’Alembert operator, c0 is the speed of sound of the undisturbed fluid, �
is the nonlinear forcing term that is given by

� =
⇥
(c20 � c

2)r2
'+ 2r' ·r'̇

⇤
/c

2
0 +

⇥
r' ·r(u2)/2

⇤
/c

2
0 (5.35)
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with c denoting the local speed of sound

c
2 = c

2
0 � (� � 1)

✓
@'

@t
+

u
2

2

◆

where � represents the ratio between the isobaric and isochoric specific heat capacities and (˙) =

@/@t, while �EXT takes into account the effects deriving from the presence of external forcing sources
independent of the body motion.

The differential problem is completed by the boundary condition of perturbation potential van-
ishing infinitely far from the moving body ('! 0 as x ! 1), and the imposition of impermeability
of the surface, S, of the scattering body

r' · n = v · n = �, x 2 S (5.36)

where n is the unit vector normal to S, and v represents its velocity (generally given by the
superposition of rigid-body motion and deformation).

The solution of Eq. 5.34 for the velocity potential around moving and deforming bodies can
be expressed through the following boundary integral formulation in the FFR (application of the
formulation given in Sec. 3.3 to Eq. (5.34), see also [77])
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d⇠1d⇠2d⇠3 (5.37)

The difference between this solution and those applied previously is that here nonlinear terms are
taken into account through the volume integral (last term of Eq. 5.37). For convenience, it is
recalled that x⇤ and t⇤ represent, respectively, position and time of observation, (⇠1, ⇠2, ⇠3) is a
system of curvilinear coordinates defined over the body surface and the region around it, while the
symbols ⌦ and V⌦ denote, respectively, the domains in the (⇠1, ⇠2)-space and the (⇠1, ⇠2, ⇠3)-space
where the body surface and the neighbouring fluid region are mapped. In addition, G0 = �1/(4⇡r)

with r = |x⇤ � x| denoting the distance between the emitting point x and the receiving point
x⇤, M = v/c0, Mn = M · n, er = r/r, while J = |a1 ⇥ a2 · a3|/|⇥| is the Jacobian of the
curvilinear coordinate transformation (ak are the covariant base vectors related to (⇠1, ⇠2, ⇠3)) with
⇥ = (1 � M · er). The symbol (...)|✓ indicates that the integrands must be evaluated at time
t = t⇤ � ✓, which is the instant at which the surface of the body emitted the signal that at time t⇤

reaches the observer.

5.3.2 Cascade solution approach of nonlinear velocity potential scattering

When the boundary integral formulation in Eq. 5.37 is applied to problems for which the nonlin-
ear field term is not negligible, the numerical evaluation of the velocity potential over the body
surface and its neighborhood requires the adoption of an iterative solution scheme. This is the
case examined in this section, which considers the prediction of sound scattering in the presence of
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fluid nonlinearities due to dynamic deformation of the scatterer. An iterative solution method is
introduced in the following, which consists of the superposition of a sequence of velocity potential
solutions, each forced by progressively decreasing nonlinear field terms.

As already done for the analysis of linear sound scattering, let us introduce an incident veloc-
ity potential field, 'I , associated with the propagating impinging wave, which is assumed to be
independent of the scatterer and governed by the equation

�⇤2
'
I = �EXT =

X

i

S
I
i (t) �(x� xi) (5.38)

with the forcing terms consisting of an arbitrary combination of "frozen sources" of time-variant
intensities, SI

i (t), located at xi.
Then, the total velocity potential is defined as the superposition of the incident velocity potential

with the perturbation field generated by the presence of the scattering body. In turn, this is given
by the superposition of the velocity potential perturbation generated by the motion of the body,
'
0, such that

�⇤2
'
0 = �('0) (5.39)

and the scattered potential, 'S , such that (see Eqs. (5.34),(5.38), and (5.39))

�⇤2
'
S = �(')� �('0) (5.40)

where ' = '
0 + '

S + '
I .

Previous research has demonstrated that the flow-field generated by the body motion may signif-
icantly affect the scattered field, and that its effects are taken into account by the fluid nonlinearities
appearing in Eq. 5.40 [23, 45, 46]. The nonlinear scattering problem is solved by iteratively super-
posing incremental contributions.

First, the velocity potential perturbation due to the motion of the scatterer (reference potential),
'
0, is solved through application of the boundary integral formulation in Eq. 5.37 with boundary

conditions
� = �

0 =
@'

0

@n
= v · n

and corresponding field term
� = �

0 = �('0)

Next the scattered velocity potential field induced by the incident wave is decomposed into
several sub-components, namely

'
S =

NSX

j=1

'
S,j (5.41)

such that
'
S,1

> '
S,2

> '
S,3

> ...

and with NS denoting the order of the component still providing not negligible contribution.
It is assumed that 'S,1 is obtained from the formulation in Eq. 5.37 with boundary conditions

� = �
1 =

@'
S,1

@n
= �

@'
I

@n
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and the nonlinear term given by the incremental contribution due to 'I , namely

� = �
1 = �('0

,'
I)� �('0)

Therefore, 'S,1 represents the component of the scattered field forced by the incident wave both
through the impermeability boundary conditions (the dominating term) and the nonlinear field
term. The contribution of 'S,1 to �1 is omitted so as to have known field terms.

However, once 'S,1 is evaluated, its incremental contribution to � yields the second element
of the scattered potential series, 'S,2. Specifically, 'S,2 is obtained as solution of Eq. 5.37 with
boundary conditions

� = �
2 =

@'
S,2

@n
= 0

(note that the impermeability condition is satisfied by the combination of '0, 'I and 'S,1) and the
nonlinear term as given by the incremental contribution

� = �
2 = �('0

,'
I
,'

S,1)� �('0
,'

I)

Therefore 'S,2 represents the first correction to the scattered potential due to scattered potential
nonlinearities.

This procedure is repeated until the j�th incremental correction of the scattered velocity po-
tential, 'S,j , obtained as solution of Eq. 5.37 with

� = �
j =

@'
S,j

@n
= 0

and

� = �
j = �('0

,'
I
,'

S,1 + ...+ '
S,j�1)� �('0

,'
I
,'

S,1 + ...+ '
S,j�2) (5.42)

becomes negligible. It produces a cascade of incremental scattered potential fields forced by pro-
gressively decreasing nonlinear field terms, �j , whose superposition yields the total scattered field,
'
S (see Eq. 5.41).

The cascade solution method is not the only one possible. Appendix H shows other methods,
highlighting the pros and cons of each.

5.3.3 Velocity potential cascade BEM solution through harmonic balance

For the purpose of the numerical solution of the boundary integral formulation in Eq. 5.37 through
the presented cascade solution procedure, a zeroth-order BEM is applied. The surface of the scat-
terer is discretized into Np quadrilateral panels, while Mv volume elements are used to discretize
the fluid domain where the field integral is evaluated. In these surface panels and volume elements
the velocity potential and its space and time derivatives are assumed to be uniformly distributed,
equal to those evaluated at their centroids.

When the formulation in Eq. 5.37 is applied as a boundary integral equation with unknown
velocity potential over the body surface and known field contributions (as for the scattered po-
tential cascade solution), the satisfaction of the equation is imposed at the center of each surface
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discretization panel (collocation method).
This yields the following set of time-delay equations which extends that in Eq. (4.8) by inclusion

of the field terms, and whose solution provides the time-history of the piecewise constant values of
the velocity potential over the surfaces of the panels

1

2
'k(t⇤) =

NpX

m=1

Akm�m(t⇤ � ✓km)

+

NpX

m=1

Bkm'm(t⇤ � ✓km) +

NpX

m=1

Ckm'̇m(t⇤ � ✓km)

+

NpX

m=1

Fkm'
t
m(t⇤ � ✓km) +

MvX

h=1

Hkh�h(t⇤ � ✓kh), for k = 1, Np

(5.43)

where 'm,�m and '
t
m denote, respectively, velocity potential, function � and derivative of the

velocity potential along the direction of the local body Mach number component tangent to the
surface, Mt = M�Mnn, evaluated at the center of the m-th panel. In addition, ✓km represents the
signal transmission delay related to the observer at the center of the k-th panel and the emitting
source at the center of the m-th panel, while �h is the nonlinear forcing term evaluated at the center
of the h-th volume. The expressions of the time-varying influence coefficients defined over the body
surface panels coincide with those in Eqs. (4.9) to (4.12), while the coefficients given by the field
volumes are

Hkh(t⇤) =

ZZZ

V⌦h

G0 J

����
✓kh

d⇠1d⇠2d⇠3

where V⌦h denotes the (⇠1, ⇠2, ⇠3)-domain where the surface of the m-th panel and the volume of
the h-th field element are mapped. As for Eq. (4.8), the factor 1/2 which appears at the left-hand
side of Eq. (5.43) accounts for the contribution of the free terms deriving from the singularity of the
kernel function @G0/@n arising when the position of the observer tends to the limit on the emitting
surface. Thus, when k = m the coefficients Bkm are intended as Cauchy principal values of the
surface integral [30, 68].

Once the velocity potential over the body surface is known, it may be readily used to determine
the velocity potential field radiated at external points and, in particular, to evaluate the velocity
potential at the centroids of the discretization volumes for the definition of the forcing field terms in
the next step of the cascade solution process. This is obtained through application of the discretized
boundary integral representation, which is formally identical to Eq. (5.43) with the factor 1/2 at
the left-hand side removed [30, 68].

Multi-harmonic solution algorithm

As with linear scattering problems, also in this case it is convenient to use the multi-harmonic
solution algorithm. This is developed in a similar way to that described in Sec. 4.5.2, with the only
difference being the definition of the forcing terms. Indeed, in this problem, they must also include
the contributions of the nonlinear volume terms as follows

fk(t⇤) = f
�
k (t⇤) + f

�
k (t⇤)
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where the contributions of the boundary conditions are the same as those appearing in the linear
case

f
�
k (t⇤) =

NpX

m=1

Akm(t⇤)�m(t⇤ � ✓km)

while those of the nonlinear field terms are given by

f
�
k (t⇤) =

MvX

h=1

Hkh(t⇤)�h(t⇤ � ✓kh) (5.44)

As mentioned above, once the values of the scattered potential over the body’s panels are
obtained, it is necessary to determine the scattered potential in the field in order to evaluate the
contributions �j and hence the forcing terms f

�
k (see Eqs. (5.42) and (5.44)). It may be readily

determined through the proposed numerical algorithm applied to the integral formulation conceived
as an integral representation. In this case, the integral solution can be formally expressed through
Eq. (4.14) applied at the Mv centroids of the volume elements surrounding the scatterer, with
the free term contributions, (1/2) �km, appearing in the definition of the coefficients in Eqs. (4.15)
to (4.17) suitably removed (no singular integrals arise). Indeed, for 'f denoting the vector of
dimensions Mv(2Na + 1) which collects the Fourier coefficients of the scattered velocity potential
at the centroids of the volume elements we have

'f = Df '+ ff

where Df is the rectangular matrix of dimensions Mv(2Na+1)⇥Np(2Na+1) (similar to matrix D

in Eq. (4.19)) that collects the Fourier components of the BEM coefficients for external observers,
while ff collects the Fourier components of the forcing terms evaluated for the same observers.

Figure 5.17 shows a flowchart summarizing the proposed numerical procedure for the determina-
tion of sound scattered by moving and deforming bodies, where ✏ represents the limit of convergence
of the iterative process.

It is worth underlying that the solution of the linear scattering formulation presented in Sec. 5.1
corresponds to the first scattering component, 'S,1, under the assumption of neglecting the effects
of the fluid nonlinearities.

5.4 Numerical results for nonlinear scattering

All numerical results presented in the following regard applications to a pulsating spherical scat-
terer. They are obtained through a boundary-field discretization that ensures converged solutions.
Specifically, as a result of a preliminary investigation of numerical convergence, the discretization
panels used are Np = 200, generated by dividing the sphere surface through 20 meridians and 10

parallels, while the discretization volumes are Mv = 1600, distributed over the outer field region
extending up to a distance equal to 0.4 r0, where r0 indicates the radius of the undeformed sphere.
The number of harmonics, Na, considered in the solution algorithm depends on the problem exam-
ined. Converged results are obtained by increasing Na until the significant harmonics of the output
remain unchanged.

