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Abstract

In this paper we prove the existence of small-amplitude quasi-periodic
solutions with Sobolev regularity, for the d-dimensional forced Kirchhoff
equation with periodic boundary conditions. This is the first result of this type
for a quasi-linear equation in high dimension. The proof is based on a Nash—
Moser scheme in Sobolev class and a regularization procedure combined
with a multiscale analysis in order to solve the linearized problem at any
approximate solution.
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1. Introduction and main result

In this paper we consider the forced Kirchhoff equation on the d-dimensional torus T¢

B — (1 +/ |Vv|2dx>Av — §f (wt, x) (1.1)
Td

where 0 > 0 is a small parameter, w := Ao € R”, A € T := [1/2,3/2], © a fixed diophantine
vector, i.e.

_ Y v
|w-f|>ﬁ, Ve e Z¥\ {0}, (12)

and f: T x T¢ — R is a sufficiently smooth function with zero average, i.e.
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f(p,x)dpdx = 0. (1.3)

']I‘u+d

Following [11, 14, 20] we assume also

- 7o v(v+1)/2
Z Wiwipij| = FEGD) VpeZ \ {0}. (1.4)
1<ij<v
Rescaling v — 6%0, we see that (1.1) takes the form
Onv — (1 +e |Vv|2dx)Av =ef(wt,x), €:=085. (1.5)
Td

Our aim is to prove the existence of quasi-periodic solutions of (1.5) for € small enough
and ) in a large subset of parameters in Z. Since w is nonresonant, finding a quasi-periodic
solution with frequency w is equivalent to find a torus embedding ¢ — u(yp, -) satisfying the
equation F(v) = 0 where

F(o) = FL0) i= (A 9,0 — (142 | Vo dx)Ao—ef(p.2)  (16)

Td

acting on the scale of real Sobolev spaces

H® = H(T" 1) .= {U(gp,x) = E vgjelt el € (T ) : ||o))? == E (€, )y ogj)* < —|—oo}
Lezy ey
jezd jezd

(1.7)
where (¢,j) := max{1, ||, |j|}. Our main result is the following.

Theorem1.1. Thereexistsq := q(v,d) > Osuchthatforallq > gandany f € CI(T x T¢)
satisfying (1.3) there exist sy = s1(v,d, q) > 0, increasing in q, o = &o(f,v,d) > 0 and for
any € € (0,&¢) a Borel set C. C L with asymptotically full Lebesgue measure i.e.

lim meas(C.) = 1
e—0

and there exists a function u. € C! (I, H'(T" x Td)) such that for any A € Ce, u-(\) is a

zero for the functional F appearing in (1.6). Finally, possibly for larger q, there exists €,
possibly smaller than €, and for all € € (0,e1) a Borel set O, C C. with asymptotically full
Lebesgue measure such that for any A € O¢ the found solution is linearly stable.

The Kirchhoff equation has been introduced for the first time in 1876 by Kirchhoff in dimen-
sion 1, without forcing term and with Dirichlet boundary conditions, to describe the transversal
free vibrations of a clamped string in which the dependence of the tension on the deformation
cannot be neglected. It is a quasi-linear PDE, namely the nonlinear part of the equation contains
as many derivatives as the linear differential operator.

Concernig the existence of periodic solutions, Kirchhoff himself observed the existence
of a sequence of normal modes, namely solutions of the form v(z,x) = v;(t) sin( jx) where
v;(t) is 2m-periodic. Under the presence of the forcing term f(¢,x) the normal modes do not
persist’, since, expanding v(t, x) = > 0i(t) sin(jx), f(#,x) = >, £(2) sin(jx), all the comp-
onents v;() are coupled.

3 This is true except in the case where fis uni-modal, i.e. f(t,x) = fi () sin(kx) for some k > 1.
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The existence of periodic solutions for the forced Kirchhoff equation in any dimension
has been proved by Baldi in [2], while the existence of quasi-periodic solutions in one space
dimension under periodic boundary conditions has been proved in [41].

Note that equation (1.5) is a quasi-linear PDE and it is well known that the existence of
global solutions (even not periodic or quasi-periodic) for quasi-linear PDEs is not guaran-
teed, see for instance the non-existence results in [35, 37] for the equation v; — a(vy)vyx = 0,
a >0, a(v) =v”, p > 1, near zero.

The existence of periodic solutions for wave-type equations with unbounded nonlineari-
ties has been proved for instance in [19, 20, 44]. For the water waves equations, which are
fully nonlinear PDEs, we mention [1, 31-33]; see also [3] for fully nonlinear Benjamin—Ono
equations.

The methods developed in the above mentioned papers do not work for proving the exist-
ence of quasi-periodic solutions.

The existence of quasi-periodic solutions for PDEs with unbounded nonlinearities has been
developed by Kuksin [36] for KdV and then Kappeler—Pdschel [34]. This approach has been
improved by Liu—Yuan [38, 39] to deal with DNLS (derivative nonlinear Schrédinger) and
Benjamin—Ono equations. These methods apply to dispersive PDEs like KdV, DNLS but not
to derivative wave equation (DNLW) which contains first order derivatives in the nonlinearity.
KAM theory for DNLW equation has been recently developed by Berti—-Biasco—Procesi in
[9, 10]. Such results are obtained via a KAM-like scheme which is based on the so-called
second Melnikov conditions and provides also the linear stability of the solutions.

The existence of quasi-periodic solutions can be also proved by imposing only first order
Melnikov conditions and the so-called multiscale approach. This method has been developed,
for PDEs in higher space dimension, by Bourgain in [17, 18, 20] for analytic NLS and NLW,
extending the result of Craig—Wayne [21] for 1D wave equation with bounded nonlinearity.
Later, this approach has been improved by Berti—Bolle [11, 12] for NLW, NLS with differenti-
able nonlinearity and by Berti—Corsi—Procesi [14] on compact Lie-groups.

This method is especially convenient in higher space dimension since the second order
Melnikov conditions are violated, due to the high multiplicity of the eigenvalues. The draw-
back is that the linear stability is not guaranteed. Indeed there are very few results concerning
the existence and linear stability of quasi-periodic solutions in the case of multiple eigen-
values. We mention [15, 22] for the case of double eigenvalues and [24, 25] in higher space
dimension.

All the aforementioned results concern semi-linear PDEs, namely PDEs in which the order
of the nonlinearity is strictly smaller than the order of the linear part. For quasi-linear (either
fully nonlinear) PDEs, the first KAM results have been proved by the ltalian team in [4-7,
16, 26, 27, 30, 41].

To the best of our knowledge all the results for quasi-linear and fully nonlinear PDEs are
only in one space dimension. The result proved in this paper is the first one concerning the
existence of quasi-periodic solutions for a quasi-linear PDE in higher space dimension.

The reason why we achieve our result, whereas for other PDEs this is not possible (at least
at the present time), is not merely technical and can be roughly explained as follows.

Almost all the literature about the existence of quasi-periodic solutions for dynamical sys-
tems in both finite and infinite dimension is ultimately related to a functional Newton scheme.
It is well known that in the Newton scheme one has to solve the linearized problem, which in
turn means that one has to invert the linearized functional. Such linearized functional is a liner
operator acting on a scale of Hilbert spaces, hence one also needs appropriate bounds on the
inverse in order to make the scheme convergent. Now, suppose that such linearized operator
has the form £ = A + ea(p, x)A. In order to obtain bounds one wants to reduce this operator
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to constant coefficients up to a remainder (at least of order zero). Passing to the Fourier side in
space, the corresponding symbol is given by H(x, &) = |£]* + ea(p, x)|£]* and hence reduc-
ing £ to constant coefficients at leading order is equivalent to find a change of variables
(x,&) — (¥, &) such that in the new variables the Hamiltonian H(x, ) depends only on &'
In the 1D case this is always possible, whereas in dimension higher than one this is possible
only in very special cases, due to the Poincaré ‘triviality’ theorem stating that generically a
quasi-integrable Hamiltonian is not integrable; see for instance [29]. Of course there are some
cases in which the Hamiltonian H (x, £) is integrable (up to lower order terms); see for instance
[8, 28, 42]. Indeed in these cases the complete reduction to constant coefficients is achieved.
However the three papers [8, 28, 42] deal only with linear equations, whereas in the nonlin-
ear case one has to fit the reducibility of the linearized operator with the Newton scheme.
For instance, if in our case one tries to follow the above scheme and reduce completely the
linearized operator (this is done in [42]), one obtains a bound on the inverse of the linearized
operator £ (u) of the form ||£(u) " hls Si |Alls+o + ||4l|25+0 |2]lsp+0 fOr s > so, where o is a
constant depending only on v and d. It is well known that a bound of this type is not enough
for making the Newton scheme convergent; see [40].

In the present paper we overcome this difficulty as follows. First of all the highest order of
our Hamiltonian symbol H (x, ) does not depend on x so it is integrable; therefore we perform
a reparametrization of time and we also apply a multiplication operator by a function depend-
ing only on time, and obtain a transformed operator of the form

(w-9) — A+ Ra,

where £ is a constant e-close to 1 and R, is a bounded operator satisfying decay bounds; see
(4.12) and (4.5). Then we do not attempt a reduction scheme for the lower order term R, but
rather use the multiscale approach. A priori this implies that we may not have informations
about the linear stability of the solution we find; however the linear stability is obtained a
posteriori, namely here we prove the existence, then by linearizing on the found solution one
can apply theorem 1.2 of [42] and obtain the linear stability of the solution; see theorem 9.1
for details. An a posteriori approach of this type has been used for instance in [23] for the
NLS on SU(2), SO(3).

Out of curiosity we finally note that our remainder R, has a loss of regularity o which is due
to change of variables needed for the reduction up to order zero; see (4.5). We find it interesting
that a similar loss of reguarity appears for semi-linear PDEs when the space variable lives on a
compact Lie group instead of a torus; see (2.24c) in [14] where such loss is denoted by vy.

