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Abstract. We prove that the KdV equation on the circle remains exactly controllable in
arbitrary time with localized control, for sufficiently small data, also in presence of quasi-linear
perturbations, namely nonlinearities containing up to three space derivatives, having a Hamiltonian
structure at the highest orders. We use a procedure of reduction to constant coefficients up to order
zero (adapting [6]), classical Ingham inequality and HUM method to prove the controllability of
the linearized operator. Then we prove and apply a modified version of the Nash-Moser implicit
function theorems by Hérmander [27], 28]. MSC2010: 35Q53, 35Q93.
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1 Introduction

A question in control theory for PDEs regards the persistence of controllability under
perturbations. In this paper we study the effect of quasi-linear perturbations (namely
nonlinearities containing derivatives of the highest order) on the controllability of the
KdV equation. We consider equations of the form

Ut + Uggy +N(~T7 uyuzyuxmuxzx) =0 (11)

on the circle x € T := R/27Z, with t € R, where u = u(t, z) is real-valued, and AV is a given
real-valued nonlinear function which is at least quadratic around v = 0. For solutions of
small amplitude, is a quasi-linear perturbation of the Airy equation u; 4+ ugzzr = 0,
which is the linear part of KdV; then the KdV nonlinear term uu, can be included in V.

Motivated by a question, which was posed in [31], about the possibility of including the
dependence on higher derivatives in nonlinear perturbations of KdV, equations of the form
have recently been studied in [6l [7, 8] in the context of KAM theory. In this paper
we study from the point of view of control theory, proving its exact controllability by
means of an internal control, in arbitrary time, for sufficiently small data (Theorem [1.1)).

Most of the known results about controllability of quasi-linear PDEs deal with first
order quasi-linear hyperbolic systems of the form u; + A(u)u, = 0 (including quasi-linear
wave, shallow water, and Euler equations), see for example Li and Zhang [37], Coron [18]
(chapter 6.2, and see also the many references therein), Li and Rao [36], Coron, Glass
and Wang [19], and recently Alabau-Boussouira, Coron and Olive [I]. Recent results for
different kinds of quasi-linear PDEs are contained in Alazard, Baldi and Han-Kwan [3] on
the internal controllability of 2D gravity-capillary water waves equations, and Alazard [2]
on the boundary observability of 2D and 3D (fully nonlinear) gravity water waves. For a



general introduction to the theory of control for PDEs see, for example, Lions [38], Micu
and Zuazua [39], Coron [18], while for important results in control for hyperbolic PDEs
see, for example, Bardos, Lebeau and Rauch [9], Burq and Gérard [16], Burq and Zworski
[17].

Regarding the KAV equation, the first controllability results are due to Zhang [49] and
Russell [45]. Among recent results, we mention the work by Laurent, Rosier and Zhang
[35] for large data. A beautiful review on the literature on control for KdV can be found
in [44]. For more on KdV, see the rich survey [24] by Guan and Kuksin, and the many
references therein.

1.1 Main result

We assume that the nonlinearity N (z, u, uy, Uyy, Uzey) is at least quadratic around u = 0,
namely the real-valued function N : T x R* — R satisfies

N (z, 20, 21, 22, 23)| < C’|z|2 Vz = (z0, 21, 22, 23) € R*, 2] < 1. (1.2)

We assume that the dependence of N on gy, Uz, is Hamiltonian, while no structure is
required on its dependence on u, u,. More precisely, we assume that

N(w7u’uxyuzmyuzmm) = Nl(xauauzvumzv umzz) +N()(.T},’U,,um) (13)

where
N(2,u, Uy Uy Uggr) = O { (OuF ) (@, 1y tug) b — O { (O, F) (2, uy ug) }

_ 9 (1.4)
for some function F : T x R* — R.

Note that the case NV = N1, Ny = 0 corresponds to the Hamiltonian equation dyu =
0.V H (u) where the Hamiltonian is

H(u) = ;/Tuidx—i—/jr}'(x,u,ux)dx (1.5)

and V denotes the L?(T)-gradient. The unperturbed KdV is the case F = —%u?’.

T

Notations. For periodic functions u(z), x € T, we expand u(z) =} ., upe™ and,

for s € R, we consider the standard Sobolev space of periodic functions

Hj o= H(T,R) := {u: T = R: Julls <oof, |ull?:=)_ |un[*(n)**, (16
ne”z

1

where (n) := (1 + n?)2. We consider the space C([0,T], H?) of functions u(t,x) that are
continuous in time with values in H;. We will use the following notation for the standard
norm in C([0,T], HZ):

ullr,s = llulloqoy,as) == sup_[[u(®)]ls. (1.7)
te[0,T]

For continuous functions a : [0,7] — R, we will denote

la|r := sup{|a(t)|: t € [0,T]}. (1.8)



Theorem 1.1 (Exact controllability). Let T > 0, and let w C T be a nonempty open
set. There exist positive universal constants r,sy such that, if N in (1.1)) is of class C"

in its arguments and satisfies (1.2]), (L1.3)), (1.4), then there exists a positive constant d.
depending on T,w, N with the following property.
Let win, tenqg € H* (T, R) with

[tinlls; + [[tiendlls; < 0.
Then there exists a function f(t,x) satisfying
f(t,z) =0 forallxz ¢ w, for allt € [0,T],

belonging to C([0,T], H3)NC([0,T], H:=3)NC?([0,T), H:~°) for all s < s1, such that the
Cauchy problem

{ut + Upgw + N (T Uy Uy, Uy, Ugz) = [ V(t,2) €0, T] x T (1.9)

(0, ) = ujn(x)

has a unique solution u(t,z) belonging to C([0,T], HZ)NC([0,T], H:=3)NC2([0,T], H:~5)
for all s < s1, which satisfies
U(T,IL‘) = uend(l‘)' (110)

Moreover, for all s < s1,

|, fHC([o,T],H;;) + [|Ou, atf”c([o,T],Hg—if) + HattU,3ttf”c([o,T],H;—6)
< Cs(Jwinllsy + lluenalls;)  (1.11)

for some Cs > 0 depending on s,T,w,N .

Remark 1.2. In Theorem there is an arbitrarily small loss of regularity: if the initial
and final data wy, uenqg have Sobolev regularity H;', then the control f and the solution
u are continuous in time with values in H for all s < s;. Such loss of regularity is in
some sense fictitious: it is due to our choice of working with standard Sobolev spaces,
but it could be avoided by working with the (slightly “worse-looking”) weak spaces E,
introduced by Hérmander in [28] (see Section [7). What we actually prove is that, if the
initial and final data are in the weak space (H:!)" (i.e. the weak version a la Hormander
[28] of the Sobolev space H3>'), then f and u are continuous in time with values in the
same space (H:')'. O

Remark 1.3. Our proof of Theorem does not use results of existence and uniqueness
for the Cauchy problem . On the contrary, our method directly proves local existence
and uniqueness for (see Theorem [1.4). This situation occurs quite often in control
problems (see Remark 4.12 in [I8§]). O

1.2 Description of the proof

It would be natural to try to solve the control problem — using a fixed point
argument or the usual implicit function theorem. However, this seems to be impossible
because of the presence of three derivatives in the nonlinear term. A similar difficulty
was overcome in [3] by using a suitable nonlinear iteration scheme adapted to quasi-linear
problems. Such a nonlinear scheme requires to solve a linear control problem with variable



coefficients at each step of the iteration, with no loss of regularity with respect to the
coefficients (i.e., the solution must have the same regularity as the coefficients). In [3] this
is achieved by means of para-differential calculus, together with linear transformations,
Ingham-type inequalities and the Hilbert uniqueness method.

As an alternative method, in this paper we use a Nash-Moser implicit function theorem.
The Nash-Moser approach also demands to solve a linear control problem with variable
coefficients, but it has the advantage of requiring weaker estimates, allowing losses of
regularity. The proof of such weaker estimates is easier to obtain, and it does not require
the use of powerful techniques like para-differential calculus. In this sense our Nash-
Moser method is alternative to the method in [3] (for a discussion about pseudo- and
para-differential calculus in connection with the Nash-Moser theorem, see, for example,
Hormander [29], Alinhac and Gérard [4]). On the other hand, the result that we obtain
with the Nash-Moser method is slightly weaker than the one in [3] regarding the regularity
of the solution of the nonlinear control problem with respect to the regularity of the data:
the arbitrarily small loss of regularity in Theorem [1.1] is discussed in Remark while
Theorem 1.1 of [3] has no loss of regularity also in the standard Sobolev spaces.

Nash-Moser schemes in control problems for PDEs have been used by Beauchard,
Coron, Alabau-Boussouira, Olive in [10, 12} 11} [1]. A discussion about Nash-Moser as a
method to overcome the problem of the loss of derivatives in the context of controllability
for PDEs can be found in [I8, section 4.2.2]. In [I13] Beauchard and Laurent were able to
avoid the use of the Nash-Moser theorem in semilinear control problems thanks to some
regularizing effect. We remark that Theorem [I.1]could also be proved without Nash-Moser
(for example, by adapting the method of [3]).

Now we describe our method in more detail. Given a nonempty open set w C T, we
first fix a C*° function x,(z) with values in the interval [0, 1] which vanishes outside w,
and takes value x, = 1 on a nonempty open subset of w. Thus, given initial and final
data i, Uend, we look for u, f that solve

P(u) = Xuf
u(0) = uin (1.12)
w(T) = tend
where
P(u) = Ut + Ugar "’N(xauvu:tauzxauzxx)- (113)
We define
P(u) - wa
O(u, f) := u(0) (1.14)
u(T)

so that problem (|1.12) is written as

(I)(u7 f) = (07 WUin, uend)-

The crucial assumption to verify in order to apply any Nash-Moser theorem is the existence
of a right inverse of the linearized operator. The linearized operator ®'(u, f)[h, ¢] at the
point (u, f) in the direction (h, ¢) is

P'(u)[h] — xwp

& (u, f)lh, ] = h(0) . (1.15)
h(T)



Thus we have to prove that, given any (u, f) and any g := (g1, g2, ¢93) in suitable function
spaces, there exists (h, ¢) such that

@' (u, f)h, ] = g- (1.16)

Moreover we have to estimate (h, ) in terms of u, f,g in a “tame” way (an estimate is
said to be tame when it is linear in the highest norms: see (7.13|) and (4.41))).

Problem is a linear control problem. We observe that the linearized operator
P'(u)[h] is a differential operator having variable coefficients also at the highest order
(which is a consequence of linearizing a quasi-linear PDE). Explicitly, it has the form

P'(u)[h] = 0th + (1 + a3(t, 2))Opzeh + as(t, 2)0uzh + a1 (t, x)0xh + ao(t, x)h.

We solve in Theorem Note that the choice of the function spaces is not given
a priori: to fix a suitable functional setting is part of the problem.

Theorem is proved by adapting a procedure of reduction to constant coefficients
developed in [6l [7]. Such a procedure conjugates P’(u) to an operator L5 (see (2.57))
having constant coefficients up to a bounded remainder. This conjugation is achieved by
means of changes of the space variable, reparametrization of time, multiplication operators,
and Fourier multipliers. Using Ingham inequality and a perturbation argument we prove
the observability of £5. Then we prove the observability of P’(u) exploiting the explicit
formulas of the transformations that conjugate P’(u) to L£5. The linear control problem
is solved in L2 by the HUM (Hilbert uniqueness method). Then further regularity
of the solution (h, ) of is proved by adapting an argument used by Dehman-Lebeau
[20], Laurent [34], and [3].

To conclude the proof of Theorem we apply Theorem which is a modified
version of two Nash-Moser implicit function theorems by Hormander (Theorem 2.2.2 in
[27] and main theorem in [28]; see also Alinhac-Gérard [4]). With respect to the abstract
theorem in [28], our Theorem assumes slightly stronger hypotheses on the nonlinear
operator, and it removes two conditions that are assumed in [28], which are the compact
embeddings in the codomain scale of Banach spaces and the continuity of the approximate
right inverse of the linearized operator with respect to the approximate linearization point.
This improvement is obtained by adapting the iteration scheme introduced in [27]. On
the other hand, the Nash-Moser implicit function theorem in [27] holds for Hélder spaces
with noninteger indices, and it does not apply to Sobolev spaces (in particular, Theorem
A .11 of [27] does not hold for Sobolev spaces).

This method is not confined to KdV, and it could be applied to prove controllability
of other quasi-linear evolution PDEs.

The use of Ingham-type inequalities and HUM is classical in control theory (see, for
example, [26], 39,33, [30] for Ingham and [38], 39, 18, [32] for HUM). As mentioned above, the
Nash-Moser theorem has also been used in control theory (see, for example, [10, 12 1T} 1]).
It was first introduced by Nash [42], then several refinements were developed afterwards,
see for example Moser [40], Zehnder [48], Hamilton [25], Gromov [23], Héormander [27, 28],
29], and, recently, Berti, Bolle, Corsi and Procesi [14] [15], Ekeland and Séré [21], 22]. For
our problem, Hérmander’s versions [27) 28] seem to be the best ones concerning the loss
of regularity of the solution with respect to the regularity of the data (see also Remark
. As already said, the theorems in [27, 28] cannot be applied directly, but they can be
adapted to our goal. This is the content of Section [7}



1.3 Byproduct: a local existence and uniqueness result

As a byproduct, with the same technique and no extra work, we have the following exis-
tence and uniqueness theorem for the Cauchy problem of the quasi-linear PDE (|1.1]).