First, let us consider a sphere of radius r0 = 1 m subject to pulsations of amplitude a = 0.2 r0
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Figure 5.17: Flowchart of the proposed numerical procedure for nonlinear sound scattering analysis.

and frequency, !, such that kr0 = 0.3 (with k = !/c0 denoting the deformation wave number),
impinged by a plane wave of velocity potential, 'I , of amplitude A

I and wave number kI = k.
For this problem, and for all pulsating spheres considered in the following, the reference potential
'0 is determined analytically through the solution method presented in appendix E (for all cases
examined, the nonlinear contribution �0 = �('0) due to the flow induced by sphere pulsations is
negligible).

Figure 5.18 presents the directivity patterns of the first three harmonics of the scattered signal
evaluated at a set of observers located on a circle at a distance d = 10 r0 from the sphere center,
lying on a plane perpendicular to the plane of the impinging wave, with A

I = 1 m2/s. In particular,
it compares the results obtained by the linear formulation introduced in Sec. 5.1, with the proposed
nonlinear solution which includes the distortion effects due to the flow generated by the sphere
pulsations (represented by field terms involving '0, 'I and '

S). In addition, the mono-harmonic
solution for the rigid sphere is depicted. This figure proves that, as expected, the scattered signal is
multi-harmonic (both due to pulsating boundary conditions and fluid nonlinearities), and that the
fluid flow generated by sphere pulsations may produce significant distortion to all harmonics of the
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Figure 5.18: Multi-harmonic directivity patterns of |'S
|/|'

I
| related to scattered signal provided by linear

and nonlinear solutions. a = 0.2 r0, kr0 = 0.3, AI = 1 m2/s, d/r0 = 10.

scattered signal, and thus its contribution cannot be neglected (a dedicated numerical investigation
proved that nonlinear terms not involving '0 provide negligible contributions).

Next, Figs. 5.19-5.21 show the incremental effect of the cascade components on the directivity
patterns of the first three harmonics of the scattered signal given by the nonlinear BEM solver.
They demonstrate the rather rapid decrease in the contributions of the cascade components with
increasing iterations, and hence the fast convergence rate of the applied algorithm for the nonlinear
solution. For the examined problem, NS = 7 is sufficient to obtain solutions with 2% converged
tolerance (see Eq. (5.41)). This is highlighted in Fig. 5.22 which depicts, as a function of NS , the
values of the first three harmonics of the scattered potential computed at the surface point first
impinged by the incident wave.

Figure 5.19: Incremental effect of |'S
|/|'

I
| related to cascade components on the directivity patterns of

the first harmonic of the scattered signal. a = 0.2 r0, kr0 = 0.3, AI = 1 m2/s, d/r0 = 10.

Beatrice De Rubeis 80



5.4. Numerical results for nonlinear scattering

Figure 5.20: Incremental effect of |'S
|/|'

I
| related to cascade components on the directivity patterns of

the second harmonic of the scattered signal. a = 0.2 r0, kr0 = 0.3, AI = 1 m2/s, d/r0 = 10.

Figure 5.21: Incremental effect of |'S
|/|'

I
| related to cascade components on the directivity patterns of

the third harmonic of the scattered signal. a = 0.2 r0, kr0 = 0.3, AI = 1 m2/s, d/r0 = 10.

The comparisons among the different solutions of the scattered field considered in Fig. 5.18
are repeated for far-field and near-field observers located on a plane perpendicular to the plane
of the impinging wave, still assuming A

I = 1 m2/s. These are shown, respectively, in Fig. 5.23
that presents the multi-harmonic directivity patterns of the scattered signal evaluated at a distance
d = 100 r0 from the sphere centre, and in Fig. 5.24 where the results regard observers much closer
to the sphere centre, placed at d = 2 r0.

While it is observed that, as expected, different far-field and near-field directivity patterns of
scattered signal are obtained, in both cases it is confirmed that all harmonics of the scattered signal
are significantly affected by the nonlinear terms associated with the fluid flow generated by the
pulsations of the sphere.

Next, a case with lower pulsation frequency and larger pulsation amplitude, and a case with
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(a) first harmonic (b) second harmonic (c) third harmonic

Figure 5.22: Scattered velocity potential at the observer point placet at azimuthal position # = 0�.

Figure 5.23: Multi-harmonic directivity patterns of |'S
|/|'

I
| related to the scattered signal provided by

linear and nonlinear solutions. a = 0.2 r0, kr0 = 0.3, AI = 1 m2/s, d/r0 = 100.

higher pulsation frequency and smaller pulsation amplitude are examined, with the incident planar
wave still having A

I = 1 m2/s. In particular, Fig. 5.25 presents the scattered field at d/r0 = 10, for
a = 0.4 r0 and kr0 = 0.1, while, for the same positions of observers, Fig. 5.26 shows the scattered
field for a = 0.1 r0 and kr0 = 0.4.

In both cases the amplitude of the oscillating Mach number of the sphere surface is equal to
ka = 0.04, which is smaller than that related to the results in Fig. 5.18 (ka = 0.06, in that case).
For this reason, linear and nonlinear predictions of the scattered signal in Figs. 5.25 and 5.26 are
closer than those in Fig. 5.18. Comparing Figs. 5.25 and 5.26 it is interesting to observe that larger-
amplitude pulsations produce high harmonics of the scattered signal which are more significant than
those arising from the higher-frequency pulsation case (when related to the first harmonic of the
signal). This derives from the kinematic nonlinearities produced by the boundary conditions applied
over the pulsating sphere. At the same time, however, higher-frequency pulsations generate fluid
nonlinearities which significantly affect the higher harmonics of the scattered signal. Indeed, the
relative discrepancies between linear and nonlinear predictions of higher harmonics in Fig. 5.26 are
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Figure 5.24: Multi-harmonic directivity patterns of |'S
|/|'

I
| related to the scattered signal provided by

linear and nonlinear solutions. a = 0.2 r0, kr0 = 0.3, AI = 1 m2/s, d/r0 = 2.

Figure 5.25: Multi-harmonic directivity patterns of |'S
|/|'

I
| related to the scattered signal provided by

linear and nonlinear solutions. a = 0.4 r0, kr0 = 0.1, AI = 1 m2/s, d/r0 = 10.

considerably bigger than those observed in the larger-amplitude results of Fig. 5.25.
When linear scattering analysis is performed, the directivity patterns expressed in terms of the

ratio between scattered and incident signal (as typically done and as done in this work) is invariant
with respect to the amplitude of the incident signal. This is untrue when nonlinear field terms, �, are
considered. Indeed, as explained in Sec. 5.3.1, these are given by the combination of terms involving
products between '0,'

I and 'S . As the amplitude of 'I increases, the corresponding higher-order
contributions to � become significant and the scattered signal is no longer linearly proportional to it.
This is shown in Figs. 5.27, 5.28 and 5.29 for the pulsating sphere cases already examined in Figs.
5.18, 5.25 and 5.26, where the directivity patterns of the scattered velocity potential predicted for
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Figure 5.26: Multi-harmonic directivity patterns of |'S
|/|'

I
| related to the scattered signal provided by

linear and nonlinear solutions. a = 0.1 r0, kr0 = 0.4, AI = 1 m2/s, d/r0 = 10.

Figure 5.27: Multi-harmonic directivity patterns of |'
S
|/|'

I
| related to the scattered signal related to

incident waves with A
I = 1 m2/s and A

I = 10 m2/s. a = 0.2 r0, kr0 = 0.3, d/r0 = 10 (the unit of measure
of the values in the legend is m2/s).

A
I = 1 m/s2 and A

I = 10 m/s2 are compared (still expressed in terms of the ratio |'
S
|/|'

I
|). The

discrepancies between solid and dashed lines are representative of nonlinear field contributions due to
the incident wave. It is interesting to note that when low-frequency/large-amplitude pulsations are
considered, the multi-harmonic contributions to the scattered field are dominated by the kinematic
nonlinear terms and the effects of increased incident wave amplitude are negligible (see Fig. 5.28).
In this case, only the first harmonic is slightly affected by the amplitude of the incident signal.
Instead, when higher-frequency pulsations with smaller amplitude are considered, the effects from
fluid nonlinearities are dominant and the influence of the amplitude of the incident wave is stronger,
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Figure 5.28: Multi-harmonic directivity patterns of |'
S
|/|'

I
| related to the scattered signal related to

incident waves with A
I = 1 m2/s and A

I = 10 m2/s. a = 0.4 r0, kr0 = 0.1, d/r0 = 10 the unit of measure
of the values in the legend is m2/s).

Figure 5.29: Multi-harmonic directivity patterns of |'
S
|/|'

I
| related to the scattered signal related to

incident waves with A
I = 1 m2/s and A

I = 10 m2/s. a = 0.1r0, kr0 = 0.4, d/r0 = 10 the unit of measure of
the values in the legend is m2/s).

especially on the directivity pattern of the fist harmonic of the scattered signal (see Fig. 5.29).
Finally, pulsation cases with either large amplitude or high frequency, but very small amplitudes

of the surface Mach number are considered. Specifically, the signals scattered by pulsating spheres
with a = 0.5 r0, kr0 = 0.01 and a = 0.0 1r0, kr0 = 0.5, both corresponding to surface Mach number
amplitude equal to ka = 0.005, are presented in Figs. 5.30 and 5.31, respectively. These results
confirm that large amplitude pulsations generate higher harmonics of the scattered signal which are
comparable to the first one, and that nonlinear contributions are negligible because of the very low
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Figure 5.30: Multi-harmonic directivity patterns of |'S
|/|'

I
| related to the scattered signal provided by

linear and nonlinear solutions. a = 0.5 r0, kr0 = 0.01, AI = 1 m2/s, d/r0 = 10.

Figure 5.31: Multi-harmonic directivity patterns of |'S
|/|'

I
| related to the scattered signal provided by

linear and nonlinear solutions. a = 0.0 1r0, kr0 = 0.5, AI = 1 m2/s, d/r0 = 10.

surface Mach number and pulsation frequency (in these cases, linear and nonlinear solutions are
practically identical, indeed). In addition, it is confirmed also that pulsation frequency affects fluid
nonlinearities. This is highlighted by the zoom of higher harmonics in Fig. 5.31 which are very
small due to the very small pulsation amplitude, but present significant discrepancy between linear
and nonlinear predictions.
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Chapter 6

Conclusions

The research activity carried out in this thesis was dedicated to the development and validation
of a boundary integral formulation suitable for predicting acoustic and aerodynamic perturbation
fields in fluid domains bounded by arbitrarily moving and deforming solid or porous surfaces. The
formulation was obtained as the solution of the general arbitrarily-forced acoustic wave equation
through the introduction of the free-space Green function. It allows the study of disturbance
propagations problems expressed in terms of either acoustic pressure or velocity potential.

Two equivalent versions of the formulation, one expressed in the undisturbed-fluid frame and
one in a frame in arbitrary motion, have been developed and implemented numerically through a
zeroth-order Boundary Element Method.

The deformable-boundary integral formulation developed here can be used not only to predict
radiated fields via its integral-representation form, but also to address scattering problems by solving
its integral-equation form for the surface field. This dual capability allows the method to be applied
to a broad spectrum of aeroacoustic scenarios, including coupled source–scatterer configurations,
while offering a unified mathematical and numerical framework suitable for both linear and nonlinear
problems.

The work presented in this thesis establishes a unified boundary-integral framework for pre-
dicting wave-propagation phenomena involving deforming structures, offering a foundation for the
development of more advanced aeroelastic and high-fidelity aeroacoustic simulation tools.