The paper is organized as follows. After reducing the problem to the zero mean value func-
tions, we introduce the scale of Hilbert spaces and recall some of their properties. In section 4
we discuss some properties of the linearized operator £(u), and we reduce it to constant coef-
ficients up to a remainder of order zero. We then discuss a Nash—-Moser scheme converging
on a set A, defined in terms of the reduced operator, and which in principle might be empty.
Afterwards in section 6 we introduce a subset C,, C A, wWhere the multiscale approach can
be used. Finally we provide measure esitmates on another subest C. C Coo, defined in terms
of the final solution only. The linear stability is obtained in section 9.

2. Reduction on the zero mean value functions

Following [41], we define the projectors Ilp, II3- as the orthogonal projections

Moo := vy(p) = (Zﬁ)d/wv(go,x) dx, Tl :=1d — T,
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so that writing v = vy +u, u:= g, f=fy + g, g:=II7f, the equation F(v) =0 (see
(1.6)) is equivalent to

(A& - Dp)*u — (1 + & [ |Vu\2dx)Au—5g:O, 2.1
()\@ . 8¢)zvo —¢fo=0. .
By (1.2) and (1.3), using that
1
Gy TVfo(sO) P = Gmyera wa (¢, x)dg
the second equation in (2.1) is easily solved and we get
vo(p) i= (MA@ - D) *fo.
Then we are reduced to look for zeroes of the nonlinear operator
Fu)=Fu) = @-0,)%u— (1 + 5/ |Vul? dx)Au —eg (2.2)
Td
acting on Sobolev spaces of functions with zero average in x € T¢, i.e.
Hj = {u €EH: / u(p,x)dx = 0}. (2.3)
Td

3. Function spaces, norms, linear operators

Given a family of Sobolev functions u(¢,x; A), A € A C R, we define the Sobolev norm | - |
as

el = el + lloaull;2,
[Jull3* = Sup (5 A) [ls- (3.1)
If n : A — R, we define
= [P 4 |0\ |, WP = sup |u(N)].
Wl == 1 + [Oxpl |l sup (A (3.2)

Note that the classical interpolation result for | - |; holds, i.e. given u(; A),v(-; A), A € A, one
has

luollls < C)llllslols, + Clso)Hullsololls, s = so (3.3)

where we fix once and for all

5o 1= [”“l] 1 (3.4)

and [x] denotes the integer part of x € R.
For any N > 0 let us define the spaces of trigonometric polynomials

Ey:= span{ei(é'“”j'x) (0 < |(4))] < N} (3.5)

and the orthogonal projector
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My : L2(T") — Ey, 1ly :=1Id — Iy; (3.6)
of course the following standard smoothing estimates hold:
[Myvulls+a < N ulls, [Tyells < N7 Hlullsa- 3.7)

Let us introduce the notations < and <;; we write a < b if there exists a constant

~ ~

¢ = c¢(v,d, ) such that a < ¢b, and a < b if the constant depends also on s.
We now recall some results concerning operators induced by diffeomorphism of the torus.

Lemma 3.1. Ler B(p; A) satisfy ||B]so+1 < 6 for some 6 small enough and w = A& with
A € L. Then the composition operator

B:u— Bu, (Bu)(p,x):=u(p+wi(p),x),
satisfies
[Bulls s [lulls + [[Blls+sllulli,  foralls>1, (3.8)

[OAB)ulls S lellstr + 1B lstso llull2, Vs = 2. 3.9)

Moreover the map ¢ — @ +wf(p) is invertible with inverse given by 9 — 9 + wB(9). The
Sfunction [ satisfies the estimate

A5 S5 1B 550 - (3.10)

Proof. The lemma can be proved arguing as in the proof of lemma B.4 in [3] (using also that
by Sobolev embedding || - [|es < || - ||s+s,)- The estimate on 958, follows by differentiating
w.I. to A, using the estimate (3.8) and by applying the interpolation estimate (3.3). [ |

The following lemma follows directly by applying the classical Moser estimate for com-
position operators, see [43].

Lemma 3.2 (Composition operator). Let f € C¢(T** x Bk, R), where Bx: = [—K, K]
for some K > 0 large enough. If u(-; \) € H*(TY*%), X\ € A is a family of Sobolev functions
satisfying ||ulls, < 1. Then for any s > so

I wlls < Cls. )+ [lulls) - G.11)

3.1. Linear operators on Hi and matrices

Set Z4 := 74\ {0} and let B,C C Z" x Z¢. A bounded linear operator L : Hy — H. is rep-
resented, as usual, by a matrix in

ME = L0 e M € ) (3.12)

Definition 3.3 (s-decay norm). For any M € M2 we define its s-decay norm as

M2 = > (MK k)™ (3.13)

kEZ"+‘]

where, for k = (£,f) (k) := max(1, [k|) = max(1, |[¢], |j]),
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sup ‘M/’:, , ke C-B,
[M(k)] := { h-W=kheC.i'eB (3.14)
0, k¢ C—B.

If the matrix M depends on a parameter A € A C R, we define
Ml = M 4+ |O\MEP where M = sup [M(N)];.
AEA

Remark 3.4. Note that if M represent a multiplication operator by a function a(¢, x) then
M|y = llall;  and  [M]s = [|a]];.

We have the following standard results; see for instance [12] and references therein.

Lemma 3.5 (Interpolation). Foralls > s there is C(s) > 1 with C(sg) = 1 such that, for
any subset B,C,D C 7V x Z‘j and for all My € ./\/lg, M, € Mg, one has

C(s)

1
MM, < 5 M, Mo+ —= M || (3.15)

s50°

In particular, one has the algebra property |M\M, |, < C(s)|M|,|Ma|,. Similar estimates hold
by replacing | - |; with| - ||s if M\ and M, depend on the parameter \.

Iterating the estimate of the above lemma one easily gets
IM"|, < C(s)"|M|" M|, VneEN, s=s. (3.16)
If M depends on the parameter )\, a similar estimate holds by replacing | - | with | - |-
Lemma 3.6. Forany B,C C Z¥ x 74, let M € M&. Then
[Mhl|s < C(s)|M|, [[Blls + C(s) M| [|lls, . Vh € Hg. (3.17)

Of course all the results stated above hold replacing | - |, by | - |-

4. The linearized operator

In this section we study the linearized operator £(«) := D, JF (u) for any u(p, x; A) which is C*
w.rt. (¢,x) € T+ and C! w.r.t. the parameter A € Z. The linearized operator L : Hg“ — H,
s > 0 has the form

L=(w-0,)—(1+a(p)A+R
a(p) ::5/ Vu(px)2dv, R[] = 72Au/ Auhdy, e 12(TH). @.1)
Td Td

4.1. Reduction to constant coefficients up to the order zero
In this section we prove the following proposition.
Proposition 4.1. There exists 0 = o(v,d) > 0 such that if
Hellso40 < 1, 4.2)
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there exists 6 € (0, 1) such that if ey, ' < & then there exist two invertible changes of variables
Oy, D, such that

QLD = Lo = (w-y)” — pA + Ry

where L is a constant and R, is an operator of order O satisfying the following properties. The
constant i = (X, u(N\)) is C' w.rt. the parameter X and

e =15 e [Buulh]] < ellhlls (4.3)

The changes of variables ®, ®, are C' w.rt. the parameter X and they satisfy the tame
estimates

125 2l 1193 2lls S5 Al + llullso 1Bllsys Vs > 5o,
1OART ) hlls—1, 1033 Alls—1 S lAlls + Heellsol1Allsgs Vs = s0. (4.4)

The remainder R, is self-adjoint in L* and satisfies
IRl S €L+ [ulls+o). Vs = so.

[0 Ralh] s < E(II 1lls+o + eells+o 1] ”SoJrU)’ Vs 2 so. 4.5)

4.1.1. Step 1: reduction of the highest order. In this section we reduce to constant coeffi-
cients the highest order term a(¢)A in (4.1). Given a diffeomorphism of the torus T" — T%,
© — @ + wa(yp) we consider the induced operator

Ah(p,x) := h(p + wa(y)) (4.6)

where o : T¥ — R is a small function to be determined. The inverse operator .A~! has the
form

A7(0,x) == h(9 + wa(V), x) 4.7

where ¥ — ¥ + wa (V) is the inverse diffeomorphism of ¢ — ¢ + wa(y). One has the fol-
lowing conjugation rules:

AlaA=A"a, A'oAocA=A,
AN w-0) A=A 14w d,a]w -y,
AN w8, A= A7 (1 +w- 0,0)] (w- 99)* + A [(w - 9,)*aw - By. (4.8)

By (4.1) and (4.8), one has
ATLA=AT (14w 0,0)* ] (w-09)* — A 1 + a]A+ A7 [(w- 0,) w9y + A7'RA.
4.9

We choose the function « so that the coefficient of (w - 0y)? is proportional to the one of
the Laplacian A, namely we want to solve

1
(1+w-d,a)’ = ;(1+a) (4.10)

for some constant 11 € R to be fixed. Note that by (4.1) and (4.2), one has that a(¢) = O(e),
then for € small enough /1 + a is well defined and of class C*°. Then the equation (4.10) can
be written in the form
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1
w-Opaa=—V1+a—-1
® \//-7

and hence we choose p so that the rhs of (4.11) has zero average, namely

W= (f V\/mdgoy.

Now, using that w = Aw and @ is diophantine, we choose

1
a:=(w-0,) H—vV1+a-1],
and in this way, we obtain
AT'ULA= oLy, pi= AT (14w 0,0)7,
L= (w- 819)2 — A+ ajw - 0y + Ry,

ar = p~ A7 (w - 9,)al. Rii=p  ATIRA

Lemma 4.2. One has [}, ai(9)dd = 0.

