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Piecewise-polynomial analyse the family of p-fold self-convolutions of the rectangle function, rect{?},
Time-frequency concentration demonstrating that the uncertainty decreases monotonically towards the Heisenberg

bound i as p — oco. These findings unify and explain various empirical observations

from the literature on adaptive wavelet design and Gabor frame stability, and
suggest a principled approach to constructing dictionaries with provably optimal

joint localisation properties.
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1. Introduction

The uncertainty principle is a pervasive theme in harmonic analysis, expressing that a nontrivial function
cannot be sharply localized in both the original and frequency domains. In practical terms, improving
spatial (or time) concentration inevitably worsens frequency (or spectral) concentration, and vice versa.
This trade-off underlies many classical results, for example, a function and its Fourier transform cannot
both have compact support, and the Heisenberg inequality quantifies a lower bound on the product of their
effective widths. Such principles have far-reaching consequences: they limit the resolution of time-frequency
analysis and motivate the search for representations that optimally balance localization in dual domains.
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One famous manifestation is the Balian—Low Theorem (BLT'), which in essence states that time—frequency
concentration is incompatible with an orthonormal basis of L?(R) generated by time-frequency shifts of a
single function Battle [3]. Originally proved in the context of Gabor (windowed Fourier) bases, the BLT
implies that no nonredundant Gabor system can use a window function that is well-localized in both time
and frequency. Intuitively, if a window g¢(t) is very sharply localized and its Fourier transform §(w) is also

Zmimtg(t — n)}y.mez cannot form an orthonormal basis of L? — some redundancy or

well-localized, then {e
poor decay must intervene. Recent research has strengthened and generalized this theorem, highlighting
its fundamental nature. For example, Caragea et al. [7,6] proved a version of Balian-Low for arbitrary
closed subspaces of L?, showing that even if one only seeks a Gabor basis for a subspace (not all of L?),
severe localization constraints persist. Moreover, the scope of BLT has expanded beyond the real line:
Enstad [12] extended the theorem to general locally compact abelian groups (and even certain vector
bundles), demonstrating that the incompatibility between joint localization and completeness is a universal
phenomenon not tied to R alone.

These developments underscore that the inability to achieve simultaneous excellent time and frequency
localization is intrinsic to a wide class of harmonic-analytic systems.

Another strain of the uncertainty principle focuses on quantitative measures of concentration. In the
context of periodic functions (or functions on the circle), Breitenberger [4] introduced an uncertainty constant
that quantifies joint localization on the circle (essentially an angular analog of the usual variance-based
uncertainty) by a single number. An important inequality due to Breitenberger [4] gives a lower bound for
this constant, again indicating a fundamental limit to simultaneous localization. Recent work has revisited
and refined this result: Lebedeva [16] showed that for a broad class of periodic functions one can sharpen
Breitenberger’s lower bound, improving our understanding of the best possible concentration achievable on
the circle. In particular, in her 2017 study Lebedeva [16] she proved an inequality that refines the minimal
attainable uncertainty constant for periodic functions. Earlier, Goh and Yeo [15] had already shown that
for periodic scaling functions and wavelets that are uniformly local, regular, and stable, the associated
uncertainty products are uniformly bounded above, establishing constructive families (including periodic
and trigonometric B—splines) that nearly saturate Breitenberger’s bound while keeping the constant finite.
Such investigations not only reinforce the principle that one cannot circumvent the uncertainty principle
even on compact domains, but also provide tools to identify extremal or “least uncertainty” functions on
those domains.

The pursuit of extremal functions or bases that approach the uncertainty limit is a theme connecting
uncertainty principles with what we might call “optimal representation theory.” A classical example is the
family of prolate spheroidal wave functions, which achieve maximal energy concentration within a time
interval for a fixed bandlimit, offering an optimal solution to the time-frequency trade-off. In the same
spirit, researchers have sought bases or frames that are optimally localized in both domains. For instance,
Lebedeva and Prestin [17] constructed a family of Parseval wavelet frames on the torus that achieve optimal
time-frequency localization in the sense of the Breitenberger constant. Their work showed that by allowing a
little redundancy (frames instead of bases) and carefully designing the wavelet filters, one can minimize the
uncertainty constant uniformly across the frame. This is a prime example of using an optimality criterion
(minimizing an uncertainty measure) to guide the construction of a representation. It demonstrated that
while a perfect “ideal” localization is impossible, one can still design wavelet or Gabor systems that are, in
a certain sense, as concentrated as theoretically allowed. These optimally localized frames provide practical
tools in signal analysis (where one desires sharp time and frequency localization) and, at the same time,
illuminate the boundary between the possible and impossible in harmonic analysis. Complementary to this
perspective, recent progress pinpoints the Gabor frame set of compactly supported atoms-most notably
B-splines-by proving sharp obstructions at (or near) critical density and by giving new sufficient conditions
for frame generation ([14,13]).
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A recent paper by Aldahleh et al. [2] investigated signal recovery on finite abelian groups, focusing on the
conditions under which a signal can be exactly reconstructed from a subset of its Fourier coefficients. Building
on classical results, the authors introduced a new perspective based on additive energy, a combinatorial
quantity measuring the number of additive relations in a set. They developed an improved form of the
uncertainty principle in terms of additive energy, leading to stronger recovery guarantees.

Beyond classical Fourier analysis, the robustness of uncertainty limitations extends to generalized trans-
forms and modern variants. In parallel, optimal sampling results in shift-invariant spaces generated by
Meyer scaling functions and by B-splines further clarify how spectral localization constrains stable re-
construction, echoing uncertainty-type barriers at the representation level ([26,25]). Recent works from
2024-2025 sharpen this picture in wavelet-type settings, establishing quantitative large-sieve/uncertainty
bounds for the continuous wavelet transform and new Heisenberg-/Donoho-Stark-/logarithmic principles
for Mehler-Fock, metaplectic, and quaternionic wavelet transforms, thereby clarifying optimal joint concen-
tration beyond the Fourier paradigm ([1,8-10,27]).

Given this broad landscape, it is natural to ask whether there exists a unifying principle or optimality
criterion underlying these various uncertainty phenomena.

In this article, we outline a possible framework. We show that many of the aforementioned uncertainty
inequalities can be seen as necessary consequences of a single, overarching optimality criterion. Roughly
speaking, we consider an abstract functional measuring joint localization, and we characterize the functions
(or signal expansions) that would extremize this measure. Our main result is that if a function were to
simultaneously achieve “optimal” spatial localization and “optimal” spectral accuracy in this broad sense, it
must satisfy a certain extremal equation. Crucially, this extremality condition cannot hold for any nontrivial
function, except in trivial or limiting cases, and from this fact the usual uncertainty principles follow. In
particular, our approach recovers the qualitative conclusions of the Balian—Low Theorem, Breitenberger’s
inequality, and related uncertainty relations as corollaries of a single optimality framework. This offers a new
perspective: rather than proving each uncertainty principle separately via ad hoc analytical estimates, we
derive them from the contrapositive of an optimal representation property. We believe this perspective not
only unifies existing results but also provides insight into why the known “extremal” functions (Gaussians,
prolate spheroidal wavefunctions, etc.) occupy their special status, since they are the ones that come closest
to the unattainable ideal.

In parallel to our variational viewpoint, recent wavelet-focused results deliver sharp concentration con-
trols, most notably large-sieve and local Lieb-type inequalities for the continuous wavelet transform, which
complement the impossibility /minimization mechanisms captured by our functional U ([1]).

This paper focuses on dictionaries as introduced in Rivero and Vellucci [20], which are collections of
functions in L?*(R) defined as follows.

Definition 1.1. Let v = (t,£,u) € Q = Rog x R2. A waveform dictionary G is a collection of functions in
L?(R) of the form

where g € L?(R) is the window function satisfying lgllz2®) = 1, g(0) # 0, and f]R g(x)dx # 0. Each G, is
called a time-frequency atom.

We now highlight the key contributions of this paper.

Main contributions. Motivated by the panorama sketched above, this paper proposes a unified variational
perspective on time—frequency localisation and proves three new results:
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C1. We introduce a scale-translation—invariant wuncertainty functional U on a hierarchy of piecewise-
polynomial function classes and show that all variance-type uncertainty inequalities (Heisenberg,
Breitenberger, quantitative Balian—Low) follow from the impossibility of attaining the minimum of U.

C2. Inside two wavelet dictionaries {G, n}nen and {F, ,}nen we prove that the tent function (n = 1)

3.

155 this confirms and refines earlier empirical

uniquely minimises U, achieving the optimal value U =
observations.

C3. For the family of p-fold convolutions of the rectangular window rect{?? we establish two-sided bounds
showing that U(rect{P}) \, 1/4 as p — o0, hence the classical Heisenberg limit is asymptotically
attainable within this smooth B-spline scale. This asymptotic B-spline perspective dovetails with recent
descriptions of when spline atoms yield stable Gabor systems and when structural obstructions arise

([14,13]).

These results deliver a coherent explanation of why certain well-known atoms (Gaussians, tent functions,
high-order B-splines) appear repeatedly as “best localised” in both theory and practice, and they provide
concrete design principles for constructing optimally concentrated frames in applied harmonic analysis.

Relation to prior work and positioning. Within this framework, our contribution takes a complementary
position. Like the works on Gabor systems and the Balian-Low principles, we emphasize the role of in-
variance: our uncertainty product is explicitly constructed to remain stable under scaling and translation.
At the same time, rather than emphasizing limitations of localization theorems, we adopt a constructive
perspective, identifying explicit minimizers (the tent function and the self-convolutions of the rectangle)
and showing that these approach the Heisenberg limit. In this respect, our findings resonate with the work
of Rivero and Vellucci [20], Lebedeva [16] and Goh and Yeo [15], who construct dictionaries and wavelets
with near-optimal localization properties, while also complementing the conceptual analyses of uncertainty
measures ([4]) and the structural or combinatorial formulations of localization constraints ([7,12,2]).