6.1 Applications to acoustic radiation

The first set of numerical applications focused on radiation problems, in which the boundary-surface
solution is prescribed and the formulation is employed as a boundary integral representation to
propagate the disturbance into the far field. The chosen test cases -featuring porous and solid
surfaces, both rigid and deforming- were selected to validate the method under progressively more
complex physical and numerical conditions.

Specifically, by considering the propagation problems relating to a pulsating source surrounded
by a deforming porous surface, a pulsating solid sphere, a non-lifting flapping and twisting trans-
lating wing and a helicopter rotor model in forward flight, the numerical investigation has proven
that the proposed deformable-boundary integral formulation:

• expressed in the fixed and moving frames gives equivalent versions which provide identical
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results, whatever the motion of the moving frame;

• yields predictions that are in agreement with analytical solutions when the latter are available;

• is applicable, with the same level of accuracy, to solid- and porous-boundary problems;

• is able to capture the propagation effects due to boundary deformation;

• is suitable for the analysis of aeroacoustic and potential aerodynamics problems;

• is suitable for the investigation of complex aeronautical configurations, for which the inclu-
sion of the boundary deformation effects in the propagation of perturbations may significantly
affects the simulation accuracy when the structure is subject to moderate/large elastic deflec-
tions.

In the overall, the numerical investigation on radiation problems has demonstrated that the pre-
sented deformable-boundary integral formulation provides simulations in agreement with analytical
or experimental solutions whenever available, and remains robust in the presence of large structural
deformations, multiphysics coupling, and significant multi-harmonic content in the radiated field.
It is suitable for aeroacoustic applications involving deformable bodies, such as propellers, wings,
helicopter rotors, and porous surfaces used as fictitious CFD–to–BEM interfaces.

6.2 Applications to acoustic scattering

The second part of the numerical investigation was focused on sound scattering problems for which,
first, a boundary integral equation must be solved to determine the solution over the boundary
surface, and, then, the boundary integral representation is applied to evaluate the scattered field in
the fluid domain.

Two formulations have been developed: a linear scattering model forced by kinematic boundary
conditions of body impermeability, and a fully nonlinear extension that also accounts for the forcing
terms coming from the meanflow (generated by the surface motion) through fluid nonlinearities .

Both versions have been expressed in terms of either acoustic pressure or velocity potential
and have been solved numerically for arbitrarily shaped deforming scatterers. Two complementary
numerical strategies have been adopted: a time-domain marching scheme and a frequency-domain
multi-harmonic algorithm, both based on a zeroth-order Boundary Element Method. As for the
linear formulation, time-domain and frequency-domain solution strategies (related to both acoustic
pressure and velocity potential fields) have been successfully validated by comparison with available
analytical solutions regarding pulsating spherical scatterers, for different observers locations. How-
ever, it was noticed that the time-domain algorithm is stable and reliable for problems concerning
low-frequency incident waves (kIr0 < 1 for the rigid-sphere scattering). Instead, for higher fre-
quencies of the incident wave the solution given by the proposed frequency-domain multi-harmonic
algorithm still remains stable and accurate, while the time-domain solution is difficult to converge
to a reliable solution.

The proposed approaches for linear sound scattering analysis expressed in terms of acoustic
pressure and velocity potential have been applied to examine the effect of several scatterer defor-
mation parameters, such as amplitude, frequency, and shape, for different values of the impinging
wave frequency. The main outcomes are the following:
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• the combination of the incident harmonic wave with the time variation of BEM coefficients due
to scatterer deformation results in significant multi-harmonic contributions to the scattered
signal (which, therefore, is not mono-harmonic as in the case of the rigid scatterer);

• as the amplitude and frequency of scatterer deformation increase, the higher-harmonic content
of the scattered sound also increases, becoming comparable to the scattered signal at the same
frequency as the incident wave;

• the scattered sound predicted by the acoustic pressure integral formulation and the velocity
pressure integral formulation may considerably differ as the amplitude and frequency of the
scatterer deformation increase; this is particularly evident for the higher-harmonic content and
it indicates that the nonlinear contributions neglected in both formulations are different and
would provide significant contributions; this effect is due to the presence of the nonuniform
fluid flow generated by the scatterer deformation and is in line with the same different accu-
racy of acoustic pressure-based and velocity potential-based scattering formulations already
observed in the literature in the case of the presence of meanflow generated by the motion of
rigid scatterers;

• it is proven that the shape of the scatterer deformation plays a crucial role; indeed, it is shown
that a non-uniform wavy deformation of the sphere provides a scattering effect which is much
lower than that provided by the uniform pulsation; incidentally, it is observed that considering
odd or even numbers of deformation waves may cancel or not some of the harmonics of the
scattered signal.

Finally, a solution strategy for nonlinear sound scattering has been applied to a pulsating sphere
subjected to an incident plane sound wave. The method uses a harmonic-balance cascade algorithm
in which the harmonics of the scattered velocity-potential field are iteratively coupled until conver-
gence, while accounting for the flow field generated by the sphere’s dynamic deformation.

The numerical study has demonstrated that: (i) the proposed harmonic-balance cascade al-
gorithm yields a nonlinear scattered field that converges rapidly; (ii) when the sphere undergoes
large-amplitude pulsations at non-negligible frequencies, the nonlinear solution deviates markedly
from the linear prediction; (iii) for small-amplitude incident sound waves, the linearized and nonlin-
ear solutions coincide; and (iv) as the incident-wave amplitude increases, the two solutions diverge,
indicating that accurate modeling of sound scattering from deforming bodies necessitates a nonlinear
approach such as the one developed in this work."

The nonlinear scattering method presented in this work represents the first application of a
boundary integral formulation for deformable bodies to sound-scattering problems that account for
fluid nonlinearities induced by surface deformation.
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Appendix A

From Lighthill to Ffowcs Williams and

Hawkings equation

Let us consider the FFR and the Lighthill equation extended to the entire R3 domain as illustrated
in Sec. 2.1

r
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0
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c
2
0
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2
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0

@t2
=�Hr ·r ·T+rH ·rp
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0@H
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◆� (A.1)

where p
0 = c

2
0(⇢ � ⇢0) denotes the acoustic pressure, and H = H(f) represents the Heaviside

function, with f = f(x, t) such that f > 0 outside of the boundary surface, S, of the fluid region
where the propagation of the signal is governed by Eq. (A.1), and f < 0 inside it.

Observing that the following identity holds

r·r·[H T] = Hr·r·T+r·[TrH] + (r·T)·rH (A.2)

Eq. (A.1) can be rewritten as
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(A.3)

Next, recalling that T+ p
0
I = P+ ⇢u⌦ u (see Sec. 2.1), from the Navier-Stokes equation

@(⇢u)

@t
+r · (P+ ⇢u⌦ u) = 0

we obtain
r · (T+ p

0
I) = �

@

@t
(⇢u)

95



Chapter A. From Lighthill to Ffowcs Williams and Hawkings equation

and Eq. (A.3) becomes
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(A.4)

Then, considering the identity

r · [⇢(u⌦ u)rH] = r · (⇢u) (u ·rH) + ⇢u ·r(u ·rH)

and the continuity equation
@⇢

@t
+r · (⇢u) = 0 (A.5)

combined with Eq. (A.4) yields the equation
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which, suitably re-arranging the terms on the right-hand side, can be rewritten as
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For D(...)/Dt denoting the material time derivative performed following the fluid particle, we
have DH/Dt = @H/@t+u·rH, and thus, the last two terms of the above equation can be expressed
as
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and Eq. (A.7) is given in the following form
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By suitably defining the term DH/Dt in the above equation, it is possible to derive the FWHE
for solid and porous sound emitting surfaces.

First of all, let us observe that the time derivative of H(f) performed by following a point of the
surface S is equal to zero by definition, i.e., for (⇠1, ⇠2) denoting a body-fitted curvilinear coordinate
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system defined over S and @(...)/@t|⇠ denoting time derivative at a (⇠1, ⇠2)-fixed point
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=
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@t
+ v ·rH = 0 (A.9)

and, thus, second-order Eulerian time derivative of H can be expressed as

@
2
H

@t2
= �

@

@t
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while its material derivative is given by

DH

Dt
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@H
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+ u ·rH = (u� v) ·rH (A.11)

Then, considering that when the surface is solid (u � v) · rH = 0 on S (normal components of
fluid and surface velocities coincide over impermeable surfaces), the combination of Eq. (A.8) with
Eq. (A.10) and Eq. (A.11) yields the following FWHE for solid fuid boundary surfaces
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To derive the FWHE for porous surfaces, the last two terms of Eq. (A.8) are combined with
Eq. (A.11) and further manipulated to obtain the following expression
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whose last two terms are further combined with the continuity equation, Eq. (A.5), to be rewritten
as
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Finally, by combining Eq. (A.8) with Eq. (A.10), Eq. (A.13) and Eq. (A.14), the following FWHE
for porous fluid boundary surfaces is readily obtained
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Appendix B

Jacobian of the integration variables

transformation

Let us consider the transformation of integration variables

(y, t) ! (⇠1, ⇠2, ⇠3, g)

introduced in Sect. 3. The corresponding Jacobian, Ĵ , such that

dV dt = dy1 dy2 dy3 dt = Ĵ d⇠1 d⇠2 d⇠3 dg (B.1)

can be determined as Ĵ = J̄
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with (y1, y2, y3) denoting the coordinates of a Cartesian system fixed to the MFR, and ⇠↵ = ⇠
↵
m(y, t)

representing the inverse of the mapping in Eq. (3.13).
Then, by observing that, for ej representing the unit basis vectors of the Cartesian system and

a
↵ denoting the contravariant basis vectors of the curvilinear coordinate system
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the Jacobian in Eq. (B.2) can be recast in the following form
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which yields
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where a↵ denotes the covariant basis vectors of the curvilinear coordinate system. Finally, recalling
that |a

1
⇥ a

2
· a

3
| = |a1 ⇥ a2 · a3|

�1, the following expression of the Jacobian of the transformation
of the integration variables is straightforwardly derived from Eq. (B.3)

Ĵ = J̄
�1 =

|a1 ⇥ a2 · a3|

|1 + vm
y ·r✓y|
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Appendix C

Expansion of the integral formulation in

the FFR

Neglecting the field term, the deformable-boundary integral formulation in Eq. (3.25) can be refor-
mulated as the combination of the following five integral contributions
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Thus, noting that
rr = �er
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the following expressions are straightforwardly derived from the application of the space and time
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differential operators that appear in Eqs. (C.1)-(C.5)
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where ˙(...) = @(...)/@t
��
⇠

represents the time derivative at a fixed surface point, M = kMk, and the
the following symbols are conveniently introduced

• Js = |a1 ⇥ a2|: Jacobian of the boundary surface; by recalling the assumption on the
⇠
3
�coordinate introduced to obtain Eq. (3.15), we note that it coincides with the Jacobian

of the local transformation of space variables, i.e., |a1 ⇥ a2 · a3| ⌘ |a1 ⇥ a2|, which contributes
to the definition of the Jacobian, J , appearing in Eqs. (C.1)-(C.5)

• Mr = M · er = v · er/c0: component of Mach number of surface points along source-observer
direction

• Mn = M · n = v · n/c0: component of Mach number of surface points orthogonal to the
surface.

The combination of the above expressions with Eqs. (C.1)-(C.5) yields the expanded forms of
the integrals Iz, IZ, Ik1, Ik2, Iw that are given in Eqs. (3.27)-(3.31).
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Appendix D

Expansion of the integral formulation in

the MFR

Similarly to the integral formulation expressed in FFR, the one expressed in MFR can also be
appropriately reformulated in expanded form.

This is done by suitably interpreting the several differential operators appearing and, in partic-
ular, the time derivatives which are always evaluated by fixing a material point, but are observed
by the MFR.