Theorem 1.4 (Local existence and uniqueness). There exist positive universal constants
r,so such that, if N in is of class C" in its arqguments and satisfies , ,
, then the following property holds. For all T > 0 there exists 0, > 0 such that for all
um € HE, f € C([0,T), H) N CL([0,T), H:~C) (possibly f = 0) satisfying

[winllso + 1 fll7.50 + 19t flI 7506 < 0s (1.17)
the Cauchy problem

{ut + Ugzx +N(CB,U, umauxmauxmz) = fa (t, -’E) € [O,T] x T

u(0,2) = ujp(v) (1.18)

has one and only one solution u € C([0,T), H:) N C([0,T], H:=3) N C?([0,T], H:~%) for
all s < sg. Moreover, for all s < sq,

HUHC([O,T],H;) + HatUHc([o,T],H;*?’) + ||8ttUHc([o,T],H;*6)
< Cy (Jluinllso + Ifloqory 20y + 196 o przo-ey) ~ (119)
for some Cs > 0 depending on s, T, N

Remark 1.5. Theorem is not sharp: we expect that better results for the Cauchy
problem ([1.18]) can be proved by using a para-differential approach. O

Remark 1.6. The loss of regularity in Theorem is of the same type as the one in
Theorem see the discussion in Remark [I.2] O

1.4 Organization of the paper

In Section [2| we describe the transformations that conjugate the linearized operator P’(u)
to constant coefficients up to a bounded remainder, and we give quantitative estimates
on these transformations. In Section [3] we exploit these results to prove the observability
of P'(u). In Section 4| we use observability to solve the linear control problem via
HUM (Theorem and we fix suitable function spaces (4.36)-(4.37). In Section [5| we
prove Theorems[I.T]and [I.4] by applying Theorem[7.1] In Section[6]we prove well-posedness
with tame estimates for all the linear operators involved in the reduction procedure. These
well-posedness results are used many times along the Sections [3 [4, B} In Section [7] we
prove Nash-Moser Theorem In Section [§] we recall standard tame estimates that are
used in the rest of the paper.
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2 Reduction of the linearized operator to constant coeffi-
cients

In this section we consider some changes of variables that conjugate the linearized operator
to constant coefficients up to a bounded remainder. This reduction procedure closely
follows the analysis in [6] and [7], with some adaptations.

The linearized operator P’(u) is

P'(u)[h] = 0th + (1 + a3)Opzeh + a20.2h + a10:h + agh, (2.1)

where the coefficients a; = a;(t,x), i =0, ..., 3 are real-valued functions of (¢,x) € [0,T] x
T, depending on u by

a; = a;(u) == (OL,N) (2, u, Uy, Upg, Upgg), ©=0,...,3 (2.2)

(recall the notation N = N (z, 20, 21, 22, 23)). Note that az = 20,a3 because of the Hamil-
tonian structure of the component N of the nonlinearity (see (1.3)-(1.4))).

Lemma 2.1. Let N € C(T x R* R) satisfying (1.2]). For all1 < s <r —3, and for all
u € C*([0,T], H:™3) such that |lu, Opu, Oyullra < 1, the coefficients a;(u) satisfy

llai(w), Ora;(u), Onai(u)||1.s < Cllu, Opu, Opi|| T, 543, 1=20,1,2,3. (2.3)

Proof. Apply standard tame estimates for composition of functions, see Lemma O
Now we apply the reduction procedure to any linear operator of the form where
as(t,x) = cozyaz(t, ) (2.4)

for some constant ¢ € R (note that P’(u) has ¢ = 2 because of the Hamiltonian structure
of N7). Regarding the loss of regularity with respect to the space variable x, the estimates
in the sequel will be not sharp. In the whole section we consider T" > 0 fixed, and, unless
otherwise specified, all the constants may depend on T'.

Remark 2.2. Given a linear operator Ly of the form (2.1, define the operator L as
Lih = —0th — Orza{(1 + az)h} 4 0z (azh) — Oz(arh) + aoh . (2.5)

Note that —L is still an operator of the form ({2.1)), namely

— Ly =0t + (1 4+ a3)O0pzz + 05054 + a10; + ag (2.6)
with
as := as, ay = 3(a3)y — ag, (2.7)
aj = 3(a3)ze — 2(a2)s + a1, ag := (a3)zzz — (a2)zz + (a1)z — ao.

It follows from (2.6)), (2.7) that if £y satisfies (2.4), then also —Lj satisfies (2.4]) (with a
different constant), namely a3 = (3 — ¢)0,a3. In particular, if £y satisfies (2.4]) with ¢ =2
(which is the case if £y = P'(u)), then —Lj satisfies (2.4) with ¢ = 1. O



2.1 Step 1. Change of the space variable
We consider a t-dependent family of diffeomorphisms of the circle T of the form
y:l‘—Fﬁ(t,l'), (28)

where 3 is a real-valued function, 27 periodic in z, defined for ¢ € [0, T], with |B.(t,z)| <
1/2 for all (¢t,z) € [0, 7] x T. We define the linear operator

(Ah)(t,z) := h(t,z + B(t, z)). (2.9)

The operator A is invertible, with inverse .A~!, transpose A’ (transpose with respect to
the usual L2-scalar product) and inverse transpose A~ given by

(A7) (t,y) = vty + B(t,y),  (ATv)(ty) = 1+ By(t,v) v(t,y + B(t,y)), (2.10)
(A7Th)(t,z) = (1 + Ba(t, x)) h(t, = + B(t, x))
where y + y + (t,y) is the inverse diffeomorphism of (2.8)), namely
r=y+ Bty <<= y=z+pb(x). (2.11)
Given the operator
Lo = 0 + (1 + a3(t,2))Drax + a2(t, ©)0ze + ar(t, )0 + ao(t, x) , (2.12)

with as(t,z) = cOpaz(t,z) we calculate the conjugate A~'LgA. The conjugate A 'aA
of any multiplication operator a : h(t,z) — a(t,x)h(t,x) is the multiplication operator
(A~'a) that maps v(t,y) — (A7 1a)(t,y) v(t,y). By conjugation, the differential operators
become

ATVOA =0+ (A7)0, A9, A={ATY1+5.)}0,

then A=10,, A = (A710,A)(A"10,.A), and similarly for the conjugate of 9,.,. We calcu-
late

El = AilEOA = at + a4(ta ?/)ayyy + CL5(t7 y)ayy + a6(ta y)ay =+ a7(ta y) (213)
where
a4 = A_l{(l + a3)(1 + ﬁx)?’}a a5 = -A_l{a2(1 + 61)2 + 3(1 + a3)ﬁ:px(1 + Bm)}7
ag = A_l{ﬁt + (1 + GB)BI:M: + a2z + al(l + ﬂx)}a a7 = «4_1@0- (214)

We look for 3(t, ) such that the coefficient a4(t,y) of the highest order derivative 0y,
in does not depend on y, namely a4(t,y) = b(t) for some function b(t) of ¢ only.
This is equivalent to

(14 as(t,2)) (1 + Ba(t,2))° = b(t), (2.15)

namely s
Be=po,  polt,x) i=bt)3(1 +as(t,z)) > - 1. (2.16)

The equation (2.16) has a solution 3, periodic in z, if and only if [;. po(t, x) dz = 0 for all
t. This condition uniquely determines

b(t) = (;T/T(Hag(t,x))idx)_?’. (2.17)



Then we fix the solution (with zero average) of (2.16)),

ﬂ(t,l’) = (83&_1:00)(t>$)7 (2'18)

where 0, 1h is the primitive of h with zero average in x (defined in Fourier). We have
conjugated Ly to

L1=ALoA =04+ as(t)Oyyy + as(t,y)0yy + as(t, y)0y + az(t,y), (2.19)

where ay(t) := b(t) is defined in ([2.17)).
We prove here some bounds that will be used later.

Lemma 2.3. There exist positive constants o, 0. with the following properties. Let s > 0,
and let az(t,x),as(t, x),a1(t, z), ap(t,x) be four functions with ay = cOzas for some ¢ € R.
Moreover, assume Oyas, Owas, az, Owar,a1,a0 € C([0,T], HT?). Let

d(p) := ||Onas, Oras, a3, Orar, a1, aollrure Vi € [0, s]. (2.20)

If 6(0) < 6., then the operator A defined in (2.9), [2.18), (2.16), ([2.17) belongs to
C([0,T),L(HL)) for all u € [0, s] and satisfies

IRz, < Culhllzy + 6(wlkllzo) YR € C((0,T], HE), (2.21)

for some positive C,, depending on p. The inverse operator A7, the transpose AT and
the inverse transpose AT all satisfy the same estimate (2.21)) as A.

The functions as(t) = bit), as(t,), ao(t,), az(t,y), BlE,), Alt,y) defined in ETT),
(2.16), (2.18), ([2.14), (2.11) belong to C([0,T], H) for all p € [0, s] and satisfy

”6757 as, 8ta57 ae, 8ta67 a7HT,M + |CL4 - ].,CLQ’T S CM(S(/’L) . (222)

Finally, the coefficient as(t,y) satisfies

/ as(t,y)dy =0 vVt e [0,T] . (2.23)
T

Proof. The proof of (2.21]) and (2.22]) is a straightforward application of the standard tame
estimates for products, composition of functions and changes of variable, see section

To prove (2.23)), we use the definition of b(¢) in (2.17)), the equality as = cd a3, and
the change of variables (2.11)), and we compute

/Tas(t,y) dy = /T[az(l + B2)% + 3(1 + a3) Bea (1 + B2)](1 + B;) dz
. c 617(13(75,1’) " me(twr) "
_b(t){ /Tl—i—ag(t,x)d +3/T1+5x(t,:v)d }

= b(t) {c/T({)xlog(l+a3(t,$))dx+3/qrf)xlog(1+5x(t,x))d:c} =0. O



2.2 Step 2. Time reparametrization

The goal of this section is to obtain a constant coefficient instead of a4(t). We consider a
diffeomorphism ¢ : [0,7] — [0, 7] which gives the change of the time variable

Yt)y=71 & t=1 (1), (2.24)
with ¢(0) = 0 and ¢(T") = T. We define
(Bh)(t,y) = h(¥(t),y), (B~o)(1,y) :=v(¥~}(7),y). (2.25)

By conjugation, the differential operators become
B 'oB = p(1)0,, B l'o,B=0, p:=B"1), (2.26)
and therefore (2.19)) is conjugated to
B LB = pd- + (B tay)dyyy + (B as)dy, + (B tag)d, + (B 'ar). (2.27)

We look for ¢ such that the (variable) coefficients of the highest order derivatives (9, and
Oyyy) are proportional, namely

(B™'as)(r) = mp(r) = m(B~(4))(7) (2.28)
for some constant m € R. Since B is invertible, this is equivalent to requiring that
as(t) = my'(t). (2.29)
Integrating on [0, 7] determines the value of the constant m, and then we fix :

T t
m::;/o as(t)dt, () ::;/0 au(s) ds. (2.30)

With this choice of ¥ we get
B™'L1B = p Lo, Lo := 07 + MOyyy + ag(T,y) Oyy + ag(7,y) Oy + a1o(7,y), (2.31)

where

aanw::mﬁgslawwwx axnw:=pé)wiwwww» (2.32)
amﬁﬂ%zpé%Bleﬂw-
Note that for all 7 € [0,7] one has

! . St dy
Lastrnay = s [l amnay = o [astpay=0.  @3)

By straightforward calculations, we prove the following lemma.
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Lemma 2.4. There exists §. > 0 with the following properties. Let aq € C([0,T],R) with

laa(t) — 1| < 64 for all t € [0,T]. Then the operator B defined in (2.25), (2.30) is an
invertible isometry of C([0,T], H?) for all s > 0, namely

1Bhl7,s = [|h|

rs YheC([0,T],HS), s>0. (2.34)

Moreover there exists a positive constant o with the following property. Let ay €
CH[0,T),R), with |as(t) — 1| < 8« and |a}(t)] < 1 for all t € [0,T]. Let s > 0, and
as, Oras, as, Opas, a7 € C([0,T],HS) with [pas(t,y)dy = 0 for all t € [0,T). Then the
functions as(t,x), ag(t,z), aro(t, ), ¥(t), p(t) and the constant m defined in (2.32)), (2.30),
(2.26]) satisfy

|m = 1|+ [¢" =1, p = 1|7 + |las, Oras, ag, Orag, aro|l1,s < Cllas, dras, as, ras, az||r,s (2.35)

where C' is independent of s. Moreover one has
/ag(T,y) dy=0 Vr e [0,T] . (2.36)
T

2.3 Step 3. Multiplication

In this section we eliminate the term ag(7,y)0y, from the operator £, defined in (2.31)).
To this end, we consider the multiplication operator M defined as

Mh(7,y) = q(T,y)h(T,y) (2.37)

with ¢ : [0,7] x T — R. We compute

MILoM =0, + MOyyy + a11(T, y)Oyy + a12(7,y)0y + a13(T,y) (2.38)
with
3 2 3 L
a1 :=ag + %, aio = ag + agqy—i(-]mqyy’ a3 := TQQ (2.39)

We want to choose ¢ such that ay; = 0, which is equivalent to
3mgqy +agq =0 (2.40)

Thanks to (2.36)), equation (2.40) admits the space-periodic solution

a(r.y) =exp{ = = (9, as)(r.0) | (2.41)

1
3m
As a consequence, we get
Ly = M ULoM = 0r + myyy + a12(7,y)9y + a13(7,y) - (2.42)
The proof of the following lemma is straightforward.

