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Abstract

A 2 — (v, k, 2) design is additive if, up to isomorphism, the point set is a subset of an
abelian group G and every block is zero-sum. This definition was introduced in Caggegi
et al. (J Algebr Comb 45:271-294, 2017) and was the starting point of an interesting new
theory. Although many additive designs have been constructed and known designs have been
shown to be additive, these structures seem quite hard to construct in general, particularly
when we look for additive Steiner 2-designs. One might generalize additive Steiner 2-designs
in a natural way to graph decompositions as follows: given a simple graph I', an additive
(Ky, I')-design is a decomposition of the graph K, into subgraphs (blocks) B1, ..., B; all
isomorphic to I', such that the vertex set V(K,) is a subset of an abelian group G, and
the sets V(By), ..., V(B;) are zero-sum in G. In this work we begin the study of additive
(Ky, I')-designs: we develop different tools instrumental in constructing these structures, and
apply them to obtain some infinite classes of designs and many sporadic examples. We will
consider decompositions into various graphs I', for instance cycles, paths, and k-matchings.
Similar ideas will also allow us to present here a sporadic additive 2-(124, 4, 1) design.
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1 Introduction

In this work we will consider 2 — (v, k, 1)-designs, also called Steiner 2 -designs, and their
generalization to (K, [')-designs, that are decompositions of the edges of the complete graph
on v vertices K, into copies of a graph I'. We will study additive designs, a class of designs
subject to a particular constraint.

From the very start of design theory, designs satisfying extra properties have often been
considered; for instance, one may look for a structure having a given automorphism group,
and this requirement may actually help in constructing it, or in proving results about it.

On the other hand, imposing some constraints might make the designs very difficult to
construct: one example is g-analogs of Steiner 2-designs, i.e., Steiner 2-designs over I, or
2 — (v, k, 1; g)-designs. Here the very strong requirement is that the points of the design are
the points of the (v — 1)-dimensional projective space over IF;, and the points in each block
form a subspace of dimension k — 1. There is only one set of parameters for which nontrivial
such designs are known to exist, and that gives the celebrated 2 — (13, 3, 1; 2)-design in [8].

Another quite recent example of imposing a strong constraint on the considered structures
is that of additive designs: a2 — (v, k, \) design is additive if, up to isomorphism, the point
set is a subset of an abelian group G and every block is zero-sum. Additive 2 — (v, k, A)
designs were introduced by Caggegi, Falcone and Pavone in [18], and have since been
studied in the last years (see [13, 14, 19, 22, 28]). Note that additive designs have interesting
connections with several branches of discrete mathematics such as coding theory and additive
combinatorics, and that the usage of zero-sum blocks in the construction of designs is frequent
(see,e.g., [9,10,21,27,34]). Also in this case, the property we request makes the construction
of these designs a hard problem in general, particularly so when A = 1: the known additive
Steiner 2-designs either come from the geometry (the point-line designs of AG(n, ¢) and
PG(n, g) have been proved to be additive in [18] and [14]), or have a huge number of points
(the super-regular designs constructed in [13]). Designs over I, are also additive (see [14]),
so that another example is given by the mentioned 2 — (13, 3, 1; 2)-design in [8]. The only
other known additive Steiner 2-design is the sporadic 2 — (124, 4, 1)-design we present here
in Sect. 5.2.

Note that we may think of a2— (v, &, 1) design as adecomposition of K, into cliques of size
k,i.e.,into copies of the complete graph K ; so that the concept of a graph decomposition may
be seen as a generalization of block designs. On the other hand, some graph decompositions
are oftentimes easier to construct and study. For these reasons in [15] the authors considered
g-analogs of graph decompositions, that is decompositions of a graph K, with vertex set the
points of a projective space IP over IF;, into copies of a graph I" each of which has a subspace
of P as vertex set, and called these “2 — (v, I, 1) designs over [F,”. This generalization
allowed them to construct new examples, prove some new results and obtain more insight
that could help in studying 2-designs over IF,. Still, constructing 2 — (v, I', 1) designs over
IF, turns out to be also a hard problem, and no infinite class of these designs is known.

The main aim of this work is to consider and study a similar generalization for additive
designs.

Definition 1.1 A T" -decomposition of a graph K is G-additive if, up to isomorphism, the
vertex set V (K) is a subset of an abelian group G and the vertex set of every block is zero-sum
in G. When K = K,, we speak of an additive (K,, I")-design.

In this work, we begin the study of additive (K,, I')-designs. We show that, although
moving from “classic” block designs to graph decompositions allows us to build many
examples, both of infinite classes of additive combinatorial designs and of more sporadic
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Additive combinatorial designs

examples, the problem of constructing these structures remains a challenging one. Some of
the general methods exposed in the paper helped us in constructing a new sporadic additive
2 — (124, 4, 1)-design.

The paper is organized as follows: after establishing the basic definitions and first results
in Sect. 2, we recall in Sect. 3 some difference methods useful in the construction of (K, I')-
designs. In Sect.4 we obtain an infinite class of strictly additive (K, Cx)-designs (see
Definition 2.1 below) by adapting to graph decompositions ideas introduced for block designs
in [13]. We then develop in Sect. 5 a general technique to ensure additivity of the constructed
designs; this strategy is applied in the rest of the section to obtain a great variety of additive
combinatorial designs, in particular the sporadic additive 2 — (124, 4, 1)-design previously
mentioned. In Sect. 6 we introduce coseted designs and prove their additivity: we then con-
struct many examples and some infinite classes of these designs, proving for instance the
existence of another infinite class of (K, Cy)-designs. The notion of coseted design is espe-
cially exploited in Sect. 7 which studies additive (Kp,, M2 )-designs, that is, decompositions
of K>, into graphs consisting of k pairwise disjoint edges (k-matchings). Their existence is
proved whenever k divides v and also for 2v = 2mk + k + 1 withm > 0 and k > 3 odd.

2 First examples and some elementary results
For general background on design theory and, more generally, on graph decompositions, we

refer to [4, 20]. We denote by Cy, the cycle on k vertices, with Py the path on k vertices (having
k — 1 edges), and by My the k-matching, i.e., the graph consisting of k pairwise disjoint

edges. By [xg, x1, . .., xx—1] we mean the path whose edges are {x;, x;+1} for0 <i < k—2.
By (xo, x1, ..., Xx—1) we mean the cycle obtained from the path above by adding the edge
{xk—1, x0}.

There are obvious necessary conditions for the existence of (K, Cy)-designs, namely
v must be odd, 3 < k < v and k must divide (;) pairs (v, k) satisfying these conditions
are called admissible. The existence of a (K, C)-design for all admissible values has been
shown by Alspach, Gavlas and Sajna [1, 31]; see also [11] for an alternative proof in the odd-
cycle case. Also for (K, Py)-designs, existence is known (see Tarsi [33]) for all admissible
values, that is, whenever k < v and k — 1 divides (5).

The following definitions used for “classic” block designs can be extended to (K, I')-
designs.

Definition 2.1 A G-additive (K, I')-design is strictly G-additive if V(K,) = G and almost
strictly G-additive if V(K,) = G \ {0}

Given a prime power ¢ we denote by F,, EA(q) and Fy the finite field of order g, its

additive group and its multiplicative group, respectively. If g is odd, IE‘qD denotes the group
of non-zero squares of IF;. We will repeatedly use the following fact, that is Fact 2.1 in [13]:

Fact2.2 If ¢ is a prime power, every coset of a non-trivial subgroup of Fy (thus, in particular,
every non-trivial subgroup of F7) is zero-sum.

