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DYNAMICS ON RESONANT CLUSTERS FOR THE QUINTIC NON
LINEAR SCHRODINGER EQUATION

by

Emanuele Haus & Laurent Thomann

Abstract. — We construct solutions to the quintic nonlinear Schrédinger equation on the circle
iOu+ O2u=v |u|4u7 vl zesSh teRr,

with initial conditions supported on arbitrarily many different resonant clusters. This is a sequel the work
[5] of Benoit Grébert and the second author.

1. Introduction and results

1.1. General introduction. — In this paper we consider the quintic nonlinear periodic Schrédinger
equation

(1.1)

i+ O%u = vlu/*u, (t,2) € R x S,
u(0, ) = uo(x),

where v > 0 is some small parameter. In [5] B. Grébert and the second author showed a beating effect
for (TI)): there exist solutions which are supported on 4 so-called resonant modes and which stay
close to a time-periodic solution for long time. These solutions moreover show that there is an energy
exchange between the considered modes, which is a genuine nonlinear effect. We call this mechanism
a beating effect. Such a phenomenon was first observed by Grébert and Villegas-Blas [6] on a cubic
Schrodinger equation. Let us also mention the work [4] by Grébert-Paturel-Thomann where a general
principle is extracted so that such a phenomenon occurs. Finally we refer to the introduction of [5]
for more results on the long time dynamics for (L)) and related models.

Our aim here is to extend the main result of [5] and show that we can construct solutions to (I.T)
supported on arbitrarily many resonant modes.

Recall [5 Definition 1.1] that a set of the form

(1.2) {n,n +3k,n + 4k, n + k}, k € Z\{0} and n € Z,
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is called a resonant set. These sets exactly correspond to the resonant monomials of order 6 of the
Hamiltonian of (L)) which contain 4 different modes. Here, we consider resonant sets of the type

(1.3) Ap = {np —2,np, — 1ng + 1,ny, + 2},

where (ny)r>1 is a sequence of integers which will be described. In the sequel, we denote by
(1.4) a;k) =ny — 2, agk) =ny + 1, b;k) =ny + 2, bgk) =ny — 1,

and for K > 1, we define

K
A= A
k=1

To begin with, let us recall the result of [5] for the resonant set Ay.

Theorem 1.1 ([5]). — Let k > 1. There exist T, > 0, vy > 0, ag € (0,1/2) and a 2T,—periodic
function K" R (0,1) which satisfies K,Ek)(()) < oy and K (Tx) > 1 —ai and if 0 < v < vy,
there exists a solution uy, to (L) satisfying for all |t| < v=9/8

wpt.x) = gt @) + v q(t, @),

with
vg(t,x) = Z w;(t)e?,
JEAg
and ww®F = 2wwm®? = K@)
1 2
w02 = 2w,w®F = 1- K@),
1 2

and q is smooth in time and analytic in space on [—1/_9/8, 1/_9/8] xSt. Moreover, the Fourier coefficients
q;(t) of q(t) satisfy
sup |g;(t)] < Ce I,
|t|<v=9/8
with C' independent of k > 1 and v > 0.

The result is not exactly stated like this in [5], but is proven there. In particular, the analycity of
the remainder term follows from the analytical framework of the Birkhoff normal form procedure in
[5, Section 3]. See also [4].

Theorem [[.T] shows that there are non trivial interactions between the modes in Ay and they occur
for times t ~ v~ 1T}.

1.2. The main result. — In this paper we prove that if the resonant sets are carefully chosen,
there exist solutions to (LLI]) which are the superposition of solutions of the previous type.

Theorem 1.2. — There exists vy > 0 and there exists an increasing sequence of integers (ng)g>1
such that, if 0 < v < vy, for all K > 1 with ng < —clnv there exists a solution to (LI)) which reads
for all |t| < v=9/8

K
(1.5) u(t,z) = Ze*”kvk(t,x) + M (),

k=1
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where
i) For all1 <k < K, v is as in Theorem [I]

it) The error term is smooth in time and analytic in space on [—1/_9/8,1/_9/8] x St. Moreover, the
Fourier coefficients qj(t) of q(t) satisfy

sup |g;(t)] < Ce_‘jl7
[t|<p—9/8

with C independent of K > 1 and v > 0.