Lemma 2.5. Let s > 0 and let ag € C([0,T], Hy) with [y as(7,y)dy =0 for all T € [0,T].
Then for all p € [0,s], the operator M defined in (2.37), ([2.41) and its inverse M1
belong to C([0,T], L(HE)). Note that M = MT.
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Furthermore, there exist two positive constants 0, c with the following properties. As-
sume that ag, Oas, ag, Orag, aro € C([0,T], HET?) and let

6(w) == |las, Oras, ag, Orag, ato||r,uto - (2.43)
Then if 6(0) < 6., for all u € [0, s] the operator M and its inverse M~1 satisfy

||MﬂhHT,u < CM(Hh|

T,u + 5(:“’)”hHT,O) Vh € C([O’ T]v Hﬁ)v (2'44)

for some positive C,, depending on p. Moreover, the functions ai2(7,y), a13(7,y), q(T,y)

defined in (2:39), @-A1) satisfy

lg — 1,a12, Orar2, arsl|ru < Cud(p) - (2.45)

2.4 Step 4. Translation of the space variable

We consider the change of the space variable z = y + p(7) and the operators
Th(r,y) = h(r,y +p(7)), T ‘o(r,2) = v(r,z = p(T)) (2.46)

where p is a function p : [0, 7] — R. The differential operators become 7 19,7 = 9, and
T10, T = 0. + {0,p(¥)} 0,. This is a special, simple case of the transformation A of
section 2.1l Thus

£4 = T_1£3T - 67' + mazzz + CL14(T, Z)az + a15(7_7 Z) (247)

where
a14(1,2) == P/ (1) + (T taw)(r, 2), ais(7,2) :== (T tai3)(r, 2). (2.48)

Now we look for p(7) such that aj4 has zero space average. We fix

p(7) = —% /()T/Talg(s,y) dyds. (2.49)

With this choice of p, after renaming the space-time variables z = x and 7 = t, we have
Lo = 0 + mByaw + ara(t, 2)ds + ars(t, 2), / au(t,z)de =0 Ve [0,T].  (2.50)
T

With direct calculations we prove the following estimates.

Lemma 2.6. Letajs € C([0,T],L2). Then the operator T defined in (2.46), (2.49)) belongs
to C([0,T], L(HS)) for all s € [0,+00). In fact T is an isometry, namely

ITh|zr,s = [|kllr,s Vh € C((0,T], H). (2.51)

Moreover, T is invertible and its transpose is T' =T 1.
Let s > 0, and let aj,Ora12,a13 € C([0,T), HET1) with l|lai2||To < 1. Then the func-

tions a14,a15,p defined in (2.48), (2.49) satisfy

sup [p(t)| + ||la14, Oraia, a1s|
t€[0,T]

1,s < Cllai2, a2, a13||7,s+1 (2.52)
where C' is independent of s.
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2.5 Step 5. Elimination of the order one

The goal of this section is to eliminate the term aj4(¢,2)0,. Consider an operator S of

the form
Sh:=h+~(t,z)0;'h (2.53)

where v(t,7) is a function to be determined. Note that 9,0, = 0,0, = m where
moh :=h — 5= |1 hdx. We directly calculate

L4S — S(&t + m@xm) = a160; + a17 + algé);l (2.54)
where
aie = 3my, + a, a7 = a5 + (3Myze + a147y)mo, (2.55)
a18 ‘= Yt + MYzaq + G14Yz + A157- '
We fix v as
1 .
Vi=—5-0; Yaiy, (2.56)

so that a1 = 0. By the following Lemma [2.7] S is invertible, and we obtain
Ls:=81LuS =0 +MOpee + R, R :=8 Yarr + a1z9; ). (2.57)

Lemma 2.7. There exist positive constants o, 0. with the following properties. Let s > 0,
let a4, a15 be two functions with ays, dsars, ars € C([0,T], HE) and f’Jl‘ a4(t,x)dx = 0.
Let

5(;1) = Ha14, Ora14, a15HT7I«L+U Yu € [0, S]. (2.58)

If 5(0) < by, then the operator S defined in (2.53), (2.56) belongs to C([0,T], L(HY)) for
all € 10, s] and satisfies
|Sh]|

T < Cu(llbllry + 6(w)llhllTo) ¥ € C([0,T], HE), (2.59)

for some positive C, depending on . The operator S is invertible, and its inverse S,
its transpose ST and its inverse transpose S™T all satisfy the same estimate as S.
The operator R defined in belongs to C([0,T), L(HE)) for all u € [0,s] and it

satisfies
IRR < Cu(8(O) Bl + 5() IRllro)  ¥h € C([0, T, HE). (2.60)

The transpose R™ belongs to C([0,T), L(HY)) and satisfies the same estimate (2.60) as
R.

Proof. Estimate ||v9, 'h| 7., by the usual tame estimates for the product of two functions
(Lemma 8.1)), then use Neumann series in its tame version. O

3 Observability

In this section we prove the observability of linear operators of the form . Such
observability property will be used in Section [4] in order to prove controllability of the
linearized problem. We split the proof into several simple lemmas, starting with a direct
consequence of Ingham inequality. Since we actually need observability of a Cauchy prob-
lem flowing backwards in time (see Lemma with datum at time 7', we will accordingly
state our lemmas.
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Lemma 3.1 (Ingham inequality for 0y + md,z,). For every T > 0 there exists a positive
constant C1(T) such that, for all (wy)nez € £2(Z,C), allm > 1/2,

T , 2
[t e = cur) 3
0 nez nez

Proof. See, for example, Theorem 4.3 in Section 4.1 of [39]. The fact that the constant
C1(T') does not depend on m is obtained by closely following the proof in [39], and taking
into account the lower bound for the distance between two different eigenvalues |mn? —
mk3\sz%,foralln,kEZ,n#k. O

The following observability result is classical (see, e.g., [46] for a closely related result);
for completeness, we also give here its proof.

Lemma 3.2 (Observability for 0y + mOyzy). Let T > 0, and let w C T be an open set.
Let vy € L*(T), m > 1/2, and let v satisfy

O + mOyzev =0, v(T) = vrp. (3.1)
Then
T
| [ o dsde = collerii, (3:2)
0 w z

with Cy = C1(T)|w|, where C1(T) is the constant of Proposition and |w| is the

Lebesgue measure of w.

Proof. Let vp(z) = Y, c7 ane™, so that v(t,z) = 3, 4 wn(2)e™°t where wy(z) =
anetne—mn®T) By Lemma for each x € T we have

/OT D wnfw)e™

nez
then we integrate over x € w. O

2
dt > Co(T) Y |wa(@)]> = C1(T) Y |an|® = C1(T) [ |12y »

nez ne”Z

Lemma 3.3 (Observability of L5 := 0; + mOyzy + R). Let T > 0, let w C T be an open
set and let m > 1/2. Let R € C([0,T],L(L2)), with |R(t)h|lo < rollhllo for all h € L2, all

t € [0,T], where 1o is a positive constant. Let vy € L*(T) and let v € C([0,T],L2) be the
solution of the Cauchy problem
O + mOyzev + Rv =0, o(T) = vy, (3.3)

which is globally wellposed by Lemma[6.9(iii). Then

T
/ /\v(t,x)ﬁdxdtzcsllwliz
0 w ’

with Cg = Cy/4, provided that 1o is small enough (more precisely, ro smaller than a
constant depending only on T, Cy where Cy is the constant in Lemma .
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Proof. Let v be the solution of dyv1 + MOyzv1 = 0, v1(T) = vp, and let vo 1= v — vy.
Then vy solves

By (6.10), applied for s =0, « =0, f = —Rwvy, we get
loz]l70 < 247704 | Rui |10 < 247704T g o o (3.5)

Using the elementary inequality (a + b)? > %a2 —b% for all a,b € R,

T 1 (T T
/ /\U\dedtz / /]vl\Qdmdt—/ /\v2]2dxdt.
0 w 2 0 w 0 w

The integral of |v1]? is estimated from below by (3.2). The integral of |v3|? is bounded by
T||”2H2T,o, then use ({3.5]). O

Lemma 3.4 (Observability of L4 := 0 + mOyze + a14(t, )0, + a15(t, ), a14 with zero
mean). There exists a universal constant o > 0 with the following property. Let T > 0,
and let w C T be an open set. Let m > 1/2 and let a14(t, x), ai5(t,z) be two functions,
with ai4, Ora14, a1z € C([O, T], Hg),

/ a14(t,a:) dr=0 Vte [O,T], Ha14,6ta14, CL15HT7(7 < 0. (3.6)
T

Let vy € L3(T) and let v € C([0,T],L2) be the solution of the Cauchy problem
Lyv =0, o(T)=or, (3.7)
which is globally wellposed by Lemmal[6.3. Then

T
/ /\v(t,x)!Qd:rdt > Cyllor |12
0 w ’

with Cy = C3/16, provided that 6 is small enough (more precisely, § smaller than a
constant depending only on T,C'3).

Proof. Following the procedure of Section we consider the transformation S in (2.53)),
(2.56)), which conjugates L4 to

L5 =8 1L4S = 8 + mOyus + R,
where the operator R is defined in (2.57)), (2.55)), it belongs to C([0, 7], £L(L2)), and satisfies
the bounds in Lemma Let v be the solution of (3.7), and define ¥ := S~v. Then ¥
solves L50 = 0, 9(T) = o where o7 := S~H(T)vr, and therefore Lemma applies to ¥
if ¢ is sufficiently small. By Lemmas [2.7] [6.3] and Remark [6.8 we get
T
| [ 1™ = ePdzar < TIS™ = Dol < 8ol < O or
0 w
for some constant C’ depending on T. We split & = v + (S~! — I)v, and we get

T T
| [pdzar<z [ [ P dvar+ 208 orl,
0 w 0 w

Moreover ||vr|lo = ||S(T)vrllo < 2||or]|o, and the thesis follows for § small enough. O
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Lemma 3.5 (Observability of L3 := 0y + m0Oyyx + a12(t, )0 + a13(t,x)). There exists
a universal constant o > 0 with the following property. Let T > 0, and let w C T be an
open set and let m > 1/2. Let aa(t,x), ai3(t,z) be two functions, with ai2, a1z, a13 €
C([0,7], H7),

||CL12, 8,5@12, a13||T,U < 4. (38)

Let vy € L3(T) and let v € C([0,T],L2) be the solution of the Cauchy problem
Lzv =0, v(T)=uwvr, (3.9)
which is globally wellposed by Lemma[6.4] Then

T
/ /|v(t, z)|? dz dt > Cs|lvr||3. (3.10)
0 w “

for some C5 > 0 depending on T,w, provided that ¢ in (3.8) is sufficiently small (more
precisely, § smaller than a constant depending on T,w,Cy).

Proof. Following the procedure of Section we consider the transformation 7 defined
in (2.46)), , which conjugates L3 to

£4 = T_1£3T = 6t + maﬂczm + a14(t7 x)am + a15(t7 .I'),

where a14,a15 are defined in (2.48), and [;a14(t,x)dz = 0. By (2.52), the function p
defined in (2.49) satisfies |p(t)| < C¢ for all ¢ € [0,T]. Let v be the solution of the Cauchy

problem (3.9). Then o := T v solves £49 = 0, 9(T) = T YT)vr. Let wy = [a1, B1] be
an interval contained in w. For § small enough, one has

a1 —p(t), 01 —p(t)] C a1 — 9,01 + ] Cw ¥Vt e [0,T].

The change of variable z — p(t) =y, dz = dy gives

B1—p(t
/ 0(t, x)|? do dt = / / ty|2dydt</ /|vty\2dydt
w1 o1

By (2.52)), for 6 small enough, Lemma can be applied to v on the interval w; and the
thesis follows, since ||5(T)|lo = [|7 1 (T)vr|lo = |lvrlo- O

Lemma 3.6 (Observability of Lo := 0 + mOyzs + ag(t, ©)0pz + ag(t, )0 + aro(t, x)).
There exists a universal constant o > 0 with the following property. Let T > 0, and let
w C T be an open set and let m > 1/2. Let ag(t,x), ag(t,x), a1o(t, ) be three functions,
with ag, Orag, ag, Orag, a1g € C([O, T], Hg),

/ag(t,l’) dr=0 Vte [O,T], Hag,8ta8,a9,8ta9,a10\|r_p,a <. (3.11)
T

Let vp € L*(T) and let v € C([0,T], L2) be the solution of the Cauchy problem
Lov=0, o(T)=or, (3.12)
which is globally wellposed by Lemma[6.5. Then
T
/ / lu(t, x)|* dzdt > Cg|lvr|32 (3.13)
0 w “

for some Cg > 0 depending on T,w, provided that 0 in (3.11) is sufficiently small (more
precisely, § smaller than a constant depending on T,w,Cs5 ).
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Proof. Following the procedure of Section we consider the multiplication operator M
defined in (2.37)), (2.41), which conjugates L2 to

MM = L3, L3 = + MOyas + ar2(t, 2)0, + ar3(t, ),

where aj9,a13 are defined in (2.39). Let v be the solution of the Cauchy problem (3.12]).
Then @ := M~1v solves L39 = 0, 9(T) = M~} (T)vr. Using (2.45)), we have

T
/ /\v(t,x)dedt:/ /|v\2dxdt—|—/ /yv 2(1ql2 = 1) dz dt > (Cs — C8) Jor|2.
0 w

The first of the two integrals has been estimated from below by applying Lemma to
L3 (by Lemma this can be done provided that § is sufficiently small). The second
integral has been estimated using the bound (2.45), since |q(t) — 1| < Cllg — 1|71 < C'6.
Moreover, we have used the inequality ||o]7,0 < C|lor|lo from Lemma The thesis
follows with Cg := C5/2 by choosing ¢ small enough. O

Lemma 3.7 (Observability of £1 := 0y + a4(t)0rzs + a5(t, )0z + ag(t, )0y + az(t, x)).