Proof. By (4.14)

(w-0y)*a (W 0p)* (V) + wai(V))

@ (9) :A—l[(

Considering the change of variables ¢ = 9 + w& (1), one gets

_ [ _w-9p)aly) .
Jatnar= [ G e e ds
:/ (w-9,)alp) ,

™ 1 +w-d,a(p) SOZ/Tuw‘awlog(l+w-8¥,a(go))dg0:0.

l+w- apa)z}( - (1 +w-dya(d+ wa(v)))*

@11

4.12)

(4.13)

(4.14)

(4.15)

4.1.2. Step 2: reduction of the first order term. The aim of this section is to eliminate the term
a1 (9)w - Oy in the operator L defined in (4.14). We conjugate £; by means of a multiplica-

tion operator

B:hs b(¥)h

where b : T — R is a function close to 1 to be determined, so that its inverse is given by

B7' b b(9) " h.
One has the following conjugation rules:
BT'AB = A,
B7'w-09B=w- 0y +b(¥)"(w- yb),
B (w-09)*B = (w-09)* +2b(1) " (w - Bgb)w - Dg + b(9) " (w - D9)?b.

5083
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By (4.14) and (4.16) one gets

Lri=B""LiB = (w-89)> — uA + (b(q?)*lw Db + al(ﬁ))w 99+ Ra 4.17)

where the remainder R, is defined as

Ro =B 'RiB+b(9) (w-0y)*b+ a1 (9)b(9¥) " (w - Dyb). (4.18)
In order to eliminate the term of order w - 0y one has to solve the equation
b(¥) " w - Oyb + ar (V) = 0. (4.19)

Since b(9¥) " w - Dyb = w - Oy log(b(V9)), the function a; has zero average, and recalling that
w = Al with @ diophantine, the equation (4.19) can be solved by setting

b(Y) = exp( (- aﬂ)—lal(ﬁ)). 4.20)
Then £, in (4.17) has the final form
Ly =D+Ry, D=DM\u(\):=(w-0y)* — puA, 4.21)

and the estimates (4.3)—(4.5) follow similarly to [41]. Indeed they can be proved in an elemen-
tary way by using the explicit expressions for R, @1, ®,, 4 found above and the estimate
(3.3), lemmata 3.1, 3.2 and remark 3.4.

Remark 4.3. Note that foru=0 one hasa=0, u=1, a=1, A=1, p=1,a, =1,
b=1,8B =1 and hence

£2(0) = £(0) = (w- 39)> — A.

In particular R,(0) = 0.

5. The Nash—Moser scheme

Here we prove the Nash—-Moser scheme for parameters A in a set A, (see below) which in
principle might be empty; later we shall prove that A, contains the set C. mentioned in theo-
rem 1.1 and that C. has asymptotically full measure.

For any N > 0 we decompose the operator £ = L(u) as

L(u) = Ly(u) + Ry (u) (5.1)

where

D
=
N
i

Oy ()~ (Ln (u) + Ty ) o () ™",
LN(M = DN()\, M(A)) + Ry

IyD (A, u(A)TIy,
Ry(u) := yRo(u)ly
R (u) := @y (u) " Tx Lo (u) Ty D, (1) ' + & (1) ™ Ty Lo () Ty 5 () "
+ @) (u) T IY Lo ()T @y () =" — @y () ™' Ty @5 ()~ (5.2)

Note that, by applying the estimates (4.4) and recalling (4.1), the operator Ry satisfies
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Ry Alls S N7 (Hllsgroro + Hellsoto 12l o +0), Vo >0,
Ry Al S5 Walls+o + Hullso 1Al lo+o.  ¥s > so- (5.3)
Let S > 51 > 59 + o and consider u € C'(Z, H;') such that
Mallls, < 1 (5.4)
for any 7 > 0, § € (0,1/3) we define the set

Sy(u) = Gys..(u) = {/\ €T : Vs €[s,S],one has |Ly(Au(M) 7Y <5 N“‘Lé(rs‘)(l + ullls+o) },

(5.5
where a := 7 + ds;.
For any set A C Z and 1 > 0 we define
N(A,n) ={X eI dist(\A) <n}
and let
No >0, N,:=N/?". (5.6)
Let us introduce parameters x, k2, k3, satisfying
3 9
K1 >0, Ky > max{3a+ E(sl —s0)+3+ 2 12a + 24},
3
K3 >6a+64306(S—s51)+ 30+ Pt
2
(1=08)(S—s81)>20+2+2a+ k3 + k2, S<gq. (5.7)

3

Note one needs to impose the condition 0 < § < % because the second and the third condi-
tions are compatible only if (1 —36)(S — s1) > 6a + 6 + o + k1. Recall that ¢ in the third
line of (5.7) is the regularity of the forcing term f(wt,x) in (1.5).

Theorem 5.1 (Nash-Moser). For 7, 4, k1, k2, k3,50, ¢ = S > 51 > 50 + 0, satisfying
(5.7), there are ¢, Ny, such that, for all Ny = No and o small enough such that

0N < ¢, (5.8)

and, for all £ € [0,20) a sequence {u, = u,(e,)}n>0 C C'(Z,Hy') such that

(S1), un(e,\) € Ey, uy(0,A) =0,
(S2), Foralll <i < nonehas||u; — ui—1||s
(S3), Setu_;: =0 and define

Junls, < 1
<N

1

Ap = ()&, (1) (5.9)
i=0

For \ € N(A,,,N,,_m/z) the function uy (g, \) satisfies || F (un)||s, < CN,; "2
(§4), Foranyi=1,...,n, ||u||s < N™.

As a consequence, for all € € [0,¢), the sequence {uy(e,-)}n>o0 converges uniformly in
Cc(z, Hy') to uz with ug(X) = 0, at a superexponential rate

Hue(X) —w(Mls, <N, VAET, (5.10)

and for all X € Ao = (50 An one has F (e, A\, uc())) = 0.
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5.1. Proof of theorem 5.1

First of all we note that by differentiating the nonlinear operator F defined in (2.2) by using
(3.3), the following tame properties hold: for any s € [sg, S], with S < g, there is C = C(s)
such that for any u, h € C'(Z, Hj) with | |u|s,+2 < 1 one has

FD IF (e X wlls < Cs)(A + [Jul|s+2),

(F2) [|DuF (e, A u)[A]|]s < C(s) (NAlls+2 + Mells2l172s-+2).

(F3) ||F (e, \yu+ h) — F(g, \,u) — D,F(e, A\, u)[A]||s < C(s)
(NAlls201A0 2 + Malls2 117113, 1)-

Lemma 5.2. Let k> a+2 and ||ulls, <1 For any A € N'(Sy(u),2N~%), for s > s,
there exists g = €o(s) € (0, 1) small enough such that if € < &, the operator Ly(A\, u(\)) is
invertible and

1L ()™M s s NPT (1t [l f4)- (5.11a)

Proof. Let A\ € By(u) and X €T so that |A — X| <2N~%. We show by means of

a Neumann series argument that Ly(\,u()')) is invertible, hence we want to bound

Ly(e, N u(X)) — Ly(e, A\, u(X)). By (4.3) and (4.5) we have

Ly (e, N u(N)) = Ln(e, A u(N) s S [TIn (DA u(X)) = DN, u(N)))Ty|s

+ [Ty (Ra(u(X)) = Ra(u(A)))Iyl;
SOV + (1 o)A = NS (VP + (1 + Jullls0))N ",

(5.12)

so that for s = s, using that s) + o < sy and ||u]|l;, < 1 this reads

|y (e, N, u(N)) = Ly(e, \ u(N))]5, S NFF2 (5.13)

50~

Setting A := Ly(g, A\, u(A\)) "' (Ly(e, N, u(N')) — Ly (g, A\, u(N))), by Neumann series one
can write formally

Ly(N,u(N))™h =Y (= 1)"A"Ly (A u(N) ™,
n=0

and hence, using (5.12) and (5.13), A € &y(u) and the interpolation estimate (3.15), we obtain

|A| N2+a n |A|g 55 Na+45(s—m)+2—n(1 + H ||”H "H—U)’ (514)

S0 ~v
so that by the estimate (3.16), one obtains

Ly X)) < (D2 ) IALIALL ) ILw(e A u()) g + (D Clon) 71412 ) Ln(e Au(N) 7,

p=0 p=0

SN (14 ). 61
Now for any A € N'(Sy(u), N~*) by applying (5.2), (4.3) and (4.5) one has
[OALy (A u(N)ls S N + [l ]s40- (5.16)

Finally, since OyLy(\, u(A\)) ™! = —Ly (A, u(X) 1oLy (N, u(N)) Ly (A, u(X)) ™Y, applying
the estimates (5.15), (3.15) and (5.16) one obtains that
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|OALy (A () ™' [y S5 NP0 (1 uf 40,

so that the assertion follows. B

The first step of the Nash—-Moser algorithm is standard and uses the smallness condition
(5.9).

Suppose inductively that u, is defined in such a way that the properties (S1), — (S4), hold.
We now define u,, . We write

F(un + h) = F(un) + DuF (un)[h] + Q(un, h) (5.17)
where

Qu, h) := F(up + h) — F(un) — DuF (un)[h], (5.18)
so that, using (5.1) with N = N, and writing F(u,) = Iy, F(u,) + Hﬁnﬂ]—"(un) one gets

F(un +h) = F () + Ly, () (0] + Ry, () [1] + Q. ). (5.19)

K1/2

Note that by applying lemma 5.2, if Ae N (A,L+1,2N; I ) (recall (5.9)) the

operator Ly, (A, un(N)) : En,., — En,,, (recall (5.2) and (5.5)) is invertible, implying

that Ly, ,, (A, ua(N)) + 10y, . : Hy — H} is invertible with | (Lw, ,, (A, ua(A)) + Ty, ) "5 <
1Ly, s 0 (N) ™ s S5 NSO (1 4 it )- Since @1(A, un(A)) and @ (A, un (X))

are invertible for any A € Z and satisfy the estimates (4.4) then Ly, (A, u,())) is also invert-
ible. By the estimates (4.4), the definition of the set &y, (u,), the estimate (3.17) and recall-
ing that, by the inductive hypothesis (S1), one has | [un ||| sy+0 < |[un]]s, < 1, we obtain

_ 2a+424+0(s—s
11 )~ e S N2+ D507 (1 o) 1 (520)
—K1/2
Let us now define, for A € N (A1, 2Nn+11/ ),
Tt (A) i= =Ty, Lo s s ttaON) T F O tn(A)) Tisr 2=ty + By (52D

Plugging (5.21) into (5.19) one obtains
Fitnr1) =y F(un) + Ra, ., () 1] + Q. B ) (5.22)

ESTIMATE OF Zn+1. By applying (5.20), using that s; > so + ¢ > s, the property (3.7) and
[luallss < 1, one gets

Wil < N HL 0 Gt ™ F (1)

(83)n
51 —so+2a+2 s1—S0+2a+2 x7—K
SN F () [lsy S NN,
7 2a+4+2+46(S—
Wasills Ss NEPIF ea)llls + NoSEH0S70 (04 i s HF ) s,
(F1), (3.7)
2a+24+6(S—s1)+o
s NATERSTORT (s (5.23)

Let us consider a C*° cut-off function ¥, satisfying
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supp(¥nt1) QN(An+1,2N,,+1 ), 0<hpr < 1,
b = 1 A eN (AN

and define an extension of Zn-‘,—l to the whole parameter space Z as
hpg1 i= wn+lzn+l’ Uny1 i= Uy + Bpyr.

