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Abstract— This paper deals with adaptive radar detection of
a point-like target in a homogeneous environment characterized
by the presence of clutter, jamming, and radar internal noise.
At the design stage two training datasets, whose gathering is
carefully motivated in the paper, are considered to get receiver
adaptation. Hence, the maximum likelihood estimator of the
interference covariance matrix for the cell under test is computed
exploiting both the available secondary sets. This estimate is then

used to build two adaptive decision rules based on the two-step
generalized likelihood ratio test and Rao test criteria. Remark-
ably, they are not limited by the conventional constraint on the
cardinality of the classic training dataset. At the analysis stage,
the detection performances of the newly proposed detectors are
compared with those of the analogous conventional counterparts
and the interplay among the different parameters of the problem
is thoroughly studied.

Index Terms— Adaptive Radar Detection, Generalized Like-
lihood Ratio Test, Interference Covariance Matrix, Maximum
Likelihood Estimation, Rao test.

I. INTRODUCTION

In radar detection based upon array of sensors or pulse

trains [1]–[3], the Interference Covariance Matrix (ICM) might

comprise several contributions associated with different inter-

ference sources. The most common sources are

• the electronic devices generating thermal noise, which is

always present and leads to an ICM component modeled

as σ2
nI , where σ2

n > 0 is the thermal noise power and I

is the identity matrix;

• the specific operating environment, whose backscattering

gives rise to the clutter component;

• jamming systems which can significantly modify the ICM

depending on the jamming type and the radar signal

processing. More precisely, if the radar performs spatial

processing using N sensors, then KJ barrage noise

jammers [4] illuminating the victim radar from the angle

of arrival θJ,k, k = 1, . . . ,KJ , would yield the following

ICM component

KJ∑

k=1

σ2
J,kv(θJ,k)v

†(θJ,k), (1)
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where (·)† denotes conjugate transpose, σ2
J,k > 0 and

v(θJ,k) = [1 ej2πνs(θJ,k) . . . ej2πνs(θJ,k)(N−1)]T (2)

are the power and the spatial steering vector of the k-

th jammer. In the last equation, (·)T denotes transpose

and νs(·) is the spatial frequency and is a function of

θJ,k. In the case of temporal processing, a noise jammer

usually produces an ICM contribution equal to σ2
JI ,

where σ2
J > 0 is the overall jammer power. Finally,

still in the context of temporal processing, equation (1)

can be modified to account for the effect of multi-tone

continuous-wave jammers replacing v(θJ,k) with

v(νJ,k) = [1 ej2πνJ,k . . . ej2πνJ,k(N−1)]T , (3)

where KJ is the number of transmitted tones and νJ,k is

the normalized Doppler frequency of the kth tone. Such

jammers can emulate the radar cross section of Swerling

1 targets.

Note that the physical mechanisms involved in the mentioned

interference sources are significantly different. Specifically,

thermal noise component, generated by the electronic devices,

affects all data and is always present in the course of radar

operation. On the other hand, the mentioned jammer com-

ponent depends on the presence of jamming systems in the

surveillance area and (when it is present) contaminates all the

range cells processed by the radar1. Finally, clutter component

originates from echoes backscattered by objects which are not

of interest to the radar [6]. Clutter strength and, consequently,

its range extension depends on the carrier frequency, the trans-

mitted power, the environment morphology, and the grazing

angle [6]. It follows that the clutter component is in general

range-dependent and tied up to the transmitted waveform.

Based upon the physics behind these phenomena, it is possi-

ble to acquire data free of clutter components and affected by

the remaining interference sources only. For instance, consider

a system employing pulse-to-pulse frequency agility which

transmits one pulse using N antennas (spatial processing only

case), then it is clear that there do not exist clutter echoes

before transmitting the pulse waveform and, at this stage, it is

possible to record clutter-free data (see Figure 1). In addition,

due to frequency agility, the bandpass filter, tuned around

the current frequency, would eliminate any residual clutter

1Observe that jamming systems are also capable of generating coherent
echoes which are not range distributed and occupy a specific range cell. These
electronic countermeasures are contrasted by means of SideLobe Blanker [5]
techniques which are not the object of this paper.
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component produced by previous transmissions. Another ex-

ample of practical interest concerns radar systems transmitting

coherent pulse trains. In this case, if the Pulse Repetition

Interval (PRI) is sufficiently high, then data collected before

transmitting the next pulse within the same burst and at

high ranges (or after the instrumental range), result free of

clutter contribution (see Figure 2). These data (free of clutter

components) can be suitably exploited to achieve a more

reliable estimate of the ICM, which could be useful in many

radar signal processing applications (e.g., adaptive interference

cancellation, beamforming, adaptive detection). As a matter of

fact, in conventional radar systems, the ICM is unknown and

must be estimated from data collecting training samples in the

proximity of the cell under test (CUT) as corroborated by a

plethora of examples in the open literature. For instance in

[1], [2], it is assumed that a set of training data is available

at the receiver with the constraint that the number of data is

greater than the vector size to ensure the estimate invertibility

with probability 1. This constraint can be relaxed using a priori

information about the clutter, the system geometry, or diagonal

loading as done in [7]–[12]. Other examples can be found in

[13]–[23, and references therein].

