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 A B S T R A C T

In dense railway traffic, even the small delay of a single train may propagate through the network, causing 
a sequence of knock-on delays and significant deviations from the timetable. To mitigate the propagation of 
delays, railway infrastructure managers can generally employ two strategies: (i) in real time, train dispatchers 
can limit delay propagation by rescheduling trains, i.e., by adjusting the timetable in response to disturbances; 
(ii) in the timetable design phase, train planners can try to build delay-resilient timetables, which requires a 
complicated and lengthy iterative process. The ability of a timetable to ‘‘absorb’’ delays whenever they occur 
is known as robustness. While there is no unanimous consensus on a measure to quantify such robustness, it 
is normally a global measure, and therefore it is unable to highlight whether specific train paths or regions 
of the railway network are less robust than others. Moreover, only a few academic works incorporate the 
possibility of mitigating delays in real time through dispatching when evaluating robustness measures. These 
shortcomings motivate the present work. In this paper, we introduce the concept of fragility as a new practical 
tool to analyze a given timetable in order to identify the specific sections where a primary delay is most likely 
to generate knock-on delays, factoring in optimal future dispatching decisions. We also discuss the relationship 
between the fragility concept and the so-called recovery cost. We present computational results on real-life 
scenarios from a busy railway line in Norway and discuss several potential uses of fragility to improve decisions 
at different levels of the railway planning process, including dispatching, timetable design, and network design.
1. Introduction

Train timetables are the backbone of rail transport and influence 
almost all the activities carried out by a railway company, such as 
personnel scheduling, rolling stock circulation, train and track main-
tenance. Designing a timetable is thus a very complex planning process 
that starts months before operations, where many different timeta-
bles are compared and evaluated in terms of their ability to satisfy 
the expected transport demand, their impact on company resources 
(e.g., personnel, rolling stock, or track capacity) and on the possibility 
to satisfy other needs (e.g., to ensure that sufficient margins are left 
in the timetable to perform track maintenance, or to insert additional 
trains to accommodate peaks of demand during special events).

A critical aspect of the designing process is the evaluation of the 
timetable’s resilience to unexpected events occurring during operations. 
Planning experts can analyze several perturbed scenarios, assess their 
potential impact, and suggest changes at different decision-making 
levels, from tactical-level timetable adjustments to strategic-level in-
frastructure upgrades. Perturbation can be roughly divided into two 
categories: disturbances and disruptions. Disturbances are defined as 
small perturbations that can influence the departure and arrival times 
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of multiple trains in the network. Disruptions, on the other hand, are 
major breakdowns, such as the partial or full blockage of a track sec-
tion, leading to a decrease in network capacity. Both disturbances and 
disruptions may cause an initial delay to a specific train, often called
primary delay, which may propagate to other trains interacting with 
it, causing additional secondary delays in a snowball effect. However, 
when a primary delay occurs, recovery actions can be carried out in 
real time by dispatchers to limit the propagation of secondary delays. 
Typically, the effect of disturbances can be minimized by relatively 
small control actions, e.g., reordering or rerouting of trains, while 
disruption management requires more drastic actions, including trains 
cancellation, short-turning, rolling stock re-organization, and so on. 
However, disruptions are more rare when compared to disturbances, 
which are instead more common and may even occur several times a 
day [1]. In this study, we focus on disturbance management, because 
disruptions require a completely different set of considerations and 
their occurrence is typically ignored while making a timetable.

The literature on disturbance management can be divided in two 
main approaches and research directions. Corrective approaches limit 
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Fig. 1. Disposition timetable (a) without re-sequencing and (b) with optimal re-sequencing when the departure of train 𝒂 = 𝟐𝟕 from station 𝒓 = Gausel is delayed by 𝜟 = 𝟏𝟎 min.
the delay propagation during operations by recalculating the schedules 
and/or routes of the circulating trains in real time when they deviate 
from the original timetable [2–7]. The updated timetable is known 
as disposition timetable [8]. The cost associated with the disposition 
timetable is a function of its deviation from the original one, and 
typically increases along with the delays. The second approach is
preventive, and consists in the design of a robust timetable that is able 
to absorb potential knock-on delays should any disturbance occur. It is 
normal practice to try to reduce the risk of secondary delays by adding 
suitable time supplements to the train nominal running times, therefore 
having timetables in which trains are scheduled to run slightly slower 
than they could. Those time supplements can help absorbing small dis-
turbances and reduce knock-on delays, simply by asking trains to run a 
bit faster. The ability of a timetable to mitigate secondary delays can be 
measured by evaluating possible disturbed scenarios. These assessments 
can then be used in either stochastic or robust optimization methods to 
build timetables that are resilient to such disturbances. The impact of 
disturbances is frequently measured via a proxy function that does not 
consider possible repairing dispatching decisions [9–12]. On the other 
hand, in the railway practice, both preventive and corrective actions 
are implemented, especially when dealing with dense timetables where 
time margins are limited and preventive actions alone are not suffi-
cient to absorb delays and restore punctuality. While considering both 
preventive and corrective actions is quite uncommon in the literature, 
a recent work proposes a two-stage stochastic optimization model to 
deal with disruptive events. The first stage assigns backup rolling stock 
to storage lines (a preventive action), while the second stage considers 
rescheduling (corrective) actions [13].

The small example in Fig.  1, from the Norwegian line described in 
Section 5, shows the importance of corrective actions. In this figure, 
gray lines represent the nominal timetable for 20 trains circulating 
between Egersund and Stavanger from 05:00 to 07:20, while dashed 
red lines highlight the differences between the disposition timetable 
and the original timetable. In this example, the departure of train 𝑎 = 27
2 
from Gausel station (marked with 𝑟 in Fig.  1(a)) is delayed by 𝛥 = 10
min, requiring corrective measures. Specifically, Fig.  1(a) shows the dis-
position timetable when only retiming actions are taken, while the train 
sequencing prescribed by the original timetable remains unchanged. 
As shown in the figure, the primary delay 𝛥 propagates to ten other 
trains and its effect lasts for more than two hours. The red lines in Fig. 
1(b) show instead the disposition timetable when also re-sequencing 
actions are considered. Here, optimal re-sequencing decisions allow to 
recover the nominal timetable before 07:00, with a more limited delay 
propagation (for example, by modifying the timetable to allow trains 27 
and 29 to meet at Klepp rather than Gandall, and allowing trains 25 and 
27 to cross between Gausel and Sandnes instead of at Skeiane).

The benefit of combining preventive and corrective actions is stud-
ied in a stream of papers that considers timetabling design as a 
two-stage stochastic optimization problem. In their pioneering pa-
per, Liebchen et al. [8] introduce the concept of recoverable robustness. 
Given an optimization problem, a nominal solution for this problem 
is considered recoverable robust if there exists a recovery algorithm 
that is able to adjust such a solution for any disturbed realization of 
the input. In train timetabling, the nominal solution is the planned 
timetable 𝜋, a realization of the actual traffic scenario 𝑠 may include 
primary delays, and the ‘‘repairing’’ algorithm is a train rescheduling 
algorithm which produces a disposition timetable 𝜋′(𝑠) for scenario 𝑠. 
The recovery cost associated with the disposition timetable 𝜋′(𝑠), pro-
duced by the rescheduling algorithm, is then a function 𝑓 (𝑧𝑠) of 
the deviation 𝑧𝑠 = 𝑑𝑠(𝜋′(𝑠), 𝜋) of timetable 𝜋′(𝑠) from the nominal 
timetable 𝜋. The authors propose this approach to solve the delay 
management problem, where main decisions regarding the cancellation 
of train connections are optimized from the passengers’ point of view. 
This approach sparked a research stream dedicated to recoverable 
robustness in delay management [14–16].

While the original definition of recoverable robustness makes use of 
a generic recovery algorithm, Cacchiani et al. [17] propose to employ 
an exact algorithm returning an optimal solution, therefore making the 
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measure independent of the specific recovery algorithm. In particular, 
for an input solution and a given scenario, they let the recovery cost 
be the minimum 𝑓 (𝑧𝑠) over all feasible disposition timetables for the 
given scenario. The authors propose a model that applies the recover-
able robustness concept to solve a practical rolling stock rescheduling 
problem.

Following the recovery robustness approach introduced in Cacchi-
ani et al. [17], in this paper we move a step forward by showing 
that the recovery cost can be effectively computed on a practical 
timetable design problem. The main contribution of this paper is the 
introduction of the new concept of fragility as an insightful tool to 
analyze the resilience of a nominal timetable at a more detailed level, 
i.e., for measuring its localized ability to recover from primary delays 
with optimal corrective actions. In particular, given a suitable cost 
function and a timetable, the fragility defines a special class of scenarios 
associated with each train–section pair and uses them to identify the 
pairs where a primary delay is more likely to generate large knock-on 
delays.

Thus, in contrast to the standard recovery cost [15,17], which is a 
global measure associated with the entire timetable, fragility is a local 
measure that is associated with each train–resource pair. It is precisely 
this locality that makes the fragility such a useful tool for practitioners, 
as we will see in later sections. The standard recovery cost can then be 
easily obtained by aggregating the fragility of all train–resource pairs.

