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Abstract—We discuss calibration issues in wideband (2-20
GHz) surface impedance measurements in a cryogenic and high-
magnetic-field environment. We show that, in the case of mea-
surements taken on superconducting thin films, the substantial
impossibility of a full, three-standard calibration can be partially
overcome by exploiting appropriate approximations and the basic
properties of superconductors. We discuss a modification of the
so-called “short-only” calibration, in order to increase the accu-
racy of the measurements. We relate the material properties of a
sample under study to the measured surface impedance, which
is affected by the geometry of the measurement, and we discuss
the effects on the proposed approximate calibration procedure.
We check experimentally the applicability of the approximations
at the ground of the method, and we discuss thoroughly the
uncertainties related to the approximations employed. Finally,
we report sample measurements of the surface impedance of
two MgB2 superconducting films.

Index Terms—

I. INTRODUCTION

Radio frequency and microwave measurement techniques
for the investigation of material properties [1] are of tremen-
dous interest in many fields involving both applications and
fundamental research: they are used to measure the complex
permittivity of dielectrics [2], [3], of interest for biomedical
applications [4], [5], for telecommunications [6], for geologi-
cal exploration [7], as reference materials in the calibration and
standardization of the measurements systems [8]. In the study
and characterization of magnetic materials, they enable the
measurement of the complex permeabilityof, e.g. ferrites used
in microwave circuitry [9] and electromagnetic absorbers used
in communication systems [10]. Finally, they are also exploited
in the determination of electrical transport properties of various
conducting materials, such as in the non-destructive resistivity
mapping of semiconductors [11], in the complex conductivity
σ measurements of conductive engineered composites [12] and
in the study and characterization of superconductors [13]–[22].

The microwave techniques fall broadly in two classes:
resonant and wideband. We are here interested on the latter: the
sample to be measured is placed within a waveguide or coaxial
structure, or even in free space, and the electromagnetic wave
transmission and/or reflection through/from the sample are
measured, ultimately yielding the surface impedance of the
sample in a wide range of frequencies.
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The definition of “wideband” is rather fuzzy: in some
cases a range covering a single waveguide band is considered
to be wideband, while in other cases several decades in
frequency are considered. In this paper we focus on the
wideband Corbino disk technique, tailored in the specific case
for the complex conductivity measurement of superconducting
thin films. We have developed and recently presented [23]
a technique capable to assess the properties of the sample
under study at least in the range 1–20 GHz. Similarly to
other realizations [17]–[22], the method is based on the
measurement of the complex reflection coefficient Γm at the
input of a coaxial line terminated by the film (Corbino disk).
Since a coaxial structure, contrary to waveguides, supports
TEM modes, the operative frequency range spans in principle
between d.c. and the cutoff frequency of the cable. The
technique is conceptually the same as the so-called open-ended
coaxial probe largely used in the permittivity measurement of
liquids [24], but two main important differences justify the
specific treatment to the case of conducting samples. First,
a good electrical contact between the coaxial probe and the
sample is fundamental, whereas on liquids this problem is
simply absent. Second, the measurement of high conductivity
materials in a cryogenic environment makes the essential
aspect of the calibration of the line a very complicate, and
somehow non fully solvable, problem.

Aim of the technique is to obtain measurements of the
complex resistivity ρ̃ (or complex conductivity σ̃ = 1/ρ̃) of a
superconducting sample, in the shape of a thin film deposited
on a suitable dielectric substrate. Thus, the determination of
the sample complex resistivity requires several distinct and
specific steps: first, the reflection coefficient at the sample
location Γ0 must be obtained from the measured reflection
coefficient through a proper calibration of the line contribution.
Then, the effective complex surface impedance Z = R + iX
[25] of the sample, depending essentially on its complex con-
ductivity and thickness, is derived according to the textbook
expression [26]:

Z(ν) = Z0
1 + Γ0(ν)

1− Γ0(ν)
(1)

where Z0 is the characteristic impedance of the line and ν is
the measurement frequency. Finally, the complex resistivity ρ̃
must be related to the effective complex surface impedance Z,
which is strongly affected by the geometry of the sample.

The various issues involved in the entire procedure are
addressed in the paper as follows. In Sec. II we define the
measurand Z and the relation with the material property ρ̃
in the Corbino disk geometry, including some useful ap-
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Fig. 1. Graphical sketch of the geometry at the boundary between the
connector and the sample under study.

proximations and the estimate of the deviations occurring in
their use. In order to focus the main issues in a practical
environment, we describe in Sec. III a typical experimental
setup. In Sec. IV we address the approximations involved in
the partial calibration proposed, and we thoroughly discuss
and estimate the uncertainties involved. In Sec. V we present
experimental data to check the approximations used, as well
as sample experimental data for the surface impedance of
superconducting MgB2 samples. In Sec. VI we summarize
and conclude.

II. THE MEASURAND AND THE MATERIAL PROPERTY

The present work is focused on the wideband measurements
of superconducting materials, in the shape of thin films. The
effective surface impedance Z (or, as we will see later, its
variation with an external parameter) is the desired measurand.
However, it is related in a nontrivial way to the material
property, ρ̃. Thus, there is the need to investigate the relation
between ρ̃, Z and Γ0. Eq. (1) relates the reflection coefficient
at the sample surface to the effective surface impedance. We
will show in Sec. IV that the specific properties of super-
conductors are of paramount importance in the approximate
calibration procedure that we propose, in order to relate
the measured (at the location of the VNA, Vector Network
Analyzer) reflection coefficient to Γ0. In the present Section
we explore the connections between Z and ρ̃. In doing so,
it will be useful to state the results in terms of the surface
admittance, Y = Z−1.

