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Abstract

In this thesis we study the long-time dynamics of a class of Kirchhoff-type partial differen-
tial equations, which provide fundamental examples of quasilinear Hamiltonian PDEs with
nonlocal nonlinearities.

In the first part of the thesis we focus on a special Kirchhoff equation introduced by Po-
hozaev, for which global-in-time existence is known to hold for sufficiently regular initial
data. Our goal is to understand this phenomenon from a dynamical systems perspective. To
this end, we perform a quasilinear normal form reduction of the associated vector field and
analyze the structure of the resonant terms at low orders. We show that all resonant interac-
tions up to a relatively high degree are ineffective in producing growth of Sobolev norms. As a
consequence, we obtain long-time stability results for small-amplitude solutions and improved
lower bounds on their lifespan.

In order to further investigate the dynamical properties of the equation, we study the
formal Birkhoff normal form of the corresponding Hamiltonian. By means of an algebraic
analysis based on formal power series, we prove that, despite the absence of effective resonances
at low orders, the system fails to be integrable at higher orders due to the presence of nontrivial
resonant terms.

In the second part of the thesis we consider a semilinear Kirchhoff-type equation and
address the existence of small-amplitude almost-periodic solutions. Adopting a dynamical sys-
tems viewpoint, the equation can be interpreted as an infinite chain of coupled harmonic
oscillators. We construct invariant tori supporting almost-periodic solutions by means of a
KAM scheme. Although the linear dispersion relation leads to a delicate small divisor prob-
lem, the special structure of the Kirchhoff nonlinearity allows us to overcome these difficulties.
We prove that, for almost every choice of the external potential, the equation admits infinitely
many weak almost-periodic solutions, among which infinitely many are classical and infinitely
many are non-classical.
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Chapter 1

Introduction

In the last years, a growing interest has been devoted to the study of the long-time dynam-
ics of nonlinear Hamiltonian partial differential equations. These equations naturally arise as
perturbations of linear, completely integrable models and describe a wide range of physical
phenomena.
A central question in this context is to understand whether the integrable structure of the lin-
ear equation persists, at least in an approximate sense, when nonlinear effects are taken into
account, and how this reflects on the long-time behavior of its solutions.

Among the various techniques developed to face this problem, normal form methods play
a fundamental role.
By means of suitable canonical transformations, these techniques allow one to simplify the
structure of the Hamiltonian near an equilibrium, isolating resonant interactions and elimi-
nating non-resonant ones up to a prescribed order.
This strategy has proved extremely effective in finite-dimensional Hamiltonian systems, where
it leads to precise stability results near elliptic equilibria, and it has been progressively extended
to infinite-dimensional settings, in particular to Hamiltonian PDEs.

A particularly complex class of problems is given by quasi-linear Hamiltonian equations, namely
equations whose highest-order derivatives appear linearly, but with coefficients that depend
on the unknown function or its lower-order derivatives.
In this case, the construction of normal form transformations becomes significantly more del-
icate, due to the appearance of unbounded operators and the possible loss of regularity. As a
consequence, only a few equations are known for which a detailed normal form analysis can
be successfully carried out.

Among these few examples, one finds Kirchhoff-type equations.
In their general form, they can be written as

∂ttu− f

(∫
Tn

|∇u|2 dx
)

∆u = 0, (1.1)

or, more generally, as second-order evolution equations of the form

u′′(t) + f
(
⟨Bu(t), u(t)⟩

)
Bu(t) = 0,

where B is a positive self-adjoint operator and f is strictly positive.
From a pure mathematical point of view, (1.1) is arguably the simplest example of quasilinear
hyperbolic equation, while from the mechanical point of view, these models naturally arise in
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the description of small transversal vibrations of an elastic string (n = 1) or membrane (n = 2).
However, despite their relatively simple appearance, Kirchhoff equations exhibit a highly non-
trivial dynamical behavior, and only in very special cases their long-time dynamics can be
understood in detail.
In particular, this thesis will focus on two different Kirchhoff-type problems:

1. In the first part (Chapters 2 and 3), we will consider the nonlinearity f(y) =
1

1 + cy
,

c ∈ R and the corresponding Kirchhoff equation

∂ttu−
( 1

1 + c
∫
Tn |∇u|2 dx

)2
∆u = 0. (1.2)

Equation (1.2) has been introduced in 1985 by Pohozaev [81] and, to the best of our
knowledge, it represents the only example of a Kirchhoff-type equation for which global-
in-time existence holds for all solutions in sufficiently regular Sobolev spaces (Hs, s ≥ 2).
This property contrasts with the behavior one expects from a quasilinear equation.
Even in the context of generic Kirchhoff equations, for which only local or almost-
global existence results are available, it represents a unique case.
Our aim is to understand the structural reasons behind the global well-posedness prop-
erty of (1.2), by investigating its dynamics, from the perspective of normal form theory.
In particular, we aim to clarify how the special nonlinear structure of the equation that
simplifies the possible resonances among Fourier modes influences the long-time be-
havior of solutions. The analysis is carried out by combining rigorous normal form
transformations at the level of the vector field with a complementary algebraic approach
based on the Birkhoff normal form of the associated Hamiltonian.
A key aspect of our study is the identification of resonant and non-resonant terms at
low orders and the analysis of their contribution to the evolution of Sobolev norms.
Surprisingly, we find that all resonant terms up to a relatively high order are ineffec-
tive in producing growth of Sobolev norms. This leads to long-time stability results for
small-amplitude solutions and provides a normal-form-based explanation for the global
existence phenomenon observed for the Kirchhoff equation.
To this aim, the invariance of the Fourier support of solutions, which is a key feature of
the Kirchhoff equations, plays a crucial role both in the rigorous normal form analysis
and in the formal Birkhoff normal form computations, and it enables us to bypass several
technical difficulties typically encountered in quasi-linear problems.

2. The second part of the thesis (Chapter 4) is devoted to the construction of small-amplitude
almost periodic solutions for the semilinear Kirchhoff-type equation

∂ttu− Λu+W ∗ u(t) + f
(
⟨Bu(t), u(t)⟩

)
Bu(t) = 0 (1.3)

where f is real analytic near the origin, W is a convolutional potential, Λ =
√
−∆ and

B is a bounded Fourier multiplier.
Adopting a dynamical systems point of view, equation (1.3) can be interpreted as an in-
finite chain of harmonic oscillators coupled through the nonlinearity f .
Following the pioneering approach introduced by Bourgain [33] for the quintic nonlin-
ear Schrödinger equation, and later refined and extended by Biasco, Massetti, and Pro-
cesi [24], [23], [25] to nonlinear Schrödinger equations with generic, non-translation-
invariant nonlinearities, the goal is to construct invariant tori supporting almost-periodic
solutions by means of a KAM scheme.
However, this approach strongly relies on the superlinear dispersive relation typical of
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Schrödinger-type equations, and it is not a priori clear whether it can be implemented
for wave-type equations such as (1.3).
The key point is that the structural properties inherited from the Kirchhoff nonlinear-
ity make it possible to overcome these difficulties. In particular, it will be shown that,
for almost every choice of the external potential, equation (1.3) admits infinitely many
small-amplitude weak almost-periodic solutions, among which infinitely many are clas-
sical and infinitely many are non-classical (Sobolev regularity).

1.1 Historical Preface

Equation (1.1) was introduced in 1876 by Kirchhoff [67] in one dimension with Dirichlet
boundary conditions, namely

utt − f

(∫ π

0
u2x dx

)
uxx = 0, u(0, t) = u(π, 0)

as effective models for the vibrations of elastic structures when one takes into account the
dependence of the tension on the deformation.
Independently, the same equation was rediscovered in 1945 by Carrier [34] and in 1968 by
Narasimha [78], as a nonlinear approximation of the exact model for the stretched string.
During the years, many authors studied the Kirchhoff equation from the point of view of the
Cauchy problem

u(x, 0) = u0(x), ut(x, 0) = v0(x).

The earliest contribution in this direction was the seminal work of Bernstein [18] in 1940 in
which he proved the local well-posedness for Sobolev initial data (u0, v0) ∈ H2 ×H1 and the
global well-posedness for (u0, v0) analytic.
Following this pioneering work, the study of Kirchhoff-type equations has developed along
several directions, the principal ones concern:

1. Local well-posedness;

2. Global well-posedness;

3. Long-time existence and qualitative dynamical properties of solutions.

While the questions related to the first direction are by now largely understood, with only
a few classical issues still open (we refer to [68] for a comprehensive survey), the second one
still presents several challenging open problems, which, to the best of our knowledge, remain
far from being completely resolved. The third direction, concerning long-time existence
and the qualitative dynamics of solutions, represents instead one of the most active and lively
research areas. It is precisely in this setting that techniques from dynamical systems theory
play a fundamental role, and it is within this framework that the present thesis is placed.
We collect the most important contributions:

1. Local well-posedness
Local existence has been proved in the last century with two opposite sets of assump-
tions.
Sobolev Regularity:
As we mentioned before, under these assumptions the first local existence result was
proved by S. Bernstein [18] and then extended by numerous authors, such as Dickey
[48], Medeiros and Milla Miranda [74] and Arosio and Panizzi [1].
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All these results, although in different settings, conclude that the Cauchy problem as-
sociated with (1.1) is well posed in the phase space (u0, v0) ∈ H

3
2 × H

1
2 with time of

existence of the order (∥u0∥ 3
2
+ ∥v0∥ 1

2
)−2.

Analytic Regularity:
Local existence under these hypotheses has been proved through several stages of gen-
eralization by Bernstein [18], Pohozaev [80], Arosio and Spagnolo [2], D’Ancona and
Spagnolo [40], and Hirosawa [63]. In these settings, the minimal assumption on the
nonlinearity f is continuity.

2. Global existence:
Global existence for Kirchhoff equations is more challenging. Despite extensive research
efforts, the problem of global-in-time existence for Kirchhoff-type equations remains
open and is still far from being understood in a general setting.
Even on compact domains, where dispersion, scattering and time-decay mechanisms are
not available, there are no results of global existence, nor of finite time blowup, for initial
data with Sobolev, or C∞, or Gevrey regularity There are no examples of local-in-time
solutions that blow-up in some sense in finite time. This remains one of the oldest and
most important open questions for Kirchhoff-type equations.
Throughout all these years, a few global existence results have been proved for the Kirch-
hoff, in very special cases. We collect some of them:
Analytic Data:
As mentioned before, problem (1.1) admits a global solution if both the initial data are
analytic with respect to the space variables (this is true also with external forcing terms).
Given the restrictive hypotheses on the initial data, this case requires rather minimal
assumption on f , which is only required to be continuous and nonnegative.
This result was first proved by Bernstein [18] in the one-dimensional case and then ex-
tended by Pohozaev [80] to problems like (1.3) in several space dimensions.
Quasi-analytic data:
Nishihara in 1984 [79] proved global existence for a class of initial data which strictly
contains analytic functions and is strictly contained in the Sobolev class.
The more general assumptions on the initial data, compared to the analytic case, require
in an essential way the Lipschitz continuity and the strict hyperbolicity of the nonlin-
earity.
In this framework, we also mention the work of Ghisi and Gobbino in 2011 [57] that
extended Nishihara’s result.
Special Nonlinearities:
In a completely different direction, S. I. Pohozaev [81] considered the special case where
the nonlinearity is given by

f(y) = (1 + cy)−2, c ∈ R (1.4)

and proved global existence for all initial data in H2 ×H1.
The central point is that, in the case of nonlinearity (1.4) (and in a certain sense only in
this case), equation (1.1) admits a second order nonnegative invariant which is constant
(see section A.1 for more details). From this, it is not difficult to obtain a uniform bound
in time on ∥u(t)∥2, ∥ut(t)∥1 and the global existence follows in a standard way.

For recent papers explaining this second-order conservation, we refer to the work of
Boiti and Manfrin [29]. Within the same framework, in [30] the authors also identified
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a third-order conservation law for equation (1.2), provided additional regularity is as-
sumed. Furthermore, under similar conditions, they demonstrated in [31] that equation
(1.2) actually admits conservation laws of all orders..
Dispersive equations
Global existence results have been obtained in the whole space Rd or in an external do-
main R\K for K compact.
In this setting, initial data have Sobolev regularity in the space variables, and satisfy
suitable smallness assumptions and decay conditions at infinity. We refer to [41] [60],
[73],[86] for precise statements.
Spectral-gap data and operators.
Global existence results have been established for ’spectral gap’ initial data, characterized
by a spectrum containing a sequence of large "holes". Equivalently, such results hold
whenever the eigenvalues of the operator B in (1.3) form a sufficiently fast-growing
sequence.
We refer to [56],[58], [70] for exhaustive discussions.

3. Long-time existence and qualitative dynamical properties of solutions
From a dynamical systems approach, several authors have improved lower bounds for the
time of existence of solutions to the Kirchhoff equation and have shown the presence of
recurrent or chaotic behaviors.

In [3], the existence of periodic solutions for the one-dimensional forced Kirchhoff equa-
tion is proved via the Nash–Moser method, both for periodic and Dirichlet boundary
conditions, exploiting the special structure of the nonlinearity.
Quasi-periodic solutions with small amplitude and Sobolev regularity are constructed
by Montalto in [76] for the one-dimensional forced Kirchhoff equation with periodic
boundary conditions. Related results in higher dimensions are obtained by Montalto
and Corsi in [38], where stability is not addressed. A reducibility result for the forced
Kirchhoff equation on Tn is proved in [77].
In [69], Liu and Xiang establish almost global existence and stability in Sobolev and
Gevrey regularity for the Kirchhoff equation on T1 with nonlinearity f(y) = 1 + y.
This result was achieved using the rational normal form techniques developed in [14].
Lower bounds on the lifespan of small-amplitude solutions on Tn are obtained by Baldi
and Haus in [6], improving the bound given by standard local theory. The optimality of
such bounds for general initial data is discussed in [7]. Under additional non-resonance
assumptions on the initial data, longer lifespans are proved in [5].
Finally, in [4], Baldi, Giuliani, Guardia, and Haus construct solutions whose Sobolev
norms exhibit chaotic oscillations over long time scales, a phenomenon referred to as
effective chaos.

1.1.1 Literature on Normal Form Methods For PDEs

Since the analysis carried out in this thesis relies on normal form arguments, we want to recall
some related results in the literature concerning long-time existence for Hamiltonian (semi-
linear and quasilinear) partial differential equations:

1. Semi-Linear Case
The literature on the long-time behavior of semi-linear PDEs has grown significantly,
starting from the seminal developments in Birkhoff normal form theory by Bambusi
[8], Bambusi and Grebért [13], Delort and Szeftel [46, 47].
These early frameworks laid the groundwork for extending such techniques to reversible
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systems [52] and for analyzing the dynamics on Zoll manifolds, where many founda-
tional insights were first consolidated [10].
A substantial part of the research has focused on the specific challenges posed by the
Schrödinger equation on the torus Td. This includes the study of normal forms in fully
resonant regimes [84], as well as stability analyses for specific solutions, such as plane
waves [50] and small finite-gap solutions on T2 [72].
The regularity of the initial data also plays a crucial role. While Faou and Grébert [51]
initially obtained sub-exponential stability times for analytic data on Td, these results
were later optimized in the 1D case by Biasco, Massetti, and Procesi [23] via refined
Diophantine conditions. Parallel to this, recent efforts by Bernier and Grébert [16, 17]
have pushed the boundaries of normal form theory into the regime of low-regularity
solutions.
A common thread among many of these results is the reliance on robust lower bounds
for the small divisors. However, the scenario changes when only weak non-resonance
conditions can be satisfied.
In this more restrictive setting, we refer to [53, 15, 65, 43], as well as to the recent work
of Bambusi, Feola, and Montalto [12]. Their analysis establishes almost global existence
for a wide class of Schrödinger-type equations, even on irrational tori where the small
divisor problem is particularly delicate.
We also mention the work [14], of Bernier and Grébert in which they develop and apply
the rational normal form to general classes of nonlinear Schrödinger equations on the
circle with a nontrivial cubic part and without external parameters.
For results in a more general setting, we refer to the work of Bambusi, Feola, Lan-
gella, and Monzani [11], where an abstract almost global existence result is established
for small, smooth solutions of certain semilinear PDEs on Riemannian manifolds with
globally integrable geodesic flow. More recently, in [9], Bambusi, Grébert, Bernier and
Imekraz proved a global existence result for semilinear Hamiltonian PDEs on generic
compact boundaryless manifolds.

2. Quasi-Linear Case
The transition from semi-linear to quasi-linear PDEs introduces a fundamental diffi-
culty:
indeed, when the nonlinearity involves derivatives of the unknown u, the standard
change of coordinates used in Birkhoff normal form theory becomes unbounded.
An early attempt to address this problem for pure-gravity water waves is due to Craig
and Worfolk [39]. The first fully rigorous results for quasi-linear equations were later
obtained by Delort.
In his studies of the Klein–Gordon equation, both on the circle [42] and on higher-
dimensional spheres [44], he introduced a paradifferential calculus based on multilinear
maps. These results strongly rely on the special structure of the Klein–Gordon equation,
namely a linear dispersion law (as in (1.1)) and a first-order nonlinearity.
A different approach was subsequently developed for equations with super-linear dis-
persion. This method was first applied to irrotational water waves in [19] and later to
the quasi-linear Schrödinger equation in [54].
The analysis in [19] makes essential use of time reversibility, which limits the long-time
existence result to the invariant subspace of standing waves. More recently, the parad-
ifferential Hamiltonian Birkhoff normal form has become a central tool in the study of
water wave equations. It has been used, for instance, to treat constant vorticity flows
[21] and to prove the Zakharov–Dyachenko conjecture [20].
Building on these ideas, Feola, Montalto, and Terracina [55] have recently proved the
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existence of time quasi-periodic traveling waves for three-dimensional gravity water
waves in finite depth on flat tori.

1.1.2 Hamiltonian Formalism And Fourier Spaces

We now introduce the Hamiltonian formulation of the Kirchhoff equation.
Although Kirchhoff-type equations are often studied from a purely PDE perspective, their
dynamics can be naturally embedded into an infinite-dimensional Hamiltonian framework.
This viewpoint is fundamental to investigate important structural properties of the equation,
such as the presence of conserved quantities and an underlying symplectic structure, and it
provides the natural setting for the application of normal form and dynamical systems tech-
niques.

Let us consider the space of Sobolev regular functions

Hs(Tn,C) := {u : Tn → C : ∥u∥2s :=
∑
j∈Zn

⟨j⟩2s|uj |2 <∞},

where ⟨j⟩ = max{1, |j|} and {uj}j∈Zn is the sequence of Fourier coefficients associated to u:

uj =
1

(2π)n/2

∫
Tn

u(x)e−ij·xdx.

In particular, we will identify a function u(x) =
∑

k∈Zn uke
ik·x, with the sequence of its co-

efficients.

By adopting the set of variables (u, v) = (u, ut), equation (1.3) can be decoupled in a sys-
tem of two partial differential equations of order one with respect to time, specifically:{

∂tu = v

∂tv = f
(∫

Tn |∇u|2 dx
)
∆u

. (1.5)

By considering the Hamiltonian H : Hs(Tn,R)×Hs−1(Tn,R)→ R,

H(u, v) =
1

2

∫
Tn

v2dx+
1

2
F

(∫
Tn

|∇u|2 dx
)
, F(y) =

∫ y

0
f(s)ds, (1.6)

we also have that system (1.5) can be written in the form{
∂tu = ∇vH(u, v)

∂tv = −∇uH(u, v)
,

where ∇uH and ∇vH are the gradients of H with respect to the real scalar product on L2:

⟨f, g⟩ :=
∫
Tn

f(x)g(x)dx, f, g ∈ L2(Tn,R).

In terms of the Fourier expansion of its solution u(t, ·) : Tn → R, system (1.5) turns into
the (infinite-dimensional) system of ordinary differential equations

ük(t) + f

∑
j∈Zn

|j|2|uj(t)|2
 |k|2uk(t) = 0, k ∈ Zn, (1.7)
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parametrized by k ∈ Zn.
The equation corresponding to the index k = 0 has the simpler form

ü0(t) = 0.

It is clear that one can decouple the equation for the coefficient u0, which corresponds to the
spatial mean of u ∫

Tn

u(t, x)dx,

from the others.
For this reason, without loss of generality, we can consider equation (1.1) restricted to the
space of zero-mean functions. In particular, we will set our problem in the space of complex
zero-mean Sobolev functions in the x-variable:

Hs
0(Tn,C) :=

u(x) = 1

(2π)n/2

∑
k∈Zn\{0}

uke
ik·x : uk ∈ C and ∥u∥s <∞


and its subspace of real Sobolev functions

Hs
0(Tn,R) := {u ∈ Hs

0(Tn,C) : u is real},

where
∥u∥2s :=

∑
k∈Zn\{0}

|k|2s|uk|2.

Finally, throughout the rest of this thesis, we will denote the open ball of radius r > 0 cenetrd
at the origin of Hs(Tn,C), for s ∈ R, with

Br (H
s(Tn,C)) := {u ∈ Hs(Tn,C) : ∥u∥s < r}.

A similar notation will be adopted also for Hs(Tn,R), Hs
0(Tn,C) and Hs

0(Tn,R).

1.1.3 Symmetries Of The Kirchhoff Equation

Following the results in [6], we summarize several fundamental structural properties of the
Kirchhoff equation. While these features are not central to the aim of this chapter, they will
be fundamental for the analysis performed in the next one.
These properties, which are ultimately linked to the special nonlinearity of the Kirchhoff-
type equations i.e. the integral terms, turn out to be very useful when one tries to perform a
Birkhoff normal form algorithm.

(1) First Integrals for the Kirchhoff:
If we consider the Hamiltonian momentum

M :=

∫
T
(∂tu)∇udx, (1.8)

a simple calculation shows that it is conserved by the dynamics generated by the Hamil-
tonian H .
In Fourier coordinates we have that

M = i
∑
j∈Z

juj
(
∂tu−j

)
=
i

2

∑
j∈Z

j
[
uj(∂tu−j)− u−j(∂tuj)

]
.

12



The momentum is hence the sum M =
∑
j∈Z

Mj , of infinitely many quantities

Mj :=
1

2
ij
[
uj(∂tu−j − u−j(∂tuj)

]
,

moreover, thanks to the special structure of the Kirchhoff equation, all of the Mj are
prime integrals. In fact, one has

∂tMj :=
1

2
ij
[
uj(∂ttu−j)− u−j(∂ttuj)

]
(1.7)
= 0

(2) Invariance of the Fourier Support:
If (u, ut) is a solution of (1.1) (and of (1.3)), the Fourier support at a given time t is
defined as the set of indices

S(t) = {j ∈ Zn : (uj(t), ∂tuj(t)) ̸= (0, 0)}. (1.9)

Lemma 1.1.1 Let (u, ut) be a solution of (1.1) with initial data (u0, v0), defined over an
interval of time [0, T ], then

S(t) = S(0) ∀t ∈ [0, T ].

Proof: By looking at (1.7) we have that if u0,j = v0,j = 0 for some j, then it must holds
uj(t) = 0 for all t. 2

This in particular implies that initial data supported on a finite subset of modes, gives
rise to global-in-time solutions, since in this case, equation (1.1) reduces to a finite di-
mensional Hamiltonian system with analytic Hamiltonian.

1.2 Main Results

We now collect the main results of this thesis:

1.2.1 Quasilinear Normal Form

In Chapter 2 we consider the Cauchy problem associated with the Kirchhoff equation (1.2)
on the n-dimensional torus Tn and with initial data u0 := u(0, ·), v0 := ut(0, ·) in Sobolev
class Hs(Tn,R)×Hs−1(Tn,R) and s greater than the regularity threshold given in Theorem
(1.2.1).

Equation (1.2) was first introduced in the work of Pohožaev [81] and represents, as far as
we know, one of the few examples of Kirchhoff equation for which global-in-time existence
holds for all solutions (see section A.1 for a detailed proof ). The aim of this chapter is to in-
vestigate this property by drawing a parallel with the known results of long-time existence
obtained via normal form theory.
Since this problem is set on the n−dimensional torus, the key step in our study is the analysis
of the resonances:
after reducing equation (1.2) to a first order system in complex variables

zt = L[z] +
∑
k∈N
Nk(z) (1.10)
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with L linear part and Nk nonlinear terms of degree k, we seek a transformation, Φ, that
conjugates system (1.10) to one in Normal Form up to order K, i.e. a system

wt = L[w] +
K∑
k=2

Zk(z) +R≥7(z) (1.11)

for which the vector fields Zk commute with the linear part.
The main issue in our in our setting is to propagate energy estimates for the remainder terms
of system (1.11), verifying in particular that R≥7 is a bounded vector field in Hs.
An additional difficulty arises from the quasi-linear structure of (1.2), which makes the con-
struction of the normal form map Φ more delicate:
ensuring that Φ is bounded from a ball of Hs(Tn,R) × Hs−1(Tn,R) around the origin and
close to the identity presents technical challenges that are directly addressed to the presence
of derivatives in the nonlinearity.

In order to overcome this structural difficulties one is forced to perform a preliminary nonlin-
ear transformation to diagonalize the operator at its highest orders. Such a transformation is
achieved by making extensive use of the special nonlinear structure of the Kirchhoff equation,
that on one hand restricts the possible interactions and resonances between the different modes
and, on the other hand, allows one to directly apply tools from the para-differential calculus
to (1.2), simplifying the energy estimates.

The methodologies used to tackle our problem have been developed by Baldi and Haus in
[6], where they studied an analogue problem but with a different aim:
in their work, in fact, they considered the Cauchy problem for the Kirchhoff equation

utt −
(
1 +

∫
Tn

|∇u|2dx
)
∆u = 0,

with initial data of small amplitude ε in Sobolev class with the purpose of improving the lower
bound for the existence time of the solutions, given by the standard local theory.

Their method is deeply inspired by the works of Delort in [42], [45] in which he constructs a
normal form for quasilinear Klein-Gordon equations on the circle. A pivotal role in our anal-
ysis is played by Bony’s paradifferential calculus (see [32], [64] and [75]), a framework based
on a multi-scale decomposition to handle nonlinearities.
A key idea from J-M. Bony is that one can replace (para-linearize) nonlinear expressions,
hence nonlinear equations, by para-differential expressions, up to smoothing remainders (that
are presumed to be harmless in the derivation of estimates).
This decomposition is crucial for treating quasi-linear equations, where the main challenge is
the presence of derivatives in the nonlinear terms. As shown by Delort, by replacing standard
nonlinearities with paradifferential ones, one can perform a paradifferential normal form re-
duction.
Ultimately, this procedure removes problematic non-resonant terms without increasing the
order of the operators, thus avoiding the loss of regularity that typically arises in the quasilin-
ear setting. In this respect, the Kirchhoff equation is particularly well suited to this approach,
since it is already written in a paralinearized form.

Let us consider the Hamiltonian formulation of equation (1.2), namely{
∂tu = ∇vH(u, v)

∂tv = −∇vH(u, v)
. (1.12)
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The main result of this chapter is the following:

Theorem 1.2.1 [61] For n ∈ N, let

m0 =

{
1 if n = 1
3
2 if n ≥ 2

(1.13)

For every s ≥ m0 there exists a r ≥ 0 and a bounded, injective transformation

Φ : Br (H
s(Tn,R))×Br (H

s(Tn,R))→ Hs+ 1
2 (Tn,C)×Hs− 1

2 (Tn,C)

that conjugates system (1.12) to a system of the form

∂t

(
z
z̄

)
= X (z, z̄) = D1(z, z̄) + Z3(z, z̄) + Z5(z, z̄) +R≥7(z, z̄)

The vector field D1 is linear. The vector fields Z3, Z5 commute with D1 and contain only terms of
homogeneity 3 and 5, respectively.
Moreover D1, Z3 and Z5 do not contribute to the energy estimates, namely the Sobolev norms of the
solutions of the truncated system

∂t(z, z̄) = D1(z, z̄) + Z≤6(z, z̄)

are constant. Finally, the vector field R≥7 contains only terms of homogeneity ≥ 7 and is bounded.

Remark 1.2.1 We emphasize that the fact that the remainder R≥7 maps Hs into itself it is crucial
for performing the energy estimates on the solutions.

Remark 1.2.2 The variation of the regularity threshold m0 in (1.13) with respect to the dimension
n, is linked to the fact that the coefficients of the map Φ have denominators of the form |j| − |k|, for
j, k ∈ Zn\{0} (see Remark 2.4.1). While in the one-dimensional case this difference is always greater
than 1, for n ≥ 2 it can accumulate near zero with a lower bound of the form ||j|−|k|| ≥ 1/(|j|+|k|).
This causes the additional loss of half a derivative that occurs in the multidimensional case.

Remark 1.2.3 As anticipated before, the proof of Theorem 1.2.1 relies on the techniques developed in
[6], [7] for a related problem. In these works, however, the construction of such a transformation shows
an analogue integrable behaviour only for the resonant cubic terms, while it fails for the quintic ones.
This is, as will be shown in Section 2.5, ultimately a consequence of the particular nonlinearity of
equation (1.2).

Theorem 1.2.1 yields two dynamical consequences.

1. The works of Dickey [48], Arosio-Panizzi [1] and Pohožaev [80], guarantee the exis-
tence of the solutions of (1.2) for initial data in Hs ×Hs−1 with s ≥ 3

2 and provide an
upper bound on the time of existence of order ε−2, where ε denotes the size of the initial
data.
On the other hand, the theorem of Pohožaev [81] ensures existence for all times, only
above the regularity threshold of s = 2.
In this regard, Theorem 1.2.1 provides us an improved lower bound for the case s ∈
[3/2, 2):
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Theorem 1.2.2 There exist universal constants ε0, C such that the following holds:
if (u0, v0) ∈ Hs(Tn,R) × Hs−1(Tn,R) with s ∈

[
3
2 , 2
)

and ∥u0∥s + ∥v0∥s−1 ≤ ε0, the
equation (1.2) admits a unique solution u ∈ C0([0, T ], Hs(Tn,R))∩C1([0, T ], Hs−1(Tn,R))
with

T ∼ (∥u0∥s + ∥v0∥s−1)
−6

and
max
t∈[0,T ]

∥u(t)∥s + ∥∂tu(t)∥s−1 ≤ C(∥u0∥s + ∥v0∥s−1). (1.14)

2. Theorem 1.2.1 shows that equation (1.2) can be transformed into an equation that is in
normal form up to order seven. This means that nonlinear terms up to this order only
produce effective interactions among the modes corresponding to the same Sobolev
weight, namely terms of the form∑

j∈Zn:|j|=k

|uj |2, k ∈ N.

These quantities, called superactions, are then constants of motion for the truncated
system.
As a consequence, the dynamics of the transformed equation exhibits long-time stability
and no effective energy transfer occurs at these orders.
As for the original equation, this implies that equation (1.2) exhibits long-time stability
for small initial data, and that any possible energy transfer or instability mechanism can
only arise from nonlinear effects of order eight or higher:

Corollary 1.2.1 For sufficiently small initial data of size ε the dynamics of the superactions
is approximately constant for times of order ε−6

Remark 1.2.4 In the one-dimensional setting, both Theorem 1.2.1 and Corollary 1.2.1 lead to
stronger consequences: the superactions reduce, in this case, to the usual actions {|uj |2}j∈Z, and
our results translate, respectively, into the integrability of the transformed system up to order six
and the stability of the actions over time scales of order ε−6.

Given the unexpected properties of the resonant terms highlighted by Theorem 1.2.1,
one may conjecture that the resonant terms exhibit the same behaviour at all orders of the
normal form. This would provide strong evidence for the integrability of equation (1.2) in the
one-dimensional case, and would also imply the conservation in time of the Sobolev norms
of its solutions in all dimensions. In the next chapter, we will continue our calculations at a
formal level, up to the eighth-order Birkhoff normal form, showing that the expectation of
integrability in the above sense fails.

1.2.2 Sketch of the Proof

As discussed previously, (1.2) is a Hamiltonian PDE, in the sense that it can be written in the
form

∂t

(
u
v

)
= J

(
∇uH
∇vH

)
, (1.15)

with

J =

(
0 I
−I 0

)
(1.16)
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and

H(u, v) =
1

2

∫
Tn

v2dx− 1

2c

(
1

1 + c
∫
Tn |∇u|2 dx

)
.

The main tool in our study is the analysis of the resonant terms of order up to 5 in (1.15).
The strategy consists in performing preliminary changes of variables in order to put (1.15) in
a more suitable form and then apply a nonlinear normal form transformation.

Diagonalization and Symmetrization:
We start by introducing a set of symmetrized complex coordinates

(z, z̄) =
1√
2
(Λ

1
2u+ Λ− 1

2 v,Λ
1
2u− Λ− 1

2 v),

where Λ =
√
−∆.

With this change, the linear wave operator becomes diagonal, and system (1.15) becomes∂tz = −iΛz −
i
2µ (Q(z, z̄)) (Λz + Λz̄) ,

∂tz̄ = iΛz̄ + i
2µ (Q(z, z̄)) (Λz + Λz̄) ,

(1.17)

where
µ(x) =

1

(1 + cx)2
− 1, Q(z, z̄) =

1

2
⟨Λ(z + z̄), z + z̄⟩ , (1.18)

and ⟨·, ·⟩ is the standard scalar product on L2(Tn,R).
Let us note that (1.17) is again a Hamiltonian system with Hamiltonian

H : H
1
2 (Tn,C)×H

1
2 (Tn,C) −→ R

(1.19)

H(z, z̄) = ⟨Λz, z̄⟩ − 1

2c

[ (
c
2⟨Λ(z + z̄), z + z̄⟩

)2
1 + c

2⟨Λ(z + z̄), z + z̄⟩

]
.

This set of coordinates turns out to be particularly useful for studying the structure of
the resonant terms. In fact, since system (1.17) has the form

∂t

(
z
z̄

)
= F(z, z̄) =

(
F1(z, z̄)
F2(z, z̄)

)
, (1.20)

where the vector field F has the real structure F2(z, z̄) = F1(z, z̄), one has that the
energy estimates for its solutions yields:

∂t∥z∥2s = ∂t⟨Λsz,Λsz̄⟩ = 2Re
(
⟨Λ2sz,F1(z, z̄)⟩

)
. (1.21)

Block Diagonalization:
System (1.17) can be interpreted as a (para-)linear system of the form

∂t

(
z
z̄

)
= iL(z, z̄)

(
Λz
Λz̄

)
, (1.22)

where L(z, z̄) is a matrix of the form(
L1,1(z, z̄) L1,2(z, z̄)
L2,1(z, z̄) L2,2(z, z̄)

)
,

17



whose entries are multiplicative operators of the form

L1,1(z1, z2) = −L2,2(z1, z2) =
(
− 1− 1

2
µ (Q(z1, z2))

)
[·]

(1.23)

L1,2(z1, z2) = −L2,1(z1, z2) = −
1

2
µ (Q(z1, z2)) [·].

When one tries to perform energy estimates on the Sobolev norm ∥z∥s, the off-diagonal
unbounded terms cause a loss of half a derivative, in particular

∂t∥z∥2s ≤ c∥z∥21
2

∥z∥2
s+ 1

2

and this is closely related to the quasilinear structure of the problem.

In order to overcome this difficulty, one must perform a nonlinear transformation and
diagonalize, up to bounded remainders, the operator valued matrix L.
This transformation, namely Φ(2), is bounded from Hs(Tn,C) into itself and has the
form (2.24).
The variables (z, z̄) are conjugated to a new pair of complex-conjugate variables, namely
(η, η̄). In the new coordinates system (1.22) is:

∂tη = −i (1− cQ(η, η̄)) Λη − ic (1− cQ(η, η̄))

2
(⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩) η̄,

∂tη̄ = i (1− cQ(η, η̄)) Λη̄ − ic (1− cQ(η, η̄))

2
(⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩) η.

(1.24)

The advantage of this form is that non-diagonal terms of (1.24) are operators of order
zero, while the diagonal ones, namely those of the form

D(η, η̄) = −i (1− cQ(η, η̄))

(
Λη
Λη̄

)
,

are harmless. Indeed, let us write system (1.24) in the form

∂t

(
η
η̄

)
= D(η, η̄) + B(η, η̄)

where

B(η, η̄) = − ic(1−Q(η, η̄))

2

(
⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩

)(η̄
η

)
is the non-diagonal part of (1.24). By computing the time derivative of the Sobolev
norm of a solution η of (1.24), we have

∂t∥η∥2s = 2Re
(
⟨Λ2sη,B(η, η̄)⟩

)
.

The growth of η in norm, therefore, is entirely determined by the non-diagonal terms.
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First Normal Form Step:
In order to understand the dynamics of the solutions, we have to quantify more precisely
the contribution of X3 and hence to analyze its resonant terms:
we then perform a normal form step by constructing a transformation Φ(3) that conju-
gates the system (1.24) into one without non-resonant, third-order terms.
The main issue is to ensure that Φ(3) is well-defined and invertible in a ball around the
origin of some Sobolev space Hs. This is closely related to the presence of small divisors
of the form

1∣∣|j| − |k|∣∣ , j, k ∈ Zn.

Quantities of this form are uniformly bounded by a constant if n = 1 and by 2|j|, 2|k|
for n ≥ 2, and this causes the additive loss of half a derivative in the definition of the
regularity threshold m0 in (1.13).
After the normal form step procedure, we obtain a system of the form

X(1)(w, w̄) = (I + P(w, w̄))D1 +XRes,3(w, w̄) +X
(1)
≥5 (w, w̄), (1.25)

where P is a real, negative function and Xres,3 is the resonant cubic part.
Unexpectedly, the surviving cubic term does not contribute to the Sobolev norm growth
of the solutions, indeed

Re
(
⟨Λ2sw⟩XRes,3(w, w̄)

)
= 0, s ≥ m0

and hence, by (1.21)

∂t∥w∥2s = Re
(
⟨Λ2sw, X

(1)
≥5 (w, w̄)⟩

)
.

It follows that the norm evolution of the solution of (1.25) is truly determined by the
terms of order greater than 5.

Second Normal Form Step:
In Section 2.5, we perform a similar analysis on the quintic resonant terms:
via the normal form transformation Φ(4), we conjugate system (1.25) to another one of
the form

X(2)(q, q̄) =

(
1 + P̃(q, q̄)

)
· (D1(q, q̄) +XRes,3(q, q̄)) +XRes,5(q, q̄) +X

(2)
≥7 (q, q̄),

The construction of Φ(4) is carried out with the same techniques as in the previous step,
the only difference lies in the higher complexity given by the quintic order.
Surprisingly, the structure of the small divisors (and hence of the resonant terms) is
unchanged with respect to the first step.
This is ultimately related to the particular nonlinearity of (1.2) that prevents the presence
of more complex small divisors of the form

1∣∣∣|j1| ± |j2| ∓ |j3|∣∣ , j1, j2, j3 ∈ Zn. (1.26)

In fact, the resonant terms in XRes,5 of the form

qj1q−j1(qj2q−j2)
±q∓j3 , q+ = q, q− = q̄,
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that give rise to small divisors of the form (1.26), have vanishing coefficients.
Thanks to this special property, also in this case, the quintic resonant terms do not con-
tribute to the growth of solutions, in the sense that

Re
(
⟨Λ2sq, XRes,5(q, q̄)⟩

)
= 0, s ≥ m0

1.2.3 Formal Birkhoff Normal Form

The aim of Chapter 3 is to continue the analysis of the previous chapter. It will be shown that,
if we consider the Hamiltonian (1.19) associated with the equation (1.2) in complex coordi-
nates, then it is impossible to find a (symplectic, close to identity) map, such that the resonant
degree-8 terms of the resulting Hamiltonian give a non-zero contribution to the growth in
Sobolev norm of its solution. This is implied by Theorem 1.2.3.
For this purpose, we adopt a different and more algebraic approach based on the use of the
Birkhoff normal form within the framework of formal power series. This is outlined in Sec-
tion 3.1.1. The main advantage of this method is that all computations are performed only at
a formal level (although one can show that the corresponding maps are indeed well defined),
which enables us to write everything in a cleaner way and to bypass the difficulties arising
from the quasi-linear nature of the Kirchhoff equation. On the other hand, this approach
makes it possible to better exploit the symmetries inherent in the nonlinear structure of the
Kirchhoff equation. The main tools used in this section are the following:

(1) Formal BNF:
We translate our problem into the more abstract language of formal power series defined
on complex sequences, which arise naturally from the Fourier expansions of Hamilto-
nian partial differential equations.
Starting from a Hamiltonian of the form

H = H2 +
∑
j>2

Hj

where H2 represents the diagonal quadratic part and each Hj is a formal homogeneous
polynomial of degree j, we construct a formal canonical transformation Φ in order to
remove all non-resonant monomials up to an arbitrary finite order k.
The resulting transformed Hamiltonian is in Birkhoff normal form, taking the form:

H ◦ Φ = H2 +
∑

2<j≤k

Zj +Rk+1

where the Zj are resonant homogeneous polynomials of degree j, in the sense that they
Poisson commute with H2.
Consequently, the Hamiltonian is reduced, at any prescribed order, to a normal form
whose dynamics is entirely determined by its resonant terms, while the non-resonant
dynamics are relegated to higher-order remainders. Finally, this analysis is conducted in
a purely formal setting, focusing on the algebraic structure of the transformation without
addressing convergence or analytic estimates.
Within this framework, we can reproduce more efficiently the first two normal-form
steps carried out in the previous chapter, obtaining the same results concerning the
resonant terms of degree 4 and 6 of the Hamiltonian (that correspond to degree 3 and 5
of the vector field), and then focus our attention on the analysis of the degree-8 terms.
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(2) Formal Variables:
The key step consists of rewriting the Hamiltonian (1.19) associated with the equation
in a new set of (formal) variables, denoted by I = (|zj |2)j∈Z and W = (zjz−j), which
highlights the special structure of the Kirchhoff equation and particularly those terms
whose dynamics preserve the linear (super)actions.

Lemma 1.2.1 Let us define the quantitiesH2 :=
∑

k∈N k(Ik+I−k) andP :=
∑

k∈N k(Wk+
W̄k).
The Hamiltonian (1.19) associated to system (1.17) can be formally written as

H = H2 +
∑
n≥1

H2n

where
H2n =

(−1)n+1

2
cn (H2 + P )n .

Note that these variables are, however, not a symplectically conjugated pair, they merely
provide a more convenient representation of the Hamiltonian that allows one to distin-
guishing the terms that are harmless, i.e. the formally action preserving terms that can
be written only in terms of Ij , from other terms.
This particular writing is possible only for an equation with integral nonlinearity like
the Kirchhoff. In fact the structure of the Kirchhoff-correction term drastically reduces
the possible interactions between different modes.

(3) Invariance of the Fourier Support:
As we pointed out in Remark 2.3.3, the Fourier support is an invariant for system (1.17).
This can alternatively be rephrased

Lemma 1.2.2 Fixed any set of indices S ⊂ N then the subspace

ΩS := {z ∈ Hs(T) : zk = 0 if |k| /∈ S}

is invariant for the flow of (1.17)

This is fundamental for two reasons: We can reduce our problem to the study of Hamil-
tonians that are formal power series on spaces of sequences, bypassing all regularity is-
sues. The arguments are then made rigorous by considering solutions supported on
finite sets of modes.
Second, while our analysis is restricted to the one-dimensional case, this does not en-
tail a loss of generality. Due to the invariance of the Fourier support (Lemma 1.2.2),
one can always reduce the problem to one-dimensional invariant subsets to prove the
non-integrability of the resonant degree-8 terms.

The main result of this chapter is the following

Theorem 1.2.3 [71] There exists a ( formally) symplectic transformation Φ such that

HBNF := H ◦ Φ = H2 + Z4 + Z6 + Z̃8 +R≥10,

where H2, Z4, Z6 are resonant, homogeneous terms of degree respectively two, four and six, which
are also formally action preserving. The term Z̃8 collects the resonant degree-8 monomials, of which
infinitely many are not action preserving. Finally, the term R≥10 collects all the remaining monomials
with degree greater than or equal to 10.
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Even if our result is only on a formal level, thanks to Lemma 1.2.2 it can be made rigorous by
restricting ourselves to finite dimensional subspaces of sequences.
From theorem 1.2.3 it follows that

Corollary 1.2.2 The Hamiltonian (1.19) is not formally action preserving, in sense of Definition
3.1.6.

It is important to stress that, the above theorem holds also in a non-formal way thanks to the
subspace invariance of the Kirchhoff.
One may ask if there is a particular choice of the nonlinearity F in (1.6) for which the Hamil-
tonian is formally action preserving.
With the same techniques used for Theorem 1.2.2 we can prove the following result:

Theorem 1.2.4 Every Hamiltonian H of the form (1.6), is not formally action preserving. In par-
ticular, if we consider the 8th-order formal Birkhoff normal form of H , it is always possible to exhibit
infinitely many degree-8 resonant terms which are not action preserving.