Our concept of fragility is also somewhat related to the concept of 
critical points introduced in [18]. We both try to identify the time-
sensitive dependencies between trains at different locations in the 
network from which a primary delay may propagate. However, [18] 
only consider the amount of (static) time supplements available to 
these trains at those locations, without considering real-time corrective 
actions. This makes the approximation rather unrealistic, because the 
corrective actions implemented by dispatchers can drastically reduce 
the delay propagation. In contrast, we consider the actual disposition 
timetable computed by a (optimal) rescheduling algorithm.

In this paper, we also show that, by computing and analyzing the 
fragility of a timetable, railway practitioners can learn and extrapolate 
valuable information that can be used to improve railway management 
at different decision levels:

• in timetable planning, this information can be used to analyze and 
later design new robust timetables, for example by adding more 
time supplements to the most fragile schedules;

• in maintenance planning, the fragility can help to highlight those 
trains and sections where a reduction of the probability of a 
disturbance would be the most beneficial, thus suggesting where 
to improve maintenance or crew scheduling;

• at a strategic level, the fragility can help to direct investments in 
infrastructure upgrades for improving the train service of a given 
line, for example by evaluating the fragility of a timetable before 
and after a station or track upgrade.

This overcomes the major limitation of other existing robustness mea-
sures, which are unable to provide specific suggestions or insights 
regarding where and why certain trains or certain sections of a network 
may cause large knock-on delays. Moreover, the disposition timetables 
computed for each delay scenario can be used to preemptively study 
optimal rescheduling decisions, should any of those scenarios occur.

The rest of the paper is organized as follows. Section 2 introduces 
the concept of fragility. Section 3 presents a MILP model for the 
fragility, and Section 4 develops a solution algorithm for efficiently 
solving this model. Experimental results are analyzed in Section 5, 
where we show an example of the potential use of the fragility in a 
practical case, namely the dense timetable of the Jæren line, a railway 
line located in Southern Norway. Finally, Sections 6 and 7 discuss 
potential applications of the concept of fragility in different railway 
planning processes and possible future developments, respectively.
3 
2. Definition of fragility

When a train runs through a network, it traverses an ordered se-
quence of network resources, known as the route of the train. The routes 
of distinct trains may contain conflicting network resources, and the 
trains need to be suitably sequenced and scheduled on such resources. 
A nominal timetable 𝜋 is a feasible schedule for all trains running in 
the railway network, i.e. with no conflicts in the use of resources. Let 
𝐴 be the set of trains running in the network and let 𝑅 represent the 
set of network resources. Each train 𝑎 ∈ 𝐴 runs through a sequence of 
network resources 𝑅𝑎. For each train 𝑎 ∈ 𝐴 and network resource 𝑟 ∈
𝑅𝑎 in its route, the nominal timetable has an entry time 𝜋𝑟

𝑎, which 
is the time train 𝑎 is planned to enter resource 𝑟. During operations, 
if train 𝑎 gets delayed (e.g., due to a prolonged stop at a station), 
the nominal timetable is no longer valid and the schedule of train 𝑎
(and possibly of other trains interacting with 𝑎) need to be updated. 
To this end, train dispatchers can make some decisions (for example, 
changing the nominal routes of the trains or their relative sequence 
on the contended resources) that implicitly define a new timetable 𝜋′

called disposition timetable. An optimal disposition timetable is one that 
minimizes some cost function 𝑓 (𝜋′, 𝜋) of the deviation from the nominal 
one, for instance, the total delay of all trains.

The robustness of a timetable is a measure of its ability to ‘‘absorb’’ 
potential primary delays or, in other words, to minimize the risk of 
secondary delays. To measure such ability, we will make use of a family 
of traffic scenarios , in which one or more trains are delayed. In order 
to build a feasible disposition timetable for a scenario 𝑠 ∈ , we need to 
have at hand a dispatching algorithm . Let 𝜋′(, 𝑠) be the disposition 
timetable returned by  when the input scenario is 𝑠. Evidently, the 
cost 𝑓 (𝜋′(𝑠,), 𝜋) of 𝜋′(𝑠,) depends both on the chosen scenario 𝑠
and on the ability of algorithm  to generate good disposition timeta-
bles. To make the measure independent of the algorithm, Cacchiani 
et al. [17] suggest considering optimal disposition timetables 𝜋∗(𝑠)
determined by an exact algorithm that computes optimal dispatching 
decisions. Accordingly, we let 𝑓 (𝜋∗(𝑠), 𝜋) = min 𝑓 (𝜋′(𝑠,), 𝜋) be the
recovery cost of scenario 𝑠 for the nominal timetable 𝜋. Moreover, 
if we have at hand a probability distribution for the set  of delay 
scenarios, one can compute the recovery cost for 𝜋 as the expected 
value E𝑠[𝑓 (𝜋∗(𝑠), 𝜋)] with respect to this given distribution. Roughly 
speaking, a timetable 𝜋 is recoverable robust whenever it admits a small 
recovery cost.

So, the recovery cost in Cacchiani et al. [17] is a global measure 
of the timetable that does not provide any information regarding, 
e.g., how sensitive is the timetable to local perturbations in specific 
segments of the railway network, at a particular time of the day, and 
how difficult it may be to recover from such perturbations. Indeed, 
having such local information would greatly help railway practitioners 
analyze the performance of a timetable and plan adjustments.

More specifically, given a timetable 𝜋, we want to identify its fragile
sections by assessing the effectiveness of the optimal dispatching given 
sets of scenarios, with the aim of improving the timetable robustness 
by intervening on these sections. To compute this local information, 
we define a particular set  of delay scenarios such that each scenario 
contains exactly one primary delay (single-delay scenario). More pre-
cisely, each scenario 𝑠 = (𝑎, 𝑟, 𝛥) ∈  is associated with a train 𝑎 ∈
𝐴 being delayed by 𝛥 min in resource 𝑟. We concentrate on single-
delay scenarios since the probability of having multiple simultaneous 
unexpected events resulting in primary delays in the network is much 
smaller than that of a single one. Also, this allows us to create the 
graph in Fig.  7, which gives railway practitioners an immediate visual 
feedback on the localized fragility of a timetable.

Definition 2.1.  Given a timetable 𝜋, a train 𝑎 ∈ 𝐴, a resource 𝑟 ∈ 𝑅𝑎
and a set of scenarios 𝑎𝑟 = {(𝑎, 𝑟, 𝛥𝑖) ∶ 𝑖 = 1,… , 𝑛}, with an associated 
discrete probability distribution 𝜌 , we define the fragility 𝐹 (𝜋, ) of 
𝑎𝑟 𝑎𝑟
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the train–resource pair (𝑎, 𝑟) as the expected recovery cost of 𝜋 with 
respect to the scenarios in 𝑎𝑟, namely:

𝐹 (𝜋,𝑎𝑟) =
𝑛
∑

𝑖=1
𝜌𝑖𝑎𝑟 ⋅ 𝑓 (𝜋

∗(𝑎, 𝑟, 𝛥𝑖), 𝜋).

In the rest of the paper, we say that a train–resource pair (𝑎, 𝑟) is
fragile if it has a high expected recovery cost 𝐹 (𝜋,𝑎𝑟). If recoverable 
robustness describes how well a timetable can recover from potential 
primary delays, the fragility of (𝑎, 𝑟) quantifies the extent to which 
potential delays in that section will affect the timetable, even when 
considering the best possible recovery strategy. A high level of fragility 
denotes a critical train–resource pair, where the occurrence of primary 
delays will generate substantial knock-on effects.

Finally, observe that a global robustness measure for timetable 𝜋
can be easily obtained as a function of the individual fragility costs. 
We can start by defining a (global) fragility measure or recovery cost 
𝐹 (𝜋,) of 𝜋. For instance, we can let 𝐹 (𝜋,) = 𝑚𝑎𝑥𝑎∈𝐴,𝑟∈𝑅𝑎

{𝐹 (𝜋,𝑎𝑟)}; 
or, alternatively, 𝐹 (𝜋,) =

∑

𝑎∈𝐴,𝑟∈𝑅𝑎
{𝐹 (𝜋,𝑎𝑟)}. Then, the robustness 

(𝜋,) of 𝜋 can be defined as the inverse of the recovery cost, namely 
(𝜋,) = 1

𝐹 (𝜋,) .

3. Modeling the dispatching problem

To compute the fragility of a pair (𝑎, 𝑟), we need to solve a dispatch-
ing problem for all scenarios in set 𝑎𝑟. To highlight the concept of 
fragility and for ease of explanation, we consider a slightly simplified 
model for these scenarios, designed for the Jæren line in Norway. 
We base this model on the one presented by Lamorgese and Mannino 
[5], which was later validated in practical, real-life settings (see, for 
example, Bach et al. [2] and Sartor et al. [19]). Since the definition 
of fragility is independent from the formulation of the dispatching 
problem, more complex settings can be studied by suitable adaptations 
of the model presented in this section.

We consider a macroscopic representation of the network (see Pachl 
and White [20]), in which a station is ‘‘collapsed’’ to an individual 
network resource capable of accommodating up to a given number of 
trains at a time. In other words, we neglect the microscopic topology of 
the station (for example, crossing tracks or platforms), nor do we model 
the exact movements of trains in stations. This approximation can be 
easily removed with a more comprehensive model, but it is particularly 
acceptable in the railway line we are considering, which only contains 
‘‘simple’’ stations with up to 5 platforms. Each pair of adjacent stations 
is connected by at most two tracks. In double-track sections, one track 
is normally reserved for trains running in one direction, while the other 
track is reserved for the opposite direction. In single-track sections, 
trains traveling in opposite directions must alternate. In some cases, a 
track connecting two stations is long enough that it is considered as two 
separate track sections. This can be easily modeled by adding a virtual 
station (sometimes called blockpoint) separating the two track sections, 
so that two trains running in the same direction can be simultaneously 
in the two different track sections. Those stations are identified with 
the abbreviation ‘‘Bp’’ at the end of their name. Besides respecting all 
physical and safety constraints, any (feasible) timetable must ensure 
that no two trains are on the same track at the same time and that no 
station contains more trains than its capacity.