This result shows a beating effect inside of each resonant set, but there is no energy transfer between
two different resonant clusters. In particular, we do not show an energy transfer from the low to the
high frequencies.

In our example, for all s > 0, |lul|gs is almost preserved during the time. This is due to the
particular form (I.3]) of our resonant sets. We believe that a similar construction for more general
resonant sets (L2]) can be done.

For all j € Z, the Fourier coefficient @; of v in (LT satisfies

sup [@;(1)] < Ce M,
|t|<v—9/8

thus u is bounded in an analytic norm uniformly in K > 1 for this time scale. A natural question is
whether we can choose K = 400 in Theorem Our method does not allow this extension since the
period of vy grows to infinity with k. Moreover, the expansion in (LX) is relevant as long as e "k vy, is
larger than the error term, and this gives the limitation ng < —clnwv.

In fact there are many sequences which satisfy Theorem almost all sequences which satisfy
N1 > 12ni can be taken (see the proof of Proposition 2.2)).

Our approach allows also to treat the focusing Schrédinger equation (v < 0), but for simplicity we
only deal with the case v > 0.

With an appropriate choice of the initial conditions, we can construct quasi-periodic solutions in
time for a large set of frequencies.

Corollary 1.8. — For every K > 1 and every sequence of real numbers Ay,Ao, ..., Ag > 0, there
exists N € N so that, if v > 0 is small enough, we can construct vy, of period 2N Ay /v in time.

This is clearly a nonlinear phenomenon, since in the linear regime all the frequencies are integer
multiples of the same number.

1.3. Plan of the paper. — In Section 2l we prove the existence of resonant sets made up of several
clusters which do not interact much with one another. In Section [3] we recall the Hamiltonian structure
of (L)) and we study the model equation, which is obtained by truncating the error terms of the normal
form (higher order terms and terms involving frequencies outside the resonant sets). In Section [ we
perform the perturbation analysis and collect the results of the previous sections in order to prove our
main results. Throughout the paper, we widely rely on the results obtained by B. Grébert and the
second author in [5]: since several proofs turn out to be similar, here we choose to highlight what is
new and different, rather than copy out the proofs in [5].
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2. Existence of resonant sets

In this section, we show the existence of a sequence (nj) such that the modes in Aj; and A; do not
interact much when k < j. We will see that this is ensured when (ng) is growing fast enough and if it
satisfies some arithmetical condition.

Lemma 2.1. — Assume that the sequence (ny)r>1 satisfies n1 > 3 and npyq1 > 12nz. Then the
following holds true: Let S := {j1, ja, j3, {1, 42,43} C A with

g+ i =6+ 5+ 46,
J1+J2+ g3 =41+ Lla+ L3,
Then there exists 1 < k < K so that S C Ay.

(2.1) and  {j1,j2. 43} # {{1, 02,03}

Proof. — Consider S = {j1, jo, j3,l1,¢2,¢3} C A such that (ZI]) holds. Assume that ¢; = maxS.
Then ¢; = ng +ry for some 1 < k < K and r; € {—2,—-1,1,2}. If £ = 1 we are done, hence we
assume that k > 2. We claim that one of the integers ji, js, j3, say j1, is of the form j; = np + ¢ with
q1 € {—2,-1,1,2}. If it is not the case, ji, j2,j3 < ng_1 + 2 and thus

Gt 53+ 57 <3k +2)7 < 12my <mg < (g - 2)7 < 4,
which is a contradiction. We plug the expressions of ¢; and j; in (2I)) and obtain
(2.2) 2q1 —ri)ng =G+ 6 — 53— j5 +11 — qf

From [5, Lemma 2.1] we have ¢ # 7.
e Assume that {fs, (3, j2, 73} C U}, Apm. Then

105+ 05—j5 — 5 +77 —qi| < 6(ng_1+2)°
< 2471%_1
< 2ng
< 2lq1 — 1|,

which is a contradiction.
e We can therefore assume that fo € Ag. If {j2,j3} C Ufn_:ll A,,, we can show that

2q1 — )y, < 03+ 65— j3 — §3 + i —qi,

thus we can assume that jo, € Ag and we write jo = ng + g2, f2 = ng + 2. The relation ([2.2]) then
reads

2(q1+ g2 — 1 —ro)ng =3 = jF+ T+ 15 — 4 — 65
With a similar argument we deduce that {/3,js} C Ax, which completes the proof. O
Define the set
- L. 6 . . . ) 9 2 2 ) )
R ={(j1,J2,J3, 01,02, 03) € Z° sit. j1+jo+js =11+ la+0ls and ji+j5 +j5 =01+ 5+ (5 }.

