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Abstract

We consider the Toda system on a compact surface (X, g)
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where h; are smooth positive functions, p; are positive real parameters, p; are given
points on ¥ and «;; are numbers greater than —1.
We give existence and multiplicity results, using variational and Morse-theoretical meth-
ods. It is the first existence result when some of the a;;’s are allowed to be negative.
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1 Introduction

Let ¥ be a compact surface without boundary and ¢g a Riemannian metric on 3. The
SU(N + 1) Toda system is the following system of elliptic PDEs:

N
—Aui:Zaijpj(hje“f —1), iZl,...,N (1)
J=1

where A = A, is the Laplace-Beltrami operator, p; are positive real parameters, h; are
smooth positive functions and A = (a;;);; is the Cartan matrix of SU(N + 1)
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The Toda system has been widely studied due to its great importance in both geometry
and mathematical physics: in geometry, it arises in the description of holomorphic curves
in CPY (see e.g. [9, 11, 17]), whereas in mathematical physics it is a model for non-abelian
Chern-Simons vortices theory (see [22, 41, 44]).

It is not restrictive to suppose the total area |X| of X to be equal to 1; therefore, integrating
(1) on X, we deduce that any solution verifies

/hie”idngl Vi=1,...,N,
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hence the system (1) is equivalent to

N .
Au =" hje® 1 =1,....N
U; *j:1aljp] fz hjeujdVg ) t=1,...,
which has the advantage of being invariant by addition of constants.

A variant of this system is given by adding in the right-hand side a linear combination of
Dirac deltas centered at points of 3.

This variant has still applications in mathematical physics and geometry. In the former,
it arises in gauged self-dual Schrodinger equations (see [14]), where the supports of Dirac
deltas represent the “vortices” of the wave function, that is the points where it vanishes.
In the latter, it is related to the study of holomorphic curves with ramifications: here, the
ramificated points are the centers of the Dirac deltas and the ramification index is given by
the coefficient multiplying the delta.

In particular, in this paper we will consider the SU(3) Toda system with singularities
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To better describe the main properties of this system, let us perform a change of variables.
Consider the Green function Gy, of the Laplace operator centered at a point p € 3, that is
the solution of
{ —AG, =06, —1
fz GpdVy =0 7’
and apply the change of variables

J
U; — Ui + 47TZ O[iijj. (3)
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Then problem (2) transforms into the following:
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Here, the functions Ei are defined by
By = hie 4T im0y = 9,
therefore they verify

7

{ 0< h; € C™® (E\ U;’:lpj)

Ri ~ d(-, ;)2 near p;

hence 77,1 has a singularity at p; if a;; < 0 and it has a zero at p; if a;; > 0.

Problem (4) has a variational formulation, that is its solutions are the critical points of the
Euler-Lagrange functional defined by
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with p = (p1, p2), u = (u1,uz) and Q(u) is given by
1
Qu) = 3 (|VU1|2 + Vuy - Vug + |Vu2|2) ,
where V =V is the gradient given by the metric g and - denotes the Riemannian scalar

product.
A first tool to study the structure of the functional J, is given by the following Moser-

Trudinger inequality, which was proved in [7] (and, for the regular case, in [27]):
& - 1
E min {17 1+ min aij} <10g/ hieti=ls uidvgdvg) < 7/ Q(u)dV, + C. (6)
i=1 / = ar Js

This inequality implies boundedness from below whenever p; < 47 min {1, 1+ min aij} for
J

both ¢ =1,2 and coercivity (up to addition of constants) if both p;’s are strictly smaller,
therefore in this case (4) has a minimizing solution. On the other hand, in the same papers it
is shown, through suitable test functions, that J, is unbounded from below for greater values
of p;, so one can no longer find critical points through minimization techniques.

The first main result of this paper is about existence of solutions on surfaces with positive
genus and arbitrarily signed vortices.

Before stating it, let us apply a change of notation about the singular points and their
singularities. Since we will suppose to have max{a,;, as;} > 0, we can divide the singular
points into three categories, depending on whether the first component, the second component
or none of them has a negative singularities on it. We also consider, alongside the multi-
indices aq, g, two sub-indices a1, e which take account only of the negative «;;’s, and we
order them in such a way that they are not decreasing.

Precisely, we write

{pla-- '7pJ} = {pola"'apoLoapll7' "7p1L1ap217'-~7p2L2}

with p; = py forsome ¢ =1,2,1=1,...,L; ifand only if oy := a5 < 0and a1 < --- < g,
Theorem 1.1.
Suppose X has positive genus and max{as;, ao;} > 0 for any j =1,...,J. Then, there exists

a closed set A C Rﬁ_ with zero Lebesgue measure such that for any p = (p1,p2) € A which
satisfies

47T<Ki+§:(1+ad)><pi<4w Ki+ Y (I+an),| i=12 (7)

leZ; leT,u{1}

for some K; € N and Z; C {2,...,L;} the problem (4) admits at least one solution.

In the last section we will give some examples to clarify the meaning of condition (7).

Theorem 1.1 is, up to our knowledge, the first existence result for the singular Toda system
with arbitrarily signed vortices. A recent paper [(] gives a general existence result for (2)
when «;; > 0 and g(X) > 0, and there are some other partial existence results for the regular
case, i.e. with upper bounds on one or both of the p;’s ([34, 30]).

Removing the hypothesis of non-negativity of the vortices reduces the similarities with the
regular case - for instance the best constant in the Moser-Trudinger inequality (6) is no longer
the same - thus increasing the difficulty of the problem.



This issue also arose clearly in the study of the scalar counterpart of (2), that is the singular
Liouville equation
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which, by a trick similar to (3), is equivalent to
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—Au=2p 1), (8)
Js hevdV,

Equation (8) is also very important in both geometry and mathematical physics: it arises
in the problem of prescribed Gauss curvature on surfaces with conical singularities and it
appears in some models in Chern-Simons theory. It has been widely studied in literature,
with many results on existence, compactness of solutions etc., which have been reviewed in
33, 42].

In the scalar case, general existence results have been found in the case of positive genus
and non-negative vortices, both through variational and Morse-theoretical methods [1] and
through the computation of the Leray-Schauder degree [15]. On the other hand, when the
coefficients a;; may attain negative values, the existence or non-existence of solutions depends
on p and on the ¢;’s ([12, 13]), as well as for the general case of the sphere ([2, 35]).

In this paper, we also give a generic multiplicity result for the problem (4), using Morse
theory. Basically, the more are the couples (K,Z) which satisfy (7), the higher the number
of solution is.

Theorem 1.2.
Suppose the hypotheses of Theorem 1.1 hold, and suppose that fori = 1,2 there exist H;, K1, ..., Kig, € N
and i1, ..., Lig, C4{2,...,L;} such that any h =1,..., H; verifies

W<K¢h+Z(l+ail)><pi<47Tmin K+ > (L+d&n), K +1+ > (+an)

lE€Z;n €T U{1} leZ;p \{max Z;p}

Then, there ezists a dense open set of D C M?*(X) x L(%)? such that if (g,h1,hs) € D,
then the problem (4) has at least

Z Kipn, +1Zip, | + [ X(E)} Kon, + | Zon,| + [ X(E)}

hi,ha |Ilh1| + [ X(E)} |1-2h2| + [ X(E)}

solutions, where ./\/12(2) is the space of Riemannian metrics on ¥ endowed with the C*
topology and square brackets denote the integer part of a real number.

We stress that, up to our knowledge, there is no previous multiplicity result for the Toda
system, even in the regular case. For the Liouville equation multiplicity results have been
obtained using both Morse theory ([1, 18]) and topological degree ([14, 15]).

In particular, the multiplicity result for the case of non-negative singularities has a quite
simpler form, which is summarized in the following corollary:



Corollary 1.3.
Suppose g(X) >0, a; > 0 for all i,j and

p € (4K m 4(K ) + 1)) x (4Kom, 4(Ky + 1)7)\A.

Then, for a generic choice of the data (as in Theorem 1.2) the problem (4) admits at least
K +|: X(E):| K +|: X(Z)]

=) 5]

solutions.

The same arguments of Theorems 1.1 and 1.2 can also be applied in a couple of other cases.
First of all, considering again surfaces with positive genus, we can remove the hypotheses
max{aq;, az;} > 0 if we suppose at least one of the parameter p; to be small enough, that
is for instance if py < 4w(1 4 ag;) for all j’s such that both a;; and a; are negative (hence,
in particular, if it satisfies the coercivity condition for (6)).

Moreover, on surfaces of arbitrary genus, we can obtain a similar result concerning both
existence and multiplicity of solutions if we assume both p; and p, to satisfy the upper
bound stated before.

In both cases, we will again consider points po;, p1;, P2y and sub-indices aq, s as before,
though considering only the negative o;;’s which can be attained in the restricted range of
pi, that is apj < @2 in the former case and «;; < @; for both 4 in the latter case, where

&, = inf{a;; : max{a;, ag;} < 0} (9)

Theorem 1.4.
Suppose g(¥) >0 and that p € RZ\A verifies pa < 4m(1 + &;), with &; as in (9), and

47T<K—|—Z(1+all)><p1<4ﬂ' K+ Z (1+ay)

€T, leT,U{1}

4dr Z(l—l—&gl) < pg < 4m Z (1+ ag) (10)
€Ty leZou{1}

for some K € N and Z; C {1,...,L;}. Then, the problem (4) admits at least a solution.
If moreover the condition (10) is satisfied by To1, . .., Zom, and there exist Hy, Ky,...,Kg, € N
and Th1, ..., T, C{2,..., L1} satisfying, for any h=1,..., Hy,

47 (Kh+ Z —‘rOéll) < p1 <4mmin ¢ Ky, + Z (l-i-&ll),Kh-i-l—l— Z (1—}—621[) s
l€T1p leIth{l} ZGI“,,\{maxI”,,}

then a generic choice of data yields at least

K+ |Zin| + [ X(E)}

H, ()
A |Ilh\+[ XQ }

solutions.
Theorem 1.5.
Suppose p € RE\A verifies p; < 4w min{1,1+ &;} for both i =1,2 and

Ay (A+an) <p <4r > (1+d), i=1,2
IETL; leZ;u{1}



for some Z; C {2,...,L;}. Then, the problem (4) admits at least a solution. Moreover, if
the above condition is verified for Iy, ...,Tig, and Zo,...,Iam,, then a generic choice of
initial data yields at least Hi Ha solutions.