We now present a model 𝑠 to compute the recovery cost
𝑓 (𝜋∗(𝑎̃, 𝑟̃, 𝛥), 𝜋) of a specific scenario 𝑠 = (𝑎̃, 𝑟̃, 𝛥) for a timetable 𝜋, 
necessary for the computation of the fragility of a pair (𝑎, 𝑟). For ease 
of reference, a comprehensive summary of the notation used in this 
model is provided in Table  1. The railway line under consideration has 
a set 𝑅 of railway resources, partitioned into stations 𝑅𝑆 and tracks 
𝑅𝑇  connecting the stations. A station 𝑟 ∈ 𝑅𝑆 has capacity 𝐶𝑟 ∈ Z
representing the number of trains which can be simultaneously in 
the station. Each track 𝑟 ∈ 𝑅𝑇  can be considered as a resource with 
unit capacity. Let 𝐴 be the set of trains running in the network, each 
train 𝑎 ∈ 𝐴 runs through an ordered alternating sequence 𝑅 =
𝑎

4 
(𝑟1𝑎, 𝑟
2
𝑎,… , 𝑟𝑞𝑎𝑎 ) ⊆ 𝑅 of stations and tracks (its route). Variables 𝑝𝑟𝑎 and 

𝑝𝑟
𝑎
 represent, respectively, the nominal and minimum time the train 

spends in resource 𝑟 ∈ 𝑅𝑎, where the first and last resources are always 
stations. Note that a primary delay 𝛥 for train 𝑎 on resource 𝑟 ∈ 𝑅𝑎 can 
be defined as an increase of its processing time to 𝑝𝑟𝑎 + 𝛥. The nominal 
schedule of train 𝑎 is a vector 𝜋𝑎 ∈ R𝑅𝑎

+ , where, for 𝑟 ∈ 𝑅𝑎, 𝜋𝑟
𝑎 is the time 

train 𝑎 enters resource 𝑟. The nominal timetable is therefore defined 
as the set of vectors 𝜋 =

⋃

𝑎∈𝐴 𝜋𝑎. We assume that 𝜋 is conflict free 
(curiously enough, real nominal timetables are not always completely 
conflict free). We associate a scheduling variable 𝑡𝑟𝑎 ∈ R with each 
resource occupation, representing the time train 𝑎 enters resource 𝑟 in 
the disposition timetable. We also introduce a new variable 𝑡𝑜𝑢𝑡𝑎 ∈ R
to represent the time train 𝑎 leaves the last resource of its route. 
Additionally, we include a fictitious variable 𝑡0 ∈ R representing 
the reference initial time of the overall timetable. Any other time is 
considered an offset with respect to 𝑡0. In the following, we describe 
the three groups of model constraints and the considered objective 
function.

Free-running constraints. The first group of constraints models the be-
havior of each single train as if it was traveling alone in the network.

Start constraints. A train 𝑎 ∈ 𝐴 cannot start its route before the 
nominal start time 𝜋𝑟1

𝑎 : 

𝑡𝑟
1
𝑎 − 𝑡0 ≥ 𝜋𝑟1

𝑎 , 𝑎 ∈ 𝐴. (1)

Departure constraints. Let 𝐴𝑃  be the set of passenger trains running 
in the network, with 𝐴𝑃 ⊆ 𝐴. No passenger train can leave a 
station (i.e., enter the next resource) before the time prescribed 
by the nominal timetable: 
𝑡𝑟+1𝑎 − 𝑡0 ≥ 𝜋𝑟+1

𝑎 , 𝑎 ∈ 𝐴𝑃 , 𝑟 ∈ 𝑅𝑆
𝑎 ⧵ {𝑟𝑞𝑎𝑎 }. (2)

Here, for 𝑟 ∈ 𝑅𝑎 different from the destination station of 𝑎, 
we let 𝑡𝑟+1𝑎  be the scheduling variable associated with the re-
source immediately following 𝑟 on the route of 𝑎, i.e., the time 𝑎
leaves resource 𝑟, and 𝜋𝑟+1

𝑎  the departure time prescribed in the 
timetable. Note that if for some train 𝑎 and station 𝑟 ∈ 𝑅𝑆

𝑎  such 
time is not given, we assume 𝜋𝑟+1

𝑎 = 0.
Running time constraints. The time spent by a train in each resource 
is at least the minimum running time 𝑝𝑟

𝑎
: 

𝑡𝑟+1𝑎 − 𝑡𝑟𝑎 ≥ 𝑝𝑟
𝑎
, 𝑎 ∈ 𝐴, 𝑟 ∈ 𝑅𝑎. (3)

When 𝑟 is the final station on the route of train 𝑎, i.e., 𝑟 = 𝑟𝑞𝑎𝑎 , we 
let 𝑡𝑟+1𝑎 = 𝑡𝑜𝑢𝑡𝑎 .

The system of constraints (1)–(3) is called free-running because it 
models feasible schedules when trains do not interact with each other.
Conflict avoiding constraints. In general, trains do interact with each 
other, and they compete to access the (scarce) resources of the network. 
Following Lamorgese and Mannino [5], we handle potential conflicts 
arising in stations and tracks in a slightly different way.

In single-track sections, trains in both directions will share the 
unique track connecting adjacent stations. In double-track sections, 
each track is reserved to a specific direction, and only trains in the 
same direction use the same track. In our model, each track represents 
a resource of single unit capacity. Therefore, no two trains can occupy 
simultaneously the same track.

As for stations, we will not model directly the individual movements 
of a train within the station. Instead, we will look at each station 𝑟 ∈ 𝑅𝑆

as a ‘‘capacitated’’ macroscopic resource. Let 𝐴(𝑟) ⊂ 𝐴 be the set of 
trains traversing 𝑟 and let 𝑄 ⊆ 𝐴(𝑟) be a subset of trains traversing 𝑟 at 
the same time (i.e., the intersection of the time intervals spent by each 
train 𝑎 ∈ 𝑄 in station 𝑟 is nonempty). In our constraints, we consider the 
family (𝑟) ⊆ 2𝐴(𝑟) of the minimal infeasible subsets of trains that can 
traverse station 𝑟 at the same time. Here minimal means that, for any 
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Table 1
List of sets, parameters and variables used in the proposed model.
 Notation Type Description  
 𝐴 Set Set of trains  
 𝐴𝑃 Set Set of passenger trains  
 𝑅 Set Set of network resources  
 𝑅𝑆 Set Set of stations  
 𝑅𝑇 Set Set of tracks  
 𝑅𝑎 Set Set of resources in the route of train 𝑎  
 𝑅𝑆

𝑎 Set Set of stations in the route of train 𝑎  
 𝐴(𝑟) Set Set of trains traversing resource 𝑟  
 (𝑟) Set Minimal infeasible subsets of trains traversing station 𝑟  
 𝑟𝑎 Param Resource 𝑟 in the route of train 𝑎  
 𝑟𝑞𝑎𝑎 Param Last resource in the route of train 𝑎  
 𝜋𝑟

𝑎 Param Aimed arrival time of train 𝑎 at resource 𝑟  
 𝑝𝑟

𝑎
Param Minimum running time of train 𝑎 on resource 𝑟  

 𝑝𝑟𝑎 Param Aimed running time of train 𝑎 on resource 𝑟  
 ℎ𝑟

𝑎 Param Required safety margin for train 𝑎 in station 𝑟  
 𝑑𝑈

𝑠 Param Unrecoverable delay of train 𝑎̃ in scenario 𝑠 = (𝑎̃, 𝑟̃, 𝛥)  
 𝐶𝑟 Param Capacity of station 𝑟  
 𝛥 Param Primary delay  
 𝑡0 Var Timetable reference entry time  
 𝑡𝑟𝑎 Var Arrival time of train 𝑎 at resource 𝑟  
 𝑡𝑜𝑢𝑡𝑎 Var Exit time of train 𝑎 from the infrastructure  
 𝑥𝑟𝑎𝑏 Var Binary variable that is 1 if trains 𝑎 and 𝑏 meet in station 𝑟  
 𝑦𝑟𝑎𝑏 (𝑦𝑟𝑏𝑎) Var Binary variable that is 1 if train 𝑎 (𝑏) enters resource 𝑟 before train 𝑏 (𝑎) 
 𝑤𝑟

𝑎𝑏 (𝑤𝑟
𝑏𝑎) Var Binary variable that is 1 if trains 𝑎 and 𝑏 meet in 𝑟 and 𝑎 (𝑏) enters first 

 𝑑𝑜𝑢𝑡
𝑎 Var Delay of train 𝑎 at its destination station  
𝑄 ∈ (𝑟) and any 𝑎 ∈ 𝑄, the set 𝑄⧵ {𝑎} can be accommodated in 𝑟. We 
remark that we are neglecting the more general case in which a certain 
subset of trains 𝑄 may be accommodated in a station 𝑟 only for certain 
specific arrival or exit times. This is very unlikely to happen in the 
railway line under consideration. A way to handle this in a macroscopic 
decomposition approach has been recently developed in Leutwiler and 
Corman [21].