Using that || |4, 11| < N2, and by the estimates (5.23) one has

(5.7)
Wil S NOG0T20H2E 5 N < N (5.240)

~ “'nt+ n+1°-

2a+2+6(S—s1)+o+ 2k .
i1 ls Ss N,y ‘ P (LA [luallls): (5.24b)

in particular (52), is satisfied. Now

AR ot (9 204+2-+8(S—s1)+o+5
Henrills Ss Wuallls + N,y TR A4 ulls) < CON, v ZNM SN

5.25
by (5.7) and by taking No = Ny(S) > 0 large enough Then also (§4),,, 1 is proved. (5.25)

Nowweestimate F (1,1 1 Jontheset N (A, 11, N,

wti )-Usingagainthat| i, ||s+o < Juls, <1,

one has

GDEIF) 50y 2
WFGlle % NS (1) s+ Weallseo + Danllssolluei 1l ) + e 11

(Fl)s(32)151>50 NU*(S*-W) | P N4 P
S i + [lwalls + Whnsills ) + Nos i s 13,

(5.23)
2. 242 5—1)(S—
< N2TPPREHOINE (g g s) + NS IF ) 1,
(83)5,(54)
5 N21T2+2a+(6 (S— g1)]\]161 +N31T8Nn 2Ky < N;:]z (526)

by (5.7) and taking Ny = Ny(S) > 0 large enough, hence proving ($3),+1. Finally, by using a
telescoping argument u,, | = Zlniol h;, one has

n+1

[len1] ||s1 ZN’“‘

since by taking Ny > 0 is large enough, thus providing (S1),,+.
Clearly the sequence (uy)nen is a Cauchy sequence in C'(Z, Hy' ) and therefore the claimed
statement follows. [ ]

The proof of theorem 5.1 is rather standard and follows the lines of the one in [13, 14];
however here we cannot apply directly the aforementioned results because the subspaces
Ey in (3.5) are not invariant under the change of variables A appearing in (4.6). We also
mention that our truncation at the nth step is not N%n but rather Né‘" with x = 3/2; the
reason for this choice is that, since the subspaces Ey are not invariant, we cannot apply the
contraction lemma at each step, but really the Newton scheme which converges only for
1 <x<2.
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6. Multiscale analysis

Our aim is to prove that the set A, has asymptotically full measure; in order to do so, fol-
lowing [14] we first prove that A, contains another set Co, and then we show that the set Co
contains another set C. that has asymptotically full measure.

In order to do so, in addition to the parameters 7 > 0, § € (0, 1/3), o, s1, s0, S, K1, K2, K3
satisfying (5.7) needed in theorem 5.1, we now introduce other parameters 7, Xo, 70, C; and
add the following constraints

T>Ty, T1>2X0d, T>21+d+v+1, C =2, 6.1)
then, setting k := 7 +d + v + sy,

Xo(T =211 —d—v) >3(k+ (so +d +v)C), X060 > Ci, (6.2a)

s1>3k+o0 +2X()(7‘1 +d+ l/) + Cis0. (6.2b)

Note that no restrictions from above on S’ are required, i.e. it could be §' = +oco.
Given Q,Q C Z¥ x Z¢, we define

di Q) = dist(k, k'), dist(, Q) := inf k—K|.
iam(©) = sup dist(k k), dis(.0) =il [k~ K]

Definition 6.1 (Regular/singular sites). We say that the index k = (¢,j) € Z¥ x Z% is
regular for a diagonal matrix D, if |Dy;| > 1, otherwise we say that k is singular.

Definition 6.2 (V-good/N-bad matrices). LetF C Z* x Z%be such thatdiam(F) < 4N
for some N € IN. We say that a matrix A € M¥ is N-good if A is invertible and for all
§ € [0, 2] one has

|A_1|s S N-r-&-&v.
Otherwise we say that A is N-bad.
Definition 6.3 ((A,N)-regular, good, bad sites). For any finite E C Z" x Z, let
A =D+ eT € ME with D := diag(Dy), Dy € C. Anindex k € E is

o (A, N)-regular if there exists F C E such that diam(F) < 4N, dist({k},E\ F) > N and
the matrix AL is N-good.

e (A, N)-good if either it is regular for D (definition 6.1) or it is (A, N)-regular. Otherwise k
is (A,N)-bad.

The above definition could be extended to infinite E.
Let L be as in (5.2). Note that D in (4.21) is represented by a diagonal matrix

D(A) := diag g jyez x 74 Dej(N)s - Dej(A) := =A@ - 0> + u(MI>. (6.3)
Now for 6 € IR let us introduce the matrix

D\, 0) := diagy jyezw xza Dej(\0),  Dej(N0) == —(Aw - £+ 0)? + u(N)j|% (6.4)

and denote

L(e, )\, 0,u) := D\, 0) + Ra(u). (6.5)
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Lemma6.4. ForallT > 1,N > 1,\ € [1/2,3/2],¢ € ZV,j € Z¢ one has
{8 R : [Di(MO)| SN T}CLUL intervals with meas(l,) <N 7. (6.6)

Proof. A direct computation shows
{0 €R : Dyl <Ny 7} = (01—.014) U (62—.02+4)

with

Orx =X -1+ \/pljP£EN"T, brx =XT-1—\/pulj?£N"T,
and hence

N7T —27
meas((0,,—,0,+)) = — + ON~),g=1,2.
lj]

Note that by the estimate (4.3), i ~ 1 and j # 0 since we are working on the Sobolev space
(2.3), so that the assertion follows. [ ]

For 1y > 0, Ny > 1 we define the set

T = T(No. 7o) := {)\ €T : M@ 02— |iP| =Ny ™ forallk = (L)) € Z x Z% : k| < Ng}.
6.7)
In order to perform the multiscale analysis we need finite dimensional truncations of
such matrices. Given a parameter family of matrices L(#) with § € R and N > 1 for any
k= (£,j) € Z¥ x 74 we denote by Ly (6) (or equivalently Ly ;(#)) the sub-matrix of L(6)
centered at k, i.e.
Lyi(0) ;== L(O)E, F:={K ez’ x 7% : dist(k,k') < N}. (6.8)
If £ = 0, instead of the notation (6.8) we shall use the notation
Ly j(0) := Lno,(0) »
if also j = 0 we write
Ly(6) := Luo(0),
and for § = 0 we denote Ly := Ly ;(0).

Definition 6.5 (N-good/N-bad parameters). Let ¢ be large enough (to be computed).
We denote

Bn(jo,&, ) == {0 €R : Lyj,(e, A\, 0,u) is N-bad } (6.9)
A parameter \ € T is N-good for L if for any jo € Z¢ one has
Nt
By (jo,e, M) C U I,, I,intervals with meas(l,) < N~ . (6.10)
q=1

Otherwise we say that A is N-bad. We denote the set of N-good parameters as

Gy = Gn(u) == {/\ €7 : \is N-good for L}. (6.11)
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The following assumption is needed for the multiscale proposition 6.9; we shall verify it
later in section 7.

Ansatz 1 (Separation of bad sites). There exist C; >2, N=N (10) € N and ICT (see
(6.7)) such that, for all N > N, and ||u||s, < 1 (with s satisfying (6.2b)), i

e Gy(u)NI,

then for any 6 € R, for all x € [x0,2x0] and all jo € Z¢ the (L,N)-bad sites
k= (4,j) € Z" x 74 of L= Lyxj,(e,\,0,u) admit a partition UgQs in disjoint clusters
satisfying

diam(Qs) < N, dist(Qp,,Qp,) = N, for all B; # Bs. (6.12)
For N > 0, we denote
Gy (u) == {)\ €T : Vjo € Z there is a covering

N®

B (jo. e, \) C U 1, 1, =1I,(jo) intervals with meas(I,) < N_T‘} (6.13)
g=1
where
B (jo.&, A) := B%(jo. &, A\ u) i= {9 eER : ||L;}O(€, A 0,u)]lo > NT‘}. (6.14)
We also set
In(u) = {)\ €T ¢ Ly (e M\ u)]o <N } (6.15)

Under the smallness condition (5.8), theorem 5.1 applies, thus defining the sequence un and
the sets A,,. We now introduce the sets

D:

Co:=1, C,:=

i=1

Gy, (ui1) m Iy (o) NI (6.16)
i=1

where 7 is the one appearing in proposition 7.3, Jy(u) in (6.15), and Gy (u) in (6.13).