In this paper, we propose an alternative approach relying on

the joint exploitation of two sets of secondary data. Specifi-

cally, the first set is acquired either before transmission of

the pulse (spatial processing) or from far range bins (temporal

processing with a high PRI), whereas, the second set comes

from the conventional radar reference window surrounding the

CUT. Notice that data belonging to the reference window share

the same ICM components as the CUT including the clutter

component, while the ICM of data gathered during the first

training phase do not contain the clutter component. Hence,

the detection problem is formulated as a binary hypothesis test

in the presence of two sets of secondary data each of them

representative of different interference components. This prob-

lem is solved resorting to the two-step Generalized Likelihood

Ratio Test (GLRT) design procedure [2] and the Rao test [24]

to come up with two adaptive decision schemes capable of

taking advantage of the information carried by the additional

training data set. Both architectures exploit the ICM Maximum

Likelihood Estimate (MLE) whose closed form expression is

derived using the aforementioned two secondary data sets.

This derivation represents the main technical innovation of

this paper from the signal processing point of view.

Remarkably, it is proven that the expression of the MLE

does not suppose that the cardinality of the classic training

set is greater than the vector size. This constraint is required

by conventional adaptive decision schemes, which use only

this training set for estimation purposes, in order to make

the sample covariance matrix invertible with probability 1.

However, this requirement might not be met in practical

scenarios, because the volume of homogeneous data belonging

to the reference window can be limited by the heterogeneity

of the surveillance area [25]–[27]. On the other hand, the

formation of the first data set is not conditioned by this

limitation, since, in the course of the acquisition, the factors

producing the heterogeneity do not come into play. As a

consequence, the proposed architectures share the capability

of operating in sample-starved environments [28], [29].

The performance analysis is aimed at investigating the

behavior of the proposed architectures in terms of Probability

of Detection PD versus the main parameters of interest for

a preassigned Probability of False Alarm Pfa. Moreover,

comparisons with conventional detectors are also considered

to corroborate the double training idea.

The remainder of this paper is organized as follows. Sec-

tion II is devoted to the problem formulation. The adaptive

architectures are devised in Section III, where the two-step

GLRT and the Rao test design criteria are applied. Section

IV provides the performance analysis by means of numeri-

cal examples. Finally, some concluding remarks and future

research tracks are given in Section V. Proofs and derivations

are confined in the appendix.

Notation

Vectors and matrices are denoted by boldface lower-case

and upper-case letters, respectively. Symbols det(·) and Tr(·)
denote the determinant and the trace of a square matrix,

respectively. Symbols I and 0 represent the identity matrix and

the null vector or matrix of suitable dimensions, respectively.

The imaginary unit is denoted by j. Given a vector a, diag (a)
indicates the diagonal matrix whose ith diagonal element is the

ith entry of a. The curled inequality symbol � (and its strict

form ≻) is used to denote generalized matrix inequality: for

any hermitian matrix A, A � 0 means that A is a positive

semi-definite matrix (A ≻ 0 for positive definiteness). As to

the numerical sets, R is the set of real numbers, RN×M is

the set of (N × M)-dimensional real matrices (or vectors if

M = 1), C is the set of complex numbers, and CN×M is

the set of (N ×M)-dimensional complex matrices (or vectors

if M = 1). The (k, l)-entry (or l-entry) of a generic matrix

A (or vector a) is denoted by A(k, l) (or a(l)). Symbols

ℜ{z} and ℑ{z} indicate the real and imaginary parts of

z ∈ C, respectively. We use (·)T and (·)† to denote transpose

and conjugate transpose, respectively. The acronym iid means

independent and identically distributed. The Signal-to-Noise

plus Interference Ratio, the Clutter-to-Noise Ratio, and the

Jammer-to-Noise Ratio are denoted by SINR, CNR, and JNR,

respectively. Finally, we write x ∼ CNN (m,M) if x is a

complex circular N -dimensional normal vector with mean m

and covariance matrix M ≻ 0, whereas X = [x1, . . . ,xM ] ∼
CNN,M(m,M , I) if xi ∼ CNN (m,M), i = 1, . . . ,M , and

iid.