1.2.4 Formal BNF vs Normal Form

In Chapter 2, we adopted a non-formal normal form procedure that consists of a prelimi-
nary block-diagonalization procedure performed in section 2.3.2 together with two steps of
Poincaré normal form on the resulting vector field. The main advantage of this technique is
that all the maps involved are bounded transformations of the phase space Hs, which allows
one to perform energy estimates on the solutions.
The drawback, however, is the loss of the original symplectic structure of the Kirchhoff equa-
tion.The method of Chapter 3, on the other hand, is based on an abstract version of the usual
Birkhoff normal form (BNF) algorithm, adapted for the framework of formal power series on
sequence spaces. Even if the formal BNF method does not require extension to Hamiltonians
defined on spaces of Sobolev class functions, it can be carried out with cleaner calculations.
Moreover, the maps involved are all formally symplectic. We also stress that the formal BNF
procedure can be made rigorous by restricting ourselves to the space of finite support sequences
(initial data with finite Fourier support).
Despite their structural differences, both methods rely on the cancellation of non-resonant
terms and the study of the remaining resonant ones. The former is performed directly on the
vector field, while the latter is applied to the Hamiltonian. At this point, one may ask if the
resonant terms produced by the two approaches coincide.
A similar identification argument was used by Berti, Feola, and Pusateri in [20] in the con-
text of the water wave equation. Their goal was to identify the degree-4 resonant monomials
obtained through a formal BNF procedure with the ones obtained by means of a rigorous
(yet non-symplectic) normal form transformation. The core of their argument relies on the
uniqueness of the solutions of the quadratic homological equation, which stems from the ab-
sence of 3-wave resonances. This result, however, holds only for resonances of degree-4 and,
to our knowledge, cannot be extended to higher orders.
A related result of this nature was provided by Kappeler and Pöschel [66] (Theorem G.1).
Their result ensures that the normal form is unique at each step, provided that the eigenvalues
of the linearized operator are non-resonant. Both results stated above rely on a strong non-
resonance condition on the linear part. Due to the strongly resonant structure of the Kirchhoff
equation, whether such an identification argument could also work in our case deserves further
investigation.
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1.2.5 Almost Periodic Solutions

Chapter 4 is devoted to proving the existence of almost-periodic solutions for equation (4.2)
that is a semilinear version of the Kirchhoff equation.
In complex variables we consider a family of PDEs on the one-dimensional torus, with an
external parameter (potential):

iut = −Λu+ V ∗ u+ f

(∫
T
(u+ ū)B[u+ ū]

)
B[u+ ū], (1.27)

where f is a real analytic function in a neighborhood of y = 0 with a zero of order at least 2
in y = 0 and Λ, V, B are Fourier multipliers such that

1. V ∗ eikx = |k|Ṽkeikx for {Ṽk}k∈Z ∈ ℓ∞ symmetric.

2. Λ =
√
−∆ and Λeikx = |k|eikx

3. B[eik·x] = bke
ik·x for {bj}j∈Z ∈ ℓ∞

Much of the literature concerning PDEs of this kind focuses on the construction of so-called
quasi-periodic solutions in time, that is, functions of the form u(t, x) = U(tω1, . . . , tωn, x),
with x ∈ T, ω = (ω1, . . . , ωn) a vector of rationally independent entries, and U : Rn+1 → R
periodic.
The principal techniques employed to face this problem, come from the theory of dynamical
systems and have been extended to the infinite dimensional setting. One of the most impor-
tant is to look for invariant manifolds on which the dynamics is linear and is given by the map
φ→ φ+ tω.
This idea is implemented by means of the so-called KAM procedure:
it consists in an iterative super-quadratic scheme, which, by performing infinitely many canon-
ical transformations, brings the Hamiltonian associated to the PDE into another one which
has a finite dimensional invariant torus at the origin.
The principal problem arising in the search of such quasi-periodic solutions is the presence of
the so-called “small divisors”, which are arbitrary small quantities appearing in the denomi-
nators when one computes explicitly the approximate perturbative series. In particular they
arise at each step of the iteration in solving the so-called homological equation.
In the usual KAM framework, such equations are constant coefficients linear PDE, which can
be solved by imposing the strong non resonance conditions on the frequency ω.
Unfortunately, being supported on finite dimensional tori, such solutions have no chance to
be typical with respect to any reasonable measure one can define on the phase space: even for
integrable models typical solutions are supported on infinite dimensional tori.
It is reasonable to suppose that such behavior is preserved when it comes to close to integrable
PDEs.
With these premises, a natural direction is the study of the almost-periodic solutions, i.e. uni-
form limits of quasi-periodic ones see [27], [28], [26] and the references therein).
A first main difficulty is that the structure of the small divisors involved:
in fact, it is well known that in constructing finite-dimensional invariant tori the non-resonance
conditions become weaker as the dimension increases.
To overcome this difficulty, we need to impose some strong (Diophantine) condition on the
eigenvalues of the linear part. For this purpose, it is convenient to consider families of PDEs
depending on as many parameters as the dimension of the invariant tori one aims to construct.
The simplest way of introducing such parameters is through an external potential.
This is the core of the method developed by Bourgain for the quintic NLS, in his seminal
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work [33] and then refined and generalized by Biasco-Massetti-Procesi [24], [23], [25] to the
NLS with generic, non-translation invariant, non-linearity.
Following this approach, our goal is to prove the existence of almost-periodic solutions for
(1.27), both with high regularity (Gevrey, Analytical) and low regularity (Sobolev).
The main difference with the above mentioned problems resides in dispersion law (quadratic
for the NLS, linear for (1.27)), that a priori results in more restrictive Diophantine conditions.
This feature is crucially exploited in the strategy developed by Cong and Yuan in [36] for the
NLW equation.
In our case, in order to overcome this difficulty while still taking advantage of the non-
resonance conditions introduced in [33], we rely on the special structure of the nonlinearity:
in particular, as is shown in section 4.1.1, equation (1.27) is closely related to the Kirchhoff
equation with which it shares the same structural symmetries. This allows to carry on the
KAM scheme imposing similar non-resonance conditions with the one used for the NLS.

Hamiltonian Structure and Almost-Periodic Solutions
Equation (1.27) is a Hamiltonian system with Hamiltonian

H(u, ū) =

∫
T
u · Λū+

1

2
F

(
1

2

∫
T
(u+ ū)B[u+ ū]

)
+

1

2

∫
T
V ∗ |u|2,

F(y) =

∫ y

0
f(s), ds (1.28)

with respect to the classical symplectic form ω(u, v) = Im
(∫
uv̄
)
.

In the following, we will consider analytic non-linearity f such that

|f |R :=
∞∑
d=1

|f (d)|Rd <∞ (1.29)

for some R > 0, where f(y) =
∑∞

d=1 f
(d)yd is the Taylor expansion of f at the origin.

We are particularly interested in weak solutions of (1.27), according to the following

Definition 1.2.5 (Global in Time Weak Solution)
A function u : R2 → C, 2π-periodic in the second variable x,is a weak solution of (1.27), if

1. The map t→ u(t, ·) ∈ L2(T) is continuous;

2. For every compactly supported, smooth function φ : R2 → R one has∫
R2

[
(−iφt + φxx)u−

(
V ∗ u− f

(∫
T
(u+ ū)B[u+ ū]

)
B[u+ ū]

)
φ

]
dtdx = 0.

The main results of this Chapter are summarized in the following statement:

Theorem 1.2.6 For almost every Fourier multiplier V there exist infinitely many (small-amplitude)
weak almost-periodic solutions of (1.27).
Infinitely many of them are classical while infinitely many are non-classical.

From now on, we will operate in the Fourier setting and identify each function u with the
sequence of its Fourier coefficients {uj}j∈Z.
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We consider the space ℓ2(C) endowed with the standard symplectic form iduj ∧ dūj .
Within this framework, equation (1.27) is the Hamiltonian system

u̇j = (|j|+ Vj)uj + f

1

2

∑
j∈Z

bj(uj + ū−j)
2

 bj(uj + ū−j), j ∈ Z,

namely, an infinite lattice of harmonic oscillators, with frequencies |j| + Vj , coupled by the
non-linearity f .
The associated Hamiltonian (1.28) on the other hand becomes

H(u) =
∑
j∈Z

(|j|+ Vj)|uj |2 + F

1

2

∑
j∈Z

bj(uj + u−j)
2

 .

If we restrict ourselves to the linear case, i.e. when f = 0, the Hamiltonian HL consists
only of its quadratic part and the linear actions |uj |2 are all conserved, moreover, for u(0) =
{uj(0)}j∈Z, the corresponding solution is given by

uL(t, x) =
∑
k∈Z

uk(0)e
i(k·x+λkt), λk = |k|+ Vk.

Let us note that, if only a finite number of initial modes uj(0) are non-zero, the associated
solution u is quasi-periodic and inherits the regularity from the initial data.
On the other hand if the set of initial excited modes is infinite, then u is time almost periodic,
being the uniform limit of the truncations

∑
|j|≤N

uje
i(j·x+λjt) but its regularity is more complex

to determine and requires further discussions.
In this case, being the linear actions constants of motion, we have that every solution is sup-
ported on an invariant torus in the sense that its dynamics is confined to the set

TI :=
{
u : |uj |2 = Ij

}
, (1.30)

for a given sequence Ij = |uj(0)|2.
By construction, moreover it follows that the dynamics of HL restricted to TI is linear with
frequencies λj .

A natural question is whether this kind of solutions continue to exist once we take into
account the non-linearity.
In this direction, a natural attempt is to try to construct a symplectic change of variables Φ
defined in some open ball centered at the origin, such that the resulting Hamiltonian H ◦ Φ
still has the invariant tori with given linear frequency ω. To this aim, we consider the following
definition:

Definition 1.2.7 (KAM Torus)
Let us consider a sequence Ij such that

√
I := {

√
Ij}j∈Z and the associated flat torus TI defined in

(1.30).
We say that TI is a KAM torus of frequency ω for the Hamiltonian

N(u) =
∑
j∈Z

ωj |uj |2 + P (u),

if the Hamiltonian vector field XP := i∂P∂ū vanishes on TI.
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It is clear that every KAM torus is invariant under th flow of N , moreover, the restricted
dynamics is linear with frequency ω, namely

uj(t) = uj(0)e
iωjt, |uj(0)|2 = Ij .

The construction of such tori relies crucially on solving the Homological Equation (equation
(4.42)) in a suitable Hamiltonian functional space.
It is well known that this cannot be achieved for all the values of ω, in fact we have to restrict
ourselves to a set of "good frequencies" satisfying suitable non-resonance conditions:
following the theoretical framework delineated in [33] we fix the hypercube

Q =

{
ω = (ωj)j∈Z ∈ RZ : sup

j
|ωj − |j|| ≤

1

2

}
.

and define the set of the Diophantine frequencies as

Definition 1.2.8 (Diophantine Frequencies)

Dγ :=

ω ∈ Q : |ω · ℓ| > γ
∏
j∈Z

1

(1 + |ℓj |2⟨j⟩2)
, ∀ℓ ∈ ZZ, with |ℓ| :=

∑
j∈Z
|ℓj | <∞

 .

The goal of the above definition is that we are able to provide quite stringent non-resonant
conditions on a set of frequency of full measure (see [23] for rigorous estimates).

Weighted Spaces and Regular Hamiltonians:
We consider Hamiltonians that are absolutely convergent power series defined on the sequence
space

gh,s :=
{
u := (uj)j∈Z ∈ ℓ2(C) : ∥u∥h,s = sup

j∈Z
|uj |es·hj

}
(1.31)

where {hj}j∈Z is a sequence satisfying:

(i) hj = h−j j ∈ Z (1.32)

(ii) hj1+j2 ≤ hj1 + hj2 j1, j2 ∈ N (1.33)

(iii) lim
i∈N

ln⟨i⟩
hi

= 0 . (1.34)

In particular, we will operate within the class of regular Hamiltonians Hr,h,s that, roughly
speaking, are analytic functions whose Cauchy majorant (defined in (4.11)) still is analytic
from some ball Br(gh,s) to R. Such class, moreover, is a Banach scale, once endowed with the
norm

|H|r,h,s :=
1

r

(
sup

∥u∥gs≤r
∥XH∥gh,s

)
,

where XH is the Hamiltonian vector field associated with the Cauchy majorant.
The choice of h is fundamental since it is closely related to the norm |H|r,h,s. In the spe-
cific, conditions (1.32) and (1.33) ensures the monotonicity of the latter with respect to the
parameters s and r while condition (1.34) allows us to obtain the bound

|L−1
ω (F )|r,h,s+σ ≤ γ−1eC(σ)|F |r,h,s (1.35)
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on the solutions of the Homological equation, with ω ∈ Dγ .
This only holds for equations with this type of nonlinearity, it does not happen for the NLS,
for instance.
However, in order to perform the KAM scheme, we must be able to quantify precisely the
constant C(σ) (1.35). Thus, in the last part of Chapter 4 we will adopt a weight of the form
hj = ln(1 + |j|)τ , τ > 2.

As it is easy to imagine, the structure of a solution which is supported on an invariant flat
torus TI, varies depending on whether such torus is maximal or not (i.e. whether all the actions
Ij ̸= 0 or not).
In the case of maximal tori, we construct solutions that are very regular (at least C∞). Indeed,
to face the small divisors we must impose fast growth conditions on the sequence hj , in (1.31).
This heuristically comes from the fact that finding very regular almost-periodic solutions is
simpler since they are very close to finite dimensional tori.
On the other hand, when we work on non-maximal tori, we have a control on which action
is turned on, therefore one can look for special tori which are supported, in Fourier space, on
a sparse subset S of N called “tangential sites”.
This idea was successfully used in [23] to construct lower-regularity (at least Sobolev) solu-
tions for the NLS.
The central fact is that the choice of such sites provides an extra set of parameters which can
be used in order to avoid resonances or simplify small divisor estimates. However dealing with
the interaction between tangential and normal sites (i.e. Sc) requires a careful case analysis.
In the case of (1.27), this method can be performed without the complications related to the
interactions between tangential and normal modes:
in fact, the special nonlinearity of (1.27) guarantees the invariance of the Fourier support of
its solutions, preventing these interactions.

With these premises, we will divide Theorem (1.2.6) in two different results:

(i) Maximal Tori
In this setting we produce almost-periodic solutions of high regularity (at least C∞) for
equation (1.27), which are supported on a maximal invariant tori. The main result is the
following:

Theorem 1.2.9 [83] For any s > 0, γ > 1 there exists ε∗ = ε∗(s, γ) > 0 such that, for all
r > 0 that satisfy

|f |R
γR

r2 ≤ ε∗ (1.36)

the following holds:
For every ω ∈ Dγ and every

√
I ∈ B̄r(gs) there exists a potential V and a symplectic analytic

change of variables Φ : B̄2r(gs) → B̄4r(gs)such that TI is a KAM torus of frequency ω for
H ◦ Φ

(ii) Non-Maximal Tori
In the setting delineated above, we use the invariance of (1.27) a to construct almost
periodic solutions in spaces of lower regularity, namely

wp :=
{
u = (uj)j∈Z ∈ ℓ2(C) : |u|p :=

∑
j∈Z
|uj |⟨j⟩p ≤ ∞

}
,
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that are supported in non-maximal invariant tori.
To this end, we impose stronger non-resonance conditions on the frequency vector ω.
More precisely, let S ⊂ N be the subset defined in (4.141), depending only on p, and
consider the map s : N→ S defined in (4.140) and it’s inverse i : S → N.
Let us write moreover the hypercube QSym = QSym

S ×QSym
Sc , where

QSym
S = {ω ∈ QSym : ωj = 0 if |j| /∈ S}

and define the Diophantine conditions

Dγ,S :=
{
ω ∈ QS : |ω · ℓ| > γ

∏
i∈N

1(
1 + |ℓi|2|i|2

)2 , ∀ ℓ ∈ ZN
f

}
.

Finally, let us consider

wSp :=
{
u = (ui)i∈Z ∈ wp : ui = 0 for all |i| /∈ S

}
.

Moreover, we decompose V = (VS , VSc) with

(VS)j =

{
0 if |j| ≠ S
Vj otherwise

and similarly for I = (IS , ISc). The main result is the following:

Theorem 1.2.10 (Lower-Regularity) Under the same hypotheses of Theorem 1.2.9, there
exists r > 0 such that for every ω ∈ Dγ,S and every

√
IS ∈ B̄r(wSp ), there exists a potential V

and a symplectic analytic change of variables Φ : B̄2r(wp)→ B̄4r(wp) such that TIS is a KAM
torus of frequency ω for H ◦ Φ.

We note that, depending on the value of p, the almost-periodic solutions obtained via
Theorem 1.2.10 are either classical or weak in the sense of Definition 1.2.5. Moreover,
these solutions are supported on a non-maximal torus, since their dynamics is confined
to

TS
I :=

{
u = (uj)j∈Z : |uj |2 = Ij for |j| ∈ S, uj = 0 for |j| /∈ S

}
.

1.2.6 Sketch of the Proof

• Projectors and decomposition of the Hamiltonian
The space of regular Hamiltonians is decomposed into subspaces according to their order
of vanishing at a prescribed invariant torus TI. This leads to a direct sum decomposition
of the form

H = H(−2) ⊕H(0) ⊕H(≥2),

where:

H(−2) contains the terms that do not vanish on TI,H(0) contains terms whose Hamilto-
nian vector field is tangent but not zero on TI,H(≥2) consists of terms whose vector field
vanishes on TI. Explicit projection operators onto these subspaces are constructed via
an auxiliary Hamiltonian depending on artificial action variables. This decomposition
is stable under Poisson brackets and does not introduce singularities at the origin. The
projectors play a fundamental role in identifying the obstructions to the persistence of
invariant tori.
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• KAM algorithm
The KAM iteration is formulated as a sequence of near-identity symplectic transforma-
tions acting on the Hamiltonian. At each step, the terms belonging to H(−2) and H(0)

are eliminated by solving suitable homological equations. The remaining Hamiltonian
is progressively conjugated to a normal form which belongs to H(≥2). The iteration
produces a twisted conjugacy, where counter-terms appear as corrections to the frequen-
cies. These counter-terms depend Lipschitz-continuously on the external parameters
and can be removed by a suitable choice of such parameters. The scheme converges
uniformly with respect to the dimension of the invariant torus, allowing both finite-
dimensional and infinite-dimensional tori to be treated in the same framework. The
limiting Hamiltonian is in normal form at the torus TI, which is therefore invariant.
The induced dynamics on TI is linear with Diophantine frequency ω.
The resulting invariant torus supports quasi-periodic or almost-periodic solutions de-
pending on the cardinality of the excited modes.

• Homological equation
The KAM scheme relies on solving homological equations of the form

LωF = G,

where Lω := {
∑

j∈Z ωj |uj |2, ·} is the linearized operator associated with the integrable
part of the Hamiltonian. The right-hand side G belongs to specific sub-spaces deter-
mined by the order of vanishing at the reference torus. Strong infinite-dimensional
Diophantine conditions on the frequency vector ω are imposed to control small divisors
uniformly. A crucial feature is that G is analytic in a ball centered at the origin, which
allows one to solve the homological equation with no loss of regularity in the chosen
Banach spaces. Sharp bounds are obtained for the inverse operator L−1

ω , ensuring tame
estimates compatible with the iteration.

1.3 Organization of the Thesis

The thesis is organized as follows:

- Chapter 2 is devoted to the study of (1.2) on Tn and to the analysis of its resonances:
After rewriting the equation as an infinite-dimensional Hamiltonian system, in Sections
2.3 and 2.3.2 a sequence of preliminary transformations is performed in order to diago-
nalize the linear part and block-diagonalize the highest-order terms.
In Sections 2.4 and 2.5 we perform two steps of normal form and we show that the cubic
and quintic resonant terms obtained do not contribute to the growth of Sobolev norms.
As a consequence, we can prove Theorems 1.2.1 and 1.2.2.

- Chapter 3 develops a formal Birkhoff normal form approach for Kirchhoff-type Hamil-
tonians.
Working in the framework of formal power series introduced in Section 3.1.1, the chap-
ter reproduces the lower-order cancellations observed in Chapter 2 in the setting of
formal Birkhoff normal forms and allows one to extend the analysis to higher order
resonances of the Hamiltonian. In particular, using Wolfram Mathematica the degree-
eight resonant terms are explicitly computed and shown to contain monomials that are
not action-preserving, thus providing evidence against integrability beyond the lower
orders.
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In Subsections 3.2.4 and 3.4.2 we explain the codes used to prove Theorems 1.2.3 and
1.2.4.

- Chapter 4 is devoted to proving the existence of almost-periodic small-amplitude solu-
tions for equation (1.27) After introducing a suitable functional setting in Section 4.2,
we solve the homological equation (Section 4.3). In Section 4.4 we introduce the pro-
jector operators (4.71). In Section 4.5 we prove the KAM Iterative Lemma 4.5.1 that
implies Theorem 1.2.9.
Finally in Section 4.6 we prove Theorem 1.2.10.
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Chapter 2

Quasi-Linear Normal Form
Approach

2.1 Introduction

In this Chapter we consider the Cauchy problem associated with the Kirchhoff equation on
the n-dimensional torus Tn

∂ttu−

(
1

1 + c
∫
Tn |∇u|2 dx

)2

∆u = 0, c ∈ R (2.1)

with initial data u0 := u(0, ·), v0 := ut(0, ·) in Sobolev class.
The main results of this chapter are stated in Theorems 1.2.1 and 1.2.2. We briefly recall the
fundamental steps:
The proof is based on a normal form analysis of the Kirchhoff equation within its Hamilto-
nian formulation. In Section 2.3, we rewrite the equation (2.1) as the first-order system (2.2)
by employing the complex variables (2.6) that diagonalize the linear part. This allows us to
express the Kirchhoff in the form (2.7) that is convenient for energy estimates and for the
identification of resonant interactions.
In the quasilinear setting, the use of normal form techniques is obstructed by the difficulty of
closing the energy estimates after the associated change of variables.
To overcome this difficulty, in Section 2.3.2 we block-diagonalize the highest-order terms of
(2.7), using ideas from paradifferential calculus. This transformation reduces the system to one
of the form (2.12), for which the remaining non-diagonal terms are bounded operators.
Once this preliminary reduction is achieved, in Section 2.4 and 2.5 we construct two nonlinear
normal form transformations ((2.36) and (2.71)) aimed at eliminating non-resonant terms with
degree respectively 3 and 5. A key point of the analysis is the study of the resonant terms that
survive these transformations. We show that,the remaining resonant terms do not contribute
to the growth of Sobolev norms.
As a consequence, the evolution of the solutions is effectively governed by higher-order re-
mainders, which yields long-time stability results for small-amplitude initial data.

2.2 Hamiltonian Structure and Functional Setting

Recalling Subsection 1.1.2 we consider the set of variables (u, v) = (u, ut), that decouples
equation (2.1) in a system of two partial differential equations of order one with respect to
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time, specifically: 
∂tu = v

∂tv =

(
1

1 + c
∫
Tn |∇u|2 dx

)2

∆u
(2.2)

By considering the Hamiltonian H : H1
0 (Tn,R)× L2(Tn,R)→ R,

H(u, v) =
1

2

∫
Tn

v2dx− 1

2

(
c

1 + c
∫
Tn |∇u| dx

)
, (2.3)

we also have that system (2.2) can be written in the form{
∂tu = ∇vH(u, v)

∂tv = −∇uH(u, v)
,

where ∇uH and ∇vH are the gradients of H with respect to the real scalar product on L2:

⟨f, g⟩ :=
∫
Tn

f(x)g(x)dx, f, g ∈ L2(Tn,R).

In terms of the Fourier expansion of its solution u(t, ·) : Tn → R

u(t, x) =
1

(2π)n/2

∑
k∈Zn

uk(t)e
ik·x, uk(t) =

1

(2π)n/2

∫
Tn

u(t, x)e−ik·xdx,

system (2.2) turns into the (infinite-dimensional) system of ordinary differential equations

ük(t) +

 1

1 + c
∑

j∈Zn

|j|2|uj(t)|2

 |k|2uk(t) = 0, k ∈ Zn,

parametrized by k ∈ Zn. By adopting a dynamical system point of view, this implies that
equation (2.1) can be seen as an infinite-dimensional Hamiltonian system in the phase space
Hs

0(Tn,R)×Hs−1
0 (Tn,R), s ≥ 1.

Let us note, moreover, that the nonlinearity in Hamiltonian (2.3) and the corresponding one
in equation (2.1), are well-defined only when the denominator

1 + c

∫
Tn

|∇u| dx ̸= 0.

Since
∫
Tn |∇u| = ∥u∥21, it is sufficient to consider solutions supported in the ball

u ∈ Bδ0

(
H1

0 (Tn,R)
)
,

where
δ0 :=

1√
|c|
− ε, ε > 0. (2.4)

In this way both the nonlinearities involved in Hamiltonian (2.3) and in equation (2.1) are
well-defined.
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2.3 Preliminary Transformations

The purpose of this section is to perform two preliminary changes of variables, one linear and
one nonlinear, in order to conjugate system (2.2) to one in a more suitable form.
The first one diagonalizes the linear part of the system, while the second one has the purpose
of removing, up to a bounded remainder, the off-diagonal unbounded part.
This strategy of eliminating the off-diagonal unbounded terms before the normal form con-
struction is necessary due to the quasi-linear structure of the Kirchhoff equation.

2.3.1 Diagonalization of the highest order

We want to diagonalize the linear part of system (2.2), namely{
∂tu = v

∂tv = ∆u
. (2.5)

Let us consider the complex linear isomorphism:

Φ(1) : Hs
0(Tn, R)×Hs−1

0 (Tn, R) −→ H
s− 1

2
0 (Tn, C)×Hs− 1

2
0 (Tn, C)



z =

(
Λ

1
2u+ iΛ− 1

2 v
)

√
2

z̄ =

(
Λ

1
2u− iΛ− 1

2 v
)

√
2

Φ(1)

←→


u =

Λ− 1
2 (z + z̄)√

2

v =
Λ

1
2 (z − z̄)
i
√
2

(2.6)

where Λ =
√
−∆ is the Fourier multiplier defined by

|Λ| eik·x = |k|eik·x, for k ∈ Zn.

When, as in our case, Φ(1) is restricted to a pair of real functions, it becomes a real isomorphism
from Hs

0(Tn,R)×Hs
0(Tn,R) into the space of complex-conjugate, zero-mean functions

Hs
0(Tn, c.c.) = {(f, g) ∈ Hs

0(Tn,C)×Hs
0(Tn,C) : g = f̄}.

In these new variables, the linear part (2.5) takes the diagonal form{
∂tz = −iΛz
∂tz̄ = iΛz̄

while the whole system (2.2) transforms into:
∂tz = −iΛz −

i

2

(
1(

1 + c
2⟨Λ(z + z̄), z + z̄⟩

)2 − 1

)
(Λz + Λz̄)

∂tz̄ = iΛz̄ +
i

2

(
1(

1 + c
2⟨Λ(z + z̄), z + z̄⟩

)2 − 1

)
(Λz + Λz̄)

, (2.7)

where
⟨Λ(z + z̄), z + z̄⟩ =

∫
Tn

[(z(x) + z̄(x)) (Λz(x) + Λz̄(x))] dx.
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Finally, by recalling the definition of µ and Q in (1.18), system (2.7) can be rewritten as{
∂tz = −iΛz − i

2µ (Q(z, z̄)) (Λz + Λz̄)

∂tz̄ = iΛz̄ + i
2µ (Q(z, z̄)) (Λz + Λz̄)

. (2.8)

Note that the second equation of (2.8) is redundant, being the complex conjugate of the first
one.

Remark 2.3.1 The quantity Q(z, z̄) is real and positive, since it corresponds, in the new variables, to
the term

∫
Tn |∇u|2.

Therefore, system (2.8) is well-defined only when it holds

Q(z, z̄) < 1/|c|. (2.9)

Since one has
Q(z, z̄) ≤ ∥z∥21

2

, (z, z̄) ∈ H
1
2
0 (T

n, c.c.) (2.10)

condition (2.9) is verified for (z, z̄) in the ball

(z, z̄) ∈ Bδ0

(
H

1
2
0 (T

n, c.c)

)
,

where
Br

(
H

1
2
0 (T

n, c.c)

)
:= {(z, z̄) : ∥z∥ 1

2
≤ r}

and δ0 is the same as in (2.4).

System (2.8) is again Hamiltonian of the form
∂tz = −i∇z̄H(z, z̄)

∂tz̄ = i∇zH(z, z̄)

(2.11)

with

H : H
1
2 (Tn,C)×H

1
2 (Tn,C) −→ R

H(z, z̄) = ⟨Λz, z̄⟩ − 1

2c

[ (
c
2⟨Λ(z + z̄), z + z̄⟩

)2
1 + c

2⟨Λ(z + z̄), z + z̄⟩

]
.

Here, ∇z is the gradient with respect to the complex inner product

⟨f, g⟩C = ⟨f, ḡ⟩, f, g ∈ L2(Tn,C).

The map Φ(1) is also a symplectomorphism, in the sense that the conjugated Hamiltonian
system (2.11) conserves the same structure as the previous one, in fact it can be written in the
form

∂t

(
z
z̄

)
= iJ

(
∇zH
∇z̄H

)
where J is defined in (1.16).
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Remark 2.3.2 (Conserved Quantities in Complex Variables)
From Subsection 1.1.3 we know that the quantities

Mj :=
1

2
ij
[
uj(∂tu−j)− u−j(∂tuj)

]
, j ∈ Z

are conserved for the flow of (2.1). Where {uj}j∈Z are the Fourier coefficients for the solution of (2.1)
in the original variables.
In the complex coordinates given by (2.6), the quantities Mj take the form

Mj =
1

4
j [(zj + z̄−j)(z−j − z̄j)− (z−j + z̄j)(zj − z̄−j)]

=
1

2
j[z−j z̄−j − zj z̄j ]

=
1

2
j[|z−j |2 − |zj |2].

We then have that the quantities |zj |2 − |z−j |2, j ∈ N are conserved by the flow of (2.1).

Remark 2.3.3 (Invariance of the Fourier Support in Complex Variables)
The Fourier support for the original variables, defined in (1.9), translates, in the new complex variables,
in the set

SC(t) := {j ∈ Zn : zj(t)− z̄−j(t) ̸= (0, 0)}.

This, together with Lemma 1.1.1, implies that if the initial data z0 for system (2.7) is supported on a
symmetric set of frequencies, then this support is invariant for the corresponding solution.

Even if, in the new variables the linear operator is diagonal, when one tries to perform an
energy estimate on the Sobolev norm Hs, s ≥ 1

2 of a solution z of (2.8), one obtains

∂t∥z∥2s
(1.21)
= 2Re

(
i⟨Λz, Λz̄ + 1

2
µ (Q(z, z̄)) (Λz + Λz̄)⟩

)
= |µ (Q(z, z̄))|Re (i⟨Λz, Λz⟩) .

Since
|µ (Q(z1, z̄2))| ≤ c0(ε, c)∥z1∥ 1

2
∥z2∥ 1

2

for z1, z2 ∈ Bδ0

(
H

1
2 (Tn, c.c.)

)
and c = c(ε, c) , one has an additional loss of half derivative

∂t∥z∥2s ≤ c(ε, c)∥z∥21
2

∥z∥2
s+ 1

2

that prevents us from performing the energy estimate.
The responsible for this loss are the off-diagonal terms of system (2.8), i.e. the ones of the form{

∂tz = − i
2µ (Q(z, z̄)) Λz̄

∂tz̄ =
i
2µ (Q(z, z̄)) Λz

.

We then have to perform a preliminary step in order to remove those terms.
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2.3.2 Block Diagonalization

The aim of this section is to transform system (2.8) into the system (2.12) below, which is
block-diagonal modulo bounded remainders.
The main result we will prove is:

Theorem 2.3.1 There exists a δ0 ≥ 0 and an invertible, close-to-identity map

Φ(2) : Bδ0 (H
s
0(Tn, c.c.))→ Hs

0(Tn, c.c)

that conjugates system (2.8) to one of the form
∂tη = −i (1− cQ(η, η̄)) Λη − ic (1− cQ(η, η̄))

2
(⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩) η̄

∂tη̄ = i (1− cQ(η, η̄)) Λη̄ − ic (1− cQ(η, η̄))

2
(⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩) η

. (2.12)

Recalling what we said in subsection (1.2.2), we have that system (2.8) is of the form

∂t

(
z
z̄

)
= iL(z, z̄)

(
Λz
Λz̄

)
, (2.13)

where the coefficients of the matrix

L(z, z̄) =
(
L1,1(z, z̄) L1,2(z, z̄)
L2,1(z, z̄) L2,2(z, z̄)

)
are defined in (1.23).
For the sake of simplicity, let us rewrite the diagonal coefficients as

L1,1(z1, z2) = −L2,2(z1, z2) = −1−
1

2
Q(z1, z2)

and the non-diagonal ones as

L1,2(z1, z2) = −L2,1(z1, z2) = −
1

2
Q(z1, z2)

where
Q(z1, z2) := µ (Q(z1, z2)) (2.14)

and µ, Q are defined in (1.18).
Since the off-diagonal terms of L are responsible for the loss of half-derivative when one tries
to perform an energy estimate on theHs

0 norm of the solution of (2.13), our aim is to construct
a transformation and remove such terms.
By adopting a para-differential point of view, one can consider system (2.13) as a linear one
for which Q(z, z̄) plays the role of a coefficient. Our strategy therefore is to diagonalize the
associated matrix

M =

(
−1− y −y

y 1 + y

)
where y = 1

2Q(z, z̄).
We have M has eigenvalues of the form

m1 = −
√
1 + 2y and m2 =

√
1 + 2y,
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with associated eigenvectors
(

1
ρ(y)

)
,
(
ρ(y)
1

)
where

ρ(y) =
−y

1 + y+
√
1 + 2y

. (2.15)

Therefore we have(
1 ρ(y)

ρ(y) 1

)−1(−1− y −y
y 1 + y

)(
1 ρ(y)

ρ(y) 1

)
=

(
−
√
1 + 2y 0
0

√
1 + 2y

)
. (2.16)

It is natural to define a new set of variables of the form(
z1
z2

)
= M(z1, z2)

(
η1
η2

)
,

(2.17)

M(z1, z2) :=
1√

1− ρ2 (Q(z1, z2))

(
1 ρ (Q(z1, z2))

ρ (Q(z1, z2)) 1

)
.

Remark 2.3.4 As pointed out in [6], the corrective term

1√
1− ρ2 (Q(z1, z2))

used in formula (2.17) is essential. Indeed, using any other similar change will generate a diagonal term
of order zero in the new system which gives a non-trivial contribution to the energy estimate.
This corrective term is the only way, up to constant factors, to eliminate those diagonal terms and is
related to the symplectic structure of (2.12).

Remark 2.3.5 We can invert expression (2.17) with respect to the variables z1, z2 and get(
η1
η2

)
=M−1(z, z̄)

(
z1
z2

)
, (2.18)

where

M−1(z1, z2) =
1√

1− ρ2(Q(z1, z2))

(
1 −ρ(Q(z1, z2)

−ρ(Q(z1, z2)) 1

)
. (2.19)

From (2.18) it follows that complex conjugated pairs of functions (z, z̄) are mapped into another pair
of complex conjugated functions. Therefore, (2.17) is well-posed from the space of complex conjugate
functions onto itself. We will then consider η2 = η̄1.

Remark 2.3.6 From the expression of ρ in (2.15) and Q in (2.14) one has that

ρ(Q(z, z̄)) = cQ(z, z̄)

2 + cQ(z, z̄)
. (2.20)

It follows that the above quantity is well-defined, since, from Remark 2.3.1, (z, z̄) ∈ Bδ0 (H0(Tn, c.c.)).
Let us note moreover that, under this hypothesis, also the term 1√

1−ρ2(Q(z,z̄))
is well-defined.

37



Since the change defined in (2.17) is implicit in the variable (z, z̄) we have to express Q(z, z̄)
in terms of η and η̄:
since Q(z, z̄) = 1

2µ(Q(z, z̄)), se start by make explicit the dependence of Q(z, z̄) = 1
2⟨Λ(z +

z̄), z + z̄⟩ from the variables (η, η̄).
Recalling (2.17), we have

⟨Λ(z + z̄), z + z̄⟩ =
1

(1− ρ2(Q(z, z̄)))
⟨(1 + ρ(Q(z, z̄)))Λ(η + η̄), (1 + ρ(Q(z, z̄)))(η + η̄)⟩

(2.21)

=
1 + ρ(Q(z, z̄))
1− ρ(Q(z, z̄))

⟨Λ(η + η̄), η + η̄⟩ ,

moreover, from the definition of ρ in (2.15), we have that

1− ρ(y)
1 + ρ(y)

=
√
1 + 2y,

hence

Q(η, η̄)
(2.21)
=

√
1 +Q(z, z̄)Q(z, z̄)

(2.22)
(1.18)
=

Q(z, z̄)

1 + cQ(z, , z̄)
.

By inverting expression (2.22) with respect to Q(z, z̄) we get

Q(z, z̄) =
Q(η, η̄)

1− cQ(η, η̄)
:= φ (Q(η, η̄)) . (2.23)

Let us note that (2.23) is well defined only when Q(η, η̄) < 1/|c|. As in Remark 2.3.1 it is
sufficient to impose

(η, η̄) ∈ Bδ0

(
H

1
2
0 (T

n, c.c)

)
.

We can now make expression (2.17) explicit with respect to the variables (η, η̄) and define the
map

(f, g) = Φ(2)(η, η̄) :=M(η, η̄)

(
η
η̄

)
, (2.24)

where

M(η, η̄) =
1√

1− ϱ2 (η, η̄)

(
1 ϱ (η, η̄)

ϱ (η, η̄) 1

)
and

ϱ(η, η̄) := ρ
(µ
2
(φ (Q(η, η̄)))

)
(2.25)

(1.18),(2.23)
=

cQ(η, η̄)

2− cQ(η, η̄)
.

Reasoning as in [6], Lemma 3.1, we have:
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Lemma 2.3.1 For every s ≥ 1
2 the nonlinear map Φ(2) : Bδ0 (H

s
0(Tn, c.c.)) → Hs

0(Tn, c.c.) is
invertible, continuous, with continuous inverse(

Φ(2)
)−1

(z, z̄) =
1√

1− ρ2 (Q(z, z̄))

(
1 −ρ (Q(z, z̄))

−ρ (Q(z, z̄)) 1

)(
z
z̄

)
defined for every (z, z̄) ∈ Bδ0 (H

s
0(Tn, c.c.)) with δ0 defined in (2.4).

Moreover, for all s ≥ 1
2 , all (η, η̄) ∈ Hs

0(Tn, c.c.) satisfying ∥η̄∥ 1
2
≤ δ0 one has

∥Φ(2)(η, η̄)∥s ≤ C(∥η, η̄∥ 1
2
)∥η, η̄∥s

for some increasing function C. The same estimate is satisfied by
(
Φ(2)

)−1.

Proof: The bounds ∥η∥ 1
2
, ∥η∥ 1

2
≤ δ0 guarantees that the denominators

√
1− ρ2 (Q(z, z̄)),√

1− ρ2 (Q(η, η̄)) are well defined, while the estimates on Φ(2) and
(
Φ(2)

)−1 follow from
(2.15), (2.20), (2.24) and estimate (2.10). 2

Let us see how system (2.13) behaves under the change (2.17):
By (2.24) one has

∂t

(
z
z̄

)
= ∂tΦ

(2)(η, η̄) = ∂t

(
M(η, η̄)

(
η
η̄

))
= M(η, η̄)∂t

(
η
η̄

)
+ ∂t

(
M(η, η̄)

)(η
η̄

)
. (2.26)

On the other hand, by using (1.22)

∂t

(
z
z̄

)
= iL(z, z̄)

(
Λz
Λz̄

)

= i

(
−1−Q(z, z̄) −Q(z, z̄)
Q(z, z̄) 1 +Q(z, z̄)

)(
Λz
Λz̄

)
(2.17)
= i

(
−1−Q(z, z̄) −Q(z, z̄)
Q(z, z̄) 1 +Q(z, z̄)

)
M(z, z̄)

(
Λη
Λη̄

)
(2.16)
= iM(z, z̄)

(
−
√
1 + 2Q(z, z̄) 0

0
√
1 + 2Q(z, z̄)

)(
Λη
Λη̄

)
(2.27)

(2.14),(2.23)
= iM(η, η̄)

(
−
√
1 + µ (φ (Q(η, η̄))) 0

0
√

1 + 2µ (φ (Q(η, η̄))

)(
Λη
Λη̄

)
(1.18),(2.23)

= iM(η, η̄)

(
−(1− cQ(η, η̄)) 0

0 1− cQ(η, η̄)

)(
Λη
Λη̄

)
.

Finally, by matching (2.26) and (2.27) one gets

∂t

(
η
η̄

)
+M(η, η̄)−1∂t

(
M(η, η̄)

)(η
η̄

)
= i(1− cQ(η, η̄))

(
−Λη
Λη̄

)
. (2.28)

We have to study the left-hand side of (2.28):
by (2.19) and (2.15)

M(η, η̄)−1 =
1√

1− ϱ2(η, η̄)

(
1 −ϱ (η, η̄))

−ϱ (η, η̄) 1

)
,
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moreover
∂t

(
M(η, η̄)

)
=

1

(1− ϱ2(η, η̄))
3
2

(
ϱ (η, η̄)) 1

1 ϱ (η, η̄)

)
∂tϱ(η, η̄).

We then have

M(η, η̄)−1∂t

(
M(η, η̄)

)
=

1

1− ϱ2(η, η̄)

(
0 1
1 0

)
∂tϱ(η, η̄). (2.29)

Now, keeping in mind the definition of ϱ in (2.25), we have that

∂tϱ(η, η̄) =
2c

(2− cQ(η, η̄))2
∂tQ(η, η̄) =

2c

(2− cQ(η, η̄))2
⟨Λ(η + η̄), ∂tη + ∂tη̄⟩

and
1− ρ2(η, η̄) = 4− 4cQ(η, η̄)

(2− cQ(η, η̄))2
.

Putting these together with (2.29), we get

M(η, η̄)−1∂t {M(η, η̄)} = c

2 (1− cQ(η, η̄))

(
0 1
1 0

)
⟨Λ(η + η̄), ∂tη + ∂tη̄⟩ .

Let us consider the operator

K1(α1, α2)

(
β1
β2

)
:=

c

2 (1− cQ(α1, α2))
⟨Λ(α1 + α2), β1 + β2⟩

(
α1

α2

)
.

We have that system (2.28) can be rewritten as

(
Id+K1(η, η̄)

)(∂tη
∂tη̄

)
= i(1− cQ(η, η̄))

(
−Λη
Λη̄

)
. (2.30)

Using the Neumann series, we have that a formal inverse for I +K is given by

(Id +K1(η, η̄))
−1 = Id +

∞∑
n=1

(−1)nK1(η, η̄)
n

provided the right-hand side series converges. By defining

F (η, η̄) :=
c

2 (1− cQ(η, η̄))

we have that

Kn
1 (η, η̄)

(
α1

α2

)
=

(
η̄
η

)
⟨Λ(η + η̄), α1 + α2⟩Fn(η, η̄) ⟨Λ(η + η̄), η + η̄⟩n−1 ,

so the Neumann series converges if |F (η, η̄) ⟨Λ(η + η̄), η + η̄⟩| < 1. Since we have

F (η, η̄) ⟨Λ(η + η̄), η + η̄⟩ = cQ(η, η̄)

1− cQ(η, η̄)
,

for the series to converge, it is sufficient that |Q(η, η̄)| < 1/2|c| and hence

(η, η̄) ∈ B δ0
2

(
H

1
2
0 (T

n, c.c)

)
.
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Therefore we have

∞∑
n=1

(−1)nK1(η, η̄)
n

(
α1

α2

)
=

(
η̄
η

)
(−F (η, η̄)) ⟨Λ(η + η̄), α+ β⟩

∞∑
n=0

(−F (η, η̄) ⟨Λ(η + η̄), η + η̄⟩)n

=

(
η̄
η

)
−F (η, η̄)

1 + F (η, η̄) ⟨Λ(η + η̄), η + η̄⟩
⟨Λ(η + η̄), α1 + α2⟩

=

(
η̄
η

)[
− c

2
⟨Λ(η + η̄), α1 + α2⟩

]
.

Thanks to this calculation we can rewrite system (2.30) in the following way:

∂t

(
η
η̄

)
= i (1− cQ(η, η̄)) (I +K(η, η̄))−1

(
−Λη
Λη̄

)
= i (1− cQ(η, η̄))

(
−Λη
Λη̄

)
− ic (1− cQ(η, η̄))

2
(⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩)

(
η̄
η

)
,

that is system (2.12).

Let (η, η̄) be a solution of (2.12), then we have an a-priori energy estimate of the form:

∂t∥η∥2s = 2Re
(
i (1− cQ(η, η̄)) ⟨Λ2sη, Λη̄ − c

2
(⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩) η⟩

)
= 2Re

(
ic

2
(1− cQ(η, η̄)) (⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩) ⟨Λ2sη, η⟩

)
(2.31)

(2.10)
≤ |c|∥η∥21∥η∥2s + c2∥η∥41∥η∥2s.

This gives the local existence for solutions of (2.1) with initial data (η0, η̄0) ∈ H1
0 (Tn, c.c.) in a

time interval T ∼ ∥η0∥−2
1 . Thanks to a bootstrap argument, the same result can be generalized

also for the case of Hs
0 with s > 1. This lower bound for the time of existence of solutions is

consistent with the one obtained by Dickey in [48].

Let us note moreover that the diagonal part of (2.12), namely
ic (1− cQ(η, η̄))

2

(
−Λη
Λη̄

)
, does

not contribute to the energy estimate (2.31).
Indeed, the first term that gives a non-trivial contribution is the off-diagonal cubic one, i.e.

B3(η, η̄) := −
ic

2

(
⟨Λη̄,Λη̄⟩ − ⟨Λη,Λη⟩

)(η̄
η

)
, (2.32)

while the remaining terms give a contribution of higher order. The next step then is the
cancellation of B3.

2.4 Normal Form: First Step

The aim of this section is to remove the off-diagonal cubic term B3. This will be done by
constructing a (normal form) transformation, Φ(3) with the aim of removing the resonant
cubic terms. The main result we will prove is the following
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Lemma 2.4.1 (Normal Form First Step)
There exists δ2 > 0 (defined in (2.52) ) and a map

Φ(3) : B2δ2(H
m0
0

(
Tn, c.c.)

)
→ Bδ2(H

m0
0

(
Tn, c.c.)

)
(2.33)

that conjugates system (2.12) to one of the form

∂t(w, w̄) = X(1)(w, w̄) = (I + P(w, w̄))D1 +XRes,3(w, w̄) +X
(1)
≥5 (w, w̄),

where P is a function of time only, defined in (2.39), D1 is diagonal, XRes,3(w, w̄) is made of homo-
geneous cubic resonant terms and is defined in (2.43), (2.44) and X(1)

≥5 (w, w̄) is bounded and contains
the remaining terms of homogeneity greater than 5.
Finally, the terms (I + P(w, w̄))D1 and XRes,3(w, w̄) give no contribution to the energy esti-
mates, namely the Sobolev norms of the solutions of the system ∂t(w, w̄) = (I + P(w, w̄))D1 +
XRes,3(w, w̄) are constants.

We start by grouping together the terms of system (2.12) with the same homogeneity :

∂t(η, η̄) = X(η, η̄) := D1(η, η̄) +D3(η, η̄) + B3(η, η̄) + B5(η, η̄), (2.34)

where
D1(η, η̄) =

(
−iΛη
iΛη̄

)
is the linear diagonal part of (2.12),

D3(η, η̄) = −cQ(η, η̄)D1(η, η̄)

is its diagonal cubic part, B3 is the cubic off-diagonal part defined in (2.32) and,

B5(η, η̄) = −cQ(η, η̄)B3(η, η̄) (2.35)

is the remaining quintic part.
Let us formally define the map(

η
η̄

)
= Φ(3)(w, w̄) := (Id +M(w, w̄))

(
w
w̄

)
, (2.36)

where M is a bi-linear map with values in the space of 2× 2 matrices, more precisely

M(w1, w2) =

(
M11(w1, w2) M12(w1, w2)
M21(w1, w2) M22(w1, w2)

)
with Mij(w1, w2) = Aij [w1, w1] +Bij [w1, w2] + Cij [w2, w2]. We moreover denote

A[w,w] :=

(
A11

[
w

(1)
1 , w

(2)
1

]
A12

[
w

(1)
1 , w

(2)
1

]
A21

[
w

(1)
1 , w

(2)
1

]
A22

[
w

(1)
1 , w

(2)
1

]) ,
where each componentAℓ1,ℓ2 is an operator that acts on the Fourier series ofw =

∑
k∈Zn wje

ik·x

in the following way:

Aℓ1,ℓ2 [w,w]h :=
∑

j,k∈Zn\{0}

aℓ1,ℓ2(j, k)wjw−jhke
ik·x. (2.37)
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Similarly for B and C.
We assume A and C to be symmetric, i.e.