Track conflict constraints. Let 𝑟 ∈ 𝑅𝑇  be a track, and 𝑎, 𝑏 ∈ 𝐴(𝑟) be 
two different trains traversing 𝑟. We need to ensure that either 𝑎
runs through and exits 𝑟 before 𝑏 enters 𝑟, or viceversa. To this 
end, we introduce a binary variable 𝑦𝑟𝑎𝑏 for every ordered pair of 
distinct trains 𝑎, 𝑏 ∈ 𝐴(𝑟), which is 1 if and only if 𝑎 precedes 𝑏
in 𝑟. This is expressed by the following constraints: 
𝑡𝑟𝑏 − 𝑡𝑟+1𝑎 ≥ 𝑀(𝑦𝑟𝑎𝑏 − 1), 𝑎, 𝑏 ∈ 𝐴(𝑟), 𝑎 ≠ 𝑏, 𝑟 ∈ 𝑅𝑇 , (4)

where 𝑀 is a large positive constant (the notorious big-𝑀). 
Indeed, the constraints are active when 𝑎 precedes 𝑏 (and 𝑦𝑟𝑎𝑏 = 1), 
and become redundant in the other case. Moreover, it must be 
that only one train precedes the other: 
𝑦𝑟𝑎𝑏 + 𝑦𝑟𝑏𝑎 = 1, 𝑎, 𝑏 ∈ 𝐴(𝑟), 𝑎 ≠ 𝑏, 𝑟 ∈ 𝑅𝑇 . (5)

Station capacity constraints. The main difference with the track 
conflict constraints is that a station 𝑟 ∈ 𝑅𝑆 may (in general) 
accommodate more than one train at a time. To model this, 
we introduce a binary variable 𝑥𝑟𝑎𝑏 for each (unordered) pair of 
distinct trains 𝑎, 𝑏 ∈ 𝐴(𝑟), which is 1 if and only if 𝑎 and 𝑏 meet 
in 𝑟 (i.e., the intersection of the time intervals spent by trains 𝑎
and 𝑏 in station 𝑟 is nonempty). The next constraints model the 
fact that either (𝑖) trains 𝑎 and 𝑏 meet in 𝑟, or (𝑖𝑖) train 𝑎 exits 𝑟
before 𝑏 enters 𝑟, or (𝑖𝑖𝑖) train 𝑏 exits 𝑟 before 𝑎 enters 𝑟: 
𝑦𝑟𝑎𝑏 + 𝑦𝑟𝑏𝑎 + 𝑥𝑟𝑎𝑏 = 1, 𝑎, 𝑏 ∈ 𝐴(𝑟), 𝑎 ≠ 𝑏, 𝑟 ∈ 𝑅𝑆 . (6)

Now, when 𝑥𝑟𝑎𝑏 = 1, trains 𝑎 and 𝑏 meet in 𝑟, which implies 𝑎
enters the station before 𝑏 exits and viceversa. This is ensured by 
the next pair of constraints: 
{

𝑡𝑟+1𝑏 − 𝑡𝑟𝑎 ≥ 𝑀(𝑥𝑟𝑎𝑏 − 1)
𝑡𝑟+1𝑎 − 𝑡𝑟𝑏 ≥ 𝑀(𝑥𝑟𝑎𝑏 − 1)

𝑎, 𝑏 ∈ 𝐴(𝑟), 𝑎 ≠ 𝑏, 𝑟 ∈ 𝑅𝑆 . (7)

Constraints (8) are analogous to (4). They imply that if a pair of 
trains does not meet in station 𝑟, the one winning the conflict must 
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exit the station before the other enters. 
𝑡𝑟𝑏 − 𝑡𝑟+1𝑎 ≥ 𝑀(𝑦𝑟𝑎𝑏 − 1) 𝑎, 𝑏 ∈ 𝐴(𝑟), 𝑎 ≠ 𝑏, 𝑟 ∈ 𝑅𝑆 . (8)

Constraints (9) ensure that, for any set 𝑄 of trains in (𝑟), at least 
one pair of trains does not meet in 𝑟 (recall that the total number 
of train pairs in 𝑄 is (|𝑄|

2

)

): 
∑

{𝑎,𝑏}⊆𝑄
𝑥𝑟𝑎𝑏 ≤

(

|𝑄|

2

)

− 1, 𝑄 ∈ (𝑟), 𝑟 ∈ 𝑅𝑆 . (9)

Safety margin constraints. For safety reasons, when two trains go 
through a common station, the second train is required to enter 
the station only some time after the first train fully arrived at 
that station. This time interval is usually called safety margin, 
and its value ℎ𝑟𝑎 depends both on train 𝑎 and station 𝑟. When two 
trains running in opposite directions meet in a station that can 
accommodate more than one train at a time, the second train must 
enter the station only some time after the first train entered that 
station. However, when two trains run in the same direction, or 
move in opposite directions but meet in a single-capacity station, 
a safety margin is still guaranteed by the timetable.
We introduce a binary variable 𝑤𝑟

𝑎𝑏 for every (𝑎, 𝑏) ∈ 𝐴(𝑟) ×
𝐴(𝑟), 𝑎 ≠ 𝑏, 𝑟 ∈ 𝑅𝑆 with 𝐶𝑟 > 1, which is 1 if and only if trains 𝑎, 𝑏
meet in 𝑟 and 𝑎 enters first. In particular, assume that trains 𝑎, 𝑏
are crossing trains meeting in a station 𝑟 that is not of single 
capacity. If train 𝑎 (𝑏) enters first, then train 𝑏 (𝑎) can enter 𝑟
at least ℎ𝑟𝑎 (ℎ𝑟𝑏) time units after the arrival of 𝑎 (𝑏) at 𝑟: 

⎧

⎪

⎨

⎪

⎩

𝑤𝑟
𝑎𝑏 +𝑤𝑟

𝑏𝑎 − 𝑥𝑟𝑎𝑏 = 0
𝑡𝑟𝑏 − 𝑡𝑟𝑎 ≥ 𝑀(𝑤𝑟

𝑎𝑏 − 1) + ℎ𝑟𝑎
𝑡𝑟𝑎 − 𝑡𝑟𝑏 ≥ 𝑀(𝑤𝑟

𝑏𝑎 − 1) + ℎ𝑟𝑏

𝑎, 𝑏 ∈ 𝐴(𝑟), 𝑎 ≠ 𝑏, 𝑟 ∈ 𝑅𝑆 , 𝐶𝑟 > 1.

(10)

Scenario-specific constraints. We are finally ready to introduce variables 
and constraints specifically related to scenario (𝑎̃, 𝑟̃, 𝛥) in which train 𝑎̃
is delayed by 𝛥 time units in resource 𝑟 ∈ 𝑅𝑎̃.

Extra running-time constraints. A delay 𝛥 > 0 is added to the 
original running time of 𝑎̃ on resource 𝑟: 
𝑡𝑟̃+1𝑎̃ − 𝑡𝑟𝑎̃ ≥ 𝑝𝑟𝑎̃ + 𝛥, 𝑎̃ ∈ 𝐴, 𝑟̃ ∈ 𝑅𝑎̃. (11)
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Non-anticipative recovery algorithm constraints. As previously dis-
cussed, recovery algorithms are non-anticipative, so we cannot 
take decisions which modify the timetable before the primary 
delay happens. Then, we have that: 
𝑡𝑟𝑎 = 𝜋𝑟

𝑎, 𝑎 ∈ 𝐴, 𝑟 ∈ 𝑅𝑎 ∶ 𝜋𝑟
𝑎 ≤ 𝜋𝑟+1

𝑎̃ . (12)

In other words, all schedules follow the nominal timetable until 
the delay occurs.

Objective function. The objective function to be optimized in this model 
has to be the same function 𝑓 dispatchers take into consideration in 
real-time. Given the lack of a generally recognized objective used in 
real-time, we settle on one among the most popularly used in the 
literature, the minimization of the sum of consecutive train delays at 
the last station of their routes, also known as total delay [12,22–25]. 
Still, other cost functions can be considered as well, requiring only 
to update the objective function and use additional constraints, if 
necessary.

Delay constraints. Let 𝜋𝑜𝑢𝑡
𝑎  be the nominal departure time of 

train 𝑎 ∈ 𝐴 from its destination station. We introduce a non-
negative variable 𝑑𝑜𝑢𝑡𝑎 ∈ R+ to represent the delay of each 
train 𝑎 ∈ 𝐴 at its destination station: 
𝑡𝑜𝑢𝑡𝑎 − 𝑑𝑜𝑢𝑡𝑎 ≤ 𝜋𝑜𝑢𝑡

𝑎 , 𝑎 ∈ 𝐴. (13)

Fragility of scenario 𝑠. When a train is affected by a primary delay 
𝛥 at some point in its route, it could, in principle, regain partial 
or full punctuality at destination by (if possible) running faster 
or exploiting time supplements. If we neglect the presence of 
other trains, we can easily compute the maximum time delay that 
the train can recover. This may still not be sufficient to regain 
full punctuality at destination, and the residual delay is what we 
define to be unrecoverable, because there is nothing we can do 
to reduce it further. So, this unrecoverable delay is independent 
of any dispatching decision, and we want to factor it out when 
assessing the quality of the plan. This motivates the following 
definition. Given scenario 𝑠 = (𝑎̃, 𝑟̃, 𝛥) ∈ , we introduce a 
parameter 𝑑𝑈𝑠  corresponding to the minimum unrecoverable delay 
of scenario 𝑠, i.e., the delay at destination of train 𝑎̃ (when 
delayed by 𝛥 on 𝑟̃) that can never be recovered regardless of 
dispatching decisions, even when 𝑎̃ is considered as free-running 
in the network. The recovery cost of scenario 𝑠 is computed 
minimizing the sum of all train delays at destination minus its 
minimum unrecoverable delay: 

𝑓 (𝜋∗(𝑎̃, 𝑟̃, 𝛥), 𝜋) =

(

∑

𝑎∈𝐴
𝑑𝑜𝑢𝑡𝑎

)

− 𝑑𝑈𝑠 . (14)

Solving the MILP model 𝑠 for computing the deviation cost associated 
to scenario 𝑠 = (𝑎̃, 𝑟̃, 𝛥) ∈  corresponds to minimize 𝑓 (𝜋∗(𝑎̃, 𝑟̃, 𝛥), 𝜋), 
subject to constraints (1)–(13).