II. PROBLEM FORMULATION

As stated in the previous section, adaptive radar detection

requires the ICM to be somehow estimated from data. To

this end, the system collects a set of secondary data Z2 =
[z2,1, . . . , z2,M ] ∈ CN×M with N the number of system

channels, in the proximity of the CUT, z ∈ CN×1 say. Before

proceeding, we make clear that the subscript 2 means that the

corresponding vector and/or matrix belongs to what we have

called second (or classic) training data set.
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Now, the conventional detection problem is often cast as the

following binary hypothesis test




H1 :

{
z = αv + n,
z2,m = n2,m, m = 1, . . . ,M,

H0 :

{
z = n,
z2,m = n2,m, m = 1, . . . ,M,

(4)

where

• n,n2,m ∼ CNN (0,M2), m = 1, . . . ,M , are iid vectors

representing the interference echoes;

• α = αr + jαi, with αr, αi ∈ R, is an amplitude factor

accounting for target response and propagation effects;

• v is the nominal steering vector.

In the open literature, there exist several solutions to the above

detection problem. The seminal and most cited architectures

are Kelly’s GLRT [1] and the Adaptive Matched Filter (AMF)

[2], whose expressions are

|z†S−1
2 v|2

v†S−1
2 v(1 + z†S−1

2 z)

H1
>
<
H0

η (5)

and

|z†S−1
2 v|2

v†S−1
2 v

H1
>
<
H0

η, (6)

respectively, where η is the detection threshold2 set to ensure

the desired Pfa and S2 = Z2Z
†
2 is M -times the Sample

Covariance Matrix (SCM) of the conventional secondary data3.

However, the SCM is representative of the sum of the different

ICM components and requires M ≥ N .

The proposed approach consists in exploiting, along with

Z2 without any constraint on M , an additional set of training

data Z1 = [z1,1, . . . , z1,K ] statistically independent of Z2

and collected as described in Section I. With the above

modifications in mind, the detection problem at hand becomes




H1 :





z = αv + n

z1,k = n1,k, k = 1, . . . ,K,
z2,m = n2,m, m = 1, . . . ,M,

H0 :





z = n

z1,k = n1,k, k = 1, . . . ,K,
z2,m = n2,m, m = 1, . . . ,M,

(7)

where n1,k ∼ CNN (0,M1), k = 1, . . . ,K ≥ N , are4 iid

vectors representing the contribution of thermal noise and

of a prospective jammer. Moreover, the above vectors are

statistically independent of n.

An important remark is now in order. Matrices M 1 and M2

result from the contributions of different interference sources,

more precisely the following cases can likely occur:

• the first training data set contains thermal noise only,

while in the second one a clutter component is also

2Hereafter, η is used to denote the detection threshold or any proper
modification of it for all the considered receivers.

3Note that the SCM is the ICM MLE based upon Z2.
4Notice that the constraint K ≥ N is less difficult than M ≥ N since the

acquisition of Z1 is not influenced by the environment heterogeneity.

present, namely

M 1 = σ2
nI and M2 = σ2

nI +M c, (8)

where M c � 0 is the clutter component;

• the first training data set is representative of thermal noise

and jammer, while the second one also contains a clutter

component, namely

M1 = σ2
nI +MJ , (9)

M2 = σ2
nI +M c +MJ , (10)

where MJ � 0 is the jamming component covariance.

Thus, in each case, the inequality M2 −M1 � 0 holds, or,

equivalently, M 2 = M1 +R with R � 0.

III. DETECTOR DESIGN

In this section, two adaptive decision rules are devised

resorting to the two-step GLRT and to the Rao test design

criteria5. As preliminary step towards the receiver derivations,

some useful definitions are required. Specifically, the joint

probability density function (pdf) of Z1 and Z2 under both

hypotheses is

f (Z1,Z2;M1,R) =

(
1

πN

)K+M

×
exp

{
−tr

[
M−1

1 S1

]
− tr

[
(M1 +R)

−1
S2

]}

det (M 1)
K
det (M 1 +R)

M
, (11)

where S1 = Z1Z
†
1. On the other hand, the pdf of z depends

on which hypothesis is true. Thus, its expression under the

Hi, i = 0, 1, is given by

fi(z; iα,M1,R, Hi)

=
exp

{
−tr

[
(M1 +R)

−1
(z − iαv)(z − iαv)†

]}

πN det(M 1 +R)
. (12)

Finally, the joint pdf of z, Z1, and Z2 under Hi, i = 0, 1,

has the following expression

fi(z,Z1,Z2; iα,M1,R, Hi)

= fi(z; iα,M 1,R, Hi)f (Z1,Z2;M1,R) . (13)

A. GLRT-based Architecture

The following rationale is adopted to design the decision

rule

• first, compute the GLRT assuming that M1+R is known;

• second, replace M1 +R with a suitable estimate.

