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A B S T R A C T

Metropolitan development is a complex phenomenon depending on the joint action of multiple socioeconomic
and territorial factors, which are generally quantified through indicators interacting across spatial and temporal
scales. A comprehensive understanding of metropolitan development requires a detailed examination of the
dependence structure within the development trajectories of both urban and suburban areas. Multidimension-
ality, non-linearity, and evolutionary components at the base of metropolitan development should be jointly
considered when investigating the socioeconomic mechanisms underlying the long-term expansion of cities
and their surrounding regions. In this multidimensional perspective, the Functional Data Analysis approach
enables the simultaneous investigation of the level and evolution over time of multiple socioeconomic processes
through summary functional measures, such as the modified hypograph index and the weighted integrated first
derivative. Starting from these tools, a functional distance-based approach is proposed to study the relationship
between urban and suburban areas from a twofold perspective: focusing on the entire set of metropolitan
development indicators, and considering each dimension individually. This approach contributes to overpass
the limitations of standard econometric approaches offering a multivariate measure of change in local systems
experiencing complex development trajectories. The proposal is illustrated via a simulation study and a real
data set.
1. Introduction

Metropolitan Development (MD) is a multidimensional phenomenon
that reflects the joint action of multiple factors, called MD indicators
(MDIs), referring to territorial and socioeconomic processes. The level
and the evolutionary behavior of such factors characterize MD, which
in turns is the result of a complex interplay of demographic, social, eco-
nomic, institutional, ecological and organizational variables interacting
across spatial and temporal scales. Despite the different theoretical
interpretations of city growth in several fields, urbanization and sub-
urbanization are considered the most important stages of MD [1,2].
For a long time, a comprehensive description of such processes was
performed within the framework of the Spatial Cycle Theory (SCT) [1,
3]. The SCT assumes metropolitan regions as composed of a core
surrounded by a suburban ring, which interact through hierarchical
(core–periphery) interdependencies [4]. The analysis of core–periphery
relations was basically performed using descriptive statistical tools [5,
6] to quantify the intrinsic rates of change of key MDIs, such as popu-
lation density, per-capita income, unemployment rates, among others.
However, the study of single MDIs gives a partial evidence of city dy-
namics, and highlights the importance of multidimensional approaches
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to urban complexity [7–9]. Multi-centered structures constituting the
majority of metropolitan regions in advanced economies, and especially
in Europe, result in a continuous interaction between central cities and
peripheries, reflecting cooperation and complementarity [7]. Assuming
the bi-directional linkage between urban and suburban development
processes [10], econometric models were frequently implemented in
studying the decline of inner cities and peri-urban expansion [11–
14]. However, these models show critical issues mainly concerning
the linearity of the relationships [4]. In this context, analytical tools
reflecting non-linearity and the intrinsic multidimensionality of MD
processes seem to be particularly appropriate [15]. In addition, MDIs
vary over time, thus their temporal variability should be considered in
the MD evaluation.

Based on these premises, this paper aims to investigate the uni-
directional or bi-directional relationship between urban and suburban
areas, while simultaneously considering the non-linearity, the multi-
dimensionality, and the evolutionary nature of MD. To this end, the
Functional Data Analysis (FDA) approach [16,17] is considered. Thus,
the values of each MDI at different times represent discrete observations
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of an underlying smooth function [18,19]. The main advantage of
the FDA approach lies in the use of functional tools, which reflect
distinctive features of the curves, such as their level and evolution [20–
26]. These measures can be used as coordinates of each MDI in a
Cartesian plane. The two functional measures considered in this paper
are the Modified Hypograph Index (𝑀𝐻𝐼) [27] and the Weighted
Integrated First Derivative (𝐷𝑊 ) [18,19]. 𝑀𝐻𝐼 and 𝐷𝑊 are scalar

easures, which summarize the behavior of the functions over time.
pecifically,𝑀𝐻𝐼 gives information on the indicator’s level, while𝐷𝑊
uantifies its evolutionary behavior, by distinguishing how long the
unction shows a certain trend.

The use of hypograph together with other functional tools was
lready proposed in the literature, especially to study the shape and the
agnitude of curves and provide an ordering of the functions [28–30].

n particular, Pulido et al. [31] consider the combination of hypograph
nd epigraph applied to both the original curves and their derivatives
or clustering purposes. The authors demonstrate that the joint use of
hese indexes largely characterizes aspects of the curves in the sample.
ur approach differs from that of Pulido et al. [31] in that we consider
𝐻𝐼 together with 𝐷𝑊 to capture both the level and the time period

n which a curve displays a specific trend.
Since each MDI is represented as a point on the 𝑀𝐻𝐼 − 𝐷𝑊

lot, it is possible to compute both a global distance between MD
f different areas and pairwise distances between MDIs of different
reas. Specifically, a functional distance-based approach is suggested
o evaluate the synergic relationship between urban and suburban
reas. The proposed method consists of two distance measures. The
irst one is the distance correlation coefficient [32], which establishes
global and multidimensional measure of independence in long-term
D pattern between urban and suburban regions. The second one

s based on pairwise distances between MDIs of different areas and
eflects differences due to specific MD dimensions. With reference to
he second distance measure, a further proposal is to identify the role of
he level and evolutionary components in defining differences between
D processes. Thus, the analysis of MD is conducted from two distinct

erspectives. Firstly, by comparing urban and suburban areas based on
he entire set of MDIs; secondly, by comparing the two areas according
o each MDI.