The structure under study is a thin superconducting film, of
thickness ts, deposited onto a dielectric substrate of thickness
td, and backed by a metal block (See Fig.1). It is possible to
model the conducting structure as laterally infinite [27]. The
structure to analyze becomes then a coaxial line in contact with
a laterally infinite (super)conducting film/dielectric/metal (the
so-called “open ended” geometry). In this case, the effective
admittance Y has been calculated [27]. The result can be cast
in the following compact form:

Y =

∫ +∞

0

K(ζ, k0)Yeff (ζ)dζ (2)

where K(ζ, k0) = [J0(k0bζ) − J0(k0aζ)]2/[ζ ln (b/a)], J0 is
the zeroth-order Bessel function, a (b) is the inner (outer)
radius of the coaxial line, and

∫∞
0
K(ζ, k0)dζ = 1. Eq.

(2) contains implicitly all the complications of the layered
structure. Let us indicate with j = s, d,m the index of the
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Fig. 2. (a) Ratio of the effective surface reactance and resistance, X/R, in a
typical superconducting film (see main text): it is evident that, in the normal
state (xn = 1), the imaginary part is negligible in the frequency range under
scrutiny. (b) Effective surface reactance X vs ν: it is immediately seen that
X � Z0; together with X/R � 1, panel (a), it validates Γ0 ' −1 in the
superconducting state.

material involved (superconductor, dielectric substrate, metal
backplate, respectively). For each material one writes:

Yj(ζ) = ωε0ε̃j/kj(ζ) (3)

kj(ζ) = k0

√
ε̃j − ζ2 (4)

ε̃j = ε′j + iε′′j − i
1

ε0ρjω
(5)

where k0 = ω/c, c = 1/
√
ε0µ0 is the speed of light in

vacuum, ε0 is the permittivity of the vacuum, ω = 2πν is
the angular frequency, and ε′j + iε′′j and ρj are the relative
complex permittivity and the resistivity of the material “j”,
respectively. In our geometry, for Yeff one has [27], [28]:

Yeff (ζ) = Ys(ζ)
Ȳd(ζ) + iYs(ζ) tan[ks(ζ)ts]

Ys(ζ) + iȲd(ζ) tan[ks(ζ)ts]
(6)

Ȳd(ζ) = Yd(ζ)
Ym(ζ) + iYd(ζ) tan[kd(ζ)td]

Yd(ζ) + iYm(ζ) tan[kd(ζ)td]
(7)

We will make use of Eq. (2) to obtain Z. We note that
the effect of the substrate can affect strongly Yeff [29].
However, in the present case several useful simplifications
of the rather complex Eq. (2) take place: if the film is
sufficiently thin, so that |ksts| � 1, one can approximate
tan[ks(ζ)ts] ' ks(ζ)ts; if the substrate is insulating, one
usually finds Ȳd � Ys (in very large permittivity dielectrics
this is not fullfilled at specific frequencies [30]); in Eq. (5) one
can neglect ε′j+iε′′j for the s and m materials, and ε′′j−1/ε0ρjω
in a typical dielectric employed as a substrate. Using these
approximations, it is possible to show that

Y ' iωε0ε̃sts +

∫ ∞
0

K(ζ, k0)Ȳd(ζ)dζ (8)
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Since we are dealing with superconducting materials, one
finds two important properties that will prove useful in the
calibration procedure (Sec. IV). First, in the normal state ρs
is real [31], so that in Eq.(8) iωε0ε̃sts = ts/ρs. Second,
deep in the superconducting state ρs ' iωµ0λ

2, where the
London penetration depth λ ∼ 50 ÷ 500 nm [31]. One then
has ε̃s ' −(c/ωλ)2 � 1, and with some algebra one gets:

Y ' i
1

ωµ0λ
tanh

ts
λ

(9)

Eq. (9) has the immediate important result (see Sec. IV) that
deep in the superconducting state, since |Y | � Y0 = Z−1

0 (or,
which is the same since X � R, X � Z0), Eq. (1) yields
Γ0 ' −1.
To illustrate the preceding properties, we present in Fig. 2
a subset of the simulations of Z, obtained with the fol-
lowing parameters: td = 0.5 mm, ε̃d = 9, ts = 150 nm,
ρs,n = 3·10−7Ω·m (in the normal state), λ = 150 nm. We
took for illustrative purposes the two–fluid model [31]: ρs =
[xn/ρs,n − i(1− xn)/ωµ0λ

2]−1, where xn ∈ [0, 1] describes
the transition from a normal (xn = 1) to a superconducting
(xn = 0) state. As it can be seen, the calculations fully support
the results here depicted.

III. EXPERIMENTAL SETUP

The calibration scheme that we propose is intended to apply
to a cryogenic line (temperatures T down to 3 K), in presence
of strong magnetic fields (µ0H ≤14 T). The ultimate goal
is to obtain measurements of the complex conductivity (or
of the complex resistivity) of a thin superconducting film as
a function of the temperature, applied magnetic field, and
frequency. It is clear that such requirements are particularly
challenging with respect to the calibration of a coaxial line.