Moreover, the recent study of Ghosh and Selvan [14] on the frame sets of B-splines, Hermite functions, and
totally positive functions highlights how explicit constructions can extend the admissible parameter regions
for Gabor frames, which is closely related to our constructive approach to minimizers. Similarly, Selvan and
Radha [26] analysis of stable sampling in shift-invariant spaces via Meyer wavelets provides a complementary
perspective, where explicit gap conditions guarantee reconstruction, paralleling our focus on precise extremal
functions. Finally, Wang and Zheng [27] work on uncertainty principles for the continuous quaternion wavelet
transform broadens the landscape of invariance and localization, showing how multidimensional and non-
commutative settings admit analogues of the Heisenberg, Benedicks, and Sobolev-type principles, further
reinforcing the universality of the phenomena we describe. Along the same lines, the contributions of Dades
and Daher [8,9] on the Mehler-Fock and free metaplectic wavelet transforms extend classical uncertainty
principles, including the Donoho—Stark, Lieb, and logarithmic forms, to novel transform settings, thereby
underscoring the robustness of uncertainty inequalities across different analytical frameworks. In a related
direction, Dar and Bhat [10] introduces the free metaplectic wave packet transform in L?(R™).

Organization of the paper. We collect the minimal definitions needed for our statements in Section 2.1 and
then present the main results in Section 2.2; proofs and auxiliary lemmas are deferred to Sections 3 and 4.

2. Main results

The precise statements of our main theorems require a few basic notions. For clarity, we collect these
definitions in the next section, followed by the enunciation of our main results.



L. de Leonardis et al. / J. Math. Anal. Appl. 565 (2027) 130959 5

2.1. General definitions

The idea is to work with a set of functions that allows for easy computation of Fourier coefficients, so
consider a fixed compact support K C R. The most natural choice, then, is to consider functions that are
sums of polynomials defined on intervals of R. In the following, the symbol 1|,, ;,) represents the indicator
function.

Definition 2.1. Let K = [—a,a] C R be a compact symmetric set, with a > 0. Then, we define the family of
easy functions as follows:

n

Foupp(K) := {f(m) = ZPi(gv)]l[ai,bi)(ac)7 lim f(z) = f(a:), Vi=2,...,n,
i—1 T—a;
—a=a1<by=ay < - -<bp_1=a, <b, =a,

P;(z) is a polynomial of any degree for each 4, for some n € N},

where 1 4(*) is the indicator function defined as

1a(z) 1 if ze A
alz) =
0 otherwise

We also define three families:

fLPP(K) ={f € Foupp(K) : f(z) >0Vx € K}, (2)

Fo (K) = {f € Fipp(K) : f(=a) = f(a) = 0}, (3)

Pi(K):={f € Ff (K): f is even}. (4)

Fig. 1 illustrates the four families of functions defined on the compact interval K = [—2,2], each with

distinct properties as described in the caption.
We observe that for all f € Fyyupp(K), by the Weierstrass Theorem, it follows that f € L'(K, Leb) N
L?(K, Leb), and therefore the Fourier transform is well-defined for every w € R

fw) = / e f(z) d, (5)

R

where LP(K, Leb) is the LP Banach space of functions whose modulus at p is integrable over K with the
Lebesgue measure. Since we are considering always the Lebesgue measure, for brevity we will only indicate
the set to be considered and not the measure (LP(K, Leb) = LP(K)).

Clearly, the Plancherel Theorem holds ([21]), and therefore

2

|4

L2(R) =2m ||f||iz(K) : (6)

Definition 2.2 (Mean, variance, and uncertainty operators). Let K C R be a compact set. Let Fyypp(K) be
the set in Eq. (1) and
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Fig. 1. Graphs of the four families of functions defined on the compact interval K = [—2,2]: (a) Fsupp(K), sum of polynomials

defined on disjoint intervals; (b) fstmp

at the endpoints; (d) PJ(K), even non-negative functions on K with zero values at the endpoints.

(K), non-negative functions on K; (c¢) Fo (K), non-negative functions on K with zero values

ﬁs“l’p(K) = f | f(w) = /e—iwwf(x) dma f € -Fsupp(K)

R

be the space of Fourier transforms.

a) We define the mean operators in space and frequency:

af] : Fsupp(K) = R

1
alf] = — | z|f(@)|]? dz (7)
7o alf |ﬂEZIﬂN

Bl Foupp(K) — R )
f fli= —— | w|f(w)|? dw (8)
7 e 8L 27T|f”2]R/|f(>

b) We define the variance operators in space and frequency:

03] : Foupp(K) — R
[ oilf] =

/@—amVU@de (9)

K

1
11

O’2AZ:# W — A2Aw2dw (10)
7o o2lf) 2ﬂmf¥( BRI ()
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¢) We define the Uncertainty Operator (Heisenberg’s Uncertainty Principle) as follows:

Ul] : Foupp(K) — R U {+o0}

" 11
f o Ul = a2lf]-o21] .
Analogous definitions hold for FJ, ,(K), Fj (K), and Py (K) defined in Egs. (2), (3), (4).
Concerning Theorem 2.3, we define the functions
flx) ifxz>0 flx ifz<0
fulwy s= 10 HEZO g gy H (12)
f(=z) ifz<0 f(=z) iftx>0

which are, respectively, the right- and left-reflected versions of f with respect to the y-axis.
As for Theorems 2.4 and 2.5, instead, we need two wavelet dictionaries that will serve as the basis for
our analysis of the uncertainty over the three specific cases considered in this paper:

2n+1
{g“/,n}’yeﬂ - = { o (1 -
YEQ

(=)

{ 2n+1)(n+1) (1 -

4n2t

rT—u
t

> ]l[u—t,u—i-t] (fL') 627”;5:”, n e N}

n
r—Uu

{Frntrea =

> ]l[uft,qut] (LI)) 627ri§x’ ne N>0}
vEQ

(7)),

For n = 0, the function coincides with go(x).
We define the basic (non-modulated) functions as follows:

gn(@) = | T (= [ T (), (15)

2n+1)(n+1)
4n2t

folz) = (1—|z|™) Ty (z). (16)

It is straightforward to verify the normalization of both families:

u+t 1
9 z—u\|? 2n+1 om

lgall™ =" 1gn { — de = — (1—|z))*™dz=1, VneN, (17)

u+t R 2

5= [ fn< t ) i
u—t
1
2 1 1

- %/(1 e de =1, Vn e Nso. (18)

-1

Naturally, both g, (z) and f,(x) belong to the class P ([—1,1]) for all n € N.
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Lastly, concerning Theorem 2.6, we consider the rectangular function rect{!}(z) := rect(z) = 11 1(2),
and define its p-fold convolution recursively for p > 2 as I.J. Schoenberg [24], I. Schoenberg [23], De Carli
and Vellucci [11]

:v-‘r%
rectP}(z) := /rect{pfl}(s)ds.

-
In other words, rect{?}(z) denotes the p-th convolution of the rectangular function with itself.
2.2. Statements of the main theorems

Theorem 2.3 (The infimum is attained by even functions). Let a > 0 and f € Fy ([~a,a]) be absolutely
continuous with f' € L?(—a,a). Let fs, fq be the left/right reflections of f about its barycenter aff] (equiv-
alently, after translating so that af] = 0). Let also w € [0,1] be the corresponding half-mass weight. Then,
for the uncertainty product,

Ul > (wVOTFl + (0~ w) VOTR]) (19)

In particular,

Ulfl =z min{ U[f.], Ulfal }  for every f, (20)
with equality in (19) if and only if o2 [fd]ai[fs] = 02[fs]o? []/”:1] (Cauchy—Schwarz equality case).

We now state two theorems ensuring that the tent function used in Mazzoccoli et al. [19] is indeed a
minimizer.

Theorem 2.4 (The tent function minimizes the uncertainty within the family G, »). Let {G »} be the wavelet
dictionary defined in equation (15). Then, the following holds:

3
inf U = min U =U = —, 21
gne{gv,n}neN [gn] gn,G{g’Y,"}neN [gn] [gl] ]-0 ( )

where the minimum is attained by the function
. 3
argmin Ulga] = g1() =/ o (1= [z]) 110 (0) (22)
gnE{g'y,n}nEN
Moreover,

1
wp Ulg = . (23)
9n€{G~,n}neN

which is asymptotically attained by the Dirac delta function.

Theorem 2.5 (The tent function minimizes the uncertainty within the family F., ). Let {F, n} be the wavelet
dictionary defined in equation (16). Then, the uncertainty functional satisfies the following:

3
inf U = min U =U = —, 24
fn€{Fy.ntnen ] fn€{Fyntnen Lfx] L] 10 (24)
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where the minimum is attained by the function
. 3
argmin - U[fu] = fi(e) = |/ o (1= [2]) 11(a). (25)
fne{]:"r,n}neN

Moreover, the uncertainty tends to grow linearly in the asymptotic regime:

sup Ulfn] ~ as n — 400, (26)

fne{]:'y,n}nEN

>3

and this supremum is effectively attained when the family is extended to include the rectangular function

fo(z) := rect(z).
We now conclude by showing that the following theorem holds:

Theorem 2.6. Let p > 2 and define

P

. w 2p 7 2
/w2 <sm£5)> dw /x2 rect{p}(x)’ dx
2 P
R

Vp = uy = — . (27)

P 2 ) p b
sin (£) : 7 2
/ 2 dw /’rect{p}(m)’ dx
_p
2

Then there exist constants c1,ca,c3,cq € R\ {0}, independent of p, with co > ¢y and ¢4 > c3, such that

g YPte . g VPO (28)

—s < —_—
(p+ca)32 =77 “(p+e)??

Moreover, there exist constants dy,ds, ds,ds € R\ {0}, independent of p, with de > dy and dy > ds, such
that

(p+d2)(p + ds) (p+di)(p + ds)
< < .
24 =t = 24 (29)
As a result, the uncertainty of the function rect?} () satisfies:
4 (p+ ca)3/? 4 (p+c3)3/?

1
In particular, lim U(rect'P}) = = which is its infimum.
p—r+00 4

3. Preliminary results

We prove below that the integral defining the frequency mean S| A] is always convergent; we will analyze
its behaviour near w = 0 and for large |w|.