There exists a universal constant o > 0 with the following property. Let T > 0, and
let w C T be an open set. Let ay,as,aq, a7 be four functions, with ay € C'([0,T],R),
as, Opas, ag, Orag, a7y € C([0,T], HY), satisfying

/a5(t,az) de =0 Vte[0,T], llas, Oras, as, Oras, az||lr,e + |as — 1, ay|r < 6. (3.14)
T

Let vp € L*(T) and let v € C([0,T], L2) be the solution of the Cauchy problem
Liv=0, o(T)=or, (3.15)

which is globally wellposed by Lemma|6.6. Then

T
/ /\v(t, ) dedt > Crllor|2, (3.16)
0 w v

for some C7; > 0 depending on T,w, provided that § in (3.14)) is sufficiently small (more
precisely, § smaller than a constant depending on T,w,Cg ).

Proof. Following the procedure of Section we consider the re-parametrization of time
B defined in ([2.25)), (2.30]), which conjugates £ to

B~ LB = pLy, Lo=0r+myss + ag(T,x)0ps + ag(r, )0y + a10(7, x),

where p, ag, ag,a10 are defined in (2.28), (2.32) and [;ag(r,z) = 0 for all 7 € [0,7].
Let v be the solution of the Cauchy problem (3.15). Then ¥ := B~!v solves Lo¥ = 0,

o(T) = B~Y(T)vr. Using (2.35)), we have

/OT/WIv(t,ﬂf)lgdl‘dtz/OTAIﬁ(w(t),x)|2dxdt
:/T/ [o((t), ) P[¥' (1) + (1 — /(1)) da dt
/ /|177'a: |2dxd7'+/ /|v — /(b)) dadt

> (Cg — C8)||vrf5-

17



The first of the two integrals has been estimated from below by applying Lemma to
Ly (by Lemma this can be done provided that ¢ is sufficiently small). The second
integral has been estimated using the bound for [¢)'(t) — 1| and also the inequality
I0ll70 < Cllor|lo from Lemma The thesis follows with C7 := Cs/2 by choosing §
small enough, since ||or|o = ||B~(T)vrllo = ||vr]o- O

Lemma 3.8 (Observability of Lo := 0; + (1 + a3)0rzx + 0205, +a10; +ag). There exists a
universal constant o > 0 with the following property. Let T > 0, and let w C T be an open
set. Let c € R and a3(t,x), a2(t, x), a1(t, x), ap(t, ) be four functions with ay = cOzas,

||atta3)8ta37a378talaa15a0||T,0' S 5 (317)
Let vr € L3(T) and let v € C([0,T], L2) be the solution of the Cauchy problem
Lov=0, o(T)=wvp, (3.18)

which is globally wellposed by Lemmal[6.7. Then

T
/ /|v(t, )2 dadt > Csllor|% (3.19)
0 w ¢

for some Cg > 0 depending on T,w, provided that 0 in (3.17) is sufficiently small (more

precisely, § smaller than a constant depending on T,w,C7).

Proof. Following the procedure of Section we consider the transformation A defined
in (2.9)), (2.16]), (2.17), (2.18]), which conjugates Ly to

A~ 1[,0.,4 L1 =0+ a4( )azmx + a5(t, x)azm + aﬁ(t, Qj)am + a7(t, :U)

(see (2.19)), where aq, as, ag, a7 are defined in and [pas(t,z) = 0 for all ¢t € [0, T].
Let v be the solution of the Cauchy problem . Then o := A~ v solves L£17 = 0,
o(T) = o7, where ¥ := A71(0)vg. Let wy = [a1,51] C w. By in Lemma [2.3} for &
sufficiently small Lemma applies to © on w1y, and

T
| [ eayae> crieri,
0 w1

By Lemma llorllo = [ A(T)or|lo < Cllor|lo. The change of integration variable y =
2+ B(t,2), dy = (1+ Bu(t, z))dz gives

/ / o dy dt = / / (AT ) (¢, ) dy dt
/ /w2(t 1|—i;:t a:)d dtSQ/OT/W\“(W)Idedt,

where wy(t) := {z : © 4+ B(t,x) € w1}. We have used the fact that, for § small enough,
w(t) C w, and the bound (2.22)) for |5.(¢,z)| < C||B|r2 < C'6. O
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4 Controllability

In this section we prove the controllability of the linearized operator Ly, using its observ-
ability (Lemma |3.8)), by means of the HUM method. We also prove higher regularity of
the control.

Lemma 4.1 (Controllability of Lgy). Let T > 0, and let w C T be an open set. Let
as,az,ay,ap be four functions of (t,x) with ay = 20zas3 satisfying . Let Lo be the
linear operator

Lo := 0 + (1 + a3)0pgx + 42055 + a10; + ay. (4.1)

(i) Existence. There exist constants 6o, C such that, if 6 in is smaller than &g,
then the following property holds. Given any three functions gi(t,z), g2(x), gs(x), with
g1 € C([0,T),L2), g2,93 € L2, there exists a function o € C([0,T),L2) such that the
solution h of the Cauchy problem

Loh = g1 + xwp, h(0) = g2 (4.2)

satisfies h(T') = g3. (Note that the Cauchy problem (4.2)) is globally well-posed by Lemma
. Moreover

lellro < Cllgrllro +llg2llo + [lgallo)- (4.3)

(ii) Uniqueness. Let L be the linear operator

£3¢ = _8t¢ - axmz{(l + a3)¢} + 8:px(a2w) - 39:((117#) + a()w' (44)

The control ¢ in (i) is the unique solution of the equation L{y =0 such that the solution
h of the Cauchy problem (4.2)) satisfies h(T) = g3.

The proof of Lemma[4.1]is given below, and it is based on the following classical lemma.
In this section we use the standard notation (u,v) := [;uv da.

Lemma 4.2. Let as, a9, a1,aq9 be functions satisfying and ay = 20za3. Let L be
the operator defined in (4.4). For every (g1,92,93) with g1 € C([0,T),L2), g2,93 € L?
there exists a unique @1 € L2 such that for all 1y € L2, the solutions ¢, € C([0,T], L2)
of the Cauchy problems

{cggo:o {cg¢:o (45)
e(T) = ¢1 Y(T) =4
satisfy .

[ o+ v v+ g 900) = (an, 0T =0 (4.6)

(note that the global well-posedness of the Cauchy problems (4.5)) follows from Lemma
and Remark[6.8). Moreover ¢ satisfies (4.3).

Proof. Given 1,91 € L2, let ¢,1 be the solutions of the Cauchy problems (4.5)), and
define

T

T
B(¢1, 1) :=/0 Xwps¥)dt,  A(r) = (gg,w(T»—(gz,w(O»—/ (g1,9)dt. (4.7)

0
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The bilinear map B : L2 x L2 — R is well defined and continuous because |x,,(z)| < 1
and, by Lemma [6.7| and Remark llellro < Clleillo, and similarly for . Moreover B
is coercive by Lemma [3.8] and Remark The linear functional A is bounded, with

A1) < CligllTollvnlle Ve e L3, lg|

7.0 = |lg1llT,0 + ll92llo + llgsllo-

Thus, by Riesz representation theorem (or Lax-Milgram), there exists a unique 1 € Lg
such that

B(p1,¢1) = A(¥1) Vi € L2 (4.8)
Moreover [l1llo < ClAllzz2 ) < C'llgllT0- Since [[@llT0 < Clleillo, we get (4.3). O

Proof of Lemmal[/.1 (i). Let ¢1 € L? be the unique solution of (4.8)) given by Lemma
Consider any ¢ € L2, and let ¢, € C([0,T],L2) be the unique solutions of the

Cauchy problems (4.5)). Recalling (4.6]), and integrating by parts, we have
T
0= [ o1+ o0} + (92, 9(0) — (3, 0()
T
= | teon v dt+ (g, 000)) = (. 007

T
= (W(T),9(T)) — <h(0)7¢(0)>+/0 (h, Lov) dt + (g2, ¥(0)) — (g3, ¥(T))

= ((T),¢(T)) — (g3, (T))
= (W(T) = g3,1),

from which it follows that h(T") = g3.

(ii). Assume that ¢ € C([0,T], L2) satisfies £5@ = 0 and it has the property that
the solution h of the Cauchy problem satisfies h(T) = g3. Let ¢1 := @(T'). The
same integration by parts as above shows that B(@1,v1) = A(¢1) for all ¢ € L2. By the
uniqueness in Lemma [£.2] ¢; = ¢1. O

Lemma 4.3 (Higher regularity). Let T,w,as, a2, a1, ag, Lo, 91, 92,93 be as in Lemma .
There exist two positive constants d.,0 with the following property. Let s > 0 be given.
Assume that ag,ay,az,as € C*([0,T), H:*7). Let

() = > 10 aillr o 1€ 10,8]-

k=0,1,2, i=0,1,2,3

Let ||gll7.s == llg1llT,s + |lg2lls + llgalls < oo. If 6(0) < ds, then the control ¢ constructed in
Lemma and the solution h of (4.2)) satisfy

I, bllzs < Cs(llgliT,s +6(s)llgllr.0) (4.9)

for some positive Cy depending on s, T,w. Moreover, if g1 € C*([0,T], H), then

1060, Othl 7,543 + |0 e, duihllTs < Cslllgllrste + |0egillrs + 0(s)llgllrey.  (4.10)

Proof. Let g1 € C([0,T], H?), g2,93 € HE. Let o, h € C([0,T],L2) be the solution of the
control problem constructed in Lemma namely

Lo =0, Loh=xup+g1, h0)=g2, IT)=gs. (4.11)
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To prove that h,p € C([0,T], H3), it is convenient to use the transformations of Section
to prove higher regularity for the solution h, ¢ of the transformed control problem, and
then to go back to h, ¢ proving their higher regularity. Recall that

Lo = ABpMTSL:S I T IM™IB1ATL, (4.12)
where L5 = 0y + MOyzr + R and A, B, p, M, T, S are defined in Section [2] In particular,
- A is the change of the space variable (Ah)(t,z) = h(t,z + B(t,x)) (see (2.9)), where

3 is defined in (2.18), (2.16), @.17);

- B is the reparametrization of time (Bh)(t,z) = h(1(t),z) (see (2.25)), where 9 is
defined in (2.30));

- p(t) is the function defined in (2.26));
- M is the multiplication operator (Mh)(t,z) = q(t,z)h(t,x) (see (2.37))), where ¢ is
defined in ([2.41));

- T is the translation of the space variable (Th)(t,z) = h(t,z + p(t)) (see (2.46)),
where p is defined in ([2.49));

- S is the pseudo-differential operator (Sh)(t,x) = h(t,z) + v(t,2)0; h(t,z) (see
(2.53))), where v is defined in (2.56)) and 9 'k is the primitive of h with zero average
in x (defined in Fourier);

- R is the bounded operator defined in (2.57)).

Let
LE = —0; — MOppe + RT, (4.13)
where R is the L2-adjoint of R. Let
h:= (ABMTS) 'h, g1 = (ABpMTS) g1,
go = (.ABMTS)_I‘,:ZO g2, g3 = (ABMTS)_1|,5:T gs, (4.14)

o =STTTMIB ATy, K@ :=(ABpMTS) (xu(STTIMIBLAT) 1),
Note that, except for S™!, ST, the operator K is a multiplication operator, namely
Kp=84¢STp), where ((t,z):=p 'TMZBTA (14 Bo)xw].  (4.15)

Since h, ¢ € C([0,T],L2), and g1 € C([0,T), HS), g2, 93 € HS, by (4.14)) and the estimates
for A, B, p, M, T,S in Section [2], one has

B’ @,K@G C([O,T],Li), gl € C([OaT]aH;)v .627.&3 € Hi
Since h, ¢ satisfy (£.11)), one proves that h, satisfy
Li¢=0, Lsh=K@+g, h0)=3g, hT)=ags. (4.16)

The last three equations in (4.16) are straightforward. To prove that L@ = 0, we start
from the equality

T
(o(T),v(T)) = (#(0),v(0)) :/o {0, Lov)dt Vo € C([0,T] x T)
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(which is a weak form of Ly = 0), we recall (4.12)), and apply all the changes of variables
A, B, M,T,S in the integral. Thus h, ¢ solve this control problem:

Given g1, go, g3, find ¢ such that the solution h
of the Cauchy problem Lsh = K@ + g1, h(0) = go (4.17)
satisfies h(T) = §3, and moreover ¢ solves Lip = 0.

The function ¢ is the unique solution of (4.17)). To prove it, assume that @y € C([0, 17, L?)
solves li and let hp;s be the solution of the corresponding Cauchy problem Lshy;s =
K@bis + gh hbzs(o) = §2. Define

Ryis := ABMT Shyis,  pis i= A TBMTT T8 T3,

Then hy;s, ©pis solve . By the uniqueness in Lemma (ii) it follows that pp;s = ¢,
hpis = h. Therefore @p;s = @ and hy;s = h.