A
[
w

(1)
1 , w

(2)
1

]
= A

[
w

(2)
1 , w

(2)
1

]
, C

[
w

(1)
2 , w

(2)
2

]
= C

[
w

(2)
2 , w

(1)
2

]
for all w(1)

1 , w
(2)
1 , w

(1)
2 , w

(2)
2 .

Moreover, in order for Φ(3) to be a well-posed map from complex-conjugated functions, we
impose

M11(w1, w2) =M22(w1, w2), M12(w1, w2) =M21(w1, w2).

Let us evaluate how Φ(3) transforms System (2.34): we have

∂t

(
η
η̄

)
= ∂tΦ

(3)(w, w̄) = ∂t

[
(Id +M(w, w̄))

(
w
w̄

)]
(2.38)

= (Id +M(w, w̄)) ∂t

(
w
w̄

)
+ ∂t {M(w, w̄)}

(
w
w̄

)
.

Since A and C are symmetric, one has

∂t {M(w, w̄)}
(
w
w̄

)
= [2A[w,wt] +B[wt, w̄] +B[w, w̄t] + 2C[w̄, wt]]

(
w
w̄

)
,

then, by defining

K2(w, w̄)

(
α
β

)
=M(w, w̄)

(
α
β

)
+Mt(w, w̄)

(
α
β

)
,

with
Mt(w, w̄)

(
α
β

)
:= [2A[w,α] +B[α, w̄] +B[w, β] + 2C[w̄, β]]

(
w
w̄

)
,

we have that (2.38) can be written as

∂t

(
η
η̄

)
= (Id +K2(w, w̄))

(
∂tw
∂tw̄

)
.

On the other hand, by (2.36)

∂t

(
η
η̄

)
= X

(
Φ(3)(w, w̄)

)
= D1

(
Φ(3)(w, z)

)
+D3

(
Φ(3)(w, z)

)
+ B3

(
Φ(3)(w, z)

)
+ B5

(
Φ(3)(w, z)

)
.

We arrive to

∂t

(
w
w̄

)
= X(1)(w, w̄) := (Id +K2(w, w̄))

−1
(
X
(
Φ(3)(w, w̄)

))
.

Therefore, in order to derive the equation for the variables (w, w̄) one must be able to invert
the operator Id +K2:
using the Neumann series we (formally) have

(Id +K2(w, w̄))
−1 = I −K2(w, w̄) + K̃2(w, w̄),
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where

K̃2(w, w̄) =
∞∑
n=2

(−1)nK2(w, w̄)
n.

We then have

X(1)(w, w̄) = D1(w, w̄) + D̃≥3(w, w̄) +X
(1)
3 (w, w̄) +X

(1)
≥5 (w, w̄),

where

(i) The diagonal part of degree 3 is

D̃≥3(w, w̄) := P(w, w̄)D1(w, w̄)

with
P(w, w̄) := −cQ

(
Φ(3)(w, w̄)

)
. (2.39)

(ii) The non-diagonal cubic terms of X(1) are

X
(1)
3 (w, w̄) := D1

(
M(w, w̄)

(
w
w̄

))
−K2(w, w̄)D1(w, w̄) + B3(w, w̄), (2.40)

(iii) Finally, the remaining terms with degree greater than 5 are

X
(1)
≥5 (w, w̄) = −K2(w, w̄)D1

(
M(w, w̄)

(
w
w̄

))
+ K̃2(w, w̄)D1

(
Φ(3)(w, w̄)

)
+P(w, w̄)D1

(
M(w, w̄)

(
w
w̄

))
+
(
K2(w, w̄) + K̃2(w, w̄)

)
D3

(
Φ(3)(w, w̄)

)
+(I +K2(w, w̄))

−1 B5
(
Φ(3)(w, w̄)

)
+
[
B3
(
Φ(3)(w, w̄)

)
− B3(w, w̄)

]
+
(
−K2(w, w̄) + K̃2(w, w̄)

)
B3
(
Φ(3)(w, w̄)

)
. (2.41)

Let us analyze the first component of the cubic vector field X(1)
3 (w, w̄):(

X
(1)
3 (w, w̄)

)
1

= −iΛM11(w, w̄)w − iΛM12(w, w̄)z + iM11(w, w̄)Λw − iM12(w, w̄)Λw̄

−i {−2A11(w,Λw)−B11(Λw, w̄) +B11(w,Λw̄) + 2C11(w̄,Λw̄)}w
−i {−2A11(w,Λw)−B11(Λw, w̄) +B11(w,Λw̄) + 2C11(w̄,Λw̄)} w̄

− ic
2
(⟨Λw̄,Λw̄⟩ − ⟨Λw,Λw⟩) w̄.

Since our aim is to choose the coefficients Mi,j in order to eliminate as many terms as possible
from X

(1)
3 , we set

M11, B12 = 0.

Under these assumptions it remains(
X

(1)
3 (w, w̄)

)
1

= −iΛA12[w,w]w̄ − iΛC12[w̄, w̄]w̄ − iA12[w,w]Λw̄ − iC12[w̄, w̄]Λw̄

+2iA12[w,Λw]w̄ − 2iC12[w̄,Λw̄]w̄ −
ic

2
(⟨Λw̄,Λw̄⟩ − ⟨Λw,Λw⟩) w̄.
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By using (2.37), we write all the quantities involved in
(
X

(1)
3 (w, z)

)
1

in Fourier series and get

(
X

(1)
3 (w, w̄)

)
1

=
∑
j,k ̸=0

wjw−jw̄−ke
ik·x
[
2i(|j| − |k|)a12(j, k) +

ic

2
|j|2
]

+
∑
j,k ̸=0

w̄jw̄−jw̄−ke
ik·x
[
−2i(|j|+ |k|)c12(j, k)−

ic

2
|j|2
]
.

In order to cancel out as many terms as possible we set

a12(j, k) =


c|j|2

4(|k| − |j|)
if j ̸= k

0 if j = k

, c12(j, k) = −
c|j|2

4(|j|+ |k|)
. (2.42)

By defining XRes,3 := X
(1)
3 , from (2.42) we have that

(XRes,3(w, w̄))1 =
ic

2

∑
j k ̸=0 |j|=|k|

|j|2wjw−jw̄−ke
ik·x. (2.43)

Similar calculations for
(
X(1)(w, z)

)
2

yield to

M22 = 0, B21 = 0, A21 = C12, C21 = A12

and
(XRes,3(w, w̄))2 = −

ic

2

∑
j k ̸=0 |j|=|k|

|j|2w̄jw̄−jwke
ik·x. (2.44)

Remark 2.4.1 The denominator ||k|− |j|| of (2.42) is the one responsible for the different regularity
thresholds m0 in (1.13). In fact, in dimension d = 1, one has ||j| − |k|| ≥ 1 for all |j| ≠ |k| and
therefore

∥A1,2[w,w]w̄∥2s =
∑
k ̸=0

∣∣∣∣∣∣
∑

j ̸=0,|j|̸=|k|

wjw−j
c|j|2

4(|k| − |j|)
w̄k

∣∣∣∣∣∣
2

|k|2s

(2.45)

≤ |c|
16

∑
k ̸=0

 ∑
j ̸=0,|j|̸=|k|

|j|2|wj |2
2

|wk|2|k|2s ≤
1

16
∥w∥41∥w∥2s.

In dimension d ≥ 2, on the other hand, the best possible bound is

1

||k| − |j||
≤ 3|j| ∀j, k ∈ Zn\{0}, |j| ≠ |k|. (2.46)

Indeed, if ||j| − |k|| > 1, (2.46) follows trivially, while if ||j − |k|| ≤ 1 one has |j| ≤ |k| + 1 or
|k| ≤ |j|+ 1 and

1

||j| − |k||
≤ |j|+ |k|
||j|2 − |k|2|

≤ max{3|j|, 3|k|}.
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Thanks to (2.46), a computation similar to the one performed in (2.45) yields to

∥A1,2[w,w]w̄∥2s ≤
9|c|
16
∥w∥43

2

∥w∥2s (2.47)

for the case d ≥ 2.

We can therefore explicitly write the operator matrices

M(w, z)

(
α
β

)
=

(
(A12[w,w] + C12[w̄, w̄])β
(A21[w,w] + C21[w̄, w̄])α

)
and

K2(w, w̄)

(
α
β

)
=

(
A12[w,w]β + C12[w̄, w̄]β + 2A12[w,α]w̄ + 2C12[w̄, β]w̄
A21[w,w]α+ C21[w̄, w̄]α+ 2A21[w,α]w + 2C21[w̄, β]w

)
. (2.48)

It holds the following quantitative result:

Lemma 2.4.2 Letm0 be as in (1.13), for every triple of complex functions u, v, h and all real s ≥ 0
it holds

∥A12[u, v]h∥s ≤
3|c|
4
∥u∥m0∥v∥m0∥h∥s, ∥C12[u, v]h∥s ≤

|c|
8
∥u∥1∥v∥1∥h∥s.

Proof: This follows directly by performing the same computations of Remark 2.4.1. 2

Lemma 2.4.3 For all s ≥ 0, all (w, w̄) ∈ Hm0
0 (Tn, c.c.), (α, ᾱ) ∈ Hs

0(Tn, c.c.) one has∥∥∥∥M(w, w̄)

(
α
ᾱ

)∥∥∥∥
s

≤ 7|c|
8
∥w∥2m0

∥α∥s; (2.49)

∥∥∥∥K(w, w̄)

(
α
ᾱ

)∥∥∥∥
s

≤ 7|c|
8
∥w∥2m0

∥α∥s +
7|c|
4
∥w∥m0∥w∥s∥α∥m0 . (2.50)

Finally, there exists δ1 > 0, such that, if ∥w∥m0 < δ1 the operator

I +K(w, w̄) : Hm0
0 (Tn, c.c.) −→ Hm0

0 (Tn, c.c.)

is invertible with inverse satisfying∥∥∥∥(I +K(w, w̄))−1

(
α
ᾱ

)∥∥∥∥
s

≤ C (∥α∥s + ∥w∥m0∥w∥s∥α∥m0) for every s ≥ m0, (2.51)

where C depends on c.

Proof: From (2.50) it is clear that, for a fixed (w, w̄) ∈ Hm0
0 (Tn, c.c.), I+K(w, w̄) is a bounded

operator from Hm0
0 (Tn, c.c.) into itself. Having that∥∥∥∥K(w, w̄)

(
α
ᾱ

)∥∥∥∥
m0

≤ 21|c|
8
∥w∥2m0

∥α∥m0 ,
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Now, using the Neumann series we can compute explicitly that∥∥∥∥(I +K(w, w̄))−1

(
α
ᾱ

)∥∥∥∥
s

=

∥∥∥∥∥
(
I +

∞∑
n=1

(−1)nKn(w, w̄)

)(
α
ᾱ

)∥∥∥∥∥
s

≤ ∥α∥s+
∞∑
n=1

∥∥∥∥Kn(w, w̄)

(
α
ᾱ

)∥∥∥∥
s

.

Finally, by induction one can verify that

∥∥∥∥Kn(w, z)

(
α
ᾱ

)∥∥∥∥
s

≤

(
7|c|
8
∥w∥2m0

)n

∥α∥s +

(
21|c|
8
∥w∥2m0

)n−1
7|c|
4
∥w∥m0∥w∥s∥α∥m0

+

[
n−1∑
j=1

(
7|c|
8
∥w∥2m0

)j(
21|c|
8
∥w∥2m0

)n−1−j]
7|c|
4
∥w∥m0∥w∥s∥α∥m0 ,

so, imposing for instance
∥w∥m0 < δ1 :=

√
4/(21|c|) (2.52)

we can derive (2.51) 2

By using the same contraction argument as in [6] Lemma 4.3, we can also prove that the map
Φ(3) is invertible near the origin:

Lemma 2.4.4 There exists δ2 > 0, such that for all (η, η̄) ∈ Hm0
0 (Tn, c.c.) in the ball

∥η∥m0 ≤ δ2,

there exists a unique (w, w̄) ∈ Hm0
0 (Tn, c.c.) such that Φ(3)(w, w̄) = (η, η̄), with ∥w∥m0 ≤

2∥η∥m0 .
If, in addition, η ∈ Hs

0(Tn, c.c.) for some s > m0, then w also belongs to Hs
0 , and ∥w∥s ≤ 2∥η∥s.

.

Proof: Following the idea of the original proof, for a chosen element (η, η̄) ∈ Hm0
0 (Tn, c.c.)

we want to find a fixed point for the map

Ψ(w, w̄) :=

(
η
η̄

)
−M(w, w̄)

(
w
w̄

)
.

Let us consider the ball BR := BR (Hm0
0 (Tn, c.c.)), a direct application of (2.49) shows

that Ψ maps BR into itself if

∥η∥m0 +
7|c|
8
R3 ≤ R. (2.53)

It remains to check if Ψ is a contraction:

∥Ψ(w1, w̄1)−Ψ(w2, w̄2)∥m0 =

∥∥∥∥M(w1, w̄1)

(
w1

w̄1

)
−M(w2, w̄2)

(
w2

w̄2

)∥∥∥∥
m0

≤
∫ 1

0

∥∥∥∥K(w2 + θ(w1 − w2), w̄2 + θ(w̄1 − w̄2)
)(w1 − w2

w̄1 − w̄2

)∥∥∥∥
m0

dθ ≤ 21|c|
8

R2∥w1 − w2∥m0 .

Hence Ψ is a contraction if
21|c|
8

R2 < 1. (2.54)
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By choosingR = 2∥η∥m0 and using (2.53) together with (2.54) we have that Ψ is a contraction
in the ball BR if ∥η∥m0 ≤ δ2

δ2 = (21|c|)−
1
2

2

Lemma 2.4.5 For all complex functions u, v, h, y one has

⟨A12[u, v]y, h⟩ = ⟨y,A12[u, v]h⟩, ⟨C12[u, v]y, h⟩ = ⟨y, C12[u, v]h⟩,
A12[u, v]y = A12[ū, v̄]ȳ, C12[u, v]y = C12[ū, v̄]ȳ,

A12[u, v]Λ
sy = ΛsA12[u, v]y, C12[u, v]Λ

sy = ΛsC12[u, v]y

From these relations it follows that

⟨M12(u, v)y, h⟩ = ⟨y,M12(u, v)h⟩, ⟨M21(u, v)y, h⟩ = ⟨y,M21(u, v)h⟩,
M12(u, v)h =M12(ū, v̄)h̄, M21(u, v)h =M21(ū, v̄)h̄,

[M12(u, v),Λ
s] = 0, [M21(u, v),Λ

s] = 0.

M12(u, v)h =M21(v, u)h

and
M(u, v)D1 +D1M(u, v) = 0. (2.55)

Proof: It follows directly from the definition of A and C in (2.42) 2

Lemma 2.4.5 implies the reality structure of the vector field X(1):

Lemma 2.4.6 The vector field X(1) preserves the real structure (1.20), i.e.
(
X(1)

)
1
=
(
X(1)

)
2
.

Let us now analyze X(1)
≥5 , defined in (2.41). We have:

X
(1)
≥5 (w, w̄) = −K2(w, w̄)D1

(
M(w, w̄)

(
w
w̄

))
+ K̃2(w, w̄)D1

(
Φ(3)(w, w̄)

)
+P(w, w̄)D1

(
M(w, w̄)

(
w
w̄

))
+
(
K2(w, w̄) + K̃2(w, w̄)

)
D3

(
Φ(3)(w, w̄)

)
+X̃

(1)
≥5 (w, w̄),

where

X̃
(1)
≥5 (w, w̄) := (I +K2(w, w̄))

−1 B5
(
Φ(3)(w, w̄)

)
+
[
B3
(
Φ(3)(w, w̄)

)
− B3(w, w̄)

]
+
(
−K2(w, w̄) + K̃2(w, w̄)

)
B3
(
Φ(3)(w, w̄)

)
.

Now, we have from (2.55) and (2.40) that

(M(w, w̄) +K2(w, w̄))D1

(
w
w̄

)
= B3(w, w̄)−XRes,3(w, w̄), (2.56)
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hence it follows that

−K2(w, w̄)D1 (M(w, w̄)) + K̃2(w, w̄)D1 (I +M(w, w̄))

= −K2(w, w̄)D1 (M(w, w̄)) +

∞∑
n=2

(−1)nKn
2 (w, w̄)D1 (I +M(w, w̄))

= K2(w, w̄)M(w, w̄)D1 +
∞∑
n=2

(−1)nKn
2 (w, w̄)D1 −

∞∑
n=2

(−1)nKn
” (w, w̄)M(w, w̄)D1

= −
∞∑
n=1

(−1)nKn
2 (w, w̄)K(w, w̄)D1 −

∞∑
n=1

(−1)nKn
2 (w, w̄)M(w, w̄)D1

= −
∞∑
n=1

(−1)nKn
2 (w, w̄) (K(w, w̄) +M(w, w̄))D1

= K2(w, w̄) (I +K2(w, w̄))
−1 (B3(w, w̄)−XRes,3(w, w̄)) . (2.57)

On the other hand by (2.55) and (2.56) we have

P(w, w̄)D1

(
M(w, w̄)

(
w
w̄

))
+
(
K2(w, w̄) + K̃2(w, w̄)

)
D3

(
Φ(3)(w, w̄)

)
= P(w, w̄)

∞∑
n=1

(−1)nKn(w, w̄)D1 + P(w, w̄)
∞∑
n=0

(−1)nKn(w, w̄)D1 (M(w, w̄))

= −
∞∑
n=0

(−1)nKn(w, w̄)K(w, w̄)D1 − P(w, w̄)
∞∑
n=0

(−1)nKn(w, w̄)M(w, w̄)D1

= −P(w, w̄) (I +K(w, w̄))−1 (B3(w, w̄)−XRes,3(w, w̄)) . (2.58)

Now, putting together (2.57) and (2.58) we get

X(1)(w, w̄) = (I + P(w, w̄))D1 +XRes,3(w, w̄) +X
(1)
≥5 (w, w̄), (2.59)

with

X
(1)
≥5 (w, w̄) = (K2(w, w̄)− P(w, w̄)) (I +K2(w, w̄))

−1 (B3(w, w̄)−XRes,3(w, w̄))+X̃
(1)
≥5 (w, w̄).

(2.60)

Lemma 2.4.7 For all s ≥ 0 and for any pair of complex conjugate functions (w, w̄) we have:

∥B3(w, w̄)∥s ≤ |c|∥w∥
2
1∥w∥s, ∥XRes,3(w, w̄)∥s ≤

|c|
2
∥w∥21∥w∥s, (2.61)

moreover, if ∥w∥m0 ≤ δ0 and for all complex functions h, we have

∥P(w, w̄)h∥s = |P(w, w̄)| ∥h∥s, 0 ≤ |P(w, w̄)| ≤ 3|c|∥w∥21
2

(2.62)

∥B5(w, w̄)∥s ≤ 2c2∥w∥21
2

∥w∥21∥w∥s (2.63)
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Proof: Estimate (2.61) follows from the definition of Bs and XRes,3 in (2.32), (2.43), (2.44).
Estimate (2.62) follows from (2.39), while estimate can be derived from (2.62) together with
(2.35). 2

Lemma 2.4.8 For all s ≥ 0, all (w, w̄) ∈ Hs
0(Tn, c.c.) ∩ Hm0

0 (Tn, c.c.) with ∥w∥m0 ≤ δ0 we
have ∥∥∥X(1)

≥5 (w, w̄)
∥∥∥
s
≤ |c|2∥w∥2m0

∥w∥21∥w∥s. (2.64)

Proof: It follows from the expression of X(1)
≥5 (w, w̄) in (2.60), together with the estimates

contained in Lemma 2.4.7 2

Let us now compute the contribution of the term XRes,3 in the energy estimate:

2Re
(
⟨Λsw, Λ2XRes,3⟩

)
= ⟨Λsw⟩(ΛsXRes,3)2 + ⟨(Λ

sXRes,3)1 , Λ
sw̄⟩ (2.65)

=
ic

2

∑
j k ̸=0 |j|=|k|

|j|2wjw−jw̄kw̄−k −
ic

2

∑
j k ̸=0 |j|=|k|

|j|2w̄jw̄−jwkw−k = 0

and then

∂t∥w∥2s
(2.59)
= 2Re

(
⟨Λsw, Λs

(
(I + P(w, w̄))D1 +XRes,3(w, w̄) +X

(1)
≥5 (w, w̄)

)
⟩
)

(2.65)
= 2Re

(
⟨Λsw, ΛsX

(1)
≥5 (w, w̄)⟩

)
(2.64)
≤ 2C|c|2∥w∥2m0

∥w∥21∥w∥2s

2.5 Normal form: second step

As in the previous section, the goal of this section is to construct a normal form transformation
in order to eliminate the resonant degree-5 terms. The main result is the following:

Lemma 2.5.1 (Normal Form Second Step)
There exists δ4 > 0 (defined in (2.85) ) and a map

Φ(4) : B2δ4(H
m0
0

(
Tn, c.c.)

)
→ Bδ4(H

m0
0

(
Tn, c.c.)

)
that conjugates system (2.33) into a system of the form

∂t(q, q̄) =

(
1 + P

(
Φ(4)(q, q̄)

))
(D1(q, q̄) +XRes,3(q, q̄)) +XRes,5(q, q̄) +X

(2)
≥7 (q, q̄),

where XRes,5(w, w̄) consists of homogeneity-5 resonant terms and is defined in (2.79), (2.80) and
X

(2)
≥7 (w, w̄) is bounded and contains the remaining terms of homogeneity greater than 7.

Finally, the terms
(
1 + P

(
Φ(4)(q, q̄)

))
(D1(q, q̄) +XRes,3(q, q̄)) and XRes,5(q, q̄) do not con-

tribute to the energy estimates, namely the Sobolev norms of the solutions of the system

∂t(q, q̄) =

(
1 + P

(
Φ(4)(q, q̄)

))
(D1(q, q̄) +XRes,3(q, q̄)) +XRes,5(q, q̄)

are constant.
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We start by splitting
X

(1)
≥5 = PXRes,3 +X

(1)
5 +X

(1)
≥7

where PXRes,3 does not contribute to the energy estimates, X(1)
5 only contains terms with

degree 5 and X(1)
≥7 contains the remaining terms with degree ≥ 7. In this way, the vector field

X(1) in (2.59) can be written as

X(1)(w, w̄) = (I + P(w, w̄)) (D1 +XRes,3(w, w̄)) +X
(1)
5 +X

(1)
≥7 .

1. Since the operator K2 is quadratic, the degree-5 five part of

K2(w, w̄) (I +K2(w, w̄))
−1 (B3(w, w̄)−XRes,3(w, w̄))

is
K(w, w̄) (B3(w, w̄)−XRes,3(w, w̄)) . (2.66)

2. By recalling the definition of P in (2.39), we have that the degree-5 part of

−P(w, w̄) (I +K2(w, w̄))
−1 (B3(w, w̄)−XRes,3(w, w̄))

is
cQ(w, w̄) (B3(w, w̄)−XRes,3(w, w̄)) . (2.67)

3. By recalling the definition of B5 in (2.35) we have that the degree-5 part of

(I +K2(w, w̄))
−1 B5

(
Φ(3)(w, w̄)

)
is

−cQ(w, w̄)B3(w, w̄). (2.68)

4. Finally, concerning the term[
B3
(
Φ(3)(w, w̄)

)
− B3(w, w̄)

]
,

by recalling the definition of Φ(3) = Id +M and Taylor expanding in (w, w̄) we have

B′3(w, w̄)M(w, w̄)

(
w
w̄

)
, (2.69)

where B′3(u, v) is the Gateaux derivative of B3 in the point (u, v) and acts on pair of
functions (α, β) in the following way:

B′3(u, v)
(
α
β

)
= −ic

(
⟨Λv,Λβ⟩ − ⟨Λu,Λα⟩

)(v
u

)

− ic
2

(
⟨Λv,Λv⟩ − ⟨Λu,Λu⟩

)(β
α

)
.

By collecting (2.66), (2.67), (2.68) and (2.69) we have

X
(1)
5 (w, w̄) = −K2(w, w̄)XRes,3(w, w̄) + B′3(w, w̄)M(w, w̄)

(
w
w̄

)
(2.70)
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and, consequently

X
(1)
≥7 (w, w̄) = K2(w, w̄)

(
−K2(w, w̄) + K̃2(w, w̄)

)
(B3(w, w̄)−XRes,3(w, w̄))

−P(w, w̄)
(
−K2(w, w̄) + K̃2(w, w̄)

)
(B3(w, w̄)−XRes,3(w, w̄))

+P(w, w̄)
[
B3
(
Φ(3)(w, w̄)

)
− B3(w, w̄)

]
+
(
−K2(w, w̄) + K̃2(w, w̄)

)
B5
(
Φ(3)(w, w̄)

)
+

[
B3
(
Φ(3)(w, w̄)

)
− B3(w, w̄)− B′3(w, w̄)M(w, w̄)

(
w
w̄

)]
−K2(w, w̄)

[
B3
(
Φ(3)(w, w̄

)
− B3(w, w̄)

]
+ K̃2(w, w̄)B3

(
Φ(3)(w, w̄)

)
.

From a direct calculation we have:

Lemma 2.5.2 For all s ≥ 0, all (w, z) ∈ Hs
0(Tn, c.c.) ∩ Hm0

0 (Tn, c.c.) with ∥w∥m0 ≤ δ0 we
have∥∥∥X(1)

5 (w, z)
∥∥∥
s
≤ 63

16
|c|2∥w∥2m0

∥w∥21∥w∥s,
∥∥∥X(1)

≥7 (w, z)
∥∥∥
s
≤ C|c|3.∥w∥4m0

∥w∥21∥w∥s

Let us consider the following change of variables:(
w
w̄

)
= Φ(5)(q, q̄) := (I +M(q, q̄))

(
q
q̄

)
, (2.71)

where

M(q, q̄) = A[q, q, q, q] + B[q, q, q, q̄] + C[q, q, q̄, q̄] +D[q, q̄, q̄, q̄] + F [q̄, q̄, q̄] (2.72)

is a generic map in the space of quadrilinear operators. We write

A[u, u, u, u] =
(
A11[q, q, q, q] A12[q, q, q, q]
A21[q, q, q, q] A22[q, q, q, q]

)
,

with
A11[q

(1), q(2), q(3), q(4)]h =
∑
j,l,k

q
(1)
j q

(2)
−j q

(3)
l q

(4)
−l hk a11(j, l, k)e

ikx

and similarly for the other terms.
We assume moreover the following symmetry relations:

A[q(1), q(2), q(3), q(4)] = A[q(2), q(1), q(3), q(4)] = A[q(1), q(2), q(4), q(3)]
B[q(1), q(2), q(3), q̄] = B[q(2), q(1), q(3), q̄]
C[q(1), q(2), q̄(1), q̄(2)] = C[q(2), q(1), q̄(1), q̄(2)] = C[q(1), q(2), q̄(2), q̄(1)]
D[q, q̄(1), q̄(2), q̄(3)] = D[q, q̄(1), q̄(3), q̄(2)]

F [q̄(1), q̄(2), q̄(3), q̄(4)] = F [q̄(2), q̄(1), q̄(3), q̄(4)] = F [q̄(1), q̄(2), q̄(4), q̄(3)]

Finally, in order for Φ(4) to map complex conjugated pair of functions into pairs of complex
conjugated function, we assume

M11(q, q̄) =M22(q, q̄), M12(q, q̄) =M21(q, q̄).
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Similarly to the first normal form transformation, we have in the new set of variables:

(I +K(q, q̄)) ∂t
(
q
q̄

)
= X+

(
Φ(4)(q, q̄)

)
where

K(q, q̄)
(
α
β

)
= (M(q, q̄) + E(q, q̄))

(
α
β

)
and

E(q, q̄)
(
α
β

)
=

(
2A[q, α, q, q] + 2A[q, q, q, α] + 2B[q, α, q, q̄] + B[q, q, α, q̄]

+B[q, q, q, β] + 2C[q, α, q̄, q̄] + 2C[q, q, q̄, β] +D[α, q̄, q̄, q̄]

+D[q, β, q̄, q̄] + 2D[q, q̄, q̄, β] + 2F [q̄, β, q̄, q̄] + 2F [q̄, q̄, q̄, β]
)(q

q̄

)
.

Hence, we can write

∂t

(
q
q̄

)
= X(2)(q, q̄) := (I +K(q, q̄))−1X(1)

(
Φ(4)(q, q̄)

)
=

(
1 + P

(
Φ(4)(q, q̄)

))
(D1(q, q̄) +XRes,3(q, q̄)) +X

(2)
5 (q, q̄) +X

(2)
≥7 (q, q̄),

where
X

(2)
5 (q, q̄) = X

(1)
5 (q, q̄) +D1

(
M(q, q̄)

(
q
q̄

))
−K(q, q̄)D1(q, q̄).

is the part with degree-5 and

X
(2)
≥7 (q, q̄) =

[
1 + P

(
Φ(4)(q, q̄)

)](
−K(q, q̄) + K̃(q, q̄)

)(
X

(2)
5 (q, q̄)−X(1)

5 (q, q̄)
)

+P
(
Φ(4)(q, q̄)

)(
X

(2)
5 (q, q̄)−X(1)

5 (q, q̄)
)

+
[
1 + P

(
Φ(4)(q, q̄)

)](
−K(q, q̄) + K̃(q, q̄)

)
XRes,3(q, q̄)

+
(
−K(q, q̄) + K̃(q, q̄)

)
X

(1)
5 (q, q̄) (2.73)

+
[
1 + P

(
Φ(4)(q, q̄)

)]
(I +K(q, q̄))−1

[
XRes,3

(
Φ(4)(q, q̄)

)
−Xres,3(q, q̄)

]
+(I +K(q, q̄))−1

[
X

(1)
5

(
Φ(4)(q, q̄)

)
−X(1)

5 (q, q̄)
]

+(I +K(q, q̄))−1X
(1)
≥7

(
Φ(4)(q, q̄)

)
is the remaining part with degree ≥ 7.
We start by analyzing the first component of X(2)

5 :(
X

(2)
5 (q, q̄)

)
1
=
(
X

(1)
5 (q, q̄)

)
1
− 2iM1,2(q, q̄)Λq̄ −

(
E(q, q̄)

(
−iΛq
iΛq̄

))
1

.

By recalling the expressions of X(1)
5 in (2.70)and of K2 in (2.48) and recalling that

Q(q, q̄) =
c

2
⟨Λq, q⟩+ c ⟨Λq, q̄⟩+ c

2
⟨Λq̄, q̄⟩
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and that

B3(q, q̄) =
(
− ic

2
⟨Λq̄,Λq̄⟩+ ic

2
⟨Λq,Λq⟩

)(
q̄
q

)
,

we have

(
−K2(q, q̄)XRes,3(q, q̄)

)
1

= −2A1,2

[
q, (XRes,3(q, q̄))1

]
q̄ − 2C1,2

[
q̄, (XRes,3(q, q̄))2

]
q̄

−A1,2[q, q] (XRes,3(q, q̄))2 − C1,2[q̄, q̄] (XRes,3(q, q̄))2 ;

(
B′3(q, q̄)M(q, q̄)

(
q
q̄

))
1

= −ic

(
⟨Λq̄,ΛA1,2[q̄, q̄]q + ΛC1,2[q, q]q⟩ − ⟨Λq,ΛA1,2[q, q]q̄ + ΛC1,2[q̄, q̄]q̄⟩

)
q̄

− ic
2
(⟨Λq̄,Λq̄⟩ − ⟨Λq,Λq⟩) (A1,2[q̄, q̄]q + C1,2[q, q]q)

= −ic ⟨Λq̄,ΛA1,2[q̄, q̄]q⟩ q̄ − ic ⟨Λq̄,ΛC1,2[q, q]q⟩ q̄ + ic ⟨Λq,ΛA1,2[q, q]q̄⟩ q̄

+ic ⟨Λq,ΛC1,2[q̄, q̄]q̄⟩ q̄ −
ic

2
⟨Λq̄,Λq̄⟩A1,2[q̄, q̄]q −

ic

2
⟨Λq̄,Λq̄⟩C1,2[q, q]q

+
ic

2
⟨Λq,Λq⟩A1,2[q̄, q̄]q +

ic

2
⟨Λq,Λq⟩C1,2[q, q]q;

−2iM1,2(q, q̄)Λq̄ = −2iA1,2[q, q, q, q]Λq̄ − 2iB1,2[q, q, q, q̄]Λq̄ − 2iC1,2[q, q, q̄, q̄]Λq̄
−2iD1,2[q, q̄, q̄, q̄]Λq̄ − 2iF1,2[q̄, q̄, q̄, q̄]Λq̄;

−
(
E(q, q̄)

(
−iΛq
iΛq̄

))
1

= 2iA1,1[q,Λq, q, q]q + 2iA1,1[q, q, q,Λq]q + 2iB1,1[q,Λq, q, q̄]q + iB1,1[q, q,Λq, q̄]q
−iB1,1[q, q, q,Λq̄]q + 2iC1,1[q,Λq, q̄, q̄]q − 2iC1,1[q, q, q̄,Λq̄]q + iD1,1[Λq, q̄, q̄, q̄]q

−iD1,1[q,Λq̄, q̄, q̄]q − 2iD1,1[q, q̄, q̄,Λq̄]q − 2iF1,1[q̄,Λq̄, q̄, q̄]q − 2iF1,1[q̄, q̄, q̄,Λq̄]q

+2iA1,2[q,Λq, q, q]q̄ + 2iA1,2[q, q, q,Λq]q̄ + 2iB1,2[q,Λq, q, q̄]q̄ + iB1,2[q, q,Λq, q̄]q̄
−iB1,2[q, q, q,Λq̄]q̄ + 2iC1,2[q,Λq, q̄, q̄]q̄ − 2iC1,2[q, q, q̄,Λq̄]q̄ + iD1,2[Λq, q̄, q̄, q̄]q̄

−iD1,2[q,Λq̄, q̄, q̄]q̄ − 2iD1,2[q, q̄, q̄,Λq̄]q̄ − 2iF1,2[q̄,Λq̄, q̄, q̄]q̄ − 2iF1,2[q̄, q̄, q̄,Λq̄]q̄;
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Collecting all these terms, we obtain

(
X

(2)
5 (q, q̄)

)
1

= −2A1,2

[
q,
(
X+

3 (q, q̄)
)
1

]
q̄ − 2C1,2

[
q̄,
(
X+

3 (q, q̄)
)
2

]
q̄

−A1,2[q, q]
(
X+

3 (q, q̄)
)
2
− C1,2[q̄, q̄]

(
X+

3 (q, q̄)
)
2

−ic ⟨Λq̄,ΛA1,2[q̄, q̄]q⟩ q̄ − ic ⟨Λq̄,ΛC1,2[q, q]q⟩ q̄ + ic ⟨Λq,ΛA1,2[q, q]q̄⟩ q̄

+ic ⟨Λq,ΛC1,2[q̄, q̄]q̄⟩ q̄ −
ic

2
⟨Λq̄,Λq̄⟩A1,2[q̄, q̄]q −

ic

2
⟨Λq̄,Λq̄⟩C1,2[q, q]q

+
ic

2
⟨Λq,Λq⟩A1,2[q̄, q̄]q +

ic

2
⟨Λq,Λq⟩C1,2[q, q]q

−2iA1,2[q, q, q, q]Λq̄ − 2iB1,2[q, q, q, q̄]Λq̄ − 2iC1,2[q, q, q̄, q̄]Λq̄

−2iD1,2[q, q̄, q̄, q̄]Λq̄ − 2iF1,2[q̄, q̄, q̄, q̄]Λq̄

+2iA1,1[q,Λq, q, q]q + 2iA1,1[q, q, q,Λq]q + 2iB1,1[q,Λq, q, q̄]q + iB1,1[q, q,Λq, q̄]q

−iB1,1[q, q, q,Λq̄]q + 2iC1,1[q,Λq, q̄, q̄]q − 2iC1,1[q, q, q̄,Λq̄]q + iD1,1[Λq, q̄, q̄, q̄]q

−iD1,1[q,Λq̄, q̄, q̄]q − 2iD1,1[q, q̄, q̄,Λq̄]q − 2iF1,1[q̄,Λq̄, q̄, q̄]q − 2iF1,1[q̄, q̄, q̄,Λq̄]q

+2iA1,2[q,Λq, q, q]q̄ + 2iA1,2[q, q, q,Λq]q̄ + 2iB1,2[q,Λq, q, q̄]q̄ + iB1,2[q, q,Λq, q̄]q̄

−iB1,2[q, q, q,Λq̄]q̄ + 2iC1,2[q,Λq, q̄, q̄]q̄ − 2iC1,2[q, q, q̄,Λq̄]q̄ + iD1,2[Λq, q̄, q̄, q̄]q̄

−iD1,2[q,Λq̄, q̄, q̄]q̄ − 2iD1,2[q, q̄, q̄,Λq̄]q̄ − 2iF1,2[q̄,Λq̄, q̄, q̄]q̄ − 2iF1,2[q̄, q̄, q̄,Λq̄]q̄.

We now select the operators A, B, C,D,F in (2.72) and the corresponding Fourier symbols
a, b, c, d, f in order to cancel out as many terms as possible from X

(2)
5 .

Since, in Fourier variables, the terms involved in the expression of X(2)
5 are monomials in the

variables qj , q̄j we start by separating the terms with the same homogeneity in the variables q
and q̄:

(1) Terms containing the monomial qlq−lqjq−jqk:
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ic

2
⟨Λq,Λq⟩C1,2[q, q]q + 2iA1,1[q,Λq, q, q]q + 2iA1,1[q, q, q,Λq]q

= − ic
2

8

∑
j,l,k ̸=0

|l|2|j|2

|l|+ |k|
qjq−jqlq−lqke

ik·x + 2i
∑

j,l,k ̸=0

|j|a11(j, l, k)qjq−jqlq−lqke
ik·x

+
∑
|l|a11(j, l, k)qjq−jqlq−lqke

ik·x

=
∑

j,l,k ̸=0

(
2ia11(j, l, k)|j|+ 2ia11(j, l, k)|l| −

ic2

8

|l|2|j|2

|l|+ |k|

)
qlq−lqjq−jqke

ik·x

=
∑

j,l,k ̸=0

(
2ia11(j, l, k)(|j|+ |l|)−

ic2

16

|l|2|j|2

|j|+ |k|
− ic2

16

|l|2|j|2

|l|+ |k|

)
qlq−lqjq−jqke

ik·x,

then we can choose a11 to be

a11(j, l, k) =
c2

32

|l|2|j|2

|j|+ |l|

(
1

|j|+ |k|
+

1

|l|+ |k|

)
. (2.74)

There are no resonant terms of this form.

(2) Terms containing the monomial qjq−jqlq̄lq̄−k:

−2A1,2

[
q,
(
X+

3 (q, q̄)
)
1

]
q̄ + ic ⟨Λq,ΛA1,2[q, q]q̄⟩ q̄ − ic ⟨Λq̄,ΛC1,2[q, q]q⟩ q̄

−2iB1,2[q, q, q, q̄]Λq̄ + 2iB1,2[q,Λq, q, q̄]q̄ + iB1,2[q, q,Λq, q̄]q̄ − iB1,2[q, q, q,Λq̄]q̄

=
ic2

4

∑
j,l,k ̸=0

|j|2|l|2(1− δ|k||l| )δ
|j|
|l|

|l| − |k|
qjq−jqlq̄lq̄−ke

ik·x − ic2

4

∑
j,l,k ̸=0

|j|2|l|2(1− δ|j||l| )

|j| − |l|
qjq−jqlq̄lq̄−ke

ik·x

+
ic2

4

∑
j,l,k ̸=0

|j|2|l|2

|j|+ |l|
qjq−jqlq̄lq̄−ke

ik·x − 2i
∑

j,l,k ̸=0

|k|b12(j, l, k)qjq−jqlq̄lq̄−ke
ik·x

+2i
∑

j,l,k ̸=0

|j|b12(j, l, k)qjq−jqlq̄lq̄−ke
ik·x + i

∑
j,l,k ̸=0

|l|b12(j, l, k)qjq−jqlq̄lq̄−ke
ik·x

−i
∑

j,l,k ̸=0

|l|b12(j, l, k)qjq−jqlq̄lq̄−ke
ik·x

=
∑

j,l,k ̸=0

(
ic2

4

|j|2|l|2(1− δ|k||l| )δ
|j|
|l|

|l| − |k|
− ic2

4

|j|2|l|2(1− δ|j||l| )

|j| − |l|
+
ic2

4

|j|2|l|2

|j|+ |l|

+2ib12(j, l, k)(|j| − |k|)

)
qjq−jqlq̄lq̄−ke

ik·x,

hence

b1,2(j, l, k) =
c2|j|2|l|2

8

(1− δ|k||l| )δ
|j|
|l|

|l| − |k|
−

(1− δ|j||l| )

|j| − |l|
+

1

|j|+ |l|

 1− δ|k||j|

|k| − |j|
. (2.75)

The remaining resonant terms are given by

∑
|j|=|k|

ic2|j|2|l|2

8

(
(1− δ|k||l| )δ

|j|
|l|

|l| − |k|
−

1− δ|j||l|

|j| − |l|
+

1

|j|+ |l|
)

)
qjq−jqlq̄lq̄−ke

ik·x
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=
∑

|j|=|k|

ic2|j|2|l|2

8

(
1

|j|+ |l|
−

1− δ|j||l|

|j| − |l|

)
qjq−jqlq̄lq̄−ke

ik·x. (R1)

(3) Terms containing the monomial qjq̄jq̄−lq̄lq̄−k:

−2C1,2

[
q̄,
(
X+

3 (q, q̄)
)
2

]
q̄ − ic ⟨Λq̄,ΛA1,2[q̄, q̄]q⟩ q̄ + ic ⟨Λq,ΛC1,2[q̄, q̄]q̄⟩ q̄

−2iD1,2[q, q̄, q̄, q̄]Λq̄ + iD1,2[Λq, q̄, q̄, q̄]q̄ − iD1,2[q,Λq̄, q̄, q̄]q̄ − 2iD1,2[q, q̄, q̄,Λq̄]q̄

= − ic
2

4

∑
j,l,k ̸=0

|j|2|l|2δ|j||l|

|j|+ |k|
qj q̄j q̄−lq̄lq̄−ke

ik·x +
ic2

4

∑
j,l,k ̸=0

|j|2|l|2(1− δ|j||l| )

|l| − |j|
qj q̄j q̄−lq̄lq̄−ke

ik·x

− ic
2

4

∑
j,l,k ̸=0

|j|2|l|2

|l|+ |j|
qj q̄j q̄−lq̄lq̄−ke

ik·x − 2i
∑

j,l,k ̸=0

d12(j, l, k)(|j|+ |k|)qj q̄j q̄−lq̄lq̄−ke
ik·x

=
∑

j,l,k ̸=0

(
− ic2

4

|j|2|l|2δ|j||l|

|j|+ |k|
+
ic2

4

|j|2|l|2(1− δ|j||l| )

|l| − |j|
− ic2

4

|j|2|l|2

|l|+ |j|

−2id12(j, l, k)(|j|+ |k|)

)
qj q̄j q̄−lq̄lq̄−ke

ik·x

hence

d12(j, l, k) =
ic2|j||l|

8

− δ
|j|
|l|

|j|+ |k|
+

1− δ|j||l|

|l| − |j|
− 1

|l|+ |j|

 1

|j|+ |k|
. (2.76)

There are no resonant terms of this form.

(4) Terms containing the monomial q̄−jq̄jq̄−lq̄lqk:

−C1,2[q̄, q̄]
(
X+

3 (q, q̄)
)
2
− ic

2
⟨Λq̄,Λq̄⟩A1,2[q̄, q̄]q − 2iF1,1[q̄,Λq̄, q̄, q̄]q − 2iF1,1[q̄, q̄, q̄,Λq̄]q

= − ic
2

8

∑
j,l,k ̸=0

|j|2|l|2δ|k||l|

|j|+ |k|
q̄−j q̄j q̄−lq̄lqke

ik·x +
ic2

8

∑
j,l,k ̸=0

|j|2|l|2(1− δ|k||l| )

|j| − |k|
q̄−j q̄j q̄−lq̄lqke

ik·x

−2i
∑

j,l,k ̸=0

f11(j, l, k)(|j|+ |l|)q̄−j q̄j q̄−lq̄lqke
ik·x

=
∑

j,l,k ̸=0

− ic2
8

|j|2|l|2δ|k||l|

|j|+ |k|
+
ic2

8

|j|2|l|2(1− δ|k||l| )

|j| − |k|
− 2if11(j, l, k)(|j|+ |l|)

 q̄−j q̄j q̄−lq̄lqke
ik·x

hence

f11(j, l, k) =
c2|j|2|l|2

16

− δ
|k|
|l|

|j|+ |k|
+

(1− δ|k||l| )

|j| − |k|

 1

|j|+ |l|
(2.77)

There are no remaining resonant terms of this form.
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(5) Terms containing the monomial qjq−jq̄−lq̄lqk:

−A1,2[q, q]
(
X+

3 (q, q̄)
)
2
− ic

2
⟨Λq̄,Λq̄⟩C1,2[q, q]q +

ic

2
⟨Λq,Λq⟩A1,2[q̄, q̄]q

+2iC1,1[q,Λq, q̄, q̄]q − 2iC1,1[q, q, q̄,Λq̄]q

= − ic
2

8

∑
j,l,k ̸=0

|j|2|l|2(1− δ|k||j| )δ
|k|
|l|

|j| − |k|
qjq−j q̄−lq̄lqke

ik·x +
ic2

8

∑
j,l,k ̸=0

|j|2|l|2

|j|+ |k|
qjq−j q̄−lq̄lqke

ik·x

− ic
2

8

∑
j,l,k ̸=0

|j|2|l|2(1− δ|k||l| )

|l| − |k|
qjq−j q̄−lq̄lqke

ik·x − 2i
∑

j,l,k ̸=0

c11(j, l, k)(|l| − |j|)qjq−j q̄−lq̄lqke
ik·x

=
∑

j,l,k ̸=0

(
− ic2

8

|j|2|l|2(1− δ|k||j| )δ
|k|
|l|

|j| − |k|
+
ic2

8

|j|2|l|2

|j|+ |k|
− ic2

8

|j|2|l|2(1− δ|k||l| )

|l| − |k|

−2ic11(j, l, k)(|l| − |j|)
)
qjq−j q̄−lq̄lqke

ik·x

hence

c11(j, l, k) =
c2|j|2|l|2

16

−(1− δ|k||j| )δ
|k|
|l|

|j| − |k|
+

1

|j|+ |k|
−

(1− δ|k||l| )

|l| − |k|

 1− δ|l||j|
|l| − |j|

. (2.78)

The remaining resonant terms are

∑
|j|=|l|

ic2|j|2|l|2

8

 1

|j|+ |k|
−

1− δ|k||l|

|l| − |k|

 qjq−j q̄−lq̄lqke
ik·x. (R2)

As they are not needed in the calculation, we set

A12, B11, C12, D11, F12 = 0.