Since f has compact support, the Paley-Wiener theorem ensures that f is smooth and square-integrable,
i.e., f € L*(R). This means that |f(w)|? is well-behaved and decays at infinity.
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Since f is smooth, we can expand it in a Taylor series around w = 0:

flw) = F(0) + wf'(0) + - F"(0) + O(?).

~ ~ w?
2

Squaring this expansion, we obtain:

(@) = F2(0) + 2w /(0)f'(0) + O(w?).

Multiplying by w and integrating over (—1,1), we see that the integral

jwlf(w)|2dw

-1

is convergent because the leading term is O(w), which integrates to O(1).
For large |w|, smoothness of f implies that it decays faster than any polynomial. In particular, integration
by parts in the Fourier transform representation suggests a decay of the form

A C
|f(w)] < W

for any N > 0, depending on the number of times we integrate by parts. Choosing N = 2, we get

A C
2
< —.
F@ < o
Thus, the integral
w|f(w)]? dw
|w|>1
behaves asymptotically as
w 1
|w|>1 |w|>1

which is absolutely convergent.
Instead, the variance integral can diverge. Indeed, it is sufficient to consider the function

f(z) = %11[—1,1](95),

whose Fourier transform is

A sinw
w) =
flw) ==
From this, we obtain
9 |sinw
o o = +00.

It follows that the uncertainty can also diverge when taking the same function,
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3.1. Some useful lemmas

Lemma 3.1 (Uncertainty properties). Let K C R be a compact set. Let U be the Uncertainty operator (11),
then the following properties hold:

(i) Let A,y € R\ {0},7 € R, and define the function gy ~ () := Af(yx — 7). Then, the following identity
holds:

U(QAW,T) = U(f), Vfe -Fsupp(K)7 (31>

where U(-) denotes the uncertainty measure.
(ii) The following inequalities hold:

inf  U[f]< inf U[f], inf  Ulf]< inf  U[f]. 32
rer o TS it o UL rer o TS o ind o UL 32)
K 11 1% T

(tit) [Non-Homogeneity] U[Nf] = U[f] VA € R, Vf € Foupp(K).

Proof. We split the proof by points:
(i) We observe that if supp{f(z)} = [—a,a], then the support of the scaled function is given by:

T aT a
supp{gx(z)} = ———,——i——] 33)
(o} = [T -2 (
Furthermore, the L?-norms of the functions are related by:
‘r+(z
A2 ] 2
2 A 2
195,72 e 0] = vt de = 2 [P = S Wl (34)

Using this identity, we compute the spatial mean of g -, as follows:

ta
1
olgprr] = [ lor @) s
)\, »T T—a T+a
vl (5o 222]) L
T+a
1 h 35)
:72/35|/\f(7x—7')\2da: (
lorarl® S
T
a
Y2 T+T de «a|f] T
- [P e £ T
A HfHLz([fa,a])_ v v v v

Therefore, for the computation of the spatial variance, we obtain:
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12
T+a
Y

1 / (@ = algrq, ) lgrq.r (@) do

HgA,’YyT”iz([ﬂff;GD .

U?c[gAmr] =

YA2 h ( alf] T>2 2
o 20T e - )iPd
N 17 (ana) T/a BT ot (36)
v ’ g;_|_7-_a[f]_z)2 Q.d_x
T /( TR
h alf]

1
- [ alf)\f ) de =
v? ”f”iz([—a,a])_/a(x a[ D | (x)l ’ 7

Next, we compute the Fourier transform of gy :

Do) = [ g n@)de = A [ e - 1) da
R

i EET dx )\,iwl’\ w
A [ ) e f ()
J T 0!

Hence, by applying Plancherel’s Theorem, we obtain the corresponding relation for the L?-norms in the

=517,

We now compute the frequency mean of the function gy - .. Using the Fourier transform computed in (37)

frequency domain:
(38)

ng\y’Y THLz(R) :27THQ)\7777—||12([%7#D = 2m - 7 ||f||L2 —a,a)) L2(R

we obtain:

1 ——
/w |g>\7,y_,7(w)|2 dw

2
HESE

1 / ‘)\ _iwlA((JJ>
= wl|le Wi (=
2m - 22 || £II7 v v

N ||f||L2([—a,a]) R

Blgx ]

27 || gx
2

dw (39)

v . 2 ~
= [w|f @) o=yl
m ||f||L2([7a,a]) R

We now compute the frequency variance of gy :

_— 1
‘73[9&7,7} = 3 / W= /89/\777 ‘gkm |2 dw
27 || gy, L2([z==,m2])
1 N2 A il o W 2
_ A —iwk had d
[ (o=o1)) [t ()] @ (40)

2 - = ||f||L2([fa,a]) R

ik w81 [ aw = a2

= 2
2w ||f||L2([—a7a]) R
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Therefore, the uncertainty product remains invariant under the scaling:

_— 1 5

Ulgra) = 02lgryal - 0blrar] = 50211 7oLl = U(f). (41)
(ii) Observe that

{f € Foupp(K) : [ fIl = 1} CH{f € Foupp(K) : || fI| < 1}
{f € Foupp(K) : | fIl =1} C{S € Foupp(K) : [If]| = 1}

Hence, by the elementary monotonicity of the infimum with respect to set inclusion (namely, if A C B then
inf,cp ®(z) < infreq P(x)), we obtain

inf < inf  UIf], inf  U[f]< _inf U[f]
FE€Fsupp(K) fEFsupp(K) FEFsupp(K) fEFsupp (K)
llflI<1 lLflI=1 lFI1=1 lFlI=1

The second inequality follows from the second inclusion in the same way.
Lastly, the point (iii) is an immediate consequence of (i). O

Remark 3.2. Lemma 3.1 shows that the uncertainty operator is invariant under scaling, translation, and
modulation. As a consequence, when working with a waveform dictionary, the uncertainty of each atom can
be computed directly from the mother function

From equation (31), it follows that the uncertainty remains unchanged under normalization or rescaling
of the function.

We ask whether, given a function f € Fy ([—a,a]), we can find an even function, namely a function
g € Py ([—a,a]), such that U[f] > Ulg].

What is certainly obvious is that, since Py ([—a,a]) C F ([—a,a]), it follows that:

inf  U[f]<  if  U[S). (42)
feFs (~a.a) fePy ([~a.a)

We are therefore asking whether the opposite inequality holds, leading to equality — specifically, that is,
whether the infimum of the uncertainty is always attained by even functions.

In the following theorem, we will construct an even function with lower uncertainty, although we will not
be able to make any claims about the norm of the minimizing function.

Before stating and proving the theorem, it is important to make a key observation.

If f € Ff([-a,a]), then its Fourier transform can be written as f(w) = R(f) + iS(f), whereas if
f € Pf([—a,a]), then f(w) = R(f) is a real-valued function.

This is because if f is even, then f is also even. In fact,

flew) = [ s@do = [ e p-o)dn
R R

which, by the evenness of f(z), is equal to f(w).
Thus,
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which follows from the evenness of the Fourier transform, implying that f is a real-valued function.
This observation is essential for the development of the subsequent results. In the following we denote
by:

ﬁ(w) = /e_iwfi(x) dx, Vi€ {s,d} (43)

R

the Fourier transforms of the left and right parts of the function, respectively.

We begin with an energy-balance statement that governs the sign of the cross-frequency term entering
the main theorem of this section. By expressing the cross integral as the difference between the L? energies
of the odd and even components of f/, the proposition provides a sharp criterion for when the contribution
is favourable or adverse.

To justify the use of Plancherel with iw f and to handle derivatives of the reflected functions in Proposi-
tion 3.3 — which may fail to be classically differentiable at the reflection point — we briefly recall the notion
of weak derivative, which coincides a.e. with the classical derivative for absolutely continuous functions.
Let I C R be an open interval. We denote by C2°(I) the space of smooth test functions with compact
support in I, i.e.,

CX(I):={peC™():suppyp C I}.

Given f € L (I), we say that g € L{ _(I) is the weak derivative of f (and write g = f’) if

loc
/f(:z:) ¢ (x)de = —/g(x)go(x) dr  for all p € C(I).

If f is absolutely continuous on I, then its weak derivative exists and coincides a.e. with the classical
derivative.

Proposition 3.3 (Cross—frequency identity and sign characterization). Let a > 0 and f € F; ([—a,a)]) be such
that f is absolutely continuous on [—a,a] with weak derivative f' € L*(—a,a). Let fg, fs be the right/left
reflections defined in (12). Then

a

/ W fu(@) falw) dw = 27 / f1(@) i) de = —2r / f(@) f'(~x) da. (44)

R

Writing u := f' and decomposing u into its even/odd parts
Ueven () := 5 (u(z) + u(—2)), Uoad () := 3 (u(z) — u(—x)),

we have the exact identity

[ £ fatw) do = 2 ol ey~ sl o) (45)
R
In particular, the sign of the cross term is not determined a priori:

/wasfddw 50 = Juoadls = lteven]le-
R
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Proof. Since f,, fq are real and even, their Fourier transforms fs, fd are real and even. By Plancherel,

/(iwfs)(iwfd)dw = 27T/afé(w) falw) dx.

R

a

Because fs, fd are real, iw fd = —iw fd, so the left-hand side equals [ w? fs fd. This yields the first equality
in (44).
A direct check from (12) gives, for x # 0,

by ) (@) ifz>0 yon (=) itz >0
fd(x)_{f’(a:) ifz<0’ fS(x)_{f/(x) ifz <0’

hence fl(x)fi(x) = — f'(z)f'(—z) a.e. on (—a,a), giving the second equality in (44).

Define u := f” and the reflection operator R : L?(—a,a) — L*(—a,a) by (Ru)(z) = u(—=z). Then

a
/f’(x)f’(—m) da = (u, Ru) = ||ueven|l3 = lltodall3;
—a
because Rueyen = FUeven and Ruoqd = —Uodd. Plugging this into (44) yields (45) and the sign characteri-
zation. 0O

Remark 3.4 (Even/unimodal case). If f is even (for instance, even and unimodal, decreasing in |z| from 0),
then u = f’ is odd a.e., hence ueyen, = 0. Therefore

/ W o) falw) do = 27 |20y > O,

R

with strict positivity whenever f’ Z 0. Thus, under this structural assumption the cross term in frequency
is nonnegative.