To break the ice, we start by giving two concrete, easy but not trivial examples of strictly

E A(9)-additive (Ko, I')-designs with I" the 5-path and the 4-cycle. In order to improve the
readability, every element (x, y) of EA(9) will be simply denoted by xy.
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Example 2.3 The following nine 5-paths are the blocks of a strictly E A(9)-additive (Ko, Ps)-
design:
[00, 01, 02, 10, 20]; [O1, 10,00, 02,20]; [00,11,02,22,01];
[00,21,02,12,01]; [00,20,11,22,10]; [11,21,12,00,22];
[01,11,12,20,22]; [O01,21,22,12,10]; [O01, 20,21, 10, 11].

The following nine 4-cycles are the blocks of a strictly E A(9)-additive (K9, C4)-design:

(00,01, 10,22); (00, 12,01,20); (00, 10, 02, 21);
(00, 02,20, 11); (01, 11,02,22); (01,02, 12, 21);
(10, 11,22,20); (10,12,20,21); (11,12,22,21).

The additive designs above have been easily found using a computer. It is possible to give
more concise presentations of G-additive designs of the same kinds if we do not demand that
Gis EAQ9).

Example 2.4 A Fi9-additive (Ko, Ps5)-design with vertex set IF 1D9:
{[4',4'5,4'9,4°6,4'17] | 1 <i <9).
A TFg-additive (K9, C4)-design with vertex set ]F‘ljgz
((4,476,4'5,4'T) |1 <i <9).

The additive designs of Example 2.4 have been found by hand using difference methods
as it will be explained in Sect. 4. It would be natural to prefer them rather than those of
Example 2.3 since they are more elegant. Yet, as we will show later in this section, the strict
additivity of the first ones allows to obtain, recursively, infinitely many other additive designs
not obtainable with those of Example 2.4.

It was proved in [18] that if v is not a power of 3 nor a Mersenne number, then no additive
2-(v, 3, 1) design (that is a (K, C3)-design) exists. This result was not trivial at all. Here are
two other very elementary non-existence results.

Proposition 2.5 No additive (K, P3)-design exists.

Proof Assume that there exists a G-additive (K,, P3)-design. Take an arbitrary block B =
[a, b, c] and let B’ be the block where the edge {a, c} appears. We have either B’ = [a, ¢, d]
or B' = [c, a,d] for some element d € G. Given that B and B’ are zero-sum we have

¢ = —a—bandd = —a — ¢ which give d = b. Thus we have either B’ = [a, ¢, b] or
B’ = [c, a, b]. This is absurd since the block B’ would share an edge with B, that is {b, c}
in the first case or {a, b} in the second. ]

A subgraph I' of a complete graph K, is spanning or almost spanning if V (I') is the whole
vertex set of K, or misses exactly one vertex of K, respectively.

Proposition 2.6 IfT" is an almost spanning subgraph of K, then no additive (K, I")-design
exists.

Proof Let V be the vertex set of a G-additive (K, I')-design and let s be the sum of its
elements in G. Given that a block B is a copy of I which is almost spanning, there is only
one vertex of V not belonging to B. This vertex is forced to be s since B is zero-sum. It
follows that the vertex s does not belong to any block of the design which is absurd. O
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On the contrary, every (K, I')-design with I spanning is additive.
Proposition 2.7 If T is a spanning subgraph of K,, then every (K, I')-design is additive.

Proof Let D be a design as in the statement. Observe that every abelian group of odd order
is zero-sum whereas an abelian group of even order is zero-sum if and only if its Sylow
2-subgroup is not cyclic. Thus, for v % 2 (mod 4), we have at least one zero-sum group G of
order v and we can label the vertices of K, with the elements of this group obtaining in this
way a strictly G-additive isomorphic copy of D. For v = 2 (mod 4) we can label the vertices
of K, with the elements of Z, \ {0} obtaining an almost strictly Z,.-additive isomorphic
copy of D. O

Proposition 2.8 Assume that there exist a G-additive 2-(v, k, 1) design (V, B) and a (K, I')-
design D with I a spanning subgraph of Ky. Then there exists a G-additive (K, I')-design.

Proof For each block B € B construct an isomorphic copy of D with vertex set B, say D(B).
Then D’ := UBes D(B) is a (Ky, I')-design. Any block of D(B) has vertex set B since I'
spans K. Also, B is zero-sum in G since (V, B) is G-additive. Hence every block of D’ is
zero-sum, i.e., D is G-additive. O

Exploiting the strict additivity of the point-line design of an affine geometry we can obtain
the following.

Proposition 2.9 If there exists an EA(q)-additive (K,,T') design, then there exists an
E A(q"™)-additive (K y4n, I')-design for every positive integer n.

Proof Let G = EA(g™) and let (G, £) be the 2-(¢", g, 1) point-line design associated with
the n-dimensional affine geometry over IF,. Let {Ay, ..., A,} be the set of lines through 0
and note that each of them is a subgroup of G isomorphic to EA(g). Thus the assumption
guarantees that there exists a strictly A;-additive (K, I')-design D; with vertex set A; for
1 <i <t Givenany L € £, we have L = A; + g for a suitable pair (i, g) and it is
evident that D(L) := {B + g | B € D;} is a (K, I')-design with vertex set L. Thus the set
D:={D(L)| L € L}isa (Kyn, I')-design with vertex set G. The vertex set of any block of
D is aline of £ which is zero-sum since we already know that (G, £) is strictly G-additive.
We conclude that D is strictly G-additive as well. O

The above proposition together with Example 2.3 allows us to state the following.

Theorem 2.10 For any graph T which is either the 5-path or the 4-cycle, there exists a strictly
additive (Ko, I")-design for all n.

As another application of Proposition 2.9, after checking that
D ={[0,1,2,4], [0,3,5,6], [1,3,4,6], [1,4,0,2], [2,6,1,5], [3,2,5,4], [3,6,0,5]}

is a strictly Z7-additive (K7, P4)-design, we can state the following.

Theorem 2.11 There exists a strictly additive (K7, Py)-design for all n.
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3 Difference packings

Apart from “small”’designs obtained by computer as those of Example 2.3, almost all additive
graph decompositions in this paper are obtained via some “difference methods”as those of
Example 2.4. In this section, for the convenience of the reader, we briefly explain some of
these methods.

Given a group G with operation x, we denote by GT the set G U {00} where oo is a
symbol not in G, and we extend the operation x to G by setting gxco = ooxg = oo for all
g € G. In the special case (frequently considered in this paper) that G is a group of units of
a commutative and unitary ring R, we agree to take oo = 0.

If g € G and B is a copy of I" with vertices in G or G, then Bxg will denote the copy of
I obtained from B by replacing each vertex x with xxg. The G-stabilizer of B is the group
of all g € G for which Bxg = B whereas the G-orbit of B is the set of all distinct graphs of
the form Bxg.

We will say that a (K, I")-design is G-regular (or G -rotational) if V(K ,) = G (or GT)
and every translation of G leaves it invariant, that is to say that the group of translations of
G is an automorphism group of D. By a set of base blocks for a G-regular or G -rotational
design D we will mean a set of representatives for the G-orbits of the blocks of D. Also, by
saying that a (K, I')-design is cyclic or 1-rotational we will mean that it is Z,-regular or
thl-rotational, respectively.

In the following, the identity element of G and the inverse of an element g € G will be
denoted by e and g’, respectively.

We recall that if 2 is a symmetric subset of G \ {e} (which means that @ € €2 if and only
if o € Q), the Cayley graph on G with connection set 2 is the graph Cay[G : Q] with
vertex set G where {x, y} is an edge if and only if xxy" € Q. We will also consider the graph
Cay[G™ : Q] as the graph obtained from Cay[G : Q] by adding the vertex oo and all edges
{oo, g} with g € G.

Generalizing the well-known notions of difference set, difference packing and difference
family, we give the following definitions.

The list of differences of a copy B of I' with vertices in G is the multiset A B of all possible
elements xxy’ with (x, y) an ordered pair of adjacent vertices of B. In the special case that
I" is complete, V (B) is said to be a difference set when A B is evenly distributed over the set
of non-identity elements of G.