First of all, let us recall the expression of Green’s function, time delay and Jacobian appearing
in the formulation expressed in the MFR (see Sec. 3.1 and Sec. 3.2)
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where Js = |a1 ⇥ a2| denotes the Jacobian of the boundary surface.
Next, let us observe that for an arbitrary delayed function, f✓ = f(t � ✓), its gradient is given

by
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and, therefore, the gradient of ✓y is
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where rr = �er and @r/@t |y = �vy · er, and the following expression is obtained
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Similarly, the gradient of Green’s function yields
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with
r(vy · er) = [rvy]

T
er + [rer]

T
vy

Noting that the gradients of er and velocity vy can be expressed as follows
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r
+

er ⌦ er

r
; rvy = ⌦y

where ⌦y is an antisymmetric tensor such that for an arbitrary vector q we have ⌦yq = !y ⇥ q

with !y representing the angular velocity of the MFR with respect to the FFR, the gradient of
(vy · er) can be recast in the form
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For the second term of the gradient of Green’s function, we have
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Noting that the time derivatives of er and velocity vy can be expressed as follows, if observed by
the FFR
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(D.9)

Combining Eqs. (D.4), (D.5), (D.6), (D.7), (D.8) and (D.9) gives the final expression for the
gradient of the Green’s function expressed in MFR
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(D.10)

To explicit the expressions of the time derivatives of Green’s function and gradient of ✓y, some
considerations must be made. Both of these functions are delayed by ✓y, so if the derivative is
evaluated for a point fixed to the moving reference, both Ĝ0 and r✓y no longer depend on time
and it is equal to zero. However, the time derivatives that appear in Eq. (3.23) must be calculated
following a point of the boundary surface. In the presence of boundary deformations, these points
move with respect to the MFR, and therefore the time derivatives of Ĝ0 and r✓y are not null and
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are expressed as follows

@ Ĝ0
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where ry is the gradient operator written in the MFR and the time derivative of vectors is accom-
plished by observing from the MFR (thus the first term on the right-hand side of Eq. (D.12) is
null).

Next, combining Eqs. (D.1) and (D.3) yields
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where, for the differential operators applied to non-delayed vector �er/(c0(1�M
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r )) we have
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with the time derivative of er observed by the MFR given by
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The combination of Eqs. (D.13), (D.14) and (D.15) yields the final expression for the gradient
of the gradient of the delay ✓y
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Finally, the time derivative of the Jacobian is considered. It is straightforward to obtain the
following expression
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where the symbol sign denotes the sign of the function (1� v
m
y ·r✓y).

Substituting the expressions derived in Eqs. (D.3), (D.10), (D.11), (D.12), (D.16), (D.17) into
Eq. (3.23) the expanded form of the boundary integral formulation expressed in the MFR is
obtained.
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Chapter D. Expansion of the integral formulation in the MFR

Remark

The integrand terms in Eq. (3.23) are all evaluated for g = 0, namely at the delayed time t⇤ � ✓.
However, the contributions related to Ĝ0, rĜ0 and r✓y, are, by definition, evaluated at the delayed
time t⇤ � ✓y (see Sec. 3.1 and Sec. 3.2).

Thus, the application of the boundary integral formulation in Eq. (3.23) requires, for any
boundary surface point:

• evaluation of the delay ✓ related to the combination of dynamic deformation and rigid-body
motion of the boundary surface;

• evaluation of the delay ✓y related to the rigid-body motion of the MFR, at the position where
it passes at the time t⇤ � ✓;

• evaluation of the integrands terms that depend on time, such as, for instance, the normal or
velocity vy, at the time t⇤ � ✓, and evaluation of the quantities related to Green’s function
and r✓y at the time t⇤ � ✓y.
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Appendix E

Analytical solution of sound radiated by

a pulsating sphere

In this appendix, an original and general analytical solution of the sound radiated by a sphere
undergoing subsonic harmonic pulsations is derived.

It is introduced to provide a validation test for the novel deformable-boundary integral formu-
lation, with particular attention on the contributions from deforming boundary surfaces (for this
reason, the fluid nonlinearities giving raise to volume contributions are neglected).

The demonstration of the analytical expression of the noise radiated by a pulsating sphere is
derived in term of the velocity potential, and provides a non-closed, Fourier-series expansion solution
of the homogeneous form of Eq. (2.8).

This solution can be considered as the extension to arbitrary values of pulsation amplitude and
frequency compatible with subsonic surface motion, of the analytical, closed-form solutions already
available in the literature that are valid for small-amplitude or finite-amplitude and small-frequency
pulsations of the sphere (see, for instance, [69, 70]).

E.1 Formulation of the problem

Let us consider a uniformly pulsating sphere immersed in an inviscid perfect gas, initially at rest,
and assume that the instantaneous radius of the sphere, rs, is given by

rs(t⇤) = r0 + a sin!t⇤ (E.1)

The corresponding flowfield is governed by the wave equation in Eq. (2.8) and is necessarily
spherically symmetrical, with the velocity of the particles having only the radial component, u,
depending on time and distance from the centre of the sphere, i.e., u = u ir, with ir representing
the unit vector along the radial direction.

As mentioned above, the objective of the following developments is the determination of the an-
alytical description of the velocity potential radiated by the pulsating sphere, under the assumption
of neglected nonlinear propagation effects. Specifically, we derive the analytical solution, '(x⇤, t⇤),
of the homogeneous form of Eq. (2.8), with associated impermeability boundary conditions on the
moving surface of the pulsating sphere.
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E.1. Formulation of the problem

To this purpose, let us observe that the expression of the free-space Green function of the wave
equation yields the following expression for the velocity potential field linearly radiated by a source
of time-varying amplitude, A(t) [30, 58]

'(%, t⇤) =
�1

4⇡%
A(t⇤ � %/c0) (E.2)

where % represents the distance from the source. At each time it generates a spherically symmetrical
flowfield, u = @'/@%.

Therefore, the solution of the homogeneous form of Eq. (2.8) describing the flow field due to a
pulsating sphere can be derived as that corresponding to the velocity potential field radiated by the
source located at the centre of the sphere, whose time-varying amplitude is such that it satisfies the
boundary conditions of impermeability

@'

@%

����
%=rs(t⇤)

= vs(t⇤) = ! a cos!t⇤ (E.3)

where vs denotes the velocity of the sphere surface.
Observing that the radial derivative of the velocity potential given in Eq. (E.2) is expressed as

@'

@%

����
t⇤

=
1

4⇡%2
A(t⇤ � %/c0) +

1

4⇡%c0
Ȧ(t⇤ � %/c0)

where Ȧ represents the derivative of the function A with respect to its argument, the combination
with Eq. (E.3) yields the following periodic-coefficient, ordinary differential equation

rs(t⇤)

c0
Ȧ[t⇤ � rs(t)/c0] +A[t⇤ � rs(t)/c0] = 4⇡ r2s(t⇤)! a cos!t (E.4)

whose solution provides the source-amplitude function which corresponds to the condition of im-
permeability of the surface of the moving sphere (null relative motion between fluid and sphere
surface).

Thus, once replaced in Eq. (E.2), this solution gives the velocity potential field radiated by the
pulsating sphere which satisfies the homogeneous form of Eq. (2.8). It is a centrally symmetric field
depending only on the radial position and time.

Through introduction of the source time variable

t = t⇤ � rs(t⇤)/c0 = t⇤ � r0/c0 � (a/c0) sin!t⇤ (E.5)

Eq. (E.4) can be re-written in a more compact form in the time domain, t, as

↵(t) Ȧ(t) +A(t) = �(t) (E.6)

where
↵(t) =

rs[t⇤(t)]

c0
, �(t) = 4⇡ r2s [t⇤(t)]! a cos[!t⇤(t)] (E.7)

with t⇤(t) denoting the inverse of the time variable transformation in Eq. (E.5). This inverse function
plays a crucial role in the definition of the differential problem for the unknown A function, and is
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E.2. Time variable transformation

discussed in the next section.

E.2 Time variable transformation

The complexity of the time variable transformation in Eq. (E.5) depends on the frequency and
amplitude of the sphere pulsations. Indeed, taking the differential of both sides of Eq. (E.5) yields

dt⇤ =
dt

(1� ka cos!t⇤)

where k = !/c0 denotes the wave number and ka is the acoustic Mach number. This expression
implies that the inverse of the function in Eq. (E.5) exists locally when ka < 1 or, in other words,
when the pulsation speed is subsonic and the causality condition is satisfied (note that the geometric
constraint a/r0 < 1 must be implicitly considered).

In particular, if ka ⌧ 1 we have dt⇤ ⇡ dt and therefore the time variable transformation reduces
to the simple delayed-time form

t = t⇤ � r0/c0 (E.8)

Since ka = (kr0)(a/r0), this condition occurs for very low frequency pulsations for which kr0 ⌧ 1,
but also for pulsations of not very low frequency when the amplitude of the pulsation is suitably
small, a/r0 ⌧ 1.

If the pulsation frequency and the pulsation amplitude are such that the condition ka ⌧ 1 is
not satisfied, Eq. (E.8) is not valid and the relation between time t⇤ and time t can be determined
through the following discrete sequence of linear approximations, for n = 0, 1, 2...

t⇤n+1 = t⇤n +
�t

(1� ka cos!t⇤n)
, tn+1 = t0 + (n+ 1)�t (E.9)

where�t denotes a suitably small increment of time t. Equation (E.9) corresponds to the application
of the local linear Taylor series approximation and can be applied starting from an arbitrary initial
value t⇤0 and the corresponding t0 = t⇤0 � r0/c0 � (a/c0) sin!t⇤0 .

E.3 Acoustic radiation from small-amplitude pulsations

Let us consider sphere pulsation amplitudes and frequencies such that a/r0 ⌧ 1 and ka ⌧ 1, for
which Eq. (E.8) holds and rs ⇡ r0. This means that Eq. (E.6) can be recast in the following form

Ȧ(t) +
c0

r0
A(t) = 4⇡ c0 r0 ! a cos!(t+ r0/c0)

= 4⇡ (bc cos!t+ bs sin!t) (E.10)

where bc = c0 r0 ! a cos kr0 and bs = �c0 r0 ! a sin kr0.
It can be readily observed that the asymptotic solution of Eq. (E.10) (with the vanishing

transient solution) provides the following expression for the velocity potential field generated by the
pulsating sphere, see Eq. (E.2)

'(%, t⇤) =
�1

%
[ac cos!(t⇤ � %/c0) + as sin!(t⇤ � %/c0)]
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E.3. Acoustic radiation from small-amplitude pulsations

where

ac =

✓
bc

!
+

r0bs

c0

◆�✓
1

kr0
+ kr0

◆
(E.11)

as =
bc

!
�

✓
bc

!
�

r0bs

c0

◆� ⇥
1 + (kr0)

2
⇤

(E.12)

Including the assumption of small-frequency pulsations, kr0 ⌧ 1, the combination of the expres-
sions of bc and bs with the above equations yields ac ⇡ ! r

2
0 a and as ⇡ 0. Thus, the corresponding

radiated velocity potential reads

'(%, t⇤) = �
r
2
0

%
! a cos!(t⇤ � %/c0) = �

r
2
0

%
vs

����
t⇤�%/c0

(E.13)

with the associated perturbation pressure field given by (solution A)

p
0(%, t⇤) = �⇢0

r
2
0

%
!
2
a sin!(t⇤ � %/c0) = ⇢0

r
2
0

%
v̇s

����
t⇤�%/c0

(E.14)

with v̇s denoting the acceleration of the surface points, while (...)|t⇤�%/c0 indicates evaluation at the
retarded time, t⇤�%/c0. The acoustic field expressed in Eq. (E.14) coincides with the classical solu-
tion presented in the literature for the same conditions of small pulsation frequency and amplitude
(see, for instance, Refs. [70, 79]).