Iheorem 6.6. Consider parameters satisfying (5.7), (6.1) and (6.2). Then there exists
No € N, such that, for all Ny > Ny and € € [0,e0) with €y satisfying (5.8), the following
inclusions hold:

(85)o full, <1 = Gy =T

and for all n > 1 (recall the definitions of A, in (5.9))

(85)n lu—vnoillsy, <N™ = m gl(\)/,-(”i—l) Nz C G, (u) ﬂf,
i=1
(S6), C, C Ay,
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Hence Coo = ﬂn}O Cn c AOO = ngOA"‘

6.1. Initialization
Property (S5), follows from the following lemma.
Lemma 6.7. Forall||ull;, < 1, N < Ny, the set Gy(u) = T.
Proof. We claim that, for any A\ € [1/2,3/2] and any j, € Z¢, if (recalling the definition
(6.4))
IDj(\0)] >N~ V(L)) € Z" x Z¢ with |(€,j — jo)] < N, (6.17)

then Ly, (e, A,6) is N-good. This implies that

By(joe: ) C | {0eR : IDy(MO) <N},
|(Li—io)|<N

which in turn, by lemma 6.4, implies the thesis, see (6.10) and (6.11), forsome e > d + v + 1.
The above claim follows by a perturbative argument. Indeed, recalling the definition (5.2), for
lells, < 1,81 = 52 + o, we use (4.5) to obtain

(D O, R (), < =C) DA O, (1 -+ o) S 2N C(s) 'S 1.
Then we invert Ly j, by Neumann series and obtain
Ly, (6. A 0)], < 2Dy} (A 0)|, S 2NN, Vs € [s0.52]
by (6.1), which proves the claim. [ |

Lemma 6.8. Property (S6) holds.

Proof. Since Z C 7 it is sufficient to prove that Z C Ay. By the definition of Ay in (5.9) and
(5.5), we have to prove that

AeT = Ly (& A0)] S NG Vs € [y, 8]. (6.18)
Indeed, if A € T then |Dg;(A)| = Ny ™, for all |(£,)| < No, and so |Dy,(A) ™', < NJ°, Vs.
Hence the assertion follows immediately by remark 4.3 and (6.1). [ |

6.2. Inductive step

By the Nash—Moser theorem 5.1 we know that (S1),—(S4), hold for all » > 0. Assume induc-
tively that (S5); and (56); hold for all i < n. In order to prove (S5),.+, we need the following
multiscale proposition 6.9 which allows to deduce estimates on the | - | —norm of the inverse
of L from informations on the Z*norm of the inverse L', the off-diagonal decay of L, and
separation properties of the bad sites.

Proposition 6.9 (Multiscale). Assume (6.1) and (6.2). For anys > s, T > 0 there exists
g0 = &o(Y, s2) > 0 and Ny = No(Y,5) € IN such that, forall N > Ny, || < €0, X € [X0»2X0),
E C 7% x Z¢ with diam(E) < 4NX, if the matrix A = D + €T € ME satisfies
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(H1) |T],, <,
(H2) [|[A" o < NXT,
(H3) there is a partition {23} s of the (A, N)-bad sites (definition 6.3) such that

diam(Q5) < N, dist(Q5,,Q5,) = N2, for i # f,
then the matrix A is NX-good and

1
A7, < i (NX 4 €|T|)) . Vs € [s0.5]. (6.19)

Note that the bound (6.19) is much more than requiring that the matrix A is NX—good,
since it holds also for s > s,.

This Proposition is proved by ‘resolvent type arguments’ and it coincides essentially with
[12]-proposition 4.1. The correspondences in the notations of this paper and [12] respectively
are the following: (7,71,d + r,$2,5) ~ (7/,7,b,s1,S), and, since we do not have a potential,
we can fix © = 1 in definition 4.2 of [12]. Our conditions (6.1) and (6.2) imply conditions
(4.4) and (4.5) of [12] for all x € [x0, 2x0] and our (H1) implies the corresponding Hypothesis
(H1) of [12] with T ~~ 2. The other hypotheses are the same. Although the s—norm in this
paper is different, the proof of [12]-proposition 4.1 relies only on abstract algebra and interpo-
lation properties of the s—norm (which indeed hold also in this case—see section 3.1). Hence
it can be repeated verbatim, full details can be found in [14].

Now, we distinguish two cases:

case 1: (3/2)"+! < . Then there exists x € [xo,2Xo] (independent of n) such that

Nopt =N%,  N:= [N € (Ng/*, No). (6.20)

This case may occur only in the first steps.
case 2: (3/2)"! > . Then there exists a unique p € [0, n] such that

N1 =NY,  x=2""""7 € [x0.2x0) - 6.21)
Let us start from case 1 for n 4+ 1 = 1; the other (finitely many) steps are identical.

Lemma 6.10. Property (S5); holds.

Proof. We have to prove that G, (uo) N 7 C Gy, (u) N T where ||u — up||;, < Ny *'. By defi-
nition 6.5 and (6.13) it is sufficient to prove that, for all jy € 74,

BN1 (jO’ g, )" Lt) - BRII (j()’ g, )\» uO),

where we stress the dependence on u,u in (6.9) and (6.14). By the definitions (6.14) and (6.9)
this amounts to prove that

||L1§]1‘j0 (e, N6, up)llo < N[' = Lu,j(e, A 0,u)is Ny — good. (6.22)

We first claim that HL,QIIJO(s, A, 0, up)lo < NJ' implies
1 T s (445)1 T ds
(0 000, < NT (NP + Ralu)l,) < N7 (N <1+ Tluollso)) Vs € [50,5].

—1
IL 1
(6.23)

‘N1Jo
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Indeed we may apply proposition 6.9 to the matrix A = Ly, j, (¢, A, 0,up) withs =S, N =N,
Ny =N and E = {|I| < N1, |j —jo| < Ny }. Hypothesis (H1) follows by (4.5) and ||uo||s, < 1.
Moreover (H2) is ||L1§11JO (e, A\, 0,u0)lo < N{'. Finally (H3) is implied by Ansatz 1 provided
we take Né/ X0 > N(7p) (recall (6.20)) and noting that A € Gy (uo) N 7 by lemma 6.7 (since

N < Ny then Gy;(uo) = 7). Hence (6.19) implies (6.23).
We now prove (6.22); we need to distinguish two cases.

case 1. (jjo| > N;). We first show that By (jo.e,A) C R\ [-2N1,2Ny]. Recall that if A, A’ are
self-adjoint matrices, then their eigenvalues f,(A), 1,(A’) (ranked in nondecreasing order)
satisfy

|1p(A) = (A7) < |4 = A'lfo.- (6.24)
Threfore all the eigenvalues p;(6) of Ly, j, (€, A, 8, up) are of the form
pej(0) = 0¢j(0) + O Rallo).  66,(0) := —(w - £+ 0)* + p(uo) (6.25)
Since |w|; = M@ < 3/2,]j —jo| < Ny, |€] < Ny, one has

3 2 1
OE —(EN1 + |9|) +N} > SNYL V] < 2,

and  this  implies B%l (jo-&, A) M [=2Ny,2N;] = 0.  Hence the  assumption
||L1§11J-0 (e, A, 0,u0)lo < Ni' implies |#| < 2N. But then also the eigenvalues of Ly, j, (¢, A, 0, u)
are big since they are also of the form

—(w £+ 0)” + p(w)|jiI* + O(e[|Rzllo)- (6.26)

But then this implies
LN1j0 (5, A0, u) is Ny -gOOd.

case 2. ([jo| < N}). Since ||u — uplls, < Ny ™' (recall that [jug ||y, < 150 |julls, < 2) then
ILn, jo (€5 A, 0,u0) — Ly, jo (6, A 0, u) |, < |Lwvyjy (85 A 0, u0) — Ly, jy (€, A, 0, )|
< [(u(uo) — p(u))diag;_; o<, il + R (uo) — Ry(u)l,, _,
(6.27)

S|—0o

1
S M= uolly < 5.

By Neumann series and (6.23) one has |L;]1JO(5, A0, 1)], < NI for all s € [so, 52, namely
Ly, j, (€, A\, 0, u) is Ni-good. ¥

Lemma 6.11.  Property (S6), holds.

Proof. Let A c(; := g}@l (o) NIy, (o) N 7, see (6.16). By the definitions (5.9) and (5.5),
and (S6)y, in order to prove that A € Ay, it is sufficient to prove that A € By, (up). Since
A € Jn, (up) the matrix ||L1§]1 (e, A up)llo < NY' (see (6.15)) and so (6.23) holds with j, =0,
6 = 0. Hence A € By, (up) [ ]
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Now we consider case 2.

Lemma 6.12. (V1 G (uim1) NZ C G, (ua) NI

Proof. By (52), of theorem 5. lwegetuun = tp-illsy < X0 s — il < 5E, NTUTTS
N, z?:p N < N, 1. Hence (S5),(p < n) implies

n+1

p
ﬂQN (ui—1) fgﬂg&(ui—l)ﬁi C Gy, (u)NZL

proving the lemma. [

Lemma 6.13. Property (S5),11 holds.

Proof. Fix ) € ﬂ"“ Gy, (wi—1) N 7. Reasoning as in the proof of lemma 6.10, it is sufficient

to prove that, for all jy € Zd llu — unlls, < N, one has

I, (e A Bu)llo S NTLy =5 L 0(2 M. 6.00) is Nyy-good. 6.28)

We apply the multiscale proposition 6.9 to the matrix A = Ly, j, (€, A, 0, u,) with NX = Ny,
and N = N, see (6.21). Assumption (Hl) holds and (H2) is ||L;+1J0(5 A0, un)llo < NG
Lemma 6.12 implies that X € Gy, (u,) N 7 and therefore also (H3) is satisfied by Ansatz 1.
But then proposition 6.9 implies

LN

1 ,
e b)), < g T (NS + | Ra(u)|) Vs € [50,8]. (629

Then we can follow word by word the proof of lemma 6.10 (With N, instead of Ny, and u,, in-
stead of uyp), i.e. we separate the cases |jo| > N, +1 and |jo| <N, +1 and the assertion follows. |l

Lemma 6.14. Property (56),1 holds.

Proof. Again the proof follows word by word the proof of lemma 6.11 with N, instead of
Ny, and u,, instead of uy. [ |

Let us finally define the set
C.:= )Gy NIy NINT

(6.30)
n=0
where Z = Z(Np) is defined in Hypothesis 1, Z in (6.7) and, for all N € IN,
Ivi={ et I e u )l <N 2}, 631)

_C’;](\), = {)\ €T :Vj € 7 there is a covering

B (jos e, \) U I,, with I, = I,(jo) intervals with meas(/,) < N " }

(6.32)
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with
BY(jo, e, ) == {9 ER : [|ILyk (e A0, (M)]o > N /2}. (6.33)

We have the following result.