By recalling (R1) and (R2), we have that the resonant vector field of degree 5 has first com-
ponent

(XRes,5(q, q̄))1 =
∑

|j|=|k|

ic2|j|2|l|2

8

(
1

|j|+ |l|
−

1− δ|j||l|

|j| − |l|

)
qjq−jqlq̄lq̄−ke

ik·x

(2.79)

+
∑
|j|=|l|

ic2|j|2|l|2

8

 1

|j|+ |k|
−

1− δ|k||l|

|l| − |k|

 qjq−j q̄−lq̄lqke
ik·x.

Analogous calculations lead to

A21, B22, C21, D22, F21 = 0,

A22 = F11, B21 = C12, C22 = B11, F22 = A11

58



and

(XRes,5(q, q̄))2 = −
∑

|j|=|k|

c2|j|2|l|2

8

(
1

|j|+ |l|
−

1− δ|j||l|

|j| − |l|

)
q̄−j q̄j q̄−lq−lqke

ik·x

(2.80)

−
∑
|j|=|l|

ic2|j|2|l|2

8

 1

|j|+ |k|
−

1− δ|k||l|

|l| − |k|

 q̄−j q̄jqlq−lq̄−ke
ik·x.

Lemma 2.5.3 The vector field X(2) preserves the real structure, namely
(
X(2)

)
1
=
(
X(2)

)
2

Proof: It follows from the definitions od a11, b12, c11, d12, f11 in (2.74), (2.75), (2.74), (2.78),
(2.76), (2.77). 2

We now collect some basic estimates on the operators A, B, C, D, F :

Lemma 2.5.4 For any complex functions u, v, w, z, h and for all real s ≥ 0, it holds:

∥A11[u, v, w, z]h∥s ≤ c2∥u∥ 1
2
∥v∥ 1

2
∥w∥ 1

2
∥z∥ 1

2
∥h∥s

∥B12[u, v, w, z]h∥s ≤ 3c2∥u∥m0∥v∥m0∥w∥m0∥z∥m0∥h∥s
∥C11[u, v, w, z]h∥s ≤ 2c2∥u∥m0∥v∥m0∥w∥m0∥z∥m0∥h∥s (2.81)
∥D12[u, v, w, z]h∥s ≤ c2∥u∥1∥v∥1∥w∥1∥z∥1∥h∥s
∥F11[u, v, w, z]h∥s ≤ c2∥u∥1∥v∥1∥w∥1∥z∥1∥h∥s

Proof: It follows directly from (2.74), (2.75) , (2.76), (2.77), (2.78), together with a repeated
use of (2.46). 2

Lemma 2.5.5 For all s ≥ 0, all (u, v) ∈ Hm0
0 (Tn, c.c.), (α, β) ∈ Hs

0(Tn, c.c.) one has∥∥∥∥M(u, v)

(
α
β

)∥∥∥∥
s

≤ 12c2∥u∥4m0
∥α∥s (2.82)∥∥∥∥K(u, v)(αβ

)∥∥∥∥
s

≤ 12c2∥u∥3m0
(∥u∥m0∥α∥s + 4∥u∥s∥α∥m0). (2.83)

Moreover, there exists δ3 such that, if ∥u∥m0 < δ3, the operator

(I +K(u, v)) : Hm0
0 (Tn, c.c.) −→ Hm0

0 (Tn, c.c.)

is invertible with inverse satisfying∥∥∥∥(I +K(u, v))−1

(
α
β

)∥∥∥∥
s

≤ C
(
∥α∥s + ∥u∥3m0

∥u∥s∥α∥m0

)
. (2.84)

In our case C = C(c2) and δ3 =
(
60c2

)− 1
4 .

Proof: Estimates (2.82) and (2.83) are a direct consequence of (2.81), while (2.84) follows
from an application of the Neumann series together with (2.83). 2
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Lemma 2.5.6 There exists a universal constant δ4 > 0 such that, for all (w, w̄) ∈ Hm0
0 (Tn, c.c.)

in the ball ∥w∥m0 ≤ δ there exists a unique (q, q̄) ∈ Hm0
0 (Tn, c.c.) such that Φ(5)(u, v) = (w, w̄),

with ∥q∥m0 ≤ 2∥w∥m0 .
If, in addition, w ∈ Hs

0 for some s ≥ m0, then q also belongs to Hs
0 and ∥u∥2 ≤ 2∥w∥s.

(in our case
δ4 =

(
385c2

)− 1
4 (2.85)

Proof: The proof is the same as in Lemma 2.4.4 with the use of (2.82) and (2.83). 2

If we perform an energy estimate on a solution of

∂t

(
q
q̄

)
= X(2)(q, q̄) =

(
1+P

(
Φ(4)(q, q̄)

))
(D1(q, q̄) +XRes,3(q, q̄))+XRes,5(q, q̄)+X

(2)
≥7 (q, q̄)

since the terms

(
1 + P

(
Φ(4)(q, q̄)

))
(D1(q, q̄) +XRes,3(q, q̄)) give zero contribution, we

obtain

∂t
(
∥q∥2s

)
=

〈(
X(2)(q, q̄)

)
1
,Λ2sq̄

〉
+
〈
Λ2sq,

(
X(2)(q, q̄)

)
2

〉
(2.86)

=
〈
(XRes,5(q, q̄))1 +

(
X

(2)
≥7 (q, q̄)

)
1
,Λ2sq̄

〉
+
〈
Λ2sq, (XRes,5(q, q̄))2 +

(
X

(2)
≥7 (q, q̄)

)
2

〉
.

Then the first non-trivial contribution is given by XRes,5.
By recalling (2.79) and (2.80) we have〈

(XRes,5(q, q̄))1 ,Λ
2sq̄
〉
+
〈
Λ2sq, (XRes,5(q, q̄))2

〉
=

∑
|j|=|k|

ic2|j|2|l|2

8

(
1

|j|+ |l|
−

1− δ|j||l|

|j| − |l|

)
qjq−jqlq̄lq̄−kq̄k (2.87)

+
∑
|j|=|l|

ic2|j|2|l|2

8

 1

|j|+ |k|
−

1− δ|k||l|

|l| − |k|
)

 qjq−j q̄−lq̄lqkq̄k (2.88)

−
∑

|j|=|k|

c2|j|2|l|2

8

(
1

|j|+ |l|
−

1− δ|j||l|

|j| − |l|

)
q̄−j q̄j q̄−lq−lqkq−k

+
∑
|j|=|l|

ic2|j|2|l|2

8

 1

|j|+ |k|
−

1− δ|k||l|

|l| − |k|
)

 q̄−j q̄jqlq−lq̄−kq−k.

By renaming j ↔ k in equation (2.87) and j ↔ l in (2.88) we have that〈
(XRes,5(q, q̄))1 ,Λ

2sq̄
〉
+
〈
Λ2sq, (XRes,5(q, q̄))2

〉
= 0. (2.89)

Equation (2.89) implies that also XRes,5 does not contribute to the energy estimate, there-
fore we need to quantify the contribution of the higher order term X

(2)
≥7 , defined in (2.73).

Let us quantify it:
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Lemma 2.5.7 For all s ≥ 0 all (q, q̄) ∈ Hs
0(Tn, c.c.) ∩Bδ4 (H

m0
0 (Tn, c.c.)) one has∥∥∥X(2)

≥7 (q, q̄)
∥∥∥
s
≤ c1∥q∥4m0

∥q∥21∥q∥s (2.90)

where c1 is a constant depending on c.

Proof: It follows from the definition ofX(2)
≥7 in (2.73) together with estimates (2.83) and (2.49).

2

We can therefore improve the energy estimate on the solutions of the new system:

Lemma 2.5.8 Let T > 0, s ≥ m0 and consider a solution (q, q̄) ∈ Hs
0(Tn, c.c.)∩Bδ4 (H

m0
0 (Tn, c.c.))

of
∂t(q, q̄) = X(2)(q, q̄),

then it holds
∂t(∥q∥2s) ≤ c2∥q∥4m0

∥q∥21∥q∥2s (2.91)

where c2 is a constant depending on c.

Proof: Follows from (2.86), together with (2.89) and (2.90). 2

2.5.1 Proof of Theorem 1.2.2

We now consider the maps Φ(1), Φ(2), Φ(3), Φ(4) defined in (2.6), (2.24), (2.36), (2.71).
Thanks to lemmas 3.5.1, 2.4.4 2.5.6, we have that there exists a constant δ depending on c
only, such that the transformation Φ = Φ(1) ◦ Φ(2) ◦ Φ(3) ◦ Φ(4) is well defined

Φ : Bδ (H
m0
0 (Tn, c.c.)) ∩Hs

0(Tn, c.c.)→ Hs
0(Tn,R)×Hs−1

0 (Tn,R)

and invertible for all s ≥ m0. In particular we have:

1 For all pairs of zero mean real functions (u, v) ∈ Hs+ 1
2

0 (Tn,R)×Hs− 1
2

0 (Td,R) satisfying

∥u∥m0+
1
2
+ ∥v∥m0− 1

2
≤ δ, (2.92)

there exists a unique pair (q, q̄) = (q, q̄) ∈ Hs
0(Td, c.c.) such that (u, v) = Φ(q, q).

Moreover, (q, q) = Φ−1(u, v) satisfies the estimate

∥w∥s ≤ C0(∥u∥s+ 1
2
+ ∥v∥s− 1

2
). (2.93)

On the other hand, if w ∈ Hs
0(Td,C) satisfies

∥w∥m0 ≤ δ0,

then (u, v) = Φ(w,w) ∈ Hs+ 1
2

0 (Td,R)×Hs− 1
2

0 (Td,R) is a pair of zero mean real func-
tions satisfying

∥u∥s+ 1
2
+ ∥v∥s− 1

2
≤ C0∥w∥s.

2 For every s ≥ m0, and every solution of (2.1)

u ∈ C0([0, T ], H
s+ 1

2
0 (Td,R)) ∩ C1([0, T ], H

s− 1
2

0 (Td,R))
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on a given time interval [0, T ] satisfying

max
t∈[0,T ]

(
∥u(t)∥m0+

1
2
+ ∥∂tu(t)∥m0− 1

2

)
≤ δ0,

the corresponding pair

(q, q̄) := Φ−1(u, ut) ∈ C0([0, T ], Hs
0(Td, c.c.))

is a solution of system
∂t(q, q̄) = X(2)(q, q̄). (2.94)

Moreover it satisfies the bound

max
t∈[0,T ]

∥q(t)∥s ≤ C0 max
t∈[0,T ]

(
∥u(t)∥s+ 1

2
+ ∥∂tu(t)∥s− 1

2

)
.

Similarly, if (w,w) ∈ C0([0, T ], Hs
0(Td, c.c.)) is a solution of system (2.94) and satisfies

max
t∈[0,T ]

∥q(t)∥m0 ≤ δ,

then the corresponding pair

(u, v) := Φ(q, q̄) ∈ C0([0, T ], H
s+ 1

2
0 (Td,R))× C0([0, T ], H

s− 1
2

0 (Td,R))

are of the form

v = ∂tu, u ∈ C0([0, T ], H
s+ 1

2
0 (Td)) ∩ C1([0, T ], H

s− 1
2

0 (Td)).

Moreover u is a solution of equation (2.1) and

max
t∈[0,T ]

(
∥u(t)∥s+ 1

2
+ ∥∂tu(t)∥s− 1

2

)
≤ C0 max

t∈[0,T ]
∥q(t)∥s.

Proof of Theorem 1.2.2
We proceed via bootstrap argument: thanks to the classical results of local well-posedness for
the Kirchhoff Equation (see [48] or [1]) there exists a solution u of equation (2.1) with initial
data (u0, v0) satisfying (2.92).
This implies the local existence and uniqueness for system (2.94) with initial data (q0, q̄0) :=
Φ−1(u0, v0).

Let us fix a pair of initial data (u∗0, v
∗
0) for equation (2.1) such that

ε := ∥u∗0∥m0+
1
2
+ ∥v∗0∥m0− 1

2
≤ ε0 :=

δ

2C
,

then from (2.93) we get the following bound for the new variables (q∗0, q̄∗0):

∥q∗0∥m0 ≤
δ

2
.

It follows that the solution (q(t), q̄(t)) of the Cauchy problem associated with system (2.94)
with initial data (q∗0, q̄∗0) is well-defined and unique as long as (q(t), q̄(t)) ∈ Bδ(H

m0
0 (Tn, c.c.)).

By using the energy estimate (2.91) we have

∂t∥q∥2m0
≤ c2∥q∥2m0

,

62



and then
∥q(t)∥m0 ≤

∥q∗0∥m0

(1− 3c2∥q∗0∥6m0
)
1
6

,

that implies the existence for times of order T ∼ ε−6.
The bound (1.14) for u ∈ Hm0 is then implied by (2.92).
If, in addition (u0, v0) ∈ Hs+ 1

2 × Hs− 1
2 for some s ≥ m0 then the energy estimate (2.91)

together with a Gronwall argument provide us the corresponding bound (1.14). 2
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Chapter 3

Formal Birkhoff Normal Form

This chapter continues the analysis of the resonances carried out in Chapter 2, using a com-
plementary and more algebraic approach based on the formal Birkhoff normal form outlined
in Section (3.1.1). The advantage of this method is that working at a formal level simplifies
the computations and avoids several technical issues related to the quasilinear character of the
Kirchhoff equation. At the same time, it provides a convenient framework to exploit the sym-
metries of its nonlinearity.
The main results of this chapter are Theorems 1.2.3 and 1.2.4.
In Section 3.1 we analyze the algebraic structure of Hamiltonian (3.2). In Section 3.1.1 we
define the space of formal polynomialsF and recall the formal Birkhoff normal form Theorem
3.1.7 together with Definition 3.1.6, of formal action preserving terms .
In Section 3.2 we perform two step of formal BNF putting Hamiltonian (3.2) in normal form
up to order eight. We then observe that the resonant terms of degree 4 and 6 are formally
action preserving (Lemmas 3.2.1 and 3.2.4).
Finally, in Subsection 3.2.4, we explain the code we used to implement in Wolfram Alpha the
proof of Theorem 1.2.3. In Section 3.3 we apply the same method to the generic Kirchhoff
Hamiltonian (3.45) and prove Theorem 1.2.4. Finally in Section 3.5 we study the qualitative
dynamics of Hamiltonian (3.2) restricted to a finite number of sites (two).

3.1 Algebraic Structure

In the previous chapter, we have seen that, in complex coordinates, the Kirchhoff equation
takes the formulation

∂tz = −iΛz − i
2

(
1(

1 + c
2⟨Λ(z + z̄), z + z̄⟩

)2 − 1

)
(Λz + Λz̄)

∂tz̄ = iΛz̄ + i
2

(
1(

1 + c
2⟨Λ(z + z̄), z + z̄⟩

)2 − 1

)
(Λz + Λz̄) .

(3.1)

Where Λ = |Dx| is the Fourier multiplier for which

Λeik·x = |k|eik·x, for k ∈ Zd.

This is moreover an Hamiltonian partial differential equation, in the sense that, once con-
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sidered the Hamiltonian function

H : H
1
2 (Td) −→ R

H(z, z̄) := ⟨Λz, z̄⟩ − 1

2c

[ (
c
2⟨Λ(z + z̄), z + z̄⟩

)2
1 + c

2⟨Λ(z + z̄), z + z̄⟩

]
, (3.2)

system (3.1) can be written in the following form;{
∂tz = −i∇z̄H(z, z̄)

∂tz̄ = i∇zH(z, z̄)
.

Remark 3.1.1 Since the aim of this chapter is to show that the 8-order part of the Hamiltonian H
cannot be Birkhoff integrable, it is sufficient to restrict ourselves to the one-dimensional case T:
in fact, thanks to the Fourier-support invariance of the Kirchhoff Type equation enlightened in the
previous chapter, any solution of (3.1) whose initial data depend only on a single spacial variable will,
as time evolves, remain confined to the space of functions of that same single variable.

Let us take a closer look to the quantities involved in H : we have that

⟨Λz, z̄⟩ =
∑
j∈Z
|j||zj |2, ⟨Λ(z + z̄), z + z̄⟩ =

∑
j∈Z
|j|(|zj |2 + zjz−j + z̄j z̄−j + |z−j |2).

It appears a natural choice to set

Ij := |zj |2 and Wj := zjz−j . (3.3)

We then have

⟨Λz, z̄⟩ =
∑
j∈Z
|j|Ij and ⟨Λ(z + z̄), z + z̄⟩ =

∑
j∈Z
|j|(Ij + I−j +Wj + W̄j).

Now, noting that Wj =W−j , we can write

⟨Λz, z̄⟩ =
∑
j∈Z
|j|Ij =

∑
j∈N

j(Ij + I−j)

⟨Λ(z + z̄), z + z̄⟩ =
∑
j∈Z
|j|(2Ij +Wj + W̄j) = 2

∑
j∈N

j(Ij + I−j +Wj + W̄j).

Finally, by defining

H2 :=
∑
j∈N
|j|(Ij + I−j) and P :=

∑
j∈N
|j|(Wj + W̄j), (3.4)

the Hamiltonian (3.2) become

H = H2 −
1

2c

[
c2 · (H2 + P )2

1 + c · (H2 + P )

]
. (3.5)

Remark 3.1.2 Let us note that the quantities I andW are not actual variables, they are only a formal
and more convenient way to group the terms involved in the Kirchhoff non-linearity.
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The Hamiltonian (3.5) can be written in the more compact way

H(z, z̄) = H2 + P (c · (H2 + P )) . (3.6)

with P(y) = − 1

2c

y2

1 + y
.

We now analyze the nonlinear part P (c · (H2 + P )):
in order to separate the different order of homogeneity we perform a Taylor series expansion
on F , obtaining

H = H2 +H4 +H6 + . . .+H2n + h.o.t.,

H2n =
(−1)n+1

2
cn (H2 + P )n , n ≥ 2.

(3.7)

By (3.7) we have that the Hamiltonian (3.5) can be entirely written in terms of the variables
I = {|zj |2}j∈Z and W = {zjz−j}j∈Z.
In particular, one has that

(H2+P )
n =

∑
a,b∈NN

f ,m∈NZ
f

|a|+|b|+|m|=n
supp(a)∩supp(b)=∅

(
n

a, b, m

) ∏
i∈supp(a)

|jai |W
ai
jai

∏
i∈supp(b)

|jbi |W̄
bi
jbi

∏
i∈supp(m)

|jmi |I
mi
jmi
,

where NZ
f is the set of finitely supported sequence on non negative integers whose index is an

element of Z and similarly for NN
f .

We write moreover m = (m−, m+) with m± ∈ NN
f , in this way we have

Im =
∏
i∈N

I
m+

i
i I

m−
−i

−i .

Hence in the I, W, W̄ variables we have that, to a formal level, Hamiltonian (3.5) can be
written as

H(I,W ) =
∑
j∈N

j(Ij + I−j) + P(I,W ),

with

P(I,W ) =
∑
n≥2

(−1)n+1

2
c2

∑
a,b∈NN

f ,m∈NZ
f

|a|+|b|+|m|=n
supp(a)∩supp(b)=∅

(
n

a, b, m

) ∏
i∈supp(a)

|jai |W
ai
jai

∏
i∈supp(b)

|jbi |W̄
bi
jbi

∏
i∈supp(m)

|jmi |I
mi
jmi
.

Th Hamiltonian H is then a formal sum of monomials with the form ImW aW̄ b for a, b ∈
NN
f ,m ∈ NZ

f , supp(a) ∩ supp(b) = ∅.
By keeping in mind the definitions of the variables I and W in (3.3), we have

ImW aW̄ b = zα(m,a,b)z̄β(m,a,b),

where α(m, a, b), β(m, a, b) ∈ NZ
f are the solutions of

αk = m+
k + ak, α−k = m−

k + ak, βk = m+
k + bk, β−k = m−

k + bk, k ̸= 0

(3.8)
α0 = β0 = 0.
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We can hence write H as a sum of monomials of the form zαz̄β , namely

H =
∑

α,β∈Mkirk

Hα,βz
αz̄β, (3.9)

where

Mkirk :=
{
α(m, a, b), β(m, a, b) ∈ (3.8) : a, b ∈ NN

f ,m ∈ NZ
f , supp(a) ∩ supp(b) = ∅

}
.

(3.10)

Remark 3.1.3 (Symmetries of H) Let us note that Hamiltonian (3.9) has some important sym-
metries:

(1) Hα,β = H̄β,α;

(2) Hα,β = 0, if
∑

i∈Z i(αi − βi) = 0;

(3) αi − βi = α−i − β−i;

(4) H is invariant under the change |uk|2 ←→ |u−k|2.

Remark 3.1.4 Since Hamiltonian (3.5) is invariant under the change |uk|2 ←→ |u−k|2 or, equiva-
lently, in the I, W variables, IklongleftrightarrowI−k , if we write the index m ∈ NZ

f associated to
the variable I as m = (m+,m−), with m± ∈ NN

f , we have the identifications between the coefficients

Hm+,m−,a,b = Hm−,m+,a,b. (3.11)

3.1.1 Formal Birkhoff Normal Form on Sequence Spaces

This section is devoted to give all the basic definitions and properties needed to perform the
Birkhoff normal form.
We will set our problem on a space of complex sequences based on Hs

0(T,C), namely we
consider the weighted space

hs =
{
z ∈ ℓ2(Z,C) : |z|2s :=

∑
j∈Z\{0}

|j|2s|zj |2 <∞
}
.

Within this theoretical framework, we need a class of objects that model the Hamiltonian (3.2),
together with the properties enlightened in Remark 3.1.3. This is the sense of the following
definition:

Definition 3.1.1 (Formal Power Series)
We consider the space F of Formal Power Series expansions in the variable u ∈ CZ:

H(z) =
∑

α, β∈NZ
f

Hα,βz
αz̄β, zα :=

∏
j∈Z

z
αj

j ,

such that:

1. H0,0 = He0,0 = H0,e0 = 0;

2. Reality Condition
Hα,β = H̄β,α; (3.12)
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3. Momentum Conservation

Hα,β = 0 if π(α, β) :=
∑
j∈Z

j(αj − βj) ̸= 0.

If we consider the subspace Fd ⊂ F of homogeneous polynomials with degree d, we have the
direct sum decomposition

F = ⊕d∈NFd.

This for every element H ∈ F , induces the decomposition on H =
∑

d∈NH
(d), where

Fd ∋ H(d) :=
∑

|α|+|β|=d

Hα,βu
αūβ

is the homogeneous component of H with degree d.
Finally we define the spaces F≤n = ⊕d≤nFd and F>nwhose elements are the polynomials of
degree respectively ≤ n, > n and have the form

H =
∑
d≤n

Hd =
∑

|α|+|β|<n

Hα,βu
αūβ and H =

∑
d>n

Hd =
∑

|α|+|β|≥n

Hα,βu
αūβ.

Since no convergence hypotheses are required in definition 3.1.1, the elements of Fd are
only formal homogeneous polynomials.
However if we restrict to the space of truncated monomials, zαz̄β such that |αj |+ |βj | = 0 for
j > N , then we have the classical space of polynomials, that can be endowed with the standard
symplectic structure i

∑
j≤N

dzj ∧ dz̄j .

This structure induces the usual Poisson bracket

{F,G} = i
∑
j≤N

(
∂F

∂z̄j

∂G

∂zj
− ∂F

∂zj

∂F

∂z̄j

)
= i

∑
α(i),β(i)∈NZ

f

Fα(1),β(1)Gα(2),β(2)

∑
j≤N

(
β
(1)
j α

(2)
j − α

(1)
j β

(2)
j

)
uα

(1)+α(2)−ej z̄β
(1)+β(2)−ej ,

where ej , j ∈ Z is the vector whose entries are zero except for the j − th that is 1.
The following result shows that this structure extends trivially to the space F .

Theorem 3.1.2 ([85], Proposition 2.5)
Given F, G ∈ F the Poisson Bracket

{F,G} := i
∑

α(i),β(i)∈NZ
f

Fα(1),β(1)Gα(2),β(2)

∑
j∈Z

(
β
(1)
j α

(2)
j − α

(1)
j β

(2)
j

)
uα

(1)+α(2)−ejuβ
(1)+β(2)−ej ,

(3.13)
is well defined and endows F with a Poisson algebra structure which is a filtered Lie algebra w.r.t. to
the degree.

Since the Hamiltonian (3.5) is of the form (3.9), it is not restrictive to set our problem in
the following sub-space of the formal power series:
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Definition 3.1.3 (Kirchhoff-Type Power Series)
An formal power series H is Kirchhoff-type if (3.11) holds and

Hα,β = 0 if α, β /∈Mkirk,

whereMkirk is defined in (3.10).
We denote by Fkir sub-space of formal power series of Kirchhoff-type.

As we have seen in the previous section, the elements of Fkir have an equivalent formal
writing in terms of monomials of the form ImW aW̄ b, for m ∈ NZ

f , a, b ∈ NN
f such that

supp(a) ∩ supp(b) = ∅.

We now want to focus on how the Poisson bracket acts on the elements of Fkir and on the
principal quantities involved in their formal writing, namely Ij , Wj , H2 and P .

Keeping in mind that {
Īj = Ij

W−j =Wj

,

we have the following commutation rules:

i) {Ij , Ik} = {Wj ,Wk} = 0 ∀j, k ∈ Z;
ii) {Wj , W̄k} = −iδ(|j|, |k|)(Ij + I−j) ∀j, k ∈ Z;
iii) {Ij ,Wk} = iδ(|j|, |k|)Wj ∀j, k ∈ Z;
iv) {Ij , W̄k} = −iδ(|j|, |k|)W̄j ∀j, k ∈ Z;
v) {H2, Ij} = 0 ∀j ∈ Z;
vi) {H2,Wj} = 2i|j|Wj ∀j ∈ Z;
vii) {H2, W̄j} = −2i|j|W̄j ∀j ∈ Z;

viii) {H2, P} = 2i
∑
j∈N

j2(Wj − W̄j).

(3.14)

From the commutation rules in (3.14), it follows that the Poisson bracket between monomials

in the variables I, W, W̄ is again the sum of monomials in the same variables.
We then have that the space Fkir is closed under the action of the Poisson bracket.

Lemma 3.1.1 The sub-space Fkir equipped with the Poisson bracket defined in (3.13) is a Poisson
sub-algebra of the space of formal power series F .

Similarly to the Poisson bracket, the space of formal power seriesF inherits from the spaces
truncated monomials {

H ∈ F : H =
∑

α,β∈NZ
f

αj ,βj=0, if j≥N

Hα,βz
αz̄β
}
,

the Lie exponential operator (3.15).
Unlike the analytic case, where one must satisfy strict convergence criteria for the flow of a
vector field, the formal context allows for a purely algebraic treatment.
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Lemma 3.1.2 ([85], Corollary 2.9) Given G ∈ F≥n with n ≥ 3, we defined

adG := {·, G}, e{·,G} :=
∑
k≥0

adkG
k!

. (3.15)

We have that e{·,G} is a linear operator Fn → Fn, moreover we have that adG and e{·,G} − Id are
operators of order d− 2 in the sense that

adG, e
{·,G} − Id : F≥h → F≥h+d−2.

Similarly for any sequence {bk}k≥0 one has that∑
k≥n

bkad
k
G : F≥h → F≥h+d(n−2)

Definition 3.1.4 (Formal Symplectic Change)
For G ∈ F≥3, the operator e{·,G} defined in (3.15) generates an action on the space F , which is called
formal symplectic change of variables on the space F .

Definition 3.1.5 (Formal Integral of Motion)
An element F ∈ F is a formal integral of motion for H ∈ F≥2, if

{H,F} = 0.

Definition 3.1.6 (Formally Action Preserving Terms)
An element F ∈ F is said to be Formally Action Preserving if

{Ij , F} = 0, ∀j ∈ Z,

where Ij = |zj |2.

The writing of the elements of Fkir in terms of the formal variables I, W defined in (3.3), is
then an useful tool to separate the formal action preserving terms from the others.
Thanks to Remark 2.3.2 we know that the quantities |z2j |− |z−j |2, j ∈ N are conserved for the
actual dynamics of the Kirchhoff equation, the same result holds also for Ij − I−j in terms of
formal dynamic:

Lemma 3.1.3 The quantities {Ij − I−j}j∈Z are formal integral of motions for H in (3.2).

Proof: We have

{Mj , H}
(3.6)
:= {Mj , H2 + P (c · (H2 + P ))}
= {Mj , H2}+ {Mj ,P (c · (H2 + P ))}
= {Mj ,P (c · (H2 + P ))}
= cP ′ (c · (H2 + P )) {Mj , H2 + P} = 0

since
{Mj , H2 + P} = 0.

2

In order to perform the Birkhoff normal form algorithm, one must be able to invert the op-
erator adH2 on some subspace of F . To this purpose, we define

K := ker(adH2), R := Rg(adH2).
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Since H2 =
∑

j∈Z |j||zj |2, we have that adH2 acts on the monomials of the form zαz̄β α, β ∈
NZ
f as a diagonal operator of the form

adH2(z
αz̄β) = iω · (α− β)zαz̄β,

with ω ∈ NZ, vector of components ωj = |j|.
In particular,

R =

R ∈ F : R(z) =
∑

α,β∈NZ
f :

ω·(α−β) ̸=0

Rα,βz
αz̄β

 ;

K =

Z ∈ F : Z(z) =
∑

α,β∈NZ
f :

ω·(α−β)=0

Rα,βz
αz̄β

 .

It is clear that we can decompose F = K ⊕R.
We define moreover

Kd := ΠFd(K), K<d := ΠF<d(K), K≥d := ΠF≥d(K)

and similarly for R.
Finally we define the projectors on K and R as

ΠKH :=
∑

α,β∈NZ
f

ω(α−β)=0

Hα,βu
αūβ, ΠRH := H −ΠKH.

Lemma 3.1.4 ([85], Lemma 2.13)
The operator adH2 is invertible in Rd for all d.

On the subspaceFkir the Ker and Range of adH2 have a similar writing in terms of the variables
I, W . Indeed, by setting ω̃ as the vector of RN with component ω̃j = |j| and using the
commutation rules (3.14), we have that adH2 acts on the monomials ImW aW̄ b as

adH2(I
mW aW̄ b) := 2iω̃ · (a− b)ImW aW̄ b.

We then can write

Rkir := ΠFkir

(
Rg(adH2)

)
=

R ∈ F : R(I,W ) =
∑

a,b∈NN
f ,m∈NZ

f :

ω̃·(a−b)̸=0

Zm,a,bI
mW aW̄ b

 ;

(3.16)

Kkir := ΠFkir

(
ker (adH2)

)
=

Z ∈ F : Z(I,W ) =
∑

a,b∈NN
f ,m∈NZ

f :

ω̃·(a−b)=0

Zm,a,bI
mW aW̄ b

 .
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The corresponding projectors are denoted by ΠKkir
and ΠRkir

, moreover we set

Kd
kir := ΠFd

kir
(Kkir), K<d

kir := ΠF<d
kir

(Kkir), K≥d
kir := ΠF≥d

kir
(Kkir)

and similarly for Rkir.
Let us note that the same result of Lemma 3.1.4 holds also for the subspace Fkir.
We can now formulate the main result concerning the Birkhoff normal form on formal poly-
nomials, that we will use throughout all the chapter:

Theorem 3.1.7 ([85], Proposition 2.18)
Let us consider a formal Hamiltonian of the form

H = Dω +N ,

where Dω is a diagonal operator of eigenvalues ω, and N ∈ F≥d with d ≥ 3. For every k ≥ d, there
exists S ∈ F≥d such that

e{·,S}(H) = Dω +
k∑

j=d

Zj +Rk+1,

with Zj ∈ Kj and Rk+1 ∈ F≥k+1.

Remark 3.1.5 Keeping in mind Lemma 3.1.1, it is clear that the result of Theorem 3.1.1 transfers
automatically to the spaces Fkir by substituting Rkir and Kkir in place of R and K.

In our analysis, we perform three steps of formal Birkhoff normal form proving the existence
of terms of degree 8 that are not formally action preserving.
Moreover, since each finite subspace is invariant, when restricted to one of these sub-spaces,
these terms became non action preserving, not only to a formal level.

3.2 Formal BNF for the Kirchhoff

In this section we apply the Formal Birkhoff normal form Theorem 3.1.1 to Hamiltonian
H ∈ Fkir defined in (3.2).
All the computations will be carried out in the space of the formal polynomial of Kirchhoff
type. For this reason, all the quantity involved will be written in the formal variables I , W
defined in (3.3).

3.2.1 First Step of BNF

We want to apply Theorem 3.1.1 in order to put Hamiltonian H , defined in (3.5), in formal
Birkhoff normal Form up to homogeneity 4.

Notation.
In what follows, the coordinates given by the Normal form we be designated with the symbol
w, however, we adopt the convention of denoting the quantities I , W , P , H2 defined in (3.3)
and (3.4), with the same symbols in both the original and the Birkhoff normal form coordi-
nates. This slight abuse of notation will be maintained throughout, as long as no ambiguity
arises.

The main result we are going to prove is:
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Lemma 3.2.1 The formal Birkhoff normal form, up to homogeneity 4, of H is

H(4) := H2 + Z4 +R≥6, (3.17)

where Z4 ∈ K4
kir has expression (3.20) and is formally action preserving and R≥6 ∈ F≥6

kir has
expression (3.18).

We then need to construct a formal symplectic change of variable e{·,F4}, generated by F4 ∈
F4
kir, such that H(4) := e{·,F4}(H).

By Lemma 3.1.2 the full expression of H(4) is

H(4) = H2 +H4 + {H2, F4}+ {H4, F4}+
1

2
{{H2, F4}, F4}+H6

+
∑
k≥3

adF4

k!
(H2) +

∑
k≥2

adF4

k!
(H4) +

∑
k≥1

adF4

k!
(H6) + e{·,F4}

∑
j≥4

H2n


= H2 + H̃4 +R≥6,

where
H4 + {H2, F4} ∈ F4

kir,

while the remaining order 6 part is

R≥6 := H(4) −H2 −H4 − {H2, F4} ∈ F≥6
kir. (3.18)

In order for H(4) to be in normal form, one should have {H2, F4}+H4 ∈ Kkir and hence, the
generating function F4 must solve the (homological) equation

{H2, F4}+H4 = Z4, (3.19)

where Z4 := ΠKkir
(H4).

Lemma 3.2.2 The resonant degree-4 part, has the expression

Z4 = −
c

2
H2

2 − c
∑
j∈N

j2IjI−j , (3.20)

hence it is formally action preserving.

Proof: Le us take a closer look to H4 in order to analyze the structure of ΠKkir
(H4):

we have
H4 = −

c

2
H2

2 − cH2P −
c

2
P 2.

Obviously, since {H2, H
2
2} = 0, one has H2

2 ∈ Kkir, hence

ΠKkir
(H2

2 ) = H2
2 . (3.21)

For what concerns the term H2P we have that

{H2, H2P} = H2{H2, P} = 2H2

∑
j∈N

j2(Wj − W̄j),
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then H2P ∈ Rkir and so
ΠKkir

(H2P ) = 0. (3.22)

Finally
P 2 =

∑
j,k∈N

jk
(
WjWk + W̄jW̄k + 2W̄jWk

)
,

moreover, from (3.14) it follows that

{H2,WjWk} = 2i(j + k)WjWk, {H2, W̄jWk} = 2i(−j + k)W̄jWk,

{H2, W̄jW̄k} = −2i(j + k)WjWk, {H2,WjW̄k} = 2i(j − k)W̄jWk,

hence
ΠKkir

(P 2) = 2
∑
j∈N

j2WjW̄j = 2
∑
j∈N

j2IjI−j . (3.23)

We can conclude that the order-4 resonant terms are

Z4 = −
c

2
H2

2 −
c

2
ΠKkir

(P 2).

By putting together (3.21), (3.22) and (3.23) we obtain the expression (3.20). 2

Since we will need the explicit expression of the generating function F4 in the following steps
of BNF, we have to solve homological equation (3.19).
By (3.20) we have that the non-resonant terms of H4 are:

ΠRkir
(H4) = H4 − Z4

= −cH2P −
c

2
P 2 +

c

2
ΠKkir

(P 2)

= −cH2P −
c

2

∑
j,k∈N

jk
(
WjWk + W̄jW̄k

)
− c

∑
j ̸=k

W̄jWk.

We have the following

Lemma 3.2.3 Then order-4 homological equation (3.19) is solved by

F4 :=
icH2

2

∑
j∈N

(W̄j−Wj)+
ic

4

∑
j,k∈N

jk

j + k
(W̄jW̄k−WjWk)+

ic

2

∑
j ̸=k∈N

jk

j − k
W̄jWk. (3.24)

Proof: We look for a solution of (3.19), namely F4 of the form F
(1)
4 +F

(2)
4 with F (1)

4 and F (2)
4

such that

(i) {H2, F
(1)
4 } = cH2P,

(3.25)

(ii) {H2, F
(2)
4 } =

c

2
P 2 − c

2
ΠH2(P

2)

=
c

2

∑
j,k∈N

jk(WjWk + W̄jW̄k) + c
∑

j ̸=k∈N
jkW̄jWk.
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We moreover impose F (1)
4 to be of the form cH2G, with G such that

{H2, G} = P. (3.26)

Let us note that P is made by terms of the form W, W̄ , hence, by keeping in mind the com-
mutation rules (3.14), one have that G must be of the form

G =
∑
j∈N

(αjWj + βjW̄j),

with α, j, βj to be determined.

{H2, G} =

H2,
∑
j∈N

(αjWj + βjW̄j)


=

∑
j∈N

(
αj{H2,Wj}+ βj{H2, W̄j}

)
=

∑
j∈N

2i|j|(αjWj − βjW̄j)

It follows that, in order for (3.26) to hold, one must have αj = − i
2

and βj =
i

2
. We then

arrive to
G =

i

2

∑
j∈N

(W̄j −Wj), (3.27)

and hence
F

(1)
4 =

icH2

2

∑
j∈N

(W̄j −Wj). (3.28)

Analogous computations led to

F
(2)
4 =

ic

4

∑
j,k∈N

jk

j + k
(W̄jW̄k −WjWk) +

ic

2

∑
j ̸=k∈N

jk

j − k
W̄jWk. (3.29)

2

Remark 3.2.1 From the definition of G follows moreover

{P,G} = H2.

3.2.2 Second Step of BNF

We continue our analysis with a focus on the terms in F6
kir. The main result we prove is:

Lemma 3.2.4 The formal Birkhoff normal form, up to homogeneity 6, of H is

H(6) := H2 + Z4 + Z6 +R≥8,

where Z6 ∈ K6
kir has expression (3.33) and is formally action preserving and R≥8 ∈ F≥8

kir.
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Similarly to the first normal form step, we look for a symplectic map Φ(6) = e{·,F6} gen-
erated by F6 ∈ F6

kir, with the aim of removing all the non resonant terms with homogeneity
6 from

H(6) := H(4) ◦ Φ(6).

Since we don’t need the exact expression of the generating function F6, we will focus only on
the structure of the resonant terms.
We have that

H(6) (3.17)
= H2 + Z4 +R≥6 + {H2, F6}+

∑
k≥2

adF6

k!
(H2) +

∑
k≥1

adF6

k!
(Z4 +R≥6)

(3.18)
= H2 + Z4 + {H2, F6}+ H̃6 +R≥8, (3.30)

with
H̃6 := H6 +

1

2
{{H2, F4}, F4}+ {H4, F4} ∈ F6

kir

and

R≥8 = R≥6−H6−
1

2
{{H2, F4}, F4}+

∑
k≥2

adF6

k!
(H2)+

∑
k≥1

adF6

k!
(Z4 +R≥6) ∈ F≥8

kir, (3.31)

Similarly to the previous step, we want {H2, F6} + H̃6 ∈ Kkir, hence the generating
function F6 must solve the homological equation

{H2, F6}+ H̃6 = Z6, (3.32)

with

Z6 := ΠKkir

(
1

2
{{H2, F4}, F4}+ {H4, F4}

)
.

Lemma 3.2.5 The resonant part with degree-6 has expression

Z6 =
c2

2
H2ΠKkir

(P 2) +
1

2
ΠKkir

({{F (2)
4 , H2}, F (2)

4 }) (3.33)

and is formally action preserving.

. Let us note that, using homological equation (3.19) we can write

H̃6 = H6 +
1

2
{Z4, F4} −

1

2
{{H2, F4}, F4}, (3.34)

we have to analyze all the terms involved in (3.34):

(1) Analysis of H6:

Lemma 3.2.6 The resonant terms of H6 are given by

ΠKkir
(H6) =

c2

2
H3

2 +
3c2

2
H2ΠKkir

(P 2) +
c2

2
ΠKkir

(P 3). (3.35)
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Proof: We have

H6 =
c2

2
H3

2 +
3c2

2
H2

2P +
3c2

2
H2P

2 +
c2

2
P 3.

Since {H2, H
3
2} = 0 hence ΠKkir

(H3
2 ) = H3

2 .
By the rules of commutation in (3.14), we have that {H2, H

2
2P} = H2

2{H2, P}. Thanks
to (3.14-viii), {H2, P} is a range element, then we have H2

2P ∈ Rkir. We can conclude
that ΠKkir

(H2
2P ) = 0.

Finally, we have that ΠKkir
(H2P

2) = H2ΠKkir
(P 2). 2

(2) Analysis of {Z4, F4}:
Let us state the following general result

Lemma 3.2.7 If f ∈ K and g ∈ R then {f, g} ∈ R.

Proof: In fact, being f an element of the range, there must be some function h such
that f = {H2, h}.
Then, using the Jacobi identities and the fact that g is an element of the Ker, one has

{f, g} = {{H2, h}, g} = {H2, {g, h}}+ {h, {H2, g}} = {H2, {g, h}}.

2

Since Z4 ∈ Kkir and F4 ∈ Rkir thanks to the Lemma 3.5.4, we automatically have that

ΠKkir
({Z4, F4}) = 0. (3.36)

(3) Analysis of −1

2
{{H2, F4}, F4}:

Lemma 3.2.8

ΠKkir

(
−1

2
{{H2, F4}, F4}

)
= −c

2

2
H3

2−c2H2ΠKkir
(P 2)+

1

2
ΠKkir

({{F (2)
4 , H2}, F (2)

4 })−
c2

2
ΠKkir

(P 3),

(3.37)
where the term 1

2ΠKkir
({{F (2)

4 , H2}, F (2)
4 }) is formally action preserving.

Proof:

−{{H2, F4}, F4}
={{F4, H2}, F4}

={{F (1)
4 , H2}, F (1)

4 }+ {{F
(2)
4 , H2}, F (1)

4 }+ {{F
(1)
4 , H2}, F (2)

4 }+ {{F
(2)
4 , H2}, F (2)

4 }
(3.38)
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Let us investigate one by one the terms involved in (3.38):

{{F (1)
4 , H2}, F (1)

4 } (3.39)
(3.25)
= c2{−H2P,H2G}
= −c2H2

2{P,G} − c2PH2{H2, G} − c2H2G{P,H2}
(3.26),(3.2.1)

= −c2H3
2 − c2P 2H2 + 2ic2H2G

∑
j∈N

j2(Wj − W̄j)

(3.27)
= −c2H3

2 − c2P 2H2 + c2H2

∑
j∈N

(Wk − W̄k)
∑
j∈N

j2(Wj − W̄j)

= −c2H3
2 − c2P 2H2 + c2H2

∑
j,k∈N

j2
(
WjWk + W̄jW̄k − W̄jWk −WjW̄k

)
.

A quick computation shows that

ΠKkir

H2

∑
j,k∈N

j2
(
WjWk + W̄jW̄k − W̄jWk −WjW̄k

)
= H2ΠKkir

∑
j,k∈N

j2
(
WjWk + W̄jW̄k − W̄jWk −WjW̄k

)
= −2H2

∑
j∈N

j2W̄jW,

(3.23)
= −H2ΠKkir

(P 2).

Since ΠKkir
(P 2H2) = H2ΠKkir

(P 2), one has

ΠKkir

(
{{F (1)

4 , H2}, F (1)
4 }

)
= −c2H3

2 − 2c2H2ΠH2(P
2). (3.40)

{{F (2)
4 , H2}, F (2)

4 } = {F (2)
4 , {H2, F

(2)
4 }}

(3.25)
=

F (2)
4 ,

c

2

∑
j,k∈N

jk(WjWk + W̄jW̄k) + c
∑

j ̸=k∈N
jkW̄jWk


(3.29)
=

 ic4 ∑
j,k∈N

jk

j + k
(W̄jW̄k −WjWk),

c

2

∑
j,k∈N

jkWjWk


+

 ic4 ∑
j,k∈N

jk

j + k
(W̄jW̄k −WjWk), c

∑
j ̸=k∈N

jkW̄jWk


+

 ic2 ∑
j ̸=k∈N

jk

j − k
W̄jWk,

c

2

∑
j,k∈N

jk(WjWk + W̄jW̄k)


+

 ic2 ∑
j ̸=k∈N

jk

j − k
W̄jWk, c

∑
j ̸=k∈N

jkW̄jWk

 .
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Keeping in mind that

{WjWk, W̄j′W̄k′} = −i[δ(j, j′)(Ij + I−j)WkW̄k′ + δ(k, k′)(Ik + I−k)WjW̄j′

+δ(j, k′)(Ij + I−j)WkW̄j′ + δ(k, j′)(Ik + I−k)WjW̄k′ ]

{WjWk,Wj′W̄k′} = −iWj′
[
δ(k, k′)(Ik + I−k)Wj + δ(j, k′)(Ij + I−j)Wk

]
{WjW̄k,Wj′W̄k′} = δ(j, k′)(Ij + I−j)W̄kWj′ + δ(k, j′)(Ik + I−k)WjW̄k′ ,

we have that {{F (2)
4 , H2}, F (2)

4 } is only made by monomials of the form Ij1W
±
j2
W±

j3

(where W− = W̄ ). Since

ΠH2(Ij1W
±
j2
W±

j3
) =

{
0 if j2 ̸= j3

Ij1Ij2I−j2 if j2 = j3,

we have that ΠH2({{F
(2)
4 , H2}) depends only on the variables I , hence it is formally ac-

tion preserving.