Example 3.5 (Sign can be positive or negative). Consider the piecewise—cubic f : [-1,1] — R defined by

@) pe(z) f0<z<1 pi(z):=arx® +bia? + i+ d,
xTr) =
p_(z) if —1<z<0 p—(z) =a_a® +b_a®+c_x+d,

with coefficient tuples

(a4,by,cy,d) = (0.0095109093, —1.6176420481, 1.3050416889, 0.3030894498),
(a—,b_,c_) = (0.5526139574, 1.2275239864, 0.9779994788).

Numerically, f(07) = f(0T7) = 0.3030894498, while f(—1) ~ 5.6 x 1077 and f(1) =~ —10~!° (roundoff).
Let u = f/, and decompose U = Ugyen + Uodq. We obtain

l|teven||3 = 0.675886085, |toaal|3 ~ 0.433013302,

hence
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05 ]

04l ] sk
— u_even(x) |

00 — u_oddx) |

02k ]

-1.01-

00f ]
C L L L L L L L L L L L L L L L 11

TR . L L [ P R P P B M
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

(a) Test function f on [—1,1]. (b) Even/odd parts of u = f': eyen, Uodd-

Fig. 2. Piecewise-cubic counterexample where f‘UQfsfd < 0. Numerically, J ~ 0.242872783 > 0 and 27r(||u0dd|\g — ”ucvang) =
—27J &~ —1.526014699. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

1
J = /f’(x)f’(—:l:) dz = ||Ueven |3 — ||Uodal|3 ~ 0.242872783 > 0.

-1

By (44)—(45), the cross term in frequency is therefore

/w2 fo(w) fa(w) dw = 27 (|luoaal| — ||ueven]|3) = — 27J ~ —1.526014699 < 0.
R

Fig. 2a shows f and Fig. 2b the even/odd parts of u.

We now turn our attention to the Fourier transform of the function. In order to establish the main
theorem, we require a second technical lemma, stated below.

Lemma 3.6. Under the assumptions of Proposition 3.3, the following properties hold for the Fourier trans-

forms:
(i)
. 1/, R o X
@) = 5 (fo@) + falw)) +9aw) - 5 (),
where the functions fi(w) are even, and the imaginary parts (g;(w)) are defined as

(gi(w)) = Wlf”? /sin(wx)fi(m) dz, for allie {s,d},

0

and are odd functions.
(ii) The squared modulus |f(w)|? is an even function, and satisfies the identity:

. 1/, . 2 )
@ = 5 (Fo) + fal@)) + (3(alw) — 3:())) (46)

Proof. Let us first compute the real and imaginary parts of f (w). The real part is given by:

a

0
R(f(w)) = /cos(wx)f(:r) dr = /cos(wx)fs(x) dx + /cos(wx)fd(x) dx.

R 0
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Since both fs and fy are supported on symmetric intervals and are even functions, their Fourier transforms
fs(w) and f4(w) are also even. Therefore, we obtain:

0 a a a

/cos(wx)fs(x) da:Jr/cos(wx)fd(x) dx = %/cos(wx)fs(x) d:c+%/cos(wx)fd(x) dx

—a 0 —a —a
So long as the follow is an integral of a odd function on a symmetry interval

a

/sin(wm)fi(a:) de =0, Vie{s,d},

—a

we can add this vanishing term to the integral to obtain the identity:

R(f(w)) = %/cos(wx)fs(w) dz + % /cos(wx)fd(:v) dx +0

—a —a

= %/cos(w:z:)fs(x) dm+%/cos(w:r)fd(m) dz+

—a —a

_l / sin(wz) fo(x) dz — ! / sin(wz) fa(z) dx
./ ./

] a ‘ a .
=3 / e "7 fo(x) dx + / e " fa(x) do

By the Euler identity. For the definition of the functions f;(x),Vi € {s, d} we know that:

a

/e*i"”fi(x) dx = /e*i“"’”fl-(x) dx

—a R

So we obtain:

sin(wz) f4(x) dx (47)

Il
~—c
&,
=
—~
€
=
PN
S
S~—"
ISH
8
+
o —,

= S(9a(w)) = (95 (w)) = S(da(w) — gs(w)),

where we define:
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a

(gi(w)) = /sin(wx)fi(:zz) dx, Vi€ {s,d}.

0
Note that each $(g;(w)) is an odd function of w, since:

a

I(gi(—w)) = /Sin(fwx)fi(a:) dx
0

a

=— /sin(wx)fi(x) dz = —S3(gi(w)).

0

Thus, $(ga(w) — §s(w)) is also an odd function, being the difference of two odd functions. On the other
hand, the quantity

5 (Fw) + fu())

is even, being a linear combination of even functions.
It immediately follows that the squared modulus |f(w)|? is an even function, because it is the sum of the

square of an even function and the square of an odd function:

This confirms the identity (46). O
3.2. Proof of Theorem 2.3

The proof of Theorem 2.3 shows that the inequality

Ulf] = min{U[fs], Ulfa] }  for every f.

Note that the choice of fin must be consistent across both spatial and frequency domains, i.e., it must
minimize the product o2[f;] - o2[f;] jointly.
This leads to the following corollary:

Corollary 3.7. We have that:

inf Ulf] = inf Ulf] =
feFS ([~a,a]) fePS ([~aa))

Proof. This follows directly from Theorem 2.3. O

Invoking Lemma 3.6 we can write, for every f € F ([—a,al),

N 1 .
ol lf] = m/w2|f(w)|2 dw

R
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i%@@/@%ﬂwwfwmfmJ+%@%/@%w%@D%w

R R
Expanding the square isolates a cross term

[ £ fatw) de
R
whose sign is a priori undetermined. Proposition 3.3 gives the exact identity

/@%umﬁWszﬁmwwﬁ—mmw@, wi=f,

R

so the cross term is positive when the odd part of f/ dominates, negative when the even part dominates, and
vanishes only in the balanced case. In particular, additional symmetry assumptions (e.g. f even/unimodal,
hence u odd) force the cross term to be nonnegative.

This observation explains why a naive lower bound U[f] > min{U[fs], U[fq]} may fail if one reflects
about an arbitrary axis: the uncontrolled cross term couples with the uncentered spatial variance o2[f] =
m [ 22| f|* — a[f]? and can drive U[f] below both U[fs] and U|[f4]. The remedy is canonical: reflect about
the barycenter a[f] (or, equivalently, translate f so that a[f] = 0 and then reflect). In that centered setting,
both the spatial and the spectral variances decompose as genuine convex combinations of the variances of
the two reflections, and the weighted Cauchy—Schwarz step in the next yields the robust bound

vlf] > (wVOTFl+ (1~ w) VOTR) . > min{UI],UTA).
Now we prove Theorem 2.3.

Proof. Step 1: spatial side. Assume «[f] = 0 (by Lemma 3.1(i) we can recenter f without changing U).
Split [—a, a] into the left/right halves and set

m:!mmma N:Zmﬁww=$HM=M+N=5MWWMW

Write f(z) = fs(x) Lj_q,0)(x) + fa(x) Ljo,q)(2), so with a[f] =0,

a 0 a
2 _ 1 2 2 _ 1 2 2 2 2
o—az[f} - ||f||§_/a\x |f($)| dx = ”ng _/a‘x |f8($)| dx —|—0/1' |fd(1')| dx

Since fs, fq are even,

0 a a
[inde =4 [\ Pde = 31BoR) [ alado = 015 020
—a —a 0

Now using || fs]|3 = 2N_ and || f4]|3 = 2N yields

Jlaw®| 1Pz ||fo 3 021fs) + | fall3 o3 (a]
Jo, \fPda 1F603 -+ 117all3

ozlfl = = wos[fa] + (1 - w) o3[ fs],
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where

S P 7
Ny +N- a3+ 713

€ [0,1]. (49)

Step 2: frequency side. By Lemma 3.6 we have ﬂ[f] = 0 (since |f|2 is even). Split derivative energy on the
two halves:

._ / 2 - (2
M, -—O/If (@) ds, M .—O/|f< 2)|? da.

By Plancherel

~ 1 N
2 = 5oy | P s
R
R e T
= 2 ]k/ (iwf@)) iwflo)de = e = Fx— (50)

Recall

a 0
! ) O’ / / /
f&(x)={iif,:z_x), o ® ||fd||§=0/|f(w)|2dm+_/af(—$)|2d95=2M+,

and similarly || f||2 = 2M_. Since f4, fs are real and even, 3[f,] = B[fs] = 0 and using Plancherel on each
even reflection:

S " g oM, M
2 2 2 dall2 + +
awfdzi/w fa(w)|* dw = =—"=—, 51)
T TN G V-7 i (
and, by the same calculation,
orpy I3 _2M_ M
o2[f,] = =0 2 52
VA & o
Combining (49), (50)—(52), we obtain the exact convex combination
A M M_ M M_ ~ ~
ai[f]:ﬁ:wN—:—k(l—w)K:wai[fd]+(1—w)ai[fs], (53)

with the same weight w that appears in the spatial-variance mixture.
Step 3: product and ordering. Now apply the weighted Cauchy—Schwarz inequality to the two-term families
ay = 02[f4], ag := d2[fs], by == 02 [fa], ba := 02 [fs] with weights w and 1 — w:

(way + (1 —w)az) (wby + (1 —w)bz) > (wy/arby + (1 — w)\/agbg)g,

where we used that (v/aibs — v/asb;)? > 0 and then aibs + asby > 2/a1biasbs.

With a; and b; as above, this is precisely (19). Since for any z,y > 0 and w € [0, 1] one has w\/z +
(1 —w)y/y > min{y/z,/y}, (20) follows. Equality in (19) is the Cauchy-Schwarz equality condition, i.e.
a162 = agbl. O
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Remark 3.8. If Ny = 0 or N_ = 0, then w € {0,1} and f coincides (a.e.) with one even reflection; all
identities above reduce to equalities with U[f] = U[f4] or U[f] = U[fs]-

Remark 3.9 (Regularity). The hypothesis can be stated succinctly as f € Hi(—a,a), where H}(—a,a) =
C'(?O(—CL7(1)||'HH1 and H'(—a,a) = {p € L*(—a,a) : ¢' € L?*(—a,a)}, which is precisely what ensures 02 < oo
and justifies the Plancherel steps. If f ¢ H!, then 02 = +00 and the bound holds only in a vacuous extended
sense.