Intuitively, one would expect the recovery cost to increase monoton-
ically as the primary delay 𝛥 increases. In fact, this would be the case if 
we ignored the minimum unrecoverable delay 𝑑𝑈𝑠  in the objective func-
tion. However, due to the chosen dispatching options, it may happen 
that the value of the objective function paradoxically decreases as the 
primary delay grows. In the next section, we will explain this paradox 
and discuss why we decided to include the minimum unrecoverable 
delay in the objective function.

3.1. Fragility paradox

Let us consider a train 𝑎 = 1 running on a small railway line of 
four stations, i.e, from 𝑟1 to 𝑟4. Figs.  2 and 3 show a schematic expla-
nation of the core mechanism of model 𝑠 for computing the recovery 
cost 𝑓 (𝜋∗(1, 𝑟, 5), 𝜋) for three scenarios, with 𝑟 = {𝑟1, 𝑟2, 𝑟3}. In these 
figures, the stations are depicted on the 𝑦-axis, the 𝑥-axis represents 
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the time interval [9:00−10:00], the light-colored lines represent the 
nominal timetable of train 1, and the dark lines its actual behavior 
(i.e., the disposition timetable). Given the non-anticipatory nature of 
train dispatching, train operations preceding the departure from the 
delayed station are fixed in time.

In Fig.  2, we consider three different scenarios (1, 𝑟, 5) where train 1 
is delayed at different stations along its route, i.e., 𝑟1, 𝑟2 and 𝑟3. In Fig. 
2(a), the train is delayed at the beginning of its route and it is able 
to completely recover the primary delay when leaving the last station 
of its route, i.e., 𝑑𝑜𝑢𝑡1 = 0. However, when delaying the departure from 
subsequent stations (Figs.  2(b) and 2(c)), the train leaves its destination 
station with 𝑑𝑜𝑢𝑡1 = 1 and 𝑑𝑜𝑢𝑡1 = 3, respectively. Since the train is 
traveling undisturbed, these delays turn out to be exactly the minimum 
unrecoverable delays for the given scenarios.

Fig.  3 presents the fragility values corresponding to the three sce-
narios in Fig.  2, when unrecoverable delays are (a) included or (b) 
excluded from the computation. A color ranging from yellow to black is 
associated with each scenario, representing its fragility value, i.e., the 
darker the color, the more fragile that part of the schedule. In order to 
understand why it is important to include the minimum unrecoverable 
delay in the recovery cost, let us first consider a recovery cost that 
is simply equal to the sum of trains delays at their final station. For 
simplicity, let assume that a track following a station in the route of 
a train inherits the fragility value associated with that station. From 
Fig.  3(a), we can see that a resource at the end of the train schedule 
will always be more fragile than a resource at the beginning of the 
same schedule. For example, when delaying the departure of the train 
from station 𝑟3, the train gains a final delay 𝑑𝑜𝑢𝑡1 = 3 min, hence, both 
station 𝑟3 and the track following 𝑟3 are represented in black. In this 
case, the train does not have enough time to recover the primary delay, 
since most of its schedule has already been run. Of course, the situation 
is very different if we delay the train departure from station 𝑟1, because 
the train would be able to catch up by running faster to the end of the 
schedule, i.e., 𝑑𝑜𝑢𝑡1 = 0, hence the yellow color assigned to station 𝑟1
and the following track.

However, would it make sense to say that the schedule of a train 
is more fragile closer to its destination? These results are obvious and 
do not provide useful information on where the actual weaknesses 
of a timetable are. To solve this issue, we include the unrecoverable 
delay 𝑑𝑈𝑠  in the objective function, which results in Fig.  3(b). For 
example, when delaying the departure of the train from station 𝑟3, 
the train gains a final delay 𝑑𝑜𝑢𝑡1 = 3 min, that the train is not able 
to recover. Since there are no other trains in the network, the total 
delay of the train at its final destination always corresponds to the 
unrecoverable delay of the scenario, i.e., 𝑑𝑈𝑠 = 𝑑𝑜𝑢𝑡1 , and all scenarios 
have a recovery cost equal to 0.

Fig.  4 shows an illustrative example of the recovery cost obtained 
when train 1, depicted in blue, is delayed from station 𝑟2 by 𝛥 = 5 min 
(Fig.  4(b)) and 𝛥 = 12 min (Fig.  4(a)), respectively. On the left hand side 
of Fig.  4, we show what would happen to train 1 if it was free-running 
in the network: with 𝛥 = 5 min, the train would be able to recover 
its primary delay, leaving station 𝑟4 on time, i.e., 𝑑𝑈𝑠 = 0; differently, 
when 𝛥 = 12 min, the train would be unable to accomplish this goal, 
leaving 𝑟4 with delay 𝑑𝑜𝑢𝑡1 = 𝑑𝑈𝑠 = 7 min. On the right hand side of 
Fig.  4, we show what happens when train 1 uses the line alongside a 
second train, depicted in green. In the optimal disposition timetable, 
when 𝛥 = 5 min, the two trains exit their final station with a delay of 5 
and 4 min, respectively. However, when 𝛥 = 12 min, train 2 leaves 𝑟4
on time, while train 1 has a final delay of 14 min. In this case, the total 
delay at destinations becomes 𝑑𝑜𝑢𝑡1 + 𝑑𝑜𝑢𝑡2 = 9 min when 𝛥 = 5 min, and 
𝑑𝑜𝑢𝑡1 +0 = 14 min when 𝛥 = 12 min. As a result, the total delay increases 
with the size of the primary delay 𝛥.

However, if we evaluate the unrecoverable delay 𝑑𝑈𝑠  in the objective 
function, the objective value does not necessarily increase with the size 
of primary delay 𝛥. This means that we may have a scenario (𝑎̃, 𝑟̃, 𝛥) that 
is fragile when considering a small delay, but less fragile with a higher 



M.L. Tessitore et al. Omega 137 (2025) 103341 
Fig. 2. Optimal dispatching decisions associated with three delay scenarios (𝟏, 𝒓, 𝟓), where 𝒓 corresponds, respectively, to station (a) 𝒓𝟏, (b) 𝒓𝟐 and (c) 𝒓𝟑 in the route of train 𝟏.
Fig. 3. Fragility values corresponding to delay scenarios in Fig.  2 and objective values (a) 𝐦𝐢𝐧
∑

𝒂∈𝑨 𝒅𝒐𝒖𝒕
𝒂  and (b) 𝐦𝐢𝐧

∑

𝒂∈𝑨 𝒅𝒐𝒖𝒕
𝒂 − 𝒅𝑼

𝒔 .
one, e.g., in Fig.  4, the objective value is 𝑑𝑜𝑢𝑡1 + 𝑑𝑜𝑢𝑡2 − 𝑑𝑈𝑠 = 9 min when 
𝛥 = 5 min, but 𝑑𝑜𝑢𝑡1 +𝑑𝑜𝑢𝑡2 −𝑑𝑈𝑠 = 7 min when 𝛥 = 12 min. This paradox is 
a direct consequence of the chosen dispatching decisions (e.g., in Fig.  4 
the two trains meet in station 𝑟2 instead of 𝑟3 as originally scheduled) as 
well as of the given definition of fragility, which requires the possibility 
of improving the timetable.

4. Solution algorithm

In this section, we present the algorithm developed to compute the 
fragility of a train–resource pair (𝑎, 𝑟).

As previously said, to compute the fragility of a pair (𝑎, 𝑟), we should 
solve a dispatching problem 𝑠 for each scenario 𝑠 = (𝑎, 𝑟, 𝛥) ∈ . 
A key aspect to speed up the solution process becomes identifying 
the minimal subset of variables and constraints necessary to find the 
(feasible) optimal solution for the whole problem. This can be achieved 
by efficiently exploiting the structure of the MILP model defined in Sec-
tion 3 and by dynamically generating all the necessary constraints and 
related variables, through a delayed row generation scheme, similar to 
the one first described in Lamorgese and Mannino [5]. In particular, we 
apply the row generation scheme on conflict avoiding constraints (4) 
and (9), as shown in Algorithm 1.