It remains to analyze the term {{F (2)
4 , H2}, F (1)

4 }+ {{F
(1)
4 , H2}, F (2)

4 }:
using the Jacobi identity we get

{{F (2)
4 , H2}, F (1)

4 }+ {{F
(1)
4 , H2}, F (2)

4 } = 2{F (2)
4 , {H2, F

(1)
4 }}+ {H2, {F (1)

4 , F
(2)
4 }}.

By construction, we have that {H2, {F (1)
4 , F

(2)
4 }} ∈ range(φH2), so we will focus on

{F (2)
4 , {H2, F

(1)
4 }}:

from (3.19) and (3.25) we have that

{F (2)
4 , {H2, F

(1)
4 }}

(3.25),(i)
= c{F (2)

4 , H2P}

= cH2{F (2)
4 , P}+ cP{F (2)

4 , H2}
(3.25),(ii)

= cH2{F (2)
4 , P} − c2

2
P 3 +

c2

2
PΠH2(P

2).

Let us note that

cH2{F (2)
4 , P}, c

2

2
PΠKkir

(P 2) ∈ Rkir

since they are made by terms of the form Ij1Ij2W
±
j3

, ji ∈ N, therefore

ΠKkir
({F (2)

4 , {H2, F
(1)
4 }) = −

c2

2
ΠKkir

(P 3) +
c2

2
PΠH2(P

2).

From this, follows

ΠKkir
({{F (2)

4 , H2}, F (1)
4 }+ {{F

(1)
4 , H2}, F (2)

4 }) = −c
2ΠKkir

(P 3). (3.41)

Finally, hanks to (3.40) and (3.41), we have (3.37). 2

By collecting what we got in (3.35), (3.36) and Lemma 3.2.8 we have Lemma 3.2.5.
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3.2.3 Third Step

We focus now on the terms with degree-8 of H(6). Because of the algebraic complexity, the
analytical derivation of the 8th-order resonant terms was performed using Wolfram Mathe-
matica. This ensured algebraic accuracy while minimizing the risk of manual algebraic errors.
Then main result we are going to prove is the following:

Lemma 3.2.9 There are infinitely many resonant, non action preserving terms in H(6) with homo-
geneity 8.

From (3.30), (3.31) and (3.32) , we have

H(6) = H2 + Z4 + Z6 + H̃8 +R≥10,

with

H̃8 := H8 +
1

6
{{{H2, F4}F4}F4}+

1

2
{{H4, F4}, F4}+ {H6, F4}+ {Z4, F6} ∈ F8

kir (3.42)

and
R≥10 := R≥8 − H̃8 ∈ F≥10

kir .

Remark 3.2.2 Since Z4 is an element of Ker and F6 is a range element, thanks to Lemma 3.5.4 we
have that {Z4, F6} is range element itself and hence, it can be neglected in the analysis of the resonant
monomials of (3.43).

We then focus our analysis on

˜̃H8 := H8 +
1

6
{{{H2, F4}F4}F4}+

1

2
{{H4, F4}, F4}+ {H6, F4}. (3.43)

Let us analyze the resonant monomials of ˜̃H8:

Lemma 3.2.10 The structure of the resonant terms of H2, Z4 Z6 and ˜̃H8 isn’t affected by the value
of c ̸= 0.

Proof: Since H2 does not depend on the constant c we have that the set of the degree-2
resonant monomials is independend by the latter.
Recalling the expressions of F (1)

4 , F
(2)
4 , Z4 and Z6 respectively in (3.28), (3.29), (3.20) and

(3.33) and defining respectively

F 1
4 :=

iH2

2

∑
j∈N

(W̄j −Wj)

F 2
4 :=

i

4

∑
j,k∈N

jk

j + k
(W̄jW̄k −WjWk) +

i

2

∑
j ̸=k∈N

jk

j − k
W̄jWk

F := F 1
4 + F 2

4

Z4 := −1

2
H2

2 −
1

2
ΠH2(P

2)

Z6 :=
1

2
H2ΠH2(P

2) +
1

2
ΠH2({{F 2

4 , H2},F 2
4 }),

we have that Z4 = cZ4 and Z6 = c2Z6. This suffices to prove that the distribution of resonant
monomilas in Z4 and Z6 is not influenced by the value of c, but depends only on Z4 and Z6
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respectively.
For what concerns the term H̃8, the argument is the same:
by looking at the expression of H8 in (3.7) and H̃8 in (3.42) and setting

H6 :=
1

2
(H2 + P )3

H8 := −1

2
(H2 + P )4

H̃8 := H8 +
1

6
{{{H2,F4}F4}F4}+

1

2
{{H4,F4},F4}+ {H6,F4},

we note that H̃8 = c4H̃8. We can again conclude that the degree-8 resonant monomials
depend only on H̃8 and not on c. 2

Corollary 3.2.1 The cardinality of resonant non-action preserving monomials of order eight for (3.5)
is either 0 or infinity.

Proof: Le us suppose there is resonant quadruple of indexes {j1, j2, j3, j4}, i.e.

|j1| ± |j2| ± |j3| ± |j4| = 0

and suppose that the associated resonant monomial has non-zero coefficient.
Since the eigenvalues ofH2 are linear with respect to j, one has that also {k·j1, k·j2, k·j3, k·j4}
is a resonant quadruple of indexes for every k ∈ N.
Moreover, if we replace j 7→ k · j, j ∈ Z we have that Hamiltonian (3.6) become

H = kH2 + kP((kc) · (H2 + P )).

We can conclude using Lemma 3.2.10. 2

We will write the (formal) Birkhoff norm form up to homogeneity 8, of H as

HBNF := H ◦ Φ = H2 + Z4 + Z6 + Z̃8 +R≥10,

where, as usual, Z̃8 contains the resonant terms of degree 8.
Finally, in light of Lemma (3.2.9), we split Z̃8 in

Z̃8 = Zi
8 + Ze

8 , (3.44)

where Zi
8 is action preserving and Ze

8 contains also the variables {Wj}j∈N.
We refer to Section (3.5) for a complete description of Z̃8, Z

i
8, Z

e
8 in a finite dimensional

context.

3.2.4 Codes for Lemma 3.2.9

In the following sections we report the codes we used to prove Lemma 3.2.9.
We consider the case of initial data ΩS with Fourier support restricted to the sites

S := {1, 2}.

System (3.1) becomes a complex system of 4 ordinary differential equations in the variables
z±i, z̄±i, i = 1, 2. In our codes we will set

zi := x[i], z̄i := y[i], z−i := X[i], z̄−i := Y[ i],
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in particular one has

Ii = x[i]y[i], Wi = x[i]X[i], W̄ = x[i]X[i].

For the sake of simplicity we set c = 1, however, this does not entail any loss of generality
thanks to Lemma 3.2.10.
• Poisson Bracket:

{f, g} = i
∑
j=1,2

(
∂f

∂z̄j

∂g

∂zj
− ∂f

∂zj

∂g

∂z̄j

)

Pois[f_, g_] := -I Sum[ D[f, x[i]] D[g, y[i]] + D[f, X[i]] D[g, Y[i]]
-D[g, x[i]] D[f, y[i]] - D[g, X[i]] D[f, Y[i]], {i, 1, 2}]

• The formal Variables

The formal variables H2 and P defined in (3.3) are:

H2 := Sum[ j[i] (x[i] y[i] + X[i] Y[i]), {i, 1, 2}]

P := Sum[ j[i] (x[i] X[i] + y[i] Y[i]), {i, 1, 2}]

• The First Step Hamiltonian Terms

H4 in (3.7)

H4 := -1/2 (H2 + P)^2

Z4 in (3.20):

Z4 := -1/2 H2^2 - Sum[j[i]^2 (x[i] y[i] X[i] Y[i]), {i, 1, 2}]

• The Generating Function of the First Step

G in (3.27):

G := -I/2 Sum[ (x[i] X[i] - y[i] Y[i]), {i, 1, 2}]

F
(1)
4 in (3.28):

F1 := H2*G

F
(2)
4 in (3.29):
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F2 := I/4 Sum[
j[i] j[k]/(j[i] + j[k]) (y[i] Y[i] y[k] Y[k] -
x[i] X[i] x[k] X[k]), {i, 1, 2}, {k, 1, 2}] +
I/2 Sum[Sum[
j[i] j[k]/(j[i] - j[k]) (y[i] Y[i] x[k] X[k] -
y[k] Y[k] x[i] X[i]), {i, 1, k - 1}], {k, 1, 2}]

F4 in (3.24):

F4 := F1 + F2

• The Second Step Hamiltonian Terms

H6 in (3.7)

H6 := 1/2 (H2 + P)^3

H̃6 in (3.34):

h6 := H6 - 1/2 Pois[Pois[H2, F4], F4]

• The Third Step Hamiltonian Terms

H8 in (3.7)

H8 := -1/2 (H2 + P)^4

˜̃H8 in (3.43):

h8 := H8 + 1/3 Pois[Pois[H4, F4], F4] + 1/6 Pois[Pois[Z4, F4], F4] +
Pois[H6, F4]

• Study of ˜̃H8

By looking at (3.16) the only possible resonant monomials of order-8 for the Kirchhoff that
are supported in the set of indexes S, are the of the form

IjW
2
1 W̄2, IjW2W̄

2
1 , j = ±1,±2.

We used Wolfram Mathematica to compute the coefficient of Z8 corresponding to the mono-
mials of this form. If we consider for example

I1W2W̄
2
1 = x[1] y[1] X[2] x[2] y[1] Y[1] y[1] Y[1]]

we have
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In[1]: =(Coefficient[h8, x[1] y[1] X[2] x[2] y[1] Y[1] y[1] Y[1]] /.
j[i_] :> i)

Out[1]:= -(3/4)

3.3 Generic non-linearity

We now want to consider a generic Kirchhoff equation defined by an Hamiltonian of the form

Hα(z, z̄) = H2 + Pα (H2 + P ) , (3.45)

with P analytic function with Taylor expansion of the form
∑

n≥2 α2ny
n.

The sequence α = {α2n}n∈N is made of free parameters to be determined later on.
We then have an expansion of H in homogeneity degrees of the form

H = H2 +Hα,4 +Hα,6 + . . .+Hα,2n + . . .

with
Hα,2n = α2n(H2 + P )n ∈ F2n

kir for n ≥ 2. (3.46)

We ask if is it possible to choose the coefficients α2n in such a way that, at every step of Formal
Birkhoff, the resulting resonant element is also formally action preserving.
Our strategy is to perform a formal Birkhoff normal form algorithm in the same way of the
last section, in order to make the resonant terms of degree 4, 6 and 8 explicit with respect of
the parameters α. Then we will try to choose α in order to have that all the resonant terms
are also formally action preserving.

3.3.1 First step

Of course, α4 is arbitrary, since the resonant part of α4(H2 + P )2 is automatically action pre-
serving.

For a given choice of α4, the generating function F4,α4 of the first Birkhoff step must
satisfy the homological equation

{H2, Fα,4}+Hα,4 = Zα,4 := ΠKkir
(Hα,4) , (3.47)

where, similarly to the expression of Z4 in (3.20), one has

Zα,4 = α4H
2
2 + 2α4

∑
j∈N

j2IjI−j . (3.48)

In analogy with the previous case, the generating function Fα,4 ∈ F4
kir can be chosen of the

form
Fα,4 := F

(1)
α,4 + F

(2)
α,4,

with

F
(1)
α,4 = H2Gα,

(3.49)

F
(2)
α,4 = − iα4

2

∑
j,k∈N

jk

j + k
(W jW k −WjWk)−

iα4

2

∑
j,k∈N
j ̸=k

jk

j − k
(W jWk −WjW k),
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and Gα that solves
{H2, Gα} = −2α4P,

namely
Gα = −iα4

∑
j∈N

(W j −Wj). (3.50)

3.4 Second Step

After the first step we obtain that the normal form Hamiltonian is

H(4)
α = H2 + Zα,4 +Hα,6 +

1

2
{{H2, Fα,4}, Fα,4}+ {Hα,4, Fα,4}+Rα,≥6,

whose terms of degree 6 are

H̃α,6 := Hα,6 +
1

2
{{H2, Fα,4}, Fα,4}+ {Hα,4, Fα,4}

(3.51)
(3.47)
= Hα,6 −

1

2
{{H2, Fα,4}, Fα,4}+ {Zα,4, Fα,4}. (3.52)

Our aim is to analyze the resonant degree 6 terms Zα,6 := ΠKkir
(H̃α,6).

Similarly to (3.36), (3.35) and (3.37), one has

ΠKkir
(Hα,6) = α6H

3
2 + 3α6H2ΠKkir

(P 2) + α6ΠKkir
(P 3);

ΠKkir
({Zα,4, Fα,4}) = 0

ΠKkir

(
− 1

2
{{H2, Fα,4}, Fα,4}

)
= −2α2

4H
3
2 − 4α2

4H2ΠKkir
(P 2)

+
1

2
ΠKkir

({{F 2
α,4, H2}, F 2

α,4})− 2α2
4ΠKkir

(P 3);

Since the only non action preserving terms are the ones contained in ΠKkir
(P 3), in order for

H̃α,6 to be formally action preserving, one must have

α6 = 2α2
4. (3.53)

With this choice, we have

Zα,6 = 2α2
4H2ΠKkir

(P 2) +
1

2
ΠKkir

({{F 2
α,4, H2}, F 2

α,4}).

3.4.1 Third Step

The normal form up degree 6 of H is

H(6)
α = H2 + Zα,4 + Zα,6 + H̃α,8 +Rα,≥10

with,

H̃8 := Hα,8+
1

6
{{{H2, Fα,4}Fα,4}Fα,4}+

1

2
{{Hα,4, Fα,4}, Fα,4}+{Hα,6, Fα,4}+{Zα,4, Fα,6} ∈ F8

kir.

Again, since {Zα,4, Fα,6} ∈ R8
kir we focus on

˜̃H8 := Hα,8 +
1

6
{{{H2, Fα,4}Fα,4}Fα,4}+

1

2
{{Hα,4, Fα,4}, Fα,4}+ {Hα,6, Fα,4} ∈ F8

kir.

(3.54)
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3.4.2 Codes for Theorem 1.2.4

We consider the case of initial data ΩS with Fourier support restricted to the sites

S := {1, 2, 3, 4, 5, 6}.

Similarly to the last section we define Pois, H2 and P. we set the first three coefficients of α
defining the non linearity as

α4 = a, α6 = b, α8 = c.

The function Gα in (3.50) is defined by:

G := I a Sum[ (x[i] X[i] - y[i] Y[i]), {i, 1, 5}]

The function that generates the first step transformation, respectively Fα,4, F (1)
α,4 and F (2)

α,4 in
(3.49) are defined by

F1 := H2*G

F2 := (-I a)/2 Sum[
j[i] j[k]/(j[i] + j[k]) (y[i] Y[i] y[k] Y[k] -
x[i] X[i] x[k] X[k]), {i, 1, 5}, {k, 1, 5}] + -I a Sum[
Sum[j[i] j[k]/(j[i] - j[k]) (y[i] Y[i] x[k] X[k] -
y[k] Y[k] x[i] X[i]), {i, 1, k - 1}], {k, 1, 5}]

F4 := F1 + F2

The Hamiltonians Hα,4, Hα,6, Hα,8 in (3.46) are defined by

H4 := a (H2 + P)^2

H6 := b (H2 + P)^3

H8 := c (H2 + P)^4

The resonant degree-4 term Zα,4 in (3.48) is defined by

Z4 := a H2^2 + 2 a Sum[j[i]^2 (x[i] y[i] X[i] Y[i]), {i, 1, 5}]

The Hamiltonians H̃α,6 in (3.51) is defined by

h6 := H6 - 1/2 Pois[Pois[H2, F4], F4]

while ˜̃Hα,8 in (3.54) is
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h8 := H8 + 1/3 Pois[Pois[H4, F4], F4] + 1/6 Pois[Pois[Z4, F4], F4] +
Pois[H6, F4]

If we check the coefficient of a generic resonant degree 6 term

x[1] X[1] x[1] X[1] y[2] Y[2] =W 2
1 W̄2

In[]:= (Coefficient[h6, x[1] X[1] x[1] X[1] y[2] Y[2]] /. j[i_] :> i)
Out[]=1/4 (-48 a^2 + 24 b)

that is equation (3.53).
Assuming hence α6 = 2α2

4, hence b = 2a2, by checking the coefficient of the resonant degree
8 term

x[1] X[1] x[1] X[1] x[1] X[1] y[3] Y[3] =W 3
1 W̄3

one gets

In[]:= Coefficient[h8, x[1] X[1] x[1] X[1] x[1] X[1] y[3] Y[3]] /.
j[i_] :> i)

Out[]=1/36 (-1728 a^3 + 432 c)

That is zero only if -1728 a3 + 432c = 0 i.e. α8 = 4α3
4.

The coefficient of the monomial

x[1] y[1] x[2] X[2] y[1] Y[1] y[1] Y[1] = I1W2W̄
2
1

instead, is

In[]:=(Coefficient[h8, x[1] y[1] x[2] X[2] y[1] Y[1] y[1] Y[1]] /.
j[i_] :> i)

Out[]=1/12 (-1080 a^3 + 288 c)

then is must hold α8 =
15
4 α

3
4, that is incompatible with the above condition.

3.5 Dynamics of Specific solutions

Let us now consider the Kirchhoff equation (3.1), defined by the Hamiltonian (3.5) and set,
for the sake of simplicity, c = 1.
The aim of this section is to study the dynamics of such equation, restricted to a finite and
arbitrary set of tangential sites.
This, as we will see, is only possible thanks to the special structure of which the Kirchhoff
equation is endowed.
In fact due to the invariance of the Fourier support highlighted in Lemma (1.2.2) we have that
the space

ΩS := {z ∈ Hs(T) : zk = 0 if |k| /∈ S}

is invariant for equation the solutions of (3.1). It follows that if we chose a finite S, equation
(3.1) reduces to a finite dimensional Hamiltonian system on the phase space ΩS , that one can
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study from a qualitative point of view.
Throughout the rest of this chapter, we fix

S := {1, 2}.

In the spirit of [59], we prove that there exist specific solutions originating form an initial
datum of size ε in ΩS that, in Birkhoff coordinates exhibits nontrivial dynamic, namely an
energy transfer.
More precisely, we show that such solutions undergoes a variation of order at least ε8 over a
time interval of order ε−2.
This provides a non-integrability result for the formal Birkhoff normal form of Theorem 1.2.3.
Unfortunately, this result cannot be directly transported to equation (3.1).
In contrast to the quintic NLS case, this nonlinear phenomenon does appear to depend on the
particular choice of the resonant set, although it can be shown for infinitely many such choices.

Notation.
For positive A and B we adopt the following notations:

• We shall use the notation A ≲ B (respectively A ≳ B to denote A ≤ CB (respectively
A ≥ CB) where C is a positive constant depending on parameters fixed once for all. We
will emphasize by writing ≲q when the constant C depends on some other parameter q.

• We will say that A is O(B) if there exists a positive constant C such that A = CB.

• we will use A ∼ B whenever there exist two positive constants C1 and C2, depending
again on fixed parameters, such that C1B ≤ A ≤ C2B.

Finally, we will denote with {wj}j∈Z the variables induced by the normal form map Φ in
Theorem (1.2.3).

The main result is the following

Theorem 3.5.1 Let us consider the Birkhoff normal form Hamiltonian HBNF defined in Theorem
(1.2.3).
There exists ε∗ > 0 such that, for every ε ≤ ε∗, there is a set Aε with the following property:
for every initial data w(0) = {wj(0)}j∈Z ∈ Aε there exists a unique solution of

ẇ(t) =
∂HBNF

∂w̄
(w(t), w̄(t)), (3.55)

moreover it satisfies ∣∣|wj(t)|2 − |wj(0)|2
∣∣ ∼ tε8, j = ±1, ±2 (3.56)

for all t ∈ [0, T∗] with T∗ ≲ ε−2.

Remark 3.5.1 The set Aε, as we will see in Subsection (3.5.5) is made by functions, w with finite
Fourier support.
More precisely, by identifying w with the sequence of its Fourier coefficients {wj}j∈Z, we have

Uε ⊂

{
w = {wj}j∈Z : |w1|2 = |w−1|2 = αε2, |w2|2 = |w−2|2 = ε2

(
1− α

2

)
,

α ∈ [0, 1], wj = 0, |j| ≠ 1, 2

}
.

(3.57)
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The elements of Aε are then analytic functions, moreover, from (3.57), we have that, for every s ∈ R

Aε ⊂ Bν(s)ε(H
s
0(T,C)), ν(s) :=

{√
2s+1, if s ≥ 1
√
2s + 2, if s ≤ 1

3.5.1 Normal Form on Finite Support

For our choice of the Fourier support S := {1, 2}, we use the following notations:
we will denote with

H = H2 +H4 +H6 + . . .+H2n + h.o.t.

the Hamiltonian (3.7) restricted to ΩS .
We will write Z4, Z6, Z̃8, Z̃ i

8, Z̃e
8 when referring to the restriction on ΩS of the quantities

Z4, Z6, Z8, Z
i
8, Z

e
8 defined respectively in (3.20), (3.33) and (3.44), moreover, we will still de-

note with Φ the restriction of normal form map Φ of Theorem (1.2.3).

H2 := I1 + I−1 + 2I2 + 2I−2 and P :=W1 + W̄1 + 2W2 + 2W̄2 (3.58)

Recalling (3.60), the Birkhoff normal form up to degree 8 of the Hamiltonian is

ĤBNF := H2 + Z4 + Z6 + Z̃8 +R≥10. (3.59)

From (3.20), we have that Z4 is

Z4 := ΠH2(H4) = −
1

2
H2

2 −
∑
j=1,2

j2IjI−j

or, more explicitly

Z4 = −
1

2
I21 − 2I1I2 − 2I22 − 2I1I−1 − 2I2I−1 −

1

2
I2−1 − 2I1I−2 − 8I2I−2 − 2I−1I−2 − 2I2−2.

From (3.33) and (3.24), it follows

Z6 =
3

4
I21I−1 −

2

3
I1I2I−1 +

3

4
I1I

2
−1 +

16

3
I1I2I−2

+6I22I−2 −
2

3
I1I−1I−2 +

16

3
I2I−1I−2 + 6I2I

2
−2.

The computations performed on Wolfram Mathematica show that

Z̃e
8 = −3

4
I1W2W̄

2
1 +

3

2
I2W2W̄

2
1 −

3

4
I−1W2W̄

2
1 −

3

4
I1W

2
1 W̄2

+
3

2
I2W

2
1 W̄2 −

3

4
I−1W

2
1 W̄2 +

3

2
I−2W2W̄

2
1 +

3

2
I−2W

2
1 W̄2

= −3

4
I1(W2W̄

2
1 +W 2

1 W̄2) +
3

2
I2(W2W̄

2
1 +W 2

1 W̄2)

−3

4
I−1(W2W̄

2
1 +W 2

1 W̄2) +
3

2
I−2(W2W̄

2
1 +W 2

1 W̄2)

= −3

2
I1Re(W

2
1 W̄2) + 3I2Re(W

2
1 W̄2)−

3

2
I−1Re(W

2
1 W̄2) + 3I−2Re(W

2
1 W̄2)

=

(
−3

2
I1 + 3I2 −

3

2
I−1 + 3I−2

)
Re(W 2

1 W̄2)
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and

Z i
8 = −16

9
I2−2I−1I1 +

49

18
I−2I

2
−1I1 +

1

8
I3−1I1 +

49

18
I−2I−1I

2
1 +

3

8
I2−1I

2
1

+
1

8
I−1I

3
1 + 2I3−2I2 +

38

9
I2−2I−1I2 −

16

9
I−2I

2
−1I2 +

38

9
I2−2I1I2

−128

9
I−2I−1I1I2 +

49

18
I2−1I1I2 −

16

9
I−2I

2
1I2 +

49

18
I−1I

2
1I2

+6I2−2I
2
2 +

38

9
I−2I−1I

2
2 +

38

9
I−2I1I

2
2 −

16

9
I−1I1I

2
2 + 2I−2I

3
2 .

Finally, on ΩS , in place of ∥ · ∥s we will consider the equivalent norm

∥w∥ :=
√ ∑

|j|=1,2

w2
j .

In this setting we obtain a finite dimensional version (not only formal) of Theorem 1.2.3:

Lemma 3.5.1 (Birkhoff normal form for the finite dimensional Kirchhoff equation)
Let H be the Hamiltonian of the Kirchhoff equation restricted to the finite-dimensional phase space
ΩS .
There exist ε1 > 0, an analytic function F : Bε1 ⊂ ΩS → C and an analytic, bijective, close-to-
identity canonical transformation

Φ : Bε1 ⊂ ΩS → ΩS

of the form Φ = e{·,F} such that

HBNF := H ◦ Φ = H2 + Z i
4 + Z i

6 + Z̃8 +R≥10, (3.60)

where:

• Z i
2k , for k = 2, 3, is a homogeneous polynomial of degree 2k depending only on the actions

I = (I−2, I1, I1, I2);

• R≥10 is a real-analytic remainder such that

|R≥10(w)| ≲ ∥w∥10, ∀w ∈ Bε1 ; (3.61)

• The function F satisfies
|F(w)| ≲ ∥w∥4, ∀w ∈ Bε1 ; (3.62)

• If we write Jk = |zk|2, the map Ψ satisfies

Jk ◦ Φ = Ik +Ψ(Ik)

with
|Ψ(Ik)| ≲ ∥w∥4, ∀w ∈ Bε1 . (3.63)

An inequality identical to (3.63) is fulfilled by the inverse transformation Φ−1.

Thanks to the above result we have:
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Lemma 3.5.2 There exist ε2 > 0 such that, for every initial data w0 = {wj,0}j=±1,±2 with

ε := ∥w0∥ ≤ ε2,

the solutions of

ẇ(t) =
∂HBNF

∂w̄
(w(t), w̄(t)),

satisfy
|wj(t)| ≲ ε, ∀t ≲ ε−6. (3.64)

Remark 3.5.2 In the case c < 0, inequality (A.9) allows to extend the bound (3.64) to all positive
times.
Unfortunately, if c > 0 such uniform-in-time estimate is not available and (3.64) is achieved, by means
of the Birkhoff Normal form Theorem (1.2.3), only for times of order ε−6

2 .

3.5.2 Symplectic Polar Coordinates

The aim of this Subsection is to construct a newt of symplectic polar coordinates for Ĥ, namely:

(I, θ) = (I−2, I−1, I1, I2, θ−2, θ−1, θ1, θ2) =: Φ2(I,W )

given by the map

Ij
Φ2

→ Ij , Wj
Φ2

→
√
Ij
√
I−je

i(θj+θ−j). (3.65)

We have that the expressions for Z4, Z6 and Z̃ i
8 are left untouched, while

Ze
8 = I1I−1

√
I2
√
I−2

(
−3

2
I1 + 3I2 −

3

2
I−1 + 3I−2

)
cos(2θ1 + 2θ−1 − θ2 − θ−2).

Now, by recalling
ĤBNF := H2 + Z4 + Z6 + Z i

8 + Ze
8 ,

in this new set of variables the Hamiltonian system associated to ĤBNF is defined on the phase
space

T4 × R4 ∈ (θ1, θ−1, θ2, θ−2, I1, I−1, I2, I−2)

by 
θ̇j = −

∂ĤBNF

∂Ij
, j = ±1, ±2

İj =
∂ĤBNF

∂θj
, j = ±1, ±2.

(3.66)

Let us note that the quantities

I1 − I−1

I2 − I−2

I±1 + 2I±2

are conserved by the dynamic generated by Ze
8 and, trivially, also for Z4, Z6, Z̃ i

8. It follows:

Lemma 3.5.3 (Integrability)
The system (3.66) is completely integrabile.
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3.5.3 Action-Angle Coordinates for Ĥ

We want hence, to construct a new set of action-angles variables for Ĥ, namely:

(φ, I) = (φ1, φ−1, φ2, φ−2, I1, I−1, I2, I−2)

given by the linear law

(
φ
I

)
= Φ3(θ, I) :=

((
B−1

)T
0

0 B

)(
θ
I

)
, (3.67)

where the matrix B and
(
B−1

)T are

B =


1 0 0 0
−1 1 0 0
1
2 0 1 0
0 0 −1 1

 and
(
B−1

)T
=


1 1 −1

2 −1
2

0 1 0 0
0 0 1 1
0 0 0 1



The relation between I and φ is determined in a way that {Ij , φk} = δ(j, k).


I1 = I1

I−1 = −I1 + I−1

I2 = 1
2I1 + I2

I−2 = −I2 + I−2

⇔


I1 = I1
I−1 = I1 + I−1

I2 = −1
2I1 + I2

I−2 = −1
2I1 + I2 + I−2

(3.68)

and 
φ1 = θ1 + θ−1 − 1

2θ2 −
1
2θ−2

φ−1 = θ−1

φ2 = θ2 + θ−2

φ−2 = θ−2

.

In these new variables (3.66) reads


φ̇1 = −

∂ĤBNF

∂I1
,

İ1 =
∂ĤBNF

∂φ1
,

φ̇j = −
∂ĤBNF

∂Ij
, j = −1, ±2

İj = 0, j = −1, ±2,
(3.69)

while Hamiltonian ĤBNF reads
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ĤBNF = ĤBNF(φ1, I1, I−1, I2, I−2)

= 2I−2 − 2I2−2 + I−1 − 2I−2I−1 −
1

2
I2−1 + 2I−2I1 − 3I2−2I1 − I3−2I1 − I−1I1

− 10

3
I−2I−1I1 −

35

9
I2−2I−1I1 +

3

4
I2−1I1 +

65

18
I−2I2−1I1 +

1

8
I3−1I1

− 2I21 −
3

2
I−2I21 − 3I2−2I21 +

17

4
I−1I21 + 22I−2I−1I21 −

29

12
I2−1I21

+
10

3
I31 +

359

18
I−2I31 −

479

36
I−1I31 −

419

36
I41

+ 4I2 − 12I−2I2 + 6I2−2I2 + 2I3−2I2 − 4I−1I2 +
16

3
I−2I−1I2

+
38

9
I2−2I−1I2 −

16

9
I−2I2−1I2 + 4I1I2 −

22

3
I−2I1I2 −

32

9
I2−2I1I2

− 20

3
I−1I1I2 − 34I−2I−1I1I2 +

65

9
I2−1I1I2 − 3I21I2

− 95

3
I−2I21I2 + 44I−1I21I2 +

359

9
I31I2 − 12I22 + 18I−2I22 + 12I2−2I22

+
16

3
I−1I22 +

38

3
I−2I−1I22 −

16

9
I2−1I22 −

22

3
I1I22 −

14

3
I−2I1I22

− 34I−1I1I22 −
95

3
I21I22 + 12I32 + 20I−2I32 +

76

9
I−1I32 −

28

9
I1I32 + 10I42

+
(
3I−2I−1I1 −

3

2
I2−1I1 + 3I−2I21 −

15

2
I−1I21 − 6I31 + 6I−1I1I2 + 6I21I2

)
×
√
−I1

2
+ I2

√
I−2 −

I1
2

+ I2 cos(2φ1),

(3.70)
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with, in particular

H2(I) =2I−2 + I−1 + 4I2;

Z4(I) =− 2I2−2 − 2I−2I−1 −
1

2
I2−1 + 2I−2I1 − I−1I1 − 2I21 − 12I−2I2 − 4I−1I2

+ 4I1I2 − 12I22 ;

Z6(I) =− 3I2−2I1 −
10

3
I−2I−1I1 +

3

4
I2−1I1 −

3

2
I−2I21 +

17

4
I−1I21 +

10

3
I31 + 6I2−2I2

+
16

3
I−2I−1I2 −

22

3
I−2I1I2 −

20

3
I−1I1I2 − 3I21I2 + 18I−2I22 +

16

3
I−1I22

− 22

3
I1I22 + 12I32 ;

Z̃8(φ1, I) =− I3−2I1 −
35

9
I2−2I−1I1 +

65

18
I−2I2−1I1 +

1

8
I3−1I1 − 3I2−2I21 + 22I−2I−1I21

− 29

12
I2−1I21 +

359

18
I−2I31 −

479

36
I−1I31 −

419

36
I41 + 2I3−2I2 +

38

9
I2−2I−1I2

− 16

9
I−2I2−1I2 −

32

9
I2−2I1I2 − 34I−2I−1I1I2 +

65

9
I2−1I1I2 −

95

3
I−2I21I2

+
359

9
I31I2 + 12I2−2I22 +

38

3
I−2I−1I22 −

16

9
I2−1I22 −

14

3
I−2I1I22

− 34I−1I1I22 −
95

3
I21I22 + 20I−2I32 +

76

9
I−1I32 −

28

9
I1I32 + 10I42

+ 44I−1I21I2

+
(
3I−2I−1I1 −

3

2
I2−1I1 + 3I−2I21 −

15

2
I−1I21 − 6I31 + 6I−1I1I2 + 6I21I2

)
×
√
−I1

2
+ I2

√
I−2 −

I1
2

+ I2 cos(2φ1)

Ze
8(I) =− I3−2I1 −

35

9
I2−2I−1I1 +

65

18
I−2I2−1I1 +

1

8
I3−1I1 − 3I2−2I21 + 22I−2I−1I21

− 29

12
I2−1I21 +

359

18
I−2I31 −

479

36
I−1I31 −

419

36
I41 + 2I3−2I2 +

38

9
I2−2I−1I2

− 16

9
I−2I2−1I2 −

32

9
I2−2I1I2 − 34I−2I−1I1I2 +

65

9
I2−1I1I2 −

95

3
I−2I21I2

+
359

9
I31I2 + 12I2−2I22 +

38

3
I−2I−1I22 −

16

9
I2−1I22 −

14

3
I−2I1I22

− 34I−1I1I22 −
95

3
I21I22 + 20I−2I32 +

76

9
I−1I32 −

28

9
I1I32 + 10I42

+ 44I−1I21I2

Ze
8(φ1, I) =

(
3I−2I−1I1 −

3

2
I2−1I1 + 3I−2I21 −

15

2
I−1I21 − 6I31 + 6I−1I1I2 + 6I21I2

)
×
√
−I1

2
+ I2

√
I−2 −

I1
2

+ I2 cos(2φ1).

(3.71)
(these are computations implemented in Wolfram Mathematica, see Subsection (3.6.1).)
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By defining
I1 = ε2α, I−1 = ε2β, I2 = ε2γ, I−2 = ε2δ,

where β, γ, η are fixed parameters and ε is chosen suitably small, one has

I1 = ε2α, I−1 = ε2(α+ β), I2 = ε2(γ − α

2
), I−2 = ε2(γ + δ − α

2
) (3.72)

such that
max{0,−β} ≤ α ≤ min {2γ, 2γ + 2δ}

For the sake of simplicity we fix now (β, γ, δ) = (0, 1, 0), obtaining a map

Φ4 : (φ−2, φ−1, φ1, φ2, I−2, I−1, I1, I2) 7→ (φ1, α)

given by the relations

I1 = ε2α I−1 = 0, I2 = ε2, I−2 = 0. (3.73)

Moreover, by (3.72) we have

I1 = ε2α, I−1 = ε2α, I2 = ε2(1− α

2
), I−2 = ε2(1− α

2
) for 0 ≤ α ≤ 2. (3.74)

If we now substitute the relations and (3.74) in the termsH2, Z4, Z8, Z i
8, Ze

8 written in (3.71)
, we have

H2(φ1, α) = 4ε2

Z4(φ1, α) = ε4
(
−12 + 4α− 2α2

)
Z6(φ1, α) = ε6

(
12− 22

3
α− 3α2 +

10

3
α3

)
Z i
8(φ1, α) = ε8

(
10− 28

9
α− 95

3
α2 +

359

9
α3 − 419

36
α4

)
Ze
8(φ1, α) = ε8

(
3α2(1− α)(2− α) cos(2φ1)

)
Z̃8(φ1, α) = ε8

(
10− 28

9
α− 95

3
α2 +

359

9
α3 − 419

36
α4 + 3α2(1− α)(2− α) cos(2φ1)

)
,

(these are, again, computations implemented in Wolfram Mathematica.)

Recalling (3.60), we have

ĤBNF(φ1, ε
2α, 0, ε2, 0) =4ε2 − 12ε4 + 12ε6 + 10ε8

+ α

(
4ε4 − 22

3
ε6 − 28

9
ε8
)

+ α2

(
−2ε4 − 3ε6 − 95

3
ε8 + 6ε8 cos(2φ1)

)
+ α3

(
10

3
ε6 +

359

9
ε8 − 9ε8 cos(2φ1)

)
+ α4

(
−419

36
ε8 + 3ε8 cos(2φ1)

)
.
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By introducing the rescaled Hamiltonian

Ĥ(ε)
BNF(φ1, α) :=ε

−2ĤBNF(φ1, ε
2α, 0, ε2, 0)

=4− 12ε2 + 12ε4 + 10ε6

+ α

(
4ε2 − 22

3
ε4 − 28

9
ε6
)

+ α2

(
−2ε2 − 3ε4 − 95

3
ε6 + 6ε6 cos(2φ1)

)
+ α3

(
10

3
ε4 +

359

9
ε6 − 9ε6 cos(2φ1)

)
+ α4

(
−419

36
ε6 + 3ε6 cos(2φ1)

)
,

(3.75)

we have 
φ̇1 = −

∂Ĥ(ε)
BNF

∂α
,

α̇ =
∂Ĥ(ε)

BNF

∂φ1
,

(3.76)

3.5.4 Analysis of the Critical Points

The partial derivatives of Ĥ(ε)
BNF are

∂φ1Ĥ
(ε)
BNF = 6ε6α2(α− 2)(1− α) sin(2φ1)

∂αĤ(ε)
BNF = 4ε2 − 4αε2 − 22

3
ε4 − 6αε4 + 10α2ε4 − 28

9
ε6 − 190

3
αε6

+
359

3
α2ε6 − 419

9
α3ε6 + 3ε6α(4− 9α+ 4α2) cos(2φ1)

(3.77)

Since ∂φ1Ĥ
(ε)
BNF(φ1, α) = 0 only when α = 0, 1, 2 or φ1 = 0, π/2, π, and since the equations

∂αĤ(ε)
BNF(φ1, 0) = 0, ∂αĤ(ε)

BNF(φ1, 2) = 0 have no real solutions, it follows that in the square
(φ1, α) ∈ [0, π]× [0, 1], the Hamiltonian Ĥ has at most 11 critical points:

ωj =
(π
2
, αj

)
, j = 1, . . . , 3,

ω
(1)
k = (0, αk) , ω

(2)
k = (π, αk) , k = 4, . . . , 6

ω
(1)
7 = (φ1,7, 1) , ω

(2)
7 = (π − φ1,7, 1) .

where:
• αj , j = 1, . . . , 3 are the solutions of

∂αĤ(ε)
BNF

(π
2
, α
)
= 0,

namely

4ε2 − 4αε2 − 22

3
ε4 − 6αε4 + 10α2ε4 − 28

9
ε6 − 226

3
αε6 +

440

3
α2ε6 − 527

9
α3ε6 = 0, (3.78)
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where, α1 < α2 < α3.

• αk, k = 4, . . . , 6 are the solutions of

∂αĤ(ε)
BNF (0, α) = 0,

that equals to

4ε2 − 4αε2 − 22

3
ε4 − 6αε4 + 10α2ε4 − 28

9
ε6 − 154

3
αε6 +

278

3
α2ε6 − 311

9
α3ε6 = 0. (3.79)

• φ1,7 is the solution of

∂αĤ(ε)
BNF (φ1, 1) = 0,

that equals to

10

3
ε6 − 20

3
ε8 + 3ε8 cos(2φ1) = 0,

namely

φ1,7 =
1

2
arccos

[
10

9

(
2− 1

ε2

)]
. (3.80)

In particular, for sufficiently small ε, only three 1 critical points are contained within the square
(φ1, α) ∈ [0, π]× [0, 1], namely ω1, ω

(1)
4 and ω(2)

4 . We have moreover that

αk = 1− ak(ε2), k = 1, 4, (3.81)

where ak are positive functions with a zero of order at least 1 at the origin.

• ω1 is a saddle point since

D2Ĥ(ε)
BNF (ω1) =

(
12ε8a1(ε

2) +O(ε12) 0
0 −4ε4 +O(ε6)

)

• ω(1)
4 and ω(2)

4 are equilibrium points since

D2Ĥ(ε)
BNF

(
ω
(1)
4

)
= D2Ĥ(ε)

BNF

(
ω
(2)
4

)
=

(
−12ε8a4(ε2) +O(ε12) 0

0 −4ε4 +O(ε6)

)
1Using the resolution formula for third order equations we have that, for sufficiently small ε, equations (3.78)

and (3.79) only have one real solution of the form (3.81), while from (3.80) we have that φ1,5 exists only if

ε ≥
√

10

29
.
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BNF with ε = 0.1.

0 0.5 1 1.5 2 2.5 3
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

C− C+

ω1
ω
(1)
4 ω

(2)
4

φ1

α

The level set H∗ := Ĥ(ε)
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3.5.5 Quantitative Estimate on the Transfer

In this Subsection we prove Theorem (3.5.1). Let us start with a technical result:

Lemma 3.5.4 Let us consider a Hamiltonian of the form

H∗(φ, I) := ĤBNF(φ1, I1, 0, ε2, 0) +R(φ, I),

with
|∂φR(φ, I)| , |∂IR(φ, I)| ≲ ε10. (3.82)

There exist 0 < ε3 ≪ 1 such that, for every ε ≤ ε3 there is a set, A(0)
ε , with the following property:

for every solution (φ(t), I(t)) of {
φ̇ = −∂IH∗

İ = ∂φH∗,
(3.83)

with initial data (φ(0), I(0)) ∈ A(0)
ε , it holds

∂φH∗(φ(t), I(t)), ∂IH∗(φ(t), I(t)) > 0, ∂φ1H∗(φ(t), I(t)) ∼ ε8, ∂I1H∗(φ(t), I(t)) ∼ ε2,
(3.84)

for all t ≲ ε−2.

Proof: From what we have seen in Subsection (3.5.4) (in particular (3.81)), we have that there
exist ε4 ≪ 1 and δε4 ∼ ε24 such that, for ε ≤ ε4, the derivatives ∂φ1Ĥ

(ε)
BNF, ∂αĤ

(ε)
BNF are all

strictly positive in (π
2
+ δε4 , π − δε4

)
× (δε4 , 1− δε4).

It follows that, for every ε ≤ ε4,

∂φ1Ĥ
(ε)
BNF(φ1, α) ∼ ε6, ∂αĤ(ε)

BNF(φ1, α) ∼ ε2,

∀(φ1, α) ∈
(π
2
+ δε4 , π − δε4

)
× (δε4 , 1− δε4).

Keeping in mind (3.73) and (3.75), the above relations imply that

∂φ1ĤBNF(φ1, I1, 0, ε2, 0) ∼ ε8, ∂I1ĤBNF(φ1, I1, 0, ε2, 0) ∼ ε2,

∀(φ1, I1) ∈
(π
2
+ δε4 , π − δε4

)
×
(
ε2 · δε4 , ε2 · (1− δε4)

)
, ∀ε ≤ ε4.

(3.85)

Moreover, thanks to the smallness assumption (3.82), a similar estimate to the one displayed in
(3.85) holds, also for |∂φH∗|, |∂IH∗| when (φ, I) belong to the set

Ã(0)
ε :=

{
(φ, I) : (φ1, I1) ∈

(π
2
+ δε3 , πδε3

)
×
(
ε2 · δε3 , ε2 · (1− δε3)

)}
. (3.86)

for appropriate choice of ε3 ≪ 1 and δε3 ∼ ε23.
Finally, if we define

A(0)
ε :=

{
(φ, I) ∈ Ã(0)

ε : dist
(
(φ1, I1), ∂Ã(0)

ε

)
≥ ε2(1− 2δε3)

3

}
, (3.87)
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since
∂φ1(φ, I)H∗ ∼ ε8, ∂φ1H∗(φ, I) ∼ ε2, for (φ, I) ∈ Ã(0)

ε ,

we have that a solution of (3.83) with initial data in A(0)
ε , will remain in Ã(0)

ε at least for times
t ≲ ε−2.
This concludes the proof. 2

Proof of Theorem (3.5.1):
First, we choose

ε∗ := min{ε0, ε1, ε2, ε3}, (3.88)

for ε0 in Theorem (A.1.3) ε1 in Lemma (3.5.1), ε2 in Lemma (3.5.2) and ε3 in Lemma (3.5.4).
By recalling the relations (3.73), and keeping in mind Remark (3.5.4), for ε ≤ ε∗ we define

A(1)
ε :=

{
(φ1, φ−1, φ2, φ−2, I1, I−1, I2, I−2) ∈ A(0)

ε :

I−1 = 0, I2 = ε2, I−2 = 0.

}

Now, using the maps Φ2, Φ3, defined respectively in (3.65) and (3.67), we set

A(2)
ε :=

(
Φ3 ◦ Φ2

)−1
(
A(1)

ε

)
.

We set

Aε :=

{
w = {wj}j∈Z : wj ∈ A2, if j = ±1, ±2, zj = 0, otherwise

}
.

Within this framework, the study of Equation (3.55) with initial data

w0(x) =
1√
2π

∑
|j|∈{1, 2}

wj,0e
ij·x,

such that
{
wj,0

}
j∈Z ∈ A, is equivalent to study the finite dimensional system{

φ̇(t) = −∂IHBNF

İ(t) = ∂φHBNF,
(3.89)

where HBNF is the restricted Hamiltonian

HBNF = ĤBNF +R≥10

defined in (3.60) and w = {wj}j=±1,±2 ∈ A(ε)
2 .

Let us now adopt the variables (φ, I) defined in (3.68), we have the following facts:

Claim 1:
Let us suppose (φ(t), I(t)) is a solution of (3.89) with initial data

Ij(0) ≲ ε2, j = ±1,±2,

then for all t ∈ [0, T ] with T ≲ ε−6, we have that

|Ij(t)− Ij(0)| ≲ t · ε10, j = 1, ±2. (3.90)
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Proof Claim 1:
Recalling (3.70) we have that ĤBNF does not depends on φj for j = 1, ±2, hence

İj(t) = ∂φjHBNF

= ∂φjĤBNF + ∂φjR≥10

= ∂φjR≥10

(3.64),(3.61)
≲ ε10.