Proposition 2.2. — There exists a sequence (ny)i>1 which satisfies ny > 3, njy; > 12nz and so that
the following holds true: Let (j1,j2,j3,¢1,p1,p2) € R. Assume that j1, jo, j3, €1 € A. Then p1,p2 € A.
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Proof. — We construct such a sequence (ny)r>1 by induction. When K = 1, we can apply [5, Lemma
2.4] and set any n; > 3. Now, assume that we have constructed the first K elements of the sequence
(nk)szl. We will prove that we can choose ng 41 satisfying the wanted properties.

Suppose that we have fixed ngxy; (and therefore Ag41): we now investigate which arithmetical
properties are required in order to satisfy the non-resonance condition.

Let 41, j2, 73,41 € A and p1,ps € N so that
(23) p1t+pe=J1+Jj2+73— =5,

' Pi+p3=Ji+ds + 3 — =T
The two complex (possibly coinciding) solutions (p1,p2) to (Z.3]) are the roots of the polynomial

1
X2—SX—|—§(SQ—T) .

The discriminant of this polynomial is A = 27" — S2. Therefore, a necessary condition for ([Z3)) to
have integer solutions is that 27" — S? is a perfect square.

Each of the elements j1, j2, j3,¢1 may belong either to Agx 11 or to Ay with k¥ < K. We have to
distinguish 8 different cases, depending on how many of the j’s belong to Ax 1 (4 possibilities, from
0 to 3) and whether ¢; € Ax 41 or not.

e Case (0,0): j1,72,73,41 ¢ Ak +1-

No further property has to be verified: the non-resonance condition is satisfied by induction hypothesis.

e Case (1,0): j1 € Axy1, jo, 3,01 ¢ A 1.

We exploit the identity
A =207 + 53 +55 =) — (G + 2+ Js — 0)° = (1 — G = Ja + £1)* — 401 — j2) (41 — j3).
Now, j; may be expressed as j; = ng41 + ¢1, with ¢; € {—2,—1,1,2}. Therefore
A= (ngi1+c1—ja—js+01)* — 4l — j2) (b — Js)-
The relevant thing here is that A has the form (ng41 + 51)2 + ¢o. If ¢ = 0, then either /1 = jo or

{1 = js, which implies the non-resonance condition py,ps € A, by [5, Lemma 2.1]. If é # 0, it is
sufficient to choose nx 41 large enough to prevent A from being a perfect square.

o Case (2,0): jl,jg c AK+17 j3,£1 ¢ -AK—H-

We have j1 = ng41+ ¢1, j2 = ng4+1 + ¢2 with ¢1,¢0 € {—2,—1,1,2}. Thus,
A = 2|[(ngy1+ c1)?+ (ngq1 + e2)? +j3 — 5?] —[(ngs1+c1) + (nxy1 + ) +jz — 0] =
= —4(js — l)ngs1 + (c1 — €2)* = 2(er + c2)(fs — £1) + (js — 1) (js + 301).

If 41 = js, then p1,pe € A, by [5l Lemma 2.1]. If ¢; # js, then A has the form ang 1+ 3, with o # 0.

o Case (3,0): jl,jg,jg S AK-H, @1 ¢ -AK—H-
The conditions ny > 3, ngyq > 12ni imply that if k; # ko then |ng, — ng,| > 105 = 12 - 3% — 3.
Therefore we exploit the translation invariance of the resonance condition and we translate back
(J1,J2, j3, 41, p1, p2) obtaining the new resonant sextuple