A (G, T, 1) difference packing is a set ¥ = {By, ..., B;} of copies of I' (blocks) with
vertices in G such that the multiset union AF := [ J{_, AB; does not have repeated elements.
The blocks of such a difference packing gives rise to a I'-decomposition of Cay[G : AF]
givenby {Bixg |1 <i <t; g € G}.

The difference leave of F is the set L of all elements of G not covered by AF. If I'
has size s, it is obvious that AB; has size 2s for every i so that |AF| = 2st and then
2st < v — 1 considering that e cannot be covered by AF. Thus the size of a (G, T, 1)
difference packing cannot exceed L“z;slj. We say that F is optimal when its size reaches this
bound or, equivalently, when its leave has size at most equal to 2s. If F has size exactly equal
to % we say that it is perfect. In this case, it is also called a (G, I, 1) difference family
(see, e.g., [16]). Finally, when the difference leave L is a subgroup of G one says that F is a
relative (G, L, T, 1) difference family.

Starting from a (G, I', 1) difference packing with suitable properties it is possible to get
a (K, I')-or (Ky4t1, I')- design in several ways.
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Proposition 3.1 Let G be a group of order v and let F be a (G, T, 1) difference packing with
difference leave L of size L. Starting from F one can obtain a (K, I')-design in each of the
following cases.
(1) F is perfect.
(ii) There exists a I'-decomposition of Cay[G : L \ {e}].
(iii) L is a subgroup of G and there exists a (K¢, I')-design.
Also, one can obtain a (K41, I')-design in each of the following cases.

(iv) There exists a T'-decomposition of Cay[G™ : L \ {e}].
(v) L is a subgroup of G and there exists a (Ko, I')-design.

Proof The assumption guarantees the existence of a G-regular I'-decomposition D of
Cay|G : AF].

(i). Here we have AF = G \ {e} and then the assertion follows since Cay[G : G \ {e}] is
nothing but the complete graph on G.

(i1). The blocks of D and the blocks of a I'-decomposition of Cay[G : L \ {e}] form a
I"'-decomposition of Cay[G : AF U (L\{e})] which is again the complete graph on G since
AF U (L \{e}) = G\ {e} by definition of L.

(iii). In this case Cay[G : AF] = Cay[G : G \ L] is the complete equipartite graph
whose parts are the right cosets of L in G. Given that a (K, I')-design exists by assumption,
we can construct such a design with vertex Lxg for each coset Lxg of L in G. The blocks of
D together with the blocks of all these designs will give a (K, I')-design.

(iv). The blocks of D and the blocks of a G-regular I'-decomposition of Cay[G™T : L\ {e}]
form a G-regular I"-decomposition of Cay[G™ : G \ {e}] which is the complete graph on
G U {oo}, i.e., a complete graph of order v + 1.

(v). Asin case (iii), Cay[G : AF]is the complete equipartite graph whose parts are the
right cosets of L in G. Given that a (K41, I')-design exists by assumption, we can construct
such a design with vertex Lxg U {oo} for each coset Lxg of L in G. The blocks of D together
with the blocks of all these designs will give a (K41, I')-design. O

We give a few easy examples illustrating the five cases of Proposition 3.1.
Consider the set 7 = {Bj, Bz} consisting of the following two copies of Pg with vertices
in the group of integers Z:

B =1[0,1,-1,2,-2,3]; B, =1[0,6,-1,7,-2,8].

We have AB; = £{1,2,3,4,5} and ABy, = £{6,7,8,9, 10} so that we have AF =
+{1,2,3,4,5,6,7,8,9, 10}. It is then evident that F can be seen as a (Z,, Pg, 1) difference
packing for every v > 21. It is perfect for v = 21 and optimal (but not perfect) for 22 <
v < 30. The difference leave in the case v = 26 is L = +£{11,12} U {0, 13} and we
see that the Zyg-orbit of the path Bz = [0, 11, —1, 12, =2, 13] is a Ps¢-decomposition of
Cayl[Zae : L\ {0}].

Thus F is a set of base blocks for a cyclic (K31, I')-design and F U {B3} is a set of base
blocks for a cyclic (K26, Pg)-design.

Now consider F as a (Zg, Ps, 1) difference packing. In this case the difference leave is
L = {11, 12, 13, 14} and we see that the Zy9-orbit of the path B4 = [00, 0, 11, —1, 12, —2]
is a Pg-decomposition of Cay[Z;r9 : L\ {0}]. Thus 7 U {B4} is a set of base blocks for a
1-rotational (K3g, Pg)-design.

Consider the set 7 = {Bj, B>} consisting of the following two copies of M4 with vertices
in Zio:

By =1[0,1], [2,4]; By =10,4], [1,6].
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We have AB; = £{1,2} and AB, = +{4, 5} so that we have AF = Zj; \ L with L =
{0, 3, 6, 9} the subgroup of Z, of order 4, i.e., F is a relative (Z12, L, My, 1) difference
family. Thus B={B; +g|i =1,2;0 < g < 11} is a M4-decomposition of the complete
tripartite graph whose parts are L, L + 1 and L + 2. Now note that the three copies of My
below

Ap =1[0,3][6,9; A2 =10,9][3,6]; A4 =10,6][3,9]

form a L-regular (K4, M4)-design. We conclude that D =B U{A; +j|i =1,2,3;j =
0, 1,2} is a cyclic (K12, M4)-design.

Consider the copy of M4 with vertices in Zs given by C = [0, 1] [2, 4] and note that the
singleton {C} is a (Z5, M4, 1)-difference family so that a (K5, M4)-design exists. Take again
the decomposition B of the tripartite graph with parts L, L + 1, L 42 considered in the above
paragraph. This time we construct a (K5, M4)-design C; with vertex set (L +i) U {oo} for
i=0,1,2.Then B U Cy U C; U Cyisa (K3, My)-design.

4 Some strictly additive graph decompositions

We recall that the exponent of a group G, denoted exp(G), is the least common multiple of
the orders of all elements of G. Observe that we have:

Fact4.1 If B is a zero-sum k-subset of an abelian group G with exp(G) a divisor of k, then
all the translates of B are zero-sum as well.

Proof The sum oy, of all elements of B + g isclearly (3", 5 x) +kg. Wehave Y, ,x =0
since B is zero-sum, and kg = 0 since o(g) divides exp(G) which, in turn, divides k by
assumption. Thus o, = 0 for every g € G. O

As a consequence, we can state the following.

Remark 4.2 1If exp(G) is a divisor of the order of I', then a G-regular (K,, I')-design is
strictly G-additive if and only if its base blocks are all zero-sum.

This remark allows to obtain a few infinite classes of strictly additive designs almost for
free since they are implicitly present in the literature.

Theorem 4.3 Let g = p™ with p a prime. We have:

(1) if g = 1 (mod kp) with k € {2,3,4}, then there exists a strictly EA(q)-additive
(Ky, Crp)-design;

(2) if g = 1 (mod 6), then there exists a strictly EA(q)-additive (K, I')-design for any
generalized Petersen graph I of order 2 p.

Proof Studying E A(q)-regular (K, Cy)-designs, Benini and Pasotti [3] proved, in particular,
that whenever p, g and k are as in (1), there exists a F; -regular (K, C,)-design. Examining
the proof of this result (Proposition 3.3 in [3]) one can check that all the base blocks of this
design are zero-sum.

Also, studying E A(g)-regular (K, I')-designs with I" a generalized Petersen graph, Bon-
isoli et al. [6] established, in particular, that whenever p, I" and g are as in (2), there exists
an EA(g)-regular (K, I')-design. A careful analysis of the proof of their result (Theorem
3.2 in [6]) shows that all the base blocks of this design are zero-sum.