Instead, when the assumption kr0 ⌧ 1 is removed the combination of the expressions of bc

and bs with Eqs. (E.11) and (E.12) followed by appropriate mathematical manipulations yield the
velocity potential field radiated by the non-low frequency pulsating sphere expressed by

'(%, t⇤) = �
r
2
0

%
! a

⇥
1 + (kr0)

2
⇤�1/2

cos! (t⇤ � r̄/c0)

= �
r
2
0

%

⇥
1 + (kr0)

2
⇤�1/2

vs

����
t⇤�r̄/c0

(E.15)

where r̄ = %�r0+(1/k) tan�1
kr0, which corresponds to the following description of the perturbation

pressure field (solution B)

p
0(%, t⇤) = �⇢0

r
2
0

%
!
2
a
⇥
1 + (kr0)

2
⇤�1/2

sin! (t⇤ � r̄/c0)

= ⇢0
r
2
0

%

⇥
1 + (kr0)

2
⇤�1/2

v̇s

����
t⇤�r̄/c0

(E.16)

The acoustic field expressed in Eq. (E.16) coincides with the classical solution presented in the
literature for the same only condition of small pulsation amplitude (see, for instance, Ref. [70]).

Note that in the above equations t⇤ denotes the time variable through which the evolution of the
radiated acoustic field is described. This evolution corresponds to the sphere pulsation described
through time t which, due to the imposition of the impermeability boundary conditions, is shifted
and distorted with respect to t⇤ (see Eqs. (E.4) and (E.5)).

Finally, it is worth noting that the solution in Eq. (E.13) can be straightforwardly derived from

Beatrice De Rubeis 109



E.4. Acoustic radiation from non-small pulsation amplitudes

Eq. (E.10) through algebraic manipulations. Indeed, for low-frequency pulsations of the sphere
(kr0 ⌧ 1) the contribution of the term Ȧ which is proportional to kr0 is negligible and, at the
same time, bc ⇡ c0 r0 ! a and bs ⇡ 0. Thus, deriving the function A(t) from the corresponding
approximated expression of Eq. (E.10) the solution in Eq. (E.13) is directly obtained by combining
it with Eq. (E.2). This solution procedure is applied in the following section to determine the
acoustic field for small- frequency, large-amplitude pulsations of the sphere.

E.4 Acoustic radiation from non-small pulsation amplitudes

Let us consider arbitrary sphere pulsation amplitudes which satisfy the condition a/r0 < 1. Since
the acoustic Mach number, ka, is assumed to be subsonic, ka < 1, the upper limit of the admissible
pulsation frequency parameter, kr0, is correspondingly readily defined. Three different classes of
solutions are distinguished: those valid for pulsations with low frequency and low acoustic Mach
number (both conditions kr0 ⌧ 1 and ka ⌧ 1 are satisfied), those valid for low acoustic Mach
number (only the condition ka ⌧ 1 is satisfied), and those valid for large-amplitude, high-frequency
pulsation cases (only the condition ka < 1 is satisfied).

E.4.1 Solution for low frequency and low acoustic Mach number

As mentioned at the end of appendix E.3, this assumption implies that the contribution of the term
Ȧ in Eq. (E.4) is negligible and that ka ⌧ 1, thus yielding t = t⇤ � r0/c0 (see Eq. (E.8)). However,
since the pulsation amplitude can be large and hence rs 6⇡ r0, the corresponding approximated form
of Eq. (E.4) yields

A(t) = 4⇡ [r0 + a sin(!t+ kr0)]
2
! a cos(!t+ kr0)

Then, developing the trigonometric terms at the right-hand-side of the above equation, observing
that for kr0 ⌧ 1 we may assume cosmkr0 ⇡ 1 and sinmkr0 ⇡ mkr0 for m = 1, 2, 3, and neglecting
the terms proportional to kr0 provide the following solution for the radiated velocity potential field

'(%, t⇤) = �! a
r
2
0

%

✓
1 +

1

4

a
2

r
2
0

◆
cos!(t⇤ � %/c0) +

a

r0
sin 2!(t⇤ � %/c0)

�
1

4

a
2

r
2
0

cos 3!(t⇤ � %/c0)

�
(E.17)

with the acoustic pressure given by (solution C)

p
0(%, t⇤) = �⇢0 !

2
a
r
2
0

%

✓
1 +

1

4

a
2

r
2
0

◆
sin!(t⇤ � %/c0)� 2

a

r0
cos 2!(t⇤ � %/c0)

�
3

4

a
2

r
2
0

cos 3!(t⇤ � %/c0)

�
(E.18)

As expected, for a/r0 ! 0 (small-amplitude pulsations) Eqs. (E.17) and (E.18) tend to coincide
with Eqs. (E.13) and (E.14). Instead, in the case of large amplitude pulsations they show that
the spectrum of the radiated perturbation wave contains contributions from harmonics that are
multiples of that of the surface motion (thus confirming the outcomes of Ref. [69]). This multi-
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E.4. Acoustic radiation from non-small pulsation amplitudes

harmonic structure of the radiated acoustic signal is a characteristics of all large-amplitude sphere
pulsations cases, as it will be demonstrated in the following sections.

E.4.2 Solution for low acoustic Mach number

Assuming that ka ⌧ 1, this case considers sphere pulsations such that t = t⇤ � r0/c0, without
further specific limitations on their amplitude and frequency (it includes, for instance, pulsations
that at the same time have non-small amplitude and non-low frequency). Thus, Eq. (E.4) can be
rewritten as, for ⌘(t) = [r0 + a sin(!t+ kr0)]/c0,

⌘(t)Ȧ(t) +A(t) = 4⇡ c20 ⌘(t)
2
! a cos(!t+ kr0) (E.19)

which is a differential equation with periodic coefficients, subject to a periodic forcing term.
The solution of Eq. (E.19) is not available in closed form. It is conveniently obtained by

expanding the unknown function in Fourier series and determining the corresponding coefficients
through a harmonic balance between the left-hand-side and the right-hand-side terms.

To this purpose, let us represent the function A(t) as

A(t) = A0 +
NaX

n=1

A
c
n cosn!t+A

s
n sinn!t (E.20)

with Na denoting the order of the highest harmonic included in the analysis, and replace this
expression in Eq. (E.19). Combining the harmonics deriving from the different contributions, and
then equating the coefficients appearing at the left- and right-hand sides for each pair of homologous
harmonic terms (harmonic balance) the following algebraic system is obtained

Pz = f (E.21)

where z collects the coefficients in Eq. (E.20), zT =
�
A0 A

c
1 A

s
1 A

c
2 A

s
2 . . . A

c
Na

A
s
Na

 
, the vector f

collects the Fourier coefficients of the right-hand side in Eq. (E.19)

f = 4⇡!a

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

0

r
2
0 cos kr0 +

1

4
a
2 (2 cos kr0 � cos 2kr0 cos kr0 � sin 2kr0 sin kr0)

�r
2
0 sin kr0 �

1

4
a
2 (2 sin kr0 + cos 2kr0 sin kr0 � sin 2kr0 cos kr0)

a r0 sin 2kr0

a r0 cos 2kr0
1

4
a
2 (sin 2kr0 sin kr0 � cos 2kr0 cos kr0)

1

4
a
2 (cos 2kr0 sin kr0 + sin 2kr0 cos kr0)

0
...
0

9
>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>;
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E.4. Acoustic radiation from non-small pulsation amplitudes

while the matrix P of dimensions (1 + 2Na)⇥ (1 + 2Na) is expressed as

P =

2

6666666666664

C011 R011R012 0 0 . . . 0 0 0

L012

L021
C1 R1 0 . . . 0 0 0

0 L2 C2 R2 . . . 0 0 0

. . . . . . . . . . . .
. . . . . . . . . . . .

0 0 0 0 . . . LN�1 CN�1 RN�1

0 0 0 0 . . . 0 LN CN

3

7777777777775

(E.22)

where

Cn =

"
1 nkr0

�nkr0 1

#
; Ln =

1

2
(n+ 1) ka

"
cos kr0 sin kr0

� sin kr0 cos kr0

#

and

Rn = �
1

2
(n+ 1) ka

"
cos kr0 � sin kr0

sin kr0 cos kr0

#

Solving the algebraic problem in Eq. (E.21) yields the Fourier coefficients of Eq. (E.20), from
which the radiated velocity potential field is obtained as

'(%, t⇤) = �
1

4⇡ %

"
A0 +

NaX

n=1

A
c
n cosn!(t⇤ � %/c0) +A

s
n sinn!(t⇤ � %/c0)

#
(E.23)

with the acoustic pressure given by (solution D)

p
0(%, t⇤) = �

⇢0 !

4⇡ %

"
NaX

n=1

n (Ac
n sinn!(t⇤ � %/c0)�A

s
n cosn!(t⇤ � %/c0))

#
(E.24)

It is worth noting that, as the pulsation amplitudes decrease, the off-diagonal Ln and Rn matrices
in Eq. (E.22) tend to become negligible with respect to the diagonal block matrices Cn, and the
higher-harmonic contributions in the forcing vector, f , tend to become negligible with respect to
the fundamental one (related to the sphere pulsation frequency). This clearly highlights the role of
the amplitude of a single-harmonic pulsation in generating multi-harmonic wave propagation.

E.4.3 Solution for large-amplitude, high-frequency pulsations

This is the most general solution case for which arbitrary pulsation amplitudes such that a/r0 < 1,
and pulsation frequencies such that ka < 1 can be considered. Therefore, the unknown function
A(t) is governed by the complete version of the differential equation in Eq. (E.6), with the coefficient
↵(t) and the forcing term �(t) being multi-harmonic periodic functions depending on the pulsating
motion of the sphere given in Eq. (E.1).

Also in this case, the solution is not available in closed form and can be conveniently deter-
mined by the Fourier series expansion of the unknown function, followed by the application of the
harmonic-balance solution method already discussed in appendix E.4.2 to evaluate the correspond-
ing coefficients. However in this case the solution process is more complicated since time t⇤ to be
used in Eq. (E.1) to determine the sphere motion and hence the time histories of the functions ↵
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E.4. Acoustic radiation from non-small pulsation amplitudes

and � in the domain t has to be evaluated from Eq. (E.5). This is accomplished by application of
the discrete scheme of identification of the inverse function t⇤ = t⇤(t) given in Eq. (E.9).

The solution procedure begins with the introduction of the Fourier series expansion of A(t)

expressed in Eq. (E.20), which is then replaced in Eq. (E.6) to yield the following equation

A0 +
NaX

n=1

A
c
n b

c
n(t) +A

s
n b

s
n(t) = �(t) (E.25)

where
b
c
n(t) = cosn!t� n! ↵(t) sinn!t; b

s
n(t) = sinn!t+ n! ↵(t) cosn!t

with ↵(t) given in Eq. (E.7). Then, performing also the Fourier series expansions of bcn(t), bcn(t),
and the forcing term �(t)

b
c
n(t) = b

c
n0 +

NaX

m=1

b
cc
nm cosm!t+ b

cs
nm sinm!t

b
s
n(t) = b

s
n0 +

NaX

m=1

b
sc
nm cosm!t+ b

ss
nm sinm!t

�(t) = �0 +
NaX

m=1

�
c
m cosm!t+ �

s
m sinm!t

Eq. (E.25) is recast in the following form

A0 +
NaX

n=1

A
c
n b

c
n0 +A

s
n b

s
n0

+
NaX

m=1

 
NaX

n=1

A
c
n b

cc
nm +A

s
n b

sc
nm

!
cosm!t+

NaX

m=1

 
NaX

n=1

A
c
n b

cs
nm +A

s
n b

ss
nm

!
sinm!t

= �0 +
NaX

m=1

�
c
m cosm!t+ �

s
m sinm!t

Balancing the harmonics at the right- and left-hand sides provides an algebraic system of the type of
that in Eq. (E.21) with the vector z coinciding with that given in Eq. (E.21), the forcing vector, f ,
such that fT =

�
�0 �

c
1 �

s
1 �

c
2 �

s
2 . . . �

c
Na

�
s
Na

 
, and the matrix P of dimensions (1+2Na)⇥ (1+2Na)

expressed as

P =

2

666666666666664

1 b
c
10 b

s
10 b

c
20 b

s
20 . . . b

c
N0 b

s
N0

0 b
cc
11 b

sc
11 b

cc
21 b

sc
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cc
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0 b
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11 b

ss
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ss
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22 . . . b
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N2 b

sc
N2

0 b
cs
12 b

ss
12 b

cs
22 b

ss
22 . . . b

cs
N2 b

ss
N2

. . . . . . . . . . . . . . . . . . . . . . . .