The proposed approach introduces significant advantages over clas-
ical methods, offering a more nuanced analysis of MD, that considers
ts multidimensional, non-linear, and evolving nature. First, the FDA
pproach, by its nature, captures non-linearity in relationships. Second,
his approach incorporates temporal variability of MDIs into the eval-
ation of MD by representing each MDI as discrete observations of an
nderlying smooth function. Finally, FDA utilizes functional tools that
eflect distinctive features of curves, such as their level and evolution.
hese functional tools allow to implement a functional distance-based
pproach, to investigate MD of urban and suburban areas from both
global and dimension-specific perspective. Specifically, the distance

orrelation coefficient is a global and multidimensional measure of rela-
ionship between urban and suburban areas. Indeed, unlike traditional
ethods, which focus on individual indicators at a specific time span,

he distance correlation coefficient considers the joint action of several
DIs taking into account their dynamic over time.

The proposal is applied to a real data-set, concerning two interacting
istricts of Athens’ metropolitan region (Greece): central city and the
urrounding suburbs for which a multivariate set of MDIs observed over
long time frame is considered.

The paper is organized as follows: Section 2 deals with the MDIs rep-
esentation in the FDA context and introduces the two functional mea-
ures 𝑀𝐻𝐼 and 𝐷𝑊 . Section 3 illustrates the two distance measures
ithin the analytical framework. In Section 4 a simulation study is per-

ormed. In Section 5 long-term development of the Athens’ metropoli-
an region is analyzed using 14 MDIs for both central city and suburbs
n a year base between 1966 and 2008. Discussion and concluding
2

emarks are provided in Section 6.
2. Metropolitan development in a functional framework

Let 𝐼𝑖𝑙 be the observed value of the 𝑖th MDI, 𝑖 = 1, 2,… , 𝑛, at the
ime point 𝑡𝑙, 𝑙 = 1,… ., 𝐿. These time measurements represent discrete
nd noisy observations of an underlying smooth function, 𝐼𝑖(𝑡), which
elongs to a temporal domain 𝑇 , with 𝑡 ∈ 𝑇 . Let us assume that
he smooth functions belong to the Hilbert space of square integrable
unctions with the usual inner product [33].

Starting from the discrete temporal sequence of the 𝑖th indicator, the
mooth function 𝐼𝑖(𝑡) is reconstructed via a linear expansion in terms
f 𝐵 known basis functions, {𝜓1(𝑡), 𝜓2(𝑡),… , 𝜓𝐵(𝑡)}, as follows [16]:

𝑖(𝑡) =
𝐵
∑

𝑏=1
𝑐𝑖𝑏𝜓𝑏(𝑡), (1)

here 𝑐𝑖𝑏 is the 𝑖th basis coefficient, 𝜓𝑏(𝑡) represents the 𝑏th basis
unction, and 𝐵 is the total number of basis functions. Basis expan-
ion methods represent the potentially infinite dimensional world of
unctions within the finite dimensional framework of vectors of basis
oefficients. After selecting an appropriate basis system, the shape of
he curves is defined by the basis coefficients. Thus, the problem of find-
ng the smooth function becomes a problem of finding the coefficients
f the basis expansion.

The expansion in Eq. (1) also provides expressions of the derivatives
n terms of the derivatives of the basis functions; so that the first and
econd order derivatives are the following:

′
𝑖 (𝑡) =

𝐵
∑

𝑏=1
𝑐𝑖𝑏𝜓

′
𝑏(𝑡); 𝐼 ′′𝑖 (𝑡) =

𝐵
∑

𝑏=1
𝑐𝑖𝑏𝜓

′′
𝑏 (𝑡). (2)

o control the amount of smoothness, the basis coefficients are ob-
ained by minimizing, for each 𝑖, the following penalized residual sum
f squares:

𝐸𝑁𝑆𝑆𝐸𝑖 =
𝐿
∑

𝑙=1

(

𝐼𝑖𝑙 −
𝐵
∑

𝑏=1
𝑐𝑖𝑏𝜓𝑏(𝑡)

)2
+ 𝜆∫ [𝐼 ′′(𝑡)]2 𝑑𝑡, (3)

here 𝜆 is a smoothing parameter, and ∫ [𝐼 ′′(𝑡)]2 𝑑𝑡 is the total curva-
ure of the function, given by the integrated squared second derivative.
he total curvature is a penalty term, which measures the roughness of
he function. Indeed, highly variable functions can be expected to yield
igh values of the total curvature because their second derivatives are
arger over at least some of the range of interest [16]. The smoothing
arameter 𝜆 reflects the trade-off between data fit and the variability
f the function. Low values of 𝜆 result in model over-fitting, whereas
igh values of 𝜆 result in over-smoothing. Generalized cross-validation
s typically used to choose the smoothing parameter 𝜆 [16,34]. Reinsch
35] and De Boor [36] demonstrated that the function that minimizes
he penalized residual sum of squares in Eq. (3) is a cubic spline with
nots at the data points 𝑡𝑙. Compared to the classical least squares
riterion, the roughness penalty approach produces better results in the
stimation of derivatives, ensuring that the latter are smoothed. For
urther details on the FDA approach refer to Ramsay and Silverman
16].