(1, J2. 33, 01, B1, 2) := (J1 — Mk 11.J2 — NE41, 53 — T 41, 1 — N 41, D1 — K41, P2 — MK 41)

with |71, |72/, [73] < 2 and |£1] > 105 — 2 = 103, which is clearly absurd since

i + 75 + 73 = 6 + b7 + ps.
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e Case (0,1): 41 € Ak 1, J1,J2,73 & Ax+1-
This case is easily seen to be absurd, since

i+ +3 =0 +pl+p)
and fq is much bigger than ji, j2, j3.

o Case (1,1): j1,41 € Axy1, j2, 73 & Ak +41-
We write j1 = ng41+ c1, 1 = ngy1 + ¢o with ¢1,¢0 € {—=2,—1,1,2}. So we have

A = 2[(nky1+ ) + 55+ 53 — (i1 + )] = (kg + ) + G2 + ds — (k1 + ) =
= A1 — e)ngqa + (] + 55 + 43 — 3) — (e + ja + iz — e2)*.
If ¢y = co, then j; = ¢ and p1,p2 € A because of [5 Lemma 2.1]. Otherwise, A has the form
ank4+1 + B, with a # 0.
o Case (2,1): j1,j2,01 € Ary1, j3 & Ax 41
We have j1 = ngy1+¢1, jo = ni4+1 + c2, 1 = ng+1 + ¢z with ¢1,¢9,c3 € {—2,—1,1,2}. Therefore

A = 2[(ngy1+a)®+ (nrgr +2)? 455 — (nig1+3)°] — (g1 + o+ e+ 3 —c3)® =
= (nrs1+e+c—c3—js)° —4(cs — c1)(es — c2),

which has the same structure as for the case (1,0) and therefore A is not a perfect square provided
that nx 1 is large enough.

e Case (3,1): j1,J2,J3,01 € Ar 1.
Then we have directly p1,p2 € Ax+1 C A, by [5, Lemma 2.4].

Now, what still has to be proved is that we can choose ng i arbitrarily large and such that
ayni+1 + Br is not a square for a finite number of couples of integers {(a,, 6r)}7_;. We can limit
ourselves to a,. > 0, since the conditions to be satisfied yield a,. # 0 and, if oo, < 0, then a,ng 11+ G, is
negative and therefore not a perfect square, for nx 1 large enough. Let o := (a1, ..., a5) € (N\{0})®
and 3 := (B1,...,8s) € Z°. We denote by Sus := {(a, r)}5_; the set of all couples (o, f,), for a
given choice of a € (N'\ {0})® and 8 € Z°.

Definition 1. — We say that a positive integer n € N satisfies the “no-square condition” with respect
to Sap (NSC-Sop) if for all =1...s, ayn+ B, is not a perfect square.

Fix a € (N\ {0})®, 8 € Z°. Let Fn be the number of positive integers 1 < n < N which satisfy
(NSC-Squp)-

Consider a single couple (o, ,): the main result in [2] implies that there exist two universal
constants C, Co (which do not depend on ay., 5, ), such that the number of positive integers 1 <n < N
such that a,n + 3, is a perfect square is at most C;N3/° (In N)“2. Now, a positive integer n fails to
satisfy (NSC-S,p) if and only if a,.n + 3, is a perfect square for at least one of the s couples (o, 5).
Therefore, we deduce that the number of positive integers < N which fail to satisfy (NSC-S,z) is

N — Fy < C1sN*/5(In N)©2,

Hence, we have
N —C1sN*°(InN)“2 < Fy < N
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which implies that Fj is asymptotic to N as N — 4o0o. In particular, this implies that there are
infinitely many positive integers satisfying (NSC-S,3), which in turn implies that one can choose n g1
arbitrarily large and satisfying (NSC-S,z). This concludes the proof of Proposition O

3. The model equation

Recall that

K
Ap={np =20, —Linp+1,n,+2}, A= U Ay,
k=1
and the notation (4. We assume that (ng)r>1 is a sequence which satisfies Lemma 2] and Propo-
sition
Next, we set ¢ = v*/4 and make the change of unknown v = su. Therefore v satisfies
i + 0%v = |v|*v, (t,z) e R x S,
v(0,z) = vo(x) = eup(x).
We expand v and v in Fourier modes
v(z) =) &eT, v(x) = ne T