Let us focus on a specific train–resource pair (𝑎, 𝑟) and the set of 
scenario 𝑎𝑟 it involves. From these scenarios, we derive the ordered set 
of delays {𝛥1,… , 𝛥𝑛}, with 𝛥𝑗−1 < 𝛥𝑗 and 𝑗 = 2,… , 𝑛. We initially build 
the MILP model (𝑎,𝑟), including all free running constraints (1)–(3), in 
which each train behaves as if traveling alone in the network, the delay 
constraints (13), and the objective function (14) (line 2 of Algorithm 1). 
7 
Instead of directly solving (𝑎,𝑟,𝛥1) for the specific scenario 𝑠 = (𝑎, 𝑟, 𝛥1), 
we first build model 0

(𝑎,𝑟,𝛥1)
 from (𝑎,𝑟), by adding the corresponding 

scenario-specific constraints (11)–(12) (line 5). It is important to note 
that, at this point, none of the variables 𝑦𝑟𝑎𝑏, 𝑥𝑟𝑎𝑏 and 𝑤𝑟

𝑎𝑏 have been 
included into the current model 0

(𝑎,𝑟,𝛥1)
.

We first solve 0
(𝑎,𝑟,𝛥1)

 with its limited subset of variables and con-
straints and check if its feasible, optimal solution 𝜋0 is also feasible 
for the overall (𝑎,𝑟,𝛥1). Namely, we check if any conflict avoiding 
constraints (4)–(10) not included in problem 0

(𝑎,𝑟,𝛥1)
 is violated by the 

current solution 𝜋0. If so and, e.g., two trains occupy simultaneously 
the same track or a single-capacity station, we build a larger 1

(𝑎,𝑟,𝛥1)
from 0

(𝑎,𝑟,𝛥1)
 in which we add all violated constraints and the related 

𝑦𝑟𝑎𝑏, 𝑥𝑟𝑎𝑏 and 𝑤𝑟
𝑎𝑏 variables.

When we introduce these new variables, we also include in 1
(𝑎,𝑟,𝛥1)all constraints that affect their values, even if those constraints were 

not originally violated. Indeed, let us remind that: (𝑖) variables 𝑦𝑟𝑎𝑏
appear only in track and station conflict constraints (4)–(6) and (8), 
while variables 𝑥𝑟𝑎𝑏 appear only in station conflict constraints (6)–(7) 
and safety margin constraints (9)–(10); (𝑖𝑖) constraints (5)–(8) and 
(10) are only relevant in conjunction with, respectively, constraints (4) 
and (9), which are the most relevant in the conflict avoidance group. 
Therefore, we can delay the generation of constraints (5)–(8) and (10), 
and variables 𝑦𝑟𝑎𝑏 and 𝑥𝑟𝑎𝑏, until constraints (4) and (9) need to be 
generated.

We solve the new model 1
(𝑎,𝑟,𝛥1)

 and check the feasibility of its 
solution 𝜋1 against the overall (𝑎,𝑟,𝛥1). We keep iterating, as shown 
in lines 9-23, considering a sequence of increasingly large MILPs 
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Fig. 4. Optimal dispatching when considering two different scenarios (𝟏, 𝒓𝟐 ,𝜟), with (a) 𝜟 = 𝟓 and (b) 𝜟 = 𝟏𝟐 min.
0
(𝑎,𝑟,𝛥1)

,1
(𝑎,𝑟,𝛥1)

,… , 𝑖
(𝑎,𝑟,𝛥1)

, until we either prove that  𝑖
(𝑎,𝑟,𝛥1)

 cannot 
be feasibly solved, which also means that no feasible solution exists for 
(𝑎,𝑟,𝛥1), or the optimal solution 𝜋𝑖 is deemed feasible, and thus also 
optimal, for (𝑎,𝑟,𝛥1).

Since the majority of conflicts found while solving problem (𝑎,𝑟,𝛥𝑗−1)
are also likely to be found in (𝑎,𝑟,𝛥𝑗 ), we decide to extend the delayed 
row generation scheme and improve its performance, leveraging the 
inherent similarity between successive problem instances. Specifically, 
we build problem 0

(𝑎,𝑟,𝛥𝑗 )
 starting from the last problem solved for 

scenario 𝑠 = (𝑎, 𝑟, 𝛥𝑗−1), rather than from (𝑎,𝑟) (see line 7). This ensures 
that all constraints in (𝑎,𝑟,𝛥𝑗−1) are automatically included in the new 
model. We then refine and update constraints (11)–(12) to address 
the specific requirements of the new problem. In other words, we use 
(𝑎,𝑟,𝛥𝑗−1) as a starting point to solve problem (𝑎,𝑟,𝛥𝑗 ). The presented 
approach helps to drastically reduce the computation time, by solving 
in a single run all scenarios associated with the same train–resource 
pair (𝑎, 𝑟).

5. Experiments

In this section, we describe the results on experiments carried out 
on real data from the November 2021 timetable of the Jæren line in 
Norway. This line, schematically shown in Fig.  5, is a railway line 
running along the Southern Norwegian coast from Stavanger to Moi, 
8 
via Egersund, accommodating around 160 trains a day. The line is 74 
km long and includes 28 stations. The infrastructure consists of double 
tracks from Stavanger to Skeiane, and single tracks from Skeiane to 
Moi, for a total of 34 tracks sections between pairs of consecutive 
stations. The current train service consists of both passenger (local) 
trains and freight trains. Local trains’ services are distributed according 
to a fixed periodic pattern (one train every 15 min from Stavanger to 
Skeiane, two trains per hour from Skeiane to Nærbø, and only one train 
per hour all the way to Egersund).

The model described in Section 3 has been implemented in Python 
and solved using GUROBI 10.0.3 with default settings on an Intel(R) 
Xeon(R) CPU E5-2699 @ 2.2 GHz with 1.5 TB of memory.

In the railway industry, train delays are often only considered as 
such when greater than a certain threshold, e.g., there is a threshold 
of 3 min to attribute delay causes. However, most of these delays are 
rather smaller, and often fall below the threshold of 3 min used by 
the industry [26]. It is interesting to study the fragility of a timetable 
when assessing even such small delays. In particular, for each train–
resource pair (𝑎, 𝑟) we consider the set of delay scenarios 𝑎𝑟 where 
𝛥 ranges from 1 to 30 min, with a time discretization of 1 min. 
Since most primary delays, due to congestion, appear in stations [26], 
influenced by variations of alighting and boarding times depending 
on the amount of involved passengers, or transfers between connected 
trains, we restrict our analysis to the subset of scenarios 𝑎𝑟 where 
resource 𝑟 is a station.  In particular, we assume that a track inherits 
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Fig. 5. The Jæren line.
Algorithm 1: Computing the fragility of train–resource pair (𝑎, 𝑟)
1 Input: 𝑎, 𝑟, {𝛥1, ..., 𝛥𝑛}

2 Create problem (𝑎,𝑟) including constraints (1)–(3), (13) and objective 
function (14)

3 for 𝛥𝑗 ∈ {𝛥1, ..., 𝛥𝑛} do
4 if 𝛥𝑗 = 𝛥1 then
5  Create 0

(𝑎,𝑟,𝛥1)
 from (𝑎,𝑟) by adding constraints (11)–(12)

6 else
7  Create 0

(𝑎,𝑟,𝛥𝑗 )
 from (𝑎,𝑟,𝛥𝑗−1) by updating constraints (11)–(12)

8 𝑖 = 0
9 while Optimal solution of  𝑖

(𝑎,𝑟,𝛥𝑗 )
 not found do

10 Solve  𝑖
(𝑎,𝑟,𝛥𝑗 )

 to optimality
11 if  𝑖

(𝑎,𝑟,𝛥𝑗 )
 is infeasible then

12 (𝑎,𝑟,𝛥𝑗 ) is also infeasible
13  break
14 else
15  Let 𝜋𝑖 = (𝑡𝑖, 𝑥𝑖, 𝑦𝑖, 𝑤𝑖) be the current solution
16  if 𝜋𝑖 violates some of the constraints (4) and (9) not in 

 𝑖
(𝑎,𝑟,𝛥𝑗 )

 then
17 𝑖 = 𝑖 + 1
18  Add violated constraints (and corresponding binary 

variables) to  𝑖
(𝑎,𝑟,𝛥𝑗 )

19  else
20 𝜋𝑖 is feasible
21 𝜋𝑖 is the optimal solution for  𝑖

(𝑎,𝑟,𝛥𝑗 )

22 (𝑎,𝑟,𝛥𝑗 ) =  𝑖
(𝑎,𝑟,𝛥𝑗 )

23  break 
24 end 
5 end 

the fragility value associated with the preceding station. More formally, 
if 𝑟2 is the track following station 𝑟1 on the path of train 𝑎, and 
𝑠′ = (𝑎, 𝑟1, 𝛥) and 𝑠′′ = (𝑎, 𝑟2, 𝛥) are the associated scenarios, we let 
𝑓 (𝜋∗(𝑠′′), 𝜋)

𝖽𝖾𝖿
= 𝑓 (𝜋∗(𝑠′), 𝜋), and only compute the latter. Finally, primary 

delays at trains’ destination stations do not cause knock-on delays, so 
we exclude these from the subset of scenarios as well. We set the big-𝑀
constant in constraints (4), (7), (8) and (10) to 1 h. We reason that, 
if two trains meeting in a station end up being separated there for 
more than an hour, it is very likely that a major breakdown, such 
as a partial or full blockage of a certain track section, has occurred. 
In this case, the problem should no longer be considered a train 
dispatching problem, as disruption management techniques would be 
a more adequate response.