0 b
cc
1N b

sc
1N b

cc
2N b

sc
2N . . . b

cc
NN b

sc
NN

0 b
cs
1N b

ss
1N b

cs
2N b

ss
2N . . . b

cs
NN b

ss
NN

3

777777777777775

(E.26)

Once vector z is evaluated from the solution of the algebraic problem in Eq. (E.21) with matrix
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P and forcing vector f given above, the radiated velocity potential and acoustic pressure can be
determined through the expressions given in Eqs. (E.23) and (E.24) (solution E).

E.5 Assessment of the validity limit of the approximate analytical

solutions

Next, for a clear definition of the validity limits of the different approximate analytical solutions
of the homogeneous wave equation of the velocity potential proposed in this appendix, the results
of a numerical investigation addressed to the evaluation of the error as a function of the frequency
parameter, kr0, and nondimensional amplitude, a/r0, of the pulsations of the sphere are presented.

Specifically, for the observer located at the distance d/r0 = 10 from the centre of the sphere, the
relative L2-errors, ✏2r , between the predictions given by the BEM solver, p0 BEM, and the acoustic
pressures, p

0 AN, obtained by solutions A, B, C and D are evaluated for 0  kr0  1.5 and
0  a/r0  0.5 (the error of solution E is not considered since this solution always coincides with
the BEM prediction, see Sec. 4.5.3). The relative L2-error is defined as

✏
2
r =

NTP
i=1

⇣
p
0 AN
i � p

0 BEM
i

⌘2

NTP
i=1

(p
0 BEM
i )2

where NT denotes the number of samples within a period.

Figure E.1: Relative L2-error between solution A and BEM predictions, d/r0 = 10.

The results of this investigation are presented in Figs. E.1-E.4. These figures present regions of
good accuracy of the various solutions, which are compatible with the assumptions their derivations
are based on. They provide a clear numerical view of the validity limits of these solutions. By
assuming the maximum acceptable relative L2-error equal to 3%, the boundaries of the yellow
regions of Figs. E.1-E.4 represent the limit of validity of the examined solutions (note that a
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E.6. Assessment of the validity limit of the exact analytical linear solution

Figure E.2: Relative L2-error between solution B and BEM predictions, d/r0 = 10.

relative L2-error equal to 3% is like that of solutions A and B in Fig. 4.10).
In particular, in Fig. E.1 the prediction accuracy grows as both pulsation frequency and ampli-

tude tends to be small (see the blue region), as expected from the assumptions applied to determine
solution A. Similarly, again based on the assumptions considered to define solutions B and C, in
Figs. E.2 and E.3 the solution accuracy grows, respectively, as the pulsation amplitude decreases
(with no limitation on the pulsation frequency), and as the pulsation frequency decreases (with no
limitation on the pulsation amplitude except the geometric one, a/r0 < 1). On the other hand, in
Fig. E.4, which is related to the solution D, the iso-accuracy lines are hyperbolic since this solution
was determined under the ka ⌧ 1 assumption, with no restrictions on the individual characteristic
parameters kr0 and a/r0. Therefore, the blue region of highly accurate predictions includes the
cases of small amplitude/low frequency pulsations, small amplitude/high frequency pulsations, and
large amplitude/low frequency pulsations.

It is important to highlight that these results are obtained for d/r0 = 10, but it has been proven
that they are exactly of the same quality for any distance between observer and centre of the sphere.

E.6 Assessment of the validity limit of the exact analytical linear

solution

Finally, a numerical investigation is performed to estimate the validity limits of the exact analytical
solution of the homogeneous wave equation for the velocity potential. To this purpose, as the
amplitude and frequency of the pulsations vary, the magnitude of the corresponding neglected
nonlinear forcing term of the wave equation for the velocity potential, �, is evaluated (see Eq.
(2.8)). Indeed, this value measures the importance of the neglected contributions and thus the
suitability of the applied linear propagation model to provide acceptable solutions from the point
of view of the physics of the problem.

First of all, we note that for any given pair of pulsation frequency parameter, kr0, and nondi-
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E.6. Assessment of the validity limit of the exact analytical linear solution

Figure E.3: Relative L2-error between solution C and BEM predictions, d/r0 = 10.

Figure E.4: Relative L2-error between solution D and BEM predictions, d/r0 = 10.

mensional amplitude, a/r0, the exact linear solution yields a multi-harmonic �, with the second
harmonic being the main one. As an example, Fig. E.5 shows the magnitude of the several harmon-
ics contributing to nondimensional �̂ = �/(c0/r0) evaluated on the sphere surface, for kr0 = 0.8

and a/r0 = 0.2.
Then, Fig. E.6 illustrates the distribution of the second harmonic of the nondimensional non-

linear term, �̂2, evaluated on the sphere surface as a function of kr0 and a/r0. From this figure
it is possible to have an idea of the sphere pulsation conditions for which the proposed analytical
solution provides a reliable simulation of the physical sound radiation phenomenon.
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E.6. Assessment of the validity limit of the exact analytical linear solution

Figure E.5: Harmonic content of �̂ at r = rs, for kr0 = 0.8 and a/r0 = 0.2.

Figure E.6: Second harmonic of �̂ at r = rs.
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Appendix F

Velocity potential radiated by a

pulsating sphere: analytical closed-form

solution from a boundary-integral

formulation

Considering the pulsating sphere problem discussed in appendix E, let us assume that the sphere
pulsation is such that ka ⌧ 1, namely the pulsation frequency is suitably low and/or the pulsation
amplitude is suitably small.

In this case, since M = ka cos!t ir, all terms in Eq. (4.6) that are proportional to the Mach
number can be neglected. Thus, observing that the above assumption implies also that the time
derivative of the Jacobian, J , is negligible (note that J̇/c0 is proportional to ka), Eq. (4.6) can be
reduced to the following simpler form

'(%, t⇤) =

ZZ

Sr/c0

 
vsG0 � '

@G0

@n
+

1

c0

@'

@t

����
⇠

@r

@n
G0

!����
t⇤�r/c0

dS(x) (F.1)

where Sr/c0 denotes the sphere surface at the time t⇤ � r/c0, whose radius is equal to rs|t⇤�r/c0 =

r0+a sin!(t⇤�r/c0). In addition, in Eq. (F.1) the impermeability boundary condition @'/@n = vs

is imposed and the equivalence �er · n = @r/@n is applied.
Since the velocity of the sphere is uniformly distributed, the velocity potential is necessarily

spherically symmetrical and, therefore, the velocity potential field is a function only of the distance
of the observer from the centre of the sphere, as expressed in Eq. (F.1).

Note that if the additional condition of small amplitude of pulsations is introduced (a/r0 ⌧ 1),
the distance r can be assumed to be time-invariant for any given pair of observer point and source
point over the average surface of the shere. This implies that the Fourier transform applied to Eq.
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F.1. Low-frequency, small-amplitude, far-field solution

(F.1) yields

'̃(%) = ṽs
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�ikrdS(x)� '̃s
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e
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@(G0 e
�ikr)

@%̂
dS(x) (F.2)

where S denotes the average surface of the sphere having radius r0, 's is the uniform velocity
potential distribution over the sphere surface, and, for (%̂,�,#) representing a spherical coordinate
system with the origin at the centre of the sphere, the equivalence @(...)/@n = @(...)/@%̂ is used.

F.1 Low-frequency, small-amplitude, far-field solution

Considering the spherical coordinate system introduced above, for arbitrary source and observer
positions we have (see Fig. F.1)

r(%, %̂,�,#) = (%2 + %̂
2
� 2%%̂ sin�)1/2

= % [1� 2(%̂/%) sin� + (%̂/%)2]1/2 (F.3)

Figure F.1: Sketch of sphere-observer geometry on a #-constant, meridian plane.

Thus, for the source points located over the sphere, under the assumption of small-amplitude
pulsations (a/r0 ⌧ 1 which implies rs ⇡ r0) and far-field observers (r0/% ⌧ 1), it is possible to
consider the following linear approximation obtained by truncation of the radial Maclaurin series
of distance r (see Eq. (F.3))

r(%, r0,�,#) ⇡ %


1�

✓
r0

%

◆
sin�

�
(F.4)

From this relation, by introducing also the low-frequency assumption, we have

e
�ikr

⇡ e
�ik%

e
ikr0 sin� ⇡ e

�ik%
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F.2. Low-frequency, large-amplitude, far-field solution

and the velocity potential field is described by Eq. (F.2) which can be recast in the following form

'̃(%) = ṽs e
�ik%
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dS(x) (F.5)

where S denotes the average surface of the sphere.
The first integral can be evaluated by expressing it in the spherical coordinate system, and

then introducing the variable transformation rr0 = r
��
%̂=r0

= (%2 + r
2
0 � 2%r0 sin�)1/2 such that

drr0 = �(%r0/rr0) cos� d�. This yields
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For the evaluation of the second integral we observe that
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and thus, by introducing the same variable transformation, rr0 = r
��
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, considered in Eq. (F.6)
we obtain
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As expected, the second integral in Eq. (F.5) vanishes since it coincides with the solid angle through
which the sphere surface is observed from x⇤ (see, for instance, Ref. [68]).

Finally, combining Eqs. (F.6) and (F.7) with Eq. (F.5) the following expression for the radiated
velocity potential field is obtained

'̃(%) = �
r
2
0

%
ṽs e

�ik% (F.8)

The inverse Fourier transform applied to the above equation followed by application of the
Bernoulli theorem yields

p
0(%, t⇤) = �⇢0

r
2
0

%
!
2
a sin!(t⇤ � %/c0) = ⇢0

r
2
0

%
v̇s

����
t⇤�%/c0

(F.9)

with v̇s denoting the acceleration of the surface. This expression coincides with solution A in
appendix E and with the widely-known solution available in the literature for the same conditions
of small pulsation frequency and amplitude [70, 79].

F.2 Low-frequency, large-amplitude, far-field solution

For large-amplitude, low-frequency pulsations the radiated velocity potential is described by the
boundary integral representation in Eq. (F.1). However, for far-field observers it is possible to
assume that the time delay to be considered in evaluating the integrand terms in Eq. (F.1) is
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F.3. General solution for small-amplitude pulsations

uniformly distributed over the sphere surface and is such that ✓ = %/c0 (see Eq. (F.4)). This yields
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where S✓ denotes the sphere surface at the time t⇤�✓, i.e., having radius rs|t⇤�✓ = r0+a sin!(t⇤�✓).
For the third integral, once expressed in spherical coordinates, we observe that
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and, thus, introducing the variable transformation rrs = r
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2
s � 2%rs sin�)1/2, we have,

at any time
ZZ

S✓

@r

@%̂
G0 dS =

1

4%

Z %�rs

%+rs

✓
rs

2
� %

2

rrs
+ rrs

◆
drrs

�����
t⇤�✓

= �
rs

2

✓
rs

%

◆2
�����
t⇤�✓

(F.11)

Then, combining Eq. (F.11) with Eqs. (F.6) and (F.7) applied to the sphere of instantaneous
radius rs

��
t⇤�✓, recalling the assumptions of low-frequency pulsations and far-field observer for which

the contribution from the time derivative of 's is neglibible with respect to the contribution from
vs, the following expression for the radiated velocity potential field is obtained
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�

which coincides with the solution C of appendix E written in terms of velocity potential, and with
the solution obtained in Ref. [69] through a different approach.

F.3 General solution for small-amplitude pulsations

Removing the assumptions of low-frequency pulsations and far-field observers, but restoring the
assumption of small-amplitude pulsations, the determination of the closed-form velocity potential
solution from its boundary integral formulation requires the evaluation of the two integrals appearing
in Eq. (F.2), which include the exponential delay contributions.