JEL JEL

(3.1)

1
and denote by H = / |0,0|* + g/ |v|® the Hamiltonian of (BI)).
St St

We now refer to [5], Section 3], and in particular to Proposition 3.1 and Proposition 3.3. It is proven
that, thanks to a Birkhoff normal form procedure, that there exists a symplectic change of coordinates
7 close to the identity so that
(3.2) H:=Hot=N+Zs+ Ry,

where
— N only depends on the actions (Ij)kez ;
— Zg is the homogeneous polynomial of degree 6 ;

Ze = Z £j1£j2£j377€177f277f3'
R

— Ryp is a remainder of order 10.

As in [5, Section 4], we introduce the model system by setting {? = 77? = 0 in (32) when j # A.
This induces here the Hamiltonian

K
A=6r+Y 0,
k=1

where
~ ) 1/2 71/2 k
He=3Y 7L-97Y B+a) I+ 181a{,€)1b/,€)1a5k)1b§k> cos(20),
JEAL JEAL JEAL 2 2

: (k) _ _ 1 _1
with ¢y = Hagk) Hbgk) + QHGSC) ergk)'
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Since H is almost decoupled, we obtain a completely integrable system.
Lemma 3.1. — The system given by H is completely integrable.

Proof. — Since J is a constant of motion, this is a direct consequence of [5, Lemma 4.1]. Indeed, for
all1 <k <K, H; and

k k 1
Kf ) = Iagk) + Ibgk), Ké ) = Iagk) + Ibék) and Kf/% = Ibgk) + 5[@51@),
are constants of motion in involution. Ol

As in [5], we use the coordinates (¢, K) to describe some particular trajectories of H. To begin
with, Hj can be rewritten

~

By = B, KO, KD, KO, k)

1 1
= R (KW, K K8 1+ 6[(37 — 200 Loy Iy, + (37 — 2Ko)Lay Iy, + 3I4T2 I, Iy, cos(2¢0)],

1/2
for some polynomial Fj[! [@. Next, we define
(3.3) g =ce "k,
we fix
ka) = 6%, K(k) = 56% and Kf/% ;e%,
and denote by Ko(k) = Iag’“)' With the previous choice,
(3.4) J = Z K(k —i—K k) 226727”“ = Ce?.

k>1 k>1

The following rescaling proves to be useful

(3.5) 00 (t) = oW (elt),  K§O(1) = FE W ().
Define
P — K(’“)( ~ k) [(10Ja,;2 —6) + 4(K®)3(1 — K®)3 cos(2cp(k))],
and
K
(3.6) H, =5 1Y,

then for all 1 < k < K, the evolution of (¢®), K*)) is given by

OH
| o) = - =~ - 2KW) | (U - 2) + 2(KW)E (1 - K)? cos(2p)|
(3.7
KO =9 g k)3 k09 gin(2,®),
3()0(]“)

1. The expression of Fj which can be found in [5] is incomplete and it lacks the dependence of Fj, on K"
this does not affect the results in [5].

1 /2 However,
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Then by [5, Proposition 4.2] we have

Proposition 3.2. — For all k > 1, there exists a v € (0,1/2) so that if v < K®)(0) < 1—~; and
©(0) = 0, then there is Ty > 0 so that (o), K(*)) is a 2T, —periodic solution of [B.1) and

K®0)+ K®(T,) = 1.
Moreover, T, : (v, 1/2) U (1/2,1 — ;) — R is a continuous function of K®)(0),

2
Ty — g(mk,;? —3)7 Y2 a5 KW(0) — 1/2,

and
Ty — 400 as K®(0) — ;.

Proof. — Denote by C = 10J€,;2 — 6. With &4), we have C, > 9 and Cj ~ ce*™ . Write here
K® = K and p*) = ¢. Then, as for the proof of [5, Proposition 4.2],
1
K(1 - K)(Cy, +4K3 (1 — K)2 cos(2¢)) = 1(C=2)
defines two heterocline orbits which link the saddle points (¢, K) = (—7/2,1/2) and (¢, K) =
(—m/2,1/2). When ¢ =0
Cp—2

V(Cr —2)2+8(C, —2) +Cp — 2
Observe that, since Cy > 9 > 2, Dy € (0,1/2), and this yields the existence of .