Lemma 6.15. C. C C...

Proof. We claim that, for all n > 0, the sets —C;z(\)/ C Qj?,n (up—1) and Jy, C Jy, (uy—1)- These
inclusions are a consequence of the super-exponential convergence (5.10) of u, to u.. In view
of the definitions (6.32) and (6.13), it is sufficient to prove that, Vjy, if 6 ¢ B?Vn( Jo- €, A) then
Ly, (0, ua—1)]lo < N7, namely 6 ¢ B, (jo., A, 1) (recall (6.14)). Once again we have
to distinguish two cases

case 1. (jjo| > N3). In this case, arguing again as in the proof of lemma 6.10 one has || < 2N,,

so the eigenvalues of Ly, j, (6, u,—_1) are big and hence HL;HIJU(O, Un—1)|jo < NI

case 2. (jjo| < N3). One has||Ly " (e, A, 6, uc)[lo < NJ' /2 by (6.33), and so

—1
12575 0 t-1) o < 1L, 0o || (14 Lk (02 ) Ly (0r 1) = Ly (0.10))) |,
<(N7'/2)2=N]

by Neumann series expansions. The inclusion Jy, C Jy, (#,—1) follow similarly. [ |

Theorem 6.6 and lemma 6.15 are essentially theorem 5.5 and lemma 5.21 of [14] respec-
tively, where (4.5) implies Hypothesis 1 of [14] with vy ~ o, lemma 6.4 implies that
Hypothesis 2 of [14] is satisfied and Ansatz 1 here is the separation property of Hypothesys
4 in [14]. However we cannot directly apply the result of [14] for the following reason. The
constant p appearing in (6.3) depends on the function at wich the linearized operator is com-
puted; hence one has

Ly(e, A\, 0,u) — Ly(e, M0,0) = (pu(u) — p(v)) A + Ra(u) — Ra(v).

The presence of the term (u(u) — p(v))A forces us to distinguish the cases ljl large, where no
small divisor appear, and ljyl small where one argues by Neumann series as in [14].

In what follows we are going to prove that Ansatz 1 is satisfied and later we shall provide
measure estimates for C., thus concluding the proof of our main theorem 1.1.

7. Proof of Ansatz 1
Given X C Z¥ x Z¢ we define for 7 € Z4 the section
v = {k=(47) e ).

Definition 7.1. Let 0, \ be fixed and K > 1. We denote by Xk any subset of singular sites
of D(),0) in Z¥ x Z¢ such that, for all 7 € Z¢, the cardinality of the section 25? satisfies
#39 <K.

Definition 7.2 (I'-chain). Let I' > 2. A sequence ko, . . .,k, € Z" x Z¢ with k, # k, for
0 < p # g < msuch that
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dist(kyt1,kg) <T, forallg=0,...,m—1, (7.1
is called a I'-chain of length m.

Proposition 7.3 (Separation of I'-chains). There exists C = C(v,d) and, for any
Ny > 2 a set T = I(Ny) defined as
- - Nal
— -— . ol >
T:=7(No): {Ae[1/2,3/2] PO@) > T e
P(X) € Z[X,,...,X,] of the form P(X) = po+ Z pil’,'inlX,'z} (7.2)
I<ii <<y

Vnon zero polynomial

such that, for all X € 7,0 R, and for all K,T with KT > Ny, any I'-chain of singular sites
in Sk as in definition 7.1, has length m < (TK)C),

Proof. The proof is a slight modification of lemma 4.2 of [12] and lemma 3.5 in [14]. First
of all, it is sufficient to bound the length of a I'-chain of singular sites for D(\,0). Then we
consider the quadratic form

O:RxR =R, O)):=—x*+ pulj|% (7.3)
and the associated bilinear form & = —®; + &, where
D1 ((x.)), () =, @o((x), (FS) =i S (7.4)

For a I'-chain of sites {k, = ({4.J4) }4=0,....¢ Which are singular for D(\, 0) (definition 6.1)
we have, recalling (6.3) and setting x, := w - £,

10(xq,Jq)| < 2, Yg=0,...,0.

Moreover, by (7.3) and (7.1), we derive|Q(x, — Xg05jq — jao)| < Clg — qo|*T% V0 < q,q0 < m,
and so

|(I)((xqo’jqo)’ (Xq — Xgo5Jq _j(/o))‘ < Cl‘q - QO|2F2- (7.5)
Now we introduce the subspace of R!™¢ given by
S = Spang { (x4 — Xgp.Jq —Jg) : 4 =0,...,m}

and denote by s < d + 1 the dimension of S. Let p > 0 be a small parameter specified later
on. We distinguish two cases.

Case 1. Forall g9 =0, ..., m one has
Spang {(xg — Xgdg —Jg) : 1g—qol <€, ¢=0,....m} =S. (7.6)
In such a case, we select a basis fj, := (X4, — Xg0.Jq, — Jgo) = (W - Alg,, Njg, ), b=1,...,s0f

S, where Ak,, = (AL, Aj,,) satisfies |Ak,, | < CT|gp — qo| < CI'm”. Hence we have the
bound

Ifl <CTm?,  b=1,...,s. (1.7)
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Introduce also the matrix ) = (le’,);b,:1 with Qﬁl = ®(fy,fp), that, according to (7.4), we
write

Q= (—q)l(fb’:fb) + <I>z(fbufb))z _, = X+Y (7.8)

b’

where X2 = (w- Aly,, )(w - Aly,) and Yy = W(Ajg) - (Ajg,)- The matrix Y has entries in
17 and the matrix X has rank 1 since each column is

w - AL,
X0 = (w- AL,) : , b=1,...,s
w - Al

qs

Then, since the determinant of a matrix with two collinear columns X? ,X}’/, b #b, is zero,
we get

P(w) : = p*tdet(Q) = pTdet(—X + Y)
= "t (det(Y) — det(X", ¥2,...,Y%) — ... —det(Y',...,Y*71,X?))

which is a quadratic polinomial as in (7.2) with coefficients < C(I'm?)2(+1), Note that P # 0.
Indeed, if P = O then

0 = P(iw) = p ' det(X + Y) = pT det(fy - for Jowr=1...6 # 0

because {f,};_, is a basis of S. This contradiction proves that P # 0. But then, by (7.2),

Ny Ny

d+1 —
p | det(Q)] = |P(w)| = 1+ |p‘y(u+l) z (pmp)c(d,u) ’

the matrix (2 is invertible and
(7 HY'| < CNo(Tm?)C @¥), (7.9)

Now let S* := S+® := {v e R**! : ®(v,f) =0, Vf € S}. Since Q2 is invertible, the quad-
ratic form ®s is non-degenerate and so R**! = S @ S*. We denote IIs : Rt — S the
projector onto S. Writing

d+1

§(Xgprda) = > anifyr (7.10)
b'=1

and since f, € S, Vb =1,...,s, we get

5
wi = D ((Xg0Jg0 ) S) = Z ay (fi.fo) = Z Qilab'

b'=1 b'=1

where ) is defined in (7.8). The definition of f;, the bound (7.5) and (7.6) imply |w| < C(T'm?)?.
Hence, by (7.9), we deduce |a] = |Q'w| < C’No(l"mp)c(”’d)“, whence, by (7.10) and (7.7),

|HS (xqo’jqo)| < NO(FmP)C’(V’d).
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Therefore, for any g1, g> = 0, ..., m, one has
|(Xgindar) = (Kgodgn)| = M (Xg,Jg) — s (g0 gy )| < No(Tm?) ),

which in turn implies |j,, — jg,| < No(T'm?)1("9 for all g1,q> = 0,...,m. Since all the j,

have d components (being elements of Z¢) they are at most CNg (TmP)< (rd)d We are consid-
ering a I'-chain in X (see definition 7.1) and so, for each ¢, the number of g € {0, ... ,m}
such that j, = j,, is at most K and hence

m < N§(TmP)@ DK < (TK)!(TmP) @WK < mr@ (TR )

because of the condition TK > Ny, Choosing p < 1/(2C»(v,d)) we getm < (T'K)2(m+C:(vd),
Case 2. There is gy = 0, . . ., m such that

dim(Spang {(xg — xg0.Jg —Joo) * |g—qol <m’, ¢=0,....m}) <s—1
Then we repeat the argument of case 1 for the sub-chain {(£,,j;) : |¢ — go| < m”} and ob-

tain a bound for m”. Since this procedure is applied at most d + 1 times, at the end we get a
bound like m < (T'K)S (9, ]

Corollary 74. Ansatz 1 is satisfied.

The proof of corollary 7.4 follows almost word by word section 5.3 in [14]. However there
is a minor issue to be discussed, namely that in section 5.3 in [14] it seems that one needs the
index j to be in a lattice, whereas of course this is not the case in the present paper since we
reduced to the zero mean valued functions. However the lattice structure is needed only in
lemma 5.16 of [14] (see remark 5.17 of [14]). In particular if we replace definition 5.14 of [14]
with definition 7.5 below, the argument of [14] can be repeated verbatim.

Definition 75. Asite k = (£,j) € Z" x Z4 is
e (L, N)-strongly-regular if Ly is N-good,
e (L, N)-weakly-singular if, otherwise, Ly is N-bad,
e (L, N)-strongly-good if either it is regular for D = D(), 6) (recall definition 6.1) or all
the sites k' = (¢,j') with dist(k,k’) < N are (L,N)-strongly-regular. Otherwise k is
(L, N)-weakly-bad.

8. Measure estimates

We conclude the proof of theorem 1.1 by showing that the set C. has asymptotically full
measure.

One proceeds differently for [jy| > 6N and ljol < 6N. We assume N > Ny > 0 large enough
and ]| Ralo < 1.