Thus, according to the first step, the GLRT for known M 1+R

is

max
α

f1(z;α,M1,R, H1)

f0(z; 0,M1,R, H0)

H1
>
<
H0

η. (14)

5For the problem at hand, the derivation of the plain GLRT is currently
under investigation.
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Following the lead of [2], it is not difficult to prove that (14)

is statistically equivalent to

|z† (M1 +R)
−1

v|2

v† (M1 +R)
−1

v

H1
>
<
H0

η. (15)

Now, instead of using S2 in place of (M1 +R), the latter is

estimated exploiting the additional training data set to account

for the specific components of the ICM. Specifically, the

following theorem provides the expression of the MLE of M2

based upon Z1 and Z2.

Theorem 3.1: Let Z1 ∼ CNN,K(0,M1, I) with K ≥ N ,

Z2 ∼ CNN,M(0,M2, I) where M2 = M1 + R with

R � 0, and denote by λS,1 ≥ . . . ≥ λS,N ≥ 0 the

eigenvalues of S
−1/2
1 S2S

−1/2
1 with US ∈ CN×N a unitary

matrix containing the corresponding eigenvectors. Then, the

MLE of M1 +R is

M̂2 = S
1/2
1 USDAΛ̂DAU

†
SS

1/2
1 , (16)

where Si, i = 1, 2, have been previously defined, a = 2K +
2M , Λ̂ = diag

(
K
M λS,1, . . . ,

K
M λS,r̂, 1, . . . , 1

)
, and

DA = diag

(
1√
K

, . . . ,
1√
K

,

√
λS,r̂+1 + 1

a/2
, . . . ,

√
λS,N + 1

a/2

)

(17)

with r̂ the number of λS,i greater than M/K .

Proof: See the appendix.

Thus, the adaptivity is achieved replacing (M 1+R) in (15)

with (16) to come up with
∣∣∣∣z†
(
S

1/2
1 USDAΛ̂DAU

†
SS

1/2
1

)−1

v

∣∣∣∣
2

v†
(
S

1/2
1 USDAΛ̂DAU

†
SS

1/2
1

)−1

v

H1
>
<
H0

η. (18)

The above architecture is referred to in the following as Double

Trained AMF (DT-AMF). Note that the estimate provided

by Theorem 3.1 is invertible irrespective of the rank of S2

(recall also that K ≥ N and, hence, S1 is full-rank with

probability 1) since Λ̂ and DA are always nonsingular even

when M < N . It follows that this architecture can be used in

sample starved scenarios.

As final remark, it is of interest to discuss the behavior

of the DT-AMF under two different operating conditions.

More precisely, let us firstly assume that K and M ≥ N
are such that λS,i > M

K , i = 1, . . . , N , then (18) becomes

statistically equivalent to the AMF (see equation (6)). Note

that the condition on λS,i implies that the additional dataset

is ignored and, hence, S1 is not used in the estimate. On the

opposite side, in the second case, assume that K and M ≥ N
are such that λS,i ≤ M

K , i = 1, . . . , N , then

DAΛ̂DA =
1

K +M
(I +ΛS) (19)

and the additional training set is used to load S2, namely

M̂ 2 =
1

K +M
(S1 + S2), (20)

which is the SCM based over the two sets of secondary data.

Of course depending on the size of the two training datasets

and the values of the λS,is, intermediate situations can be

experienced and the estimator automatically accounts for them.

B. Rao Test

As first step, define S3 = S2 + zz†, M1 = M + 1, a1 =
2(K +M +1), and the vector of parameters of interest θr =
[αr αi]

T . Moreover, observe that M2 contains Ns nuisance

parameters which can be grouped in a given univocal way into

a vector θs ∈ RNs×1. Now, partition the Fisher Information

Matrix as follows

J(θ) =

[
Jrr(θ) Jrs(θ)
Jsr(θ) Jss(θ)

]
, (21)

where θ =
[
θT
r θT

s

]T
and Jrr(θ) ∈ R2×2. The Rao test for

problem (7) is given by [24]

[
∂

∂θr
log f1 (z,Z1,Z2;α,M1,R, H1)

]T

θ=
̂θ0

×
[
J−1

(
θ̂0

)]
rr

×
[

∂

∂θr
log f1 (z,Z1, α,Z2;M1,R, H1)

]

θ=
̂θ0

H1
>
<
H0

η,

(22)

where θ̂0 = [0T θ̂
T

s,0]
T is the MLE of θ under H0 and

[
J−1(θ)

]
rr

=
[
Jrr(θ)− Jrs(θ)J

−1
ss (θ)J sr(θ)

]−1
. (23)

As for the MLE of θs under H0 denoted by θ̂s,0, it can be

obtained exploiting the following theorem, which provides the

MLE of M 2 under H0.