Claim 2:
Let us suppose (φ(t), I(t)) is a solution of (3.89) with initial data

I1(0) ≤ ε2, , I−1(0) = 0, I2(0) = ε2, I−2(0) = 0

we have∣∣∣∂φ1ĤBNF(φ1, I1, I−1, I2, I−2)− ∂φ1ĤBNF(φ1, I1, 0, ε2, 0)
∣∣∣ ≲ √t ·O(ε11) + t ·O(ε15),

(3.91)
for all t ∈ [0, T ], with T ≲ ε−6.

Proof Claim 2:
From (3.90) one has that

|I−2(t)| ≲ t · ε10, |I−1(t)| ≲ t · ε10, |I−1(t)− ε2| ≲ t · ε10. (3.92)

Let us note that

∂φ1ĤBNF(φ1, I1, I−1, I2, I−2)
(3.70)
= ∂φ1Z̃e

8(φ1, I1, I−1, I2, I−2).

Now, recalling the expression of Z̃e
8 in (3.71), using (3.64) and (3.92), together with the in-

equality
|
√
x1 −

√
x1| ≤

√
|x1 − x2|, x1, x2 ≥ 0,

one obtains (3.91).

Let us now prove inequality (3.56) for j = 1:
Let us first note that the Birkhoff normal form Hamiltonian HBNF(φ, I) = ĤBNF(φ, I) +
R≥10(φ, I) can be written as

HBNF(φ, I) = ĤBNF(φ1, I1, 0, ε2, 0) +R(φ, I), (3.93)

with

R(φ, I) := R≥10(φ, I) + ĤBNF(φ1, I1, I−1, I2, I−2)− ĤBNF(φ1, I1, 0, ε2, 0).

Now, if (φ(t), I(t)) is a solution of (3.89) with initial data in A(2)
ε , from (3.91) together with

(3.61) and (3.90), that

|∂φR(φ(t), I(t))| , |∂IR(φ(t), I(t))| ≲ ε10 for t ≲ ε−6.
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We can then apply Lemma (3.5.4).
Thanks to the latter we have that

İ1 > 0 for t ≲ ε−2,

moreover, recalling that I1 = I1, it holds

|I1(t)− I1(0)| = |I1(t)− I1(0)|
= I1(t)− I1(0)

=

∫ t

0
İ1(s)ds

(3.93)
≤
∫ t

0
∂φ1ĤBNF(φ1, I) +R(φ, I)ds

(3.84)
≳ tε8.

(3.94)

The opposite inequality in (3.56) follows similarly.
For what concerns the remaining cases k = −1, ±2, let us consider for example k = 2 (the
others are equivalent):
we recall from (3.68) that

I2 = −
1

2
I1 + I2,

then
İ2 = İ2 −

1

2
İ1

= ∂φ2HBNF −
1

2
∂φ1HBNF

= ∂φ2ĤBNF −
1

2
∂φ1ĤBNF + ∂φ2R≥10 −

1

2
∂φ1R≥10

(3.70)
= −1

2
∂φ1ĤBNF + ∂φ1R≥10 −

1

2
∂φ2R≥10.

Inequality (3.56) he proof follows by reasoning as above, using again (3.84). □

3.5.6 Conclusions

We stress that the energy transfer analysis performed in this section is carried out in Birkhoff
normal form coordinates.
While the Birkhoff normal form transformation is canonical and preserves the Hamiltonian
structure, the lower bound (3.56) on the energy transfer does not trivially transport back to
the original Kirchhoff variables.
More precisely, as estimate (3.63) shows, the Birkhoff normal form transformation acts on the
linear actions {Ik}k as

Id +O(ε4).

For this reason pulling back this estimate to the original variables would introduce correction
terms of order ε4 which dominate the bound ε8 in (3.56) and thus prevent any meaningful
conclusion in the original coordinates.
Considering all this, Theorem (3.5.1) should be interpreted as a non-integrability result for
the formal Birkhoff normal form, as well as an evidence of energy transfer at the level of
the normal form dynamics, leaving open the question of a sharp lower bound in the original
coordinates.
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3.6 Further Directions

The energy transfer analysis carried out in Subsection 3.5.5 is localized in a region of the phase
space that avoids both equilibrium points and secondary invariant tori, and is performed on a
truncated four-mode system in Birkhoff normal form.
While this allows us to exhibit explicit orbits along which energy transfer between Fourier
modes, two natural questions remain open: whether analogous transfer phenomena persist in
the original equation, and how the dynamics behaves near such invariant structures.
As a natural continuation of this work, we plan to investigate the existence and stability of
such tori for the Kirchhoff equation in the spirit of [62], where a KAM scheme is developed
to construct small-amplitude quasi-periodic solutions in a closely related setting.

3.6.1 Codes For Section 3.5

• The Resonant Terms Z4, Z6, Z8

We define the projector operator ΠK as

ker[N_] := Coefficient[t*fF[N], t]

where

fF[N_] := N /. {x[1] -> t*x[1], y[1] -> 1/t*y[1], Y[1] -> 1/t*Y[1],
X[1] -> t*X[1], x[2] -> t^2*x[2], y[2] -> 1/t^2*y[2],
Y[2] -> 1/t^2*Y[2], X[2] -> t^2*X[2]}

The map Φ2, defined in (3.65), that gives the symplectic polar coordinates (I, φ) is given by

sost2[N_] :=
N /. {x[j_] :> (A[j])^{1/2}*E^{I a[j]},

y[j_] :> (A[j])^{1/2}*E^{-I a[j]},
X[j_] :> (A[-j])^{1/2}*E^{I a[-j]},
Y[j_] :> (A[-j])^{1/2}*E^{-I a[-j]}}

Where A[j] = Ij are the actions and a[j] = θj are the angles.

The map Φ3 in (3.67), that defines coordinates (I, φ) is given by

sost3[N_] :=
N /. {A[1] :> B[1], A[-1] :> B[1] + B[-1], A[2] :> -1/2 B[1] + B[2],

A[-2] :> -1/2 B[1] + B[2] + B[-2],
2 I a[-1] + 2 I a[1] - I a[2] - I a[-2] :>
2 I \[CurlyPhi], -2 I a[-1] - 2 I a[1] + I a[2] +
I a[-2] :> -2 I \[CurlyPhi]} /.

Exp[2 I \[CurlyPhi]] :> 2*Cos[2 \[CurlyPhi]] - Exp[-2 I \[CurlyPhi]]

Where
B[j] = Ij and \[CurlyPhi] = φ1.

Finally, the map Φ4 in (3.73), that defines coordinates (I, φ) is given by
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sost4[N_] :=
N /. {B[1] :> \[CurlyEpsilon]^2 \[Alpha], B[-1] :> 0,

B[2] :> \[CurlyEpsilon]^2, B[-2] :> 0}

where
α = \[Alpha] and ε = \[CurlyEpsilon].

The resonant terms Z4, Z6, Z8 are

Z4 := ker[H4]

Z6 := ker[h6]

Z8 := ker[h8]

The term Ze
8 is:

N8 := Coefficient[int[Z8], (\[Alpha]^2 \[Beta]^2)/(\[Xi] \[Omega])] +
Coefficient[int[Z8], (\[Xi] \[Omega])/(\[Alpha]^2 \[Beta]^2)] /.
j[i_] :> i // Expand

while Z i
8 is:

I8:=Z8-N8

In action-angle variables the terms Ze
8 , Z i

8 are

In[]:=sost[N8]

Out={3/2 E^(-I a[-2] + 2 I a[-1] + 2 I a[1] - I a[2]) A[-2]^(3/2)
A[-1] A[1] Sqrt[A[2]] +
3/2 E^(I a[-2] - 2 I a[-1] - 2 I a[1] + I a[2]) A[-2]^(3/2)
A[-1] A[1] Sqrt[A[2]] -
3/4 E^(-I a[-2] + 2 I a[-1] + 2 I a[1] - I a[2]) Sqrt[A[-2]]
A[-1]^2 A[1] Sqrt[A[2]] -
3/4 E^(I a[-2] - 2 I a[-1] - 2 I a[1] + I a[2]) Sqrt[A[-2]]
A[-1]^2 A[1] Sqrt[A[2]] -
3/4 E^(-I a[-2] + 2 I a[-1] + 2 I a[1] - I a[2]) Sqrt[A[-2]]
A[-1] A[1]^2 Sqrt[A[2]] -
3/4 E^(I a[-2] - 2 I a[-1] - 2 I a[1] + I a[2]) Sqrt[A[-2]]
A[-1] A[1]^2 Sqrt[A[2]] +
3/2 E^(-I a[-2] + 2 I a[-1] + 2 I a[1] - I a[2]) Sqrt[A[-2]]
A[-1] A[1] A[2]^(3/2) +
3/2 E^(I a[-2] - 2 I a[-1] - 2 I a[1] + I a[2]) Sqrt[A[-2]]
A[-1] A[1] A[2]^(3/2)}

In[]:=sost[I8]

Out[]={-(16/9) A[-2]^2 A[-1] A[1] + 49/18 A[-2] A[-1]^2 A[1] +
1/8 A[-1]^3 A[1] + 49/18 A[-2] A[-1] A[1]^2 + 3/8 A[-1]^2 A[1]^2
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+ 1/8 A[-1] A[1]^3 + 2 A[-2]^3 A[2] + 38/9 A[-2]^2 A[-1] A[2]
- 16/9 A[-2] A[-1]^2 A[2] + 38/9 A[-2]^2 A[1] A[2] -
128/9 A[-2] A[-1] A[1] A[2] + 49/18 A[-1]^2 A[1] A[2] -
16/9 A[-2] A[1]^2 A[2] + 49/18 A[-1] A[1]^2 A[2] +
6 A[-2]^2 A[2]^2 + 38/9 A[-2] A[-1] A[2]^2 +

38/9 A[-2] A[1] A[2]^2 - 16/9 A[-1] A[1] A[2]^2 + 2 A[-2] A[2]^3}

Finally, the partial Hamiltonian ĤBNF = H2 + Z4 + Z6 + Z̃8 is

h := H2 + Z4 + Z6 + Z8 /. j[i_] :> i

Its expression,(3.70), in the variables (I, φ1) is

In[]:= sost3[sost2 [h]] // Expand

Out[]={2 B[-2] - 2 B[-2]^2 + B[-1] - 2 B[-2] B[-1] - 1/2 B[-1]^2 +
2 B[-2] B[1] - 3 B[-2]^2 B[1] - B[-2]^3 B[1] - B[-1] B[1] -
10/3 B[-2] B[-1] B[1] - 35/9 B[-2]^2 B[-1] B[1] +
3/4 B[-1]^2 B[1] + 65/18 B[-2] B[-1]^2 B[1] + 1/8 B[-1]^3 B[1]
- 2 B[1]^2 - 3/2 B[-2] B[1]^2 - 3 B[-2]^2 B[1]^2 +
17/4 B[-1] B[1]^2 + 22 B[-2] B[-1] B[1]^2 - 29/12 B[-1]^2 B[1]^2
+ (10 B[1]^3)/3 + 359/18 B[-2] B[1]^3 - 479/36 B[-1] B[1]^3 - (
419 B[1]^4)/36 + 4 B[2] - 12 B[-2] B[2] + 6 B[-2]^2 B[2] +
2 B[-2]^3 B[2] - 4 B[-1] B[2] + 16/3 B[-2] B[-1] B[2] +
38/9 B[-2]^2 B[-1] B[2] - 16/9 B[-2] B[-1]^2 B[2] + 4 B[1] B[2]
- 22/3 B[-2] B[1] B[2] - 32/9 B[-2]^2 B[1] B[2] -
20/3 B[-1] B[1] B[2] - 34 B[-2] B[-1] B[1] B[2] +
65/9 B[-1]^2 B[1] B[2] - 3 B[1]^2 B[2] - 95/3 B[-2] B[1]^2 B[2]
+ 44 B[-1] B[1]^2 B[2] + 359/9 B[1]^3 B[2] - 12 B[2]^2 +
18 B[-2] B[2]^2 + 12 B[-2]^2 B[2]^2 + 16/3 B[-1] B[2]^2 +
38/3 B[-2] B[-1] B[2]^2 - 16/9 B[-1]^2 B[2]^2 - 22/3 B[1] B[2]^2
- 14/3 B[-2] B[1] B[2]^2 - 34 B[-1] B[1] B[2]^2 -
95/3 B[1]^2 B[2]^2 + 12 B[2]^3 + 20 B[-2] B[2]^3 +
76/9 B[-1] B[2]^3 - 28/9 B[1] B[2]^3 + 10 B[2]^4 +
3 B[-2] B[-1] B[1] Sqrt[-(B[1]/2) + B[2]] Sqrt[
B[-2] - B[1]/2 + B[2]] Cos[2 \[CurlyPhi]] -
3/2 B[-1]^2 B[1] Sqrt[-(B[1]/2) + B[2]] Sqrt[B[-2] - B[1]/2 +
B[2]]Cos[2 \[CurlyPhi]] +
3 B[-2] B[1]^2 Sqrt[-(B[1]/2) + B[2]] Sqrt[B[-2] - B[1]/2 +
B[2]]Cos[2 \[CurlyPhi]] -
15/2 B[-1] B[1]^2 Sqrt[-(B[1]/2) + B[2]] Sqrt[B[-2] - B[1]/2 +
B[2]] Cos[2 \[CurlyPhi]] - 6 B[1]^3 Sqrt[-(B[1]/2) +
B[2]] Sqrt[B[-2] - B[1]/2 + B[2]]Cos[2 \[CurlyPhi]] +

6 B[-1] B[1] B[2] Sqrt[-(B[1]/2) + B[2]] Sqrt[B[-2] - B[1]/2 +
B[2]]Cos[2 \[CurlyPhi]] +
6 B[1]^2 B[2] Sqrt[-(B[1]/2) + B[2]] Sqrt[B[-2] - B[1]/2 + B[2]]
Cos[2 \[CurlyPhi]]}

while, the expression (3.75) of Ĥ(ε)
BNF, in the variables (α, φ1) is

In[]:= sost4[sost3[sost2[h]]]/ // Expand

Out[]={4 - 12 \[CurlyEpsilon]^2 + 4 \[Alpha] \[CurlyEpsilon]^2 -
2 \[Alpha]^2 \[CurlyEpsilon]^2 + 12 \[CurlyEpsilon]^4
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- (22 \[Alpha] \[CurlyEpsilon]^4)/3 -
3 \[Alpha]^2 \[CurlyEpsilon]^4 +
+ (10 \[Alpha]^3 \[CurlyEpsilon]^4)/
3 + 10 \[CurlyEpsilon]^6 - (28 \[Alpha] \[CurlyEpsilon]^6)/9
- (95 \[Alpha]^2 \[CurlyEpsilon]^6)/3
+ (359 \[Alpha]^3 \[CurlyEpsilon]^6)/9
- (419 \[Alpha]^4 \[CurlyEpsilon]^6)/36 +
6 \[Alpha]^2 \[CurlyEpsilon]^6 Cos[2 \[CurlyPhi]] -
9 \[Alpha]^3 \[CurlyEpsilon]^6 Cos[2 \[CurlyPhi]] +
3 \[Alpha]^4 \[CurlyEpsilon]^6 Cos[2 \[CurlyPhi]]}
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Chapter 4

Almost Periodic Solutions

4.1 Introduction

This chapter is devoted to prove the existence of almost-periodic solutions for the semilinear
Kirchhoff-type equation

iut = Λu+ V ∗ u+ f

(∫
T
(u+ ū)B[u+ ū]

)
B[u+ ū], (4.1)

where f is a real analytic function in an neighborhood of y = 0 with a zero of order at least 2
in y = 0 and Λ, V, B are Fourier Multiplier such that

1. V ∗ eikx = |k|Ṽkeikx for {Ṽk}k∈Z ∈ ℓ∞;

2. Λ =
√
−∆ and Λeikx = |k|eikx;

3. B[eik·x] = bke
ik·x for {bk}k∈Z ∈ ℓ∞.

We suppose moreover that {Ṽk}k∈Z, {bk}k∈Z are symmetric with respect to k, in particular
Ṽ0 = b0 = 0.

In Subsection 4.1.1 we show how equation (4.1) is related to the Kirchhoff equation (1.1). In
Subsection 4.1.2 we study the abstract properties of equation (4.1), while in Section 4.2 we
introduce a suitable functional framework, which will be fundamental for solving the homo-
logical equation (see Section 4.3).
In particular, we introduce the functional space gh,s and endow the space of formal power
series of Kirchhoff type, Fkir, with a Banach space structure by means of the inhomogeneous
weighted Lipschitz norm (4.12).
In section 4.3 we introduce the Diohantine conditions (4.3.1) that allows us to solve the ho-
mological equation (4.42).
In Section 4.4 we introduce the projection operators (4.71), which provide a degree decom-
position according to the order of vanishing of the Hamiltonian at the torus TI .
In Section 4.5 we reformulate Theorem 1.2.9 in terms of the twisted-conjugacy Theorem
4.5.1, whose proof is achieved via the Iterative Lemma 4.5.1.
Finally, in Section 4.6 we prove Theorem 1.2.10.

4.1.1 Real Problem

Let us consider a second order semi-linear PDE of the form

ψtt −∆ψ + f

(∫
Tn

ψB̃ψ

)
B̃ψ +W ∗ ψ = 0, (4.2)
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where

• f is an analytic function with a zero of order at least 2 at the origin;

• W∗ and B̃ are the Fourier multipliers

W ∗ eikx = |k|W̃ke
ikx, B̃eikx = b̃ke

ikx

with

{W̃k}k∈Z,

{
|b̃k|
|k|

}
k∈Z

∈ ℓ∞(Z), symmetric with respect to k.

In particular W0, b0 = 0.

This equation can be viewed as a semilinear analog of the Kirchhoff equation.
While the classical Kirchhoff model (1.1) features a non-local nonlinearity involving the gra-
dient norm, our model replaces it with the Fourier multiplier B̃.
This formally preserves the original non-local structure of (1.1) and allows us to investigate
the dynamics while in a semilinear framework.
The reason of this choice relies on the fact that the Bourgain approach only works in the
semilinear case. Indeed, in presence of derivatives on the nonlinearity, the analyticity of f do
not guarantees that the associated Hamiltonian is regular in the sense of definition 4.12 (see
Theorem 4.2.3).
Equation (4.2) is an infinite dimensional dynamical system in the variables (ψ, η) = (ψ,ψt),
with Hamiltonian

H(ψ, η) =
1

2

∫
T
η2 +

1

2

∫
Tn

(Dψ)2 +
1

2
F

(∫
Tn

ψB̃ψ

)
.

Here D =
√
−∆+W∗.

Adopting the complex coordinates
u =

1√
2
(D

1
2ψ + iD− 1

2 η)

ū =
1√
2
(D

1
2ψ − iD− 1

2 η)

⇐⇒


ψ =

1√
2
(D− 1

2u+D− 1
2 ū)

η =
1

i
√
2
(D

1
2u−D

1
2 ū)

equation (4.2) become
ut = −iDu−

i

2
f

(
1

2

∫
T(u+ ū)D−1B̃[u+ ū]

)
D−1B̃(u+ ū)

ūt = iDū+
i

2
f

(
1

2

∫
T(u+ ū)D−1B̃[u+ ū]

)
D−1B̃(u+ ū)

. (4.3)

By defining

B :=
1

2
D−1B̃, B

[
eik·x

]
=

b̃k

2
√
k2 +Wk

eik·x,

and
V ∗ := D −

√
−∆, V ∗ eik·x =

Wk√
Wk + k2 + |k|

eik·x,
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we can write system (4.3)in the more suitable form
ut = −iΛu− V ∗ u−

i

2
f
(∫

T(u+ ū)B[u+ ū]
)
B(u+ ū)

ūt = iΛū+ V ∗ ū+
i

2
f
(∫

T(u+ ū)B[u+ ū]
)
B[u+ ū]

,

that, recalling Λ =
√
−∆, is exactly equation (4.1).

4.1.2 Abstract structure of H

The Hamiltonian

H(u, ū) =

∫
T
u · Λū+

∫
T
V ∗ |u|2 + 1

2
F

(∫
T
(u+ ū)B[u+ ū]

)
(4.4)

associated to equation (4.1), can be represented, from a purely algebraic point of view, as a
polynomial

H(u, ū) =
∑

α,β∈NZ
f

Hα,βu
αūβ

in terms of the Fourier coefficients {uj}j∈Z of u.
It is, indeed, an element of the space F discussed in Section 3.1.1.
Moreover, since the non-linear part

1

2
F

(∫
T
(u+ ū)B[u+ ū]

)
shares the same structure of the Kirchhoff nonlinearity (1.1), in particular we have that H is
an element of the sub-space of the Kirchhoff-type power series Fkir (see (3.1.3)).
We recall that the elements of Fkir admit an equivalent writing in terms of the variables

Ij := uj ūj and Wj := uju−j .

In this case, we have∫
Tn

((u+ ū)B[u+ ū]) =

∫
Tn

uB[u] + 2

∫
Tn

uB[ū] +

∫
Tn

ūB [ū] ,

that in Fourier is ∑
j∈Z

bj(uju−j + ūj ū−j) + 2
∑
j∈Z

bjuj ūj .

Defining the quantities

PB :=
∑
j∈N

bj(Wj + W̄j), HB,2 =
∑
j∈N

bj(Ij + I−j). (4.5)

we can re-rewrite Hamiltonian (4.4) in the following way:

H =
∑
j∈N

(j + Vj)(Ij + I−j) +
1

2
F (HB,2 + PB) . (4.6)
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Using the Taylor expansion of F at 0 we get

H = Λ+ V +H4 +H6 + . . .+H2n + h.o.t.

with

H2n =
F(n)(0)

n!
(HB,2 + PB)

n ∈ F2n
kir, n ≥ 2.

We then have an equivalent writing of H in terms of the variables I, W :

H(I,W ) =
∑
m,a,b

Hm,a,bI
nW aW̄ b

=
∑
j∈N

(j + Vj)(Ij + I−j) +
∑
m,a, b

Fm,a,bI
mW aW̄ b

If we want to write H in function of the u, ū variables (again formally) we have:

H(u) =
∑
j∈Z

(|j|+ Vj)|uj |2 +
∑

α,β∈Mkirk

Fα,βu
αūβ,

where, recalling definition 3.10,Mkirk is the set of the indexes α, β ∈ NZ
f , such that

αk = m+
k + ak, α−k = m−

k + ak, βk = m+
k + bk, β−k = m−

k + bk, (4.7)

for a, b,m± ∈ NN
f and α0 = β0 = 0.

We recall moreover that the Hamiltonian (4.4) is invariant under the change |uk|2 ←→ |u−k|2
or equivalently, in the I, W variables, Ik ←→ I−k.
This means that, if we write the indexm ∈ NZ

f associated to the variable I likem = (m+,m−)

with m± ∈ NN
f , we have the identifications between the coefficients

Hm+,m−,a,b = Hm−,m+,a,b.

4.2 Functional Setting

In this section, we describe the theoretical framework necessary for the study of (1.27).
We recall the definition of formal power series in Section 3.1.1.

4.2.1 Weighted Spaces

We start by choosing a sequence {hj}j∈Z such that

(1) hj = h−j j ∈ Z (4.8)

(2) hj1+j2 ≤ hj1 + hj2 j1, j2 ∈ N (4.9)

(3) lim
i∈N

ln⟨i⟩
hi

= 0 . (4.10)

For a fixed s > 0 we consider the following scale of Banach spaces

gh,s :=
{
u := (uj)j∈Z ∈ ℓ2(C) : ∥u∥gh,s

= sup
j∈Z
|uj |es·hj

}
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and we endow it with the symplectic structure coming from ℓ2.
Similar weighted spaces of this kind have been considered in [37] in the context of the NLS
equation. However, the norm introduced in [37] is based on the ℓ1 norm, whereas the norm
considered here is based on ℓ∞. We refer to that paper for a detailed discussion of the conse-
quences that different growth conditions have on the associated weighted spaces. As example
of gh,s one can consider:

1. Gevrey case:
For hj = |j|θ with 0 < θ < 1, we get the space of Gevrey functions of index 1/θ.

2. Logarithmic Case:
For hj = lnτ (2 + |j|), τ > 2 we have a specific class of ultra-differentiable functions,
that strictly contains the Gevrey functions.

3. Analytic case:
For hj = a|j|, a ≥ 0 we have a sub-space of the space of analytic functions on the strip

Tρ = {(x, y) ∈ T× C : |y| < a}.

As we anticipated in the Introduction 1, conditions (4.8) and (4.9) are necessary to ensure
the monotonicity property of Lemma 4.2.3 while condition (4.10) is fundamental to get the
estimate (4.47) for the solution of the homological equation (4.42).
In this regard, since the constant C in (4.47) depends on the structure of h, in order to keep
the calculations clear we perform the KAM scheme of Section 4.5 in the specific case

hj := ln(1 + |j|)2+ε, ε > 0.

With this choice of h one also obtain the algebra property for the corresponding norm gs,h.
We stress however that thanks to the Kirchhoff-structure this is not needed, as Lemma 4.2.3
shows.

4.2.2 Space of Hamiltonians

In the case of analytic Hamiltonians, the norm gh,s induces a Banach-scale structure on the
space of formal power series F :
given H ∈ F we define its majorant as

H(u) =
∑
α.β

|Hα,β|uαūβ. (4.11)

Definition 4.2.1 (Majorant Analytic Hamiltonian) For r > 0 we denote by Ah
r (gh,s) the

subspace of F formal power series H that are also well defined maps

H : B̄r(gh,s)→ R,

for which H is point-wise absolutely convergent in Br(gh,s).

Definition 4.2.2 (Regular Hamiltonian)
For r, s > 0 a Hamiltonian H ∈ Ar(gh,s) is regular if its Hamiltonian vector field is bounded, that
is

|H|r,h,s :=
1

r

(
sup

∥u∥gh,s
≤r
∥XH∥gh,s

)
(4.12)

The space of regular Hamiltonian is denoted by Hr,h,s.
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Let us note that | · |r,h,s is a semi-norm on the space of formal power series, since is zero for all
the constants. However, since the Hamiltonians of the form (4.4) have a zero at the origin, we
will assume H(0) = 0, endowing in this way Hr,h,s with the structure of Banach scale with
norm (4.12).
In the next Subsection we will show that the Poisson brackets and Lie exponential, defined only
to a formal level in Section 3.1.1, are actually well-posed within the class of regular Hamilto-
nians.
In order to do so we need a better characterization of the norm | · |r,h,s:

Lemma 4.2.1 ([24], Lemma 2.2 )
For H ∈ Hr,h,s we have the alternative definition of the norm (4.12)

|H|r,h,s = sup
k∈Z

∑
α,β

βk |Hα,β| z(h)(r, s)(α+β−2ek), (4.13)

with
z
(h)
j (r, s) := re−s·hj . (4.14)

Proof: From the definition of ∥ · ∥gh,s
it follows that

|uj | ≤ z(h)(r, s), for all ∥u∥gh,s
≤ r. (4.15)

Since the majorant H is point-wise absolutely convergent, its vector field has explicit expres-
sion

X
(j)
H = i

∑
α,β∈NZ

f

|Hα,β|βjuαūβ−ej ,

hence, for every ∥u∥gh,s
≤ r we have∥∥XH(u)
∥∥
gs

= sup
j∈Z

∣∣∣X(j)
H

∣∣∣ es·hj

≤ sup
j∈Z

∑
α,β∈NZ

f

|Hα,β|βj |uα|ūβ−ej |es·hj (4.16)

(4.15)
≤ sup

j∈Z

∑
α,β∈NZ

f

|Hα,β|βj |z(h)(r, s)α+β−ejes·hj

=
∥∥∥XH

(
z(h)(r, s)

)∥∥∥
gs
.

Since z(h)(r, s) ∈ Br (gh,s), we have that

1

r

(
sup

∥u∥gs≤r
∥XH∥gs

)
=

1

r

∥∥∥XH(z(h)(r, s)
∥∥∥
gs

=
1

r
sup
j∈Z

∑
α,β∈NZ

f

|Hα,β|βj |z(h)(r, s)α+β−ejes·hj

(4.14)
= sup

j∈Z

∑
α,β∈NZ

f

|Hα,β|βj |z(h)(r, s)α+β−2ej ,

that is (4.13). 2

114



Remark 4.2.1 From Lemma 4.2.1 it follows that a formal power series H ∈ F for which (4.13) is
finite, totally converges in the ball Br(gh,s).
Indeed one has

∑
α,β∈NZ

f

sup
∥u∥gh,s

≤r
|Hα,β| |uαūβ|

(4.15)
≤

∑
α,β

|Hα,β|z(h)(r, s)α+β

(4.14)
≤ r2e−2s·hj

∑
α,β

|Hα,β|z(h)(r, s)α+β−2ej

(4.13)
≤ r2|H|r,h,s.

Hence, both H(u) and H(u) are analytic in the open ball Br(gh,s), moreover, from (4.16) we have

|H|r,h,s =
1

r

∥∥∥XH(z(h)(r, s))
∥∥∥
gs
.

Remark 4.2.2 Let us note moreover that, by the reality condition (3.12), one has

|H|r,h,s = sup
k∈Z

∑
α,β

βk |Hα,β| z(h)(r, s)(α+β−2ek)

(3.12)
= sup

k∈Z

∑
α,β

αk |Hα,β| z(h)(r, s)(α+β−2ek) (4.17)

(3.12)
= sup

k∈Z

∑
α,β

(αk + βk)

2
|Hα,β| z(h)(r, s)(α+β−2ek)

.

4.2.3 Lipschitz Norm

In order to keep track of the Lipschitz dependence of the Hamiltonians on the frequency
ω we introduce the inhomogeneous weighted Lipschitz norm on the space of regular
Hamiltonians.
We start by defining the hypercube

Q =

{
ω = (ωj)j∈Z ∈ RZ : sup

j
|ωj − |j|| ≤

1

2

}

which is endowed with he probability measure µ induced by the standard product measure ν
on
[
−1

2 ,
1
2

]Z from the map

ω : ξ = {ξj}j∈Z ∈
[
−1

2
,
1

2

]Z
→ {|j|+ ξj}j∈Z ∈ Q,

namely
µ(A) = ν(ω−1(A)), A ⊆ Q. (4.18)
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Let us consider a set A ⊂ Q of positive measure and let us consider a family of regular Hamil-
tonian H(ω) ∈ Hr,h,s parametrized by ω ∈ A.
We define the Lipschitz semi-norm of H as

|H|Lip,Ar,h,s := sup
ω′ ̸=ω

ω,ω′∈A

|H(ω)−H(ω′)|r,h,s
|ω − ω′|∞

. (4.19)

Moreover, by setting

∆ω, ω′H :=
H(ω)−H(ω′)

|ω − ω′|∞
, ω, ω′ ∈ A, ω ̸= ω′, (4.20)

the norm (4.19) has the more compact writing

|H|Lip,Ar,h,s = sup
ω′ ̸=ω

ω,ω′∈A

∣∣∆ω, ω′H
∣∣
r,h,s

.

We finally consider the space of Lipschitz regular Hamiltonians

HA
r,h,s :=

{
H(·) : A → Hr,h,s : sup

ω∈A
|H(ω)|r,h,s, |H|Lip,Ar,h,s <∞

}
,

moreover for a fixed µ > 0 we endow HA
r,h,s with the structure of Banach space with the

inhomogeneous weighted Lipschitz norm

∥H∥µ,Ar,h,s := sup
ω∈A
|H(ω)|r,h,s + µ|H|Lip,Ar,h,s . (4.21)

4.2.4 Poisson Bracket and Flows

From Section 3.1.1 we recall that the space of formal power seriesF is endowed with a Poisson
algebra structure via the Poisson bracket

{F,G} := i
∑

α(i),β(i)∈NZ
f

Fα(1),β(1)Gα(2),β(2)

∑
j∈Z

(
β
(1)
j α

(2)
j − α

(1)
j β

(2)
j

)
uα

(1)+α(2)−ejuβ
(1)+β(2)−ej ,

(4.22)
This also holds beyond the formal setting, when we consider the scale of Regular Hamiltonians
{Hr,h,s}r,s≥0, as shown by the following result:

Proposition 4.2.1 let us consider F, G ∈ Hr+ρ,s with ρ > 0, we have that {F,G} ∈ Hr,gs ,
moreover

|{F,G}|r,h,s ≤ 8max

{
1,
r

ρ

}
|F |r+ρ,h,s|G|r+ρ,h,s. (4.23)

Analogously, for family of Hamiltonians F, G ∈ HA
r+ρ,s, one has

∥{F,G}∥µ,Ar,h,s ≤ 8max

{
1,
r

ρ

}
∥F∥µ,Ar+ρ,h,s∥G∥

µ,A
r+ρ,h,s. (4.24)

Proof: For

F =
∑

α(1),β(1)

Fα(1),β(1)uα
(1)
ūβ

(1)
, G =

∑
α(2),β(2)

Gα(2),β(2)uα
(2)
ūβ

(2)
,
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recalling (4.22) we have

|{F,G}|r,h,s ≤ sup
k

∑
j

∑
α(1),β(1),α(2),β(2)

|Fα(1),β(1)Gα(2),β(2) |(β(1)j α
(2)
j + α

(1)
j β

(2)
j )(β

(1)
k + β

(2)
k )×

× z(r)α(1)+β(1)+α(2)+β(2)−2ej−2ek .

Let us analyze the terms of the form

A = sup
k

∑
j

∑
α(1),β(1),α(2),β(2)

|Fα(1),β(1)Gα(2),β(2) |β(1)j α
(2)
j β

(1)
k z(r)(α

(1)+β(1)+α(2)+β(2)−2ej−2ek),

we have

A ≤ 1

2
|G|r,s sup

k

∑
j

∑
α(1),β(1)

|Fα(1),β(1) |β(1)j β
(1)
k z(r)(α

(1)+β(1)−2ek)

=
1

4
|G|r,s sup

k

∑
j

∑
α(1),β(1)

|Fα(1),β(1) |(α(1)
j + β

(1)
j )β

(1)
k z(r)(α

(1)+β(1)−2ek)

=
1

4
|G|r,s sup

k

∑
j

∑
α(1),β(1)

|Fα(1),β(1) ||α(1) + β(1)|β(1)k z(r)(α
(1)+β(1)−2ek)

=
1

4
|G|r,s sup

k

∑
α(1),β(1)

|Fα(1),β(1) |β(1)k z(r + ρ)(α
(1)+β(1)−2ek)|α(1) + β(1)|

(
r

r + ρ

)(|α(1)+β(1)|−2)

≤ |G|r,s|F |r+ρ,s sup
α(1),β(1)∈NZ

f

|α(1) + β(1)|
(

r

r + ρ

)(|α(1)+β(1)|−2)

.

Since |α(1) + β(1)| ≥ 2 we have

sup
α(1),β(1)∈NZ

f

|α(1) + β(1)|
(

r

r + ρ

)(|α(1)+β(1)|−2)

≤ sup
x≥2

(
r

r + ρ

)(x−2)

≤ 2max

{
1,
r

ρ

}
.

This concludes the first part of the proof. For what concerns (4.24), recalling (4.20) we have

∆ω,ω′{F,G} = {∆ω,ω′F,G}+ {F,∆ω,ω′G}

and hence

∥{F,G}∥Lip,Ar,h,s

(4.23)
≤ (4.25)

8max

{
1,
r

ρ

}
sup
ω ̸=ω′

(
|∆ω,ω′F |r,h,s|G|r,h,s}+ |F |r,h,s|∆ω,ω′G|r,h,s

)
.

Using (4.25) together with (4.23) and the definition (4.21), we get (4.24). 2

As a consequence, we have that also the symplectic changes of variables defined in (3.15)
are well-defined maps within the scale {Hr,h,s}r,s≥0.
In particular the flow of H ∈ Hr,h,s is locally well-posed and generates a symplectic transfor-
mation on gh,s:
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Proposition 4.2.2 For fixed µ > 0 and A ⊆ Q, let us consider S ∈ HA
r+ρ,h,s with ρ ≥ 0 and

suppose that it holds
∥S∥µ,Ar+ρ,h,s ≤ δ :=

ρ

16e(r + ρ)
. (4.26)

Then for every ω ∈ A the time 1-Hamiltonian flow, Φ1
S(ω) : B̄r(gs) → B̄r+ρ(gs) is well defined

and analytic in Br(gs), symplectic with

sup
u∈B̄r(gs)

∣∣∣Φ1
S(ω)(u)− u

∣∣∣
gs
≤ (r + ρ)∥S∥µ,Ar+ρ,h,s ≤

ρ

16e
, (4.27)

moreover, for any H ∈ HA
r+ρ,h,s we have that H ◦ Φ1

S = e{·,S}H ∈ HA
r,h,s,

(
e{·,S} − Id

)
H ∈

HA
r,h,s and ∥∥∥e{·,S}H∥∥∥µ,A

r,h,s
≤ 2∥H∥µ,Ar+ρ,h,s; (4.28)∥∥∥(e{·,S} − Id

)
H
∥∥∥µ,A
r,h,s

≤ δ−1∥S∥µ,Ar+ρ,h,s∥H∥
µ,A
r+ρ,h,s; (4.29)∥∥∥(e{·,S} − Id− {·, S}

)
H
∥∥∥µ,A
r,h,s

≤ 1

2
δ−2

(
∥S∥µ,Ar+ρ,h,s

)2
∥H∥µ,Ar+ρ,h,s. (4.30)

More generally, for any h ∈ N and any sequence (ck)k∈N with |ck| ≤
1

k!
, we have

∥∥∥∥∥∥
∑
k≥h

ckad
k
S(H)

∥∥∥∥∥∥
µ,A

r,h,s

≤ 2∥H∥µ,Ar+ρ,h,s

(
∥S∥µ,Ar+ρ,h,s

2δ

)h

, (4.31)

where adS(H) = {H,S}.

Proof: In the following, for brevity, we sill write ∥ · ∥r,h,s instead of ∥ · ∥µ,Ar,h,s.
Let us fix ω ∈ A and write S in place of S(ω), by (4.26) we have that

sup
u∈Br+ρ(gs)

|XS |gs ≤ (r + ρ)∥S∥r+ρ,h,s <
ρ

16e
. (4.32)

By Lemma B.1. of [24] with E = gs, X = XS , δ0 = (r + ρ)∥S∥r+ρ,h,s and r1 = r + ρ we
have that the Hamiltonian flow of S is well-defined for

|t| ≤ T :=
ρ

(r + ρ)∥S∥r+ρ,h,s
≥ 16e

and, for t = 1, moreover, using (4.32) we have

sup
u∈Br(gs)

∣∣∣Φ1
S(ω)(u)− u

∣∣∣
gs
≤ (r + ρ)∥S∥r+ρ,h,s ≤

ρ

16e

From this follows that H ◦ Φ1
S = e{S,·}H ∈ HA

r,h,s and
(
e{S,·} − Id

)
H ∈ HA

r,h,s.

Finally, (4.28), (4.29) and (4.30) follows all from (4.31) with ck =
1

k!
by the definition of Lie

series.
Now, for a fixed k ∈ N let us construct a sequence of decreasing balls, all contained inBr+ρ(gs):
we define

ri := r + ρ

(
1− i

k

)
, i = 0, . . . , k.
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Let us note that

∥S∥ri ≤ ∥S∥r+ρ and 1 +
kri
ρ
≤ k

(
1 +

r

ρ

)
∀i = 0, . . . , k. (4.33)

Using k-times (4.23) we have

∥∥∥adks(H)
∥∥∥
r,h,s

=
∥∥∥{S, adk−1

s (H)
}∥∥∥

r,h,s
≤ 8max

{
1,
rk

ρ

}
∥S∥rk−1,h,s

∥∥∥adk−1
s (H)

∥∥∥
rk−1,h,s

(4.33)
≤ 8

(
1 +

rk

ρ

)
∥S∥r+ρ,h,s

∥∥∥adk−1
s (H)

∥∥∥
rk−1,h,s

(4.23)
≤ 8k ∥H∥r+ρ,h,s

∏
i=0,...,k−1

(
1 +

rik

ρ

)
∥S∥ri,h,s

(4.33)
≤

(
8k

(
1 +

r

ρ

)
∥S∥ri,h,s

)k

∥H∥r+ρ,h,s

(4.27)
≤

(
k ∥S∥r+ρ,h,s

2eδ

)k

∥H∥r+ρ,h,s ,

then, by the fact that kk ≤ ekk! we have∥∥∥∥∥∥
∑
k≥h

ckad
k
S(H)

∥∥∥∥∥∥
r,h,s

≤
∑
k≥h

ck

∥∥∥adkS(H)
∥∥∥
r,h,s

≤ ∥H∥r+ρ,h,s

∑
k≥h

(∥S∥r+ρ,h,s

2δ

)k

= 2 ∥H∥r+ρ,h,s

(∥S∥r+ρ,h,s

2δ

)n

.

Moreover, from (4.27) it follows∥∥∥∥∥∥
∑
k≥h

ckad
k
S(H)

∥∥∥∥∥∥
r,h,s

≤ 1

2h−1
∥H∥r+ρ,h,s .

2

4.2.5 Kirchhoff-Type Power Series and I, W variables

Since we are dealing with Hamiltonians that are polynomials of the Kirchhoff type (see (3.1.3))
we want to study how the norm (4.12) behaves on the elements of Fkir.
We start by defining the sub-space

Hr,h,s := Hr,h,s ∩ Fkir

and, similarly, for a fixed A ⊆ Q

HA
r,h,s :=

{
H(·) : A → Hr,h,s : sup

ω∈A
|H(ω)|r,h,s, |H|Lip,Ar,h,s <∞

}
,
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endowed with the norm (4.21).

Recalling that, for a generic monomial in the variable u = (uj)j∈Z it holds

uαūβ = ImW aW̄ b, a, b ∈ NN
f , m ∈ NZ

f such that (4.7) holds,

we can rewrite the semi-norm in (4.17) in terms of the the variables I, W defined in (3.3).

Lemma 4.2.2 On the elements of Fkir we have the alternative expression for the norm (4.13):

|H|r,h,s = sup
k∈N

∑
m,a, b

(m+
k +m−

k + ak + bk)

2
|Hm,a,b| z(h)(r, s)2(m

++m−+a+b−ek). (4.34)

Proof: Keeping in mind the symmetry of the weight h we have

z(h)(r, s)2(m
++m−+a+b−ek) = z(h)(r, s)2(m

++m−+a+b−e−k) ∀k ∈ N, (4.35)

moreover, thanks to (3.11) we got

|H|r,h,s = sup
k∈Z

∑
m,a, b

(mk + b|k|) |Hm,a,b| z(h)(r, s)2(m
++m−+a+b−ek)

(3.11),(4.35)
= sup

k∈N

∑
m,a, b

(m+
k +m−

k + 2bk)

2
|Hm,a,b| z(h)(r, s)2(m

++m−+a+b−ek)

(3.12),(4.35)
= sup

k∈N

∑
m,a, b

(m+
k +m−

k + 2ak)

2
|Hm,a,b| z(h)(r, s)2(m

++m−+a+b−ek)

(3.12),(4.35)
= sup

k∈N

∑
m,a, b

(m+
k +m−

k + ak + bk)

2
|Hm,a,b| z(h)(r, s)2(m

++m−+a+b−ek).

2

Remark 4.2.3 Reasoning as in Remark 4.2.1 we have that if a formal power series of Kirchhoff-type
totally converges for u ∈ Br(gh,s), then the corresponding formal power series in the I, W variables,
namely

H(I,W ) =
∑
m,a,b

Hm,a,bI
mW aW̄ b

totally converges for I, W ∈ Br2(gh,2s) with estimates,∑
ma, b

|Hm,a,b||Im||W a|W̄ b| ≤
∑
ma, b

|Hm,a,b| z(h)(r, s)2(m
++m−+a+b−ek) ≤ r2|H|r,h,s.

Moreover, a formal power series in the variables I, W for which the right-hand side of (4.34) is finite,
totally converges in the ball Br2(gh,s) and is and element of Hr,h,s with norm given by (4.34).

We now investigate under which conditions a Hamiltonian of the form (4.4) is regular. This
reduces to determining for which functions F the associated vector field XF is finite on a
suitable ball Br(gh,s). This question is addressed by the following theorem:
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Theorem 4.2.3 Let us consider an Hamiltonian, H , of the form

H(u) = F(HB,2 + PB),

where F real function analytic function.
If f = F ′ is analytic in a ball of radius r, with norm |f |R defined in (1.29) finite, then H ∈ Hr,h,s,
provided

4∥b∥∞Ch(s)r
2 ≤ R, Ch(s) :=

∑
j∈N

e−2s·hj . (4.36)

We have moreover the following bound

|H|r,h,s ≤
(8∥b∥2∞Ch(s)r

2)

R
|f |R. (4.37)

Proof: Let us first note that for u ∈ BR(gh,s) we have

PB =
∑
j∈N

bj(Wj + W̄j) ≤ 2
∑
j∈N
|bj ||Wj |

(4.15)
≤ 2∥u∥2gs

∑
j∈N
|bj |e−2s·hj = 2∥b∥∞Ch(s)∥u∥2gs

the same inequality holds also for HB,2. We then have

HB,2 + PB ≤ 4∥b∥∞Ch(s)∥u∥2gs . (4.38)

Moreover, since also |F|R is finite we have that H = F(HB,2 + PB) defines an majorant
analytic function on the ball Br(gh,s).
Finally, we can write

XF := f (HB,2 + PB)
∑
j∈Z

bj(uj + ū−j)e
ij·x.

Since

|f (HB,2 + PB) | ≤
∑
d≥2

|f (d)||HB,2 + PB|d

(4.38)
≤

∑
d≥2

|f (d)|(4∥b∥∞Ch(s)∥u∥2gs)

(4.36)
≤ (4∥b∥∞Ch(s)r

2)

R
|f |R,

we then have that

∥XF ∥gs ≤ 2|f (HB,2 + PB) | · sup
j∈Z

(
|bj ||uj |es·hj

)
≤ 2∥bj∥∞|f (HB,2 + PB) | ·

(
sup
j∈Z
|uj |es·hj

)
= 2∥b∥∞∥u∥gs |f (HB,2 + PB) |

(4.2.1)
≤ ∥u∥gs

(8∥b∥2∞Ch(s)r
2)

R
|f |R.
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From this easily follows

|H|r,h,s =
1

r

(
sup

∥u∥gs≤r
∥XF ∥gs

)

≤ (8∥b∥2∞Ch(s)r
2)

R
|f |R

1

r

(
sup

∥u∥gs≤r
∥u∥gs

)

=
(8∥b∥2∞Ch(s)r

2)

R
|f |R.