Given that the exponent of EA(q) is p, the assertions follow from Fact 4.1. O
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In [13] we gave a construction method leading to infinitely many strictly additive 2-
(v, k, 1) designs, namely additive (K,, K)-designs, whenever k is neither singly even nor
of the form 2"3. This result is interesting from a theoretical point of view but not practical
since, apart from the case that & is a prime power, the values of v are huge in comparison with
k. Here, by means of a similar method we are able to construct an infinite class of strictly
additive (K, Cy)-designs also for “small”’values of v.

Following [7], we denote by F,,, for any m > 1, the ring that is the direct product of
all the fields whose orders are the maximal prime powers dividing m. Thus, for instance,
F45 = F5 x Fg9. We will prove the following.

Theorem 4.4 If k > 3 is odd and every prime factor of m is also a factor of k, then there
exists a strictly G-additive (K i, Cx)-design with G the additive group of Zy x F,,.

Proof First note that exp(G) is a divisor of k.

Given that k is odd, it is obvious that m is odd as well, say m = 2t + 1. Let Y be a complete
system of representatives for the patterned starter of F,,. This means that Y is a ¢-subset
of F,,, \ {0} such that U\,ey{y, —y} = F,,\{0}. Let us distinguish two cases according to
whether we have k = 1 or 3 (mod 4).

Ist case: k = 1 (mod 4), say k = 4n + 1.

Let 0 = (09, 01, ..., 04n) be the zero-sum k-tuple of elements of Z; obtained by con-
catenating the single term (0), the 2n-sequence (1, —1,2, =2, ..., n, —n), and its reverse
(=n,n,...,—2,2,—1,1):

oc=(0,1,-1,2,-2,...,n,—n, —n,n,...,—2,2,—1,1).

For each y € Y, consider the k-cycle B, with vertices in G defined by

By = ((007 TO), (017 f1)5 cer (04}17 T4n))

where 79 = 0 and 7; = (—1)?y for 1 <i < 4n. Thus we have

(L, =y) =1,y 2, -y) (=2, y) _____ (_n,_ -y (—r(, )
By = (0,0)
(1, ) -1, —) ) 2. -y (. y) [

It is readily seen that the differences of the “oblique”edges through (0,0) are
+(1,y), £(1, —y), and that the differences of the “vertical”’edge are £(0, 2y). Also, the
differences of the “horizontal”’edges in the upper part of the cycle are, from left to right,
+(2, -2y), £(3, —2y),...,£(2n, —2y). Correspondingly, the differences of the “horizon-
tal”edges in the lower part are (2, 2y), £(3, 2y),...,£(2n, 2y). In summary, considering
that Z \ {0} = £{1, 2, ..., 2n}, we have

ABy = {1, =1} x {y, =y} U (Z \ {1, =1}) x {2y, =2y}. ey

@ Springer



M. Buratti et al.

Thus, setting 7 = {By | y € Y}, we can write

AF = {1, =1} x [y, =y} U @\ {1, =1} x [ 2y, -2y}

yeY yeY

Recall that we have U {y, —y} = F,,\{0} by definition of ¥, and then
yey

Uy, =2y =2 Uty, =3} | =2F, \ (0) =F,, \ {0},

yey yeY

the last equality being true since 2 is a unit of I, (recall that m is odd). We conclude that we
have

AF =7y x (Fn \ {0}) = G \ (Zx x {0} (©))

which means that F is a (G, Cg, 1) difference packing with difference leave L = Z; x {0},
i.e., arelative (G, L, Cy, 1) difference family. Thus the set 1B of all the translates of the blocks
of F form a Cx-decomposition of the complete m-partite graph whose parts are the cosets of
LinG,i.e.,allsets L+ (0, y) with y € F,,. Now recall that a (K, Cy)-design exists for every
odd k. Hence, for each y € IF;,,, we can take a set Ay of k-cycles forming a (K, Cy)-design
with vertex-set L + (0, y). It follows that D := B U Uyey Ay is a (Kpy, Ci)-design. We
want to prove that D is strictly G-additive, i.e., that all its blocks are zero-sum in G.

First note that each member By € F is zero-sum so that all blocks of 13 are also zero-sum
by Fact 4.1. Now note that L is zero-sum since it is a group of odd order. Then L + (0, y),
that is the vertex set of every block of Ay, is zero-sum as well for every y € I, by Fact 4.1
again. The assertion follows.

2nd case: k = 3 (mod 4), say k = 4n — 1.

Let 0 = (09,01, ...,044—2) be the zero-sum k-tuple of elements of Z; obtained by
concatenating the single term (2n), the (2n — 1)-sequence

1,-1,2,-2,...,n=1,—-(n—1), —n),

and its reverse

(-n,—(m—1D,n—1,...,-2,2,—1,1).
Thus we have
c=0Cn,1,-1,....,.n—1,-n—-1,—n, —-n,—(n—-1,n—1,...,-2,2,—1,1).
For each y € Y, consider the k-cycle By = ((0o, 70), (01, T1), - - ., (042, Tap—2)) With

vertices in G where the t;’s are defined as in the first case. So this time we have:

Now the differences of the “oblique”’edges are £(2n — 1, y), £(2n — 1, —y), whereas the
differences of the “vertical”’edge are still £(0, 2y). The differences of the “horizontal”’edges
in the upper part of the cycle are, from left to right, (2, —2y), £(3, —2y),...,£(2n -2, —2y)
and finally £(1, 2y). Correspondingly, the differences of the “horizontal”’edges in the lower
partare £(2, 2y),£(3, 2y),...,=(2n—2, 2y) and finally £(1, —2y). In summary, considering
that Z; \ {0} = £{1,2,...,2n — 1} we see that formulas (1) and (2) still hold and then,
reasoning as in the first case, we will see that the assertion is true also in this case. O
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1, =y) (=1.y) (n=1,-y)  (=(r—=1,y) (=n,—y)

By = (2n,0)

1,y (=1, -y (mn=1y) (=(—=1),-y) (=n,y)

The above theorem gives, in particular, an additive (K45, C5)-design. On the other hand,
the smallest v for which a non-trivial additive (K,, K5)-design (a 2-(v, 15, 1) block design)
is known is v = 3 - 53! (see [13]).

5 An additive strategy

Speaking of a ring R, it will be tacitly understood that it is commutative with unity. Also,
saying that a design is R-additive we will mean that it is G-additive with G the additive group
of R. A set of graphs F with vertices in R will be said “zero-sum”if the vertices of any of its
members sum up to zero in R.

For some graphs I' as for instance the paths, finding direct constructions for additive
(Ky, I') designs using the methods of Sect.4 does not appear to be easy. For these graphs
we have to devise another technique which consists in looking for R-additive designs which
are U-regular or U T -rotational with U a suitable group of units of a ring R. We recall from
Sect. 3.1 that in this setting the zero element of R takes on the role of the element oo so that
Ut =U U {0}

Theorem 5.1 Let D be a U-regular or U T -rotational (K, T")-design with U a group of units
of aring R, and let F be a set of base blocks for D. Then D is R-additive if and only if F is
zero-sum.

Proof Set F = {Bj, ..., B,} and let s; be the sum of all vertices of B;. A block B of D is of
the form B = B; - u for some pair (i, u) € {1,...,n} x U. The sum of all vertices of B is
equal to s; - u, therefore this sum is null if and only if s; = 0. The assertion follows. O

In particular, we have the following.

Theorem 5.2 Let U be a group of units of a ring R and let F be a zero-sum (U, T, 1)
difference family. Then the (K, I')-design generated by F is R-additive.

We note that the idea of Theorem 5.1 is very similar to that used in [17] to construct
Heffter spaces, that are resolvable partial linear spaces whose points form a complete system
of representatives for the patterned starter of an abelian group G, and whose lines are all
zero-sum in G.

The easiest way of applying Theorem 5.1 is to use it with R = [F; for a suitable prime
power q. In the following example we want to show an application where R is not a finite
field.