Theorem 3.2: The MLE of M1+R under the null hypoth-

esis of (7) is

M̂2 = S
1/2
1 V SCAΦ̂CAV

†
SS

1/2
1 , (24)

where S1 has been already defined, γS,1 ≥ . . . ≥ γS,N ≥ 0

are the eigenvalues of S
−1/2
1 S3S

−1/2
1 with V S ∈ CN×N a

unitary matrix containing the corresponding eigenvectors,

Φ̂ = diag

(
K

M1
γS,1, . . . ,

K

M1
γS,r̂1, 1, . . . , 1

)
, (25)

and

CA = diag

(
1√
K

, . . . ,
1√
K

,

√
γS,r̂1+1 + 1

a1/2
,

. . . ,

√
γS,N + 1

a1/2

)
(26)

with r̂1 the number of γS,i greater than M1/K .

Proof: Exploit Theorem 3.1 with M1 and S3 in place

of M and S2, respectively.
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Now, it is not difficult to show that [30]

∂

∂θr
log f (z,Z1,Z2;M1,R, α,H1)

=


2ℜ

{
v†(M 1 +R)

−1
(z − αv)

}

2ℑ
{
v†(M 1 +R)−1(z − αv)

}

 (27)

while
[
J−1(θ)

]
rr

=
[
2v†(M1 +R)−1v

]−1
I . Gathering the

above results, we obtain the following detector
∣∣∣∣z†
(
S

1/2
1 V SCAΦ̂CAV

†
SS

1/2
1

)−1

v

∣∣∣∣
2

v†
(
S

1/2
1 V SCAΦ̂CAV

†
SS

1/2
1

)−1

v

H1
>
<
H0

η, (28)

referred to as Double Trained Rao Detector (DT-RAOD).

Finally, we point out that the same final considerations as for

the DT-AMF apply to the DT-RAOD replacing S2 with S3

and M with M1.

Before illustrating the performance analysis, we note that

the proposed architectures are more time consuming than the

conventional counterparts. In fact, resorting to the usual Lan-

dau notation, the AMF and RAOD [30] involve the evaluation

and the inversion of S2 which are O(MN2) and O(N3),
respectively. On the other hand, the DT-AMF and DT-RAOD

need

• the computation of S1 and S2 (or S3) which is O((K+
M)N2) (or O((K +M + 1)N2));

• the inversion of S1 which is O(N3);

• the computation of S
−1/2
1 S2S

−1/2
1 which is O(N3);

• the eigendecomposition of S
−1/2
1 S2S

−1/2
1 which is

O(N3). controllato su golub per SVD e’ O(n3), pag 254

IV. NUMERICAL EXAMPLES AND DISCUSSION

This section presents the performance analysis of the pro-

posed architectures in comparison with the AMF [2], the

RAOD [30], the Matched Filter (MF) given by (15), and the

AMF evaluated using transformed data as proposed in [31].

Specifically, the latter architecture is constructed as follows.

Whiten z, Z2, and v using S1, namely

z̃ = S
−1/2
1 z, Z̃2 = S

−1/2
1 Z2, ṽ = S

−1/2
1 v. (29)

and let r < N − 1 the number of eigenvalues of the actual

clutter covariance matrix greater than the noise power level.

Then, consider the first r singular vectors, b1, . . . , br, of Z̃2

and form matrix B̄ = [v, b1, . . . , br] ∈ CN×L, where L =

r + 1 < N . Finally, transform data through B̄ as z̄ = B̄
†
z̃,

Z̄2 = B̄
†
Z̃2, v̄ = B̄

†
ṽ, and compute the AMF using the

transformed data. The resulting receiver is referred to in the

following as Reduced Dimensions AMF (RD-AMF). A few

remarks are now in order. First, observe that the RD-AMF is

clairvoyant since it requires the knowledge of the actual clutter

covariance matrix and of the noise power level. Second, the

RD-AMF also requires the constraint M ≥ L to ensure that

S̄2 = Z̄Z̄
†

is invertible with probability 1.

The metric used to assess the performances is the PD esti-

mated by means of standard Monte Carlo counting techniques

over 1000 independent trials. The thresholds are set in order

to guarantee Pfa = 10−4 and are evaluated using 100/Pfa

independent trials. The following study is structured to provide

a picture as complete as possible of the parameters which

influence the detection performances.