For each primary delay 𝛥 ∈ {1,… , 30}, we have 2444 dispatching 
scenarios, one for each train 𝑎 ∈ 𝐴 and each non-destination station 𝑟 ∈
𝑅𝑆 traversed by train 𝑎, i.e., 𝑟 ∈ 𝑅𝑆 ∩ 𝑅𝑎∖{𝑟

𝑞𝑎
𝑎 }. Given the timetable 

and the current position of trains, when train 𝑎 is delayed by 𝛥 in 
station 𝑟, the corresponding complete MILP model would be intractable 
for some scenarios. For example, let us consider a scenario in the 
afternoon, around 16:30, and look at Stavanger station, which has 
capacity 5. If we had 60 trains that require the use of this station, we 
would have to build 50 063 860 constraints (9). When we repeat this 
computation for 24 stations of varying capacity, it is evident that the 
problem becomes too difficult, even to write, for morning and afternoon 
scenarios. Reducing the complexity of the problem by looking at the 
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minimal set of variables and constraints actually needed allows us to 
consistently solve all 30 × 2444 dispatching models.

When we use the row generation approach of Lamorgese and Man-
nino [5], the corresponding MILP model is able to find an optimal 
schedule that minimizes the considered measure of the overall delay for 
all scenarios in almost 12 h of computation time. Applying Algorithm 1 
we are able to reduce this computational time and compute the fragility 
of the considered timetable in 4 h, with an average of 0.2 seconds 
per scenario. With this solving approach, the MILP model of a single 
scenario never exceeds 10431 variables and 15712 constraints. More in 
details, when looking at train–resource pairs requiring longest compu-
tation times, we observe that the maximum computation time required 
by the proposed algorithm to successfully solve the 30 dispatching 
scenarios related to a single pair is 82.87 seconds. This is certainly an 
improvement compared to the 151.03 seconds obtained by the delayed 
row generation scheme of [5] for the same pair. This improvement is 
even more striking when considering that the latter method can take up 
to 179.08 s in the worst-case scenario to solve all dispatching scenarios 
associated with a single pair, specifically pair (17, Vatnamot), where 
instead Algorithm 1 requires only 47.56 s. The maximum computation 
time of 82.87 s is associated with pair (135, Hognestad) and involves 
solving 252 conflicts, where 46 are station conflicts, 165 track conflicts 
and 41 safety margin conflicts. For the same pair, the original delayed 
row generation method solves a total of 2819 conflicts. Since many 
of those conflicts are redundant across multiple scenarios, our algo-
rithm removes any redundancy by addressing them only once. These 
results certainly validate the efficacy of the proposed algorithm and 
our choice to improve the performance of the algorithm of [5] for 
the fragility computation by taking advantage of similarities between 
different dispatching scenarios related to the same pair. 

The line plot in Fig.  6 shows the total delay distribution associated 
with each primary delay 𝛥 ∈ {1,… , 30}, computed as the number of 
scenarios characterized by a certain objective function value. The 𝑥-axis 
of the plot represents the number of scenarios, ordered by decreasing 
total delay, while the vertical axis represents the corresponding objec-
tive value. Each primary delay 𝛥 is associated with a different color, 
ranging from dark green, i.e., 1 min, to dark red, i.e., 30 min. The line 
plot in Fig.  6 presents a large number of scenarios with small delays and 
a few scenarios with very large ones. Furthermore, the maximum total 
delay increases with the size of the primary delay 𝛥. As a consequence, 
a maximum value of 1.66 h is reached when 𝛥 = 30 min. Still, the 
increase is not monotonous, and few exceptions can be detected due 
to the fragility paradox. For example, when 𝛥 = 12 min, the total 
delay of some scenarios is lower than the total delay corresponding to 
a smaller 𝛥, e.g., 𝛥 = 8 min (visually the lime green line goes below 
the green line around 300 scenarios). This becomes evident when 𝛥 is 
bigger than 20 min, and the orange and red lines partially remain below 
the yellow ones, e.g., close to 500 scenarios, which, again, is probably 
due to the periodicity of the considered timetable.

Fig.  7 shows the nominal timetable with the corresponding fragility 
values, computed as the expected value of the total delay, i.e., the 
sum of train delays at destination stations, obtained when 𝛥 varies 
between 1 and 30 min, with a uniform probability distribution. We call 
this diagram fragility map. Note that different fragility maps might be 
obtained by using other probability distributions, based on the primary 
delays observed in practice for the specific line. Clearly, this fact does 
not affect the computational complexity and the significance of this 
study.

In Fig.  7, the 𝑥-axis represents the time in hours, spanning a whole 
day, while the 𝑦-axis depicts the topology of the Jæren railway line. 
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Fig. 6. Total delay distribution associated with primary delay 𝜟 ∈ {𝟏,… , 𝟑𝟎} min.
Fig. 7. Fragility map for the November 2021 timetable of the Jæren railway line.
Each train is shown as a single line in the graph. A color ranging 
from yellow to black is associated with each train–resource pair (𝑎, 𝑟), 
representing the corresponding expected value of the fragility, i.e., the 
darker the line, the more fragile that part of the timetable. As men-
tioned before, we associate with each track following a station on the 
route of a train the same fragility value of the preceding station, hence, 
the same color. We can see how the timetable tends to be more fragile 
between Ganddal and Klepp stations, i.e., at the end of the double-track 
sections, but also between stations Bryne and Nærbo, and Ogna and 
10 
Egersund, especially when they are reached by trains going to or com-
ing from Moi. There are some critical situations, e.g., trains departing 
from Stavanger at 15:24 or 18:39, but also trains departing from the 
same station a few minutes before every hour (at 07:54, 08:54, etc.). 
Since these trains travel from Stavanger up to Moi, or stop in Egersund 
but precede one of the trains to Moi, these particular situations are due 
to the scheduled pattern of these trains in the timetable.

It is interesting to compare the optimal disposition timetable of Fig. 
1(b) with the fragility map in Fig.  7. The fragility of all trains going 
through Gausel station is small in that section of their schedule, since 
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Fig. 8. Fragility map for the November 2021 timetable of the Jæren railway line when only retiming decisions are applied.
it is possible to limit the delay propagation by optimal dispatching, as 
in the specific example of Fig.  1(b). However, the timetable is quite 
dense in Gausel and there are small margins for recovering from delays 
without dispatching, as shown in Fig.  1(a).

We extend the initial analysis conducted in Fig.  1 for a single 
scenario to the entire timetable and obtain the fragility map in Fig.  8. 
This considers only retiming decisions and excludes any rescheduling, 
thus not linking the concept of fragility to the one of recoverable 
robustness. In this figure, we extend the color scale in Fig.  7 to include 
delay values up to 11096 s. However, the common portion of the color 
scale is identical in both figures, enabling an easy comparison of the 
corresponding fragility values. As in Fig.  1, it is evident that the optimal 
dispatching significantly reduces the delay propagation. In this case, 
the expected maximum total delay, i.e., the maximum fragility in the 
timetable, decreases from 11096 s in Fig.  8 to 2301 in Fig.  7. The parts 
of the timetable with the highest recovery costs in Fig.  7, e.g., those 
with total delays bigger than 1500 s, do not always correspond to those 
in Fig.  8. Indeed, the concept of fragility has to be linked with the one of 
recoverable robustness, otherwise the benefits of such analysis are less 
evident, as more train–resource pairs appear to be critically affected by 
delays.

These observations confirm the importance of assessing the impact 
of primary delays by taking into account optimal dispatching actions, 
with respect to other common measures such as the amount of time 
margins available in the timetable between consecutive trains on a 
resource.

6. Practical applications of fragility

When looking at preventive approaches for disturbance manage-
ment, the focus is on designing robust timetables that are able to 
absorb secondary delays. As discussed in the Introduction, robustness 
is a global measure [15,17], and therefore it is unable to highlight 
which regions of the railway network are less robust than others. In 
many cases, robustness measures are even computed without factoring 
in possible dispatching decisions, greatly reducing their validity in real-
life settings, where such dispatching decisions are cleverly executed by 
expert train dispatchers.
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Indeed, the use of global robustness measures may not be an issue 
when a timetable is perfectly periodic. However, trains often have 
different frequency at different times, and timetables present additional 
aperiodic trains or slight fluctuations (pseudo-periodicity) in their tim-
ing with no perceived impact on passengers that allow dispatchers 
to improve the use of infrastructure capacity. An extreme example is 
represented by the ‘‘slots’’ for trains (usually freight, but also passenger 
trains for special events) that seldom run. While it is necessary to 
include such slots in the timetable, the robustness of these trains is 
substantially irrelevant when compared to the ordinary trains running 
every day. In such cases, particularly pertinent in the European setting 
where the limited infrastructure capacity has to be used as best as 
possible, a local measure may help better understand the performances 
of a given timetable, thus pointing out where improvements are specif-
ically needed. In other words, there are many practical settings where a 
timetable with non-uniform distribution of the fragility can be preferred 
to a uniform one. Clearly, it is possible to make use of a global measure 
of robustness in which different trains are weighted differently, thus 
partially taking into account this issue. However, the local measure 
of fragility allows managers to have a complete and better explicable 
picture of the timetable.