The set A in the statement of Theorem 1.1 can be explicitly written as a union of straight
lines and points in dependence of the «;; (see the next section) and it arises in the study of
compactness and blow-up of solutions of (4). This has been one of the major difficulties in
attacking both (4) and (8).

In the scalar case, quantization results have been given (see [10, 28, 29] for the regular and
[3, 4, 5] for the singular case): a sequence {uy }nen of solutions of (8) which blows up at a
regular point p &€ {p1,...,ps} satisfies

lim lim hetndV, = 4,
r—0n—+oco Br,.(p)

whereas if it blows up at p; it verifies

lim lim he'rdV, = 47 (1 + o).

r—0n—-+oo B'r(p_j)
Much is also known about the blow-up behavior of the regular Toda system.
In [26] it was proved that there are basically three different blow-up scenarios. The first
occurs when only one component u; is blowing up: in this case the quantization values for
the two components are (47,0) or (0,4x). If both components blow up at different rates of
concentration, the quantization values are (87, 4w) (respectively (4w, 87)), whereas if the two
components blow up at the same rate it is (87, 87). In [23, 38] it was shown that all these
cases are actually possible.
In the presence of singularities, the expected corresponding quantization values at a singular
point p; would be respectively

(Am(1+ a15),0), (0, 47(L+ az;)),  (4m(1+ o)), 47m(2 + oaj + o25))
(47T(2 + alj + O[Qj),47'((]. -+ Olgj)), (471'(2 + Cklj + C¥2j)747r(2 + alj + CVQj)).

Blow-up phenomena for (4) have been investigated in [30]: the authors showed that only a
finite number of blow-up values are allowed, including the five above (see the next section
for details). However, it is an open problem whether these values indeed occur or whether
they can be excluded as well.

Let us see now the role played by the study of sub-levels of the energy functional for the
existence of solutions for (4).
Concerning the scalar Liouville equation (8), the Euler functional

1 ~
I(u) = 5/2 \Vul2dV, —2p10g/2he“_f2"dV9dVg (11)

is bounded from below if and only if p < 47 min {1, 1 4 min ozj} and it is coercive if and only
J

if p is smaller, as follows from the inequalities in [24, 37, 43].

To study variationally the problem for higher values of the parameter p, a first clue was
given by Chen and Li [16], who showed that I, is bounded from below under the assumption
of some spreading of the (L'-normalized) function he®. Improving their result, Djadli [20]
and Malchiodi [32] gave a general existence result for the regular case of (8) by showing,
when p € (4K, 4(K + 1)7), a homotopy equivalence between the low sub-levels of I, and
the non-contractible set of formal barycenters on X

K K
yE = {Ztkéwk;xkeZ, tkzo,Ztkzl}. (12)
k=1 k=1



An extension of this was later given by Carlotto and Malchiodi [13] who considered the Li-
ouville equation with non-positive singularities. The authors extended the notion of formal
barycenters by defining a sort of weighted ones on X: since the constant in Moser-Trudinger
inequality worsens near the singularities, they redefined the set (12) in such a way that
the points p; are somehow “lighter” than regular ones, proportionally to the respective co-
efficient a;. They defined the weight of a finite set of ¥ with respect to the multi-index
a=(ay,...,ay) as

L
j:{q17-~-aqKapj15-~'7ij} = Xa(j):K+Z(1+ajl> (13)
=1

EP,OA = { Z tk(sibk? T € Ea ly > 07 Z ty = 1) 47TXO£(\7) < p} : (14)

€T €T

They showed that the homology groups of ¥, , are mapped invectively into the ones of I,’s
sub-levels. However, the topological structure of the weighted barycenters depends heavily
on the parameters p and «;’s and it can be much more complicated than in the regular case;
this is discussed in [12].

Concerning the regular Toda system, the argument in [20, 32] was adapted in [34] to the case
of py < 4w and ps € (4Km,4(K + 1)7), since the second component has the same concentra-
tion behavior which occurs in the scalar case.

If instead both parameters are supercritical, both components can concentrate, thus inter-
acting in a definitely non-trivial way, as discussed in [36] for p € (47, 87).

Another difficulty which might arise in the singular case is the concentration around positively-
signed vertices. The presence of singularities affects significantly the bubbling behavior but
at the same time it would make no sense to assign them a different weight from the regular
points, since they make no difference for what concerns the constants in the Moser-Trudinger
inequality.

To overcome these difficulties, we adapt a topological argument from [1, 6]. Since we suppose
¥ neither being homeomorphic to S? nor to RP?, we can take two bouquets of circles 71, v2
(that is, two collection of circles glued each around a single point) such that ¥ can retract on
each of them through continuous maps I1y, Ils. For our purpose, we choose 7; containing all
the points p11,...,p15, (using the same notation as in Theorem 1.1) and none of the other
singular points, and in the same way we choose 7» containing, among the singular points, all
and only the po;’s.

If we are under the hypotheses of Theorem 1.4, by the different way we defined the points p;;,
there might still be concentration of both components around the same negative singularity,
but this is actually excluded by assuming ps < 47(1 + ag;).

The same difficulties can be similarly avoided, in Theorem 1.5, even in the zero-genus case.
In fact, thanks to the hypothesis p1, p2 < 47, as in Theorem 1.5, each component can con-
centrate only around negative singularities, so the interaction does not occur because we also
assumed p; < 4m(1+ @;).

Putting together arguments from [0, 13, 34, 36] we show that if J,(u) is sufficiently low, then
for one or both i =1, 2, fNLie“i is arbitrarily close (in some sense which will be better specified
in the next sections) to the set X,, 5,, defined as (14) with multi-index &; = (&1, ..., 1, ).
Therefore, it is possible to map continuously low sub-levels of J, on one or both the ¥/, ,’s
and, through the retractions II;’s, on (i), a, -

To express the fact that only one or both mappings can be built, as in [6] we introduce the
topological join (71),, &, * (72)ps,a,: the topological join X Y of two sets X and Y is basi-
cally the product X x Y x [0, 1] with the endpoints X x Y x {0} and X x Y x {1} collapsed
respectively on X x {0} and Y x {1}.

Therefore, we are able to define a projection W from low sub-levels of J, to the join (v1),,.a, * (72) ps,ds -
On the other hand, we can also build a map ® from the join of the weighted barycenter sets



to arbitrarily low sub-levels of J, through suitable test functions.

The composition ¥ o ¢ is homotopically equivalent to the identity on the join of the barycen-
ters, so the homology groups of J,,’s sub-levels contain a copy of the ones of the join. Finally,
since we can express with a simple formula the homology of A * B in terms of the homology
of A and B, we deduce non-contractibility of low sub-levels for suitable values of p; and o;.
To conclude the proof of the existence result, we would need a Palais-Smale-like compactness
condition. Palais-Smale condition is not known to hold for J, but for a dense set of the
parameters p bounded Palais-Smale sequences exist, as follows from [10]. Therefore, we ob-
tain existence of solution for p belonging to a dense set; the compactness of solutions (which
follows from assuming p ¢ A) permits to extend the existence result to any admissible p.

To get a multiplicity result, we use the weak Morse inequalities, which relate the number of
critical points to the homology groups.

In particular, we get that the total number of solutions of (4), that is the critical points of
Jp, is greater or equal to the Betti numbers of J,’s low sub-levels.

By the above analysis, the latter will be greater or equal to the ones of (v1),,,a, * (72)ps,d2+
which can be estimated from below using the Mayer-Vietoris exact sequence.

The fact that J, is a Morse function for a generic choice of g, h;, p; and «;; follows by arguing
asin [1, 18].

In Section 2 we introduce some notation and some preliminary results which will be used
later on. In Section 3 we build the map ® from the join of the weighted barycenter sets
to low sub-levels of J,. Section 4 is devoted to the study of the variational structure of J,
and to obtaining improved Moser-Trudinger inequalities; the latter results will be needed
to construct the map ¥ from sub-levels of J, to (71),,,a, * (72)p,,a, and to prove that the
composition with ® is homotopically equivalent to the identity, which is done in Section 5.
In Section 6 we study the topology and the homology of the set of weighted barycenters.
Finally, in Section 7 we see some examples and we put together the result obtained to prove
the existence and multiplicity results.

2 Notation and preliminaries

In this section we will provide some notation and some known preliminary results which we
will need later.
The indicator function of a set {2 C ¥ will be denoted as

1 ifzeQ
19(”3)_{ 0 ifzgQ

Given two points x,y € X, we will denote the metric distance between them on ¥ as d(x, y).
In the same way, for any two subsets Q, ' C ¥ we will denote:

d(z,Q) := inf{d(z,y) : y € Q}, d(Q,Q) :=inf {d(z,y) :z € Qy € Q'}.
We will denote as Dy, the diameter of X
Dy, :=sup{d(z,y) : =,y € E}.

The symbol B,.(p) will stand for the open metric ball centered at p and having radius r. We
will similarly use the notation B, (f2) for a subset ! C X:

B, () :={zeX:d(xz,Q) <r}.



Given a function u € L*(X) and a measurable set Q C X, we denote the average of u on 2 as

1
ude—/udV
Jy ovs = g v

The symbol @ will stand for the average of u on X; since we assume |X| = 1, we can write

ﬂz/udngj[udVg.
b b

We will denote the subset of functions in H'(X) having null average as

H (D) :={ueH(D): u=0}.

Notice that, since the functional J, defined in (5) is invariant by addition of constants, it
will not be restrictive to study it on FI(Z)2 rather than on H'(%)2

The sub-levels of J,, which, as anticipated, will play and essential role throughout the whole
paper, will be denoted as

Jo={ue H'(S)*: J,(u) <a}.