Remark 3.10 (Why centering at the barycenter matters). Let f € H}(—a,a) and denote by fs(o),féo) the
even reflections of f about x = 0. Write the half-masses Nio) = [ |f(£x)[? dz, the weights w® =
NJ(FO)/(N_(S) + N9, and set A? = 62[f{”], B? := 62[f9] with i € {s,d}. A direct computation gives
the uncentered identities

o2[f] = w@AY + (1 - w)A® —a[f]2, o2

w

[f] = w@BY + (1 — w®)BO),

The extra negative term —a[f]? in the spatial variance can drive U[f] = o2[f]o2[f] below both U] S(O)] and
U[fc(lo)], so the lower bound U[f] > min{U[fs(o)], Ul (go)]} may fail if one reflects about an arbitrary axis.

The fix is canonical: either translate f so that «[f] = 0 and then reflect about 0, or reflect f about its
barycenter «[f]. If we define the barycentric reflections

(@) (z) = {f(a:) if 2 < a[f] @) () o {f(Qa[f] —2) ifz<alf]
f@alf]—a) tezalf) /() if o> alf]’

and set the corresponding half-masses Nj(ta) and weight w(®) := Nia) / (NJ(ra) + NEO‘)), then one has the
centered convex decompositions

A,

o2[f] = w® AP + (1 —w@)A®, 2] = w®@B + (1 - w®)B®,

x

—

with Aga) =02 [fi(a)] and Bfa) =02 [fi(a)] for i € {s,d}. Weighted Cauchy—Schwarz then yields

Ulf] = (wVULT+ (1= w) U[f;”})z > min{U[f{], U[£{]}.

At this point we have to observe that f§a)(x) and féa) (z) have support that is not symmetric with respect

to the origin.

Corollary 3.11. Let a > 0 and f € Fy ([—a,a]) be absolutely continuous with f' € L?>(—a,a). Then there
exists 1 € Py ([—a,a]), obtained from f by translation/reflection/rescaling, such that

Ulfl = Uyl

Proof. Let a := «[f] be the barycenter. Consider the barycentric reflections fs(a), fg(la) (as in Remark
following Theorem 2.3): they are even with respect to = «, vanish at the endpoints of their supports, and

satisfy
Ulf] > min{ U[f], U[f]}

by Theorem 2.3.
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Both fs(a) and f éa) have support symmetric about o but not about the origin. Writing their half-lengths
as

rs = a-+ «, rq:i=a—qQ,
we have suppfs(a) =la—rs,a+7rs] =[—a, 2a + a] and suppfsa) =la—rga+rq] =[2a—a,a], and in

both cases the boundary values are 0.
Now define, for i € {s, d},

Yi(x) = fi(a) (% T+ a) , r € R.

Then 1); is even with respect to 0, supported on [—a,a], nonnegative, and vanishes at +a, hence ¥; €
Py ([—a,a]). By the translation/scale invariance of U (Lemma 3.1(i)),

U] = U [f}a)] . ie{sd).
Choose ¢ = 1; with U[eh;] = min{U ], U[£{*)]}. Then

Ulf] > min{U[f{®),U[f]} = min{U[¢], Ulbg]} = U],

as claimed. The degenerate case ry = 0 or 74 = 0 (all mass on one side) is covered by the same construc-
tion. O

Example 3.12 (Uncentered failure vs centered restoration). Consider again the piecewise—cubic f considered
in Example 3.5. A symbolic calculation (exact integrals and Plancherel) gives the barycenter

a[f] ~ 0.384209038102.
If we reflect about 0, the uncertainties are
U[f] ~ 0.328205910036,  U[f{”] ~ 0.488135390966,  U[f\"] ~ 1.064558791510,

so U[f] < min{U] §0)], Ul (go)]} and the uncentered bound fails, exactly as explained by the —a[f]? term.
Reflecting instead about the barycenter, we obtain

U[£()] ~0.233608189515,  U[£\"] ~ 0.365009365360,
hence
U[f] = 0.328205910036 > min{0.233608189515, 0.365009365360 } = U[fs(a)],
which confirms the centered inequality.

We now conclude the first part of the analysis. In the second part, we will introduce specific wavelet
dictionaries and focus on particular families of functions, for which we will compute the uncertainty and
identify minimizing elements.

We will see that the construction proposed in Mazzoccoli et al. [19] yields a minimizer within a specific
family, see also Rivero and Vellucci [20]. In contrast, for the family of convolution-type functions considered
in the stability analysis of Gabor frames in De Carli and Vellucci [11], the infimum of the uncertainty turns
out to be infinite.
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(a) Profiles of the functions g, (x) for (b) Profiles of the functions f,(z) for
n=0,1,2,3. n=1,23.

Fig. 3. Comparison of the unmodulated function families g, (z) and f,(x). As n increases, the functions become more localized and
exhibit higher regularity near the origin.

4. Computation of uncertainty in three specific cases

We now focus on two broad families of functions and determine, in each case, the function that minimizes
the uncertainty.

In particular, we will show that for the family considered in Section 4.1, the minimizing function coincides
with the one presented in the article by Mazzoccoli et al. [19].

On the other hand, for the family of convolution-type functions generated by the rectangular function
rect(z) := L1y (2), we show that the infimum of the uncertainty is not attained within the family, but only
asymptotically, and equals i. This value aligns with the lower bound given by the Heisenberg uncertainty
principle (see [5] for further discussion).

The optimal uncertainty product

is attained by the Morlet wavelet, defined as
w(t) _ ’/T71/4 eiwot 67t2/2, (55)

for any real wy € R. This complex-valued wavelet achieves optimal joint time—frequency localization regard-
less of the modulation frequency wp. See Mallat [18] for further details.

4.1. Analysis of the uncertainty over a specific function family

We now visualize the unmodulated functions g, (z) and f,(x) introduced in equations (15) and (16),
for various values of n. These plots illustrate how the regularity and shape of each family evolves with
the parameter n, highlighting the increasing concentration and smoothness of the functions as n increases
(Fig. 3).

For spline-type atoms within affine dictionaries, the recent frame-set analysis provides an external bench-
mark to our minimization: it identifies parameter regimes where B-spline windows can or cannot generate
Gabor frames ([14,13]). Related recent advances provide sharp uncertainty and local Lieb-type bounds di-
rectly in the wavelet setting, offering complementary constraints to our minimization within {G, ,} and
{F,»} ([1]). See also new Heisenberg-/Donoho-Stark-/logarithmic-type uncertainty principles derived for
wavelet variants beyond the classical setting ([8,9,27]).
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4.1.1. Some useful lemmas

To illustrate and compare the uncertainty properties of the two wavelet dictionaries introduced in Equa-
tions (15) and (16), we compute the spatial and frequency means and variances of the associated atoms G ,,
and F, ,, respectively. These computations allow us to analyze how time-frequency localization depends
on the structural form of the atoms. The results are summarized in Proposition 4.1 and Proposition 4.4.

Proposition 4.1 (Uncertainty of G, n(x) dictionary). Let the wavelet dictionary be defined as in equation (15),
and let Gy ,,(x) denote an element of the set (13). Then, the spatial and frequency means of G, are given

by
a[g'Yan] =Uu, ﬁ[gA'y,n] = 27'('5

Moreover, the spatial and frequency variances of G are, respectively,

t2
2 _
R
and
2
21 1 N°(2n+1)
05[Gyn] = ma

for all integers n € N, with n # 0.

Proof. We recall that the spatial and frequency means are defined as:

1 A 1 A
alf) = oz [alf@Pdn, 81f) = 5 [l
17112 2r [ fI?
R R
Since [|Gy.n|| = |lgnll = 1 (as previously shown), we can compute both means directly without normalizing.

We first compute:

alGy .l = /117 |g'y7n(x)|2 dx.

R
Note that:
2n+1 z—ul\>"
0@ = 25 (1 Z) t o)
since |e?™%%| = 1 and thus does not affect the squared amplitude.

T—

We perform the change of variable y = *

% so x =ty + u and dxr = tdy. The integral becomes:

1
2n
2n+1 ”
) dx = 5 ~t/(ty+u)(lf |y|)2 dy.

u— —1

Distributing and simplifying:

1 1 1
2n+1 n 2n+1 n "
0G0 = 25 [ty )@= gy = 2 e [y ulrdy+u [0 by
—1 -1

-1
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The first integral f_ll y(1—|y|)?"dy = 0 because the integrand is an odd function over a symmetric interval.

The second integral fil(l — |y[)*"dy = 1 to the normalization of the function G, ,. Therefore,

1
2n+1
G = 2 u [ ulrdy =
-1

We now compute

” 1 ~
5[gv,n] = %/W‘gv,n(w)‘dea

R

by analyzing the Fourier transform of the function

2n+1
Gopn() = 2 (1_

T—u
t

) 1 [u—t,u+t] (.’E) e,

We begin by applying a change of variable. Let y := #5*, so that = {y + u and dx = t dy. Note that the
support of the function becomes y € [—1,1]. The Fourier transform is then given by:

gA'y,n(w) = /g'y,n(x) e—iww dz
R

u+t
[2n +1 / (
= 1—
2t

u—t

1
2n+1 i(2mE—w)u n (2w —w
=4/ o . et(2mE )/(1—|y|)e(2£ Y gy,
Z1

r—u
t

n
> e27r1§re—zw:v dr

Let us denote
@ =21 — w,

so that

1
5 2n+1 u n i
Gronlw) = | T e [ e ay,
Z1

Observe that both &t and y are real, and the integrand (1 — |y|)"e’"¥ is the product of an even function
and a complex exponential. Since (1 — |y|)" is even and real-valued, and e*® = cos(@ty) + isin(@ty), the
integral fil sin(@ty)dy = 0 due to the oddness of the sine function over a symmetric interval.