The interference is modeled as circular complex normal

random vectors with zero mean and covariance matrix

M 1 = I +

2∑

i=1

JNR v(νJ,i)v(νJ,i)
†, (30)

for the first set of training data, and

M2 = M1 + CNR M c, (31)

for the second set of training data. In (30), I represents the

thermal noise component and the last addendum is due to a

dual-tone continuous-wave jammer with νJ,1 = 0.3 and νJ,2 =
0.45; in (31), M c accounts for the clutter contribution with

M c(m,n) = ρ|m−n| and ρ = 0.95. Finally, the SINR is

defined as SINR = |α|2v†M−1
2 v with v = [1 . . . 1]T .

The analysis presented starts from the evaluation of the

sensitivity to the CNR and the JNR using low numbers

of training samples. Then, the performance are investigated

maintaining the CNR and the JNR constant and varying the

cardinality of the secondary data sets or the vector size.

Finally, sample starved scenarios are considered.

Figures 3-5 consider the effects of both the CNR and the

JNR on the performance assuming N = 8 and M = 9 = K .

More precisely, Figure 3 considers CNR= 20 dB and JNR=
30 dB, then the CNR value increases by 10 dB in Figure 4 and,

finally, in Figure 5 the JNR is set to 40 dB. From inspection

of these figures, it turns out that the Rao-based architectures

exhibit very poor performance in the presence of small sets

of secondary data due to the inclusion of the CUT in the

computation of the SCM, while the DT-AMF guarantees the

best detection performance with a maximum loss of about 7 dB

at PD = 0.9 with respect to the MF. Another aspect is that the

newly proposed architectures suffer performance degradation

as the CNR and/or JNR increase. Finally, for the simulated

covariance structure, observe that r increases for high values

of the CNR and, hence, when L = r + 1 = N the RD-AMF

cannot be constructed. For this reason, it is not reported in

Figures 4 and 5.

The curves reported in Figure 6 refer to the same parameters

setting as in Figure 3 but for K = 16. The DT-AMF confirms

its superiority with respect to the considered competitors (for

the considered values of the parameters) followed by the RD-

AMF whose loss with respect to the DT-AMF is about 5
dB at Pd = 0.9. Note that the performance of the DT-AMF

improves of about 1 dB at PD = 0.9 with respect to the

analogous curve of Figure 3. On the opposite side, the DT-

RAOD and the RAOD continue to exhibit poor performances.

In Figures 7 and 8, the performance is investigated when a

small number of training data is available to estimate M2.

Specifically, Figure 7 considers the case L < M < N where

the AMF and the RAOD cannot be used. Inspection of the

figure highlights a significant gain (greater than 10 dB) of

the DT-AMF over the RD-AMF at PD = 0.9. In Figure 8
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the constraint on M becomes more restricting, since M < L.

Under this assumption, the RD-AMF is not well-defined and,

hence, its performance curve is not reported while the DT-

AMF is still capable of achieving PD values greater than 0.9
for the considered parameter setting.

Figure 9 shows the influence of N on the performances. As

expected, increasing N (and consequently M and K) leads

to an enhancement of the detection performance for all the

architectures. The ranking observed in Figure 3 is repeated

with the top step of the podium occupied by the DT-AMF,

which exhibits a gain of about 1 dB at Pd = 0.9 over the

RD-AMF. Finally, in Figure 10, we analyze the behaviors of

the considered detection rules when the so-called RMB rule

is satisfied for the estimation of M 2 [32], namely M = 2N .

More precisely, when the RMB rule holds, the performances

are compressed and all curves belong to an interval of about

3 dB.

Summarizing, PD curves have singled out the DT-AMF as

the recommended detector in the presence of a double training

data set at least for the considered scenarios and parameter

setting and for matched signals. As for the DT-RAOD, it is

completely unuseful when a small number of training data is

available. As a matter of fact, the analysis in the presence

of mismatched signals represents a future line of research

allowing to observe the behavior of the proposed architectures

also in terms of rejection of unwanted signals [33].

V. CONCLUSIONS

In this paper, we have addressed a new radar detection

problem, which exploits two sets of training samples. The first

set is acquired before transmitting the pulse waveform (spatial

processing only) or at high ranges (pulse trains with high PRI),

while the second data set is formed using the conventional

reference window centered at the CUT. Then, the problem

has been formulated as a binary hypothesis test and is solved

using the two-step GLRT and the Rao test design procedures.