For a continuous map f : ¥ — ¥ and a measure u € M(X), we define the push-forward of
with respect to f the measure defined by

fen(B) = p(f~1(B)) .

If 1 has finite support, its push-forward has a particularly simple form:

K K
k=1 k=1

We will use the symbol X ~Y to mean that two topological spaces X and Y are ho-
motopically equivalent. We will consider the composition of two homotopy equivalence
Hy: X x[0,1] =Y, Hy:Y x[0,1] = Z, that is the map Hs * H; : X x [0,1] — Z defined
by

Hi(z,2s) if s <

Ha x Hy (33,5)—){ Hy(z,2s—1) ifs>

The identity map on X will be denoted by Idx. Given a topological space X we will denote
its ¢'" homology group with coefficients in Z as H,(X). Isomorphisms between homology
group will be denoted just by the equality sign. We will denote as ﬁq(X ) the g-th reduced
homology group with coefficients in Z, that is

Ho(X) = Hy(X) ® Z, Hy(X)=Hy(X) ifq#0

The symbol 8,(X) will stand for the ¢-th Betti number of X, that is 8,(X) = rank(H,(X)).
As before, Eq(X ) will stand for the dimension of H,(X), therefore it will coincide with the
usual definition of Betti number with the exception of EO(X ) = Bo(X) — 1. For a subspace
Y C X, the g-th relative homology group (with coefficients in Z) will be denoted by H,(X,Y")
and f4(X,Y) will be the relative Betti numbers.

If J, is a Morse function, we will denote as Cq(a, b) the number of critical points u of J, with
Morse index ¢ satisfying a < J,(u) < b. The total number of critical points of index ¢ will
be denoted as Cy; in other words, C, := C,(+00, —00).

Throughout all the paper we will denote by C' large constants which can vary among different
lines or formulas. To stress the dependence of C' on some parameter we will add subscripts
such as C, and so on.



We will use the symbol o,(1) to denote quantities which tend to 0 as « goes to 0 or to +oo
and we will similarly write O, (1) for bounded quantities. The subscript will be omitted when
it is evident from the context.

In a similar way, we will use the symbol f, ~, ga, or simply ~, to express that the ratio
between f, and g, is bounded by a positive constant both from above and below when «

Jfa

goes to 0 or +00. In other words, this means that log =— = O,/(1).

Now we recall the Moser-Trudinger inequality for the Liouville equation and the Toda system
and their immediate corollaries.

Theorem 2.1. (/2/], Theorem 1.7; [37], Theorem 2; [,5], Corollary 9)
For any uw € H'(X) it holds

. 1
log | he'~"dV, <
Og/E © = T6rmin{L, 1 + min,

Vul|?dV, + C. 15
— [ ufay, (15)

In other words, the functional I, defined in (11) is bounded from below if and only if p < 47 min {1, 1+ min o }
J

Corollary 2.2.
The functional I, is coercive on ﬁl(Z) if and only if p < 47 min {1, 1+ min aj}. If this
j

occurs, then it has a global minimizer u which solves (8).

Theorem 2.3. ([7], Theorem 1.1; [27], Theorem 1.3)
Inequality (6) holds. In other words, the functional J, is bounded from below on HY (%)% if

and only if p; < 47 min {1, 1+ minaij} fori=1,2.
J

Corollary 2.4.
The functional J, is coercive on ﬁl(Z)2 if and only if p; < 4w min{l, 1 —i—minaij} for
J

1 =1,2. If this occurs, then it has a global minimizer u which solves (4).

To overcome some difficulties of the problem, we will need a simple but essential topological
result.

Lemma 2.5.
Let Y be a compact surface with x(X) < 0. Then, there exist two curves v1,%a, each of which

x(¥)

is homeomorphic to a bouquet of 1 + [_ circles and two global projections I1; : X — ~y;

such that (using the same notation as in Theorem 1.1):
e 1Ny =0.
e py €, foralll e{l,...,L;}, i=1,2.

o poy € foralll €{1,..., Lo}, i=1,2.

10



Figure 1: The curves v;

The proof of this lemma is quite intuitive and can be easily seen in Figure 1.

If ¥ = TY is a g-torus, two retractions on disjoint bouquets of g circles can be easily built as
for instance in [1]. One can argue similarly with a connected sum ¥ = P?* of an even number
of copies of the projective plane, since this is homeomorphic to a connected sum of a T*~!
and a Klein bottle, which in turn retracts on a circle; therefore, P¥ retracts on two disjoint
bouquets of k circles. If instead ¥ is a connected sum of an odd number of projective planes,
one can argue as before setting the retractions constant on the last copy of P.

Notice that in all this case one has

—x(T7)

=1 k=1+——=1
g + 5 + 9 +

2

—y (szﬂ)]

Finally, with a small deformation, the curves «; can be assumed to contain all the points p;;
and they will not contain any of the other singular points. We can apply those deformations
to 1 without intersecting 2 (or vice versa) because ¥\v2 is pathwise connected.

The (non-weighted) barycenters on objects like 7; have been considered in [1] and their ho-
mology groups have been computed.

Proposition 2.6. ([1], Proposition 3.2)
Let v be a bouquet of g circles. Then, its barycenter sets verify

=~ ey ) 20U =2k —1
Hq(”)_{o ifq 42K —1

As mentioned in the introduction, we will have to deal with the set of weighted barycenters
Y, o on X defined by (14). This is a subset of the space of the Radon measures M(X) on 2
and it will be endowed with the Lip’ norm, that is the norm of the dual space of Lipschitz

functions:
/ ¢du‘ .
b
We will denote as dr;, the corresponding distance.
The choice of this topology is somehow natural, since for any , y € ¥ it holds drip (95, 6y) ~ d(z, y).
Therefore, a copy of ¥ is homeomorphically embedded in any 3, . and ¥, is homeomorphic
to 2.

el Lipr (2 = sup
p€Lip(2),]|¢ll Lip(s) <1

11



When a measure is Lip'-close to an element of ¥, ,, it can be mapped onto this set, as proved
in [13]:

Lemma 2.7. ([13], Lemma 3.12)
For any p € R, a = (a1,...,ay ) there exist &g > 0 and a continuous retraction

'(/}p7a : {M S M(E), dLip’ <M7 Zp,a) < 50}’ — Zp70z

In particular, if pn, — o for some o € 3, o, then ¥, o(ptn) — 0.
n—oo n—oo

At some point we will be under the assumptions of Lemma 2.7 for the function

hie“i

fiw = ————,
fZ hie“idVg

(16)

for one or both i =1, 2.
To express this alternative it will be useful to introduce the topological join of two sets X
and Y, that is

PR X xY x[0,1]
where ~ is the identification given by
(2,9,0) ~ (x,9,0) Vze X, Vy,y €Y, (r,y,1) ~ (2',y,1) Vx,2' € X,VyeY

The elements of X xY will be denoted by the formal expression (1 — t)x + ty.

The homology groups of the topological join can be easily expressed by the homology groups
of X and Y, since the X «Y is the smash product of X, Y and a copy of S*. For details
about smash products see for instance [25].

Proposition 2.8. (/25], Theorem 3.21)
1t holds
~ q ~ ~
Hy(X *Y) = @ Hy(X) © Hygqr 1 (Y)
q'=0

In particular, one has
q

Bo(X*Y) =" By (X)Byegr—1(Y)

q'=0
and

too too too
Zﬁq(X*Y) = Z By (X) Z By (Y).
q’'=0

q=0 q""=0

In particular, we will consider the topological join

Vxp,a = (71);)1,51 * (’Y?)Pm&z

between the two weighted barycenter sets defined on the curves 7; with the multi-indices

Q; 1= (&ﬂ, ey aiLi).
Let us now report the compactness result for (4) from [30]. We first introduce a finite set

of couple of numbers, which represent the possible local blow-up values in a singular point p
with coeflicients a; = a1 (p), as = aa(p).

12



Definition 2.9.
For a couple of numbers (ay, az) which are both greater than —1, we set T'o, o, C R? as the
piece of ellipse defined by

Loyan = {(01,02) : 0? — 0109 + 05 —4An(1 + ay1)og — 4n(1 4+ ao)og = 0}
We then define iteratively Ao, o, C Loy ,a, via the following rules:
o Au, o, contains the points
(Ar(14 a1),0), (0,47(14 a2)), @Ar(14+ a1),47(2+ a1 + a2))
(Am(2 4 a1 + a2),47(1 + a2)), (“Ar(2+4 a1 + a2),47(2 + a1 + a2)).

o If(01,02) € Aoy oy, then any (0, 05) € Ty, 0, with o} = o1 + 4mn for somen € N and
ab > o3 belongs to Ao, a,-

o If(01,02) € Auy 0y, then any (0, 0%) € Ta, a, with oy = 02 + 4mn for somen € N and
oy > o1 belongs to Ao, a,-

Definition 2.10.
Given Ay, o, as in Definition 2.9, we define

A= 47m—|—Zaj;nEN,IC{l,...,J},UjEwi((l“aljwj)) ., i=1,2,
je€T

where 7; is the projection on the i-th component of R?, and we set

AZ:(A1XR)U(RXA2)

From the blow-up quantization in [30] and an argument from [3, 10] one finds a global com-
pactness result.

Theorem 2.11. .
If p belongs to a fized compact set of RZ\A, then the family of solutions of (4) on H (%) is
uniformly bounded in W2P(X) for some p > 1.

When dealing with compactness, there will be an essential result from [31] which helps to
bypass the issue of Palais-Smale condition (which is not known to hold either for (4) or for
(8)). It basically states the Palais-Smale condition holds for some sequences on a dense set
of p (see also [19, 40]); combining with Theorem 2.11 we deduce:

Lemma 2.12.
Suppose p & A and let a <b e R be such that (4) has no solutions satisfying a < J, <b.
Then, J, is a deformation retract of Jg.