To provide a complete picture of MD, both the magnitude and
volutionary behavior of the MDIs should be taken into account in the
valuation process. To this end, two functional measures are consid-
red: 𝑀𝐻𝐼 and 𝐷𝑊 , which reflect the magnitude and the evolutionary
ehavior of each indicator, respectively.

The 𝑀𝐻𝐼 of a given curve 𝐼(𝑡), with respect to a sample of
unctions, 𝐼𝑖(𝑡), 𝑖 = 1, 2,… , 𝑛, is defined as follows [27]:

𝐻𝐼
(

𝐼(𝑡)
)

=
𝑛
∑

𝑖=1

𝜏({𝐺(𝐼) ⊆ ℎ𝑦𝑝(𝐼)})
𝑛𝜏(𝑇 )

; (4)

where 𝐺(𝐼) = {(𝑡, 𝐼(𝑡)), 𝑡 ∈ 𝑇 } is the graph of the functional indicator
(𝑡); ℎ𝑦𝑝(𝐼) = {(𝑡, 𝑦) ∈ 𝑇 × R ∶ 𝑦 ≤ 𝐼(𝑡)} is the hypograph of 𝐼(𝑡), that

is the area under its graph, and 𝜏(⋅) stands for the Lebesgue measure
on R. 𝑀𝐻𝐼 represents the proportion of 𝑇 in which the curves of the
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sample are below 𝐼(𝑡). Thus, a high value of 𝑀𝐻𝐼 indicates that many
unctions are contained in the hypograph of a given curve; whereas a
𝐻𝐼 value equal to 0.5 indicates that the curve is located in a central

osition.
The main disadvantage of 𝑀𝐻𝐼 is that it does not account for how

ariable a function is in the time span so that different shapes of the
urves can yield equal values of 𝑀𝐻𝐼 [18]. 𝐷𝑊 provides a solution to
his limitation by reflecting the evolutionary behavior of the function
nd distinguishing how long it shows a certain trend. Considering 𝑀+1
ub-intervals of the domain, according to a set of points, 𝑚 = 1, 2,… ,𝑀 ,

which are defined by the changes in the first derivative sign, 𝐷𝑊 is
btained as a linear combination of the integrated first derivatives in
ach sub-interval, with coefficients equal to the proportion of the width
f each sub-interval [18]:

𝑊𝑖 =
𝑀+1
∑

𝑗=1
𝐷𝑖𝑗𝑤𝑖𝑗 , (5)

here 𝐷𝑖𝑗 is the integrated first derivatives of the 𝑖th function in the
th sub-interval of the domain, and the weights 𝑤𝑖𝑗 are computed as
ollows:

𝑖𝑗 =
(𝑡𝑚 − 𝑡𝑚−1)
(𝑡𝐿 − 𝑡0)

, (6)

where 𝑡0 and 𝑡𝐿 are the start and end points of the domain of the curves.
To jointly consider the magnitude and the evolution of a functional

indicator, Fortuna et al. [18] proposed a visualization tool called
𝑀𝐻𝐼 − 𝐷𝑊 plot, that is a Cartesian plane defined by 𝑀𝐻𝐼 ∈ [0, 1]
(the x-axis) and 𝐷𝑊 ∈ (−∞,+∞) (the y-axis). The 𝑀𝐻𝐼 − 𝐷𝑊 plot
is divided into four quadrants, which result from the intersection of
the axes at the coordinate point 𝑀𝐻𝐼 = 0.5 and 𝐷𝑊 = 0. The
value 𝑀𝐻𝐼 = 0.5 discriminates among functions that are below or
above the median magnitude, and the value 𝐷𝑊 = 0 distinguishes
between functions that experience better (𝐷𝑊 > 0) or worse (𝐷𝑊 < 0)
performances.

3. Functional distance-based measures

The FDA approach enables to represent each MDI as a point on the
𝑀𝐻𝐼 − 𝐷𝑊 plot and, consequently, define functional distance-based
measures to explore both the overall relationship among neighboring
areas and the dimension-specific pairwise dissimilarities among indi-
cators, as well as the contribution of each dimension (i.e. 𝑀𝐻𝐼 and
𝐷𝑊 ) to these dissimilarities. Referring to the first aspect, the distance
correlation coefficient [32] is considered. It is a measure of depen-
dence between two random vectors of arbitrary and not necessarily
equal dimension, which permits to assess the dependence of a MD
process within different composing dimensions (in our case, MDIs).
The distance correlation coefficient is equal to zero if and only if the
random vectors are independent, and, unlike the Pearson’s correlation
coefficient, it measures both linear and non-linear association between
two random variables [32,37].