@ Springer



M. Buratti et al.

Example 5.3 Let R = Zs33, let U be the group of units of R, so that we have
U=1{1,2,4,5,7,8,10, 13, 14, 16, 17, 19, 20, 23, 25, 26, 28, 29, 31, 32},
and let ' = Mg. Consider the set F of the following copies of Mg with vertices in U™

By =[1, 2] [4, 10] [23, 26],
B =0, 1] [4, 20] [16, 25],
B, =1, 13] [4, 7] [10, 31],
B3 =11, 8] 12, 13] [19, 23],
By =[1,14][2,31] [19, 32]

and let D; be the U-orbit of B; for0 < i < 4.1Itisreadily seen that F is zero-sum. Note that By
and Bj have trivial U-stabilizer whereas the U -stabilizers of By, B3, By are {1, 10}, {1, 23},
and {1, 32} (the three subgroups of U of order 2), respectively. Since the “differences”are
“quotients”, we have ABy = {25,4,7, 19, 2, 17}, hence the singleton {By} is a (U, Me, 1)
difference packing whose leave L can be partitioned as

L={1}UL UL, UL3 ULy

where

L1 =1{5,20,16,31}; L, ={10,13,28); L3 ={8,23,29}; L4 = {14,26,32}.

Note that D; is a Mg-decomposition of Cay[U™ : L;]. Also, fori = 2, 3,4, D; is a Mg-
decomposition of Cay[U : L;]. We conclude that F is a zero-sum set of base blocks for a
U -rotational (K31, Mg)-design. Then D = U?:o D; is a Z33-additive (K21, Mg)-design.

5.1 Looking for additive (K,, P4)-designs

It is well-known that the trivial necessary conditions for the existence of a (K, Py)-design
are also sufficient [33]. On the other hand, it does not seem easy to obtain general existence
results for additive (K, Py)-designs, although we were able to construct many examples. For
instance, a (K, P4)-design exists if and only if v = 0 or 1 (mod 3). By way of illustration, we
present here a detailed recipe for constructing an additive (K, P4)-design with v admissible
using Theorem 5.1 with R a finite field.

Case 1: v = 0 (mod 6).

— Take a prime power ¢ = 1 (mod v — 1) and take V (K,) = U™ with U the subgroup of
IF; of order v — 1;

— find a zero-sum optimal (U, Py, 1) difference packing F and note that its leave L has
size 5;

— find a zero-sum 4-path B = [0, 1, x, xy] where x, y are distinct elements of L \ {1}
which are not inverse to each other.

Then F U {B} is a zero-sum set of base blocks for an additive (K, P4)-design.
Case 2: v = 1 (mod 6).

— Take a prime power ¢ = 1 (mod v) and take V(K) = U with U the subgroup of I of
order v;
— find a zero-sum (U, P4, 1) difference family F.
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Then F is a zero-sum set of base blocks for an additive (K, Ps)-design.
Case 3: v = 3 (mod 6).

Take a prime power ¢ = 1 (mod v — 1) and take V (K,) = U™ with U the subgroup of
IFZ of order v — 1;
find a zero-sum (U, P4, 1) difference packing F of size k — 1 if v = 6k + 3, so that its
leave L has size 8;
— find a zero-sum 4-path A = [0, 1, x, xy] with x, y distinct elements of L \ {1, —1} which
are not inverse to each other;
— consider the zero-sum path B = [1, z, —z, —1] withz € L \ {1, —1, x*!, yil}.
Then F U {A, B} is a zero-sum set of base blocks for an additive (K, P4)-design.
Case 4: v = 4 (mod 6).
— Take a prime power ¢ = 1 (mod v) and take V (Ky) = U with U the subgroup of Fy of
order v;
— find a zero-sum optimal (U, P4, 1) difference packing F so that its leave is of the form
L={1,-1,x, x‘l}, and consider the zero-sum 4-path A = [1, x, —x, —1].

Then F U {A} is a zero-sum set of base blocks for an additive (K,, P4)-design.
The following table was obtained using the recipe presented above. The set of vertices
will be U,, or U,‘l" with U, the subgroup of order n of IF;;.

v Fy V(Ky) Base blocks

7 Fg = Zo[x)/(x3 +x + 1) Uy 0, x1, x4, x0]

9 Fo = Z3[x]/(x% + x +2) Ug [0,1,x,x3], [1,x3,x7, x4

10 Fii Ulo [1,2,3,5]; [1,3,8,10]

12 Fo3 U [1,4,2, 16] [0, 1,16, 6]

13 Fo7 = Z3[x]/(x3 +2x + 1) Uz [1,x2, x0, x18; [1,x18 x24 x4

15 F9 Ut [1,13,20,24]; [0, 1,22, 6];
[1, 16, 13, 28]

16 Fi7 Uis [1,3,6,7]; [1,7,5,4];
[1,10,7, 16]

22 Fa3 U [1,16,8,21]; [1,3,12,7];
[1,11,8,3]; [1,15,8,22]

24 F47 Usty [1,3,25,18]; [1,8,6,32];

[1,25,32,36]; [0,1,34,12]

Our strategy fails in determining an additive (K, P4)-design for v € {18, 19, 21}. Here
are the base blocks of a Z73-additive (K43, P4)-design:
[1,23,164, 158]; [1,29,47,96]; [1,36,149,160]; [1,43, 100, 29];
[1, 106, 81, 158] [1,124,85,136]; [1,136,152,57].

5.2 A sporadic additive Steiner 2-design

Here, as an application of Theorem 5.1, we will be able to find an additive Steiner 2-design
which, for the time being, appears to be sporadic. Indeed, as pointed out in the introduction,
the known additive Steiner 2-designs are only the “geometric ones”, i.e., the point-line designs
associated with an affine or projective geometry, and the cumbersome super-regular designs
obtained in [13]. To find “handy” non-geometric examples appeared to be challenging.
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Theorem 5.4 There exists an almost strictly Fs3-additive 2-(124, 4, 1) design.

Proof Let us remind that a 2-(124, 4, 1) design is a (K124, K4)-design. Applying Theorem
5.1 with R = Fyp5 = Zs[x]/(x3 +3x +3) and U = F7,s, it is enough to show that there
exists a U-regular (K24, K4)-design whose base blocks are all zero-sum. We obtained this
design with the aid of a computer.
Consider first the set 7 = {By, ..., Bjo} consisting of the following 4-subsets of U:
By = {x*, x" x'x™), By = (a0 2% 27, x,
By = {x%, %3, x® x%), By = (0 x% 22 2},
Bs = {x°,x% x",x%), Be=(x0, 28 x72 x),
By = (x%x%, %% x7), By = {x0 21, %0, 478},
By = {x0, x'*, x37 x106) B0 = (x0, x2* x5, X3}
It is easy to check that the list of quotients of F is AF = IF;‘3 \ L where
L={1,x",x% x”} ={1,2,4,3)

is the subgroup of order 4 of U. Thus F is a relative (G, L, K4, 1) difference family. The
orbit of L, that is the set of cosets of L in U, is a K4-decomposition of Cay[U : L\ {1}]. We
conclude that 7 U {L} is a set of base blocks for a U-regular (K24, K4)-design.

Taking into account the basic identity x> + 3x + 3 = 0, one can check that all the blocks
B; are zero-sum (as usual, under addition). The block L is also zero-sum in view of Fact 2.2.
The assertion then follows from Theorem 5.1. m]

6 Coseted designs

We introduce the following notion which will be useful to construct some infinite classes of
additive designs.

Definition 6.1 A subset of Z,, or Z,J{ will be said coseted if it is partitionable into cosets of
non-trivial subgroups of Z,, and possibly {oc}. A (K, I') design will be said coseted if we
have V(K,) = Z, or Zj’_l and the vertex set of every block is coseted.

The following is obvious.

Proposition 6.2 A cyclic or 1-rotational (K, I') design is coseted if and only if the vertex
set of every base block is coseted.