Hence, we conclude that

1
~ 2 1 .
Gyn(w) =24/ n2—t|— e /(1 —y)" cos(@ty) dy.
0

This provides an expression for the Fourier transform of G, , in terms of the cosine Fourier transform of

the compactly supported, even function (1 — |y|)™.



26 L. de Leonardis et al. / J. Math. Anal. Appl. 565 (2027) 130959

By introducing the function F},, defined as

1
J/ " cos(ny) dy, (56)
0

which corresponds to the cosine Fourier transform of the real-valued, compactly supported function f,(y) :=
(1 —y)" 1jo,1)(y), the mean frequency ﬂ[gA%n] can be equivalently expressed in terms of F;, as follows:

ﬂ[gv,n] _ 2n +1 .

t/wFf(wt — 27wt) dw

R

™

. - . . . o 1 . .
We now perform the change of variable 7 = wt —27¢t, which implies w = 14-27¢ and dw = ;dn. Substituting
into the integral, we obtain:

1G] = 72 [ (%4 206) Fin) dn.
R

This simplifies to:

R 2 1
ﬁ%d—n+u/ﬁ ) + 2

2§/F2

Since F,(n) is an even function, [p nF2(n)dn = 0 because the integrand nFy2(n) is odd. Thus, we are left
with:

maﬂzw%+n/ﬁwm.

Using the identity

which follows from Parseval’s theorem applied to the cosine Fourier transform of the function f,(y) :=
(1 —y)" 1jo,1(y), we obtain the final expression for the frequency mean:

/B[C;'yn] = 2m¢.

We recall that the spatial variance is defined as:

(x — a[f])?|f(z)|* dx.

R
Since |Gy || =1 and a[G, ,,] = u (as shown in the previous point), we can write:

Wm]/@ﬂﬂ%&ﬂ%m

R

We perform the change of variable:
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= z=ty+u, dzr=tdy,

which transforms the domain of integration to y € [—1, 1]. The variance becomes:

1
2n
2n+1 "
) do = = t2j/y20-—|yD2 dy

u+t

20,0 = 25 [ a1

rT—u
t

Since the integrand is even, we simplify:

Therefore:

1
72(G,a] = Cnt D [ 420 )"y,
0
This integral can be computed explicitly using the Beta function:

!
0

Plugging this into the expression, we obtain:

2(2n)!

PGl = 2+ D7 5 S
Using the identity:

(2n 4 1)(2n)! 1

(2n + 3)! (2n+2)(2n+3)’
we arrive at the simplified closed-form expression:

2t2 2

2 = =
72[Grn] = 2n+2)(2n+3) 2n2+5n+3°

We now compute an explicit expression for the frequency variance o2 [QA,“L] associated with the wavelet
atom G ,,. As previously shown, the frequency mean is B[_C';Wn] = 27€, so by definition, the variance is given
by:

o 1 A
72l i= g [ @ = 27 16, ()
R

As in the previous computation, we express the modulus squared of the Fourier transform in terms of the
function F), defined by (56):

Ui[év,n] =(2n+ 1)% /(w —216)? - F? (wt - 27?{15) dw.
R
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Now apply the change of variable:
n 1
n:=wt—2nt = w=¥+27r§, dwzgdn_

Then:

A 2 1
I

R

We now invoke Parseval’s Theorem. Let f(y) := (1 —y)™ - 1jg1)(y) and fix n # 0. Then F,(n) = Feos[f](1),
the cosine transform of f. Parseval’s identity for cosine transform gives:

1

2
2F2 _/ 2 _ /2 2n2 _ n .
[Ezman=x [1F@Pdy=x [ dy=m-

R 0

Therefore:

2[0. ] = 2n + 1 n? n%(2n + 1)
ST =
o 2 2n—1  t2(2n—-1)’

forne N, n#0. O
Remark 4.2. For n = 0, it is shown in Mazzoccoli et al. [19] that the frequency variance diverges:

o2 (0] = +oc. (57)
For n = 1, the same reference establishes the explicit formula:

o2l = 5. (59)

Example 4.3 (Verification of Theorem 2.4 for the dictionary {Gn}yeq at n =1,2,3.). Fix u € R, ¢t > 0,
and £ € R. For n = 1,2, 3 consider

T—u
t

2 1
n + (1_

hn,u,t(-r) = o

) ]l[uft,qut] (l‘) e27ri§a:.

A direct change of variable j = (x — u)/t shows that the three functions are normalized:

u+t 1
2n+1 o 2" 2n+1 N2m
lnuclly = 25+ [ (1= [z52]) "o = 2 [ a1

u—t —1

Hence, by symmetry and modulation, the spatial and frequency means are

a[hn7u7t] =u, 6[ﬁn,u,t} = 271-5

The spatial variances follow from the same substitution and the Beta function identity fol G2 (1 —5)*"dj =

2 .
G @ EnTs) Vielding

2 2 2 2
t t 2, ot

02t = ErEnE3’ whence 02[hy 4] = 10’ 02[ho,ut) = SR
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For the Fourier transforms, write s := (27§ — w)t. A direct computation gives

7 ; t /si 2)\ 2
() = eiememn, 3 (TOL2))E

2 s/2
~ , /5t 4(s—sins)
o — Hi2mE—w)u, [ TY
2, 1t(w) € 9 53 ’

~ . [Tt 12(coss—1+i)
L u — i(2r€—w)u [ 1Y 2 )
3, at(w) € 2 P

By Plancherel, ||ﬁnut||§ = 27 for n = 1,2, 3. Using the identity
1 21 2 2
By (w =2mE)" [hp up(W)]" dw = H Ohn it H27
R

one obtains the frequency variances

2
9 n*(2n+ 1) 9 3 9~ 20 5~ 63
hnu = e N9 th wh'u“ = 5 whu = 579 whu = T,
Cullmud = G =y s oulhnud = 53, oulhead = 3570 oulhaud = 55
Consequently, the uncertainty products
U[hn,u,t] = O—i [hn,u,t] O—i [ﬁn,u,t]

agree with the closed-form expression in Proposition 4.1 (and hence verify Theorem 2.4) and read

20 7
2 Ulhgad = —
& [h3,u,t]

3
U[hl,u,t] = 1A U[hZ,u,t] = 20’

10’

which are increasing with n.

Proposition 4.4 (Uncertainty of F ., dictionary). Let the wavelet dictionary be defined as in equation (16),
and let F, ,(x) denote an element of the set (14). Then the spatial and frequency means of F., ,, are given
by:

a[Fyn] =u, ﬁ[ﬁ%n} = 27¢.
Moreover, the spatial and frequency variances of F, n are, respectively,

22 +3n+1

2 _
olFyn] = 3 2n2+9n+9)
and
. 2n+1)(n+1)
ool Frym) = oo

22n — )2

for all integers n € N, with n # 0.

Proof. We begin with the spatial mean:

alFyn] = /x . |.7-'%n(m)|2d:n.
R
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Since the complex exponential e?™%* has unit modulus, it does not affect the integral, so we can write:

r—Uu

Frn(@)l? = t

2n+1)(n+1) (1 -

4n2t

n\ 2
-} (59)

r—

t

Performing the change of variable y = £=*, so that x = ty + v and dx = t dy, we obtain:

o)~ Bt

/ﬁy+uﬂ1fWWfdy

1
This expression splits into two terms:

1 1
t/yu—wwf@+u/u—wwf@

—1 -1

2n+1)(n+1)
4n?

a[Fyn] =
The first integral is zero, since the integrand is an odd function over a symmetric interval. The second
integral is equal to

1
4n?
1—|y")dy= ——,
/( W = G D
S1
which is chosen precisely to normalize the function in L?. Hence, aF, ] = u.
We now compute the frequency mean:

N 1 A
=5 /w NFy o (w)]? dw.
R

We begin by computing the Fourier transform of the function F, ,,(z), defined as:

r—u

‘Fﬂfyn(f) = P

@n+ )(n+1) (1 -

4n2t

)nm%mﬁum-éﬂ&.

We perform the change of variable y = *3*, which leads to:

1
A 2n+1)(n+1 i(27€ —w i(2mE—w
Pyl = | EEJIED eneonn [ (g pypryeienen g
]

Since the function (1 — |y|™) is real and even, and the exponential can be expressed in terms of cosine and
sine, the integral reduces to a cosine transform:

Fo(w) =2t 2n+1)(n+1)

1
, yRen ! 2mE—wiu /(1 —y™) cos ((27r§ — w)ty) dy.
0

We define the auxiliary function:
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1
/ ) cos(ny) dy,
0

so that the Fourier transform becomes:

ﬁ’y n(w) _ \/% (Qn + 1)(71 + 1) . ei(27r§—w)u . Hn((w o 27T§)t).

; n2
Hence, its squared modulus, substituted into the definition of 3 []:'%n], yields:

g7, = Hent D)

/w CH2 (w — 27E)t) dw

R

2mn?
We now perform the change of variable:
n 1
n=(w—2mt = w=2m+ T dw = Edn.

Thus, the integral becomes:

_ 20+ 1)( 1
o171 = "CE DG (o T a2 () o
R

2n +1)(
(n 271'n2 / +27T£ HQ( ) dn.
R

We now split the integral:

i) = EEDCED N L2 dy +on [ 1
R

2mn?
R

Since H,(n) is an even function, the first integral vanishes. Therefore, we are left with:

27Tn2

Using Parseval’s identity, applied to the cosine transform of the function y — 1 — y™ on [0, 1], we have:

1

[mman=r [a-
R

0

This integral simplifies to:

1 1
2 1
1—y™)2dy = 1—2" + ) dy=1—- —— + ———.
/( v dy /( y"+y™) dy P R |
0 0

Therefore, the full expression becomes B[F, ] = 2¢.
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We now compute the spatial variance o2[F, ], which is defined as:
2 F - —alF 2, F 2 d
0o [Foym] = [ (x = alFyn])” - |Fy (@) do.
R

From the previous calculation, we already know that a[F, ;]| = u, so the variance simplifies to:

02[Fym] = /(x —u)? | Fy (@) da.