Given two random variables 𝑿 and 𝒀 , taking values in R𝑝 and R𝑞 ,
respectively and with finite second moments, the distance covariance
function, 𝑉 (𝑿, 𝒀 ), is defined as follows:

𝑉 (𝑿, 𝒀 ) =

(

∫R𝑝+𝑞
∣ 𝜙𝑿,𝒀 (𝑡, 𝑠) − 𝜙𝑿 (𝑡)𝜙𝒀 (𝑠) ∣2 𝑤(𝑡, 𝑠) 𝑑𝑡 𝑑𝑠

)− 1
2

, (7)

where 𝜙𝑿,𝒀 (𝑡, 𝑠) is the joint characteristic function of 𝑿 and 𝒀 ; 𝜙𝑿 (𝑡)
nd 𝜙𝒀 (𝑠) is the product of the marginal characteristic functions; 𝑝 and
are the dimensions of 𝑿 and 𝒀 , respectively, (𝑡, 𝑠) ∈ R𝑝+𝑞 , and 𝑤(𝑡, 𝑠)

s a weight function, defined as follows:

(𝑡, 𝑠) = (𝑐𝑝𝑐𝑞 ∣ 𝑡 ∣1+𝑝∣ 𝑠 ∣1+𝑞)−1, 𝑐𝑑 = 𝜋
1+𝑑
2

𝛤
(

1+𝑑
2

) ; 𝑑 = 𝑝, 𝑞, (8)

with ∣ ⋅ ∣ the complex norm when its argument is complex, otherwise
the Euclidean norm; and 𝛤 (⋅) the Gamma function [37]. The distance
3

correlation between 𝑿 and 𝒀 , called 𝑅(𝑿, 𝒀 ), can be defined as the
tandardized version of Eq. (7):

(𝑿, 𝒀 ) =

(

𝑉 2(𝑿, 𝒀 )
√

𝑉 2(𝑿,𝑿)𝑉 2(𝒀 , 𝒀 )

)− 1
2

, ∈ (0, 1). (9)

The empirical distance covariance and correlation measures are
functions of the double centered distance matrices of the samples.
Specifically, let (𝑿𝑖, 𝒀 𝑖) ∈ R𝑝+𝑞 , 𝑖 = 1,… , 𝑛, be a random sample from
the joint distribution of 𝑿 and 𝒀 . Let us compute the 𝑛 × 𝑛 Euclidean
pairwise distance matrices for the 𝑿 and the 𝒀 samples, with elements
𝑎𝑖𝑘 = (‖𝑿𝑖 − 𝑿𝑘‖) and 𝑏𝑖𝑘 = (‖𝒀 𝑖 − 𝒀 𝑘‖), respectively. Then, these
matrices are double centered so that their row and column means are
equal to zero:

𝐴𝑖𝑘 = 𝑎𝑖𝑘 − �̄�𝑖. − �̄�.𝑘 + �̄�.., 𝐵𝑖𝑘 = 𝑏𝑖𝑘 − �̄�𝑖. − �̄�.𝑘 + �̄�.., 𝑖, 𝑘 = 1,… , 𝑛, (10)

here:

�̄�𝑖. =
1
𝑛

𝑛
∑

𝑘=1
𝑎𝑖𝑘, �̄�.𝑘 =

1
𝑛

𝑛
∑

𝑖=1
𝑎𝑖𝑘, �̄�.. =

1
𝑛2

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘. (11)

Similarly, the quantities �̄�𝑖., �̄�.𝑘 and �̄�.. are computed. The sample
distance covariance, 𝑉 (𝑿, 𝒀 ), can be defined by the following statistic:

𝑉 (𝑿, 𝒀 ) =

(

1
𝑛2

𝑛
∑

𝑖,𝑘=1
𝐴𝑖𝑘𝐵𝑖𝑘

)− 1
2

, (12)

nd the sample distance correlation, 𝑅(𝑿, 𝒀 ), is obtained as the stan-
ardized version of Eq. (12):

̂(𝑿, 𝒀 ) =
𝑉 (𝑿, 𝒀 )

𝑉 (𝑿,𝑿)𝑉 (𝒀 , 𝒀 )
, (13)

where 𝑉 (𝑿,𝑿) =
√

1
𝑛2

∑𝑛
𝑖,𝑘=1 𝐴

2
𝑖𝑘.

The main advantage of applying the distance correlation coefficient
o the points defined by 𝑀𝐻𝐼 and 𝐷𝑊 is that it is possible to assess

the multidimensional dependence between MD of different areas by
taking into account both their level and their evolutionary behavior
over the entire time domain. In other words, we can evaluate the
long-term global dependence between neighboring areas. Specifically,
𝑿 and 𝒀 are two random vectors whose generic elements are 𝑥𝑖 =
(𝑀𝐻𝐼𝑥𝑖 , 𝐷𝑊𝑥𝑖 ) and 𝑦𝑖 = (𝑀𝐻𝐼𝑦𝑖 , 𝐷𝑊𝑦𝑖 ) for the center and periphery,
respectively.