It is possible to have coseted designs where some blocks are partitioned by cosets of at
least two distinct subgroups of Z, (or Z,—1) and possibly {oo}. In the following example we
present a cyclic design of order 30 with a base block partitioned by cosets of three distinct
non-trivial subgroups of Z3y.

Example 6.3 The following copies of Mo with vertices in Z3q are base blocks for a coseted
(K30, M1p)-design.

By =10, 1][6,9] [12, 19] [18, 24] [16, 29];

B, = [0, 16] [1, 20] [5, 17] [2, 22] [7, 15];

B3 = [0, 2] [6, 8] [12, 14] [18, 20] [24, 26];

B4 =1[0,4][6,10] [12, 16] [18, 22] [24, 28];

Bs =[0,5][1,10] [2, 17] [16, 25] [15, 20].
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Both the blocks B and B> have trivial stabilizer whereas the blocks B3 and By have stabilizer
{0, 6, 12, 18, 24} of order 5. Finally, the block Bs has stabilizer {0, 15} of order 2. For
i =1,...,5, the orbit D; of B; is a Mjg9-decomposition of Cay[Z3g : L;] with the subsets
L; as follows:

Ly ==+{1,3,6,7,13}; L, ==£(8, 10, 11, 12, 14};
Ly =+{2); Ls=+{4); Ls==%{509} U {I5}.

Given that the L;’s partition Z3g \ {0}, we have that D := U?:l D; is a cyclic Mjo-
decomposition of Cay[Z3o : Z3o \ {0}], i.e., a (K39, M1p)-design. Let us check that its
base blocks are coseted.

V(B1) is the union of the subgroup {0, 6, 12, 18, 24} of order 5, a coset {1, 16} of the sub-
group of order 2, and a coset {9, 19, 29} of the subgroup of order 3.

V(B3) is the union of five cosets of the subgroup of order 2, that are {0, 15}, {1, 16}, {2, 17},
{5, 20}, and {7, 22}.

V(B3) and V (Bj4) are also union of two cosets of the subgroup of order 5 for the simple fact
that B3 and By are stabilized by this subgroup.

Finally, the fact that Bs is stabilized by the subgroup of order 2 implies that V (Bs) is the
union of five of its cosets.
Thus D is a coseted design by Proposition 6.2.

Theorem 6.4 Every coseted design is additive.

Proof Let D be a coseted (K, I')-design and distinguish two cases according to whether
V(Ky) = Zy or Zy—.

1st case: V(K,) = Z,. Take any prime power ¢ = 1 (mod v) which certainly exists by
Dirichlet’s theorem on arithmetic progressions (see, e.g., [32]). Now take a generator g of
the subgroup G of Fy of order v and consider the map

¢p:xe€l,— g*€q.

This map is bijective, hence it turns D into an isomorphic (K,, I')-design ¢ (D) where
V(Ky) = G and where every block is of the form ¢ (B) with B a coseted subset of Z,.
It follows that ¢(B) is partitioned by cosets of non-trivial subgroups of G since ¢ is a
group isomorphism. Hence ¢ (B) is zero-sum in view of Fact 2.2. We conclude that ¢ (D) is
F,-additive.

2nd case: V(K,) = Z; . Take any prime power ¢ = 1 (mod v — 1) which, again, exists
by the theorem of Dirichlet. Now take a generator g of the subgroup G of Iy of order v — 1
and consider the bijection ¢ : Z:_l — G defined by ¢+ (x) = g* forevery x € Z,_1,
and ¢ (00) = 0. Considering that the restriction of ¢ to Z,_; is a group isomorphism
and reasoning as in the first case, we see that ¢ turns D into an isomorphic (K, I')-design
¢ (D) where V(K,) = GT and where every block is partitioned by cosets of non-trivial
subgroups of G and possibly {0}, hence it is zero-sum in view of Fact 2.2. We conclude that
¢ (D) is Fy-additive. O

As an immediate consequence of the above theorem we have the following.

Corollary 6.5 Ifevery base block of a cyclic or 1-rotational (K, I")-design D has non-trivial
stabilizer, then D is additive.

@ Springer



M. Buratti et al.

Proof Take any base block B of D and let S be its stabilizer. Then V (B) is also stabilized
by S, hence V (B) is union of cosets of S and possibly {oco} which means that B is coseted
since S is not trivial by assumption. Thus D is coseted by Proposition 6.2 and the assertion
follows from Theorem 6.4. O

This allows us to obtain one more infinite class of additive cycle-designs without any
effort.

Theorem 6.6 There exists an additive (K, Cy)-design for any admissible pair (v, k) with
v < 3k and k odd, k not a prime.

Proof From a careful reading of the proof of Theorem 1.1 in [11] one deduces that for every
pair (v, k) as in the statement there exists a 1-rotational (K, C)-design with the property
that no base cycle has trivial stabilizer. The assertion then follows from Corollary 6.5. O

Example 6.7 The 1-rotational (K1, C15)-design D deducible from [11] has a set of base
cycles {A, B} as follows:

A = (00,0,3,19,5,18,6,17,7, 16, 8, 15,9, 13, 10);
B=(0,1,19,4,5,3,8,9,7,12,13,11, 16, 17, 15).

The first base cycle A is stabilized by {0, 10} whereas the second base cycle B is stabilized
by {0, 4, 8, 12, 16} so that we have

D={A+i|0<i<9 U{B+i|0<i<3}.

Let us follow the instructions given in the proof of Theorem 6.4 in order to give an additive
isomorphic copy of D. First, we have to consider a prime power ¢ = 1 (mod 20); we take
g = 41.Then we take g = 2 as generator of the subgroup G of IE‘; of order 20, that is IFE . Now

we have to consider the map ¢ : Z3; —> G defined by ¢ (x) = 2* for every x € Z
and ¢+ (oo) = 0. This map turns D into the isomorphic G -rotational (K|, Cys)-design
¢+ (D) where

V(Ky) =G =1{0,1,2,4,5,8,9, 10, 16, 18, 20, 21, 23, 25, 31, 32, 33, 36, 37, 39, 40}

and the base cycles are

A =¢T(A) =(0,1,8,21,32,31,23,36,5, 18, 10, 9, 20, 33, 40),
B = ¢t (B)=(1,2,21,16,32,8, 10,20, 5, 37, 33, 39, 18, 36, 9).

Thus
¢H(D)={A"-2'|0<i=<9) U (B -2'|0<ix=<3)
is an isomorphic copy of D whose blocks are all zero-sum in Fy4;.

Even though we are still not able to use Theorem 6.4 to get an infinite class of additive
path-designs, combining the “coseted strategy”’with some computer search it is possible to
obtain several “promising”constructions as, for instance, the next one. In the following, any
copy of K5 \ e (the complete graph K5 with one edge deleted) will be given by indicating
the set of its vertices underlining the extremes of the deleted edge.
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Theorem 6.8 Let v = 5 (mod 9) and suppose that there exists an optimal (Zy,, K5 \ e, 1)
difference packing where each base block is of the form {0, a, b, ¢, d} withd = v — c. Then
there exists an additive (K7, P1o)-design.

Proof Set v = 9n + 5. Then an optimal (K»,, Ks \ e, 1) difference packing has size n, say
F ={Bi, ..., B,}. By assumption, for 1 <i < n, there are suitable elements a;, b;, ¢; € Zy
such that B; = {0, a;, b;, ¢;, d;i} with d; = v — ¢;. For each i, let us consider the 10-path

=1[0,ai,bi,ci,di,v, b +v,di +v,a; +v,c; +v].

First note that each Bi/ is coseted since V(B{) is partitioned by five cosets of {0, v} in
Zyy, that are {0, v}, {a;, a; + v}, {b;, b; + v}, {ci, c; + v}, {d;,d; + v}. Then note that
AB; = AB/ forevery i sothat 7' := {B] | 1 <i < n}is an optimal (Zz,, Py, 1) difference
packing. Finally, note that the difference leave L of 7’ has size 10 and necessarily contains
0 and v. Without loss of generality we can write L = {££1, £, 43, ££4} U {0, v} with
1<t <4ty <{l3<ly4<v.Seth; = le':1(_1)j£,i’ and consider the 10-path

A =10, 1, A2, A3, A4, Aa + v, 23+ v, A2 + v, A| + v, v].