Now we prove that fL,gb € C([0,T],Hzs). We follow an argument used by Dehman-
Lebeau [20, Lemma 4.2], Laurent [34, Lemma 3.1], and [3, Proposition 8.1]. First, we
prove the thesis for g1 = 0, g3 = 0. Consider the map

S: L2 — L2 S@ = h(0) (4.18)

obtained by the composition ¢; — ¢ — h E(O), where @, h are the solutions of the

Cauchy problems
GW =0 Lsh = K¢ (4.19)

From the existence and uniqueness of ¢ € L2 such that ¢ solves it follows that S is
an isomorphism of L2. The initial datum g is given, so we fix $; € L2 such that S@; = go.
We have to estimate |[A*@1||o < C||SA®*P1]lo, where A® is the Fourier multiplier of symbol
(€)% := (14 €2)%/2, s > 0. To study the commutator [S, A*], we compare (A@, A*h) with

(@, h) defined by

Lip=0 Lsh = K@ (4.20)
@(T) = Aer, hT) = 0.
The difference A*¢ — @ satisfies
*(ASE — @) =
£5§ VOO =P e A= (22475 = [RT, A% (4.21)
(Ao —@)(T) =0

From Lemma and Remark |A°@ — @llro < Cl|Fillro. We recall the classical

estimate for the commutator of A® and any multiplication operator h — ah:
1A%, alhllo < Cs(llall2l|Rlls—1 + llal[s+1]|R]lo)- (4.22)

By (4.22)) and formulas (2.53)), ([2.56), (2.57), the commutator F; = [R”, A®] satisfies

| FillTo < Cs(||ara, ar7, a18|| 10| @l 7,s—1 + [|a14, a17, a18]| 7,540 |2l T,0)
< Cs(0(0)[[@ll7,s-1 + 5(s) 1Bl 70)- (4.23)
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The difference ASh — h satisfies

Ah—h)=K(A¢— @ 7
{‘65( ) (A —9)+ F2, where Fy := [RT,A%]h + [A®, K]p.  (4.24)

(A*h — h)(T) =0,

We have ||[K(A*@ — @)|l70 < C||A*P — 7|

10 < C||Fi|l1,0, and therefore, by Lemma

|A*h = |70 < C(|Fillz0 + | F2llm0)- (4.25)
Using (4.22)) and (4.15)), we get
1F2llz0 < Cs(llh, Bllzs—1 + 8(s)l1, B70)- (4.26)

By (4.23)), (4.25)) and (4.26)) we deduce that
IA%h = hllr0 < Cs(l1h, @
By (4.19)), Lemma and Remark

17, @llr < Culll@llr + 6(lIliro) < Culllill +8(w)I@illo), m>0.  (4.27)

Ts—1 1 5(8) H}N% SEHT,O)'

Therefore o o
[(A*h = h)(0)[lo < [[A®h — AT < Cs([|1]ls—1 + 3(s)[|@1]l0)- (4.28)

Since S¢1 = _B(O) = §o, we have A®h(0) = A®gy. Moreover, by the definition of S in
(4.18)-(4.19), A(0) = SA®$y. Thus

1SA*G1llo < [[(A*h = R)(0)llo + [[A°R(0)[lo < Cs([I@1lls—1 + 6(s)[[B1llo) + 12l (4.29)
Since S is an isomorphism of L2, ||[A*31 (o < C||SA*%1||o, whence

1@1lls < Cs(llgalls + [[@1lls—1 + d(s)ll@1llo)- (4.30)

Since ||@1]lo < C||g2llo, by induction we deduce that
[@1lls < Cs(llgalls + 0(s)lIg2llo)- (4.31)

By (4.27]), we obtain .
17, Bllrs < Cs(l|G2lls + 6(s)l12]l0), (4.32)

which is the thesis in the case g =0, g3 = 0.

Now we prove the higher regularity of h, @ removing the assumption g3 = 0, gz = 0.
Let g1 € C([0,T],HZ), g2,g3 € HZ, and let h, @ be the solution of . Let w be the
solution of the problem

Lsw = g1, w(T)=gs.

By Lemma 6.2, w € C([0,T], HS), with
[wllr,s < Ce{llgallz,s + 11g3lls + 6(s) (g1l + llgsllo)}- (4.33)
Let v := h — w. Then

Lsv=Kp, v(0)=gs—w(0), o(T)=0.



This means that v, @ solve (4.17)) where (g1, g2, g3) are replaced by (0, g2 —w(0),0). Hence
(4.32)) applies to v, @, and we get

[0, @li7.s < Cs(llga — w(0)[ls + 6(s)[|g2 — w(0)]]o)- (4.34)

We estimate [Ig2 — w(0)]ls < g2 lls + [lwllz.s, we use @33) and [[Allr.s < llollz.s + [wlir.s

to conclude that

hs @llrs < Cs{llgllrs + 6(s)1gllr0} (4.35)

where we have denoted, in short, ||g|l7,s :== ||g1]|7,s + ||G2||s + [|g3]|s- This proves the higher
regularity for the transformed control problem (4.17). By the definitions in (4.14]),

75 < Cs([|@llzs + 6()@Ir0),  IBlizs < Cs(llllr,s +8(s)lIR ] 70),

7,s < Cs(llgllzs + (s)llgll70),

el
191

and the proof of (4.9)) is complete.
The bound (4.10)) is deduced in a classical way from the fact that h, ¢ solve the equa-
tions Lyp = 0, Loh = xwp + g1. O

Remark 4.4. Another possible way to prove higher regularity for h, is to apply the
argument of [20, B4, [3] directly to the control problem for Ly, instead of passing to the
transformed problem , applying that argument, and then going back to h, . Such
a more direct method adapted to the present case would require the construction of two
operators Ag, B such that

(7) Chljv|ls < [|Asv]jo < Co||lv]|s (equivalent norm in H?),

(74) the commutator [Lo, A4] is an operator of order s — 1,

(4t) the difference BsL§ — LA is also of order s — 1.

The construction of such A, By is possible, but probably the proof given above is more
straighforward, and it fully exploits the advantages of conjugating Ly to L5 (Section .
The main point is that the commutator [£5, A®] is of order s — 1 (because L5 has constant
coefficients up to a bounded remainder), while [Ly, A®] is of order s+ 2 (because Ly, which
was obtained by linearizing a quasi-linear PDE, has variable coefficients also at the highest
order), so that a modified version Ag of A® is needed. O

In view of the application of Nash-Moser theorem in section |5, we define the spaces
Ey:= Xy x X5, Xs:=C([0,T], H Sy nc(jo,T), H:3)n C?([0,T],HS)  (4.36)
and
Fy:={g=(91,92,93) : ;1 € C([0,T], H;*°) N C'([0,T], H), g2, 93 € HJ*°}  (4.37)
equipped with the norms
lu, flle, = llullx, + 1fllxe lullx, = lulrsie + 10ullrses + [Onullrs  (4.38)

and
gl = llg1llTs+6 + [|0tg1llT,s + 1|92, g3l s+6- (4.39)

With this notation, we have proved the following linear inversion result.
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Theorem 4.5 (Right inverse of the linearized operator). Let T > 0, and let w C T be an
open set. There exist two universal constants 7,0 > 3 and a positive constant 0, depending
on T,w with the following property.

Let s € [0,r — 7], where r is the regularity of the nonlinearity N (see Lemma [2.1)).
Let g = (g1,92,93) € Fs, and let (u, f) € Esio, with ||ul|x, < d«. Then there exists
(h, ) :=V(u, f)lg] € Es such that

P'(u)[h] = xwe = g1, h(0) = g2, h(T)=gs, (4.40)

and
17, ¢lle, < Cs(lgllr + lullx.. gl 7) (4.41)

where Cy depends on s,T,w.

5 Proofs

In this section we prove Theorems and

5.1 Proof of Theorem [1.1]

The spaces defined in —, with s > 0, form scales of Banach spaces. We define
smoothing operators Sp in the following way. We fix a C*° function ¢ : R — R with
0<p<I,

PEO=1 V¢[<1 and  (6)=0 V| >2.

For any real number 6 > 1, let Sy be the Fourier multiplier with symbol ¢(£/6), namely

Spu(x) := Z@k o(k/0) e where u(z) = Zﬁkeikz e L3(T). (5.1)
kEZ kEZ

The definition of Sp extends to functions u(t,z) = Y,z @k (t) e depending on time in
the obvious way. Since Sy and 0; commute, the smoothing operators Sy are defined on

the spaces Es, Fs defined in (4.36])-(4.37)) by setting Sg(u, f) := (Spu, Spf) and similarly
on g = (g1, 92, g3). One easily verifies that Sy satisfies (7.1)-(7.4) on Es; and Fy. We define
the spaces E;, with norm || ||;, and F} with || ||} as constructed in section

We observe that ®(u, f) ‘= (P(u) — xuf, u(0), u(T)) defined in (L13)-(L13) belongs
to Fs when (u, f) € Esy3, s € [0,r — 6], with [Ju/74 < 1. Its second derivative is

P"(u)[hi, ho]

(I)H(ua f)[(h17(p1)7(h27§02)] = 0
0

For w in a fixed ball |ju||x, < dg, with g small enough, we estimate
1P (@) [k, wlllr, < Cs(Ihllx wllxeps + Rl llwllx, + ullx, skl i) (5-2)
for all s € [0,7 —6]. We fix V = {(u, f) € E3 : [|(u, f)|ls < o}, 01 = Iy,
ap=1, pu=3, ag=o0, a=pF=20, az€ (30,r—7] (5.3)

where J,,0,7 are given by Theorem and r is the regularity of AV in Theorem
The right inverse ¥ in Theorem [4.5] satisfies the assumptions of Theorem [7.1] Thus by
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Theorem |7.1{ we obtain that, if g = (0, win, tena) € Fjj With ||9||/F5 < 0, then there exists a
solution (u, f) € E, of the equation ®(u, f) = g, with [lu, f||; < C’HgH};ﬁ (and recall that
g = a). We fix s1 := a+ 6, and is proved. In fact, we have proved slightly more
than (1.11)), because HgH’FB < Cllgllry and [|u, fllg, < Callu, fl|, for all a < a.

We have found a solution (u, f) of the control problem (L.9)-(L.10). Now we prove
that u is the unique solution of the Cauchy problem , with that given f. Let u,v be
two solutions of in Fs_g for all s < s1. We calculate

1
P(u) — P(v) = /0 P'(v+ XMu —v))[u—v]d\ =: Lo[u — v]

where _
EO = at + (1 + d3(t7 x))ammx + &Q(t, x)azz + ELl (t, x)ax + do(t, CC),

1
ai(t,x) == / ai(v+ ANu—v))(t,x)d\, i=0,1,2,3,
0
and a;(u) is defined in (2.2). Note that ay = 20,a3 because az(v + A(u —v)) = 20 a3(v +

AMu — v)) for all A € [0,1]. The difference u — v satisfies Lo(u — v) = 0, (u — v)(0) = 0.
Hence, by Lemma u — v = 0. The proof of Theorem [I.1]is complete. O

5.2 Proof of Theorem [1.4]
We define

B, = (0, T}, H:*) 1 (0, T), HE*) 0 C3((0, T), H2), (5.4)
Fy:={g9=1(91.92) 1 91 € C([O’T]7H£+6) n Cl([O>T]7H£)ag2 S H£+6} (5.5)

equipped with norms

ulle, = lullTsre + OcullT,s+3 + [|OnullT,s (5.6)
lgllr, == llg1llT,s+6 + [10eg1llT,s + llg2]ls+6, (5.7

and ®(u) := (P(u),u(0)). Given g := (f,uin) € Fs,, the Cauchy problem writes
®(u) = g. We fix V,d1,a0, p, a1, a, B, az like in , where the constants o, d, are now
given in Lemma and 7 = 0 + 9 by Lemma [2.1] combined with Lemma [6.7] and the
definition of the spaces E,, Fs. Assumption about the right inverse of the linearized
operator is satisfied by Lemmas|[6.7and [2.1] We fix s := a+6. Then Theorem|[7.1]applies,
giving the existence part of Theorem[I.4] The uniqueness of the solution is proved exactly
as in the proof of Theorem O

6 Appendix A. Well-posedness of linear operators
Lemma 6.1. Let T >0, me€R, s € R, f € C([0,T], HS), with f(t,z) =3, oy fn(t)e™.
Let A be the linear operator defined by Af := v where v is the solution of

{8tv + MOy = f V(t,l‘) S [O’T] x T, (61)

v(0,z) = 0.
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Then

t
Af(t.2) = S ADAO™, (ADalt) = [ &m0 pryar, (62)
neL 0
Af belongs to C([0,T], H3) N CY([0,T], HS~3), and
[AfllT,s < (6.3)

Proof. Formula (/6.2]) simply comes from variation of constants. By Hélder’s inequality,

1

AN < Vi [ 1R ar)® vee .

and therefore, for each t € [0, 77,

JAF O3 = 3 1A P < 31 /!fn )P dr(n)

nez nez
/ S fulr) ) dr = t/ 1y dr < 1o
nez
Taking the sup over ¢ € [0, 7] we get the thesis. O

We remark that for s < 3 the operator A is well-defined in the sense of distributions.
We also recall that £(H) is the space of linear bounded operators of H? into itself, with
operator norm || L||z(gs) := sup{|[Lhl|s : h € Hg,[|h[ls = 1}.