A consistent test of independence is based on the sample distance
covariance: large values of 𝑛𝑉 2(𝑿, 𝒀 ) support the alternative hypothesis
that 𝑿 and 𝒀 are dependent [32,38]. Following Székely et al. [32], it
can be shown that, under the null hypothesis of independence between
the random vectors 𝑿 and 𝒀 , 𝑛𝑉 2(𝑿, 𝒀 ) converges in distribution to
a quadratic form 𝑄 =

∑∞
𝑘=1 𝜆𝑘𝑍

2
𝑘 , where 𝑍𝑘 are independent standard

normal random variables, and 𝜆𝑘 are eigenvalues that depend on the
joint distribution of (𝑿, 𝒀 ). On the other hand, if 𝑿 and 𝒀 are not
independent, 𝑛𝑉 2(𝑿, 𝒀 ) → ∞ as 𝑛 → ∞ in probability; hence a
test that rejects independence for large 𝑛𝑉 2(𝑿, 𝒀 ) is consistent against
dependent alternatives. Székely et al. [32] proposed a Monte Carlo
permutation test, which represents the standard method for testing
independence based on the distance covariance: one first computes the
distance correlation (involving the re-centering of Euclidean distance
matrices) between two random vectors, and then compares this value
to the distance correlations of many shuffles of the data.

Once an overall measure of independence is defined, the interest is
to investigate dissimilarities between areas for each indicator using the
generic 𝑟 distance defined as follows:

𝑑𝑟(𝑥𝑖, 𝑦𝑖) =
(

𝛾𝑟𝑖 + 𝜂
𝑟
𝑖

)
1
𝑟 , (14)

here 𝛾𝑖 =∣ 𝑀𝐻𝐼𝑥𝑖 − 𝑀𝐻𝐼𝑦𝑖 ∣ and 𝜂𝑖 =∣ 𝐷𝑊𝑥𝑖 − 𝐷𝑊𝑦𝑖 ∣ and
the parameter 𝑟 defines a specific distance measure. The distance in
Eq. (14) reflects how different an indicator is in the two areas in
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terms of 𝑀𝐻𝐼 and 𝐷𝑊 : the greater this distance, the greater the
issimilarity. Since Eq. (14) measures the distance between different
reas considering both the level (𝑀𝐻𝐼) and the evolutionary behavior
𝐷𝑊 ) of each indicator, it is important to evaluate the contribution of
ach dimension to this distance emphasizing what primarily drives a
ifferent behavior of the same indicator in different areas. For example,
n indicator might have the same level across two areas, whenever
xhibits different evolutionary patterns, indicating improvement, dete-
ioration, or stability in a specific area. To this end, the contribution of
ach dimension to the distance in Eq. (14) is computed as follows:

𝑟
𝛾 =

𝛾𝑟

𝛾𝑟 + 𝜂𝑟
; 𝛼𝑟𝜂 =

𝜂𝑟

𝛾𝑟 + 𝜂𝑟
; (15)

ith 𝛼𝑟𝛾 + 𝛼𝑟𝜂 = 1. For the pairwise comparisons between MDIs of
ifferent areas, we consider 𝑟 = 1 in Eq. (14), that is the Manhattan
istance, so that the contribution of each dimension is expressed in the
ame unit as 𝑀𝐻𝐼 and 𝐷𝑊 .

. Simulation study

A simulation study is performed to investigate the ability of the pro-
osed functional-distance measures in evaluating the long-term global
ependence between MD of center and periphery. Let us consider
bivariate functional process, (𝑋(𝑡), 𝑌 (𝑡)) ∶ 𝑡 ∈ 𝑇 , whose components,
1(𝑡),… , 𝑥𝑛1 (𝑡), and 𝑦1(𝑡),… , 𝑦𝑛2 (𝑡) are obtained as realizations of a
aussian process, 𝑋(𝑡) and 𝑌 (𝑡) ∈ 𝐿2(𝑇 ), of the following form:

𝑋(𝑡) = 𝜇𝑥(𝑡) + 𝑒(𝑡),

𝑌 (𝑡) = 𝜇𝑦(𝑡) + 𝑒(𝑡), (16)

here 𝑡 ∈ 𝑇 , 𝜇𝑥(𝑡) and 𝜇𝑦(𝑡) are the mean of 𝑋(𝑡) and 𝑌 (𝑡), respectively,
nd 𝑒(𝑡) is a centered Gaussian process with exponential covariance
unction, which is common for both components:

(𝑠, 𝑡) = 𝛼 exp(−𝛽|𝑠 − 𝑡|), (17)

here the parameters 𝛼, 𝛽 ≥ 0.
Two different scenarios are considered: in the first one, 𝑆1, the

omponents of the bivariate functional process are independent, while
n the second one, 𝑆2, they are strongly dependent. In both scenarios,
he same number of functions are considered for each component,
ence 𝑛1 = 𝑛2 = 100. In 𝑆1, the two components presents the same
unctional mean, which is computed as follows:

𝑥(𝑡) = 𝜇𝑦(𝑡) = sin(2𝜋𝑡). (18)

n 𝑆2, 𝜇𝑥(𝑡) is computed as in Eq. (18), while 𝜇𝑦(𝑡) is obtained as a
onlinear transformation of the first component as follows:

𝑦(𝑡) = exp(𝜇𝑥(𝑡)). (19)

or each scenario, the curves are observed in the interval [0, 1] with a
rid of 𝐿 = 90 equally spaced points and the procedure is replicated 𝑆 =
000 times. The measure of dependence between the two components
s provided by the average Kendall’s tau correlation coefficient for
ivariate functional data [39], computed across the 𝑆 replications:

𝜏 = 1
𝑆

𝑆
∑

𝑠=1
𝜏𝑟, (20)

ith:

𝜏𝑟 =
(

𝑛
2

)

−1
∑

𝑖<𝑗

[

2𝐼(𝑥𝑖 ≺ 𝑥𝑗 𝑎𝑛𝑑 𝑦𝑖 ≺ 𝑦𝑗 )+2𝐼(𝑥𝑗 ≺ 𝑥𝑖 𝑎𝑛𝑑 𝑦𝑗 ≺ 𝑦𝑖)
]

−1, (21)

nd 𝑛 = 𝑛1 + 𝑛2. Eq. (20) represents a benchmark to evaluate the
erformance of the distance correlation coefficient.