Considering the spherical coordinate system, the expression in Eq. (F.3), and the variable
transformation applied in Eq. (F.6) the source integral has the form (where S denotes the surface
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of the sphere of average radius, r0)
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Regarding the evaluation of the integral of doublets in Eq. (F.2), it is possible to demonstrate
that the application of the spherical coordinates combined with Eq. (F.10), and lenghty mathemat-
ical manipulations based on the variable transformation, rr0 = r

��
%̂=r0

, provide
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The combination of Eq. (F.2) with Eqs. (F.12) and (F.13) yields the following expression for
the velocity potential field
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where the potential over the sphere surface can be related to the velocity potential at any field point
by the expression

'̃s = '̃(r0) =
%

r0
e
�ik(r0�%) '̃(%) (F.15)

which is readily derived from Eq. (E.2).
Substituting Eq. (F.15) in Eq. (F.14) we obtain
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and, then, observing that

sin kr0
kr0

+ i sin kr0 =
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2
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2
sin kr0
kr0

e
i tan�1(kr0)

Eq. (F.16) provides the following form of the solution

'̃(%) = �ṽs
r
2
0

%

⇥
1 + (kr0)

2
⇤� 1

2 e
�ik[%�r0+(1/k) tan�1(kr0)]

which coincides with the solution B in appendix E written in terms of velocity potential and,
after application of the Bernoulli’s theorem, yields the analytical acoustic pressure solution already
available in the literature for small-amplitude pulsations of the sphere (see, for instance, Ref. [70]).

Finally, note that introducing the assumption of low-frequency pulsations, kr0 ⌧ 1, the above
equation reproduces the solution in Eq. (F.8) proving, therefore, that the latter is also valid for
near field observers.
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Appendix G

Analytical linear solution of sound

scattered by a pulsating sphere

This appendix presents two analytical linear formulations for the predictions of the sound scattered
by a pulsating sphere impinged by a plane wave. The first one is valid for small amplitudes of sphere
pulsations and is an extension to the second order amplitudes of the first-order perturbation solution
technique developed in Ref. [49]. The second analytical formulation yields the exact solution of
the linear wave equation for the scattered field, and is valid for any amplitude and frequency of
pulsation that guarantee subsonic motion of the sphere surface.

G.1 Analytical solution for small-amplitude pulsations

Following Censor’s work in Ref. [49], let us consider an acoustical (velocity potential) plane wave
of frequency !I impinging on a sphere pulsating with frequency !.

In spherical coordinates, (r,#,�), the impinging plane wave propagating in the direction # = 0

(polar axis) can be expressed through the following Bauer’s formula [49, 78, 80]
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Pn(cos#) e

�i!I t (G.1)

where i denotes the imaginary unit, jn are the spherical Bessel functions, and Pn are the Legendre
functions.

Then, let us observe that the scattered field that satisfies the Helmholtz equation can be ex-
pressed in the following general form [49, 78]

'
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i
n (2n+ 1) an(⌫)hn
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c0
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e
�i⌫t d⌫ (G.2)

where hn are the spherical Hankel functions of the first kind, ⌫ denotes the arbitrary frequency,
and an(⌫) are coefficient to be determined by the relevant geometry and kinematics. Note that this
solution is for linear acoustics, namely it is valid when the nonlinear field terms in the governing
wave differential equation are neglected, like in Sec. 5.1.2 where the contribution from � has been
eliminated.
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G.1. Analytical solution for small-amplitude pulsations

Introducing the perturbation parameter, ", the radius of the sphere is expressed as rs(t) =

r0[1 + " sin(!t)], where r0 denotes the unperturbed radius and the pulsation amplitude is a = " r0.
Thus, the unknown coefficients in Eq. (G.2) that provide the solution of the scattered field can
be obtained as those that satisfy the impermeability boundary condition over the pulsating surface
[49, 78]
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To this aim, note that (see Eqs. (G.1) and (G.2))
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Then, considering the following second-order perturbation approximations of the derivates of the
spherical Bessel and Hankel functions appearing in the above expressions
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and of the unknown an(⌫) coefficients,

an(⌫) ⇡ An(⌫) + "Bn(⌫) + "
2
Cn(⌫) (G.8)

the combination of Eq. (G.3) with Eqs. (G.4), (G.5), (G.6), (G.7) and (G.8) gives the following
equation for each index n in the summation defining the scattered velocity potential
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Then, balancing the terms of the same power in " in the above equation yields the expressions
providing the coefficients in Eq. (G.8). Specifically:

• balancing the zero-th order terms yields
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which is satisfied only when ⌫ = !I and gives the expression of An(⌫);
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G.1. Analytical solution for small-amplitude pulsations

• balancing the first order terms yields
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from which the coefficient Bn(⌫) is obtained once the expression of An(⌫) given by Eq. (G.9)
is suitably replaced, observing that
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• balancing the second order terms yields
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from which the coefficient Cn(⌫) is obtained once the expression of An(⌫) and Bn(⌫) given by Eqs.
(G.9) and (G.10) are suitably replaced, observing that
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and noting that Eq. (G.11) is satisfied only when in the last integral ⌫ = !I , or ⌫ = !I � 2!, or
⌫ = !I + 2!.

Thus, the satisfaction of Eqs. (G.9), (G.10) and (G.11) yields the following expressions for the
coefficients in Eq. (G.8)
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where
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with ⇢ = !Ir0/c0, ⇢+ = (!I + !)r0/c0 and ⇢
� = (!I � !)r0/c0. Note that in some cases, for

example, if ! = !I , it is necessary to use the asymptotic expression for the definition of spherical
Hankel functions evaluated at zero, from which the following expression is obtained
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z!0

hn(z) = �i
(2n+ 1)!!

zn+1
) lim

z!0

z h
00
n(z)

h0n(z)
= �(n+ 2)

which can be used to calculate ��n .
Replacing Eq. (G.8) in Eq. (G.2) with the An, Bn and Cn coefficients given by Eq. (G.12)

provides the second-order perturbation analytical solution of the velocity potential field scattered
by the pulsating sphere. This can be regarded as a second-order extension of the first-order solution
presented by Censor [49], which makes it possible to identify higher-order harmonics such as those
appearing, for example, in Fig. 5.8(b). Furthermore, while the above expression of the coefficient
An coincides with the one given in Ref. [49], the expression of the coefficient Bn corrects the
corresponding one in Ref. [49], which is affected by an error.

G.2 Exact analytical solution

Let us now consider a plane wave of frequency !I impinging on a sphere harmonically pulsating
with frequency !, and arbitrary amplitude, a. The incident field is expressed again through Bauer’s
formula rewritten as (for kI = !I/c0)

'
I(r,#, t) =

1X

n=0

h
(2n+ 1) jn(kIr) e

�i(!I t�↵n)
i
Pn(cos#)

where the phase angle ↵n represents the contribution of the factor i
n appearing in Eq. (G.1), and

is defined as follows

↵n =

8
>>>>>><

>>>>>>:

0 if i
n = 1

⇡ if i
n = �1

⇡/2 if i
n = i

�⇡/2 if i
n = �i

Let us assume that harmonic of the sphere pulsations is a multiple or a submultiple of the
harmonic of the incident signal, and introduce the fundamental frequency of the problem, !f =

min(!I,!).
Then, for !m = m!f denoting the m-th harmonic of the resulting scattered signal, similarly to

the formulation given in appendix G.1, the solution is suitably expressed in the following general
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form [49, 78]

'
S(r,#, t) =

1X

n=0

"
an0 y

a
n(r) +

1X

m=1

anm hn(kmr)e�i!mt

#
Pn(cos#) (G.13)

where, km = !m/c0, hn are the spherical Hankel functions of the first kind, Pn are Legendre
polynomials, whereas an0 and anm are, respectively, real and complex coefficients to be determined
based on the geometry and kinematics of the scatterer and the characteristics of the incident wave.

Note that, the above representation of the scattered field includes the presence of mean values.
Typically, in acoustic problems stationary contributions are not of interest and are not considered.
However, since in our problem the mean values are functions of the radial position, the imposition
of the boundary conditions over the pulsating sphere surface as expressed in Eq. (G.3) yields an
expression in which they provide non-stationary contributions which couples with the harmonics of
the problem, and thus cannot be neglected.

In the expression of the mean values, an0 yan(r), the functions y
a
n(r) represent the asymptotic

expressions of Neumann’s functions for their argument tending to zero. Indeed, for r ! 0 the
spherical Bessel equation reads [81]

r
2d

2
w

dr2
+ 2r

dw

dr
� n(n+ 1)w = 0 (G.14)

which coincides with the equation for the radial factor of the wave equation solution when k =

!/c0 = 0 (stationary solution) [78]. Therefore, the asymptotic solutions of the spherical Bessel
equation for t ! 0 coincide with the stationary solutions of the radial factor equation which are
consequently used to define the mean values in Eq. (G.13).

Both spherical Bessel’s functions and Neumann’s functions are solutions of the spherical Bessel
equation. However, the former tend to vanish for the argument tending to zero and, therefore, the
mean values in Eq. (G.13) are expressed through the following asymptotic form of the Neumann’s
functions [78, 81]

y
a
n(r) = �

1 · 3 · 5 · ... · (2n� 1)

rn+1

Akin to the solution process applied in appendix G.1, the unknown coefficients in Eq. (G.13) are
obtained as those that satisfy the impermeability boundary condition on the surface of the pulsating
sphere expressed by Eq. (G.3). It is worth noting that, the impermeability boundary condition is
completed by the radial derivative of the velocity potential component induced by the velocity of
the surface. For linear problems it is uncoupled from the scattered one, and for uniformly pulsating
spheres, it uniformly radiates to the far field.

Next, observing that

@'
I

@r
=

1X

n=0

h
(2n+ 1) kI j

0
n(kIr) e

�i(!I t�↵n)
i
Pn(cos#)

and that
@'

S

@r
=

1X

n=0

"
an0 y

a
n
0(r) +

1X

m=1

anm km h
0
n(kmr)e�i!mt

#
Pn(cos#)

where ()0 denotes derivation with respect to the argument of the function, and recalling that the
Legendre polynomials are linearly independent, it is possible to conclude that the boundary condi-

Beatrice De Rubeis 127



G.2. Exact analytical solution

tion in Eq. (G.3) is satisfied if, for rs(t) denoting the time-periodic variations of the radius of the
sphere, the equation

an0 y
a
n
0(rs(t)) +

1X

m=1

anm km h
0
n(kmrs(t))e

�i!mt = �(2n+ 1) kI j
0
n(kIrs(t)) e

�i(!I t�↵n) (G.15)

is satisfied for each index n, at each time. Therefore, the unknown coefficients of the scattered
potential are determined as those that, for each time and n index considered, assure the satisfaction
of Eq. (G.15).

To this aim, let us express the complex coefficients, anm, and the derivative of the Hankel
functions, h0n(kmr), in terms of their magnitude and phase, namely

anm =
���anm

��� ei�nm ; h
0
n(kmr) =

���h0n(kmr)
��� ei n(kmr) =

���h0nm(r)
��� ei nm(r)

where the notation h
0
nm(r) ⌘ h

0
n(kmr) is introduced. Then, once these expressions are substituted

in Eq. (G.15), we get

an0 y
a
n
0(rs(t)) +

1X

m=1

km

���anm
���
���h0nm(rs(t))

��� e
�i

h
!mt� nm(rs(t))��nm

i

= �(2n+ 1) kI j
0
n(kIrs(t)) e

�i(!I t�↵n)

whose real domain representation yields

an0 y
a
n
0(rs(t)) +

1X

m=1

km

���anm
���
���h0nm(rs(t))

��� cos
h
!mt�  nm(rs(t))� �nm

i

= �(2n+ 1) kI j
0
n(kIrs(t)) cos(!It� ↵n)

or, equivalently,

an0 y
a
n
0(rs(t)) +

1X

m=1

km

���h0nm(rs(t))
���
n
a
c
nm cos

h
!mt�  nm(rs(t))

i
+ a

s
nm sin

h
!mt�  nm(rs(t))

io

= �(2n+ 1) kI j
0
n(kIrs(t)) cos(!It� ↵n) (G.16)

with an0, a
c
nm = |anm| cos �nm, a

s
nm = |anm| sin �nm representing the set of coefficients to be deter-

mined to obtain the scattered field solution. The number of unknowns depends on the number of
Legendre polynomials used to describe the spatial distribution of the signal, and the number of
harmonics that are necessary to describe the time evolution of the signal.