Lemma 6.2. (i) (LWP). Let T >0, s€ R, R € C([0,T], L(HZ)), and let

rs = [[Rllcqom.cms) = tS[lépT] IRl 2(rs) Ly := 0y + MOrzx + R . (6.4)
S )

Let o € HS and f € C([0,T],H?). If Trs < 1/2, then the Cauchy problem
Leu =
su=f (6.5)
u(0, ) = o)
has a unique solution u € C([0,T], H?). The solution u satisfies

ullr,s < (1+2T7s)[[edls + 2T fll7.s < 2([|ex]]s

5)- (6.6)

(73) (Tame LWP). Let T > 0, s € R, s1 € R with s > s1, and let R € C([0,T], L(H?Z))
N C([0,T],L(H:)). Assume that

IR(@)A[|s < erl|hlls + esl|lls,,  [R@A]s, < cllhlls, VR e HE, (6.7)
for allt € [0,T], where c1,cs are positive constants. Let o € HE. If
Tep <1/2, (6.8)

then the solution u € C([0,T], H3') of the Cauchy problem (6.5)) given in (i) belongs to
C([0,T), H), with

lullz,s < + (1+2Tcr)llalls + 4Tes (TN fllzs, + llerlls,)- (6.9)
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(7it) (GWP). Let T >0, s € R, R € C([0,T],L(H)), and let rs be defined in (6.4)).
Let o € H:. Then the Cauchy problem (6.5)) has a unique global solution u € C([0,T], H),
with

lullrs <277 (falls + 4T f17.5)- (6.10)

(iv) (Tame GWP). Let T > 0, s € R, s1 € R with s > s1, and let R € C([0,T], L(HZ))
N C([0,T], L(H:)). Assume that (6.7) holds for all t € [0,T], where c1,cs are positive
constants. Let a € HS. Then the global solution w € C([0,T], HS) of the Cauchy problem
(6.5) given in (iii) satisfies

lullrs < 27 (lalls + 4T csllalls, + 2T f7,s + 4T ¢l fll7,s, )- (6.11)
Proof. (i) Write u = v + w, where v(¢, x) is the solution of

00 + MmByagv = 0, v(0,2) = a(x). (6.12)

Hence u solves (6.5)) if and only if w(t, x) solves

Ow + MmOygzw + Rw = —Rv+ f, w(0,z) =0. (6.13)
By Lemma (6.13)) is the fixed point problem
w = Y(w), (6.14)

where ¥(w) := A[f — R(v+w)]. Let B, :={w € C([0,T], H) : ||ullrs < p}, p> 0. Then

W ()lirs <T (I fllzstrslalls+rsp), ¥ (w1) =¥ (w)llr,s < Trsllwi—wallr,s (6.15)

for all w,w;,ws € B,. By assumption, T'rs < 1/2. Therefore, for any p > 27(|| f||7,s +
rs|ells), W is a contraction in B,. In particular, we fix p = py := 2T(|| f|l1,s + 7sl|e[]s)-
Hence there exists a fixed point w € B, of ¥, with [|w||7s < po < 27| f||7,s + [|||s- As a
consequence, there exists a solution u € C([0,T], H?) of with ||ull7s < 2(T||f|l1,s +
la|ls). By the contraction lemma, the solution u is unique in any ball B,, p > pg, and
therefore it is unique in C([0, 7], H3).

(7i) By assumption, T¢; < 1/2, and therefore, by (i), there exists a unique solution
u e C([0,T], H:'). It remains to prove that u satisfies . By construction, u = v + w,
where v € C([0, T], HZ) is the solution of (6.12)), with [|v(t)||s = ||e||s for all ¢ € [0, T, and
w € C([0,T], H:') solves . By the iterative scheme of the contraction lemma, w is
the limit in C([0,T], H3') of the sequence (wy,), where wp := 0, and wy4+1 := ¥(w,,) for all
n € N. By and (6.3), ¥ maps C([0,T], HE) into itself, therefore w, € C([0,T], HE)
for all n > 0. Let hy, 1= wp, —wp—1, n > 1, so that wy, = >_;_; hy. One has hy,y1 = —ARhy,
for all n > 1, and

Masallzs < Terlballrs + Teslballza,  hnellzs < Teilblrs, ¥ 1.

Hence, by induction, for all n > 1 we have

hali,s < (Te)"Hhalirs + (n = 1)(Ter)""*Tes||hallz,s,,

. (6.16)
1hnllT,sy < (Tex)™ |l

T,s1-+
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Also, |[hillrs < Tllfllrs + Terllells + Teslledls, and [[Pallz,s, < Tlflizs + Terllalls, -
Therefore
Ihnllzs < (Te)" TN flrs + (Ter)"lals + (n = 1)(Ter)"*Tes T flizs,
+n(Tcl)n_1TCSHO‘H81a
halls, < (Te)" 7 Tl fllrs + (Ten)"llalls, — Yn>1. (6.17)
Since Te; < 1/2, the sequence wy, = > ,_; hj converges in C([0,T], H3) to some limit

w e C([0,T], H3). Since wy, converges to w in C([0,T], H3), the two limits coincide, and
w e C([0,T], HE). Since |[wllrs <> ooy |hkllr,s, we get

lwllzs <2T(|fllzs + erllells) + 4Tes (Tl fllzs + llexllsy)- (6.18)

Since © = v + w, we deduce .

(#i7). If Try < 1/2, the result is given by (). Let Trs > 1/2, and fix N € N such that
2Trs < N < A4Tr,. Let Ty := T/N, so that 1/4 < Tyrs < 1/2. Divide the interval [0, T]
in the union I U...U Iy, where I, := [(n — 1)1y, nTp]. Applying (7) on the time interval
I = [0, Tp) gives the solution uy € C(I1, Hy), with [lu1| o(r,, ms) < bllefls+2T0| f|l7,s, where
b := 1+42Tyrs. Now consider the Cauchy problem on 5 with initial datum w(7p) = u1(71o).
Applying (i) on Iz gives the solution up € C(l2, HS), with

luall oy, i) < Ollur(To)lls + 2To [l fllzs < b%lells + (1 + 0)2To]| fl|7.s-

We iterate the procedure N times. At the last step, we find the solution uy defined on
Iy, with [lun|lc(ry,ms) < Wllals + Y — 1)b_%2T0HfHT75. We define u(t) := u,(t) for
t € I,, and the thesis follows, using that b < 2.

(iv) If Tep < 1/2, the result is given by (ii). Let T'c; > 1/2, and fix N € N such that
2Tcy < N <4Te¢;. Let Ty :=T/N, so that 1/4 < Tpe; < 1/2. Split [0,T] =L U...U Iy,
where I, := [(n — 1)Ty,nTp]. Perform the same procedure as above. Using (6.9)), and
1+ 2Tpc; < 2, by induction we get

unller,ms < 2" alls + (27 = 1)2To|| fllz,s + n2" " 4Tocsl|alfs,
+[2"(n — 1) + 1J4TocsTol f|7,s, »
lunllcr,,mery < 2" alls; + 2" = 12T fll7,s, -

This implies (6.11]), recalling that Tye; < 1/2 and also NTy =T, N > 1. O

Lemma 6.3. There exist universal positive constants o, d, with the following properties.
Let s > 0, let m > 1/2, and let a14(t, ), a15(t, z) be two functions with ais, dra1a,a1s €
C([0,T],H;"") and [pawa(t,z)dx =0, and let Ly := 0y + MOyae + 0140, + a15. Let

O(p) := |ais, Orara, ars||rpvo Vi € [0, 8]
Assume 6(0) < d,. Let f € C([0,T],HE), a € H:. Then the Cauchy problem
Lyuw=f, u0)=« (6.19)
admits a unique solution u € C([0,T), HS), with

ullrs < Cs {llfllzs + lalls + () ([ fll0 + llallo)} - (6.20)
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Proof. Following the procedure given in Section we define S := I + ~(t,2)0; ! (see
(2.53)) with ~v(t,x) = —ﬁﬁ;lam(t, x). We have that u solves (6.19)) if and only if
o := S~ 'u satisfies

Lsu=f, u(0)=a
where f:: ST, a:= 8 10)a and L5 = 0; + MOpzz + R, with R = S~ Hays + (a1ay —
(a14)z)mo + (L£47)0; '} Then the thesis follows by Lemmas 6.2 and O

Lemma 6.4. There exist universal positive constants o, d, with the following properties.
Let s > 0, let m > 1/2, and let a12(t, x),a13(t,z) be two functions with aiz, Oara, a1z €
C([0,T),H:t7), and let L3 := Oy + MOyyy + a120, + a13. Let

d(p) := llar2, Orar2, a13|| T p+0 Vo € [0, 8].
Assume §(0) < 0.. Let f € C([0,T],H), o € H:. Then the Cauchy problem
Lsu=f, u0)=a« (6.21)

admits a unique solution u € C([0,T], H3), with

xT

[ullr,s < Cs {llfllzs + lalls + 3(s) ([ fll0 + llaflo)} - (6.22)

Proof. Following the procedure given in Section we define Th(t,x) := h(t,z + p(t))
(see (2:46) with p(t) == —5= fg Jp a12(s, ) dzds. We have that u solves if and only
if 4 := T lu satisfies _

£4’lj = f, ﬂ(O) =«
(note that 7(0) is the identity) where f =T 1f and L4 = 0; + MOpya + 0140, + a15,
with a4, a15 given by formula . Then the thesis follows by Lemmas and O

Lemma 6.5. There exist universal positive constants o, d, with the following properties.
Let s >0, letm > 1/2, and let ag(t, x), ag(t, x), a19(t, ) be three functions with ag, drasg, agy,
drag,arg € C([0,T), H;™) and [pag(t,x) de = 0, and let Ly := O + MOyax + 802z +
a90y + a1o. Let

O(p) := ||as, Oras, ag, Orag, aro||T,u+e Vi € [0, s].

Assume §(0) < 6.. Let f € C([0,T],H), o € H:. Then the Cauchy problem
Lou=f, u(0)=« (6.23)

admits a unique solution u € C([0,T], HS), with

T

[ullz,s < Cs {lIfllrs + lledls + () U fllm0 + Neello)} - (6.24)

Proof. Following the procedure given in Section we define Mh(t,x) := q(t,z)h(t, x)

(see (2:37)) with q(t,2) := exp{—3%(0; 'as)(t,z)}. We have that u solves (6.23) if and
only if @ := M~y satisfies N
Lsu=f, u(0)=a

where f:: M a = MTY0)e, and L3 = 9y + MOyge + a120; + ar3, with a1z, ar3 given
by formula (2.39)). Then the thesis follows by Lemmas and O

30



Lemma 6.6. There exist universal positive constants o, d, with the following properties.
Let s > 0 and let as(t),as(t,x),a6(t,x),az(t,x) be four functions with ay € C1([0,T],R),
as, Oas, ag, Orag, a7 € C([0,T], HE?) and fT as(t,x) de =0, and let L1 := Oy + a40zzz +
a50y: + a0z + ar. Let

§(p) :== sup laa(t) — 1|+ sup |ay(t)| + |las, Bras, as, s, arl|rpte Y € [0, ). (6.25)

te[0,T] te(0,T)
Assume 6(0) < d,. Let f € C([0,T],HE), o € H:. Then the Cauchy problem

Liv=f, u0)=« (6.26)
admits a unique solution u € C([0,T], HS), with

lullrs < Cs {llfllzs + llalls + 6(s) (L f .0 + llallo) } - (6.27)

Proof. Following the procedure given in Section we define Bh(t,z) := h(y(t), x) (see

(2-25)) with o (t) :== L fg a4 (s) ds, where m := £ fOT a4(t) dt. We have that u solves (6.26))
if and only if @ := B~'u satisfies

Loi=f, u(0)=a

(note that B(0) is the identity) where f =B f, and Lo = 04+ MmOype + 804 +a90z + a0,
with ag, ag, a1 given by formula (2.32)) (see also ([2.26])). Then the thesis follows by Lemma
6.5 and 2.4 O

Lemma 6.7. There exist universal positive constants o, ds with the following properties.
Let s > 0 and let az(t,x),a2(t,x),a1(t,x),ao(t,x) be four functions with az, Oras, Ouas,
ai, ray, ag € C([0,T], HST?) and ay = cdyag for some ¢ € R. Let

d(p) = ||as, Oras, Onas, a1, Orar, aollr e Vi € [0, s]. (6.28)

Assume 6(0) < 6,. Let Lo := 0y + (1 + a3)0pza + 02020 +a10, +ag. Let f € C([0,T], HS),
o € H?. Then the Cauchy problem

Lou=f, u(0)=« (6.29)

admits a unique solution u € C([0,T], HS), with

T

lullrs < Cs {llfllzs + llalls + 6(s) (L fll.0 + llallo) } - (6.30)

Proof. Following the procedure given in Section[2.1] we define (AR)(t,z) := h(t, z+5(t, z))
(see (2.9) with B(t,x) := (9; 1po)(t, x), where pg is defined in (2.16)-(2.17). We have that

u solves ([6.29)) if and only if % := A~ u satisfies
Lia=f, u0)=a
where f:: A7Yf a = A7 0)a, and £1 = Oy + a40use + 505 + agOy + a7, with a4 not

depending on the space variable x and with a4, as, ag, a7y given by formula (2.14). Then
the thesis follows by Lemmas [6.6] and O
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Remark 6.8. Consider the operators Ly, ..., L5 defined in Lemmas 6.7 Define

Lih = —0th — Orz2[(1 + a3)h] + Opz(azh) — 0z(arh) + agh
Lih := —0th — a40yzeh + Oxz(ash) — Ox(agh) + azh

L5h := —0th — MmOyzph + Opz(agh) — Ox(agh) + ajoh
L3h = —0th — MOyzzh — 0z (a12h) + a13h

Lih := —0th — mOyzrh — 0x(a14h) + arsh

Lih = —0th — mOygeh + RTh.