2

Remark 4.2.4 We stress that a crucial ingredient in the proof of Theorem 4.2.3 is the fact that the
Hamiltonian depends on the integral term∫

T
(u+ ū)B[u+ ū]

and is therefore restricted to Hamiltonians of Kirchhoff type.
In contrast, in the work of Biasco-Procesi-Massetti [24] on the NLS equation, where such a charac-

terization of the Hamiltonian is not available, an analogous result is obtained by exploiting the algebra
property of the norm ∥ · ∥s,h.

However, in order to ensure this algebra property, one needs to impose additional lower bounds on
the growth of the sequence {hj}. For instance, one may require

hj = log2+ε(1 + |j|), ε > 0.

Thankfully, in our case, this is not needed.

4.2.6 Monotonicity of the semi-norm with respect of s

A key step in carrying out the KAM algorithm of Section 4.5 is the monotonicity of the norm
(4.21) with respect to the parameters r, s, and the set A. We shall restrict our attention to
Hamiltonians belonging to H. Within this setting we have the following result:

Lemma 4.2.3 Let us fix r, s, µ > 0 and A ⊂ Q. The following inequalities hold for the norm
(4.21):

(i) For every r1 ≤ r2 we have ∥H∥µ,Ar1,h,s
≤ ∥H∥µ,Ar2,h,s

.

(ii) For every µ1 ⊆ µ2 we have ∥H∥µ1,A
r,h,s ≤ ∥H∥

µ2,A
r,h,s .

(iii) For every A1 ⊆ A2 we have ∥H∥µ,A1

r,h,s ≤ ∥H∥
µ,A2

r,h,s .

(iv) For any σ > 0 we have
∥H∥Ar,h,s+σ ≤ ∥H∥Ar,h,s. (4.39)

Proof: While (i), (ii) and (iii) follow trivially from the definition (4.21), (iv) requires a more
careful analysis:

we start by proving (4.39) for | · |r,h,s, namely

|H|r,h,s ≤ |H|r,h,s+σ.
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Recalling (4.34), we need to show that, for everym+, m−, a, b ∈ NN
f and every k ∈ supp(m+)∪

supp(m−) ∪ supp(a) ∪ supp(b), one has

(m+
k +m−

k + ak + bk)

2
|Hm,a,b| z(h)(r, s+ σ)2(m

++m−+a+b−ek)

≤
(m+

k +m−
k + ak + bk)

2
|Hm,a,b| z(h)(r, s)2(m

++m−+a+b−ek).

This equals to verify

exp

−2σ
∑

j∈N
(m+

j +m−
j + aj + bj)hj − hk

 ≤ 1 ∀k ∈ N (4.40)

and so ∑
i∈N

(m+
j +m−

j + aj + bj)hj − hk ≥ 0 ∀k ∈ N. (4.41)

but inequality (4.41) is trivially true since m+
k +m−

k + ak + bk ≥ 1.
From this, inequality (4.39) follows easily. 2

4.3 Homological Equation

The proof of Theorem 1.2.9 relies on the KAM scheme delineated in Section 4.5. The key
step in such scheme is the solution of the so-called Homological equation, namely

{Dω, G} = F, (4.42)

where
Dω =

∑
j∈Z

ωj |uj |2 =
∑
j∈Z

ωjIj . (4.43)

is a quadratic Hamiltonian.
We know from Lemma 3.1.4 that equation (4.42) is well posed within the space of formal
power series F if F is in the Range of {Dω, ·}, namely

Rω :=
{
H ∈ F : Hα,β = 0 if ω · (α− β) = 0

}
and has solution

L−1
ω (F ) := G =

∑
α,β∈NZ

f

Fα,β

ω · (α− β)
uαūβ.

The aim of this section is to show that, for particular values of ω, L−1
ω is indeed a well defined

operator on the Banach scale {Hr,h,s}s>0.
In order to keep the resonances

ω(α− β), α, β ∈ NZ
f ,

as simple as possible, Bourgain’s idea [33] was to impose a strong non-resonance condition.
This condition allows one to solve the homological equation not only at a formal level, while at
the same time holding on a set of frequencies of positive measure. This motivates the following
definition:
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Definition 4.3.1 (Diophantine Condition)
For 0 < γ < 1, we say that a vector ω ∈ Q belongs to Dγ if

|ω · ℓ| > γ
∏
j∈Z

1

(1 + |ℓj |2⟨j⟩2)
, ∀ℓ ∈ ZZ, with |ℓ| :=

∑
j∈Z
|ℓj | <∞.

Trivially, for every frequency ω ∈ Dγ , one has that ω ·(α−β) = 0, only when α = β. It follows
that the resonant monomials are precisely those involving only the linear actions {|uj |2}j∈Z.
Moreover we have that the Diophantine frequencies are typical in Q:

Lemma 4.3.1 ([22], Lemma 4.1)
There exists a positive constant C such that, for every 0 < γ < 1, it holds

µ (Q\Dγ) ≤ C · γ. (4.44)

Where µ is the measure defined in (4.18).

4.3.1 Kirchhof-Type Power Series and Symmetrical Frequencies

If we restrict to the sub-space of Kirchhoff-type power series the operator {Dω, ·} acts on the
monomials ImW aW̄ b diagonally as

{Dω, I
mW aW̄ b} = (ω+ + ω−)(α− b)ImW aW̄ b,

where ω± ∈ RN is the vectors of the term of ω with positive (respectively negative) indexes.
Since the linear part of Equation (4.1) is a diagonal operator defined by the symmetric sequence
|j| + Vj and since also the vectors α − β are symmetric for Kirchhoff-type power series, we
impose the same symmetry also on the frequencies ω:
we restrict to the set

QSym :=
{
ω = {ωj}j∈Z ∈ Q : ωj = ω−j

}
.

for which the Diophantinte frequencies are

DSymγ :=
{
ω ∈ QSym : |ω̃ · ℓ| > γ

∏
j∈N

1

(1 + |ℓj |2|j|2)2
, ∀ℓ ∈ ZN, with |ℓ| :=

∑
j∈N
|ℓj | <∞

}
,

(4.45)
where ω̃ ∈ RN such that ω̃j = ωj for j ∈ N.
One can prove that DSymγ satisfies an estimate analogous to (4.44), moreover, the operator L−1

ω

on Fkir and for ω ∈ QSym is still well defined, with expression

L−1
ω (F ) =

∑
m∈NZ

f

a,b∈NN
f

Fm,a,b

2ω̃ · (a− b)
ImW aW̄ b, F ∈ Rkir(ω), (4.46)

where, similarly to Chapter 3, Rkir(ω) := R(ω) ∩ Fkir.

The aim of this section is to prove the following result:

Lemma 4.3.2 (Resolution of the Homological Equation) Let r, s > 0, 0 < σ < 1 and
consider a family of Hamiltonians

DSymγ ∋ ω → F (ω) ∈ Hr,h,s.
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Then, for G := L−1
ω (F ) ∈ Hr,h,s+σ with the following estimate:

∥G∥γ,D
Sym
γ

r,h,s+σ ≤ 3γ−1eC(σ)∥F∥γ,D
Sym
γ

r,h,s , (4.47)

where C(σ) is given in (4.67).

4.3.2 Decreasing Rearrangement

We start by proving (4.47), for a fixed ω ∈ D
Sym
γ , namely

|G|r,h,s+σ ≤ 3γ−1eC(σ)|F |r,h,s. (4.48)

For j ∈ N e m+, m−, a, b ∈ NN
f such that |a|, |b| ≠ 0 and m+

j +m−
j + aj + bj ̸= 0 one has

|Gm,a,b|z
(h)
j (r, s+ σ)2(m

++m−+a+b−ej)

=
|Fm,a,b|

|2w̄ · (a− b)|
z
(h)
j (r, s+ σ)2(m

++m−+a+b−ej)

=
e−2σ(m++m−+a+b−ek)

|2w̄ · (a− b)|
|Fm,a,b|z

(h)
j (r, s)2(m

++m−+a+b−ej),

then, (4.48) holds if

exp
[
−2σ

(∑
i∈N hi(m

+
i +m−

i + ai + bi)− hj

)]
|2ω̃ · (a− b)|

≤ 3γ−1eC(σ), ∀a, b ∈ NN
f . (4.49)

It is crucial to estimate the term∑
i∈N

hi(m
+
i +m−

i + ai + bi)− hj .

We have the following result:

Lemma 4.3.3 ([23] lemma 7.1, [33] (1.13))
Let us consider m+, m−, a, b ∈ NN

f with |a|, |b| ≥ 1 and a ̸= b. If∣∣∣∣∣∑
i∈N

(ai − bi)|i|

∣∣∣∣∣ ≤ 10
∑
i∈N
|ai − bi|. (4.50)

then, for every j ∈ Z such that m+
j +m−

j + aj + bj ̸= 0 one has

∑
i∈N
|ai − bi|hi ≤ 22

(∑
i∈N

(m+
j +m−

j + aj + bj)hi − hj

)
(4.51)

To prove Lemma 4.3.3, we rely heavily on notation and results introduced by Bourgain in
[33], and later extended by Cong, Li, Shi and Yuan in [35] (see Definition 6.1).
The definitions presented below constitute the main technical tools of the proof. They origi-
nate from Bourgain’s work [33] in the setting of Gevrey regularity for momentum-preserving
Hamiltonians, and were subsequently adapted to a more general framework, including the case
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of Sobolev regularity, in [23].

These ideas were originally developed for the nonlinear Schrödinger equation and crucially
rely on its quadratic dispersion law.
In the case of the wave equation, which features a linear dispersion law, a related approach
was employed by Cong and Yuan, though under stronger non-resonance assumptions. For
wave-type equations, it is therefore unclear whether the same strategy can be implemented
while retaining the non-resonance conditions (4.3.1).

However, for Kirchhoff-type equations such as (4.1), the situation is different.
The specific structure of the nonlinearity significantly reduces the number of resonances, mak-
ing it possible to apply the ideas of [33], [24], and [23], while keeping the same non-resonance
assumptions (4.3.1).

Definition 4.3.2 (Decreasing Rearrangement) Let us consider v ∈ NN
f and the set I =

{1, . . . , |v|}. We denote with n̂ = n̂(v) the vector (n̂l)l∈I that is the decreasing rearrangement of
the sequence

{n > 1 repeated vntimes} ∪ {1, repeated v1 times},

namely, if J is the maximal index in supp(v), we have

n̂(v) =

J, . . . J︸ ︷︷ ︸
vJ times

, J − 1, . . . J − 1︸ ︷︷ ︸
vJ−1 times

, . . . , 1, . . . 1︸ ︷︷ ︸
v1 times


For a fixed m+, m−, a, b ∈ NN

f with|a|, |b| ≥ 1 and a ̸= b, we define

n̂ := n̂(m+ +m− + a+ b), m̂ := n̂(|a− b|),

where |a− b| = (|aj − bj |)j∈N.
We make the following observations:

1. for every i ∈ I there exists a coefficient σi ∈ {−1, 1} if n̂l ̸= 1 and σi ∈ {−1, 0, 1} in
the remaining case such that ∑

i∈I
σin̂i =

∑
j≥1

l(al − bl).

2. If we denote by D the cardinality of m̂ and with N the one of n̂, it holds

D ≤ N.

3. Let h : N→ R+ be a non-decreasing function such that h(0) = 0 and let σl = sign(aml
−

bml
), we have ∑

i∈N
h(i)|ai − bi| =

∑
l≥1

h(m̂l)

(4.52)∑
i∈N

h(i)(ai − bi) =
∑
l≥1

σlh(m̂l)
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Moreover we have ∑
i∈Z
|αi − βi| = D ≤ N (4.53)

4. We have the following

Lemma 4.3.4 Let a ̸= b ∈ NN
f , such that |a|, |b| ≥ 1 and (4.50) holds, then

|m̂1| ≤ 21
∑
l≥2

n̂l (4.54)

Proof: If D is the cardinality of m̂ then we distinguish two cases:

D = 1:
the only possibility is that |a − b| = 1 and so must exists a unique i ∈ supp(a − b) ⊂ N
such that ai − bi = 1( or alternatively −1).
Suppose without loss of generality that ai = bi + 1, then we have two cases :
if i < n̂1, hence (4.54) follows easily;
if n̂1 = i,then m+

i +m−
i + ai + bi ≥ 3, and so n̂2 = n̂1 and so m1 ≤

∑
i≥2 n̂i.

D ≥ 2:
From (4.52) together with we have that

|m̂1| −

∣∣∣∣∣∣
∑
i≥2

σim̂i

∣∣∣∣∣∣ ≤
∣∣∣∣∣∑
i∈N

σim̂i

∣∣∣∣∣ =
∣∣∣∣∣∑
i∈N

i(ai − bi)

∣∣∣∣∣ ≤ 10
∑
i∈N
|ai − bi|. ≤ 10N

then

|m̂1| ≤ 10N +

∣∣∣∣∣∣
∑
i≥2

σim̂i

∣∣∣∣∣∣ ≤ 10N +
∑
i≥2

mi

≤ 10N +
∑
i≥2

n̂i ≤ 10 +
∑
i≥2

(10 + n̂i)

≤ 10 + 11
∑
i≥2

n̂i ≤ 21
∑
i≥2

n̂i

2

Proof of Lemma 4.3.3 Let us proceed by steps:
First of all we have that ∑

i∈N
h(i)|ai − bi| ≤ h(m̂1) +

∑
l≥2

h(n̂l). (4.55)

In fact, using (4.52) and the fact that ml ≤ n̂l we have that∑
i∈Z

h(i)|ai − bi| =
∑
l≥1

h(m̂l) = h(m̂1) +
∑
l≥2

h(m̂l)

≤ h(m̂1) +
∑
l≥2

h(nl)
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Using (4.55) together with the sub-additivity of h we have

∑
i∈N
|ai − bi|h(i) ≤ h(m1) +

∑
j≥2

h(n̂l)

≤ h

21
∑
l≥3

n̂l

+
∑
l≥2

h(n̂l)

≤ 21
∑
l≥2

h (n̂l) +
∑
l≥2

h(n̂l)

≤ 22
∑
l≥2

h(n̂l) ≤ 22

∑
l≥1

h(n̂l)− h(n̂1)


□

4.3.3 Resolution of the Homological equation

The aim of this subsection is to prove Lemma 4.3.2. To this end, we first verify estimate (4.49).
We then consider two different cases:

Case 1 ∣∣∣∣∣∑
i∈N

(ai − bi)i

∣∣∣∣∣ ≥ 10|a− b|.

Then, since we got w̄j = j + ξj with |ξj | ≤
1

2
, it holds

|ω̃ · (a− b)| ≥ 10|a− b| − sup
j
|ξj ||a− b| ≥ 9|a− b| ≥ 9.

Hence, from (4.40) we have

exp
[
−2σ

(∑
i∈N hi(m

+
i +m−

i + ai + bi)− hj

)]
|2ω̃ · (a− b)|

≤ 1

Case 2 ∣∣∣∣∣∑
i∈N

(ai − bi)i

∣∣∣∣∣ ≤ 10|a− b|.

If one between a and b is null (let us suppose without loss of generality b = 0) then, thanks to
(4.45) we have

|ω̃ · (a− b)| ≥ 1

2
≥ γ

2

since, ω̃ ∈ QSym implies ω̃j ≥ 1
2 for all j. Then, reasoning as above, inequality (4.49) follows

again by (4.40).
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If |a|, |b| ≥ 1, thanks to inequality (4.51) of Lemma 4.3.3, we have

exp
[
−2σ

(∑
i∈N hi(m

+
i +m−

i + ai + bi)− hj

)]
|2ω̃ · (a− b)|

(4.51)
≤

exp
[
− σ

11

(∑
i∈N hi|ai − bi|

)]
|2ω̃ · (a− b)|

(4.56)

(4.45)
≤ γ−1exp

[∑
i∈N

(
− σ

11
|ai − bi|hi + 2 ln

(
1 + |ai − bi|2|j|2

) )]
.

In order to estimate the right-hand side of (4.56) we have the following:

Lemma 4.3.5 Let us consider the family of functions

fhi (x) := −
σ

11
xhi + 2 ln

(
1 + x2|i|2

)
indexed by i ∈ N then it holds ∑

i∈N
fhi (|ai − bi|) ≤ C(s)

with C(σ) := 2i#(5 ln |i#| − 3), for a suitable i# depending on h and σ.

Proof: We want to find an uniform bound for the family of functions:

fhi (x) = −αxhi + 2 ln
(
1 + x2|i|2

)
with α :=

σ

11
.

Using that ln(1 + y) ≤ 1 + ln(y) for every y > 0 we have that

fhi (x) ≤ −αxhi + 2 + 4 ln(x) + 4 ln |i| for all x ≥ 1

Keeping in mind that we have

max
x≥1

(
− αhix+ 4 ln(x)

)
=


−αhi if αhi ≥ 4

−4 + 4 ln

(
4

αhi

)
if αhi < 4

Let us denote by i0 ∈ R+ the number for which αhi = 2, i.e.

i0 = h−1

(
4

α

)
(4.57)

We then get∑
i∈N

fhi (|ai − bi|) =
∑
i∈N

ai−bi ̸=0

fhi (|ai − bi|) (4.58)

≤
∑
i<i0

ai−bi ̸=0

(
−2 + 4 ln

(
4

α

)
+ 4 ln

(
|i|
hi

))
+

∑
i≥i0

ai−bi ̸=0

(−αhi + 4 ln |i|+ 2) .
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We split (4.58) in

I :=
∑
i<i0

ai−bi ̸=0

(
−2 + 4 ln

(
4

α

)
+ 4 ln

(
|i|
hi

))

II :=
∑
i≥i0

ai−bi ̸=0

(−αhi + 4 ln |i|+ 2)

• I :

∑
i<i0

ai−bi ̸=0

(
−2 + 4 ln

(
4

α

)
+ 4 ln

(
|i|
hi

))
≤

∑
i<i0

ai−bi ̸=0

(
−2 + 4 ln

(
4

α

)
+ 4 ln

(
|i0|
hi0

))

= 2
∑
i<i0

ai−bi ̸=0

(2 ln |i0| − 1)

≤ 2|i0| (2 ln |i0| − 1)

• II :
We can suppose without loss of generality that |i0| ≥ e (we can reduce the size of σ if is not)

∑
i≥i0

ai−bi ̸=0

(−αhi + 4 ln |i|+ 2) ≤
∑
i≥i0

ai−bi ̸=0

(−αhi + 6 ln |i|) .

Let us consider the index
i∗(θ) := inf

i∈N
(θhi∗ ≥ ln |i∗|) , (4.59)

then, setting i∗ := i∗(α/6) we have∑
i≥i0

ai−bi ̸=0

(−αhi + 4 ln |i|+ 2) ≤
∑
i≥i0

ai−bi ̸=0

(−αhi + 6 ln |i|)

≤
∑

i0≤i≤i∗

ai−bi ̸=0

(−αhi + 6 ln |i|)

≤ i∗(6 ln |i∗| − αhi0)

= 2i∗(3 ln |i∗| − 2),

where the sum is intended to be zero if i0 ≥ i∗.
By choosing

i#(σ) := sup{i0, i∗} (4.60)

we have ∑
i∈N

fhi (|ai − bi|) ≤ 2i#(5 ln |i#| − 3) = C(σ). (4.61)
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2

Proof of Lemma 4.3.2

Thanks to Lemma 4.3.5 and inequality (4.56), we have that

sup
j∈N

a,b,m+,m−∈NN
f

exp
[
−2σ

(∑
i∈N hi(m

+
i +m−

i + ai + bi)− hi

)]
|2ω̃ · (a− b)|

≤ γ−1eC(σ),

that, using definition (4.34), yields to

|L−1
ω F (ω)|r,h,s+σ ≤ γ−1eC(σ)|F (ω′)|r,h,s ∀ω, ω′ ∈ DSymγ . (4.62)

Now, by recalling the definition of ∆ in (4.20),

sup
ω, ω′∈DSym

γ

ω ̸=ω′

∣∣∆ω, ω′L−1
ω F

∣∣
r,h,s+σ

.

First of all, let us note that

∆ω, ω′L−1
ω F

=
∑ ∆ω, ω′Fm,a,b

2iw̄ · (a− b)
ImW aW̄ b +

∑
Fm,a,b(ω

′)∆ω, ω′

(
1

2iω̃ · (a− b)

)
ImW aW̄ b.

We define

G1 :=
∑ ∆ω, ω′Fm,a,b

2iω̃ · (a− b)
ImW aW̄ b;

G2 :=
∑

Fm,a,b(ω
′)∆ω, ω′

(
1

2iω̃ · (a− b)

)
ImW aW̄ b.

Using (4.62), we have that

sup
ω, ω′∈DSym

γ

ω ̸=ω′

|G1|r,h,s+σ ≤ γ
−1eC(σ) sup

ω, ω′∈DSym
γ

ω ̸=ω′

∣∣∆ω, ω′F
∣∣
r,h,s

. (4.63)

We now have to bound the Hr,h,s+σ-norm of the term G2(ω):∣∣Fm,a,b(ω
′)
∣∣ · ∣∣∣∣∆ω, ω′

(
1

2iw̄ · (a− b)

)∣∣∣∣ z(h)(r, s+ σ)2(m
++m−+a+b−ek) (4.64)

≤ sup
ω∈DSym

γ

|F |r,h,s
[∣∣∣∣∆ω, ω′

(
1

2iω̃ · (a− b)

)∣∣∣∣ e−2σ(m++m−+a+b−ek)h

]
z(h)(r, s)2(m

++m−+a+b−ek).

Now, for ω, ω′ ∈ Dγ we have

∣∣∣∣∆ω, ω′

(
1

2iω̃ · (a− b)

)∣∣∣∣ =

∣∣∣∣ 1

2iw̄ · (a− b)
− 1

2iw̄′ · (a− b)

∣∣∣∣
2∥ω − ω′∥∞

≤ 1

4

|(ω − ω′) · (a− b)|
|ω · (a− b)||ω′ · (a− b)|

∥ω − ω′∥−1
∞

≤ 1

4

|a− b|
|w̄ · (a− b)||w̄′ · (a− b)|

.
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Using the non-resonance condition (4.45) we have∣∣∣∣∆ω, ω′

(
1

2iω̃ · (a− b)

)∣∣∣∣ ≤ |a− b|γ−2
∏
j∈N

(1 + |aj − bj |2⟨j⟩2)2

≤ γ−2
∏
j∈N

(1 + |aj − bj |2⟨j⟩2)5.

Then, using (4.51) and proceeding like in Lemma (4.3.5) we get that∣∣∣∣∆ω, ω′

(
1

2iw̄ · (a− b)

)∣∣∣∣ e−2σ(m++m−+a+b−ek)h

≤ γ−2 exp

[∑
i∈N

(
− σ

11
|ai − bi|hi + 5 ln

(
1 + |ai − bi|2⟨i⟩2

) )]
(4.65)

= γ−2 exp

[
5
∑
i∈N

(
− 2σ

55
|ai − bi|hi + 2 ln

(
1 + |ai − bi|2⟨i⟩2

) )]

≤ γ−2 exp

[
5 C

(
2σ

5

)]
.

Finally, by (4.64) together with (4.65) we get that

sup
ω, ω′∈Dγ

ω ̸=ω′

|G2|r,h,s+σ ≤ γ
−2e5 C(

2
5
σ) sup

ω∈Dγ

|F |r,h,s. (4.66)

Now, using (4.63) and (4.66),

∥G∥γ,Dγ

r,h,s+σ ≤ sup
ω∈Dγ

|G|r,h,s + γ sup
ω, ω′∈Dγ

ω ̸=ω′

|G1|r,h,s+σ + γ sup
ω, ω′∈Dγ

ω ̸=ω′

|G2|r,h,s+σ

≤ 3γ−1eC(σ)∥F∥γ,Dγ

r,h,s ,

that is (4.47) with

C(σ) = C

(
2σ

5

)
. (4.67)

□

4.3.4 Logarithmic Weight

We now consider the case of

hi :=

[
ln
(
2 + |i|

)]τ
, τ > 2.

Putting again α =
σ

11
we have, by (4.57)

i0 = exp

[(
4

α

)1/τ
]
− 2
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and, in order to find i∗ we have to solve

α

6

[
ln
(
2 + |i|

)]τ
≥ ln⟨i⟩ ⇒ α

3

[
ln
(
2 + |i|

)]τ
≥ ln(2 + |i|)

⇒ α

6

[
ln
(
2 + |i|

)]τ−1

≥ 1

⇒ |i| ≥ exp

[(
6

α

) 1
τ−1

]
− 2.

Recalling (4.59), we can take

i∗ = exp

[(
6

α

) 1
τ−1

]
− 2.

Since i∗ ≥ i0, from (4.60) we have i# = i∗. By substituting it in

f τi (x) := −αx
[
ln
(
2 + ⟨i⟩

)]τ
+ ln

(
1 + x2|i|2

)
and using (4.61), we get

∑
i∈N

f τi (|ai − bi|) ≤ 2

{
exp

[(
3

α

) 1
τ−1

]
− 3

}
·

{
5 ln

{
exp

[(
3

α

) 1
τ−1

]
− 2

}
− 3

}

≤ 10 exp

[(
3

α

) 1
τ−1

]
·
(
3

α

) 1
τ−1

.

Then

C(σ) = 10 exp

[(
33

σ

) 1
τ−1

]
·
(
33

σ

) 1
τ−1

and

C(σ) = 5C(
2σ

5
) = 50 exp

[(
165

2σ

) 1
τ−1

]
·
(
165

2σ

) 1
τ−1

. (4.68)

4.4 Projection

In this section we introduce the projection operator (4.71), which will play a fundamental role
in the KAM scheme developed in Section 4.5. Since our final goal is to construct a symplectic
map that conjugates the Hamiltonian in (4.4) to one admitting TI as an invariant manifold, it
is necessary to distinguish the terms of H that preserve the invariance of TI from those that do
not.
The idea is to decompose our Hamiltonian as a sum of regular terms with an increasing “order
of zero” at TI.
We start by giving the following definition:

Definition 4.4.1 (Space Hr,h,s)
We define the Banach space

Hr,h,s := Hr,h,s ⊕ R = {H + c : H ∈ Hr,h,s, c ∈ R},
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endowed with the norm (4.34).
Analogously, we define the Banach space H A

r,h,s of families of HamiltoniansH(ω) ∈Hr,h,s parametrized
by ω ∈ Q, endowed with the norm (4.21).

Remark 4.4.1 It is easy to see that all the theorems stated above for H work also for H . Lemma
4.3.2 in particular.

By fixing

κ < 1, r′ := κr < r, and I = (Ij)j∈Z such that
√

I ∈ Br′(gs), (4.69)

we look for a direct sum decomposition of the space Hr,h,s defined in (4.4.1) of the form

Hr,h,s := H
(−2)
r,h,s ⊕H

(0)
r,h,s ⊕H

(≥2)
r,h,s , H = H−2 +H(0) +H(≥2). (4.70)

Here, H(0) ∈ H(0)
r,h,s vanishes on TI, and H(≥2) ∈H

(≥2)
r,h,s has a zero of order at least 2 on TI.

We then give the following definition:

Definition 4.4.2 (Projectors)
let us fix I ∈ Br′2(gh,2s), r

′ < r. For every Hr,h,s and for I ∈ I+B(r2−r′2)(Br2(gh,2s)) we define
the projection operator

Πd : Hr,h,s →Hr,h,s, d = 2q − 2, q ≥ 0

as

Π−2H(I, W ) = H(I, W )

(4.71)

Π2q−2H(I, W ) =
1

q!
Dq

IH(I, W )[I − I]q for q ≥ 1

where
Dq

IH(I, W )[I − I]q =
∑
|δ|=q

(
q

δ

)
∂δIH

(
I, W

)
[I − I]δ.

For the case of family of regular HamiltoniansH(·) ∈H A
r,h,s, the definition of the projectors is analogue.

Let us note that definition (4.71) is possible because, from Remark 4.2.3, we know that ev-
ery H ∈ Hr,h,s, viewed as a function of the variables I and W , is analytic on the open ball
Br2(gh,2s).

The next result shows that the projectors (4.71) are indeed well-posed from H ∈ Hr,h,s∩Fkir

into itself:

Theorem 4.4.3 Let us fix I,κ as in (4.69), µ > 0, a positive measure set A ⊆ Q and let us consider
the quantity

cκ :=


1

lnκ−2
if 1

2 < κ2 < 1

2κ2 if 0 < κ2 ≤ 1
2 .
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For every d = 2q − 2, q ∈ N the operator defined in (4.71) is bounded

Πd : H A
r,h,s −→H A

r,h,s.

Moreover the following holds:

(i) ΠdΠd = Πs and ΠdΠd′ = Πd′Πd for every d ̸= d′;

(ii) For every κ∗ ≤ 1 we have

∥Π2q−2H∥µ,Aκ∗r,h,s
≤ κ−2

∗

(
1 +

κ2∗
κ2

)q

cqk∥H∥
µ,A
r,h,s; (4.72)

(iii) Π2q−2H = 0, ∀q ≤ q′ =⇒ ∂αu∂
β
ūH = 0 on TI for 0 ≤ |α|+ |β| ≤ q′;

(iv) If we define
Π<d :=

∑
j=−2
j∈2Z

Πj ,

then, if Π<d1F = Π<d2G = 0, we have

Π<d1+d2{F,G} = 0;

Proof: Let us prove (ii):
We have that, for a fixed q ≥ 0

Π2q−2H(I, W, W̄ ) =
∑
δ∈NZ

f :

|δ|=q

(
q

δ

)
∂δIH(I, W, W̄ ))[I − I]δ

=
∑
|δ|=q

(I − I)δ
∑

m≽δ,a,b

(
m

δ

)
Hm,a,bIm−δW aW̄ b.

Now, having that

(I − I)δ =
∑
γ≼δ

(
δ

γ

)
(−1)|δ−γ|Iδ−γIγ ,

we get

Π2q−2H(I, W, W̄ ) =
∑
|δ|=q

∑
m≽δ,a,b

∑
γ≼δ

Hm,a,b

(
m

δ

)(
δ

γ

)
(−1)|δ−γ|Im−γIγW aW̄ b.

Hence

|Π2q−2H|κ∗r,h,s

(4.15)
≤ sup

k∈N

∑
|δ|=q

∑
m≽δ,a,b

∑
γ≼δ

(
m

δ

)(
δ

γ

)
(m+

k +m−
k + ak + bk)

2
|Hm,a,b|Im−γz(h)(κ∗r)

2(γ++γ−+a+b−ek).

Now, thanks to (4.69) we have

Ik ≤ z(h)(κr, s)2 = κ2z(h)(r, s)
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and then
Im−γ ≤ κ2|m|−2|γ|z(h)(r, s)2m−2γ . (4.73)

From (4.73), we get

|Π2q−2H|κ∗r,h,s

≤ (κ∗)
−2 sup

k∈N

∑
|δ|=q

∑
m≽δ,a,b

∑
γ≼δ

(
m

δ

)(
δ

γ

)
×

κ2|m|
(κ∗
κ

)2|γ| (m+
k +m−

k + ak + bk)

2
|Hm,a,b|z(h)(r)2(m+a+b−ek)

≤ (κ∗)
−2
∑
|δ|=q

∑
m≽δ

∑
γ≼δ

(
m

δ

)(
δ

γ

)
κ2|m|

(κ∗
κ

)2|γ|
|H|r,h,s

= (κ∗)
−2
∑
|δ|=q

∑
m≽δ

κ2|m|
(
1 +

κ2∗
κ2

)q

|H|r,h,s. (4.74)

In order to estimate (4.74), we use the following result:

Lemma 4.4.1 ([24], Lemma 4.1 ) ∑
|δ|=q

∑
m≽δ

κ2|m| ≤ cqκ. (4.75)

Using (4.75) in (4.74) get

|Π2q−2H|κ∗r,h,s ≤ κ−2
∗

(
1 +

κ2∗
κ2

)q

cqk|H|
µ,A
r,h,s.

The Lipschitz estimate is analogous. .

The points (i), (ii), (iv) follow, throught a direct computation, from (4.71). 2

The operators (4.71) induce the direct sum decomposition

Hr,h,s = ⊕
d
H

(d)
r,h,s

where
H

(d)
r,h,s = {H ∈Hr,h,s : Π

dH = H}.

Similarly for H µ,A
r,h,s.

Finally we define the projector

Π≥2q−2 := Id−Π<2q−2

for d = 2q − 2, q ∈ N, and the associated subspace

H
(≥d)
r,h,s := ⊕

d′≥d
H

(d′)
r,h,s = {H ∈Hr,h,s : H

≥d := Π≥dH = H}.

This induces the decomposition considered in (4.70).
Thanks to what stated above, we can give the following definition:
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Definition 4.4.4 (Normal Form Hamiltonian)
An Hamiltonian of the form

N = Dω + Ñ

is in normal form at TI, if Ñ ∈H ≥2
r,h,s.

We denote the affine sub-space of normal form Hamiltonians by Nr,h,s (= Nr,h,s(ω, I)).

4.4.1 Projectors and Sub-Spaces

For Dω defined in (4.43) and ω ∈ D
Sym
γ let us consider the ker and range of the operator

{Dω, ·}, respectively

Kkir = (Kkir(ω)) =
{
H ∈ Fkir : H =

∑
m∈NZ

f

Hm,0,0I
m
}

(4.76)

Rkir = (Rkir(ω)) =
{
H ∈ Fkir : H =

∑
m,a,b
a̸=b

Hm,a,bI
mW aW̄ b

}
.

Similarly to Chapter 3 we denote by ΠKkir
, ΠRkir

the associated projectors and we define the
sub-spaces of Hr,h,s:

H Kkir
r,h,s := {H ∈Hr,h,s : ΠKkir

H = H}, H Rkir
r,h,s := {H ∈Hr,h,s : ΠRkir

H = H}. (4.77)

By (4.34) we have
|ΠKkir

H|r,h,s, |ΠRkir
H|r,h,s ≤ |H|r,h,s. (4.78)

Since the projector Πd defined in (4.71) commute with ΠK
kir and ΠRkir , we can define

H
(d,Rkir)
r,h,s :=

{
H ∈Hr,h,s : Π

d,RkirH := ΠdΠRkir
H = H

}
(4.79)

and similarly for H
(≥d,Rkir)
r,h,s , H

(d,Kkir)
r,h,s , H

(≥d,Kkir)
r,h,s .

For the special case of H
(0,Kkir)
r,h,s we have the following:

Lemma 4.4.2 Every H ∈H
(0,Kkir)
r,h,s has the form

H =
∑
j∈Z

mj(Ij − Ij), m = (mj)j∈Z : |H|rh,s = ∥m∥∞. (4.80)

Moreover, if we define
∥m∥µ,A∞ := sup

A
∥m∥∞ + µ∥∆ω,ω′m∥∞,

then (4.80) holds also for the Lipschitz norm ∥ · ∥µ,Ar,h,s

Proof: From (4.71) we have

Π0,KkirH =
∑
m∈NZ

f

Hm,00

∑
j∈Z

mjIm−ej (Ij − Ij) .
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If Π0,KkirH = H then we must haveHm,a,b = 0 if (m, a, b) ̸= (0, 0, 0), (ej , 0, 0), j ∈ Z, hence,
by defining

H0,0,0 = −
∑
j∈Z

Hej ,0,0Ij

we get
H =

∑
j∈Z

Hej ,0,0(Ij − Ij).

Defining Hej ,0,0 =: mj we get the expression (4.80), moreover, recalling (4.34)

|H|r,h,s = sup
k∈N

∑
j∈N
|mj | z(h)(r, s)2(ej−ek)

= sup
k∈N

∑
j∈N

δ(j, k) |mj | z(h)(r, s)2(ej−ek) = ∥m∥∞.

The estimate for the Lischitz norm is analogue. 2

Lemma 4.4.3 if H ∈H A
r,h,s then∥∥Π−2H

∥∥µ,A
r,h,s
≤ ∥H∥µ,Ar,h,s. (4.81)

Moreover, if κ ≤ 1√
2
, we have

∥∥Π0H
∥∥µ,A
r,h,s

,
∥∥∥Π(0,K)H

∥∥∥µ,A
∞
≤ 3 ∥H∥µ,Ar,h,s ,

∥∥Π≤2H
∥∥µ,A
r,h,s
≤ 4 ∥H∥µ,Ar,h,s ,

∥∥Π≥2H
∥∥µ,A
r,h,s
≤ 5 ∥H∥µ,Ar,h,s .

(4.82)

Proof: It follows by inequality (4.72) of Theorem 4.4.3, together with (4.79) and (4.78) 2

Finally, we have the following

Lemma 4.4.4 For any F, G ∈Hr,h,s such that Π≤0G = 0 we have

Π−2{F,G} = 0,

moreover, if Π−2F = 0 then
Π0{F,G} = 0.

Finally, for any Dω defined in (4.43) we have

Πd{F,Dω} = {F (d), Dω}.

Proof: It follows directly from the definitions (4.22) and (4.71). 2

4.5 KAM Scheme

The aim of this section is to prove Theorem 1.2.9.
Before entering the technical part of the argument, we fix some notation:

Notations:
In what follows, we fix the set A and the parameter µ in (4.21) to be DSymγ and γ, respectively
and we fix

hj :=

[
ln
(
2 + |j|

)]τ
, τ > 2.
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Accordingly, we omit the dependence on γ, DSymγ and h from the notation and write ∥ · ∥r,s
instead of ∥ · ∥γ,D

Sym
γ

r,h,s , Hr,s instead of H
D
Sym
γ

r,h,s and gs instead of gh,s.

Moreover, we write R, K, H R
r,s , and H K

r,s in place of Rkir, Kkir, H Rkir
r,h,s , and H Kkir

r,h,s , as
defined in (4.76) and (4.77).

Finally, in view of Lemma 4.4.2, for any H ∈ H
(0,K)
r,s of the form (4.80), we write H ∈ ℓ∞

and set ∥H∥∞ := ∥m∥∞.

4.5.1 Twisted-Conjugacy

Following the approach of [24], Theorem (1.2.9) will be proved using an abstract ”twisted-
conjugacy” argument, in the spirit of Herman:
let us fix r0, s0 > 0 and let us consider

ρ, r, σ > 0 : 0 < ρ <
r0
2
, 0 < σ < 1, 0 < r <

r0

2
√
2
. (4.83)

We will prove

Theorem 4.5.1 For r0, s0, ρ, r, σ as in (4.83). There exists ε̄, C̄ > 0 such that:
for
√

I ∈ Br(gs0+σ), N0 ∈ Nr0,σ0 and H ∈ Dω + Hr0,s0 , if

(1 + Θ)3ε ≤ ε̄, with ε := γ−1∥H −N0∥r0,s0 , Θ := γ−1∥Dω −N0∥r0,s0 , (4.84)

then there exist:

1. a symplectic diffeomorphism Ψ : Br0−ρ(gs0+σ)→ Br0(gs0+σ), close to the identity;

2. a unique counter term M =
∑
j∈Z

mj (Ij − Ij), Lipschitz depending on ω ∈ D
Sym
γ , with

∥m∥∞ ≤ C̄γ(1 + Θ)ε; (4.85)

3. a Hamiltonian N ∈ Nr0−ρ,s+σ(I, ω), such that

(M +H) ◦Ψ = N. (4.86)

The advantage of introducing such an abstract result is that the problem of proving the exis-
tence of an almost-periodic invariant torus can be split into two separate steps.
First, one derives a normal form result that does not rely on any non-degeneracy assumptions,
although it contains the most delicate analytical estimates (Lemma 4.5.1).
Second, one shows that the counter-terms appearing in the normal form can be removed by
exploiting suitable internal or external parameters, namely

Vj(ω) = Mj(ω) + ωj − j2. (4.87)

Proof of Theorem 1.2.9
Recalling (4.83), we fix

r0 := 2
√
2r, ρ := r0 − 2r, σ := min{s, 2}, σ0 := s− σ (4.88)
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and we choose I : (Ij)j∈Z such that
√

I ∈ Br(gs). For ω ∈ D
Sym
γ we write (4.6) as

H =
∑
j∈N

(j + Vj)(Ij + I−j) + F = Dω + M + F ′,

where M = (mj) symmetric sequence such that

M =
∑
j∈Z

mj(Ij − Ij), mj = j − ωj + Vj , and F ′ = F +
∑
j∈Z

Ij .

We want to apply Theorem 4.5.1 to H = N0 + P ′ and N0 = Dω, we then fix

ε∗ :=
ε̄

8∥b∥2∞Ch(s0)
(4.89)

where s0 is defined in (4.88) and Ch is the one in Theorem 4.2.3.
For a sufficient small ε̄, (4.37) together with (1.36) ensure us that condition (4.84) are verified,
since Θ = 0. Finally, by choosing V (ω) such that equation (4.87) is verified we obtain that

H ◦Ψ = N.

Let us note moreover that Vj(ω) is Lipschitz in ω, since Mj(ω) is so. □

4.5.2 Iterative Lemma

In this Subsection we prove Theorem 4.5.1. The proof is based on a quadratic KAM scheme
(Theorem 4.5.1), which iteratively construct approximate solutions Ψn of (4.86) by linearizing
the problem at each step and solving the associate homological equation 4.106. More precisely
we apply the following iterative procedure:
Fix r0, s0, ρ, r, σ as in (4.83) and consider the sequences {ρn}n∈N and {σn}n∈N of the form:

ρn :=
ρ

4
2−n, σ0 :=

σ

8
, σn :=

3σ

8Rθnθ
n ≥ 1, θ > 1 (4.90)

where Rθ =
∑∞

n=1 n
−θ.

Let us define then
rn+1 := rn − 2ρn, sn+1 := sn + 2σn. (4.91)

Since
∞∑
n=0

ρn =
ρ

2
,

∞∑
n=0

σn =
σ

2
,

then

rn+1 = r0 − 2

n∑
j=1

ρj = r0 − ρ(1− 2−(n+1))↘ r0 − ρ =: r∞

sn+1 = s0 + 2
n∑

j=1

σj ↗ s0 + σ =: s∞.

Let us note moreover that, for every r′ ≥ r∞, s′ ≤ s∞

√
I ∈ Br(gs)

(4.83)⇒
√

I ∈ B r0
2
√
2
(gs) ⊂ B r∞√

2
(gs) ⊂ B r′∞√

2

(gs)

140



and hence the projectors (4.71) are defined in the whole space Hr′,s′ . Moreover, by Lemma
4.4.3 we have, for every H ∈Hr′,s′ with r′ ≥ r∞, s′ ≤ s∞∥∥∥Π(0,K)H

∥∥∥
∞

= 3∥H∥r′,s′ .

Let us consider an Hamiltonian of the form

H0 = Dω + M0 +G0, G0 ∈Hr0,s0 , M0 ∈ ℓ∞ (4.92)

where M0 is a counter term as in Theorem 4.5.1 of free parameters and let us define

ε0 := γ−1

(∥∥∥G(0,K)
∥∥∥
∞

+
∥∥∥G(0,R)

∥∥∥
r0,s0

+
∥∥∥G(−2)

∥∥∥
r0,s0

)
, Θ0 := γ−1

∥∥G≥2
∥∥
r0,s0

+ ε0,

(4.93)
we have the following:

Lemma 4.5.1 Let r0, s0, ρ, r, σ as in (4.83), rn, sn, ρn, σn as in (4.91), (4.90), H0, G0, M0 as
in (4.92) and ε0, Θ0 as in (4.93). Finally, let

√
I ∈ Br(gs). There exists a constant C ≥ 1 sufficiently

large such that, if

ε0 ≤ (1 + Θ0)
−3K−2, K := C

(
r0
ρ

)4

sup
n
eΩne−χn(2−χ), (4.94)

where

Ωn := 4n ln(2) + 1 + 100 exp

[(
220Rθn

θ

σ

) 1
τ−1

]
·
(
220Rθn

θ

σ

) 1
τ−1

,

then we can construct iteratively a sequence of generating functions Si = S
(−2)
i + S

(0)
i ∈Hri−ρi,si+1

with S(−2)
i ∈ Hri,si+σi and a sequence of counter terms Λ̄j ∈ ℓ∞ such that the following holds for

n ≥ 0:

(1) For all i=0,. . . ,n-1 and any s0 ≥ s′ ≥ si+1 the time-1 Hamiltonian flow ΦSi generated by Si
satisfies

sup
u∈B̄ri+1(gs′ )

∥ΦSi(u)− u∥gs′ ≤ ρ2
−2i−7 (4.95)

Moreover
Ψn := ΦS0 ◦ . . . ◦ ΦSn−1 (4.96)

is a well defined analytic map B̄rn(gs′ )
→ B̄r0(gs′ )

for every s0 ≥ s′ ≥ sn with the bound

sup
u∈B̄rn(gs′ )

|Ψn(u)−Ψn−1(u)| ≤ ρ2−2n+2. (4.97)

(2) We define L0 := 0 and, for i = 1, . . . , n

(Id + Ln) := e{·,Sn−1}(Id + Ln−1), Mn := Mn−1 − M̄n−1, Hi := e{·,Sn−1}Hi−1,
(4.98)

where Mi−1 are free parameters and Li : ℓ∞ → Hri,si are linear operators. We have

Hi = Dω +Gi + (Id + Li)Mi, Gi ∈ Hri,si . (4.99)
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Setting, for for i = 0, . . . , n

εi : = γ−1

(∥∥∥G(0,K)
i

∥∥∥
∞

+
∥∥∥G(0,R)

i

∥∥∥
ri,si

+
∥∥∥G(−2)

i

∥∥∥
ri,si

)
,

(4.100)

Θi : = γ−1
∥∥∥G≥2

i

∥∥∥
ri,si

+ εi,

we have

εi ≤ ε0e
−χi+1, χ =

3

2
, (4.101)

Θn ≤ Θ0

i∑
j=0

2−j (4.102)

and

∥(Ln − Ln−1)h∥rn,sn ≤ Kε0(1 + Θ0)2
−n∥h∥∞,

(4.103)

∥Lnh∥rn,sn ≤ Kε0(1 + Θ0)

n∑
j=1

2−j∥h∥∞

for all h ∈ ℓ∞. Finally, the counter terms satisfy the estimate∥∥M̄i−1

∥∥
∞ ≤ γKεi−1(1 + Θ0), i = 1, . . . , n. (4.104)

Proof: Throughout this lemma, constant terms in the Hamiltonians Hi will be disregarded,
since they do not contribute to the semi-norm | · |r,s. Moreover, we adopt the notation a ≲ b
to indicate that there exists a positive constant c, depending only on the fixed parameter θ,
such that a ≤ c b.