Lemma 8.1. Forall j, € Z4, |jo| > 6N, and for all X € [1/2,3/2] one has
NdFvE2
B (jo,e,\) C U I,, with I, = 1,(jo) intervals with meas(l,) <N~ ™.
g=1

Proof. First of all, as in the proof case 1 in lemma 6.10 we see that B%(ji,e,\) C R\
[—2N,2N]. Now set BY" := B (jo,&, ) N (2N, +00), BY™ := B (jo, €, \) N (=00, —2N).
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Since )
a@LNJ'O(E, )\, 9) = dlagwlgN-U*ﬂJlgN — 2(0.} -/ + 9) 2 Nﬂ,

we apply lemma 5.1 of [11] with « = N~™, 8 = N and |E| < CN**“ and obtain
Nd+1/+l
B C U 1, 1, =1, (jo) intervals with meas(f;) <N .
q=1

We can reason in the same way for Bg;*' and the lemma follows. [ |

Consider now ljyl < 6N. We obtain a complexity estimate for BY(jo, e, \) by knowing the
measure of the set

BiwGioe ) i= {0 € R ¢ L) (A2 0)[lo > N7 /2.

Lemma 8.2. For all |jo| < 6N and all \ € [1/2,3/2] one has
By (jo. &, A) C Iy := [—10v/dN, 10v/dN].

Proof. If || > 10v/dN one has |w- £+ 6] > 0] — |w- €| > (10y/v — (3/2))N > 8VdN
and then all the eigenvalues satisfy

110j(0) = —(w - £+ 0)* + plj]* + O(e||Rallo) < —62dN*, V|6 > 10VdN,
proving the lemma. [ |

Lemma 8.3. Forallljo| < 6N and all \ € [1/2,3/2] one has
ComNTIH!
B (jo. e, \) C U I,, 1, = I,(jo) intervals with meas(l,) <N~
g=1
where Ot := meas(BY  (jo, €, \)) and C = C(d).
Proof. This is lemma 5.5 of [11], where our exponent 7 is denoted by 7. [ |

Lemmas 8.2 and 8.3 imply that for all X € [1/2,3/2] the set BY(jo,e, \) can be covered
by ~N71*2 intervals of length <N~"'. This estimate is not enough. Now we prove that for
‘most’ A the number of such intervals does not depend on 71, by showing that 0t = O(N*~ ™)
where ¢ depends only on the dimensions (to be computed). To this purpose first we provide
an estimate for the set

BY\(jo.2) 1= {()\, 0) € [1/2,3/2] x R : Ly} (A 0)]lo > N7 /z} .
Then in lemma 8.5 we use Fubini theorem to obtain the desired bound for meas(BJ  (jo. €, A)).
Lemma 8.4. For all |jo| < 6N one has meas(B3 y(jo,€)) < N~ +d+l,

Proof. Let us introduce the variables

1 0

(=13 n1=5  (Gn)€[4/9.4] x [20VdN.20VaN] =: [4/9.4] x Jy. ®.1)
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and set
L(¢,m) == ALy (e, M. 0) = diagwlgv,\j—jo\@(( —w-l+n)’+ Cu(C_l/z)lflz) +(Ra(e, 1/1/0).

Note that, since | — 1| < €, one has

1
. .2 > .
jrg%g*lulll 3 (8.2)

Then, except for (¢,n) in a set of measure O(N~T1T¥+4+1) one has

IL(¢.m) " [lo < NT'/8. (8.3)

Indeed

. . . 1 _ 1 _ ®2) 1
OcL(Cem) = diagjaicn j—sl<n (u(c VAP = 3¢ P oan(¢ 1“)) +Rale, 1/ = 51 P0NRe > 4,

for € small (we used that ¢ € [4/9,4] and |0 p| < 1/2). Therefore lemma 5.1 of [11] im-
plies that for each 7, the set of ¢ such that at least one eigenvalue of L(¢,7) has modulus
< 8N~ is contained in the union of O(NY*") intervals with length O(N~™) and hence has
measure < O(N~"1+4+Y) Integrating in ) € Jy we obtain (8.3) except in a set with measure
O(N~T1+d+v+1) The same measure estimates hold in the original variables (), ) in (8.1).
Finally (8.3) implies

1Zivh, (e A 8)l0 < AN /8 < N7 /2,
for all (A, 0) € [1/2,2/3] x R except in a set with measure < O(N—T1Hd+v+1), [ |
Note that the same argument can be used to show that

meas([1/2,3/2] \ By) < N-THdtvHl (8.4)

where &y is defined in (6.31).
Define the set

Fn(jo) == {>\ € [1/2,3/2] : meas(B) y(jo,e, \)) = CN~THd+o+r42

(8.5)
where C is the constant appearing in lemma 8.3.
Lemma 8.5. For all |jo| < 6N one has meas(Fy(jo)) = O(N~—471).
Proof. By Fubini theorem we have
3/2 )
meas(BY  (jo.€)) = / dAmeas(BY y(jo. e, \)).
1/2
Now, for any 8 > 0, using lemma 8.4 we have
3/2 ~
CN—TiFdtrl > / dAmeas(B) y(jo. e, \))
1/2
> Bmeas({\ € [1/2,3/2] : meas(B) y(jo.e. \) > B})
and for 8 = CN~™+2+7+2 we prove the lemma (recall (8.5)). |
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Lemma 8.6. If 7o > d + 3v + 1 then meas([1/2,3/2]\Z) = O(N(;l) where T is defined
in (6.7).

Proof. Let us write
1/23/20\T= |J Ru  Re={reT: (0@ 02— <N}
[£].[jI<No
Since j € ZZ, then Ryj = () if Ng > 1. For £ # 0, using the Diophantine condition (1.2), we
get meas(Ry,) < CN(;T“””, so that
meas([1/2,3/2]\Z) < Y meas(Re;) < CNy ™ = O(Ny™")
€], 1/ <No
because 9 —d — 3v > 1. B

_ The measure of the set 7 in (7.2) is estimated in [11]-lemma 6.3 (where 7 is denoted by
g).

Lemma 8.7 If 7< min(1/4,v/4) (where o is that in (1.4)) then
meas([1/2,3/2] \ Z) = O(y).

To conclude the measure esitimate we note that by the definition in (8.5) for all A & Fy(jo)
one has meas (B3 y (jo.c,A)) < O(N~™+24++2) Thus for any A ¢ Fy(jo), applying lemma
8.3 we have

N2d+u+4

B (Jo.&, A) U I,, I, intervals with meas(/,) <N~ ™.

But then, using also lemma 8.1, we have that (recall (6.32) with ¢ = 2d + v 4 4)

23206 J Flio)

ljo|<(c+5)c~!N

Hence, using lemma 8.5,

meas(Z \ Gy) < Z meas(Fy(jo)) < ON).

ljo| <6N

Moreover by (8.4) with 7; > d + v + 2 we get
meas(Z \ By) = O(N "), (8.6)
and finally, lemmas 8.6 and 8.7 with v = N(;l imply
meas(Z\ (ZN1I)) = O(No’l).
Putting these estimates together and recalling the definition (6.30) of C., we have that

meas(Z \ C;) = meas< U (G5, U (By, ) UIU f‘)

n=0 n=0
< Z meas(Z \ Gy ) + Zmeas(I\ Gy,) +meas(Z\ (ZN1I))
n=0 n=0
) 1 1 1/(S+1
S Y NN SNy ST (8.7)
n=0
i.e. C. has asymptotically full measure. [ |
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9. Linear stability

In this section we discuss the linear stability of the quasi-periodic solutions found in theorem
1.1. In order to precisely state the result we need to introduce some more notations. For any
s > 0, we define the Sobolev spaces H*(T?) = H*(T¢, C), H*(T% R) respectively of com-
plex and real valued functions

HY(TY) = {u(x) = Y we™ : lullf =Y ()*y* < +o0},  HY(T)R) = {ue H(T') : u =7}

Jjezd jezd
9.1)

Loll=m A2 Y= (s da) € 29

where

(j) := max{1, |

Moreover we define

HY(TY) = {u € H(T) : / u(x)dx =0}, HY(TYR):= {ue H(T'R): / u(x)dx =0}

d Td
9.2)
and introduce the real subspace H(T?) of H}(T¢) x H(T9)
H)(TY) := {ui=(uu):ue Hé(’l[‘d)}, equipped with the norm |[ul|g; := [|um.

Given a linear operator R : L§(T¢) — L§(T) (where L§(T?) := HQ(T?)), we define its
Fourier coefficients with respect to the exponential basis {e/* : j € Z4 \ {0}} of L3(T?) as
, 1

R/ = i TdR[eif"X]e—if'de, Vj.j e Z\ {0}, 9.3)

and we denote by R the linear operator such that R[u] = R[], for any u € L3(T9).
We say that an operator R is block diagonal if Rjj =0 for any j,j/ € Z¢\ {0} with

il # 'l
Linearizing the equation (1.5) along a quasi-periodic solution u(wt, x), w = A& for A € C,
one gets a linear wave equation of the form

Ouh — Ah + eP(wt)[h] =0 (9.4)
where the linear operator P (wt) is given by
Plp) = —a(p)A =R(p), »eT”
ale) = [ IVutpnPdn R = 28ue) [ MutoyhG)dr ¢T3

Writing the equation (9.4) as a first order system one obtains

ah =
{aﬂp = Ah— eP(wi)[h).

The following theorem holds.