Moreover, compactness of solutions implies that J, is bounded from above in its critical
points, therefore we have the following:

Corollary 2.13.
Suppose p & A. Then, there exists L > 0 such that JPL is a deformation retract of H1(2)2,
In particular, it is contractible.

13



Lemma 2.12 and Corollary 2.13 allow to write in a simpler form the usual (weak) Morse
inequalities Cy(a,b) > 3, (Jb Ja).

prp

Lemma 2.14. N
Suppose p & A and J, is a Morse function. Then, there exists L > 0 such that Co(—L, L) > S, (JP_L) .
In particular,

+oo “+o0 “+o0
#Solutions of (4) = ZCq > Zcq(fL,L) > qu (J;L) .
q=0 q=0 q=0

Finally, the density results in [1, 18] (which in turn use a transversality theorem from [39])
can be immediately adapted from the scalar case to our purposes.

Theorem 2.15.
There exists an open dense set of D C M?(X) x L™ (X)? such that for any (g, hi,hy) € D
J, is a Morse function.

3 Mapping weighted barycenters into sub-levels of J,

The aim of this section is to build a map which sends elements of v, ,5 into arbitrarily
low sub-levels of J,. We will actually build a family of maps ®, depending on a positive
parameter A such that J, o ®, attains negative values which are arbitrarily large in absolute
value as \ gets larger.

The map @, will be built starting from the standard bubbles

)\1+a 2
e =108 (T e )

which arise in study of (8) under several aspects such as blow-up, compactness and charac-
terization of sub-levels; functions with similar properties have been introduced for the case
of (4) in [6, 7, 27, 34].

There are basically two difficulties in building bubble-like functions which depend continu-
ously on elements in v, , 5: first of all, in the presence of a singular point p;; the parameter
a cannot switch suddenly from 0 to a;;; moreover, we must be very careful of what happens
in the two endpoints of the join, that is when one of the (v;),, &, is identified to one point.
However, we are able to fix both problems by arguing as in [13] to avoid issues with singular
points and as in [6] for what concerns the endpoints of the join.

Theorem 3.1.
Given
0i = Z tikOu,, € ('Yi)pi,&',- fori=1,2, (= (1 - t)Ul + 102 € Vapa
ik €Ti

define, for A >0,

(3] v
(I))\(C) =Pa¢ = (Sal’)\,<7<p2,>\7<) = <’U1 o 52’,02 B ?1) ’

where
)\Lt = )\(1 — t), >\2,t == )\t

14



o - d(p: .
5= mln{ min d(%‘,poz), MiNG=1 2 141'=1,...,L; (pzlapzl ) } (17)

i=1,2,l=1,...,Lo 2
0 if d:=min; d (zi,pir) >0
Bix = logmax{gi\iig}%&i;log% if d=d (xk,p;) € {max{Q, )\i,t}fﬁaﬁ& 5> . (18)
Qi if d < max{2, )\i,t}iﬁaﬁé
and -
Vi =V ¢ = logm;e:.ﬁ (1+ A?’td('yxik)2(1+6ik))2' (19)
Then,

Jolpare) — —o0 uniformly for ¢ € v, pa

A—~+o00

Notice that 0 has been taken small enough so that the p; which minimizes the distance
between the singular points is uniquely determined if this distance is less than §. Furthermore,
@, is well defined because when t = 0, v; vanishes and v, depends only on (72),,,a,, and the
same occurs when ¢ = 1 exchanging the roles of v; and vs.
The choice of 3;; has actually been made in such a way that, in the neck regions, it verifies
Bik )
max{2, \; s} 0 0in) = - (20)
The proof of Theorem 3.1 will follow by giving separate estimates for the three parts of J,,
which will be provided respectively in the three following lemmas.

Lemma 3.2.
Let ¢, pa¢ be as in Theorem 3.1. Then,

/ Q(prc) < 8mxa, (J1)logmax{l, A1 +} + 8mxa, (J2) log max{1l, Ao} + C.
)

Lemma 3.3.
Let ¢, pa¢ be as in Theorem 3.1. Then,

Gine = —4logmax{l, \; ; } + 2log max{1, A3_; ; } + O(1).

Lemma 3.4.
Let ¢, px¢ be as in Theorem 3.1. Then,

log/ Eie“‘”’udVg = —2logmax{1, \;;} + 2logmax{1, A3_; ¢} + O(1).
b

Notice that, to prove Theorem 3.1 we only need an estimate from below in Lemmas 3.3 and
3.4. However, in Lemma 3.3 the same argument for the proof gives also an upper bound,
whereas the estimate from above in Lemma 3.4 will be needed later in this work.

We will only show the proof of Lemma 3.2, since the others follow closely the proof given in
[12], Proposition 4.1 and [6], Proposition 3.3.
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Proof of Lemma 3.2.
First of all, we notice that

1
Qlpac) = 1 ([Vv1]? = Vg - Vg + [Vuo|?) . (21)
Since it holds
> —2(14Bir)tar A7 o dywar) 2Pk V(- i)
i (1+>‘$td('vz'ik)2(1+ﬁik))3
Vu; = . o

Zk (1+>\?,td('awik)2(l+ﬁik))2
and |Vd(-, z;x)| = 1 almost everywhere, we find

2(148,, .
Z 4(1+/5'ik)tik)\i_(t 7 k)d('vxik)l+2ﬂlk
k

3
<1+)‘?,td('ﬂfik)2(l+ﬂik))

Zk ( tik

1+)‘12,td(('7$ik))2(1+/3ik))2

|V’Ul|

IN

< AL+ Bir) A7 d (-, aap ) 20
= TN (A wan)) 20 B

(22)

=Mk

In view of these estimates, we divide ¥ into a finite number of regions depending on which
of the mi,’s attains the maximum:

Ay = {x €Y :myg(x) = n}ga,uxmlk/(x)} .
Similarly, we will define, in dependence of the myy’s:
Aoy = {x € X :mo(x) = max maj (m)} .

Moreover, we can easily see that the following estimates hold for myy:

45(1+ﬁik))
< ST ik . 23
mip > 4(1 + ﬂik))\itd(’vxik)przﬂik ( )

We will estimate the mixed term first. Basically, since the points x;; belong to v; and the
curves ;’s are disjoint, we only have summable singularities and therefore the integral of
Vv - Vg is uniformly bounded.

Therefore, from (22) and the first inequality in (23), one finds

<> [  vulVela, <
A

.k’ 1kﬂA2k/

216(1 +51k)(1+52k')/ o

k.k’ AlkmAQk/ d('5z1k)d(.7'r2k'/)

/ Vvl . vadVg
=

We then notice that, by the definition of (17), the distance between 1 and 2 is at least 29,
50 Bs(x1x) N Bs(z2xr) = 0 for any choice of k, k’. Therefore,

dvy

o s =
AlkmAgk' d(.7x1k))d(.7x2k?/) o AlkﬁA2k/\Bg(m1k) 6d(7‘r2k,)
av,

i
At Ay \Bs () 0405 T1k)

1 1 1

= + dV,
5~/2 (d('vak’) d('axlk)> I
057

A

IN

IN
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hence, being the number of k, k" bounded from above depending on p and a&y’s only, we
obtain

<C. (24)

/ V’Ul . VUQdVg
b

Now, we consider the term involving |Vu1|?. We split the integral into the sets Ay, defined
above.

A

[vapav, < 3 [ wday,
> k Alk

IN

> / m2,.dVy, + / m3,.dV, | (25)
% S\B 1 (z1k) B 1 (z1k)
A

T T+ Bk T T+ Bk
Mot

Outside the balls we will apply the first estimate in (22):

dV,
/ Vv, < 160+ 60° [ e
S\B _ 1 (x1x) S\B 1 (a0 A5 T1k)
A, FFPk A, 1Pk
1,t 1,t
1
< 327r(1+51k)210gmax{17/\11f““ } +C
< 32m(14 Big) logmax{l, A1} + C. (26)

The integral inside the balls is actually uniformly bounded, as can be seen using now the
second estimate in (22):

/ |Voi|?dV, < 16(1+,61,€)2X1{t/ d(-, x1y,) 2Py,
B ,ﬁ(mw) B ,ﬁ(wlk)
Aot At
a1 4(14+P1x)
< Cﬁmxll,t (Al,t1+ﬁlk>
< C (27)

Observing that, from the definitions of (13) and (18), one has

Z(l + Bik) < Xa, (J1)s

k

one can now deduce from (25), (26), (27):

/ |Vop |2 < 32mxa, (J1) logmin{C, Ay 4} + C. (28)
b

The same argument gives a similar estimate for / |Vws|?, therefore putting together (28)
)

with (24) and (21) we get the conclusion. O

Proof of Theorem 3.1.

A
Since on (7;),,a, one has p; < 4wxg, (J;), and moreover max{A; ¢, Ao s} > 5 Lemmas 3.2,
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3.3 and 3.4 yield

2
Jolore) = /ZQ(wx,c)dVg +> o (%A,c - log/zhie“”’“dVg>
i=1

< (8mxa, (J1) — 2p1) logmax{1l, A1 ;} + (87xa,(J2) — p2) logmax{1, Ay, } + C
< max{8mxa, (J1) — 2p1,87xa, (J2) — 2p2} logmax{1, A1 ¢, A2} + C
< max{8mxa, (J1) — 2p1,87xa,(J2) — 2p2} logmax{1,\} + C
— —00
A—~+o00
uniformly in ¢ € v, , &, which is what we wished to prove. O]

4 Analysis of sub-levels and improved Moser-Trudinger
inequalities

In this section we are going to provide information on the sub-levels .J L

A key point is the so-called improved Moser-Trudinger inequality. Basically, we show that
under certain conditions of the spreading on u; and us the constant in Moser-Trudinger in-
equality can be improved and from this fact we deduce information about the low sub-levels

of J,.

The idea was introduced by Chen and Li [16] for the Liouville equation and extended in
[20, 32], in [13] for the singular case and in [6, 34, 36] for the Toda system. Some results
presented in this section will be adapted from the aforementioned papers, so their proof will
be skipped.