R

Recalling the (59), we apply the change of variable y := £=% so that = ty + u, do = t dy, and the support
becomes y € [—1,1]. This yields:

2+ 1 N ™2

o2[F, ] = Zrt Din+1) /<x_u>2 (1_ o ) .

4n2t

u—t
1
(2n +1)(n+1)
n2t ts y2 1- |y|
—1

Since the integrand is even, we restrict to the interval [0, 1] and double the integral:

1

1
/y2(1*|y\ 2/y217
—1

0

We expand the squared term:
1-y")?=1-2y"+y™",
and compute the integral:

1 2 1

1 1
2 2 n+2 2n+2
d— —2 d:——— _
/y y /(y Yyt dy s n 3 s
0 0

Therefore, the final expression for the spatial variance becomes:

22 +3n+1

2
Fym] = o T
Pl = 3o Ton 1 9)

We now compute the frequency variance o2 []:—%n]a defined as

o2 Fsnl = 5 [0 = B () do
R

From the previous calculation, we know that 3 [ v.n] = 2m&. Therefore, we can rewrite the integral as:

a 1 a
P2 Frnl = 5z [ 0= 2 |y o
R
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From (60), we know:

) 2n+1)(n+1)

Fym(w)? = t - Hp (t(w — 27€)).

n2

Performing the change of variable 7 = t(w — 27¢), so that w = 27¢ + 7 and dw = % dn, we obtain:

o[ Fym] = w-/nwﬂn) dn.

2mn2t?
R

We now apply Parseval’s identity for the cosine transform. Let

fuly) =1 —-y")- ]1[0,1] (),

so that H,(n) is the cosine transform of f,(y). Then Parseval’s identity gives:

1

[rmzman=x [ 1f.wP dy

R 0

We compute:

faly) = —ny"~h = fL ()P =0ty

Hence,

1
1
27172 2 2n—2 2
H2(n)dn = dy = mn* - .
/n n (1) dn = mn /y y=mn" 5
R 0

Substituting back into the expression for the variance, we conclude:

9 _ @2n4+1)(n+1)

OulFrnl = 202n — 1)z

Example 4.5 (Explicit check of Theorem 2.5 for the dictionary {Fyn}yeq atn=1,2,3.). Fixue R, t >0,
and & € R. Consider

3 )
hue(@) =1/ 5 (1 - %D Ut g () €77,

15 2 .
ho () = \ 16t (1 -5 ) Lyt utt) (2) C

7 — 3 Tix
hot(@) =)o (1= |272] ) Lu sy () 2767,

With the change of variable j = (x — u)/¢, one checks that ||, |2 =1 for n=1,2,3:

1

. 2 ..
[ :cn/(lfW) =1 (=35 co=1, cs=13).
—1
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By symmetry and modulation, the spatial and frequency means are

afhpud =u,  Blhnus] = 27
For the spatial variances, the same substitution yields

u+t

1 2n? +3n+1
2 2 2 2
oilhput] = — T — ) hput(z)*de =t° ————————.
x[ s ,t] ||hn,u,t||% ( ) | , ,t< )l 3 (2n2 +on+ 9)
y—
In particular,
2 t2 14¢?
2 2 2
UI[ 17 ;t] 10 UI[ 27 ;t] 7 O-I[ 37 ;t] 81

Let s := (27§ — w)t. A direct computation gives the Fourier transforms

ﬁl’uyt(w) =e

. 2
i(2m—w)u 3t (SIH(8/2)> 7

2 s/2

~ ) 15t 4 (sins — 5co08 s)
_ i27€—w)u
haut(w) = €'l a2y 16 = ;

N i 7t 12 ssi 12 — 652 _192
Ry (w) = imE—w)u /5 ssins + ( s%) cos s .

g4

By Plancherel, || .¢||2 = 27 for n = 1,2, 3. Using the identity

1 ~ 2
o /<w = 21€)? [t (W) dw = || Ol ||
R
we obtain the frequency variances
~ 2n+1)(n+1
Uz;[hn,u,t] = ( )( 2 )7
2(2n— 1)t
hence
~ ~ 5 ~ 14
2 _ 2 _ 2 _
Oulhiud = 0 OGlhrwdl = 55, dulhsud = £
Consequently, the uncertainty products
U[hn,u,t] = O'i[hn,u,t] 0—3 [ﬁn,u,t]

agree with the closed form in Proposition 4.4 (thus verifying Theorem 2.5). For n = 1,2, 3:

5 196
U[h2,u,t] = T U[h3,u,t] = ma

3
U[hl,u,t] = A 14a

10’

which increase with n.
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4.1.2. Proofs of Theorems 2.4 and 2.5

Proof. The proof of Theorem 2.4 is based on the explicit computation of the uncertainty, which can be
derived from the spatial and frequency variances of G, ,, stated in Proposition 4.1, i.e.,

n?(2n +1)
(2n?2 +5n+3)(2n—1)

U[g%n] = Uz[gv,n}gi[gmn} =

Therefore, the sequence Ulg,] is increasing for n > 1 and converges in the limit as n — +0o to the value %
It follows that the minimum of the uncertainty is attained at n = 1, with value %, while the supremum is
reached asymptotically and equals % O

Proof. The proof of Theorem 2.5 follows by direct substitution of the expressions for spatial and frequency
variances derived in Proposition 4.4. Specifically,

(2n +1)%(n +1)?

U(‘F’Yﬂl) = 0—3[‘7:%"}0—3;[‘?%"] = 6(27’L _ 1) (2”2 + In + 9) (61)

The proof follows from similar arguments to those used in the previous theorem, relying on explicit com-
putations of the spatial and frequency variances as well as the structure of the uncertainty functional. O

4.2. Analysis of rectangular function convolutions

Let us recall that rect{?}(z) denotes the p-th convolution of the rectangular function with itself.

We now proceed by considering the case of variable support. To this end, we first introduce the appropriate
wavelet dictionary. Then, in the spirit of the previous section, we carry out a similar analysis by defining
a rescaled wavelet dictionary based on convolutions supported on the fixed interval [—1,1]. This allows us
to focus purely on the shape of the optimal functions, independently of their scale. Comparable families of
atoms in generalized affine/metaplectic environments satisfy parallel uncertainty inequalities, such as the
Heisenberg, logarithmic, and Pitt/Nazarov types, supporting the robustness of our asymptotic 1/4 limit
under broader transforms ([10,9]).

What we will show is that the two problems are equivalent: the uncertainty values obtained from the two
dictionaries coincide for every p > 1.

We begin by analyzing the variable-support case and introduce the corresponding dictionary:

N. — .
(Crhren = {9rp(@)}yen 1= {\/TP rect ) (11 ) e | > 1} , (62)
YEQ

which may also be written in compact support form as:
p > 1} .
YEQ

Np {(py (T U 2mitx
{“T rect'? " Ly pt yny(@)e

The normalization constant N, in (62) is chosen so that each function in the dictionary has unit L?-norm.

Since rect{?} is compactly supported on the interval [—%, g], we define N, as

—1
p/2

sl

—p/2

2
rect{P} (a:)‘ dz
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This ensures that the functions {¢. ,(z)},eq have unit norm in L?(R) for every p > 1, regardless of the
parameters u,§ € R and ¢ > 0.

4.2.1. Some useful lemmas
We begin this section by stating a well-known lemma from the literature on B-splines.

Lemma 4.6 (Properties of the p-fold convolution, I.J. Schoenberg [2/], I. Schoenberg [25], De Carli and
Vellucci [11]). The following properties hold:

(i) For every p > 1, the function rect{P}(z) is even and compactly supported in the interval -2, 2]
(i) For every p > 2, the convolution admits the explicit formula:

rect{P} () = (p—l 0 ;}(—1)j <§> (max{0,z + 5 — j})p_1 . (63)

We now introduce the Fourier transform of the dictionary (62).

Lemma 4.7 (Fourier transform of ¢.p). Let ¢ p(x) be the wavelet atom defined by (62) or its compact
support form. Then, the Fourier transform of ¢, , is given by:

p
R 6ip(27r§7w)u sin (W)
(b%p(w) = t% (2mE—w) ) vp Z 1.
2

Proof. We proceed by induction on p > 1.
Let’s start with the base case: p = 1. We recall that:

1 r—u Tilx 1 Tilx
Py (x) = \/;rect <T> 2T = zll[ufg,wg](x) erise,

Its Fourier transform is computed as:

ut3 ut%

" 1 o —i 1 ‘
(b%l(w): n / 62m£xewmd:p\/: / PUCIISED

_t _t
u—3 u—3y

Letting & := 27€ — w, we get:

o "€ = $1/2 ’ (2m€—w)
2

R 1 2sin (%) iou 6i(27r§7w)u sin <M>
bral) = /3 225 .

This matches the claimed formula for p = 1.
Inductive step: assume true for p > 1, prove for p + 1.
By the definition of rect{?*1}, we have:

N - .
¢%p+1(1‘) = @ (rect{p} *rect) <I " u) p2mite

Using the convolution property and the fact that both functions are scaled by ¢, we write:
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Gy p1(T) = (D p * Dy1) (),

up to normalization. Since convolution in the time domain corresponds to multiplication in the frequency

domain, we obtain:

~

Qg%pﬂ(‘*’) = ‘ngp(w) ) (;5%1((4)).