It is straightforward to check that Lemmas also hold when the operator Ly (k =
0,...,5) is replaced by L;. The crucial observation is that for all K =0, ..., 5 (see Remark
for the case k = 0) the operator —L£; has the same structure as £; (one might need
to worsen the constants o since the coefficients of —Lj involve space derivatives of the
coefficients of Ly). It is also immediate to verify that the same estimates also hold for the
backward Cauchy problems

{ﬁwzf {%u=f k=0, 5 (6.31)
uw(T) =« u(T) =«

7 Appendix B. Nash-Moser theorem

In this section we prove a Nash-Moser implicit function theorem that is a modified version
of the theorem in Hormander [28]. With respect to [28], here (Theorem [7.1)) we assume
slightly stronger hypotheses on the nonlinear operator ¢ and its second derivative. These
hypotheses are naturally verified in applications to PDEs. We use the iteration scheme
of [27] (called discrete Nash method by Hérmander), which is neither the Newton scheme
with smoothings used in [14], [I5], [7], nor the scheme in [28] and [4]. The scheme of
[27] is based on a telescoping series like in [28], but some corrections y, (see (7.15)) are
also introduced. In this way the scheme converges directly to a solution of the equation
®(u) = ®(0) + g, avoiding the intermediate step in [28] where Leray-Schauder theorem
is applied. This makes it possible to remove two assumptions of Hormander’s theorem
[28], which are the compact embeddings Fj, < Fj in the codomain scale of Banach spaces
(Fa)a>0, and the continuity of the approximate right inverse W(v) with respect to the
approximate linearization point v. We point out that, unlike Theorem 2.2.2 of [27], our
Theorem also applies to the case of Sobolev spaces.
Let us begin with recalling the construction of “weak” spaces in [2§].

Let E,, a > 0, be a decreasing family of Banach spaces with injections E — FE, of
norm < 1 when b > a. Set Eo, = Ng>0E, with the weakest topology making the injections
E., — E, continuous. Assume that Sy : Ey — E for 8 > 1 are linear operators such
that, with constants C' bounded when a and b are bounded,

| Soullp < Cllullq if b<a;
|Spully < COulla  if a<b;
lu — Soully < CO"ulla  if a>b;

[, < co .
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From (7.2)-([7.3]) one can obtain the logarithmic convexity of the norms
lullnara-xp < Cllulallully™ i 0< A< 1. (7.5)

Consider the sequence {6;},cn, with 1 =6y < 6; < ... — oo, such that ejé% is bounded.
Set Aj =041 — 9j and
Se, u

. S@ u—ngu

Rou := Rju = —*= > 1. 7.6
ou AO ) ju AJ ) J = ( )
By (7.3)) we deduce that, if u € E} for some b > a, then
[o¢]
j=0
with convergence in F,. Moreover, (7.4) implies that, for all b,
IRjulls < Cap* lulla- (7.8)
Conversely, assume that a1 < a < ag, that u; € F,, and that
llujllp < MH?_“_l if b=a; or b=as. (7.9)

By this remains true with a constant factor on the right-hand side if a1 < b < ag, so
that u = ) Aju; converges in Ej if b < a.

Let E], be the set of all sums v = ) Aju; with u; satisfying and introduce the
norm |lul/;, as the infimum of M over all such decompositions. It follows that || ||/ is
stronger than || ||, if @ > b, while and show that || ||, is weaker than | |-
Moreover (i) the space E!, and, up to equivalence, its norm are independent of the choice
of a; and ag; (ii) E/, is defined by for any values of b to the left and to the right of
a; (i1i) E! does not depend on the smoothing operators; (iv) in (7.3|) we can replace ||ulq
by [Jullg, namely

Ju— Soully < C 0" “|lull, if a>0b, (7.10)

if we take another constant C;7b, which may tend to co as b approaches a. All these four
statements (i)-(iv) are proved in [28].

Now let us suppose that we have another family F, of decreasing Banach spaces with
smoothing operators having the same properties as above. We use the same notation
also for the smoothing operators. Unlike [2§], here we do not need to assume that the
embedding Fj — F, is compact for b > a.

Theorem 7.1. Let ay,as,a, B, ag, b be real numbers with

0<ap<pu<a, a1+§§a<a1+5§a2, 200 < a1 + as. (7.11)

Let V' be a convex neighborhood of 0 in E,. Let ® be a map from V to Fy such that
®: VN Eqyy — Fyis of class C? for all a € [0, a2 — ], with

12" (w)[v, wllla < C(l[vlatpulwllag + 10llaollwllatp + lullatullvlaswla,) (7.12)
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for allu € VN Eqypy, v,w € Eqqy. Also assume that ®'(v), for v € Eso NV belonging to
some ball ||v||q, < 01, has a right inverse U(v) mapping Fs, to E,,, and that

¥ ()glla < Cllglla+s—a + llgllollvllars) Va € lar, az]. (7.13)

There exists 6 > 0 such that, for every g € Fg in the ball ||g|[;; < 3, there exists u € Ey,
with |ull, < Cllgll, solving ®(u) = @(0) + g.

Proof. We follow the proof in [28] where possible, but we use a different iteration scheme.
Let 6; := 7+ 1, so that A; =1 for all j. Let g € Fé and g; := Rjg. Thus

g=>_ 95 lgils <G8, " lglls Vb € [0,400). (7.14)
j=0

We claim that if || gH’ﬁ is small enough, then we can define a sequence u; € V N E,, with
ug := 0 by the recursion formula

Ujt1 = Uj + hj, vy 1= ngUj, hj = \I/(vj)(gj + yj) V5 >0, (7.15)

where yg := 0,
j—2
Y1 := —Sp, €0, yj = —Sp,ej—1 — Rj1 Zei Vj =2, (7.16)
i=0

and e; := e + ¢/,
e = ®(uj + hyj) — D(u;) — ' (wyhy, e = (' (u;) — ¥'(v)))hy. (7.17)

We prove that for all j > 0

1hilla < Killgls 057" Va € [a1, a2, (7.18)
lvjlla < Ka2llgll3 697  Va € [ay + B,az + B, (7.19)
luj —villa < Ksllgll5057  Va € [0,az]. (7.20)

For 5 =0, and are trivially satisfied, and follows from because
ho = \I’(O)go and 00 = 1.

Now assume that (7.18)), (7.19)), (7.20) hold for j =0,...,k, for some k > 0. First we
prove for j = k+ 1. Since up41 = Z?:o h;, the definition of the norm of E, and

(7-18) for j = 0,...,k imply that [[uxs1]l; < Ku gl By (-10) one has

lurs1 = vitallo < CKllglla0, 3y (7.21)

where the constant C' depends on «. From now until the end of this proof we denote by
C' any constant (possibly different from line to line) depending only on ay, as, o, 3, i, ag,
which are fixed parameters. From ([7.18) with j =0,...,k we get

k

lursilla < Killgllz Y 057" Va € [ar, az]. (7.22)
5=0

34



We note that

k
2
-1
ST <Zor Vp>0. (7.23)
— p
J
For a = ag, by (7.1)) one gets ||vkt1llay < C|ltugs1llay- Thus, using (7.23) at p = as — «,
s = visilay < Clluges oy < CKgl[5027°, (7.2

Using (7.5 to interpolate between ([7.21)) and (7.24)), we get (7.20) for j = k + 1, for all
a € [0, az], provided that K3 > CKj.

To prove ([7.19) for j = k + 1, we use ([7.2)), (7.22) and (7.23)) and we get
k

a1 — —a1— —a—1 _
ol < COLT ™ lupallass < OO Kallglly 3 09777 < CKalglly 035
§=0

for all a € [a1 + 3, a2 + B]. This gives (7.19) for j = k + 1 provided that Ky > CKj.
To prove ([7.18) for j = k + 1, we begin with proving that

lyislls < CK1(Ky + K)llglF 6,301 Vb€ 0,02+ 8 — al. (7.25)

Since uj,vj,uj + h; belong to V for all j =0,...,k, we use Taylor formula and (7.12)) to
deduce that, for j =0,...,k and a € [0, a9 — pl,

lejlla < CURGllao R llasrn + Nwillasullhilla, + 1Rllaollv; — willasp
+ 1hjllatullvy = willag + 1w llatpllPjllag 1oy — wjllag)- (7.26)

Hence at j = k, using (7.2)) and then ([7.26)), we have

H59k+1€kHa2+,8—a < 09Z+1”€k”az+ﬁ—a—p
< COL L (Illaol1Prllg + Nl il + 1Pk llao ok — ukllq
+ I hkllgllor — wkllao + llukllglrrllao lve — wkllao) (7.27)

where p := max{0,8 —a+pu} and ¢ := a2+ — o —p+ u. Note that as +5—a—p >0
because ag > p. Since ¢ < ag, using also (7.23)) we have

k-1

k—1
lurlly < lurllas <D lhgllar < Killglls D> 0527071 < CKy|lgllfs 6727 (7.28)
=0 =0

By (7.28)), (7.18]), (7.20]), and since ag < aj, the bound ([7.27)) implies that

156, 1 ehllaz+5-a < CK1 (K1 + Ka)lgllF 07, (051772071 4 gpet2m =37t

provided that K1 g|[; < 1. We assume that
Killglls < 1. (7.29)

Both the exponents (a1 +¢q—2a—1) and (a2 +2a; —3a—1) are < (a3 —a— 1 —p) because
a1 < aand a; + B+ 1 < 2a. Thus

156, 11 €kllas+5—a < CK1(K1 + K3)lgllF 03277 (7.30)
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Now we estimate [|Sp, ., ex|lo. Since ag, u < a1, by (7.1) and (7.26) we get

156,41 €xllo < Cllexllo < C(L+ llunll) (allz, + [1Pkllas llve — urllay)- (7.31)
By (7-18) and (7:29),
k—1 [e's)
e < Nukllar <D 10sllay < Kaillgllz > 65771 = CEllgls < C. (7.32)
j=0 7=0

We use (7.18)]), (7.20) and (7.32)) in (7.31)), and the bound Gzilfza*l < Ggffl, to deduce
that

S,rexllo < CKi (K + Ka)llglF 0,77 (7:33)
Using ([7.5)) to interpolate between ([7.30)) and ((7.33|) we obtain

S0, enlls < CK1(Ey + K3)|gll3 675" Wb e [0,a2 + 8 —al. (7.34)

Now we estimate the other terms in yxy1 (see (7.16)). By (7.8]), (7.26]), (7.18), (7.20)
and (7.23),

k—1 k—1

bi —
> I Rieills <D CO = eillay—p
=0 i=0

k—1
< CKy (K1 + Ks)llg||7 0y =01y " gntoe2emt (7.35)
=0

for all b € [0,a2+ B —a]. Since a; +az —2a > 0, we apply ([7.23) to the last sum in (7.35)).
Then, recalling that 0 /0x11 € [%, 1], and using the bound a1 + 8 + p < 2«, we deduce
that

k—1
> | Rieills < CK1 (K1 + Ks)l|gll7 00" Vbe[0,a2+ 8 —al. (7.36)
=0

The sum of (7.34)) and ([7.36]) completes the proof of ((7.25)).

Now we are ready to prove ([7.18]) at j = k+1. By (7.1) and (7.22]) we have ||vg11]lq; <
Cllugs1lle; < CKillgls, and we assume that CKi|lgs < d1, so that W(vg1) is defined.
(]7.14i),

By (7.15)), (7.13), (7.25)), (7.19) one has, for all a € [a1, as],

Ihsilla < Cllgllp{1 + (K + Ks)Killglls} 0357 (7.37)

provided t,hat Kollgll; < 1. Bound (7.37) implies (7.18) provided that C{l + (Ki +
K3)Ki|lglls} < K.
The induction proof of ((7.18]), (7.19), (7.20]) is complete if K7, Ko, K3, HgH/’B satisfy

K3 > CoK1, Ky > CoK1, CoKllgls <1, Kallglly <1, Co{l+(K1+K3)Killgll3} < K

where Cj is the largest of the constants appearing above. First we fix K7 > 2Cy. Then
we fix K9 and K3 larger than CyKy, and finally we fix o > 0 such that the last three
inequalities hold for all ||g[|; < do. This completes the proof of (7.18)), (7.19), (7.20).
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Bound ([7.18)) implies that the sequence (uy) converges in E, for all a € [0, ). We call
u its limit. Since u = Z}io h; and each term h; satisfies ([7.18)), it follows that u € E),
and [|ully, < Kil|g]ls by the definition of the norm in E,.