The scheme of the measurement apparatus used in Sec. V is
provided in Figure 3. The temperature is varied by controlling
the liquid Helium flow, and the magnetic field is supplied
by a superconducting solenoid. The VNA is connected to the
sample by a commercial coaxial cable (cutoff frequency: 60
GHz), terminated on the sample by a double-spring, custom-
made connection [19] using a launcher and a tiny, cone-shaped
pin inserted in the center conductor of the launcher: a good
contact between the terminal section of the coaxial cable and
the sample under test is critical in order to minimize the
parasitic contact impedance (mainly resistive and capacitive).
The need for stable electrical contact between room temper-
ature Tr and cryogenic temperatures (down to Tmin ∼ 3 K)
dictates the technical solution. Of course, all the assembly
(line, connectors, etc) has to be nonmagnetic up to 14 T.

The features necessary to operate in a cryomagnetic envi-
ronment affect heavily the properties of the line, and ultimately
the feasibility of an accurate calibration. First, the temperature
is varied at the sample location: different sample tempera-
tures produce different temperature gradients, and different
responses of the line. Second, the high magnetic field requires
that the VNA is placed far from the cryostat. The microwave
line is thus very long (1 meter inside the cryostat and 2.5
meters outside), with deleterious effects on the attenuation, on
the noise and on the phase stability. Finally, the double-spring

Fig. 3. Scheme of the measurement apparatus and of the custom–made
connector.

connector does not completely solve the issue of parasitic
capacitance, acting as a high–pass on the signal. As a result,
measurements above 35 GHz and below 1 GHz are basically
unreliable, and rather noisy above 20 GHz. The use of a 60
GHz cable is however justified: the small cable ensures less
heat transfer to the sample. Moreover, pure TEM wave is
ensured by the very high cutoff frequency.

The desired measurand, Z, is linked to the complex reflec-
tion coefficient measured at the VNA location. Two kinds of
measurements can be made during a measuring session: the
collection of a set of curves at fixed magnetic field H0 and
different temperatures T , Z(ν;T,H0) (“temperature sweeps”),
or at different magnetic fields H and fixed temperature T0,
Z(ν;T0, H) (“field sweeps”). The dependencies on ν, T,H
will be often omitted in the following for the sake of com-
pactness.

IV. CALIBRATION OF THE CRYOGENIC LINE

A. The problem

As anticipated in the introduction, the main problem dealt
with in this paper is how to extract the surface impedance Z(ν)
of the sample from the reflection coefficients Γm(ν) measured
at the beginning of the coaxial cable. In principle, Γ0(ν) can
be extracted from the measured Γm(ν) through the standard
relation [25], [26]:

Γm = S11 +
S21S12Γ0

1− S22Γ0
(10)

where Sij are the scattering coefficients of the line1. In the
ideal case, S11 = S22 = 0 and S12 = S21 = 1. For the
analysis that will follow, a very relevant feature of Eq.(10)
resides in the fact that the forward and reverse trasmission
coefficients, S12 and S21, do not appear individually, but only
as a product. The immediate consequence is that, in order
to describe the line behaviour in this situation, where the
measurement is performed at the port 1 of the line and the load
is connected at the port 2 of the line, only three parameters
need to be determined: S11, S22 and the product S21S12.
The full one–port line calibration requires their determination
by measuring the response of three accurately known loads,
typically a short, an open and a matched load. This is feasible

1For the ease of comparison with the literature, we remark that in this con-
text one often finds the notation Ed, Es, Er instead of S11, S22, S21S12,
respectively [17]–[21].
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for the portion of the line between the VNA and the cryostat:
this segment can be fully calibrated with the standard method,
and its contribution then fully accounted for. Operatively, this
is done, following the standard procedure, by storing these
calibration coefficients in the VNA memory and by instructing
the VNA to directly apply the calibration correction to the
subsequent measurements. Proceeding with care, within a well
thermalized environment in the laboratory, a daily calibration
of the line connecting the cryostat to the VNA is sufficient and
commonly done. However, the cryogenic part of the line can-
not be easily calibrated in such a standard fashion, for several
reasons. First, the “calibration standards”, which require accu-
rate construction, characterization and modelling, are available
at room temperature only. Second, the scattering coefficients
of the cryogenic line depend on the sample temperature and
temperature profile of the whole cable (even if, with the proper
nonmagnetic choice for the assembly, they do not depend on
magnetic field). The latter is highly nonreproducible. Thus, a
full calibration of a cryogenic line in a practical environment
is not feasible. In particular, one should note that the issue
related to the temperature profile are particularly deleterious
for the reproducibility of the phase of the cable assembly. We
will show that this aspect affects mostly the accuracy of the
measurement of the surface reactance X .