By the inductive hypothesis and the base case:

TE—w p
eip(27r§7w)u sin (W)

b (W) = 7
(/5%17( t% (27r§2—w)
R ez’(27r§—w)u sin (M)
Py1(w) = /2 (2re—w)

2

Multiplying the two, we get:

p+1
ipsianeyu (s (22E5e)

¢%P+1(w) = 2(p+1)—1 (2mé€—w) ’
t 2 2

which concludes the inductive proof. O

Now, we state a key lemma and the Uncertainty Theorem for the wavelet dictionary defined in (62).
Recall from the third statement of Lemma 3.1 that it is sufficient to compute the uncertainty of the
function rect{p}(x), which is equivalent for p > 2 to the function associated with its dictionary. In fact:

U(C,p) = Ulrect{P}). (64)

This holds because the uncertainty functional is invariant under dilations, translations, and multiplication

by unimodular complex exponentials, as established in Lemma 3.1.
We will now provide an upper and lower bound estimate for the uncertainty functional for each fixed p,

and finally, we will compute the limit as p — +o0.
The uncertainty of the function rect{?} (x) for every p > 2 is:

. w 2p P
/w2 81253) dw /2x2 rect P} (z)2da
R 9 -

sin (E) i
/ TQ dw / | rect P} (x)\zda?
R (5) 5

We now justify (65) by expressing the space and frequency variances in ratio form and by using the explicit

Fourier transform of rect{P}. By Lemma 4.6(i), rect P} is even and supp(rect{?}) = [~ 2, Z]. Hence, from (7)

we have afrect!?}] = 0, and therefore

[NSRENS
—~
(=}
t
~

U(rectPh) =
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2
2 ‘rect{p} (2) ‘ dx

‘@\mm

o2 [rect{p}} =2 m ;

/ 2
/rect{p}(x)‘ dx

b

—

by the definition of 02[-] in (9). Moreover, |rect{P} (w)|? is even, hence B[rect{P}] = 0 by (8), and the frequency

variance becomes
2

rect P} (w)| dw.

ai {r@}] = %/wz
271'Hrect{p}H 2

Using Plancherel (6), i.e. ||rect{p}||2L2(R) = 27| rect{P} ||2LQ([_£ p]), We can rewrite it as the ratio
272

. 2
/w2 rect P} (w)|  dw
o2 {rect{p}] =R 5
/ rect?PH(w)| dw
R
Finally, by the Fourier definition (5) one computes
1/2
— . ' 2
rect(w) = / e P dy = sin(w/2) ),
w/2
—1/2
and since rect{} is the p-fold self-convolution of rect, the convolution rule yields rect{?}(w) = (r/ea(w))p
— . 2p —
Therefore |rect?}(w) (%) , and substituting o2 [rect?}] and o2 [rect{p}} into U[f] =

o2[flo2[f] in (11) gives exactly (65).
For convenience, we denote by v, and u,, the variance of the density amplitude

. w p
an (%)
T2 . rectP} (),
(3)
respectively, as follows:

)\’ %
dw / 2?| rect P} (z)2da

P

2

S
ke

li
S

/ T2 dw / | rect{P} (2)|?dx:
R (5) :

Lemma 4.8. For every p > 2, the function U(rect{p}) is decreasing in p.
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Proof. Noticing from the upper and lower bound estimate (30) that the function U(rect{}) is contained
between two decreasing functions, it will thus decrease monotonically or oscillate.

Suppose, for the sake of contradiction, that the function U (rect{p} ) oscillates for p > 2. Then, since it is
the product of the functions v, and u,, at least one of the two functions must oscillate.
sin(¥

2p
—2)) dw and ka(p) =

w
2

Since the function v, is the ratio of the two functions ki(p) := / (

W 2p
sin(¥
/ w? (#) dw, we would have that at least one of the two functions, k;(p) and ko(p), must oscillate,
2

but both functions are decreasing. In fact, for every p > 3:

ki(p) — ki(p — 1) :/ [(sin%(%)fp B (sin%(%)f@—l)] N

R

(67)

sin(2)\ @ 2
since 2 1—( —2 <0VweR,p>2.
g sin (%)

Similarly, using a similar procedure, it is obtained that ks (p) — ko(p — 1) < 0 for every p > 3.

Therefore, k1(p) and k2(p) are monotonic decreasing functions for p > 2 and non-oscillatory; this implies
that the function v, is not oscillatory.

The function w,, being the variance of the probability amplitude rect?(z) (a non-oscillatory function), is
decreasing.

In conclusion, the product of two non-oscillatory functions is non-oscillatory, i.e., U (rect{p}) does not
oscillate but decreases. O

4.8. Proof of Theorem 2.0

Proof. First, let us begin by studying the behaviour of v,. Thus, we start by determining the asymptotic
behaviour of the following integral

/ w dw. (68)
R (5)

Using the Watson/Laplace technique, as shown in the article by Schlage-Puchta [22], and expanding via
Taylor series, we obtain that:

/ ﬁ 2pdw:4/<sm—w>2pdw ~ 2,/ (69)
2\ () BN ’

It then follows that, since this integral is a continuous function of p (a sequence is pointwise continuous),

37 there exist two constants cg,c; €

and its asymptotic behaviour in the limit is given by the function 2 o

R\ {0}, with co > ¢;, such that:
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AN
3T s (_) 3m
2,/ < / —=22 ] dw<2 . (70)
p+e (_> pte
R 2

Similarly, by again applying the estimates from the article Schlage-Puchta [22], and using the Wat-

son/Laplace technique together with a Taylor expansion, we obtain:

w 2p
sin | — . 2p
w? Q do=8 [ (YY) g~ 12Y5T (71)
8 )y
R 2 R

It follows that there exist two constants ¢y, c3 € R\ {0}, with ¢4 > ¢3, such that:

12ﬂ2 < /w2 w dw < 12ﬂ§, (72)
(p+ca)? (%) (p+es):

and thus, for every p > 2, we achieve (28).
Now, we study the behaviour of w,,.
In the meantime, using Plancherel’s theorem, we observe that:

2

-

%

2
/|rect{p}(x)|2d:r = Hrect{p} = — [|rect{?}
b

’ 2

_ %}!(%)%dw, (73)

and thus, using (70), there exist two constants dq,ds € R\ {0}, with ds > dj, such that the estimate holds:

1 1
,/ijd2 /|rect{p}( dr < - piﬁdl (74)

As for the last integral to be estimated, we can again use Plancherel’s theorem and the properties of the

Fourier transform:

[NIS]

2

—

i, (rect {Ph)

x - rect?}

/ 2% rect P} (z )|2d:1:*Ho: rect{”}H

2

(75)

We detail the second and third equalities in (75). Recall our Fourier transform convention

o) = [ flaye o da,
R

hence Plancherel reads ||f||3 = 5| f ||2 Since rect{?} is compactly supported in [—p/2,p/2], we have
z rect{P} € L2(R) (indeed also in L'), so we may apply Plancherel to g(z) := x rect!?}(z) to obtain

1 1 o2
2 2 _ SN2 —
e rect ) |3 = llgl3 = 5119113 = 5| rect ][,

which is the second equality in (75). For the third equality, compute 5} via differentiation under the integral
sign: for every w € R,
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Ouf(w) = . / f(@)e ™" do = / f(@)(—iz)e ™" do = —i / zf(z)e” ™7 da,
R R

R

where the interchange is justified since zf € L'(R) (compact support). Thus .;]\C (w) = iawf(w), and with
f = rect?} we get

N o —

x rect{P} (W) = i 9, rect P (W),
hence
1y 772 1. 72
%Hx rect{p}H2 = %Hz 6wrect{p}H2,

which is the third equality in (75).
Moreover, since

o —

i0,, (rect{Ph)

2 _ §/ (sin%(%)>2p |:%Cos(%(
R

the equality (75) becomes:

/z2|rect{p}(x)\2d;z: jg_;/ (sin(%))% {% cos(%()%—Sin(@rdw' -
R

(NS

22 (78)

. 2
—sin(¥ 13
(2)} dw ~ — iy
™
And thus, by making analogous arguments to the previous ones, it follows that for every p > 2, there
exist two constants dz,ds € R\ {0}, with d4 > d3, such that:

™ T 24

lw < /x2\rect{p}(x)|2dx < 1M' (79)

2

Thus, by combining (74) and (79), we obtain (29).
Finally, by combining (28) and (29), we obtain (30). And thus, it immediately follows that:

1
li {rhy = =
Hm U (rect'?¥) 1 (80)
By the Lemma 4.8, since U(rect{P}) is monotonically decreasing in p, it follows that U(rect{P}) attains its
infimum. 0O

Remark 4.9 (On attainability). The constants ¢;, d; in (28)-(30) are p-independent and arise from two-sided
Watson/Laplace estimates. Therefore, the bounds are generally strict for finite p; equality in (30) is only
achieved in the limit p — oo, where U (rect!?}) — 1. Non-emptiness of the chains is ensured by ¢;,d; > —2

and by the orderings (;:ccf)‘ < (p%cc;);, (p+da)(p+ds) <(p+di)(p+ds), which together imply (30).
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5. Conclusions and outlook

In this work we introduced a hierarchy of function classes on a fixed compact interval K = [—a, a], defined
uncertainty operators tailored to them, and showed that

(i) the uncertainty product is scale-translation invariant (Lemma 3.1);
(ii) its infimum over the asymmetric class F; (K) is already attained inside the even sub-class Py (K)
(Theorem 2.3);
(iii) inside two concrete wavelet dictionaries, {Gy n}nen and {Fy , }nen, the tent function (n = 1) uniquely
minimises the time—frequency uncertainty, with value U(G,,1) = U(F,,1) = 5 for all v € Q;
(iv) in the family of p-fold self-convolutions of the rectangle, rect{?} the uncertainty decreases monotoni-
cally to the Heisenberg bound i as p — oo (Section 4).

Connections and differences. Our approach is invariance-aware and constructive: within the two wavelet
3
10
limit via rect{?} (with U | % as p — 00). This complements Balian—Low—type impossibility statements and

dictionaries we obtain an explicit minimizer (the tent, with U = =) and a smooth path to the Heisenberg
periodic uncertainty constants by providing concrete extremal constructions and a unifying variational lens,
and it interfaces with frame-set and sampling viewpoints as well as recent generalizations of uncertainty
principles.

Perspectives and open questions The analysis opens a number of directions that we have not addressed
here:

« Uniqueness beyond evenness. Is the tent profile the only global minimiser of U in F; (K), up to the
invariances of Lemma 3.1, or could other non-polynomial shapes attain the same value?

« Higher-dimensional extensions. How do the minimisation results change in R%? In particular, does radial
symmetry play the same role played by evenness in d = 17

« Alternative measures of spread. Replacing the L?-based variance with entropic or L? moments may lead
to different optimal shapes; can one classify them?

e Optimal frames versus optimal atoms. Does minimising U for the single atom always translate into the
most stable (or sparsest) frame when the whole dictionary is generated, or can global frame-level criteria
override atom-level optimality?
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