Fig. 1 shows the simulated components of the bivariate functional
4

rocess for a single simulation, 𝑠 = 1, in 𝑆1 (top panel) and 𝑆2 (bottom
Table 1
Average Kendall’s tau correlation coefficient, average distance cor-
relation coefficient with standard deviations in round brackets, and
proportion of correct decision for the distance correlation test for 𝑆1
and 𝑆2.

Scenario 𝜏 �̄�(𝑋, 𝑌 ) 𝑃𝐶𝐷

𝑆1 0.00 0.17 99%
(0.07) (0.04)

𝑆2 0.90 0.72 100%
(0.01) (0.04)

panel). The performance of the proposed method is ascertained using
the average distance correlation coefficient across the replications:

�̄�(𝑋, 𝑌 ) = 1
𝑆

𝑆
∑

𝑠=1
�̂�𝑠(𝑋, 𝑌 ), (22)

and assessing the proportion of correct decisions, 𝑃𝐶𝐷:

𝐶𝐷 =
∑𝑆
𝑠=1 𝐼𝑠
𝑆

, (23)

where 𝐼𝑠 = 1 if the 𝑠th distance correlation test provides a correct
ecision, that is to accept the null hypothesis of independence for 𝑆1

and reject the independence hypothesis for 𝑆2, using a significance level
of 𝛼 = 0.01, and 𝐼𝑠 = 0 otherwise.

Table 1 reports the simulation results for 𝑆1 and 𝑆2. The results
show that the functional distance-based approach is able to identify
dependence or independence between the components of the functional
bivariate process. Indeed, the values of �̄�(𝑋, 𝑌 ) are close to 0 for 𝑆1,
and equal to 0.72 for 𝑆2, indicating independence and dependence
between the components, respectively. Furthermore, in both scenarios,
a correct decision is reached, as showed by the percentage of correct
responses equal to 99% in 𝑆1 and 100% in 𝑆2.

5. Application

The proposed approach is adopted to analyze long-term MD charac-
teristics of Athens region (Greece). To this aim, 14 MDIs representative
of multiple dimensions of MD in both central city and suburbs are
considered.

5.1. Study area

Attica is the densest (administrative) region in Greece, which covers
nearly 3800 km2 of mainland and insular districts [40]. The regional
territory is administered by more than 110 mainland municipalities
(both urban and rural) and nearly 10 municipalities governing some
(small and medium) islands in the Saronikos gulf (Aegean Sea). Taken
together, the region mostly consists of mountains bordering the flat
area that hosts the Greater Athens’ agglomeration (administered by 58
municipalities), and corresponding with the ‘central city’. Being located
outside the Greater Athens’ area, the coastal plains of Messoghia (in-
cluding Marathona) and Thriasio host the largest proportion of rural
population in Attica [41,42].

5.2. Metropolitan development indicators

A total of 14 MDIs covering the time period between 1966 and
2008 was made available on a year base from official statistics, distin-
guishing two sub-areas: the Greater Athens’ area (‘center’) and the rest
of Attica region (‘periphery’). MDIs were calculated from elementary
data routinely collected by the National Statistical Service of Greece
and reorganized in a geo-database, disseminating a vast set of in-
formation quantifying economic performances and social dynamics of

Greek regions and prefectures. The selected MDIs represent different
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Fig. 1. Simulated components of the bivariate functional process in 𝑆1 and 𝑆2, for 𝑠 = 1.
Table 2
Description of the MDIs of the Athens’ metropolitan region.

MDI Description MD issue

Den demographic density (residents per km2) PJM
Nat natural population balance (absolute rate of births to deaths) PJM
Par rate of participation (%) in the job market PJM
New the ratio of new dwellings per 100 inhabitants LS
Roo average number of rooms per new dwelling LS
Cro share of cropland (%) in total landscape LS
Irr share of irrigated land (%) in total landscape LS
Ele per cent share of household electricity consumption in total use EC
Exp absolute ratio of expenditures to revenues of municipalities EC
Car number of cars per 100 inhabitants EC
Acc number of road accidents per 1000 inhabitants MF
Hos density (per km2) of hospital beds MF
Doc density (per km2) of doctors MF
Dru density (per km2) of drugstores MF

aspects of Athens’ long-term MD [8,41,43], referring to four distinc-
tive dimensions (MD issues): (i) PJM: population and job market (3
MDIs); (ii) LS: land-use and settlements (4 MDIs); (iii) EC: economic
dynamics (3 MDIs); and (iiii) MF: metropolitan functions (4 MDIs).
Table 2 provides a detailed description of each indicator. The MDIs
encompassed two sub-periods with different socioeconomic contexts
and territorial characteristics [44]: (i) a growth wave dominated by
compact urbanization with huge population increase (from mid-1960s
to mid-1980s) and (ii) a (less intensive) development wave reflecting
spatially dispersed (low-density) settlement expansion with stable or
slightly increasing population (from mid-1980s to mid-2000s). Fig. 2
shows the time series of each MDI for the center (red lines in the figure)
and periphery (blu lines in the figure) of the Athens’ metropolitan
5

region. There are no particular differences between the trends of the
MDIs in the two areas.