In order to cope with this issue, various approaches have
been devised and followed. In Ref. [17], a weak tempera-
ture dependence was assumed for S11 and S22, that could
be obtained by a full calibration at Tr. Then, by using a
reference measurement at cryogenic temperature performed on
the same superconducting sample to be measured, the product
S21S12 was recomputed at low T obtaining an approximate
cryogenic recalibration (“short–only” calibration [20]). Alter-
natively, three custom standards were built [18], [20], [21],
inevitably of lower quality than those used in metrology and
for laboratory grade VNA calibrations. Then, a lengthy (three
distinct cool-down) full calibration of the line (with great
attention in keeping a highly reproducible T gradient) could be
performed. The need for an appropriate cryogenic calibration
is a widespread issue, that becomes even more complex when
two-port devices have to be probed. In this context, alternate
approaches have been developed [32], [33]. However, in most
cases involving the one–port calibration, it was observed that,
when dealing with superconductors, a measurement performed
on the sample under study at a reference T ensured better error
corrections.

The main issues concern mostly the phase of the line
scattering coefficients, which is extremely sensitive to the
temperature distribution on the entire coaxial line and to the
contact impedance between the coaxial probe and the sample
or the standards. Given the complexity of the system, both
the T distribution and the contact impedance suffer from
reproducibility issues despite the strenuous efforts spent in that
direction. Thus, whenever feasible, a reference measurement
on the sample itself proves to be a superior calibration since
it ensures identical contact between the two measurements
and the same thermal condition on the line. This choice
obviously limits the application of this kind of calibration
to the cases where the sample itself presents a substantial

change in the reflection coefficient, driven by some external
parameter (a superconductor is the most evident example): it
is essential that the sample remains in situ, any removal of
the sample would void the reliability of this technique. We
describe in the following our contribution to the improvement
of this procedure, providing a discussion and an evaluation of
the uncertainties involved in the measurement and calibration
process.

B. Partially calibrated reflection coefficient Γ̃0(ν)

The basic idea is to proceed by incremental calibrations with
suitable approximations. At the beginning of the experiment
we determine the scattering coefficients S11, S22 and the
product S21S12 of the internal cable at room temperature
Tr, by performing the standard one–port calibration: three
“calibrated”, i.e. with the calibration correction for the outer
line directly applied, measurements of Γm are performed by
placing at the lower end of the inner cable the three calibration
standards (load, short and open) after having removed the
final launcher, which constitutes the Corbino connector. This
step implies that the Corbino connector is inevitably not
accounted for in the calibration scheme. Using Eq. (10), we
define a partially calibrated reflection coefficient Γ̃0(ν;T ) as
(we omit the explicit frequency dependence for the sake of
compactness):

Γ̃0(T ) =

Γm(T )− S11(Tr)

S21(Tr)S12(Tr) + S22(Tr) (Γm(T )− S11(Tr))
. (11)

The uncertainty u(Γ̃0) can be derived from the uncertainties
on Γm and S11, S22 and S21S12 as a standard combined
uncertainty [34], [35]. The uncertainty u(Γm) on the (com-
plex) quantity Γm, which is a VNA calibrated measurement (it
includes the calibration of the coaxial line outside of the cryo-
stat) is provided by the manufacturer as a function of ν and of
|Γm|. For frequencies ν ≤ 20 GHz, and for high |Γm| (we are
considering conductive samples), u(|Γm|) = 0.005–0.02 and
u(Arg(Γm)) = 0.01–0.02 rad [36]. The room–temperature
scattering coefficients S11, S22 and S21S12 of the inner line are
computed performing three room temperature calibrated mea-
surements Γm,S|O|L, with the calibration standard Short, Open
and Load, respectively, at the lower end of the inner coaxial
line. Hence u(Γm,S|O|L) is conceptually the same as u(Γm).
Since |Γm,S|O| ' 1 and Γm,L ' 0, u(Γm,S|O) = u(Γm) and
u(|Γm,L|) = 0.008 [36]. Propagating the uncertainties to S11,
S22 and S21S12 [37]–[39] and ultimately to Γ̃0, the computa-
tion yields u(|Γ̃m|) = 0.008–0.03 and u(Arg(Γ̃m)) = 0.016–
0.032 rad. We discuss in the following the additional terms
and the role of the approximations.

If the scattering coefficients were temperature independent,
Eq. (11) would yield Γ0. Putting Eq. (10) into Eq. (11) one
has:

Γ0(T ) =
D(Γ̃0(T );T, Tr)

S21(T )S12(T ) + S22(T )D(Γ̃0(T );T, Tr)
(12)
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where the auxiliary function D(Γ̃0(T );T, Tr) is given by

D = S11(Tr)− S11(T ) +
S21(Tr)S12(Tr)Γ̃0(T )

1− S22(Tr)Γ̃0(T )

In view of the approximations that will follow, with a bit
of algebra the above equation can be recast in the following
form:

Γ0(T ) =
1

α(T )
Γ̃0(T )A(Γ̃0, S11, S22, S21S12, Tr;T ) (13a)

α(T ) =
S21(T )S12(T )

S21(Tr)S12(Tr)
(13b)

A =
1 +B

1 + CS22(T )Γ̃0(T )
(13c)

where we defined

B = − ∆S11

S21(Tr)S12(Tr)Γ̃0(T )
(1− S22(Tr)Γ̃0(T ))

C = B
S21(Tr)S12(Tr)

S21(T )S12(T )
+

∆S22

S22(Tr)
− ∆(S21S12)

S21(Tr)S12(Tr)

and ∆Sii = Sii(T ) − Sii(Tr) and ∆(S21S12) =
S21(T )S12(T )−S21(Tr)S12(Tr) reflect the temperature vari-
ations of S11, S22 and S21S12.