(9.6)

Theorem 9.1. There exists a strictly positive integer gy = qo(v,d) possibly larger than
q(v,d) appearing in theorem 1.1 such that for any q > qo there exists €1 = £1(q,v,d) > 0,
possibly smaller than &g of theorem 1.1 and &, := &(q,v,d), with1/2 < &, < q such that
for any f € C4(T" x T, R) satisfying the hyphothesis (1.3) then for any € € (0,) there
exists a Borel set O, C C. of asymprotically full Lebesgue measure, i.e.
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|0 — 1 as e —0, 9.7)

such that the following holds: for all A € O and p € TV, there exists a bounded linear invert-
ible operator Weo(p) = Woo (3 A) such that for any 3 < s < &,

Wao (i) : Hy(T9) — HY"* (T, R) x H) * (T, R)

satisfying the following property: (h(t,-),¢(t,-)) is a solution of (9.6) in
1 _1
H(S)Jrz(Td,R)XHS (T4, R) if and only if

w(t,) = (w(t, ). (1, ) = Wao (Aot) ' [(A(t, ), (1. )]

is a solution in Hy(T¢) of the PDE with constant coefficients

- 0
OW = DooW, Do =1 * 0 9.8)
0 D

o0

where for any s> 1, D&) : Hg(Td) — Hg_l (TY) is a linear, time-independent,
L?-self-adjoint, block-diagonal operator.
From theorem 9.1 we deduce the linear stability of (1.5), i.e. the following result.

Corollary 9.2. Forany A € O, and any initial data (h© ) ¢ Hffé (T4, R) x H(Sf% (T4, R)

with 1)2 < s < &, the solution t € R~ (h(t,),v(z,)) € Hy'* (T4, R) x H) * (T4 R) of
the Cauchy problem

Oh =1

o) = Ah — P (wr)[h).
h(0,-) = A

$(0,-) = ©

9.9)

is stable, namely

sup (([h(z. )|

teR

s

1
H, 2

ot TN ) < IOy + 1)

1)

H=
for some constant C; = C(q,v,d) > 0.

The proof of this theorem is essentially the same as the one of theorem 1.1 in [42]. The only
difference is that in the present case the frequency w is constrained to the diophantine direc-
tion @ in (1.2), namely w = A&, A € C.. Hence we only need to prove the measure estimates
for the set O..

Note that in theorem 1.1 of [42] it is required that the coefficients of the perturbations are
sufficiently smooth functions. In the present case, this hypothesis is satisfied by taking the
forcing term f € C? with g large enough. Indeed, by theorem 1.1, the quasi-periodic solution
u(wt, x)is in HS and S = S(v,d, q) is increasing w.r. to . By recalling the definition (9.5), we
then have that the coefficients of the operator P () are smooth enough if fis smooth enough.

The proof of theorem 1.1 of [42] is based on a reduction procedure which conjugates the
vector field
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L(wt) := (A - eOP(wt) (1)>

of the equation (9.6) to the constant coefficients block diagonal vector field D, in (9.8).
Such a procedure is developed in sections 3 and 4 of [42]. Actually the linearized Kirchhoff
equation (9.4) is a particular case of the wave equations considered in [42]. In section 3 of
[42], the vector field £(wt) is conjugated to another one which is an arbitrarily regularizing
perturbation of a constant coefficients diagonal vector field. In order to perform this reduction,
one needs the frequency w to be diophantine. This is satified in our setup, since w = Aw and
@ is a diophantine frequency vector (see (1.2)). Then, in section 4 of [42], it is developed a
KAM reducibility scheme which completes the block-diagonalization procedure. Along such
an iterative scheme, all the remainders arising at any step are smoothing operators. Therefore
one can impose very weak second order Melnikov non resonance conditions with loss of space
derivatives.
In the rest of this section, we prove the measure estimates (9.7).

9.1. Measure estimates of the set O,

Let us denote by oo (+/—A) the spectrum of the operator v/— A restricted to the functions with
7ero average, i.e.

oo(VE) = (Ul = i+t 7= G i) € 20\ {0} ).

Moreover, given Z, C Z = [1/2,3/2], v > 0 and a Lipschitz function f : Z, — R we define
19 = 8 i,
V) —f(Ra)l

1% = sup [F(V)], [P = sup
\E€Z, A A ET, |)\1 — )\2|
X #Xy

the rest of this section is devoted to the proof of the following
Theorem 9.3. One has that lim._, |C. \ O.| = 0.

First of all we need some notation. For any « € o¢(v/—A) we set

Ny = card{j € Z*\ {0} : |j| = a} ~ a1, 9.10)
and the eigenvalues of D(()L) in (9.8) are Lipschitz functions ,u,EO‘) :Cc > Rfork=1,...,n,
of the form
BN =mN)a+ VN, m - PO < 0 < et ©.11)

and r,({a) are produced by the algorithm; see [42], section 5.

Then, for any ({,a,f0) €Z" X oo(vV—A) X oo(v/—=4), (4,a,8) # (0, a, ),
k= 1,...,na,j: 1,...,1’!5

_ a 2y
Ri(¢, o, B) := {A €Ce: |- €+H;(< )(A) — u}ﬁ)(A)\ < W} 9.12)
and for any (¢, a, 5) € Z¥ x 0o(vV/—A) X oo(vV—=A),k=1,...,n0, j=1,...,np
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_ a 2y(a+ B
Qii(L v, B) = {)\ €Ce: D@ L+ u (N + 1P (V)] < 7(@)} 9.13)
and we fix the constants d and 7 as
d:=2d+2, T:=v+4d. 9.14)
Then, setting
ne Ng
R(t, 0, 8) := || JRy(t. V(b a, B) € Z¥ x oo(V=A) x ao(V=A), (L,a,8) # (0,a,a),
k=1j=1
" (9.15)
na ng
0t 0. 8) == | J | J Qu(t. e, Y(l, a, B) € ZV x oo(V=A) x ao(vV—=A), 9.16)
k=1j=1
and arguing as in section 5 of [42] one can show that
C.\O. C U R(l, v, B) U ob.af). o
(La.B)ELY X o (V=D) X 0o (V=5) (b,a,B)EZY X o9 (v/—A) x 79 (/= A) ©.17)

(L) (Oer)
The constant «y appearing in (9.12) and (9.13) can be linked to € by setting
y:i=e% O<a<l. (9.18)
Note that this is the same setting as in [42] where the sets Ry;(¢, o, (), Qii(¢, o, B), R(¢, o, B)
and Q(¥, c, ) were denoted as Ry (4, o, ), Oi(¢, o, B), R(4, o0, §) and Q(¥, v, 5) respectively.
Lemma 9.4. For € small enough, the following holds.

(i) If R(l, c, B) # O, then o~ + B~ < |@ - €. Moreover for any o, B € oo(v/—A), a # B3,
then R(0,a, 3) = 0.

(ii) If Q(4, v, B) # O, then o+ B < |iw - £]. As a consequence o, 8 < (€). Moreover for any
a, B € ao(v/—A) then Q(0,a, B) = 0.

Proof. We prove item (i). The proof of item (ii) is similar. Assume that R(¢, a, 3) # (). Then
thereexistk € {1,...,nq},j € {1,...,ng} suchthat R;(¢, v, 5) # 0. Forany X € R;(¢, o, B),
one has

(@ (yy _ O 3.

T,d>1

. 3
< y(a*1+6*‘)+§|@~5|. (9.19)
Furthermore, by (9.11), for € small enough,

™ = 121 = )] = B = (7] = £

1 S, A
> Sla=pl = Coe(a™" +571), (9.20)

for some constant Cy > 0. By lemma A.1-(ii) in [42], one has that |« — 8] > C(a™! + 71)
for some constant C > 0, hence (9.20) implies that for € small enough one gets

1 = 1) = (a7t 4+ 871 9.21)
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for some constant C; > 0. Then (9.19) and (9.21) imply that for v small enough (or ¢
small enough, see (9.18)) one has a~' + 37! <|w-¢| The inequality (9.21) implies
also that if a, 8 € oo(v/—A) with a # 3, then Ry(0,a,3) =0 for any k € {1,...,n,},
jE{l,...,nlg}. B

Lemma 9.5. For € small enough, the following holds:
(i) For any ({,a, B) € Z¥ x oo(v/—A) x ao(v/=A), ({,, B) # (0,0, ), if R({, 0, B) # 0
then [R(t, , )] S a1 =350+ =4(6)
(ii) For —any (L,a,B) € Z¥ x oo(vV—A) x oo(vV/—A4), if 0O a,B8)#0D  then
Q4 v, B)] S 7yt 1B

Proof. Let us prove item (i). The proof of item (ii) follows by using similar arguments. Let
(b, B) € Z¥ x o9(v/—A) X op(+v/—A) with (£, «, B) # (0, a, ). By (9.15), it is enough to

estimate the measure of the set Ry;(4, o, §) forany k = 1,...,n,, j=1,...,n3. We define

B(N) =A@ - L+ A () = AP ). (9.22)

Hence

. 2’7
By(t.0.8) = { A €C. 1 [00)] < s}

Using that | - " < y~!| - [MP(), one gets

[6(M) = B0) = (I =yl = 1P o = ] — 9~ {100 — g~ DD 3, = )

(9.11)
> (|w b= Cey Ya—f] — Ceylat — cm—lﬂ-l) A= Aol (9.23)

Since by lemma A.1-(ii) in [42], |a — B8] = C(a~! + B~1), for some C >0, by (9.18),

ey~! = e!7 by aplying lemma 9.4-(i), one gets that for ¢ small enough

600) — 600 = Cla + 5D — Al “Z Ca 5N — Al ©24)

The above estimate implies that

‘Rkj(& Q, ﬁ)‘ < i

Finally recalling (9.15) and (9.10), we get the claimed estimate for the measure of

R(¢, a, B). [

Proof of theorem 9.3 concluded. By (9.17), by applying lemmata 9.4 and 9.5, and
recalling the definitions of the constants +, 7 and d made in (9.18) and (9.14), one gets the
estimate

Ea Ea<j>d7]<j/>d7]

C-\O| S 5 ; - + E =L <t

| \ | vzt ez <j>d—1—d<J/>d—1—a'<€>T et <g>-r (9.25)
LI 1S40

since the above two series are convergen because of the choices of 7 and d made in (9.14). The
proof of theorem 9.3 is then concluded. [ |
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Note that our proof is very similar to the analogous one in [42]; the only difference is
that in lemma 9.4 we have to bound a~! + 8~! < |@ - ¢] rather than having the estimate
lao = 8| < (¢) of lemma 5.1 in [42]. However this is still enough to get the final measure esti-
mate due to the Diophantine condition on @.
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