It is readily seen that A is stabilized by {0, v}. It is also easy to check that the orbit of A is a
P1p-decomposition of Cay[Z,, : L\ {0}]. Hence F U {A} is a set of base blocks for a cyclic
(K2y, P1o)-design. Given that these blocks are all coseted, we conclude that this design is
additive by Proposition 6.2 and Theorem 6.4. O

Applying the above theorem we get the following.
Proposition 6.9 There exists an additive (K 18,410, P1o)-design for 1 <n <9.

Proof Tt is enough to exhibit an optimal (K1g,+10, K5 \ e, 1) difference packing F satisfying
the special property required by Theorem 6.8 for 1 < n < 9. These difference packings,
obtained by computer search, are displayed in the table below.

=
Kﬁ

, 1, 3, 18, 24)
2, 11}, {0, 13,31,21,2}
,25), {0, 5, 14, 35,61} {0, 12,28, 53, 43}
,34}, {0,5,13,52,71},
, 73,50}, {0, 28, 38, 53, 70}
“43), {0, 5, 13,56, 94}, {0,20, 74,91, 59}
, 63,87}, {0,31, 52, 86, 64}
,52), {0, 5, 13, 22, 37}, {0, 10, 28, 70, 107},
, 74,103}, {0, 25, 65, 77, 100}, {0, 16, 54, 104, 73}
,3,7,61}, (0,5, 13,22, 46}, {0, 10, 21, 74, 130},
2,40, 87, 117}, {0, 14, 37, 79, 125},
5,35, 85,119}, {0,38, 67,93, 111}
,3,7,70}, (0,5, 13,22, 55}, {0, 10, 21, 83, 148},
2,30, 88, 143}, {0, 34, 48, 86, 145}, {0, 36, 60, 139, 92},
5,44,134,97}, {0, 26, 61, 100, 131}
3,7,79), 10,5, 13,22, 64}, {0, 10,21, 33, 53},
,29,97, 161}, {0, 16,57, 106, 152}, {0, 45, 92, 148, 110},
, 74,153,105}, {0, 27,53, 114, 144}, {0, 37,71, 99, 159}
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The above seems to be a strong indication of the existence of a (K1g,+10, P1o)-design for
any n. On the other hand, finding a proof of such an existence result via Theorem 6.8 seems
to be hard. Indeed the existence problem for an optimal (K, K5 \ e, 1) difference packing is
clearly much more difficult than the existence problem for an optimal (K, K4, 1) difference
packing, which is equivalent to an optimal (v, 4, 1) optical orthogonal code. Now the second
problem has been recently solved by Tao Feng et al. [35-37] but that took more than 40
years!

Some strategies similar to that of Theorem 6.8 lead to many other examples of coseted
(Ky, Py)-designs. On the other hand, for the time being, we do not have any infinite classes
yet.

7 Two infinite classes of additive (K, , My, )-designs

Recall that My denotes the k-matching, i.e., the graph of order 2k consisting of k disjoint
edges. The existence of (K, Mo )-designs for all admissible values of v, k (i.e., k < v and
% € 7) is well known, see for instance [24]. Cyclic (K, M»;)-designs have also been
studied: Hartman and Rosa [26] considered cyclic 1-factorizations (i.e., cyclic (Kax, Mak)-
designs) and proved that these exist if and only if 2v is not a power of 2 greater than 4,
while Rees [29] proved the existence of a cyclic (K, My )-design for all other admissible
values. More generally, the case of a (K, M2y )-design admitting a sharply vertex-transitive
automorphism group was considered by Bonisoli and Bonvicini in [5].

Here we prove the existence of an additive cyclic (K, My)-design with v = 0 (mod 2k)
and 1 <k < %,andalsoforv =k + 1 (mod2k)withk > landv > k+ 1.

Theorem 7.1 There exists an additive (Komi, May) design for every pair (m, k) with k > 1.

Proof The assertion is trivial for m = 1 (see Proposition 2.7). So, in the following, we will
assume that m > 1.

Let G = Zomi andlet H be the subgroup of G of order k,hence H = {(2mi |0 <i < k—1}.
Set X = {1,2,...,mk — 1}\H and for each x € X, consider the k-matching A, of the
complete graph on G defined by

Ay = {{h,x+h}|heH}.

For every x € X the G-stabilizer of A, is clearly H and the G-orbit of A, is a My-
decomposition of Cay[G : {x, —x}]. Now distinguish two cases according to the parity of
k.

Ist case: k is odd.

Note that

B= {{mi,—mi} I 5i5k—1}u {{O,mk}}

is a k-matching of the complete graph on G whose G-stabilizer is {0, mk}. Also, the G-orbit
of B is a My;-decomposition of Cay[G : (H \ {0}) U {mk}].

Considering that |, .y {x, —x} U (H\{0}) U {mk} = G\{0}, we conclude that {A, | x €
X} U {B} is a set of base blocks for a cyclic (Kzmuk, Mok )-design.

2nd case: k is even.
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Consider the following k-matchings of the complete graph on G:
/ . . . .k
B ={{mi,—mi} |1 <i<k-—1;i 7&5 Ui{l, =1}, {mk — 1, —mk + 1} ¢;
C= l{mi,m(i+k)}|0§i <k-— 1}.

The stabilizers of B’ and C are {0, mk} and (m), respectively. Also, the orbits of B” and C are
Mjj-decompositions of Cay[G : (H \ {0, mk}) U{2, —2}] and Cay[G : {mk}], respectively.
Reasoning as in the first case, we can say that {A, | x € X\{2}} U {B’, C} is a set of base
blocks for a cyclic (Komk, Moy )-design.
Both in the first and second case all the base blocks have non-trivial stabilizer. The assertion
follows from Corollary 6.5. O

To prove the additivity of a (K,, Max)-design with v = k + 1 (mod 2k) and k odd is
significantly less easy. From now on, given two integers a and b, we denote by [a, b] the set
of all integers n witha < n < b.

We shall use Skolem sequences: recall that a Skolem sequence of order n is a sequence
S = (s1, ..., sp) of n integers, such that

U{s,-,s,-+i}=[1,2n] or [1,2n + 1]\ {2n}. 3)
i=1

In the first case the sequence is said to be ordinary whereas it is said hooked in the
second one. It is well-known that a Skolem sequence of order n exists for any value of
n. For a survey on Skolem sequences, their variants, and their use in the construction of
combinatorial designs, we refer to [23].

We also need the notion of a graceful or near-graceful cycle. We recall that a graph I of
size s is graceful (or near-graceful) if there exists a copy B of I with vertices in [0, s] such
that AB = £[1, s] (or £[1, s + 1]\ {x} for a suitable x). Such a B is said to be a graceful (or
near-graceful) labeling of I'. If B is a near-graceful labeling, the element x of [1, s + 1]\ AB
is the “missing edge label”’of B. We refer to [25] for a very rich survey on the huge literature
on graceful graphs. We need the following.

Lemma 7.2 The k-cycle is graceful if and only if k = 0 or 3 (mod 4). Also, the k-cycle admits
a near-graceful labeling with missing edge label k if and only if k = 1 or 2 (mod 4).

The first result is very well-known; it can be found in the seminal paper by Rosa [30], which
started much of the research on graceful topics. The second result was given by Barrientos
(see Theorem 1 in [2]).

We need another auxiliary lemma.

Lemma 7.3 Let2v = 2mk + k + 1 with k > 3 odd, and assume that there exists an optimal
(Zay, Cy, 1) difference packing F with the following properties:

(1) B is vertex-disjoint with B + v for every B € F;
(2) ifm =1, thatisto say F = {B1}isasingleton, then AB1 = £[1, k] or £([1, k+ 1]\ {k}).