Remarkably, closed-form expression for the MLE estimate

of the ICM is provided. This result represents the main

technical contribution of the paper. The performance analysis

has highlighted that the advantage of using two training data

sets is twofold. On one side, data from the first training

set are less exposed to inhomogeneity and provide reliable

estimates of some ICM components, which lead to increased

detection performances. On the other side, decision schemes

exploiting both training sets are capable of operating in sample

starved conditions. The numerical examples presented here

have singled out the DT-AMF as the recommended decision

scheme at least for the considered scenarios.

Future research tracks might concern the derivation of the

plain GLRT, the analysis of two-stage architectures where

the first stage suitably selects the training data [34] while

the second stage is responsible for the detection, or the

exploitation of two training sets when the interference power

level of the second data set is different from that in the CUT.

APPENDIX

PROOF OF THEOREM 3.1

Let us evaluate the ML estimate of (M1 +R) optimizing

the joint likelihood of Z1 and Z2 with respect to M 1 and R,

namely

max
M 1

max
R

f (Z1,Z2;M1,R) . (32)

As first step of the derivation, consider the logarithm of the

joint pdf

log f (Z1,Z2;M1,R) ≈ −K log [det (M 1)]

−M log [det (M1 +R)]− Tr
[
M−1

1 S1

]

− Tr
[
(M 1 +R)

−1
S2

]
= h(M 1,R;Z1,Z2).

(33)

Now, denote by λ1 ≥ . . . ≥ λN ≥ 1 the eigenvalues of

M
−1/2
1 (M 1 +R)M

−1/2
1 , whose eigendecomposition is

M
−1/2
1 (M 1 +R)M

−1/2
1 = UΛU †, (34)

where U ∈ CN×N such that6 U †U = UU † = I, and define

A = M
1/2
1 U . It is straightforward to show that

AA† = M 1, AΛA† = M 1 +R. (35)

Observe the set of eigenvalues {λ1, . . . , λN} can be parti-

tioned as {Ω1, Ω2}, where Ω1 is the subset containing the

eigenvalues strictly greater than 1 while Ω2 is the subset whose

elements are equal to 1. Moreover, the cardinality of Ω1 is the

unknown rank of R.

Using the last equalities, it is possible to recast the log

likelihood as

h(M1,R;Z1,Z2) = h1(A,Λ;Z1,Z2)

= −2K log det (A)− 2M log det (A)−M log det (Λ)

− Tr

((
AA†

)−1

S1

)
− Tr

((
AΛA†

)−1

S2

)

= − (2K + 2M) log det (A)−M log det (Λ)

− Tr

((
A†
)−1

A−1S1

)
− Tr

((
A†
)−1

Λ
−1A−1S2

)
.

(36)

Now, let us set ǭ such that 0 < ǭ < M/K and r(ǭ) = r̂,

where r(ǭ) is the number of eigenvalues of S
−1/2
1 S2S

−1/2
1 ,

λS,i say, greater than M
K − ǭ and r̂ is the number of λS,i,

i = 1, . . . , N , greater than M/K . Moreover, let us introduce

the auxiliary variable 0 < ǫ < ǭ, then we can define

S(ǫ) = S
−1/2
1 S2S

−1/2
1 + ǫI , whose eigendecomposition is

S(ǫ) = USΛS(ǫ)U
†
S , where ΛS(ǫ) = ΛS+ǫI, ΛS ∈ RN×N

is diagonal and contains the eigenvalues of S
−1/2
1 S2S

−1/2
1 ,

and US ∈ CN×N is a unitary matrix of the corresponding

eigenvectors of S
−1/2
1 S2S

−1/2
1 . Two remarks are now in

order. First, observe that US does not depend on ǫ; second,

S(ǫ) is full-rank irrespective of the rank of S2 which is

controlled by the value of M .

6Given X � 0 and its eigenvalue decomposition X = UΛU
†, without

loss of generality we assume that det(U) = 1.
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The next step consists in introducing the following function

h̄1(ǫ,A,Λ;Z1,Z2)

= − (2K + 2M) log det (A)−M log det (Λ)

− Tr

((
A†
)−1

A−1S1

)
− Tr

((
A†
)−1

Λ
−1A−1S2(ǫ)

)
,

(37)

where S2(ǫ) = S2 + ǫS1. It is important to observe that

lim
ǫ→0+

h̄1(ǫ,A,Λ;Z1,Z2) = h1(A,Λ;Z1,Z2). (38)

Now, recast S1 and S2(ǫ) as functions of US and ΛS(ǫ). To

this end, denote by B = S
1/2
1 US , then S1 and S2(ǫ) can

be decomposed as S1 = BB† and S2(ǫ) = BΛS(ǫ)B
†. It

follows that

h̄1(ǫ,A,Λ;Z1,Z2)

= − (2K + 2M) log det (A)−M log det (Λ)