In principle, Eq.s (13) can be used in Eq. (1) to obtain
Z. Among the various factors which yield Γ0, Γ̃0 has been
already derived and u(Γ̃m) evaluated. We now discuss the
multiplicative factor A. During room temperature calibrations,
we found |S11| and |S22| to be quite generally no more
than 10% of |S21S12|, which is instead of the same order
of |Γ̃0| ' 1 since we are focused on highly conductive
samples. Moreover, the analysis of the frequency dependence
of their phases shows that the main VSWR contribution to
|S11| comes from the cable segment near the entrance of the
cryostat, where the coaxial feedthrough is located. Since this
cable end is thermally anchored to Tr, we do not expect
|S11| to change by more than 10% for any variation of the
temperature profile of the whole cable. In reciprocal, weakly
lossy two-port networks, |S11| ' |S22| [25] so that we expect
the same behaviour for |S22|. In addition, by measuring Γm at
the minimum cryogenic temperature Tmin at which Γ0 ' −1
(see Sec. II and V-A), and assuming Sii(Tmin) ' Sii(Tr), by
inverting Eq.(10) one can obtain a rough, worst-case estimate
for S21(Tmin)S12(Tmin) indicating that also S21S12 does
not change by more than 10%. Thus |S11(Tr) − S11(T )| '
10−2|S21S12Γ̃0|, |S22Γ̃0| ' 0.1, |∆S22/S22| ' 0.1 and
|∆(S21S12)/(S21S12)| ' 0.1.

As a consequence, one finds A = 1 + δA with |δA| � 1,
so that A, which cannot be fully evaluated since the scattering
coefficients at cryogenic T are not available, can be taken ' 1.
The uncertainty u(A) introduced by the latter approximation
can be evaluated using the above written estimates for the
moduli of the various coefficients. It can be shown that
u(|A|) = 0.03. Assuming the worst case scenario of generic
uncorrelated phases for all the complex quantities appearing
in A, the uncertainty on its phase can be derived, obtaining
u(Arg(A)) = 0.03 rad.

By taking A = 1 in Eq. (13a), it can be seen that Γ0 differs
from the measured Γ̃0 only by the multiplicative complex
coefficient α−1(ν, T ) = S21(Tr)S12(Tr)/(S21(T )S12(T )).
Hence, not surprisingly, the main contribution to the deviation
between Γ0 and Γ̃0 originates from the forward/reverse trans-
mission of the internal cable: as discussed later, this occurs
mainly in terms of phase contribution, due to the temperature-
induced changes in length.

This coefficient depends in a nontrivial way upon the
whole temperature profile of the cable so that no practical
measurement of it is possible. A rough estimate of its variation,
based on the numerical figures above provided, yield a relative
variation with temperature |∆α|/|α| ' 0.1, to be compared
with the reference value α(Tr) = 1. Nevertheless, when
performing measurements at low T . 100 K, it is reasonable
to expect that α(T ) is almost constant when varying the
temperature of the sample of a few Kelvin (for an experimental
check, see Sec. V-A); in fact, the cable is thermally constrained
at Tr at the entrance of the cryostat, so that the temperature
profile of the cable changes only slightly for such small
variations of the temperature of the sample. If this is the case,
although Γ̃0(ν) is essentially different from Γ0(ν) because of
the dominant contribution of α(T ) 6= 1 (see Eq. (13a)), the
ratios of Γ̃0(ν) are good approximations to the ratios of the
corresponding Γ0(ν). Indeed, considering two distinct but not
too far temperatures T1 and T2, using Eq. (13a), one obtains:

Γ0(ν;T1)

Γ0(ν;T2)
=

Γ̃0(ν;T1)

Γ̃0(ν;T2)

A(T1)

A(T2)

α(T2)

α(T1)
(14)

It is possible to check that, even if the deviation of α from
unity can be as high as 10%, the ratio α(T2)/α(T1) can yield a
smaller deviation from unity, down to a few percent (this point
will be extensively discussed in the following). Since the vari-
ations of Z depend on the ratios of the reflection coefficients
only, we anticipate that, to a very good approximation, they
are less affected by incomplete calibration, as it will be shown
in the following Sec. IV-C.

C. Obtaining variations of Z(ν)

In this paragraph we show that the ratio of two Γ0(ν)
determined at two different temperatures or magnetic fields is
related to the corresponding difference of impedances. Some
approximations are needed which we will discuss in the next
section. We first consider only temperature variations and then
we will extend our conclusions to the case of varying magnetic
field.

Let’s consider the difference between two curves of Z(ν)
at two different values of the temperature T1 and T2. Making
use of Eq. (1), we can write

∆Z(ν;T1, T2)
.
= Z(ν;T1)− Z(ν;T2) =

Z0

(
1 + Γ0(ν;T1)

1− Γ0(ν;T1)
− 1 + Γ0(ν;T2)

1− Γ0(ν;T2)

)
' Z0

1− Γ0(ν;T1)
Γ0(ν;T2)

1 + Γ0(ν;T1)
Γ0(ν;T2)

(15)

We write Γ0(ν;T2) = −1+δΓ2. The last approximate equality
in Eq. (15) becomes exact when δΓ2 = 0; the deviations are
∝ δΓ2. As discussed in Sec.V-A, in the practical case here
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of interest, |δΓ2| � 1. As a simple estimate, using the same
two–fluid model as in Sec. II, with xn ≤ 0.9, |δΓ2| < 10−4

at ν = 20 GHz, negligible with respect to the uncertainties on
Γ̃m and A.