Then there exists an additive (K2, , Mo )-design.
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Proof Let F = {By, ..., By} be an optimal difference packing as in the statement and let L
be its leave. For each B; = (b; 0, b1, ..., bi k—1) € F consider the set Bi’ of edges of K>,
defined by

B/ = {{bi,jv bij+1+v}|0=<j<k— 1}

where it is understood that b; = b; o. Considering that B; and B; + v are vertex-disjoint by
assumption, it is clear that Bl./ is a k-matching of K»,. Note that we have AB; =(AB;)+v

and hence we see that 7' = {Bj{, ..., B),} is an optimal (Z,, M2, 1) difference packing
with difference leave L' := L + v.

Assume first that m > 1 and set L' = {&4q, ..., +lk-1),2} U {0, v}. Now construct,
iteratively, a sequence (xp, ..., xk—1);2) of elements of Z, as follows. Start taking x;

arbitrarily in Zy, \ {0, v} and then, once that x;_; has been chosen, take x; arbitrarily in the
set

Xi =7y \ (Y; U (Y; —¢;) U {0,v})
where
Y,‘:{Xj, xj—i—Kj,xj—i—v, xj+£j+v|1§j§i—1}.

Note that this is possible since the “forbidden set" ¥; U (Y; — ¢;) U {0, v} has size at most
equalto8(G —1)+2 <8- % + 2 < 2v since we are assuming m > 1.
This choice of the elements x; easily implies that the set of edges

k—1
Bé:{{xi, xi +4;), {xi +v, xi+£i+v}|1§i§T}U{0aU}

is a k-matching of K»,,. Note that its stabilizer is {0, v} and that its orbit is a My-
decomposition of Cay[Zs, : L'\ {0}]. We conclude that {B;, B}, ..., B} is a set of base
blocks for a cyclic (K2, M) design.

Now consider the case m = 1 so that 7 = {B;} and we have either AB; = %[1, k] or
AB; = £([1, k + 11\{k}.

If we have AB; = =£[1, k], it is easy to see that we have L' = =£[I, k%l]. Let o =
(81, - -+, Sk-1)/2) be a Skolem sequence of order % and consider the set of edges

k—1
B():{{s,', si+i}), {si + v, si+i+v}|1§i§T}U{0,v}~

The fact that o is a Skolem sequence guarantees that B, is a k-matching and then, reasoning
as in the case m > 1, we deduce that {B(’), Bi} is a set of base blocks for a cyclic (K2, Max)
design.

Now assume that we have ABy = *([1,k + 1] \ {k}). In this case we can see that
L' = £([1, %] \ {%}). Let (s1, ..., Sk+1)/2) be a Skolem sequence of order % and
consider the set of edges
+1 k—1

i1 £ —— ¢ U{0, v},
5 #* 2 } {0, v}

k
Bé={{si, si+ih {si+v, si+it+vl|1<i<

Also here it is easy to deduce that {Bé, Bi} is a set of base blocks for a cyclic (K2,, Max)
design.

So, in every case, we have been able to construct a set {B)), Bi, ..., B} of base blocks
for a cyclic (K7,, My) design. Observing that, in every case, all the blocks Bi’ are coseted,
we get the assertion from Proposition 6.2 and Theorem 6.4. O
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We are finally ready to prove one of the main results of this paper.

Theorem 7.4 There exists an additive (Ko,, Moy)-design whenever 2v = 2mk + k + 1 with
k > 3 odd and m > 0.

Proof For m = 1, by Lemma 7.3 it is enough to have a k-cycle By with vertices in Z, such
that By N (Bj + v) is empty, and ABj is either [1, k] or £([1, k + 1] \ {k}). Fork =3
(mod 4) we can take a graceful labeling of C; which exists by Lemma 7.2. For k = 1 (mod
4) we can take a near-graceful labeling of Cj with missing edge label k which, again, exists
by Lemma 7.2.

Now assume that m > 1. By Lemma 7.3 it is enough to find an optimal (Zy,, Ci, 1)
difference packing {Bj, ..., By} in which each B; is vertex-disjoint with B; + v. This can
be done along the lines of the proof of Theorem 2.2 in [12] where, in particular, a perfect
(Z,, Cx, 1) difference packing is essentially given for every pair (v, k) with v = 1 (mod 2k).
Here, however, we have to be careful since we need the extra property that each block B; has
to be disjoint with its translate B; + v.

In each of the following cases (s1, . . ., s;,) Will denote a fixed Skolem sequence of order
m.

Case 1: k = 3, hence 2v = 6m + 4.

For1 < i < m, take B; = (0, —i,s; + 3m + 2). The set of differences from the
edges {0, —i} is £[1, m]. Then, using (3), we see that the set of differences from the edges
{—i,si+3m+2}and {s; +3m+2,0}is £([m+1, 3m+1]\{£}) with£ = m+1 orm+2. Thus
{B1, ..., By}isanoptimal (Z;,, Ck, 1) difference packing with leave L = {0, £¢, 3m + 2}.
The fact that B; and B; + v are vertex-disjoint for any i is pretty obvious.

Case 2: k = 5, hence 2v = 10m + 6.

Forl <i <m,take B; = (0, s; +1i, i, —2m — 1, i + 3 m + 2). The differences
from the edges {0, s; + i} and {s; + i,7} is [1,2m + 1]\ {h} with h = 2m + 1 or 2m in
view of (3). The list of differences from the edges {i, —2m — 1} is £[2m + 2,3m + 1]
whereas the list of differences from the edges {—2m — 1, i + 3m + 2} is £[4m + 3, 5m + 2].
Finally, the list of differences from the edges {i + 3m + 2, 0} is £[3m + 3, 4m + 2]. We
conclude that {By, ..., By} is an optimal (Z;,, Cs, 1) difference packing with difference
leave L = {0, £h, =(3m + 2), 5m + 2}. Finally, it is easy to see that B; and B; + v are
vertex-disjoint for any i.

Case3: k=3 (mod4), k >17.

For 1 < i < m, consider the k-cycle B; = (b; 0, b; 1, ..., bir—1) with vertices in Z,
defined as follows.

k—1

bio = 0; bij1 = —si; bi,k—1=i+m'T+1§
i+(—Dm forl<j<k3,
bioj =
i+ jm for%gjf%
. . k-—3
bisjy1=—(G+1m—1 forl <j< —

Here is, for instance, the cycle B; in the case k = 11, so that 2v = 22m + 12.
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—Si i —2m — 1 i+m —3m —1
Bi= 0
i+5m+1 —5m — 1 i+4m —4m — 1 i+3m
With some patience, it is not difficult to check that {Bj, ..., By} is an optimal (Z3,, Ci, 1)

difference packing as required by Lemma 7.3 with difference leave L = £[mk + 2, mk +
k%l] U {0, =€, v} with £ = 2k + 1 or 2k according to whether (sy, ..., s,,) is ordinary or
hooked, respectively.

Case4:k=1(mod4),k > 9.
Forl <i <m,let B; = (b; 0, bi 1, ....b;i k1) bethe k-cycle with vertices in Z,,, defined
as follows.
. k+1
bio=0; bi1=-s; Dbin- =l+m'T+1;
i+(—Dm forl<j=<*%h
bizj = 3 3
i+jm  fortH < j< k3
—(j+bm—1 forl<j=<r
bipjy1 =

—(j+l)m—k2;1f0rk4i3§j§%.

Here is, for instance, the k-cycle B; in the case k = 13, hence 2v = 26m + 14.

—; i —2m —1 i+m —3m — 1 i+2m
Bi=0
i+7m+1 —6m — 6 i+5m —5m —6 i+4m —4m — 1
Also here, one can patiently check that {By, ..., B;,} is an optimal (Z;,, Ci, 1) difference
packing as required by Lemma 7.3. O
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