5.3. MDIs in the functional framework

For the functional representation of MDIs, cubic B-spline basis are
considered in Eq. (1) with knots at every data point 𝑡𝑙, 𝑙 = 1,… , 𝐿
and 𝐿 = 43 discrete points, following De Boor [36]. Then, the basis
coefficients are estimated by adding to the least square criterion a
roughness penalty, which involves the curvature of the function as in
Eq. (3) and choosing 𝜆 = 100.25 by generalized cross-validation. The
roughness penalized least square smoothing is essential since the first
derivative is involved in the analysis. Fig. 3 shows the functional indica-
tors distinguishing the center and periphery of the Athens’ metropolitan
region with red and blue lines, respectively. To provide information
regarding both magnitude and evolutionary behavior of each indicator,
𝑀𝐻𝐼 and 𝐷𝑊 are computed as in Eqs. (4) and (5), respectively.
Table 3 shows the values of these two functional tools for each MDI,
together with the corresponding quadrant in the 𝑀𝐻𝐼 − 𝐷𝑊 plot. It
is evident that the main difference between the two areas concerns
evolutionary behavior rather than magnitude.

Fig. 4 shows the MDIs on the 𝑀𝐻𝐼−𝐷𝑊 plot. In the first quadrant
(top right-hand panel), we find MDIs with high magnitude values
(𝑀𝐻𝐼 > 0.5), and which have improved their performance over
time (𝐷𝑊 > 0). It is worth noting that when 𝐷𝑊 is close to zero
and 𝑀𝐻𝐼 is close to one, indicators start from very high magnitude
levels and maintain them throughout the period considered. In the first
quadrant, we find 12 MDIs (6 pertaining to the central area and 6
to the peripheral area). In this quadrant, the MDIs common to both
areas are those relating to Den and Exp. In both cases, the evolutionary
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Fig. 2. MDIs for the center (red lines, GA) and periphery (blue lines, RA) of the Athens’ metropolitan region.
Fig. 3. Functional MDIs for the center (red lines, GA) and periphery (blue lines, RA) of the Athens’ metropolitan region.
growth is higher in the periphery, whereas the magnitude is higher in
the center in the case of Den and identical in the case of Exp. The
second quadrant (bottom right-hand panel) is defined by MDIs that
have a magnitude above the median value (𝑀𝐻𝐼 > 0.5) but whose
performance has worsened in the time interval considered (𝐷𝑊 < 0).
In this quadrant, we find 10 MDIs: 5 for the center and 5 for the
periphery. The MDIs common to both areas are Nat and Irr, with very
similar magnitude values and a decreasing trend that is greater in the
center in the case of Nat and greater in the periphery in the case of Irr.
The third quadrant (bottom left-hand panel) defines the worst situation
because it is defined by MDIs with 𝑀𝐻𝐼 < 0.5 and 𝐷𝑊 < 0. This is
6

the case of Cro for the center and Car for the periphery. Finally, the
fourth quadrant (top left-hand panel) includes MDIs with a magnitude
below the median (𝑀𝐻𝐼 < 0.5) but with a predominant improvement
of their performance (𝐷𝑊 > 0). In this quadrant, we find 4 MDIs: 2 for
the central area (Par and Car) and 2 for the peripheral area (Cro and
Dru).

To assess a global independence (or dependence) among MDIs of the
center and periphery, the distance correlation coefficient in Eq. (13)
is considered. The value of the sample distance correlation is equal
to 0.44, whose statistical significance is assessed using the distance
covariance test [32] with 1000 bootstrap replications to obtain the
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Fig. 4. 𝑀𝐻𝐼 −𝐷𝑊 plot for the MDIs of the center (in red, GA) and periphery (in blue, RA) of Athens’area.
Table 3
𝑀𝐻𝐼 and 𝐷𝑊 values with the corresponding quadrant in the 𝑀𝐻𝐼 − 𝐷𝑊 plot for
MDIs of Athens’ area.

MDI 𝑀𝐻𝐼 𝐷𝑊 Quad. MDI 𝑀𝐻𝐼 𝐷𝑊 Quad.