Given the function describing the sphere pulsations, rs(t), the left-hand side of Eq. (G.16)
is a multi-harmonic function of time depending on the scattering unknown coefficients, while the
right-hand side of the same equation is a known multi-harmonic function of time depending on the
combination of the incident wave harmonic with the harmonic pulsations of the sphere appearing
in the argument of the radial derivative of the spherical Bessel function.

Balancing the harmonics of the left- and right-hand side of Eq. (G.16) yields the algebraic
system whose solution provides the scattered potential coefficients. To this aim, first the following
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time-periodic functions are introduced
8
>>>>>>>><

>>>>>>>>:

qn0(t) = y
a
n
0(rs(t))

fnm(t) = km |h
0
nm(rs(t))| cos(!mt�  nm(rs(t)))

gnm(t) = km |h
0
nm(rs(t))| sin(!mt�  nm(rs(t)))

zn(t) = � (2n+ 1) kI j
0
n(kIrs(t)) cos(!It� ↵n)

(G.17)

such that Eq. (G.16) is recast in the following form

qn0(t) an0 +
1X

m=1

[fnm(t) acnm + gnm(t) asnm] = zn(t) (G.18)

Then, the Fourier-series expansions of the functions in Eq. (G.17) are accomplished

8
>>>>>>>><

>>>>>>>>:

qn0(t) = q
0
n0 +

P1
j=1

h
q
jc
n0 cos(!jt) + q

js
n0 sin(!jt)

i

fnm(t) = f
0
nm +

P1
j=1

h
f
jc
nm cos(!jt) + f

js
nm sin(!jt)

i

gnm(t) = g
0
nm +

P1
j=1

h
g
jc
nm cos(!jt) + g

js
nm sin(!jt)

i

zn(t) = z
0
n +

P1
j=1

h
z
jc
n cos(!jt) + z

js
n sin(!jt)

i

(G.19)

with !j = j!f , and are combined with Eq. (G.18). Thus the harmonic balance of left- and right-hand
sides of the resulting expression yields the following algebraic system with unknowns coefficients,
an0, a

c
nm, a

s
nm 2
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(G.20)

where Na denotes the finite number of harmonics used to represent both the scattered signal and
the Fourier-series expansions in Eq. (G.19).

Once the algebraic system in Eq. (G.20) is solved for all n = 1, ..., NL, with NL representing the
finite number of Legendre polynomials used to describe incident and scattered velocity potential
fields, the scattered potential solution is analytically expressed as

'
S(r,#, t) =

NLX

n=0

"
an0 y

a
n(r) +

NaX

m=1

���anm
���
���hnm(r)

��� e�i [!mt��nm(r)��mn]

#
Pn(cos#)
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where
���anm

��� =
q
acnm

2 + asnm
2

�nm = arctan(asnm/a
c
nm)

are determined through the solution of Eq. (G.20), whereas |hnm(r)| and �nm(r) are, respectively,
magnitude and phase of the Hankel function hn(kmr).

The exact linear solution of the scattered velocity potential field presented in this section is valid
for any subsonic harmonic pulsation of the sphere, k a < 1, arbitrarily phased with respect to the
incident harmonic plane wave, assuming that the harmonic of the incident wave is a multiple or
submultiple of the harmonic pulsation of the sphere.

However, note that for the general case of arbitrary values of ! and !I , considerations similar
to those made in Sec. 5.2.4 regarding the BEM solution of linear scattering from pulsating spheres
apply. In fact, in this case, the fundamental harmonic, !f , and the number of harmonics, Na, of
the Fourier series expansions introduced in the solution process must be chosen so as to adequately
capture the harmonics that appear in the resulting scattered signal, and the solution obtained can
be considered to be expressed in terms of its discrete Fourier transform.
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Appendix H

Remarks on the iterative procedure for

the nonlinear solution of the velocity

potential scattered by a moving and

deforming body

In Sec. 5.3.2 the cascade method for the solution of the nonlinear problem associated to the sound
scattered by moving and deforming bodies is presented.

However, this is not the only possible approach. In general, to solve a nonlinear problem, it is
possible to use the Newton-Raphson method or a simple iterative algorithm (possibly relaxed).

In the following, a comparison among these solution procedures is accomplished, highlighting
the advantages and disadvantages of each one.

For the sake of simplicity, let us consider the nonlinear problem consisting of the steady motion of
a body in a compressible perfect fluid, impinged by the flow emitted by a steady source co-moving
with it. In this case, '0 denotes the velocity potential field associated with the steady motion
(whose corresponding nonlinear contributions are assumed to be negligible, �('0) ⇡ 0), while 'I

and '
S denote, respectively, the incident velocity potential field generated by the moving source,

and the scattered one. The corresponding boundary integral equation for the scattered velocity
potential solution, discretized through the presented BEM approach, in the case of not negligible
fluid nonlinearities reads

1

2
'
S
k =

NpX

m=1

Akm�
I
m +

NpX

m=1

Bkm'
S
m +

MvX

h=1

Hkh�h for k = 1, Np (H.1)

with Np and Mv cells denoting, respectively, the number of surface dicretization panels and number
of volume cells. At the centroids of the volume cells the discretized integral representation yields

'
S
i =

NpX

i=1

Aim�
I
m +

NpX

i=1

Bim'
S
m +

MvX

h=1

Hih�h for i = 1,Mv (H.2)

where �I
m coincides with the opposite of the normal derivative of the incident velocity potential at

the centroid of the m-th panel, derived from the impermeability boundary conditions (see Sec. 5.1.2).

131



H.1. Solution through Newton-Raphson method

H.1 Solution through Newton-Raphson method

Let us rewrite the system composed of Eqs. (H.1) and (H.2) in the following homogeneous, matrix
compact form ✓

1

2
I�B

◆
'S

�A�I
� f('S

,'0
,'I) = 0

where the vector 'S , of dimension Np + Mv, collects the values of the velocity potential at the
centroids of all surface panels and volume cells, while the vector f , also of dimension Np + Mv,
collects the nonlinear contributions

f('S
,'

0
,'

I) = H�('S
,'0

,'I)

(with the matrices A,B and H suitably defined from Eqs. (H.1) and (H.2)).
The application of the Newton-Raphson method yields the solution of the system as the vector

'S
k for which the following iterative scheme converges

'S
j+1 = 'S

j � J
�1
j

✓
1

2
I�B

◆
'S

j �A�I
� f('S

j ,'
0
,'I)

�
(H.3)

namely, it is such that k'S
k+1 �'S

k k < ✏, with ✏ denoting a prescribed error tolerance.
In Eq. (H.3) the elements of the Jacobian matrix, J, are defined as

Jkm =
1

2
�km �Bkm �

@fk

@'m

����
'm='0

m+'S
mj

+'I
m

(H.4)

where

@fk

@'m

����
'm='0

m+'S
mj

+'I
m

= Hkn
@�n

@'m

����
'm='0

m+'S
mj

+'I
m

= HknĤnm|'m='0
m+'S

mj
+'I

m

and, thus, in compact form Eq. (H.4) is rewritten as follows

Jj =
1

2
I�B�HĤj

where Ĥj is the matrix with elements given by Ĥnm|'m='0
m+'S

mj
+'I

m
.

The advantage of this method is the presence of the Jacobian matrix which improves the conver-
gence rate of the iterative process. The disadvantage is that the Jacobian matrix must be evaluated
and inverted at each iteration, and a high computational cost could be required (this is especially
true, for instance, in the case of an unsteady problem formulated through the multi-harmonic ap-
proach).

H.1.1 Solution of the linearized system

A non iterative solution can be obtained by introducing the following linear approximation of the
components of the vector f of nonlinear contributions around the velocity potential field associated
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with the steady motion

fk('
S
j ,'

0
,'I) '

@fk

@'m

����
'm='0

m

�
'
S
m + '

I
m

�
= HknĤnm|'m='0

m

�
'
S
m + '

I
m

�

Indeed, the substitution of this linearisation into Eq. (H.3) gives

'S
j+1 = 'S

j � J
�1
0

✓
1

2
I�B

◆
'S

j �A�I
�HĤ0'

S
j �HĤ0'

I

�
(H.5)

where the Jacobian J0 is defined as

J0 =
1

2
I�B�HĤ0

with Ĥ0 denoting the compact form of Ĥnm|'m='0
m

. Then, rearranging Eq. (H.5) we obtain the
expression

'S
j+1 = 'S

j � J
�1
0 J0'

S
j � J

�1
0

h
�A�I

�HĤ0'
I
i

from it is straightforward to determine the following non-iterative linearized solution of the problem
in the following form, by noting that the initial iterative scheme collapses into a direct definition of
the output vector

'S = J
�1
0

h
A�I +HĤ0'

I
i

The computational cost of this linearized approximate solution is significantly lower than that
of the complete nonlinear one.

H.2 Solution form simple iterative method

A widely used approach for evaluating the solution of nonlinear systems is the simple iterative
method. Starting from a reasonably “close” solution (for instance, the solution to the linear problem
obtained by neglecting the non-linear terms), it consists of deriving an updated scattered velocity
potential as the solution to an updated system in which the nonlinear terms are evaluated as those
given by the known scattered velocity potential. This process is represented by the following iterative
scheme

'S
j+1 =

✓
1

2
I�B

◆�1 ⇥
A�I + f('S

j ,'
I
,'0)

⇤
(H.6)

which converges to a solution if, for a given iterative index k, the condition k'S
k+1 �'S

k k < ✏, with
✏ denoting a prescribed error tolerance, it achieved.

This solution scheme can be considered a simplification of the Newton-Raphson method. It does
not require the evaluation of the Jacobian matrix, which is the most computationally expensive part
of the Newton-Raphson method. However, the disadvantage of this approach is that the convergence
quality of the iterative solution scheme is significantly lower than that of the scheme derived from the
Newton-Raphson method. Therefore, in order to increase the quality of convergence, the iterative
scheme in Eq. (H.6) can be modified by including a “relaxation” in the expression that produces
the updated solution. This is achieved by replacing 'S

j on the right-hand side with a combination
with the previous one, i.e., (1� ↵)'S

j + ↵'S
j+1, where 0  ↵  1 represents the relaxation factor.
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H.3 Solution form cascade method

The cascade algorithm used in Sec. 5.3 to solve the nonlinear scattering problem is equivalent to
the simple iterative method. The difference between the two approaches is the definition of the j-th
iterative solution: while in the simple iterative method each iteration gives an updated solution, in
the cascade method each iteration provides an incremental value of the solution which, therefore, is
obtained by adding up the incremental terms evaluated at all iterations.

Denoting with 'S
cj the j-th incremental value of the cascade solution, the first iteration of the

cascade algorithm yields

'S
c1 =

✓
1

2
I�B

◆�1 ⇥
A�I + f('I

,'0)
⇤

while second iteration is given by

'S
c2 =

✓
1

2
I�B

◆�1 ⇥
f('S

c1 ,'
I
,'0)� f('I

,'0)
⇤

and a generic iteration is expressed as

'S
cj+1

=

✓
1

2
I�B

◆�1 h
f('S

c1 + ...+'S
cj ,'

I
,'0)� f('S

c1 + ...+'S
cj�1

,'I
,'0)

i

Then, it is readily verified that the sum of the results from the first two steps of the cascade
yields exactly the result of the second iteration of the simple iterative method, namely,

'S
c1 +'S

c2 =

✓
1

2
I�B

◆�1 ⇥
A�I + f('I

,'0) + f('S
c1 ,'

I
,'0)� f('I

,'0)
⇤
= 'S

2

This proves that the cascade method and the simple iterative method are equivalent. From a
numerical point of view, it may be convenient to use the cascade algorithm to work with incremental
quantities of solution, which progressively decrease with the iterations.
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