We now introduce the notation ∆φj(T1;T2)
.
=

Arg[Qj(T1)] − Arg[Qj(T2)], where j = 0, m̃, α and
A refers to Γ0, Γ̃m, α and A, respectively.

If ∆φ0(ν) � 1 then ReΓ0(ν;T1)
Γ0(ν;T2) '

∣∣∣Γ0(ν;T1)
Γ0(ν;T2)

∣∣∣ and

ImΓ0(ν;T1)
Γ0(ν;T2) '

∣∣∣Γ0(ν;T1)
Γ0(ν;T2)

∣∣∣∆φ0 hold. This approximation, with
the typical values of ∆φ0 ≤ 0.1 rad (see Sec. V-A), gives
u(∆R)/∆R = u(∆X)/∆X ≤ 5 ·10−3, again negligible with
respect to the uncertainties on Γ̃m and A. In this case from
Eq. (15) one has:

∆R(ν;T1, T2) ' Z0

1− |Γ0(ν;T1)
Γ0(ν;T2) |

1 + |Γ0(ν;T1)
Γ0(ν;T2) |

(16)

∆X(ν;T1, T2) ' −2Z0

|Γ0(ν;T1)
Γ0(ν;T2) |(

1 + |Γ0(ν;T1)
Γ0(ν;T2) |

)2 ∆φ0 (17)

We stress that ∆R depends only on the ratio of the moduli of
the reflection coefficients and not upon the phase variations. In
this way the determination of ∆R requires information about
|Γ0(T1)/Γ0(T2)| only, while obtaining ∆X requires also the
knowledge of ∆φ0.

If we now make use of Eq. (14) to determine the ratio
|Γ0(T1)/Γ0(T2)| from the measured reflection coefficients,
the above expressions for ∆R and ∆X can be rewritten as
follows.

Using Eq. (14), with |A(T1)/A(T2)| = 1 and |α(ν;T1)| '
|α(ν;T2)| (small T variations), so that |Γ0(T1)/Γ0(T2)| '
|Γ̃m(T1)/Γ̃m(T2)|, Eq. (16) finally yields

∆R(ν;T ) ' Z0

1− |Γ̃0(ν;T1)|
|Γ̃0(ν;T2)|

1 + |Γ̃0(ν;T1)|
|Γ̃0(ν;T2)|

(18)

Taking ∆φA � ∆φ0, in the additional case ∆φα � ∆φ0 (see
below) so that ∆φ0 ' ∆φm̃, Eq. (17) gives:

∆X(ν;T ) ' −2Z0

|Γ̃0(ν;T1)|
|Γ̃0(ν;T2)|(

1 + |Γ̃0(ν;T1)|
|Γ̃0(ν;T2)|

)2 ∆φm̃ (19)

The corresponding relative uncertainties are:

u(∆R)

∆R
=

2|Γ0(T1)
Γ0(T2) |

1−
(
|Γ0(T1)
Γ0(T2) |

)2

u(|Γ0(T1)
Γ0(T2) |)

|Γ0(T1)
Γ0(T2) |

(20)

u(∆X)

∆X
=

1− |Γ0(T1)
Γ0(T2) |

1 + |Γ0(T1)
Γ0(T2) |

u(|Γ0(T1)
Γ0(T2) |)

|Γ0(T1)
Γ0(T2) |

2

+

[
u(∆φ0)

∆φ0

]2


1
2

(21)

where u(|Γ0(T1)/Γ0(T2)|) and u(∆0) must be evaluated
starting from Eq. (14). In the above, it can be seen that the un-
certainties depend also on the actual values of Γ0(T1)/Γ0(T2),
i.e. on the value of the Z(T2) being measured [20].

From Eq. (14), we get:

u(|Γ0(T1)
Γ0(T2) |)

|Γ0(T1)
Γ0(T2) |

=

(u(|Γ̃m(T1)|)
|Γ̃m(T1)|

)2

+

(
u(|Γ̃m(T2)|)
|Γ̃m(T2)|

)2

+

+

(
u(|A(T1)|)
|A(T1)|

)2

+

(
u(|A(T2)|)
|A(T2)|

)2

+

+

(
u(|α(T2)/α(T1)|)
|α(T2)/α(T1)|

)2
] 1

2

(22)

u(∆φ0) =
[
u(∆φm̃(T1;T2))2 + u(∆φA(T1;T2))2+

+ u(∆φα(T1;T2))2
] 1

2 (23)

where in Eq. (22) u(|Γ̃m|) is a measurement uncertainty,
u(|A|) and u(|α(T2)/α(T1)|) are approximation uncertainties.
In particular, as extensively discussed, |α(T2)/α(T1)| = 1 +
δ(|α(T2)/α(T1)|), with δ(...) � 1 comes from the weak
temperature dependence of |α(T )|. The same arguments hold
for the corresponding terms in Eq. (23).