The main result of this section is the following:

Theorem 4.1.
Suppose p & A. Then, for any € > 0 there exists L = L(g) > 0 such that any u € Jp_L verifies,
for somei=1,2,
drip (fius Xpia;) <€,
where f; , is defined by (16).

To adapt the original argument to the case of Toda system we first need a covering lemma
([6], Lemma 4.1; [34], Lemma 3.2; [36], Lemma 2.5).

With respect to the previous works, we have to take into account the singularities and con-
sider sets which contain at most one negative singularity. Anyway, the proof can be adapted
step-by-step with the conditions on the singular points still holding, so we will omit it.

Lemma 4.2.
Let § > 0,0 > 0, My, N1, M2, N2 € N be given numbers, {l1,...,In,} C{1,..., L;} selections

of indices, f1, fa € L*(X) be non-negative functions with/ fidVy =1 and {Qm};i:l)léMﬁNl
b

be measurable subsets of ¥ such that

A(Qimy Qi) =6 Vi=1,2,Vm,m' =1,...,M; + N;, m #m’
d(plllem) 2(5 VZ:LQ,V’ITL:L,M1+NHVZ:1,,L“l#lm
/ fidVy, >0 Vi=1,2,Ym=1,...,M; + N;.

Qim

18



Then, there exist 6 > 0,60 > 0, independent of f1, f2, and {Qm }m=1,... .max, {M,+N;} Such that

d(Qpm, Q) > 5 Ym,m =1,.. .,@alué{Mi + N;}, m#m'
d(pit, ) > 0 Vi=12Ym=1... ma{M; + N}, VI=1,....Li, | # 1
=1,
Qm =15

The next lemma is what is usually called an improved Moser-Trudinger inequality.

It essentially states that if both u; and wuy are spread in sets which contain at most one
singular point, then the constant 4 in (6) can be multiplied by a number depending on how
many these sets are and on the singular points they contain.

Lemma 4.3.
Let § > 0,0 > 0, My, Ny, My, Ny € N be given numbers, {l1,...,ln,} C{1,...,L;} selections
of indices and {Qim}zizl}é""MﬁN" be measurable subsets of ¥ such that

d(sz,sz/)Zd Vi:I,Z,Vm,mlzl,...,Mi+Ni,m;ém’

d(pthzm) 25 Vz:1,2,Vm:1,,MZ+N“Vl:1,,L“l;élm

Then, for anye > 0 there exists C > 0, not depending on u, such that anyu = (uy,us) € H'(X)?
satisfying

/ fl,udVgEO \V/ZZI,Q,VW’L:L,Mz—i—NZ
Qim
verifies
M ~ 1+¢
N; 14+ a4 1 hie“i~%dV, < dv, + C.
Proof.

It will not be restrictive to suppose M7 + N1 > Ms + Ns.
We apply Lemma 4.2 with f; = f;, and we get a family of sets {Qm}%le ! satisfying

A, Q) =6 >0 Ym #m/, / fiu>0>0 VYm=1,...,M;+ N,
Q

m

2
Let us now consider, for any m = 1,..., My + Ny, the cut-off function g,, := max {0, 1-— gal(o7 Qm)};

it verifies
]_Q_m S 9m S lﬁm, \ng| S Cg,Zlﬁm with ﬁm = Bg (Qm)

We now take v; € L>(X) with 7; = 0 and we set w; := u; — v; — u; (which will also have null
average). Therefore, we find

~ _ 1 ~ _
log/ hie"™%dV, < log <~/ hie“i_“idVg>
b 0 Ja,,

1 ~
0 e,

1 = ws
log 5 + 1|vill Lo () + log/ hie" dV,
Q

IN

m

IN

1 -
log 5 + [|vil| oo (z) + log/ hiedm™idVy. (29)
)
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Since g, € Lip(X), then g, w; € H'(X), so we can apply a Moser-Trudinger inequality on it.
To this purpose, we notice that, for any ¢ > 0,

/ IV (gmwn) 2V, = / (g Var + w0 VgV,
> >

/ (2 IV 0r [ 4 2(gm Veor) - (i Vgm) + w2 | Vg [?) dV,
>

1
< [(a+ogwar+ (1 2) utivo?) a,
b
< (1-&-5)/~ |Vw1|2qu+C€5~E/~ widVy.
Qun T
In the same way, writing

1 2 2 Lo, 1 2
2 (ol + 2y +1yl?) = 71l + lo — 2P, (30)

we get

/ Qgmw)dV, < (1+ s)/~ Q(w)dV, + Cs,g,z/~ % (w0} + wiws + w3) dV. (31)
) Q Q

m m

At this point, we choose properly w; (hence v;) in such a way to have a control of its L?

norm. Taking an orthonormal frame {p,, }°° ; of eigenfunctions for —A on il (X) with a non-
o0

decreasing sequence of associated positive eigenvalues {\,, }o2 ; and writing u; = @; + E UinPn,

n=1

N
we set v; = E UinPn for
n=1

C ~
N:NgﬂZ = max{n eN: )\, < 5552}
This choice gives

Cg,s,z/zwdeg = E/E Vs [2dVy < E/E [Vuy2dV,

and, through (30),

1
Cs.g.Z/ = (0} + wiwy + w3) dVy, < 5/
»0, > 3 .

Q(w)dV, < E/ZQ(u)dY/}J. (32)
Moreover, we get
Tl < Col[ Vil oy < E/EQ(w)dVg ‘o< 6/2 Qu)dV, + C (33)
and, since v; belongs to a finite-dimensional space,
lvill o= (2) < ON[IVVil[L2(s) < 6/2 Qv)dVy+C < 5/2 Q(u)dVy + C. (34)
Now, if m =1,..., My + N3, we apply the Moser-Trudinger inequality (6) to gmw. Since

these functions are supported on €2,,,, we can replace h; by a smooth interpolation which is
constant outside a neighborhood of €2,,: we take 7, satisfying

1 ifxeflm ~ ~ Ez ifﬂ?Eﬁm
Nm(2) 1= : _ Pim = nmhi +1 = nm = i -
( ) { 0 lfng%(ﬁm) { 1 it ng(ﬁm)
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In this way, we can consider only the singularities p1;,,, pos,, which lie inside Q,,, (if there are

any); from (31) and (33) we get

2

Z(l + @, ) log/ hieImidV,
)

i=1

IA

IN

IN

<

+

2
> (1 +au,) 10g/ Rimedm " dV,
i=1 x
2 1
>+ G, )i + - [ @omwdt, +C
im1 47 »

2
) N 1+4e
> (1 +da,) (HgmHLO‘J(Z)‘wi‘) L

i=1 Qo

Q(w)dVy

C = 1
8.5
Zﬂ_/ﬁms(wf—i—wlwg—i—w%)dVg—&—C

— — 1+4c¢
wnl + Tzl + = [ Qa,
T JQn

C.5 1
ﬂ/ 3(w1+w1w2+w2)dv +C

Qs/Q dV+1+€/ Q(w

5.5 1
ZT/@ g(w1+w1w2+w2)dV +C.

Therefore, from (29) and (34) we deduce

2

Z(l + &ilm)log/zﬁie“i_deg

i=1

IN

IN

2

~ 1 ~ .
> (1 +da,) (bg =+ [|vill L (x) + log / hiegmwzdvg)
i=1 0 z

2

Z <”vi”“° =) + (1 +au, )10g/ h; egmwldv> +C

3E/Q dV+1+6/ Qw

662
47

1
/~ 3 (w0} 4+ wiwy + w3) dVy + C. (35)
Qo

For m = My + Ny +1,..., M; + N; we have estimates only for u; on €2,,, so we apply the
scalar Moser-Trudinger inequality (15). By (30) we get the integral of Q(g,w), then we

argue as before.
Notice that if m > M;, then p;

is not defined so these calculations would not make sense,

but in this case both the previous and the following calculations hold replacing a;;,, with 0.

(1 —i—&um)log/ ﬁlegmwldvg
b

IN

IA

IN

(1+au,) log/ Elmegmwl dv,
5
- 1
(14 o, )gmwr + —— / |V (gmwn)[?dVy + C
167T »
— 1
w1 | + —/ Q(gmw)dV, + C

/Q dV+1+5/Q

£,0,2 1
?/ﬁ g(w1+w1w2+U)2)dV +C
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Then in this case we deduce

- = T - 1 =
(1+ay,) log/ hiet="1dv, < (14 auy,,) (log 5 + |1 oo () + log/ hiegmwldVg>
) )

< HU1||L°°(Z) +(1+&1lm)log/2ﬁlegmw1dvg+0
1
< 2 [ Qa2 [ o
Qm
5, 1
Ziﬁ/ﬁ 3 (0} +wiws + w3) dVy + C. (36)

Finally, we sum together (35) and (36) for all the m’s, exploiting (32) and the disjointness of
the Q,,

2 Mz+N2

2 M,
Z( Z 1+ i, >1Og/h€u’ Hdv, = Z Z (14 au,, <log/he“1 “ldV>

i=1 i=1 m=1
Mi1+N1

+ Z (1 + aum) log/zﬁle“““ildVg

m=M>+Nz+1

IN

(2M1 +2M7 + Moy + NQ)E/ Q(’U,)dVg
>

1+«
+ = [ e,

C.s 1
RO
+ ZW /Eg(wf—&—wlwg—kwg)dvg—FC
< (2M1 + 2Ny + My + Ng)&‘/ Q(u)dV
b

1+2

o= / Q(u)dV, + C
which is, renaming e properly, what we desired. O

Now we need another technical lemma, which relates the condition of spreading, needed for
Lemma 4.3, and of concentration around a finite number of points.

Through this lemma, we can then use the improved Moser-Trudinger inequality to get infor-
mation about the concentration which occurs on sub-levels J L,

The following results will be extensions of the ones contained in [6, 21, 34, 36] with suitable
changes to take into account the singularities. Since the modifications are minimal, the proofs
will be skipped.