First Step:
For n = 0 Theorem (4.5.1) is trivial since item (1) is empty and , for what concerns item (2),
(4.99) and (4.100) follow from (4.92) and (4.93).

n+1-Step:
We need to find a generating function Sn = S

(−2)
n + S

(0)
n such that it’s time-1 Hamiltonian

flow Φn := e{·,Sn} in order to cancel out the non-quadratic terms which prevent the torus TI
to be invariant for the Hamiltonian Hn+1 := e{·,Sn}Hn

e{·,Sn}Hn = Dω + e{·,Sn}(Id + Ln)Mn +Gn + {Dω +G≥2
n , Sn}

+ {G≤0
n , Sn}+

(
e{·,Sn} − Id− {·, Sn}

)
(Dω +Gn).

By keeping in mind (4.98) we have that

e{·,Sn}Hn = Dω + (Id + Ln+1)Mn+1

+ M̄n +Gn + {Dω +G≥2
n , Sn}

+ Ln+1M̄n + {G≤0
n , Sn}+

(
e{·,Sn} − Id− {·, Sn}

)
(Dω +Gn).

142



We moreover have that

M̄n +Gn + {Dω +G≥2
n , Sn} = Π≤0

(
M̄n +Gn +Dω +G≥2

n , Sn}
)

+Π≥2
(
M̄n +Gn + {Dω +G≥2

n , Sn}
)

= Π≤0
(
M̄n +Gn + {Dω +G≥2

n , Sn}
)

+G≥2
n +Π≥2{G≥2

n , Sn}

= Π≤0
(
(Id + Ln)M̄n +Gn + {Dω +G≥2

n , Sn}
)

+Π≤0
(
(Ln+1 − Ln)M̄n

)
−Π≤0

(
Ln+1M̄n

)
+G≥2

n +Π≥2{G≥2
n , Sn}.

Let us note that (Ln+1 − Ln)M̄n is quadratic in SnG≤0
n . Hence we can write

e{·,Sn}Hn = Dω + (Id + Ln+1)Mn+1

+ Π≤0
(
(Id + Ln)M̄n +Gn + {Dω +G≥2

n , Sn}
)

+ G≥2
n +Π≥2{G≥2

n , Sn}+Π≥2Ln+1M̄n + {G≤0
n , Sn}

+ Π≤0
(
(Ln+1 − Ln)M̄n

)
+
(
e{·,Sn} − Id− {·, Sn}

)
Gn

+
(
e{·,Sn} − Id− {·, Sn}

)
Dω. (4.105)

We want to eliminate Π≤0
(
M̄n +Gn + {Sn, Dω +G≥2

n }
)

up to terms in H(−2,K), in other
words we have to impose

Π≤0
(
(Id + Ln)M̄n +Gn + {Dω +G≥2

n , Sn}
)
= G(−2,K)

n . (4.106)

If we project equation (4.106) in the sub-spacesH−2, H(0,K)(= ℓ∞), H(0,R), keeping in mind
that

Π(−2){Dω, Sn} = Π(−2,R){Dω, Sn} = {Dω, S
(−2)
n } and Π(0,K){Dω, Sn} = {Dω, S

(0,K)
n } = 0,

we have

G(−2,R)
n +Π−2,RLnM̄n +

{
Dω, S

(−2)
n

}
= 0; (4.107)

G(0,K)
n +

(
Id + Π0,KLn

)
M̄n +Π(0,K)

{
G≥2

n , S(−2)
n

}
= 0; (4.108)

G(0,R)
n +Π0,KLnM̄n + {Dω, S

(0)
n }+Π(0,R)

{
G≥2

n , S(−2)
n

}
= 0; (4.109)
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Existence of Sn, M̄n and relative bounds
By solving (4.107) we have

S(−2)
n = L−1

ω

(
G(−2,R)

n +Π−2,RLnM̄n

)
. (4.110)

Using (4.110) in (4.108) we get(
Id + Π0,KLn

)
M̄n = −G(0,K)

0 −Π(0,K)
{
G≥2

0 , L−1
ω

(
G(−2,R)

n +Π−2,RLnM̄n

)}
. (4.111)

Now, by defining

An : ℓ∞ → ℓ∞, An h := Π0,KLnh+Π(0,K)
{
G≥2

n ,Π−2,RL−1
ω (Lnh)

}
,

equation (4.111) become

(Id +An) M̄n = −G(0,K)
0 −Π(0,K)

{
G≥2

n , L−1
ω

(
G(−2,R)

n

)}
. (4.112)

In order to invert the operator (Id +An) we need to estimate the operatorial norm of An. To
this purpose we have the following:

Lemma 4.5.2 For every h ∈ ℓ∞,

∥An h∥∞ ≤
1

2
∥h∥∞.

Proof:
From (4.94), choosing suitably C, we have

3Kε0(1 + Θ0) ≤
1

4
, ((4.94))

hence, using (4.82) and (4.103)

∥Π0,KLnh∥∞ ≤ 3Kε0(1 + Θ0)
n∑

j=1

2−j∥h∥∞ ≤
1

4
∥h∥∞,

For the second term ofAn we have, let us note that, with a suitable choice of C, from (4.94)
it follows

288eC(σn)ε0K(1 + Θ0)Θ0 ≤
1

2
. (4.113)

Using (4.113), together with (4.82), (4.3.2) and (4.23), we have∥∥∥Π(0,K)
{
G≥2

n ,Π−2,RL−1
ω (Lnh)

}∥∥∥
∞

(4.82)
≤ 3

∥∥{Π−2,RL−1
ω (Lnh) , G≥2

n

}∥∥
rn
2
,sn+σn

(4.23)
≤ 24

∥∥Π−2,RL−1
ω (Lnh)

∥∥
rn,sn+σn

∥∥G≥2
n

∥∥
rn,sn+σn

(4.82),(4.100)
≤ 24γΘn

∥∥L−1
ω (Lnh)

∥∥
rn,sn+σn

(4.3.2)
≤ 72Θne

C(σn) ∥Lnh∥rn,sn
(4.103),(4.102)
≤ 144eC(σn)Kε0Θ0(1 + Θ0)

n∑
j=1

2−j∥h∥∞

(4.94),(4.113)
≤ 1

2
∥h∥∞.
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2

Thanks to Lemma (4.5.2), the operator (Id+ < Mn) is invertible with the bound

∥∥∥(Id +An)
−1 h

∥∥∥
∞
≤ 2∥h∥∞. (4.114)

Finally, solving (4.112), we have

M̄n = (Id +An)
−1
[
−G(0,K)

0 −Π(0,K)
{
G≥2

n , L−1
ω

(
G(−2,R)

n

)}]
,

hence

∥M̄n∥∞
(4.114)
≤ 2

∥∥∥G(0,K)
0

∥∥∥
∞

+ 2
∥∥∥Π(0,K)

{
G≥2

n , L−1
ω

(
G(−2,R)

n

)}∥∥∥
∞

(4.100),(4.82)
≤ 2γεn + 6

∥∥∥{G≥2
n , L−1

ω

(
G(−2,R)

n

)}∥∥∥
rn
2
,sn+σn

(4.23)
≤ 2γεn + 48

∥∥∥L−1
ω

(
G(−2,R)

n

)∥∥∥
rn,sn+σn

∥∥G≥2
n

∥∥
rn,sn+σn

(4.3.2)
≤ 2γεn + 144γ−1eC(σn)

∥∥∥G(−2,R)
n

∥∥∥
rn,sn

∥∥G≥2
n

∥∥
rn,sn

(4.100)
≤ 2γεn + 144γeC(σn)εnΘn

(4.102)
≤ 288γεne

C(σn) (1 + Θ0)

(4.113)
≤ K(1 + Θ0)γεn, (4.115)

where we used that 288γεneC(σn) ≤ K for a suitable choice of C in (4.94). For what concerns

the term S
(−2)
n defined in (4.110), we have

∥∥∥S(−2)
n

∥∥∥
rn,sn+σn

(4.3.2)
≤ 3γ−1eC(σn)

(∥∥∥G(−2,R)
0

∥∥∥
rn,sn

+
∥∥Π−2,RLnM̄n

∥∥
rn,sn

)
(4.100)
≤ 3γ−1eC(σn)

(
γεn +

∥∥Π−2,RLnM̄n

∥∥
rn,sn

)
(4.82),(4.103)
≤ 3γ−1eC(σn)

(
γεn + Kε0(1 + Θ0)

∥∥M̄n

∥∥
∞
)

(4.115)
≤ 3εne

C(σn)
(
1 + ε0K

2(1 + Θ0)
2
)

(4.94),1
≤ 6εne

C(σn). (4.116)

Finally, solving (4.109) we get an explicit expression for S(0)
n :

S(0)
n = L−1

ω

(
−G(0,R)

n −Π0,KLnM̄n −Π(0,R)
{
G≥2

n , S(−2)
n

})
,
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from which we derive∥∥∥S(0)
n

∥∥∥
rn−ρn,sn+1

(4.3.2)
≤ 3γ−1eC(σn)

(∥∥∥G(0,R)
n

∥∥∥
rn−ρn,sn+σn

+
∥∥Π0,KLnM̄n

∥∥
rn−ρn,sn+σn

+
∥∥∥Π(0,R)

{
G≥2

n , S(−2)
n

}∥∥∥
rn−ρn,sn+σn

)
(4.100),(4.115)
≤ 3γ−1eC(σn)

(
γεn + 3γεnε0K

2(1 + Θ0)
2

+24
rn
ρn

∥∥∥S(−2)
n

∥∥∥
rn,sn+σn

∥∥G≥2
n

∥∥
rn,sn+σn

)
(4.100),(4.116)
≤ 3γ−1eC(σn)

(
γεn + 3γεnε0K

2(1 + Θ0)
2 + 144

rn
ρn
γΘnεne

C(σn)

)
(4.94),(4.91)

≲
rn
ρn
εne

2C(σn) (1 + Θ0) (4.117)

where we used, from (4.91), that

1 ≤ rn − ρn
ρn

≤ r0
ρn
≤ r0

ρ
2n+2 ∀n.

Putting together (4.117) and (4.116) we obtain

∥Sn∥rn−ρn,sn+1
≤ 338

r

ρ
εn2

n+2e2C(σn) (1 + Θ0)

(4.101)
≤ 338

r

ρ
2n+2ε0e

−χn+1e2C(σn) (1 + Θ0) . (4.118)

Remark 4.5.1 By looking at the definition of σn in (4.90) and the definition of C of Lemma (4.3.2)
for the logarithmic weight in (4.68) we have that

C(σn) = 50 exp

[(
220Rθn

θ

σ

) 1
τ−1

]
·
(
220Rθn

θ

σ

) 1
τ−1

then, the last part of (4.118) can be rewritten as:

338
r

ρ
2n+2ε0e

−χn+1e2C(σn) (1 + Θ0)

= 212338ε0 (1 + Θ0)
r

ρ
2−2n−10 exp

[
3n ln(2)− χn + 1 + 2C(σn)

]
= 212338ε0 (1 + Θ0)

r

ρ
2−2n−10eΞne−χn

,

where

Ξn = 3n ln(2) + 1 + 100 exp

[(
220Rθn

θ

σ

) 1
τ−1

]
·
(
220Rθn

θ

σ

) 1
τ−1

(4.119)

and so
∥Sn∥rn−ρn,sn+1

≤ 212338ε0 (1 + Θ0)
r

ρ
2−2n−10eΞne−χn

. (4.120)

146



Let us moreover that, for τ > 2, depending on θ we have

sup
n
(Ξn − χn) < +∞.

( from (4.119) also follows that supn(Ξn − χn) ≥ 1), hence, from (4.94), for a suitable C, it follows

212338
r

ρ
eΞne−χn ≤

√
K (4.121)

Thanks to the last remark we then have

∥Sn∥rn−ρn,sn+1
≤ 2−2n−10ε0(1 + Θ0)

√
K. (4.122)

The maps ΦSn and Ψn:

Let us note that
ρn

(rn − ρn)16e
2−n−1 ≥ ρn

r016e
2−n−1 =

ρ

r016e
2−2n−2 ≥ ρ

r0
2−2n−10

and that, thanks to (4.121) (and hence (4.94)), we have

ε0(1 + Θ0)
√
K ≤ (1 + Θ0)

−2K−
3
2 ≤ ρ

r
,

then, using (4.122) we have

∥Sn∥rn−ρn,sn+1
≤ ρ

r0
2−2n−10 ≤ ρn

(rn − ρn)16e
2−n−1. (4.123)

Finally, applying Proposition (4.2.2) with

r ; rn+1 = rn − 2ρn, ρ; ρn,

we get that the hypotheses (4.26) are satisfied and so the time 1-Hamiltonian flow of Sn is a
well defined map

ΦSn : B̄rn+1(gs′)→ B̄rn−ρn(gs′) ⊂ B̄rn (4.124)

for every s′ ≥ sn+1.
Moreover, thanks to (4.27) and (4.123) we have that

sup
u∈B̄rn+1 (gs′ )

∥ΦSn(u)− u∥gs′ ≤ (rn − ρn)∥Sn∥rn−ρn,sn+1

≤ rn − ρn
r0

ρ2−2n−10 ≤ ρ2−2n−10

and so (4.95) holds for i = n.

Finally (4.28) implies

∥Hn+1∥rn+1,s′ = ∥e{·,Sn}Hn∥rn+1,s′ ≤ 2∥Hn∥rn−ρn,s′ ∀s′ ≥ sn+1

and so Hn+1 is well-defined and majorant-analytic in the ball B̄rn+1(gs′).
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For what concerns (4.97), thanks to (4.124), we have that Ψn+1 is well-defined B̄rn+1(gs′)→
B̄r0−ρ0(gs′) for every s0 ≥ s′ ≥ sn+1, moreover, by defining

ut := (1− t)u+ tΦSn(u), t ∈ [0, 1]

for u ∈ B̄rn−ρn(gs′) we have

Ψn+1(u)−Ψn(u) = Ψn (ΦSn(u))−Ψn(u) =

∫ 1

0
Ψn(ut) [ΦSn(u)− u] . (4.125)

In order to get (4.97) we define, for the sake of simplicity, the following norms:

| · |rn := sup
B̄rn (gs′ )

∥ · ∥gs′ , | · |op,rn := sup
B̄rn (gs′ )

∥ · ∥op, ΦSn := Φn,

where op := op(gs′ → gs′).
We then have

|Ψn+1 −Ψn|rn+1
≤

∫ 1

0
sup

B̄rn+1 (gs′ )

∣∣Ψ′
n

∣∣
op
dt |Φn − Id|rn+1

≤
∫ 1

0

∣∣Ψ′
n

∣∣
op,rn−ρn

dt |Φn − Id|rn+1
.

Now, since

Ψ′
n(u) = Φ′

0 (Φ1 ◦ . . . ◦ Φn−1(u)) · Φ′
1 (Φ2 ◦ . . . ◦ Φn−1(u)) · . . . · Φ′

n−1(u)

and using (4.124), we get∣∣Ψ′
n

∣∣
op,rn−ρn

= sup
B̄rn−ρn (gs′ )

∣∣Φ′
0 (Φ1 ◦ . . . ◦ Φn−1(u)) · Φ′

1 (Φ2 ◦ . . . ◦ Φn−1(u)) · . . . · Φ′
n−1(u)

∣∣
op

≤
n−1∏
j=0

∣∣Φ′
j

∣∣
op,rj+1−ρj+1

≤
n−1∏
j=0

(
1

ρj+1
|Φj − Id|rj+1

+ 1

)
(4.95)
≤

n−1∏
j=0

(2−j−5 + 1)

≤ 2.

Hence,

|Ψn+1(u)−Ψn(u)|rn+1 ≤ 2|ΦSn − Id|rn+1

(4.95)
≤ ρ2−2n−6.

This proves (4.97).
Bound on Ln+1 − Ln:
Since

Ln+1 − Ln =
(
e{·,Sn} − Id

)
◦ (Ln + Id),

using (4.103) we get

∥(Ln + Id)h∥rn+1,sn+1
≤ ∥(Ln + Id)h∥rn,sn ≤ 2∥h∥∞. (4.126)
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Hence, by applying Proposition 4.2.2 with r ; rn+1 and ρ; ρn

∥(Ln+1 − Ln)h∥rn+1,sn+1
≤

∥∥∥(e{·,Sn} − Id
)
◦ (Ln + Id)h

∥∥∥
rn+1,sn+1

(4.29)
≤ 16e(rn − ρn)

ρn
∥Sn∥rn−ρn,sn+1

∥(Ln + Id)h∥rn−ρn,sn+1

≤ 32e
r0
ρn
∥Sn∥rn−ρn,sn+1

∥h∥∞

(4.122)
≤ e

r0
ρ
2−n−1ε0(1 + Θ0)

√
K∥h∥∞

≤ 2−n−1ε0(1 + Θ0)K∥h∥∞, (4.127)

where we used that e r0ρ ≤
√
K.

We have that (4.127) proves the first inequality in (4.103), the second follows from the first.

Bounds on G≤0
n+1 and G≥2

n+1:

By (4.105) and (4.106) we have that

Gn+1 = G(−2,K)
n +G≥2

n +Π≥2{G≥2
n , Sn}+Π≥2Ln+1M̄n + {G≤0

n , Sn}

+Π≤0
(
(Ln+1 − Ln)M̄n

)
+
(
e{·,Sn} − Id− {Sn, ·}

)
Gn

+
(
e{·,Sn} − Id− {·, Sn}

)
Dω

= G(−2,K)
n +G≥2

n +Π≥2{G≥2
n , Sn}+Π≥2Ln+1M̄n + {G≤0

n , Sn}

+Π≤0
(
(Ln+1 − Ln)M̄n

)
+
(
e{·,Sn} − Id− {·, Sn}

)
Gn

+
∞∑
h=2

(adSn)
h−1

h!
{Dω, Sn} .

Recalling (4.106) we have

Π≤0{Dω, Sn} = {Dω, Sn} =
= −Π≤0(Id + Ln)M̄n −G≤0

n −Π≤0{G≥2
n , Sn}+G(−2,K)

n .

Since adhSn

(
G

(−2,K)
n

)
= 0 for every h ≥ 1, we can conclude that

Gn+1 = G(−2,K)
n +G≥2

n +Π≥2{G≥2
n , Sn}+Π≥2Ln+1M̄n + {G≤0

n , Sn}

+Π≤0
(
(Ln+1 − Ln)M̄n

)
+
(
e{·,Sn} − Id− {·, Sn}

)
Gn

−
∞∑
h=2

(adSn)
h−1

h!

(
Π≤0(Id + Ln)M̄n +G≤0

n +Π≤0{G≥2
n , Sn}

)
.

Let us write
Gn+1 = G≤0

n+1 +G≥2
n+1,
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where

G≤0
n+1 = Π≤0Gn+1,⋆ +G(−2,K)

n (4.128)

G≥2
n+1 = G≥2

n +Π≥2{G≥2
n , Sn}+Π≥2Ln+1M̄n +Π≥2

((
e{·,Sn} − Id− {·, Sn}

)
Gn

)
and

Gn+1,⋆ = {G≤0
n , Sn}+Π≤0

(
(Ln+1 − Ln)M̄n

)
+
(
e{·,Sn} − Id− {·, Sn}

)
Gn

−
∞∑
h=2

(adSn)
h−1

h!

(
Π≤0(Id + Ln)M̄n +G≤0

n +Π≤0{G≥2
n , Sn}

)
are the terms in Gn+1 that are quadratic in εn ∼ Sn ∼ G≤0

n .
Let us start by giving a bound on Gn+1,⋆:

∥Gn+1,⋆∥rn+1,sn+1
≤

∥∥{G≤0
n , Sn}

∥∥
rn+1,sn+1

+
∥∥Π≤0

(
(Ln+1 − Ln)M̄n

)∥∥
rn+1,sn+1

+
∥∥∥(e{·,Sn} − Id− {·, Sn}

)
Gn

∥∥∥
rn+1,sn+1

+

∥∥∥∥∥
∞∑
h=2

(adSn)
h−1

h!

(
Π≤0(Id + Ln)M̄n +G≤0

n +Π≤0{G≥2
n , Sn}

)∥∥∥∥∥
rn+1,sn+1

∥∥{G≤0
n , Sn}

∥∥
rn+1,sn+1

(4.23)
≤ 8max

{
1,
rn+1

ρn

}
∥Sn∥rn−ρ,sn+1

∥∥G≤0
n

∥∥
rn−ρ,sn+1

≤ 8
r0
ρn
∥Sn∥rn−ρ,sn+1

∥∥G≤0
n

∥∥
rn−ρ,sn+1

(4.129)

∥∥Π≤0
(
(Ln+1 − Ln)M̄n

)∥∥
rn+1,sn+1

(4.82)
≤ 4

∥∥(Ln+1 − Ln) M̄n

∥∥
rn+1,sn+1

(4.98),(4.125)
≤ 128e

r0
ρn
∥Sn∥rn−ρn,sn+1

∥∥M̄n

∥∥
∞(4.130)

∥∥∥(e{·,Sn} − Id− {·, Sn}
)
Gn

∥∥∥
rn+1,sn+1

(4.30)
≤ 128e2

(
rn − ρn
ρn

)2 (
∥Sn∥rn−ρn,sn+1

)2 ∥Gn∥rn−ρn,sn+1

(4.131)
(4.132)

≤ 128e2
(
r0
ρn

)2 (
∥Sn∥rn−ρn,sn+1

)2 ∥Gn∥rn−ρn,sn+1

∥∥∥∥∥
∞∑
h=2

(adSn)
h−1

h!

(
Π≤0(Id + Ln)M̄n +G≤0

n +Π≤0{Sn, G≥2
n }
)∥∥∥∥∥

rn+1,sn+1

(4.31)
≤ 16e(rn − ρn)

ρn
∥Sn∥rn−ρn,sn+1

∥∥Π≤0(Id + Ln)M̄n +G≤0
n +Π≤0{G≥2

n , Sn}
∥∥
rn−ρn,sn+1

≤ 16e
r0
ρn
∥Sn∥rn−ρn,sn+1

∥∥Π≤0(Id + Ln)M̄n +G≤0
n +Π≤0{G≥2

n , Sn}
∥∥
rn−ρn,sn+1
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By noting that Π≤0{G≥2
n , Sn} = {G≥2

n , S
(−2)
n }, we have

∥∥∥Π≤0(Id + Ln)M̄n +G≤0
n + {G≥2

n , S(−2)
n }

∥∥∥
rn−ρn,sn+1

≤
∥∥Π≤0(Id + Ln)M̄n

∥∥
rn−ρn,sn+1

+
∥∥G≤0

n

∥∥
rn−ρn,sn+1

+
∥∥∥{G≥2

n , S(−2)
n }

∥∥∥
rn−ρn,sn+1

(4.82),(4.126)
≤ 8

∥∥M̄n

∥∥
∞ +

∥∥G≤0
n

∥∥
rn−ρn,sn+1

+
∥∥∥{G≥2

n , S(−2)
n }

∥∥∥
rn−ρn,sn+1

(4.23)
≤ 8

∥∥M̄n

∥∥
∞ +

∥∥G≤0
n

∥∥
rn−ρn,sn+1

+ 8
r0
ρn

∥∥∥S(−2)
n

∥∥∥
rn,sn+1

∥∥G≥2
n

∥∥
rn,sn+1

.

Then ∥∥∥∥∥
∞∑
h=2

(adSn)
h−1

h!

(
Π≤0(Id + Ln)M̄n +G≤0

n +Π≤0{G≥2
n , Sn}

)∥∥∥∥∥
rn+1,sn+1

(4.133)

≤ 128e
r0
ρn
∥Sn∥rn−ρn,sn+1

(∥∥M̄n

∥∥
∞ +

∥∥G≤0
n

∥∥
rn−ρn,sn+1

+
r0
ρn

∥∥∥S(−2)
n

∥∥∥
rn,sn+1

∥∥G≥2
n

∥∥
rn,sn+1

)
.

Putting together (4.129), (4.130), (4.131) and (4.133) we get

∥Gn+1,⋆∥rn+1,sn+1
≤ 128e2

r0
ρn
∥Sn∥rn−ρ,sn+1

(
2
∥∥G≤0

n

∥∥
rn−ρ,sn+1

+ 2∥M̄n∥∞ (4.134)

+
r0
ρn
∥Sn∥rn−ρn,sn+1∥Gn∥rn−ρn,sn+1 +

r0
ρn

∥∥∥S(−2)
n

∥∥∥
rn,sn+1

∥∥G≥2
n

∥∥
rn,sn+1

)
.

Then, from (4.120), (4.100), (4.115) and (4.134) it follows that

∥Gn+1,⋆∥rn+1,sn+1
≤ γ

(
r0
ρ

)3

K(1 + Θ0)
2ε0εn2

−neΞne−χn
.

Finally, using (4.94), (4.82), (4.128), (4.101) we get

εn+1
(4.100)
= γ−1(∥G(−2)

n+1 ∥rn+1,sn+1 + ∥G
(0,K)
n+1 ∥rn+1,sn+1 + ∥G

(0,R)
n+1 ∥rn+1,sn+1)

≲

(
r0
ρ

)3

K(1 + Θ0)
2ε0εn2

−neΞne−χn

(4.101)
≲

(
r0
ρ

)3

K(1 + Θ0)
2ε20e

−χn+12−neΞne−χn

= K(1 + Θ0)
2ε20e

−χn+1+1
[
2−neΞne−χn(2−χ)

]
(4.94)
≲ K2(1 + Θ0)

2ε20e
−χn+1+1

(4.94)
≤ ε0e

−χn+1+1,

that is (4.101).
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For what concerns (4.102), we have

Θn+1 −Θn
(4.100)
= γ−1

∥∥∥G≥2
n+1

∥∥∥
rn+1,sn+1

− γ−1
∥∥G≥2

n

∥∥
rn,sn

+ εn+1 − εn

≤ γ−1

(∥∥∥G≥2
n+1

∥∥∥
rn+1,sn+1

−
∥∥G≥2

n

∥∥
rn,sn

)
+ εn+1 − εn

(4.128)
≤ γ−1

∥∥Π≥2{G≥2
n , Sn}

∥∥
rn+1,sn+1

+ γ−1
∥∥Π≥2Ln+1M̄n

∥∥
rn+1,sn+1

+γ−1
∥∥∥Π≥2

((
e{·,Sn} − Id− {·, Sn}

)
Gn

)∥∥∥
rn+1,sn+1

+ εn+1.

By taking the constant C in (4.94) sufficiently large and carrying out computations analogous
to those above, we prove∥∥Π≥2{G≥2

n , Sn}
∥∥
rn+1,sn+1

+
∥∥Π≥2Ln+1M̄n

∥∥
rn+1,sn+1

+
∥∥∥Π≥2

((
e{·,Sn} − Id− {·, Sn}

)
Gn

)∥∥∥
rn+1,sn+1

+ εn+1

≤ γΘ02
−n.

From this, it follows

Θn+1 = Θn +Θ02
−n

(4.102)
≤ Θ0

n+1∑
j=0

2−j ,

that corresponds to (4.102) for the case n+ 1.

2

From lemma 4.5.1 it follows:

Corollary 4.5.1 The map Ψ := limn→∞Ψn, is well-defined from Br∞(gs∞) to Br0ty(gs∞).
Moreover the sequence M̄n is summable and the sequence Ln converges to an operator L : ℓ∞ →
Hr∞,s∞ .

Proof: It follows directly from (4.97), (4.103), and (4.104). 2

Now we can prove Theorem 4.5.1.

Proof of Theorem 4.5.1
Recalling K defined in (4.94), we fix

ε̄ := 2−15K, C̄ := 27K. (4.135)

For H ∈ Dω + Hr0,s0 of the form H = Dω +G0, let us consider the Hamiltonian

H0 := H + M0 = Dω +G0 + M0, (4.136)

with m0 ∈ ℓinfty. Finally, for N0 ∈ Nr0,s0 let us define

G := H −N0 = G0 − (N0 −Dω).

By (4.84) we have
∥G∥r0,s0 = γε, (4.137)
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moreover, since Nω ∈ Dω + H ≥2
r0,s0 , we have

G≤0
0 = Π≤0(N0 −Dω +G) = G≤0.

Then, using (4.81), we get∥∥∥G(−2)
0

∥∥∥
r0,s0

≤ ∥G∥r0,s0 ,
∥∥∥G(0,K)

0

∥∥∥
∞
,
∥∥∥G(0,R)

0

∥∥∥
r0,s0

≤ 3 ∥G∥r0,s0 ,

that, together with (4.137), yields to

ε0 :=

(∥∥∥G(−2)
0

∥∥∥
r0,s0

+
∥∥∥G(0,K)

0

∥∥∥
∞

+
∥∥∥G(0,R)

0

∥∥∥
r0,s0

)
≤ 7ε.

Finally, since
G≥2

0 = (N0 −Dω)
≥2 +G≥2,

we also have that

Θ0 := γ−1
∥∥∥G≥2

0

∥∥∥
r0,s0

+ ε0
(4.4.3)
≤ 4γ−1(∥N0 −Dω∥r0,s0 + ∥G∥r0,s0) + ε0

(4.137),(4.84)
≤ 4Θ+ 11ε.

Using ε̄, C̄ as in (4.135) we have that

ε0(1 + Θ0)
2K2

(4.84),(4.135)
≤ 1.

The hypotheses (4.94) of Lemma 4.5.1 are satisfied. Hence, from Lemma 4.5.1 together with
Corollary 4.5.1 we have that

H0 ◦ Φ = Dω +G∞ + (Id + L)

(
M0 −

∞∑
i=0

M̄i

)
.

where Ψ = limn∈NΨn and Ψn is defined in (4.96).
Now, setting M := M0 =

∑∞
i=0 M̄i and recalling (4.136), we have

(H + M) ◦Ψ = Dω +G∞ =: N.

Using (4.101) together with (4.100) we have that G≤0
∞ = 0. Hence N ∈ Nr0,s0 .

Finally inequality (4.85) come from the choice of C̄ in (4.135) together with (4.104). □

4.6 Lower Regularity: Non-Maximal Tori

The purpose of this section is to prove Theorem 1.2.10. Following the strategy introduced in
[25], we fix a subset of tangential sites in Z and restrict equation (4.1) to the space of functions
whose Fourier support is contained in this set.
The key idea is that a suitable choice of the tangential sites makes it possible to impose very
strong Diophantine conditions, while at the same time allowing for lower regularity of the
solutions.
As a consequence, however, the resulting solutions are no longer supported on maximal tori.

Similar to the previous Chapter we consider the space H
γ,DSym

γ

r,h,s with

hj = ln(2 + |j|)τ , τ > 2. (4.138)

We then omit the dependence on γ, DSymγ and h from the notation and write ∥ · ∥r,s in place

of ∥ · ∥γ,D
Sym
γ

r,h,s , Hr,s instead of H
D
Sym
γ

r,h,s and gs instead of gh,s.
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4.6.1 Invariant Subsets

Let us consider the Hamiltonian

H =
∑
j∈N

(j + Vj)(Ij + I−j) +
1

2
F (HB,2 + PB) , (4.139)

associated with equation (4.1), where HB,2, PB are defined in (4.5).
Let S ⊂ N be an arbitrary subset of N and consider the subspace

gSs :=
{
u = (uj)j∈Z ∈ gs : uk = 0 for all |k| /∈ S

}
.

Arguing in complete analogy with Lemma 1.2.2 we obtain the following result for the ele-
ments of Hr,s:

Lemma 4.6.1 Let H ∈Hr,s, for any set S ⊂ N, the subspace gSs is invariant under the flow of H .

We refer to S as the set of tangential sites.

In the light of Lemma 4.6.1 we define the subspace

H S
r,s := {H ∈Hr,s : H|S = H}

of the Hamiltonians in Hr,s depending only on the variables gSs .

In particular, for H in (4.139), we have

H|S =
∑
j∈S

(j + Vj)(Ij + I−j) +
1

2
F
(
HS

B,2 + PS
B

)
,

where
PS
B :=

∑
j∈S

bj(Wj + W̄j), HS
B,2 =

∑
j∈S

bj(Ij + I−j).

We have the following

Lemma 4.6.2 The Poisson brackets defined in (4.22), the operator L−1
ω defined in (4.46) and the

projectors defined in (4.71), are well-posed when restricted to HS
r,s.

Proof: It follows from the definitions (4.46), (4.71) and from the relations (3.14). 2

In particular, every result stated above for the space Hr,s holds when restricted to elements of
HS

r,s.

Remark 4.6.1 Lemma 4.6.1 implies that, for any subset S ⊂ N and for any
√

I ∈ Br()g
S
s ) satisfying

the assumptions of Theorem 1.2.9, there exist a potential

V = (VS , VSc),

and a symplectic change of variables Φ such that the torus TI is a KAM torus for the Hamiltonian
H ◦ Φ. Here

VS := (Vj)|j|∈S , VSc := (Vj)|j|/∈S .

Moreover, the compatibility equation (4.87) depends only on VS , and not on the full potential V .
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4.6.2 Lower Regularity

let us consider the space

wp :=
{
u = (uj)j∈Z ∈ ℓ2(C) : |u|p :=

∑
j∈Z
|uj |⟨j⟩p ≤ ∞

}
where ⟨j⟩ = max{1, |j|}.
Similarly to the previous subsection, for a subset S ⊂ N we define

wSs :=
{
u = (uj)j∈Z ∈ ws : uj = 0 for all |j| /∈ S

}
.

Similarly to Lemma 4.6.1, also wSp is invariant for the dynamics of H in (4.139).
For h defined as in (4.138) let us consider the function

s : N→ S, s(i) = ⌊ehi⌋ (4.140)

where ⌊·⌋ is the floor function. Let us consider moreover its inverse i(s) an the associate set

S = {s(i), i ∈ N}. (4.141)

Finally, by defining {
vi = us(i)

v−i = u−s(i)

(4.142)

we have the following identification

wSp ⋍ {v ∈ ℓ∞ : sup
i∈Z

sp(|i|)|vi| ≤ ∞}.

Let us note moreover that the right-hand space is equivalent to the space gp.

Let us write the hypercube QSym = QSym
S ×QSym

Sc , where

QSym
S = {ω ∈ QSym : ωj = 0 if |j| /∈ S}

and let us consider the following Diophantine conditions:

Dγ,S :=

{
ω ∈ QSym

S : |ω · ℓ| > γ
∏
s∈S

1

(1 + |ℓs|2⟨i(s)⟩2)2
, ∀ℓ ∈ ZN

f , supp(ℓ) ⊂ S

}
. (4.143)

The aim of this Subsection is to prove that for every choice of ω ∈ Dγ,S and for any
√

I ∈
Br(wSp ), with r satisfying similar smallness assumptions of Theorem 1.2.9, there exists a sym-
plectic map Φ and a potential V , such that TI is a KAM torus for H ◦ Φ.

In the variables v defined in (4.142), the Hamiltonian (4.139) restricted to S, has the form

HS := H|S =
∑
i∈N

(s(i) + Vs(i))(I i + I−i) + P, (4.144)

where

P =
1

2
F

(∑
i∈N

bs(i)(Ii + I−i +Wi + W̄i)

)
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and Ij = |vj |2 andWj = vjv−j .
Let us observe that (4.144) has the same form of (4.139), with VS = (Vs(i))i∈N in place of
V = (Vi)i∈N, with {bs(i)}i∈N instead of {bi}i∈N. The only structural difference is that the
quadratic part

∑
i∈N i(Ii + I−i) is replaced with∑

i∈N
s(i)(Ii + I−i). (4.145)

It is trivial that if P inherits the regularity of F, in particular, Theorem 4.2.3 holds and we
have that P ∈Hr,p for a suitable r.
From this it follows that all the results stated previously in this Chapter can be directly applied
to HS with the only exception of Lemma 4.3.2for which the situation is more delicate.

If we fix the hypercube

QSym
S :=

{
ω = (ωi)i∈Z ∈ RZ : sup

i
|ωi − |s(i)|| ≤

1

2
, ωi = ω−i

}
then condition (4.143), in the variables v can be written as

Dγ,S =
{
ω ∈ QSym

S : |ω · ℓ| > γ
∏
i∈N

1

(1 + |ℓi|2|i|2)2
, ∀ℓ ∈ ZN

f

}
,

that are essentially the same as (4.45) but in the hypercube QSym
S instead of QSym.

Let us observe that one can easily adapt the proof of Lemma 4.3.3 to our case by substituting
the condition ∣∣∣∣∣∑

i∈N
(ai − bi)|s(i)|

∣∣∣∣∣ ≤ 10
∑
i∈N
|ai − bi|,

in place of (4.50).
By doing so we get (4.51) also in our. Finally, arguing as in the proof of Lemma 4.3.2 we get
same bound

∥L−1
ω F∥r,p+σ ≤ 3γ−1eC(σ)∥F∥r,p

for every ω ∈ Dγ,S , where C(σ) is defined in (4.68).
In fact, the superlinear growth of the eigenvalues of the quadratic part (4.145) simplifies the
proofs of Lemmas 4.3.3 and 4.3.2, and could be exploited to obtain a better constantC(σ) than
the one derived here. However, this refinement is not needed for our purposes.
We can conclude that Theorem 1.2.9 holds also for (4.144).

Proof of Theorem 1.2.10:
For r > 0 satisfying the hypotheses of Theorem 1.2.9 le us fix

√
IS ∈ Br(wSp ).

If we denote by IS the sequence corresponding to IS in the variables (4.142), we have
√
IS ∈

Br(gp).
It follows that a direct application of Theorem 1.2.9 onHS allows to choose a potential VS and
to construct a symplectic map ΦS : B̄2r(gp)→ B̄4r(gp) such that

TIS = {v = (vj)j∈N : |vj |2 = Ij}

is a KAM torus for HS ◦ ΦS .
By extending the map ΦS to a map B2r(wSp )→ B4r(wp) and defining Φ : B2r(wp)→ B4r(wp)
such that

{Φ(u)}j =

{
{ΦS(u)}j if |j| ∈ S
uj if |j| /∈ S,

we have. in conclusion, that TIS is a KAM torus for H ◦ Φ . □
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Appendix A

A.1 Existence Results

In this Section we collect some of the main results concerning the existence of solutions to
equation

∂ttu−

(
1

1 + c
∫
Tn |∇u|2 dx

)2

∆u = 0, c ∈ R. (A.1)

We begin with a local well-posedness theorem that has been proved, under different assump-
tions, by various authors. Although these results concern more general forms of Kirchhoff-
type equations, we state them here in the specific case of (A.1).

Theorem A.1.1 ( Local Well-Posedness, [1], [48], [81])
Let us fix s ≥ 3/2. For any pair of initial data (u(0), ut(0)) ∈ Hs(Tn,R)×Hs−1(Tn,R) equation
(A.1) admits a unique solution

u ∈ C0([0, T ], Hs(Tn,R)) ∩ C1([0, T ], Hs−1(Tn,R)),

with T ∼
(
∥u(0)∥3/2 + ∥v(0)∥1/2

)−2.

Equation (A.1) in one of the few example of Kirchhoff-type equation for wich we can
obtain global existence of solutions. This strong result can be achieved thanks to the work of
S. I. Pokhozhaev, which proved in [82] and [80], that equation (A.1) admits a second-order
conservation law:

Theorem A.1.2 (Second Order Conservation Law, [80] )
Let us define

a(u) :=

∣∣∣∣1 + c

∫
Tn

|∇u|2
∣∣∣∣ , (A.2)

the quantity

K(u) := a(u)

∫
Tn

|∇ut|2 dx+
1

a(u)

∫
Tn

(∆u)2dx− c
(∫

Tn

∇ut · ∇u dx
)2

(A.3)

is conserved for the solutions of (A.1), namely, if

u ∈ C0([0, T ], H2(Tn,R)) ∩ C1([0, T ], H1(Tn,R))

is a solution, then
dK(u(t))

dt
= 0, ∀t ∈ [0, T ]. (A.4)
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Remark A.1.1 (Second order identity for general Kirchhoff-type equations)
The conservation law (A.4) is a consequence of the following second order identity:
For s ≥ 2, let us consider a solution

u ∈ C ([0, T ], Hs(Tn,R)) ∩ C1
(
[0, T ], Hs−1(Tn,R)

)
of the equation

∂ttu− f

(∫
Tn

|∇u|2 dx
)

∆u = 0, (A.5)

with f : [0,+∞)→ R such that

f ∈ C2 ([0,+∞)) , f(y) > 0, ∀y ∈ [0,+∞).

Kf (u) :=

∫
Tn |∇∂tu|2 dx√
f
(∫

Tn |∇u|2 dx
) +

√
f

(∫
Tn

|∇u|2 dx
)∫

Tn

(∆u)2dx

+
1

2

f ′
(∫

Tn |∇u|2 dx
)

f
3
2

(∫
Tn |∇u|2 dx

) (∫
Tn

∇∂tu · ∇udx
)2

then one has

dKf (u(t))

dt
=

 f ′
(∫

Tn |∇u|2 dx
)

f
3
2

(∫
Tn |∇u|2 dx

)
′(∫

Tn

∇∂tu · ∇u dx
)3

. (A.6)

In order for Kf to be conserved we then have to find f such that(
f ′(y)

f
3
2 (y)

)′

= 0. (A.7)

By solving the initial value problem (A.7) we get the special non-linearity in (A.1).

Remark A.1.2 The functional K defined in (A.3) controls the H2-norm of u and the H1-norm of
ut.
In fact, there exists a constant K(T ) depending on u(0) and quadratically on T , such that

∥u∥2 + ∥ut∥1 ≤ K1(T ), ∀t ∈ [0, T ]. (A.8)

Moreover, if the constant c in (A.1) is negative, the bound (A.8) is also uniform in time, namely, there
exists a positive constant K2(u(0)) depending on u(0), such that

∥u∥2 + ∥ut∥1 ≤ K2(u(0)), ∀t ∈ [0, T ]. (A.9)

In fact:

• If c < 0:
recalling the expression (A.2) of a(u), one has

K(u(0))
(A.4)
= K(u(t)) ≥ 1

a(u)

∫
Tn

(∆u)2dx ≥ ∥u∥22. (A.10)
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Using (A.10) we have
∥u∥21 ≤ K(u(0)), (A.11)

we then have
K(u(0)) = K(u)

≥ a(u)
∫
Tn

|∇ut|2 dx

(A.2)
≥
∣∣∣∣1− ∣∣∣∣c∫

Tn

|∇u|2
∣∣∣∣∣∣∣∣ ∫

Tn

|∇ut|2

≥
∣∣∣1− |c|∥u∥21∣∣∣ ∫

Tn

|∇ut|2

(A.11)
≥

∣∣∣1− |c|K(u(0))
∣∣∣ ∫

Tn

|∇ut|2

=
∣∣∣1− |c|K(u(0))

∣∣∣∥ut∥21,
from which it follows

∥ut∥21 ≤
K(u(0))∣∣∣1− |c|K(u(0))

∣∣∣ . (A.12)

Using (A.10) together with (A.12) we get (A.9) for

K2(u(0)) = K(u(0))
K(u(0))∣∣∣1− |c|K(u(0))

∣∣∣ , (A.13)

whenever the right-hand-side is well-defined.

• If c > 0:
we have that

K(u(0)) = K(u)

≥ a(u)
∫
Tn

|∇ut|2 dx− c
(∫

Tn

∇ut · ∇u dx
)2

(A.2)
≥
∫
Tn

|∇ut|2 dx+ c

∫
Tn

|∇ut|2 dx
∫
Tn

|∇u|2 dx− c
(∫

Tn

∇ut · ∇u dx
)2

≥
∫
Tn

|∇ut|2 dx

= ∥ut∥21,
(A.14)

where the last line follows from the Cauchy-Schwartz (C-S) inequality.
Moreover, thanks to (A.14), we have

da(u)

dt
≤ 2c

∫
Tn

|∇u · ∇ut|

C−S
≤ 2c∥ut∥1∥u∥1

(A.14)
≤ 2c∥ut∥1

√
K(u(0))

≤ 2c
√
a(u)

√
K(u(0)),
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from which it follows
a(u(t)) ≤ a(u(0)) + c2t2K(u(0)) (A.15)

Finally, from (A.3) one has

K(u(0)) = K(u) ≥ 1

a(u)

∫
Tn

(∆u)2dx,

hence ∫
Tn

(∆u)2dx ≤ K(u(0))a(u)
(A.15)
≤ K(u(0))

(
a(u(0)) + c2t2K(u(0))

)
. (A.16)

Using (A.14) together with (A.16) we get (A.8).

By using Theorems (A.1.1) and (A.1.2) together with Remark (A.1.2), we have:

Theorem A.1.3 (Global Well-Posedness, [80] )
There exists ε0 > 0 such that for every s ≥ 2 and every initial data (u0, v0) ∈ Hs(Tn,R) ×
Hs−1(Tn,R) such that

ε := ∥u0∥s + ∥v0∥s−1 ≤ ε0,
equation (A.1) admits a unique solution

u ∈ C0([0, T ], Hs(Tn,R)) ∩ C1([0, T ], Hs−1(Tn,R)),

for every T > 0.

Proof: Let us consider two cases: if c > 0, the non-linearity in equation (A.1) is well-defined
for every values of u. Moreover, the bound (A.8) allows to extend the local existence result of
Theorem (A.1.1) to all time intervals, for the case s = 2.
Concerning the case of higher regularity Sobolev spaces Hs ×Hs−1, with s > 2:
if u solves (A.1), then u is also a solution of the linear wave equation

utt − a(t)∆u = 0, (A.17)

with time-dependent coefficient

b(t) =
1(

1 + c
∫
Tn |∇u| dx

)2 . (A.18)

Since the problem is well-posed for all time scales we have that the term b(t) is always well-
defined, moreover the existence of solutions for equation (A.17) for all times, is ensured by the
general theory of linear hyperbolic equations (see, for instance, [49]).
If we now consider the function v := Λsu with Λ =

√
−∆ and s ≥ 0, since b(t) is only

time-depending, v is again a solution of (A.17).
Finally, noting that ∥v∥2 = ∥u∥s+2, we can conclude for c > 0.
If c < 0 we have to ensure that the non-linearity (A.18) is well defined. To achieve that, one
must impose

1 + c

∫
Tn

|∇u(t)| dx = 1 + c∥u(t)∥21 ̸= 0, ∀t > 0. (A.19)

Using (A.9), we have that (A.19) is verified if u(0) satisfies the condition

K2(u(0)) <
1

c
,

where K2(u(0)) is defined on (A.13).
The proof then follows by reasoning as in the case c > 0. 2
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