Formulae 18–23 are the main result of this paper. They
relate the variation of impedance between two different tem-
peratures to the measured quantities. Through these formulae,
in fact, once a temperature Tref at which Γ0 ' −1 is
fixed, the differences ∆Z(ν;T )

.
= Z(ν;T ) − Z(ν;Tref )

for each temperature T can be obtained, together with their
uncertainties. In this case, Γ̃m(Tref ) and A(Tref ) have the
role of reference values, so that their uncertainties qualify
as systematic. Moreover, once all the ∆Z are known, if
a temperature T ∗ exists for which the curve Z(ν;T ∗) is
theoretically predictable or experimentally known, absolute
values of Z(ν;T ) can be extracted.

The procedure can be easily extended to the case of
measurements as a function of the applied magnetic field at
a fixed temperature T0 (field sweeps). In this case, ∆Z =
∆Z(ν;H)

.
= Z(ν;H,T0) − Z(ν;Href , T0) and the values

of ∆R(ν,H) and ∆X(ν,H) are obtained with the same
expressions as in Eq.s (18), (19) by replacing the temperature
dependence with the magnetic field dependence. With respect
to measurements as a function of temperature, there is the
additional advantage that the response of the cable is not
expected to vary by applying an external magnetic field.
This implies that α(ν) remains constant among measurements
at different magnetic fields, provided that the whole cable
has reached its equilibrium temperature profile. As a result,
the condition α(ν;H) = α(ν;Href ) required in Eq.s (18),
(19) is exactly, instead of approximately, satisfied. Moreover,
making the approximation A(H1, T0)/A(H2, T0) ' 1 involves
a smaller error, since the two coefficients A differ only through
their dependence on Γ̃m(Hi, T0).

V. EXPERIMENTAL RESULTS

A. Check of the validity of the approximations

We here discuss the validity of the approximations intro-
duced in the previous section to obtain Eq.s (18), (19). We
will use measurements performed on two thin (d ' 150 nm),
square (l = 5 mm) MgB2 films, grown on sapphire substrates
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Fig. 4. Left hand scales: modulus (blue empty circles) and phase (red full
circles) of Γ̃0(ν, T ) at fixed frequency ν = 17.5 GHz as a function of the
temperature. Right hand scale, continuous black line: DC resistivity ρdc of
the same sample. All measurements taken at zero field in sample I.

[40], and independent DC measurements and theoretical pre-
dictions. Two of these approximations concern Γ0: (i) that it
exists a pair of values {H,T} for which Γ0(H,T, ν) ' −1,
and (ii) that the variations of Arg[Γ0] as a function of
T and H are small. Two more approximations concern α:
(iii) that |α| ' const with small T variations, and (iv) that
∆φA −∆φα � ∆φ0.

In order to identify the {H,T} values for which Γ0(ν) '
−1 and for which R and/or X are known, we recall that at
H = 0 and sufficiently low T one has R,X � Z0, and then
Γ0(ν) ' −1. As discussed in Sec. II, above Tc the resistivity
ρn is real and X ' 0. We note that the sapphire substrate does
not yield anomalous substrate effects [41].

The second approximation can be checked by measuring
the temperature variations of the phase of Γ̃m. In Fig. 4
we report Arg[Γ̃m] as a function of T for H = 0 and
ν = 17.5 GHz. Measurements refer to sample I. The overall
behaviour is composed by a rather abrupt feature, located just
below Tc, over a smooth background. Since the phase of Γ0

is expected to be constant, as a function of T , both above
Tc (where Z and thus Γ0 are real) and sufficiently below
Tc (where, as discussed above, Arg[Γ0] ' π), the smooth
background originates from variations of Arg[A] − Arg[α]
and the abrupt feature from variations of Γ0. The feature
of Arg[Γ0] can be easily understood on general grounds:
in fact, Arg[Γ0] 6= 0, π only if X is comparable with Z0,
which can happen only at temperatures slightly below Tc,
since deep in the superconducting state X � Z0. Similar
results are obtained also with an applied magnetic field. The
measurements give ∆φ0 ≤ 0.1 rad, so that the approximation
∆φ0 � 1 is reasonably fulfilled for all T and H .

We show now that |α| ' const. Fig. 4 reports the measured
DC resistivity on sample I, and |Γ̃m| at 17.5 GHz. Above
Tc, since ρ is real and frequency–independent, Z is real,
and Γ0 is real and frequency independent. Moreover, for
35K< T < 45K ρDC is almost T–independent, and so is
Γ0. We observe that |Γ̃m| is approximately constant between
45 K and 35 K, and at low T it changes little and it tends to
saturate. This is consistent with the above discussion: above

Tc, Γ0 is almost independent on T ; at low T , |Γ0| ' 1. The
small variations with T can then be ascribed to variations of
|α(T )A(T )| and, since A changes by less than 3% in the worst
case, the variation of |α(T )| turns out to be much smaller than
the variations of |Γ0(T )|, as required. Thus, R can be obtained
from |Γm|.

The last approximation to be verified concerns the variations
of Arg[α] and Arg[A]. It is evident from Fig. 4 that the
abrupt variation of Arg[Γ0] at Tc is of the same order of
magnitude as the variations of the smooth background, so that
|∆φA − ∆φα| � ∆φ0 does not hold: we cannot make use
of Eq. (19) to get X from measurements as a function of
temperature. This limitation is intrinsically eliminated when
performing measurements at a fixed temperature as a function
of the applied magnetic field (field sweeps), that allow for a
determination of both the real and the imaginary part of ∆Z.