Lemma 4.4.
Let i =1,2, xo >0, €,r > 0 small enough, be such that any J C X satisfying xa,(J) < Xo

verifies a
/ fi,udVg <l-¢
U Br(zk)

eRET

Then, there exist €,7 > 0, not depending on w;, M,N € N, {l1,...,lp} C{1,...,L;} and
~ YM4N o

{Zm )}, satisfying

N + (1 + &ilm) > X0, d(fﬂhpl) Z 2r Vi # lm

e
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Bor(@m) N Bor(F) =0 Y #m/, / fiudV,>Z Ym=1,...,M+N.
BF(Enl)

Lemma 4.5.
For any e,7 > 0 small enough, there exists L > 0 such that, if u € JP_L, then for at least one
i =1,2 there exists J C X satisfying 4nxa, (T:) < p; and

/ fi,ud‘/g > 1-e.
Uepeg; Br(@k)

Now we have all the tools to prove Theorem 4.1.

Proof of Theorem 4.1.
It clearly suffices to prove the statement for small €.

€
We apply Lemma 4.5 with ¢’ = T r’ = —. It is not restrictive to suppose that the thesis of

<
. . 2 . .
the lemma holds for ¢ = 1, since the case i = 2 can be treated in the same way. Therefore,
we get J C X, and we define
Oy i= Z 150z,

€T

where .
frudVy + — f1,udVy.

b = /
B\ Ub, B () TV, eq Bt

Notice that o, € £,, 5, because, from Lemma 4.5 we find x5, (J) < p1 and the last inequality
is actually strict because we are supposing p € A.
To conclude the proof it would suffice to get

\ [ (raootv| <clolips Vo L) (37)

In fact, following the definition of dr;p/, this would imply

dLip’ (fl,uv Zpl ,&1) < dLip’ (fl,ua Uu) = sup < €. (38)

¢€Lip(X),ldllLipcs) <1

/ (Fru — o) GV,
)

We will divide the integral in (37) into two points, studying separately what happens inside
and outside the union of the r’-balls centered at the points z,,’s.
Outside the balls, for any ¢ € Lip(X) we have

(fl,u - Uu)¢dvg fl’uQSdVg

/z\ Us e Bu (@)
< ll~ [ frudV,
\U

zp €T B, (zx)

/z\ Usyeor B (@x)

< ol Lipx)
13
= 19l (39)

23



On the other hand, we also find

/ (Fro=ajoav, = |[ frudV,
Us, e Bor(ar) Us, cr Bur (@)
- Z (/ flud‘/g‘i‘
€T Br’(zk)\U,;/:l B,/ (zr)
1
+ 7 f1,udVg> P(xy)
MAWSY Us,, e Bo ()
= > ( / Fra(¢ — ¢(a))dV,
S B @\, B
1
- T f1,udVg¢($k)> ‘
| ‘ E\ Uzk/EJB"‘,(mk’)
< Vol Y [ frad(- z)dv,
B @, B ()
+ ||¢||L°°(Z)/ f1,udVg
E\ Ik/EJ B'r'/ (:Ek/)
< T/||v¢||L°°(Z) fl,udvg
mk/e.]Br’(Ik’)
+  &|@ll Loy
< VP Lo sy + €@l Lo (s
3
< 15||¢||Lip(z)- (40)
Therefore, from (39) and (40) we deduce (37), hence (38). O

5 Mapping sub-levels into weighted barycenters

The results we obtained about the sub-levels of J, will be used in this section to build a map
onJ, L which can be combined with the map ®, defined in Theorem 3.1 to get a homotopy
equivalence.

Precisely, we will get the following result:

Theorem 5.1.
Suppose p & A. Then, for L large enough there exist two continuous maps

D yepa— I, 0 L

such that the ¥ o ® is homotopically equivalent to Id

Vx,p,a "

For the map ® we will choose ®, with a suitable A > 0, whereas ¥ will be modeled on the
retraction 1, o defined in Lemma 2.7.

The main issue is choosing properly the parameter ¢ € [0,1] in the join, so that it equals 0
or 1 as long as only one retraction is defined. The next lemma will give an estimate on the
distance between the components of ¢y ¢ and the respective weighted barycenter sets, thus
giving a hint on when each retraction can or cannot be applied.
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Lemma 5.2.
Let 0;,(,0x,¢, Bir be as in Theorem 3.1. Then, for any i =1,2, A >0, € v, p.a one has

1
aF(Uh)\i,t) < diiy (fisorncrSpsa;) < CF(0i, Ai)

with
tik

F(O-“ )\i’t) . min{2 ;}
zin€Z: max{1l, \; +} JTF G

Proof.
It clearly suffices to give the proof for ¢ =1 and for large A; ;.
For the upper bound, we will show that

t1k
dLip/ (fl’tp/\,uo'l,)\) < C Z m
1k €T )\1 P1+B1k
with
1
-3
~1 ton/

fz (1+>\ T1k) 2(1+ﬁ1k)) <Zw2k/€jz (1+>‘§,td(w$2k/)2(1+B2k’))2) dVy.
O1,\ 1= Z L1202, ties = tik |

[y, hiePracdv,

T1,€ET1

From Lemma 3.4, given any ¢ € Lip(X) with ||¢[|1;p(x) < 1 we find

1 - ~
- (/ (hle%w —/hle“’ldeVgUL,\) qdeq)
[ hie?racdVy \Js =

] /Z (Frore — 010) 6V,

)\2
< /\;,t / hye¥1>< <¢ — Z tig @ xlk)>
2,t 1k €T1
22 B 2
TEN2 (e 2 Bran)
— % Z tlk? ( i = ( 11‘) t - ) (¢ B (b(xlk))dv
5 2k'
2,t 1€ \/Zzzk/ejz (1+)\§1td('73¢2k/)2(1+B2k/))2
< A%, / >t I 7 (¢ — d(z1k))dV,
27 (14 A2 4d(-, 215)2(1450))
hid T
< Alfztlk/ 1dl, 711) dvy,

(14 A2 d(-, 21y,) 20450 )
hence the estimate will follow if we show
had(- C
)\%t/ 1 )\2 ; ( 7xl(1+ﬁ) 2dVg S min{Q»%}
X ( + 1,t (,fﬂ) ) )\1 ¢ +8

)

for any z = @1, 8 = Puk.
We easily find

hid C
)‘%t/ 1d(,2) QdVg < =
e\ Bs () (1+)\§’td(-,x)2(1+ﬁ)) AT

on the other hand, using normal coordinates and a change of variable we find, if 3 = 0,

hyd C
/\ft/ LLIGE) A / bl g C
U Bs(@) (14 A3 d(-, 2)2(148)) A sy, s (14 [y)2)? ALt
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if  is close to a point p with a singularity «, then

)\%t/ hld(-,m) degé Cl' /
" JBs(x) (1+)\itd(~,x)2(1+5)) AL

since the last integral is uniformly bounded (see [13], Proposition 4.1). To give a lower bound,
it suffices to prove that, however we take o = o), there exists a 1 — Lip function ¢, which

satisfies
Y —
z1k €T )\Iln;n{g’ 1+/31k }

)\(1+ﬁ)0< )\(1+B)O<

dy <

© (1 + [y[20+5)* ATF

|y o

H

+8
1,

~+

+
st

‘ / (Frione — ) 6odV,

Precisely, we choose

¢o = min d(zp) if o= Y twbs,.
k T, €T’
It holds
1 ~ -~
— — - - P1L,N,¢ P1,0,¢
’/ frene (bng s hyefrag avy I/s (h1€ /Ehle qua> GodVy
1

= —— | et < mind(-, 2p)dV,
fzhlem,cdvg/ e i dl, )l

v

N[+
%/hlem,m Hllci/nd(-,ﬂik')dvg

h rd(-, xpr
> t Z / 1oy d(, 2i) dVy.

2
zLETL 1 +d $1k)2(1+51k’))

Again, it is easy to see that any single integral outside a ball Bjs(z1 ) is greater or equal
to constant times )\if, since the number of &’ is at most K = K(p1,a1). Therefore, it will
suffice to show that any integral on the same ball can be estimated from below with constant

+[1k

times )\ . Arguing as before,

20 1

B—c 8
NAFDe, )\(1+B)ap miny, Yy — /\11 BIL'k/

2 hl ming d( .’Ek/)
ALt 7 dVy 2 ——— .
Bs() (14 A7 ,d(-,x)2(1+5)) oarF s (1+ [y[20+9)

T+
AT

To see that the last integral is bounded from above, we restrict ourselves to a portion of a ball
where the minimum is attained by z’ = x/. Since the number of k' is uniformly bounded,
for at least one index the portion we are considering measures at least e of the measure of
the whole ball.

If we take 2’ = '\ so that )\1”3 o)\ goes to infinity, the integral will tend to +oo as well; if
instead the last quantity converges, we will get the integral of a function which is uniformly
bounded from both above and below, as in the proof of the upper estimates a few lines before.
The same argument works when we have no singularities in Bs(x). O

From this lemma we also deduce a useful corollary:
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Corollary 5.3.
Let 0;,(,ox,c¢ be as in Theorem 3.1 and t,x be as in Lemma 5.2. Then, if t # 1 we have

1, — ,61 = E t1k6
f P ¢ A—s00 =, T1k
L1k

and if t # 0 we have
J2.0n ¢ )\jm o = Z 2k 0y,

Tor€J
where t;, verifies
~ ) tie  ~
tir = lim tp », — <ty < Cty
A—00 C

We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1.
€0

Fix C as in Lemma 5.2, g as in Lemma 2.7 and apply Theorem 4.1 with ¢ := oz

Take now L = L(e) > 0 as in Theorem 4.1 and define ® := @, with Ag such that J(py¢) < —L
for any ¢ € Ve,p,a-
Define now, for u € J;L,

0 if d2 >e
t=1(dy,dy) =3 5= ifdi,dy<e where d; = dpip (fius Xp,a,)-  (41)
1 if dl Z 3

This quantity is always well-defined and continuous, because on J; L at least one of d; and
ds is less than .