Moreover, T}, is a continuous function of K'*)(0) on (y,1/2) U (1/2,1 — %) and Ty — 400 when
K®)(0) — 4, due to the continuous dependence on initial conditions.

Finally, since the point (¢, K) = (0,1/2) is a nondegenerate centre, we have that T} approaches the

value of the half-period of the linearized system as K*)(0) — 1/2 (it follows from the Theorem in
Chapter 5.C, p.100, [1]). Since, in particular, we have

=
N

K :Dk::

(1-K)

O%H, 9 O%H, 9 0%H,
we deduce
2
(3.8) Ty T

T 9/ 13

lim
K®)(0)—1/2

4. The perturbation analysis and proof of the main results

We are now ready to complete the proof of Theorem This is a direct application of the results
of [5] Section 5.
We now assume that nxg < —(Ine)/8 = —(Inv)/32, therefore by ([B.3]) we have for all k£ > 1

£9/8 <eg, <e.

Then we can state the following result, which is analogous to [5, Lemma 5.1].
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Lemma 4.1. — Assume that there exists C > 0 so that
1€5(0)]; n;(0)] < Cee™™*, Vj € Ay

and

€(0)], [mp(0)] < CePe WL, Wp ¢ A.
Then for all 0 <t < Ce™,
L(t) = O(%) when p ¢ A,

and

We consider the initial conditions

k k 1 k 1
K{Y(0) = et K37(0) = Zef K{(0) = 5t
and [£;(0)],]n;(0)] < Ce¥e7 VWl for j ¢ A,

and for all 1 < k < K we set 7, = E%t. Then thanks to Lemma 1] we have

(4.1)

Proposition 4.2. — Consider the solution of the Hamiltonian system given by H with the initial
conditions [@I). Then for all1 <k < K, (o), K®)) defined by @B3) satisfies for 0 < 7, < e 6¢f
e () = — ki + O(e?)
E®(n) = 210,

where H, is the Hamiltonian (3.6)).

4.1. Proof of Theorem .2 — We choose the initial conditions for (¢, K). We take ¢*)(0) = 0
and v, < K®(0) < 1 — ;. We also consider the solution (cpi ) K (k)) to (B.7) with initial condition
(go,((k), Kik))(O) = (™, K®)(0). Then by Proposition &2 and [5], Lemma 5.3] for all 0 < 7, < e 5¢}
we have

(9. KO (m) = (2" K (i) + O+ O
which in turn implies that for all 0 <t < e~

EP ) = EKP(Elt) + 028t + 0(e%)0)e
e (1) = oW (ett) + Ot + O35t

For t < e79/2 = y=9/8 we get (LH).
The period of Kék) is 2Tk5,;4 = 2T, *e* | thus one has to ask that

(4.2) et < e71/2 = = 1/8,

2. As here, in [5] Lemma 5.3] there is actually an additional error term O(g?)72. This restrains the main result in [5]

to times t < e % = y5/4,
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In view of Proposition 3.2, we have that, depending on the choice of initial data, T}, spans at least the
open interval (27”(1()(]6];2 —3)"1/2 400), which contains the interval (7/(9v/3), +00) for all k, so we
can choose the initial data in such a way that T, = 1/2 for all k. Therefore, since ny < ng, [£2) is
satisfied provided that nx < —1/32Inwv.

4.2. Proof of Corollary 1.3 — For each k, the period of v; equals the period of Ko(k), whose value
is 207 1Ty, . In the proof of Theorem we have observed that, given any T € (7/(9v/3), +00),
one can choose the initial data in such a way that T}, = T. This, with n; < ng, implies that, for
any given A € (me™¥ /(94/3), +00), one can choose the initial data so that the period of vy, is equal
to 2A /v. Therefore, given any K > 1 and any A1, A, ..., Ag > 0, there exists N € N so that, with a
proper choice of the initial data, vg has period 2N Ay /v, if v is small enough. It suffices to choose the
smallest N such that NA; > 7e?™x /(94/3) for all k, which is admissible if for the chosen N one has
NAy, < v=1/8 for all k, which is verified provided that v is small enough.
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