Finally, we prove the convergence of the Nash-Moser scheme. By ([7.16)) and ([7.6|) one
proves by induction that

k

k—1
Z(ej +y;) =er+ 1, where rp = (I — Sgk)Zej, vk > 1.
§=0 §=0

Hence, by ([7.15) and (7.17)), recalling that ®'(v;)¥(v;) is the identity map, one has

k k
O(ups1) — (ug) = > _[@(uj1) — B(uy)] = Y (ej + 95 + ;) = Gr + e + 1
j=0 Jj=0

where Gy = Z?:ogj- By (7.14), ||Gr — gllp — 0 as k — oo, for all b € [0,5). Let
0 € [a1—p,a— ). By ([722) and (7.29) we get ||usllasp < C. By (T20), (718) and (7:20)

we deduce that
lejlla < CKy (K + Ks)l|g)|3 03 Fer#m2et, (7.38)

Hence [leg|lc — 0 as k — oo because a1 + a + p — 2o < 0, and, moreover, > 7% [l

converges. By ([7.3) and ((7.38)), for all p € [0,a) we have

k—1 k—1
lrilly < DI = So)esll, < C Y67 leslla < OO, (7.39)
j=0 j=0

so that ||rg], — 0 as k — co. We have proved that ||®(uy) — ®(ug) — gl|, = 0 as k — oo
for all p in the interval 0 < p < min{a — u, 8}. Since up — u in E, for all a € [0, a), it
follows that ®(ug) — ®(u) in Fy, for all b € [0, « — p). The theorem is proved. O

8 Appendix C. Tame estimates

In this appendix we recall classical tame estimates for products, compositions of functions
and changes of variables which are repeatedly used in the paper. Recall the notation (|1.6))
for functions u(x), x € T, in the Sobolev space H® := H*(T,R).

Lemma 8.1. Let sg, s1, S2, § denote nonnegative real numbers, with so > 1/2. There exist
positive constants Cs, s > sg, with the following properties.
(Embedding and algebra) For all u,v € H*,

lullee < Csollullses  [[uvllso < Csolluallsollvllso- (8.1)
(Interpolation) For 0 < sy < s < sy and s = As; + (1 — \)sa, for allu € H*2,
lulls < Jlull3, llulls; ™ (8.2)
(Tame product) For s > sg, for all u,v € H®,
luv]ls < Csollullsllvllso + Csllullso[[]ls, (8.3)

and for s € [0, sgl, for allu € H*, v € H?,

Juvlls < Cspllullsllv]ls- (8.4)
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Proof. The lemma can be proved by using Fourier series and Holder inequality. Otherwise,
for see, e.g., [4] (page 82) or [41] (p. 269); for adapt [14] (appendix) or [4] (p. 84).
For use the bound Zjez<n>25<j)_25<n — )70 < Oy, foralln € Z, all 0 < s < s,
which can be proved by splitting the two cases 2|j| < |n| and 27| > |n|. O

A function f: T x B — R, where B := {y € RP™! : |y| < R}, induces the composition
operator

fu)(@) = flz,u(@),d'(2),d" (x),...,u? (z)) (8.5)

where u(®) () denotes the k-th derivative of u(z). Let B, be a ball in WP°°(T,R) such
that, if u € B,, then the vector (u(z),u/(z),...,uP)(x)) belongs to B for all # € T.

Lemma 8.2 (Composition of functions). Assume f € C"(T x B). Then, for all u €
Hs™ N B, s €0,r], the composition operator (8.5) is well defined and

IF(@)lls < Cllfller (lullsp +1)

where C depends on r,p. If, in addition, f € C"2, then, for u,h € HTP with u,u+ h €
B, one has

£ (u 1) = F@)l, < Clfllorss (Rllssp + Rllwsoe ullstp)

£ (u 1) = fw) = F @], < Cllflerz 1Pllweee (1llsp + 1 Pllwsee [ullstp).

Proof. For s € N see [41] (p.272-275) and [43] (Lemma 7, p.202-203). For s ¢ N see [4]
(Proposition 2.2, p.87). O

Lemma 8.3 (Change of variable). Let p € W**°(T,R), s > 1, with ||p|lwi.~ < 1/2. Let

f(x) =z +p(x). Then f is invertible, its inverse is f~'(y) = g(y) = v + q(y) where q is

27-periodic, ¢ € W5 (T,R), and ||q||ws.~ < C||p|lws., where C' depends on d, s.
Moreover, if u € H*(T,R), then uwo f(z) = u(x + p(z)) also belongs to H®, and

luo flls +[luegls < Cllulls + lIpllwseellull1)- (8.6)

Proof. For s € N see, e.g., [5] (Lemma B.4 in the appendix), where this lemma is proved
by adapting [25] (Lemma 2.3.6, p. 149). For s ¢ N the lemma can be proved by studying
the conjugate of the pseudo-differential operator |D,|* by a change of variable, either by
Egorov’s Theorem, see [47] (ch. VIII, sec. 1, p.150) and [3] (appendix C, sec.C.1), or by
asymptotic formula, see [4] (Proposition 7.1, p.37). O

Remark 8.4. For time-dependent functions u(t,z), u € C([0,T], H*(T,R)), all the esti-
mates of the present appendix hold with ||ul[s replaced by [[ul|z,s := supsco ) [u(®)|[s. O

References

[1] F. Alabau-Boussouira, J.-M. Coron, G. Olive, Internal controllability of first order quasilinear hyper-
bolic systems with a reduced number of controls. (2015) https://hal.archives-ouvertes.fr/hal-01139980.

[2] T. Alazard, Boundary observability of gravity water waves. Preprint 2015 (arXiv:1506.08520).

[3] T. Alazard, P. Baldi, D. Han-Kwan, Conirol of water waves. J. Eur. Math. Soc. (JEMS), accepted
(preprint arxiv:1501.06366).

[4] S. Alinhac, P. Gérard, Pseudo-differential operators and the Nash-Moser theorem. Grad. Studies in
Math. 82. Amer. Math. Soc., Providence, RI, 2007.

[5] P.Baldi, Periodic solutions of fully nonlinear autonomous equations of Benjamin-Ono type, Ann. Inst.
H. Poincaré (C) Anal. Non Linéaire 30 (2013), 33-77.

38



P. Baldi, M. Berti, R. Montalto, KAM for quasi-linear and fully nonlinear forced perturbations of Airy
equation. Math. Annalen 359 (2014), 471-536.

P. Baldi, M. Berti, R. Montalto, KAM for autonomous quasi-linear perturbations of KdV. Ann. Inst.
H. Poincaré Anal. Non Linéaire 33 (2016), 1589-1638.

P. Baldi, M. Berti, R. Montalto, KAM for autonomous quasi-linear perturbations of mKdV. Boll.
Unione Mat. Ital. 9 (2016), 143-188.

C. Bardos, G. Lebeau, J. Rauch, Sharp sufficient conditions for the observation, control, and stabi-
lization of waves from the boundary. STAM J. Control Optim. 30 (1992), no. 5, 1024-1065.

K. Beauchard, Local controllability of a 1-D Schrodinger equation. J. Math. Pures Appl. (9) 84 (2005),
no. 7, 851-956.

K. Beauchard, Local controllability of a one-dimensional beam equation. SIAM J. Control Optim. 47
(2008), no. 3, 1219-1273.

K. Beauchard, J.-M. Coron, Controllability of a quantum particle in a moving potential well. J. Funct.
Anal. 232 (2006), no. 2, 328-389.

K. Beauchard, C. Laurent, Local controllability of 1D linear and nonlinear Schrédinger equations with
bilinear control. J. Math. Pures Appl. (9) 94 (2010), no. 5, 520-554.

M. Berti, Ph. Bolle, M. Procesi, An abstract Nash-Moser theorem with parameters and applications
to PDEs. Ann. Inst. H. Poincaré Anal. Non Linéaire 27 (2010), no. 1, 377-399.

M. Berti, L. Corsi, M. Procesi, An abstract Nash-Moser theorem and quasi-periodic solutions for NLW
and NLS on compact Lie groups and homogeneous manifolds. Comm. Math. Phys. 334 (2015), no. 3,
1413-1454.

N. Burq, P. Gérard, Condition nécessaire et suffisante pour la contrélabilité exacte des ondes. C. R.
Acad. Sci. Paris Sér. I Math. 325 (1997), no.7, 749-752.

N. Burq, M. Zworski, Control for Schrédinger operators on tori. Math. Res. Lett. 19 (2012), no. 2,
309-324.

J.-M. Coron, Control and Nonlinearity. Math. Surveys Monogr. 136, AMS, Providence, RI, 2007.
J.-M. Coron, O. Glass, Z. Wang, Ezact boundary controllability for 1-D quasilinear hyperbolic systems
with a vanishing characteristic speed. SIAM J. Control Optim. 48 (2009/10), no. 5, 3105-3122.

B. Dehman, G. Lebeau, Analysis of the HUM control operator and exact controllability for semilinear
waves in uniform time, SIAM J. Control Optim. 48 (2009), no. 2, 521-550.

1. Ekeland, An inverse function theorem in Fréchet spaces. Ann. Inst. H. Poincaré Anal. Non Linéaire
28 (2011), no. 1, 91-105.

1. Ekeland, E. Séré, An implicit function theorem for mnon-smooth maps between Fréchet spaces.
Preprint 2015 (arXiv:1502.01561).

M.L. Gromov, Smoothing and inversion of differential operators. Mat. Sb. (N.S.) 88(130) (1972),
382-441.

H. Guan, S. Kuksin, The KdV equation under periodic boundary conditions and its perturbations.
Nonlinearity 27 (2014), no.9, R61-R88.

R.S. Hamilton, The inverse function theorem of Nash and Moser. Bull. Amer. Math. Soc. (N.S.) 7
(1982), no. 1, 65-222.

A. Haraux, Séries lacunaires et contréle semi-interne des vibrations d’une plaque rectangulaire. J.
Math. Pures Appl. (9) 68 (1989), no. 4, 457-465 (1990).

L. Hérmander, The boundary problems of physical geodesy. Arch. Rational Mech. Anal. 62 (1976),
no. 1, 1-52.

L. Hérmander, On the Nash-Moser implicit function theorem. Ann. Acad. Sci. Fenn. Ser. A T Math.
10 (1985), 255-259.

L. Hérmander, The Nash-Moser theorem and paradifferential operators. Analysis, et cetera, 429-449,
Academic Press, Boston, MA, 1990.

J.-P. Kahane, Pseudo-périodicité et séries de Fourier lacunaires. Ann. Sci. Ecole Norm. Sup., 79
(1962), 93-150.

T. Kappeler, J. Poschel, KdV € KAM, Springer-Verlag, Berlin, 2003.

V. Komornik, Ezact controllability and stabilization RAM: Research in Applied Mathematics, The
multiplier method, Masson, Paris; John Wiley & Sons, Ltd., Chichester, 1994.

V. Komornik, P. Loreti. Fourier series in control theory. Springer Monog. in Math, Springer-Verlag,
New York, 2005.

C. Laurent, Global controllability and stabilization for the nonlinear Schrodinger equation on an in-
terval. ESAIM-COCYV 16 (2010), 356-379.

C. Laurent, L. Rosier, B.-Y. Zhang, Control and stabilization of the Korteweg-de Vries equation on a
periodic domain. Comm. Partial Differential Equations 35 (2010), no. 4, 707-744.

39



[36]

T. Li, B. Rao, Fzact boundary controllability for quasi-linear hyperbolic systems, SIAM J. Control
Optim. 41 (2003), no. 6, 1748-1755.

T. Li, B.-Y. Zhang, Global exact controllability of a class of quasilinear hyperbolic systems. J. Math.
Anal. Appl. 225 (1998), no. 1, 289-311.

J.-L. Lions, Ezact controllability, stabilization and perturbations for distributed systems. STAM Rev.
30 (1988), no.1, 1-68.

S. Micu, E. Zuazua, An introduction to the controllability of partial differential equations. Quelques
questions de théorie du contréle. In: Sari T. (ed.) Collection Travaux en Cours (2004), 69-157.

J. Moser, A new technique for the construction of solutions of nonlinear differential equations. Proc.
Nat. Acad. Sci. U.S.A. 47 (1961), 1824-1831.

J. Moser, A rapidly convergent iteration method and non-linear differential equations. I. Ann. Scuola
Norm. Sup. Pisa (3) 20 (1966), 265-315.

J. Nash, The imbedding problem for Riemannian manifolds. Ann. of Math. (2) 63 (1956), 20-63.

P. Rabinowitz, Periodic solutions of nonlinear hyperbolic partial differential equations. I. Comm. Pure
Appl. Math. 20 (1967), 145-205.

L. Rosier, B.-Y. Zhang, Control and stabilization of the Korteweg-de Vries equation: recent progresses.
J. Syst. Sci. Complex. 22 (2009), no. 4, 647-682.

D.L. Russell, Computational study of the Korteweg-de Vries equation with localized control action.
Distributed Parameter Control Systems: New Trends and Applications, Lecture Notes in Pure and
Appl. Math., Marcel Dekker, New York, 1991, 128: 195-203.

D.L. Russell, B.-Y. Zhang, Controllability and stabilizability of the third-order linear dispersion equa-
tion on a periodic domain. STAM J. Control Optim. 31 (1993), no. 3, 659-676.

M.E. Taylor, Pseudodifferential operators. Princeton Mathematical Series, 34. Princeton University
Press, Princeton, N.J., 1981.

E. Zehnder, Generalized implicit function theorems with applications to some small divisor problems.
I-II. Comm. Pure Appl. Math. 28 (1975), 91-140; and 29 (1976), 49-111.

B.-Y. Zhang, Some results of nonlinear dispersive wave equations with applications to control, Ph.D.
thesis, University of Wisconsin-Madison, 1990.

Pietro Baldi, Giuseppe Floridia, Emanuele Haus

Dipartimento di Matematica e Applicazioni “R. Caccioppoli”
Universita di Napoli Federico 11
Via Cintia, 80126 Napoli, Italy

pietro.baldi@unina.it
giuseppe.floridia@unina.it
emanuele.haus@unina.it

40



	Introduction
	Reduction of the linearized operator to constant coefficients
	Observability
	Controllability
	Proofs
	Appendix A. Well-posedness of linear operators
	Appendix B. Nash-Moser theorem
	Appendix C. Tame estimates