Consider now v; := 1), &, as in Lemma 2.7 and the push-forward (II;). of the maps IT; = ¥ — ;.
We can now define the map ¥, from J;L t0 Ya p,a&:

U(u) = (1= ) (M) (1 (fr.u)) + HIT2)s (V2 f2ru))-

This map is well-defined as well because, from the construction of ¢, when v is not defined
one has dy > ey > ¢, hence ¢ = 1, and similarly t = 0 when 1o is not defined.

Let us now compose the maps ® and ¥ and see what happens if we let A tend to +oo.
From the previous corollary, f; ,, . converges weakly to a barycenter ¢; centered at the same
points as o;, and the same convergence still holds after applying «; and (II;)., since both are
retractions. However, the coefficients in o; are different from the ones in o;, and moreover
the parameter ¢ in the join will be different in general from ¢.

Following this considerations, we will construct the homotopy between ¥ o ® and the identity
in three steps: first letting A to 400, then rescaling the coefficients in &; and finally rescaling
the parameter ¢ in the join. Precisely, the homotopy map H : 7, , & % [0,1] = 74,5 will be
the composition H := Hj * (Hy x Hy), where:

Hi:(C8) = (1=t)or+toa,s) — (1 —1) (I1). (wl (fl,sa%&)) +1(IL2). (w (f2a¢%’c>)

Hy: ((1—1)G1 +t62,8) = (1 —1) (1 — 8)51 + s01) + (1 — 8)2 + s02))
Hs - ((1 —%) o1 —1—%2,5) — ((1 — ((1 — s)f—l— st)) o1 + ((1 — s)?—i— st) 02) .

Let us now verify that the maps are well defined.
In the definition of the map H;, Lemma 5.2 ensures that the retraction 1y is defined if we
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Aoi ¢
1-s
be defined, but in this case we have

€ €
have F (01', ) < EO. If the latter quantity is greater or equal to EO’ then 11 might not

€0
dy > dpip (fL@AL ’2017&1> 2 =5
T—s¢ c

hence ¢ = 1 and therefore everything makes sense. For the same reason we can compose 1o
and .

In H,, the convex combination of &; and o; are allowed in (v;) p.,a; because the centers of
the Dirac masses which define them are the same.

Finally, it is immediate to see that the composition makes sense, namely Hi(-,1) = Ha(+,0)
and Ha(-,1) = H3(-,0), that H(-,0) = ¥o® and H(:,1) =1d,, , ., and that everything is
continuous. O

The existence of this homotopy map gives, through the functorial properties of homology, a
simple but very important corollary:

Corollary 5.4. Suppose p & A. Then, for L large enough the map ® defined in theorem 5.1
induces an immersion of homology groups

D, 4 _
Hy(Vep,a) — Hy (Jp L) VqeN.

Therefore, in particular, 3, (J;F) > Bq(’y*,p,a) for any q € N.

6 The weighted barycenter sets

In this section, we will provide information about the topology and the homology of the space
Yaopd = (V1) p1,a1 * (V2) pa,a,» Whose importance in the study of the problem arose clearly in
Theorem 5.1 and Corollary 5.4.

First of all, we notice that most information can be deduced by studying the weighted
barycenters spaces (7;)p,.a,- Proposition 2.8 shows how the homology groups of the join
depend on the ones of the spaces which form it.

Some of the results contained in this section will be inspired by [12], where weighted barycen-
ters centered at ¥ are studied.

Moreover, it is easy to see that if one of the two spaces is contractible, then the join is
contractible as well. In fact, if H is a homotopy equivalence between X and a point, then

(1—t)zx+ty,s) = (1—1t)H(z,s)+ty

is a homotopy equivalence between X xY and the cone based in Y, which is contractible.
Therefore, it suffices to restrict our study to the weighted barycenter sets (vi),, a,. In the
following, we will omit the indices ¢ = 1,2 and consider a generic weighted barycenters set -, «

with the multi-indices o = (g, ..., ar) such that a; < oy and singular points py,...,pL
satisfy xo(p1) =14+ < 1.
To start with, following [12] we consider 7, o as a union of strata of the kind

K K
’yK’I = {Ztk(SQk +Zsl(5pl; qr € 2,1t >0, 5, >0, Ztk +Zsl = 1} for K e NU{0}, Z c {1,...,L}.
k=1 ez k=1 e
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One can easily notice that each of these strata is a union of manifolds whose maximal di-
mension is 2K + |Z| — 1. Considering only the strata which are maximal with respect to the
inclusion, we write a unique decomposition

H

Voo = U ,YK}th. (42)
h=1

It is easy to see how the strata depend on the position of p with respect to the a;’s. A
stratum %7 is contained in Vp, if and only if

p>4m (K—l—Z(l—i—al)). (43)

lez

Moreover, we notice that a stratum 77 is contained in ’yK/’I/ if and only if |Z\Z'| < K’ — K.
Therefore, the maximality of an existing stratum is equivalent to the condition

p<4rmin K+ 1+ Z 14+ o), K+ Z 14+ )y,
leZ\{max T} leZU{min({1,...,L}\Z)}

and the equality sign is excluded if we take p & A.

Notice that in the regular case the decomposition in maximal strata is just Vo0 =7
with K such that p € (4K7,4(K + 1)), and all the strata are of the kind A0 = K for
K' =1,..., K. However, in the regular case Proposition 2.6 gives already full information
about homology of the barycenters.

In the general case the decomposition in strata makes more difficult the computation of the
homology groups. Nonetheless, we can still obtain information on the homology of v, » with
an estimate from below of its Betti numbers.

K0 _ K
b= 4K,

Theorem 6.1.
Suppose v, o has the following decomposition in mazimal strata:

H H'
Yoo = U ,yKh;Ih U U ,yKhth/’ (44)
h=1 h'=1

with 1 € Ty, for any h=1,..., H. Then,
} 5Q»2Kh+l’hf1‘

In particular, if h > 1, then Eq(%,a) # 0 for some q # 0.

We will start by seeing the cases which are not covered by the previous theorem, that is when
every maximal stratum is defined by a multi-index containing the index 1.

In this case, we find out that v, . is contractible, so in conclusion we get a necessary and
sufficient condition for the contractibility of 7, «.

Lemma 6.2.
Suppose ¥, o has the decomposition (42) in mazimal strata, withp,...,pr suchthato; < --- < ay.
Then, the following conditions are equivalent:

1. vp.« 15 star-shaped with respect to dp, .
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2. There exists some l € {1,..., L} such that 7, o is star-shaped with respect to 6, .

Kp,

3. ~EnIn s star-shaped with respect to Op, for any h € H.

4. There exists somel € {1,...,L} such that yEmIn s star-shaped with respect to Op, for
any h € {1,...,H}.

Moreover, each of these conditions implies that 7, « is contractible.

Proof.

The contractibility of v, . follows trivially from its star-shapedness, so it suffices to prove
the equivalences between the conditions.

The following implications are evident:

1= 2, 3=1, 3 =4, 4 = 2;

therefore, we suffice to show that 2 implies 7 and I implies 3.

We will start by showing that if v, . is star-shaped with respect to some py, then the same
holds with p;.

We notice immediately that star-shapedness of v,  is equivalent to saying that for any stra-

K,TUl

tum v57% ¢ Vp,o We have C 7p,a; moreover, we recall that the existence of a stratum

within v, , means (43). Let us now suppose condition 2 occurs for > 1, that is

p>47T<K+Z(1+Oél)> = p>dr | K + Z 1+a) |,

leT tezu{i}

and let us recall that we are assuming «; < a1 for any [. This implies

p>dr | K+ > (I+a) | >4n [K+ Y (1+a) |,
1ezu{1} lezu{1}

that is star-shapedness of v, , with respect to p;.

Suppose now, by contradiction, that condition 8 holds but condition I does not, that is v, o

is star-shaped with respect to p; but it contains a maximal stratum %% which is not.

Then, star-shapedness of v, , with respect to §,, implies the existence of a stratum ~K AU} - Vp,as
which contains properly v%Z, thus contradicting its maximality. O

Let us now see what happens if we are in a scenario which is opposite to the previous lemma,
that is some index j is not contained in any multi-index which defines the strata.
The following lemma shows that this situation produces some non-trivial homology.

Lemma 6.3. B
Suppose K e N, T C{l,...,L} and l € T and define

~KI,]l._ KT
oI = U ¥HT.
7'czu{l}, |z’ |=IZ|

Then, it holds

(K+\I\+[7X2(2)}>
H, (?K'LT) = z\ R ) =K 7] -1
0 if g # 2K +|T| — 1
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The proof of the lemma will use the Mayer-Vietoris exact sequence.

Actually, when applying the Mayer-Vietoris sequence the sets A and B should be open. If
they are not, we are implicitly considering two suitable open neighborhoods in their stead.
The existence of such neighborhoods follows from the properties of the weighted barycenters,
which can be deduced by arguing as in [12], Section 2 and [13], Section 3.

Proof.
We proceed by double induction on K and |Z|.
If Z = () we have ”iK’W = 'yK’@ = ~% 50 the claim follows by Proposition 2.6.

If K = 0, any stratum 4*7 is actually the (IZ'| = 1)-simplex |3y, ;- ,0p, ‘ if we can write

~ 1z’
I = {ll, ol l‘I/|}. Therefore, 3% is the boundary of the |Z|-simplex with vertices in Op,

forle T U {l}; hence, it is homeomorphic to the sphere SZI=1 and the claim follows also in

this case.
Suppose now that the lemma is true for K — 1,7 and for any K,Zy with |Zy| = |Z|] — 1.
Being v%%! union of manifolds of dimension less or equal to 2K + |Z| — 1, all the higher

homology groups are trivial. ~
To compute the other groups, we write ¥52! = AU B with

A=AKT B = U ,YK,I\lu{f}
lez

and consider the Mayer-Vietoris sequence. The set B is star-shaped with respect to dj;
whereas A is star-shaped with respect to d,, for any [ € Z, hence we can write

0= Hy(A) & H,(B) —» H(AUB) = H, 1(ANB) = H, 1(A) & H,_,(B) = 0,
that is H,(AU B) = H,_1(AN B). Moreover, this set can be written as
ANB=CUD, C = 4K 1T{1} D= [ 4T\,
lez

As before, C' is contractible, whereas we can write D = 52\ forany 1 e ZandC N D = ﬁK_l’I’ZN.
Therefore, by inductive hypothesis we know the homology of these sets and we can apply
again Mayer-Vietoris. If ¢ < 2K + |Z| — 1 we get

0=H, (C)®H, (D) = H, 1(CUD)— H, 2(CND)— H, 5(C)® H,_»(D) =0,

that is _ B _ B
H,(AuB)=H, 1(ANnB)=H, 1(CUD)=H, 5(CND)=0.