B. Obtaining the impedances

The practical method to determine the impedance Z pro-
ceeds as follows. We begin with the zero field case. First,
we choose a reference temperature Tref � Tc with respect
to which the variation of the impedance will be calculated, to
satisfy the approximation in Eq. (15). Following the discussion
of the previous subsection, the lower Tref , the better Eq.
(15) is satisfied. We then choose Tref = 4 K for our MgB2

samples.
In the present case where in fact, well within the resolution

of the method, R(4 K) = 0, the differences ∆R(ν;T, 0) =
R(ν;T, 0)−R(ν;Tref , 0) coincide with the absolute values.

For what concerns the field sweeps measurements we chose
Href = 0 for all sweeps. In this case, when the temperature
T0 at which the field sweep is performed is close to Tc, the
condition Γ0(ν;T0, Href ) ' −1 is not fully satisfied. Never-
theless, by using the values of R(ν;T, 0) obtained from the
zero field data, we can estimate in no more than 5% the error
made with the approximation contained in Eq. (15). Absolute
values of R can again be obtained by using R(0, T, ν) from
the zero–field data as obtained above.

To obtain absolute values of X we cannot make use of the
zero field data: X cannot be extracted from such measurements
due to the failure of the approximation ∆φα � ∆φ0. However
we can drive the superconductors in the normal state by
applying a strong magnetic field (above the so–called upper
magnetic field, Hc2). In the normal state, since we are dealing
with a thin film, X is expected to vanish: this general feature
of superconductors gives the desired reference point to convert
the differences ∆X(H,T0, ν) in absolute values.2

In Fig. 5a we report sample measurements taken in the
MgB2 thin film (sample I), normalized to Z0, see Eq.s (18),
(19). As discussed previously, it is not possible to obtain X
as a function of the temperature. Fig. 5a reports R/Z0. The
typical broadening of the superconducting transition with the
frequency is clearly observed, as well as the magnetic–field
dependent broadening. This figure exemplifies the potential
of the technique, in obtaining the variation of the surface

2In a bulk metal, one would have instead R = X . Also this property could
in principle be exploited, depending on the geometry of the sample.
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the frequency increases along the arrow. (b) R/Z0 and X/Z0 as a function
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Black symbols: data obtained by using the calibration procedure obtained in
this paper; grey symbols: data obtained by using the so–called “short–only”
calibration (see text). (c) Characteristic frequency ν0(T ) obtained in sample
II at two different fields (full symbols) as compared to literature data obtained
at 9.3 GHz [43] (open symbols).

impedance in an extended range of frequency, temperature, and
magnetic field. In order to better demonstrate the advantages
of the technique, we present further data taken in sample II,
where a more extensive frequency study has been performed.
In Fig. 5b, we report measurements of R/Z0 and X/Z0 at fixed
T=15 K and field µ0H=4 T. This Figure allows to compare
the improvement brought by our calibration technique over
the “short–only” calibration: we report the same data after our
improved calibration (black symbols) and after the short–only
procedure (gray symbols). The improvement in the dispersion
of the data is apparent.

We now shortly compare our results with those (few) exist-
ing in the literature. In a magnetic field, quantized flux lines
exist in the superconductor [31]. Their behavior is respon-
sible for the nontrivial frequency dependence of the surface
impedance [31], [42]. In particular, a crossover frequency ν0

exists: it approximately coincides with the midpoint of R(H)
or the peak of X(H) (see Fig.5b), and it marks a change of
dynamics of the flux lines [42]. Fig. 5c reports a comparison
of the data for ν0 obtained by the present technique, and data
derived from a more conventional resonator technique at 9.3
GHz [43]. While the exact overlap of the two sets of data
may be coincidental, it is clear that the data obtained with
the Corbino disk compare nicely to the data obtained by other
techniques.

VI. CONCLUSIONS

We have presented an improvement of the “short-only”
approximated calibration technique for the Corbino disk tech-
nique, useful to obtain swept-frequency measurements of the
surface impedance of superconducting thin films. The basic
idea is to apply incremental calibration and approximations,
using the available data for the check of the approximation
themselves.

We have discussed the relation of the measurand, the
surface impedance, with the material complex resistivity, and
obtained properties useful in the calibration process. We
have thoroughly discussed the uncertainties involved in the
approximate calibration procedure here proposed. Finally, we
have experimentally checked the approximations in the case
of superconducting MgB2 samples, and we have obtained
data of the temperature and field variations of the surface
impedance. Albeit far from metrological–grade measurements,
the present approximate calibration represents one of the
very few methods to obtain swept–frequency measurements
in superconductors.
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[6] D. Bourreau, A. Péden, and S. Le Maguer, “A Quasi-Optical Free-
Space Measurement Setup Without Time-Domain Gating for Material
Characterization in the W-Band,” IEEE Trans. Instrum. Meas., vol. 55,
2006, pp. 2022–2028.

[7] J. O. Curtis, “A durable laboratory apparatus for the measurement of
soil dielectric properties,” IEEE Trans. Instrum. Meas., vol. 50, 2001,
pp.1364–1369.

[8] A. P. Gregory, R. N. Clarke, and M. G. Cox, “Traceable measurement of
dielectric reference liquids over the temperature interval 10–50 ◦C using
coaxial-line methods,” Meas. Sci. Technol., vol. 20, Jul. 2009, p. 075106.
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