GADen 0.57 0.18 1 RADen 0.52 0.28 1
GANat 0.60 −0.11 2 RANat 0.55 −0.07 2
GAPar 0.47 0.21 4 RAPar 0.54 0.22 1
GANew 0.50 −0.11 2 RANew 0.53 0.14 1
GARoo 0.52 0.11 1 RARoo 0.55 −0.04 2
GACro 0.44 −0.10 3 RACro 0.48 0.11 4
GAIrr 0.52 −0.09 2 RAIrr 0.51 −0.24 2
GAEle 0.54 0.17 1 RAEle 0.52 −0.07 2
GACar 0.47 0.76 4 RACar 0.47 −0.25 3
GAAcc 0.51 0.02 1 RAAcc 0.52 −0.56 2
GAExp 0.54 0.08 1 RAExp 0.54 0.26 1
GAHos 0.54 −0.49 2 RAHos 0.51 0.07 1
GADoc 0.53 −0.05 2 RADoc 0.52 0.16 1
GADru 0.51 0.07 1 RADru 0.48 0.07 4

sampling distribution of the test statistic under the null hypothesis of
independence. The permutation test accept the null hypothesis yielding
a 𝑝-value equal to 0.67.

Dissimilarities between areas for each MDI are investigated using
the distance measure in Eq. (14) with 𝑟 = 1. The resulting pairwise
distances are reported in Table 4 together with the contribution of the
magnitude and the evolutionary component (𝛼𝛾 and 𝛼𝜂 , respectively)
to these dissimilarities. The largest differences between the two areas
refer to the MDIs Car, Acc and Hos, especially with reference to the
evolutionary component. Very low values of the distances are recorded
for the MDIs Dru, Par and Nat where, the weight of the magnitude
component appears to be stronger.

The analysis is performed in the R environment [45], using the ‘fda’
pachage for the functional approximation of MDIs. 𝑀𝐻𝐼 and 𝐷𝑊 are
performed using the MHI function of the R package ‘roahd’ [46] and
the DW function available in the supplementary material of Fortuna
et al. [18], respectively. Finally, the permutation test is implemented
in the R package ‘energy’ [47].
7

Table 4
Pairwise distances (𝑑𝑟(𝑥𝑖 , 𝑦𝑖)) among MDIs of the cen-
ter and periphery of the Athens’ metropolitan region,
together with magnitude (𝛼𝛾 ) and evolutionary (𝛼𝜂)
components.

MDI 𝑑𝑟(𝑥𝑖 , 𝑦𝑖) 𝛼𝛾 𝛼𝜂
Den 0.15 0.33 0.67
Nat 0.09 0.56 0.44
Par 0.08 0.88 0.12
New 0.28 0.11 0.89
Roo 0.18 0.17 0.83
Cro 0.25 0.16 0.84
Irr 0.16 0.06 0.94
Ele 0.26 0.08 0.92
Car 1.01 0.00 1.00
Acc 0.59 0.02 0.98
Exp 0.18 0.00 1.00
Hos 0.59 0.05 0.95
Doc 0.22 0.05 0.95
Dru 0.03 1.00 0.00

6. Discussion and conclusions

The paper employs FDA to explore the dynamics of MD, offering
a novel analysis that accounts for the multidimensional, non-linear,
and evolutionary characteristics of the phenomenon. This approach
enhances our understanding of complex relationships within metropoli-
tan regions, offering insights for a more general analysis of long-term
MD in advanced economies. Specifically, the contribution provides
interesting functional tools to identify multidimensional socioeconomic
dynamics [44,48] and reveals the bi-directional relationship of MD
paths in central and peripheral areas.

The FDA approach has proven to be an effective tool for understand-
ing long-term relationships in MD dynamics, as highlighted through
the simulation study. The inclusion of temporal variability and the
use of synthetic functional measures to evaluate MDIs distinguish this
approach. Indeed, the representation of each MDI as a smooth func-
tion over time provides a more realistic perspective on the long-term
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development of cities and surrounding regions. Moreover, functional
tools such as 𝑀𝐻𝐼 and 𝐷𝑊 , reflect the level and intrinsic dynamics
f MD. These two synthetic measures, represent the ground to build
functional distance-based system, able to quantify the relationship

etween concentric areas of the same territory, from both a global
with the distance correlation coefficient) and dimension-specific (with
airwise distances) perspective.

Our findings allow a rethinking of MD toward complexity. The study
hallenges the ‘traditional’ sequence of urbanization-suburbanization
aves, introducing counter-intuitive, reverse dynamics that reflect the

ndirect effects of suburbanization on the recovery of central cities
ost-economic decline and population shrinkage [49]. The proposed
pproach proved effective in disentangling the peculiar nexus between
erritorial dynamics of socioeconomic processes and spatial planning in
etropolitan regions, highlighting the latent interplay between central

nd peripheral locations [5,9,50]. The results outlined how changes
ver time in all dimensions of MD exerted a latent contribution toward
uburbanization [51]. This concurs with previously emphasized litera-
ure, confirming that the distinct temporal patterns observed between
he central city and suburbs strongly imply spatial heterogeneity in eco-
omic development [50,52], suggesting a more dynamic socioeconomic
ontext in the suburbs, particularly since the mid-1980s [53].

Furthermore, the distance correlation coefficient, computed in this
tudy using the same MDIs for both areas, can also be derived in
he less common scenario where the number of indicators is different.
his extension broadens the applicability of the proposed method to

nstances involving missing data in specific MD dimensions.
In conclusion, the comprehensive insights derived from the FDA ap-

roach have the potential to significantly contribute to the understand-
ng of urban studies and regional planning, providing policymakers
ith a novel perspective on MD dynamics.
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