Finally, for the last homology group we get
0= Hagc17)-2(C N D) = Hagyi7)-2(C) ® Hogeyzi—2(D) = Hageyjz1—2(C' U D) —

— ﬁ2K+|I|—3(C nD)— ﬁ2K+\I|—3(C) ® ﬁ2K+\I|—3(D) =0.
Hence, by the inductive hypothesis and the properties of binomial coefficients,
ﬁ2K+\I|—1(A UuB) = ﬁ2K+|Z|—2(C uD)
= Hogi7)-2(D) ® Hag171-3(C N D)

L) O
L)
e

which is what we wanted. O

3
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Finally, we see how the sets defined in the previous lemma affect the homology of 7, «.

Proof of Theorem 6.1.

We proceed by induction on H. If H = 0 there is nothing to prove.

Suppose now the theorem holds true for H — 1. Then it also holds for H when g # 2Ky + |Zgy| — 1.
For ¢ = 2Ky + |Zy| — 1, we notice that FEm Il - Vp,a» since the coefficients oy are non-
increasing; hence we can apply Mayer-Vietoris sequence by writing v, = AU B with

H-1 H'
~ !
A= 7/KHJH717 B = l I ,yKh,lh U ,YK,L/ Z,
h=1 h'=1

By a dimensional argument we have ﬁQKH+|IH|,1(A N B) =0, so we get

0= Hogp 4711 (ANB) = Hagepp 1701 (A) B Haorey 75| 1 (B) = Hogeyy 47,11 (AUB) —

which means, by the exactness of the Mayer-Vietoris sequence,

ﬁQKH‘HIHl_l(A) ® ﬁQKH'HIHl_l(B) = ITI?KH'HIHl—l(A UB).

Therefore, applying the inductive hypothesis and Lemma 6.3, we get

K+ |I| _|_ X(Z)}
>
|Z| + 2>]
H-1 Kh+|I|—|-{X(E)
6 - —

" h=1 Th| + [ X(E)} 2Ky +|Ta|~1,2Kn+Tn—1

H ([ Ky + |In| + [fx@)}
— 5 ) )

hgl |I |_|_ |: X(E):| 2Ky+|Zu|—1,2Kp+Zp—1

hence the claim. ;

Finally, by Proposition 2.8, we get information on the homology of the join.

Corollary 6.4.
Suppose (Vi) pi.a, has the decomposition (44) in maximal strata, with H;, K1,..., Ky, € N
and i1, ..., Lig, C{1,...,L;}. Then, it holds

o Hy [, + \Ih1|+[ (E)] Ky, + |Ih2|+[ (E)}

“+o0
qu(’)’*,p,a) > Z Z
q=0

2 2
h1=1ha=1 |Ih1‘ + [ X 2)] ‘Ih2| + [—XQE)}

In particular, if hy,he > 1, then Bq('y*7p7a) # 0 for some q # 0.
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7 Examples and conclusion

Before proving the main results of this paper, let us see some examples of how they can be
applied in dependence of the points p; and the coefficients «;;. Since the condition (7) only
depends on the ¢, for simplicity we will take all the «;; to be negative.

Example 7.1.

Consider, for instance, the case of four singular points p11, p12, P21, P22, two of which hav-

ing negative singularities a1, = 7 Qg = -3 for the first component, and the others having
~ 1

negative coefficients gy = ~3 Qg9 = 1 for the second component.

What are the possible values py,p2 which yield condition (7)? For p; we have to verify
the condition with Iy = 0 and I, = {2}, since we only have two points; therefore, p1 has

~ 1 ~ 2
to be either between K and K +1+ a1 = K + 1 or between K+ 14 a0 = K + 3 and

- ~ 11 . . .
K424 ao1 +qge = K+ 5 for some integer K. Hence, the admissible range for py is

the union of the intervals

1 2 11 1 2 11
4 —|Udn | s, = |Udn (1, 14+ - JUdn 1+ S, 1+ —
71'(0,4>U 77(3,12)U 7r<, —|—4>U Tr(—i-?)7 —|—12>U

Concerning p2, we can choose again Iy = O or Iy = {2}; as before, we get that ps must lie in

1
an interval of the kind (K,K + 2) or (K + %,K + i) for some integer K; anyway, the

1
latter interval overlaps <K +1,K+1+ 2) , 5o the range given by condition (7) for pa can

be written as
1 33 3 3 3 3
We are now in condition to finally prove the theorems stated in Section 1.

Proof of Theorem 1.1.

Suppose condition (7) holds. This means that (v;),, a, contains the stratum ~
K,

KiZi and does

not contain (vy;) L1} for both ¢ = 1,2. This stratum has to be contained in a maximal
one (7;)" % with 1 ¢ T}, since otherwise we would have (v;) K07V} ¢ (4,) K070 ¢ (i) ps -
Therefore, by Lemma 6.3, both (v;),,.a,’s have non-trivial homology. Moreover, Corollary
6.4 ensures that v, , 5 has non-trivial homology as well, and by Corollary 5.4 the same holds
for J;L if L is large enough.

Suppose now that the system (4) has no solutions. Then, by Lemma 2.12, J - L should be a
deformation retract of J pL for any L. On the other hand, Corollary 2.13 says that for large L

the sub-level J pL is contractible, whereas J,- L cannot be, having some non-trivial homology

groups. Therefore, we are contradicting the assumption of having no solutions. O

Proof of Theorem 1.2.
Under the assumptions of the theorem, we can decompose each (7;),, 5, in maximal strata

H; Hl[ K, T
. U K, In,; n! Rt
(Vipoar = | J ASmmau [y
hi=1 hi=1
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Take D as the set of initial data such that J, is a Morse function, which by Lemma 2.15 is
a dense open set. Applying Lemma 2.14 and Corollaries 5.4 and 6.1 we get

+o0
#Solutions of (4) > Z By (J;L

400
= qu(%,p,a)
q=0
Ky + [T + [ O\ (Ko, + Tl + [ 22
hlz,gz |Zn, | + [ } Tn, | + [*xéz)} )
that is the thesis of Theorem 1.2. 0

Proof of Theorem 1.4.
Due to the assumption py < 47(1 + @z), we can write

(V2) ps,as = {Z 5210p,,; 81 > 0, Zsl =1, 471'2 1+ agy) < p}

lez el lel

If this set is not empty, that is if @ > min ay;, we can still consider ® as in Theorem 3.1,

since again, by construction, d(y1,pe;) > d > 0 for any [ € {0,..., Lo}.

Therefore we have, as in Theorem 3.1, a map ®: v, ,5 — J;L and, as in Theorem 5.1,
vJ; L — 74 ».a such that ¥o & ~ Id,, , ;. Hence, the sublevels inherit the homology of
the j JOIH so existence and multiplicity of Solutlons follow by the estimating the Betti numbers

as in Theorem 6.1.

On the other hand, if &; = min ay;, then the set (72),, 5, is empty. However, @, can still be
j

defined on (v1),,.a, by restricting the map in Theorem 3.1 to the end ¢ = 0 of the join. Since
we are just considering a restriction of the map, the estimates of the theorem still hold.
Moreover, being ps small enough, Lemma 4.5 can only hold for ¢ =1, so in Theorem 4.1
we must have f;, to be arbitrarily close to X, 5, as J, is lower. Therefore, we can define
U J = (7)pr,a, by () = () wh1 (fr.) (with o1 =9, 5, as in Lemma 2.7).

A homotopy map between ¥ o ® and Id(,n)plﬁ1 is given by restricting to ¢ = 0 the map
H defined in the proof of Theorem 5.1. Therefore, we can again deduce existence and
multiplicity of solution by estimating the number of solutions as in Section 6. O

Proof of Theorem 1.5.
From the upper bound on p; and ps, the elements in the barycenter sets 3, 5, can be written
in the simpler form

Y 1—{28115;7”, sy > 0, Zsll—l 4%2 + ay) <p}

leT, I€Z; €T,

We will assume both of these barycenter sets to be non-empty, since if one is empty we can
modify the argument as in the proof of Theorem 1.4 and if both are empty we are in the
coercive case covered by Corollary 2.4.

As in Theorem 3.1, we can build a map ®, from the join X, , 5 = ¥/, a, * X, a, by simply
restricting the original ®, to these particular types of barycenters.
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Since d(p1, par) > 0 > 0 for any [,1’, with the same argument we get @, \ —  —00 uni-
—+0o0

formly.
Moreover, from Theorem 4.1 (which also works when g(X) = 0), we get that f; ,, is e-close to
X,;,& for some i = 1,2, so we can build a map V¥ : J;L — X, p,a by taking t as in (41) and
setting B

U(u) i= (1= 1) P1(fr,u) + 2 fo,u)-

In the same way as in Theorem 5.1 we also prove the homotopy equivalence between ¥ o ®
and Idy, , ., so the sublevels inherit the homology of the join. We finally obtain the existence
and multiplicity result by estimating its homology groups through Theorem 6.1.

We can apply the latter theorem because, since regular points are not allowed in ¥,, 5,, this
set coincides with (7;),, &, for any simple closed curve ~; (or also any subset of ¥) which
contains the points {pi1,...,pir, }- O
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