In the rest of this section, we show how the fragility can be exploited 
at different stages of the railway management process.
Tactical planning. In a typical tactical timetabling process, route plan-
ners are tasked to produce a new timetable for the next months or the 
next year. They usually start from an existing timetable and follow a 
time-consuming trial-and-error process which requires the creation of 
several tentative timetables to obtain a feasible one. However, given the 
constant increase in traffic demand, public service companies require 
the implementation of new effective decision support systems that are 
easily accessible and endorsed by practitioners at any stage of their 
career. Several approaches to compute robust timetables exist in the 
literature [27]. However, as often happens for automatic optimization 
tools, their tendency to provide solutions that are not easily explainable 
or correlated with comprehensive analysis leads to resistance in their 
practical application. As a result, route planners often still rely solely 
on their experience.

The concept of fragility tries to bridge this gap, as it can be easily 
incorporated as it is into robust timetabling optimization methods to 
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Fig. 9. Fragility map (a) before and (b) after timetabling redesign.
address the current challenges. The intuitive nature of the fragility 
metric may facilitate seamless integration into existing decision-making 
processes, empowering practitioners to make informed adjustments 
with greater confidence and efficiency. Indeed, the concept of fragility 
represents a more practical and easy-to-understand tool that can be 
used by route planners within an iterative and incremental procedure 
(which is similar to how they ordinarily work [28]), but with a measure 
that can help make each iteration as effective as possible. At each 
iteration, the timetable may contain new, different ‘‘fragile’’ train–
resource pairs, and the process can be iterated until a satisfactory 
fragility map is obtained.

To illustrate the potential of this approach and provide an initial 
idea of one of its possible implementation, we will now propose an 
example of how an iteration of this procedure would work. Fig.  9(a) 
shows the fragility map corresponding to the last part of the timetable 
in Fig.  7, i.e., from 20:00 to the end of the service. As mentioned 
before, the darker the color of a train–resource pair in the fragility 
map, the more fragile that pair is in the timetable. According to Fig. 
9(a), the schedule of train 132 between stations Hognestad Bp and 
Bryne, i.e., pair (132, Hognestad), is clearly one of the most fragile, 
with a value of 𝐹 (𝜋,132,𝐻𝑜𝑔𝑛𝑒𝑠𝑡𝑎𝑑 ) = 2301. To reduce the fragility of 
pair (132, Hognestad), for example, we may consider to let train 132 
depart from station Moi 8 min earlier, and redistribute the time supple-
ments available in the timetable to avoid conflicts, thus obtaining the 
timetable in Fig.  9(b). Specifically, this figure shows the fragility map 
corresponding to the new timetable. As in the previous section, this 
is computed as the expected value of the total delay obtained when 𝛥
varies between 1 and 30 min, with a uniform probability distribution. 
Changing one of the most fragile parts of the timetable reduces not only 
the fragility of pair (132, Hognestad), from 2301 to 999 s, but also 
the fragility of most train–resource pairs with high recovery costs in 
Fig.  9(a), as evident from the change in color between the two figures, 
thereby improving the overall robustness of the timetable. Indeed, now 
the maximum fragility in the new timetable has value 2085 and it is 
associated to pair (173, Hognestad). A new iteration of the decision 
process would focus on this new fragile pair and on those that could 
possibly be linked to it (see Fig.  9).
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It is clear that this is just a very simple example on how the fragility 
measure can be directly applied by practitioners as it is, without further 
development. Nevertheless, the practical implementation of a fragility-
based timetabling approach may prove to be particularly complex in 
some contexts and will certainly require further in-depth study in the 
future.

Strategical planning. At this decision level, train planners make deci-
sions on how to improve the perceived quality of train services in 
the long term, for example, by building new infrastructure in order to 
increase the capacity of the railway network, thus enabling to add more 
trains in the timetable and to better satisfy present and future demand. 
This is a complex decision process where it is particularly important to 
compare the effects of alternative investments on the perceived quality 
of service, which is significantly affected by train delays. The fragility 
map can play a significant role in this process, e.g., following the ap-
proach to infrastructure development driven by a long-term timetable, 
as in Sander and Nachtigall [29]. In fact, the most fragile sections 
of the long-term timetable are the prime candidates for infrastructure 
enhancements. For instance, the fragility map in Fig.  7 suggests to 
extend the double-track sections from Skeiane up to Ganddal (or even 
up to Nærbo), which are indeed part of the infrastructure upgrades 
decided by the Jernbanedirektorat of Norway for that line in future 
years (see Sartor et al. [19]). Moreover, Fig.  7 immediately caught the 
attention of the Norwegian route planners to which we presented this 
concept, and attributed the cause of some of the darker colors to the 
stations with a single capacity, e.g., Hognestad Bp and Øksnavadporten. 
While they always had a hunch that this was the case, they were quite 
satisfied to see their hypothesis verified and to be able to evaluate its 
impact compared to other bottlenecks.
Operational planning (dispatching). When a primary delay occurs during 
operations, dispatchers can take corrective actions to modify the nom-
inal timetable attenuating knock-on delays. For a number of ill-case 
scenarios, typically involving some perturbations, dispatchers already 
have at hand a predefined list of actions (at Bane NOR these are called
action cards [30]). To compute the fragility at a tactical level, we 
generate an optimal disposition timetable for each considered delay 
scenario. Since rescheduling algorithms are far from being adopted 
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by railway companies and implemented in practice, we could exploit 
these disposition timetables at the operational level, and use them 
as action cards in case a delay scenario occurs in practice (without 
the need of applying any rescheduling algorithm). Indeed, a more 
accurate study of the fragility of a timetable allows us to shift the 
burden of complex timetable adjustments from real-time operations to 
a well-prepared tactical phase and helps in building dispatcher’s trust 
in automated decision support systems.  For instance, if scenario (27, 
Gausel, 10) presented as an example in Fig.  1 is realized during op-
erations, train dispatchers can decide to follow the suggested optimal 
dispatching decisions depicted in Fig.  1(b). As further examples, an in-
teractive page (available at https://optimization.pages.sintef.no/train-
timetable-fragility/) shows the optimal disposition timetable for each 
scenario (𝑎, 𝑟, 𝛥) used to compute the fragility map in Fig.  7.

Fragility maps can also be exploited to increase dispatchers aware-
ness on which sections of the railway network it is more important 
to drive ‘‘on-time’’, for instance, by alerting train drivers to carefully 
follow the recommended speed-profiles.

7. Conclusions and future research

In this paper, we introduced the concept of fragility as a new 
practical tool to analyze where primary delays are more likely to 
generate knock-on delays in a given timetable. The resulting fragility 
map highlights the sections of the timetable that are most prone to 
propagate primary delays, thus allowing a detailed analysis of the 
timetable.

The feedback from railway managers pointed out, on the one hand, 
the lack of tools to highlight critical sections of a timetable and, on the 
other hand, the potential of the fragility map in helping route planners 
to build a more robust timetable [31]. Moreover, since existing railway 
traffic simulators require time-consuming analysis to determine sources 
of delays, building a fragility map has the potential to quickly identify 
bottlenecks and weaknesses in a railway timetable, run what-if analyses 
on critical sections, and provide a valuable new perspective in addition 
to the current set of tools available to capacity planners [32].

We showed how the fragility concept can be exploited at different 
stages of the railway management process, i.e., it can be used in 
dispatching, to build more robust timetables, or to organize effective 
maintenance operations planning. This opens up a number of new 
interesting research directions to be explored.

Clearly, the first one involves further investigation at the opera-
tional level. For example, it would be interesting to extend the concept 
of fragility to disruption management, for example, by looking at a 
single-track failure. This would help the dispatcher evaluating more 
impactful decisions, such as train cancellation, train rerouting, and so 
on. For example, if one train in a set has to be canceled, choosing the 
‘‘most fragile’’ could minimize the delay propagation.

The second one is linked to the automatic generation of robust 
timetables at a tactical level. As we are now able to explicitly compute 
the recovery cost of a timetable and to highlight its most critical parts, 
we can exploit this measure to compare alternative timetables and thus 
to look for the most robust timetable. For example, it is possible to look 
for a timetable which minimizes the recovery cost, subject to fragility 
upper bounds, or which minimizes the maximum fragility value, and 
so on. Having local measures of fragility, rather than a single global 
measure, gives more freedom to customize the final result.

The third direction concerns a better and optimized used of fragility 
maps at a strategic decision level. For example, fragility can be part 
of managerial decision support tools for the identification of sections 
of a line with over/underused capacity, or for line planning, high-
lighting where additional service intentions could have a higher/lower 
impact, or for network design, indicating where to direct additional 
infrastructure investments.

A fourth research direction concerns extending the concept of 
fragility to other contexts. In this paper the fragility has been defined 
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with specific reference to train timetabling, however this concept can 
be straightforwardly applied to any job-shop scheduling problem. In 
fact, it could also be extended to other classes of optimization problems. 
Furthermore, even in the train timetabling problem there is a lot of 
space for further investigation. For example, the dependence of the 
fragility from a specific probability distribution of the disturbances, 
with possibly multiple delayed trains, is worth investigation. Also, the 
choice of different objective functions should be analyzed. In fact, there 
is an interesting stream of research, named delay management [14], 
focusing on the delay of the passengers rather than on the delay of the 
trains, and it would be interesting to study the fragility of a timetable 
from the viewpoint of the passengers.

Further research is also needed to improve the computation of 
the fragility map. For example, the dispatching problem solved in 
this paper uses deterministic data. A stochastic optimization approach 
would allow to include in the model the uncertainty still affecting the 
data, similar to what was introduced in Meloni et al. [33].
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