− Tr

[(
A†
)−1

A−1BB†

]

− Tr

[(
A†
)−1

Λ
−1A−1BΛS(ǫ)B

†

]

= − (2K + 2M) log det (A)−M log det (Λ)

− Tr
[(
A−1B

)†
Λ

1/2
S (ǫ)Λ−1

S (ǫ)Λ
1/2
S (ǫ)

(
A−1B

)]

− Tr
[
Λ

−1A−1BΛ
1/2
S (ǫ)Λ

1/2
S (ǫ)

(
A−1B

)†]

= − (2K + 2M) log det (A)−M log det (Λ)

− Tr

[(
Λ

1/2
S (ǫ)A−1B

)†
Λ

−1
S (ǫ)

(
Λ

1/2
S (ǫ)A−1B

)]

− Tr

[
Λ

−1
(
A−1BΛ

1/2
S (ǫ)

)(
A−1BΛ

1/2
S (ǫ)

)†]
.

(39)

Now, note that the optimization of h̄1(ǫ,A,Λ;Z1,Z2) with

respect to M1 and R is tantamount to

max
Λ

max
A

h̄1(ǫ,A,Λ;Z1,Z2). (40)

In order solve the above problem, let us exploit the singular

value decomposition of

A−1BΛ
1/2
S (ǫ) = P ǫDǫQǫ (41)

where P ǫ,Qǫ ∈ CN×N are unitary and det(P ǫQǫ) = 1,

while Dǫ ∈ RN×N is diagonal. Then, replacing (41) into

(39) leads to

h̄1(ǫ,A,Λ;Z1,Z2)

= (2K + 2M) log det
(
P ǫDǫQǫΛS(ǫ)

−1/2B−1
)

−M log det (Λ)

− Tr

[(
Λ

1/2
S (ǫ)P ǫDǫQǫΛ

−1/2
S (ǫ)

)†
Λ

−1
S (ǫ)

×
(
Λ

1/2
S (ǫ)P ǫDǫQǫΛ

−1/2
S (ǫ)

) ]

− Tr
[
Λ

−1P ǫDǫQǫ (P ǫDǫQǫ)
†
]

= (2K + 2M)
{
log det (Dǫ)−

1

2
log det (ΛS(ǫ))

− log det (B)
}
−M log det (Λ)

− Tr
[
Λ

−1
S (ǫ)Q†

ǫD
2
ǫQǫ

]
− Tr

[
Λ

−1P ǫD
2
ǫP

†
ǫ

]

= − (K +M) log det (ΛS(ǫ))− (2K + 2M) log det (B)

+ (2K + 2M) log det (Dǫ)−M log det (Λ)

− Tr
[
D2

ǫQǫΛ
−1
S (ǫ)Q†

ǫ

]
− Tr

[
D2

ǫP
†
ǫΛ

−1P ǫ

]

= h̄2(ǫ,Dǫ,P ǫ,Qǫ,Λ;Z1,Z2).
(42)

It follows that problem (40) can be recast as

max
Dǫ

max
P ǫ

max
Q

ǫ

max
Λ

h̄2(ǫ,Dǫ,P ǫ,Qǫ,Λ;Z1,Z2). (43)

Maximization with respect to P ǫ can be accomplished notic-

ing that the nonzero entries of D2
ǫ are in descending order

while the nonzero entries of Λ
−1 appear in ascending order.

Let XP = P †
ǫΛ

−1P ǫ, then exploiting Theorem 1 of [35] the

following inequality holds

−Tr
[
D2

ǫXP

]
≤ −

N∑

i=1

d2ǫ,iλ
−1
i , (44)

where d2ǫ,i, i = 1, . . . , N , are the main diagonal entries of

D2
ǫ . Under the constraint that P ǫ is unitary, the equality

can be satisfied if P̂ ǫ = ejφP I for arbitrary φP ∈ [0, 2π].
Following the same line of reasoning, it is possible to show

that optimization with respect to Qǫ leads to Q̂ǫ = ejφQI

for arbitrary φQ ∈ [0, 2π]. Thus, choosing for simplicity

φP = φQ = 0, the following inequality holds

h̄2(ǫ,Dǫ, I, I,Λ;Z1,Z2) ≥ h̄2(ǫ,Dǫ,P ǫ,Qǫ,Λ;Z1,Z2)

= h̄1(ǫ,A,Λ;Z1,Z2). (45)

It still remains to perform the maximization with respect to

Dǫ and Λ. The terms involved in this optimization are

(2K + 2M)︸ ︷︷ ︸
a

log det (Dǫ)−M log det (Λ)

− Tr
[
D2

ǫΛ
−1
S (ǫ)

]
− Tr

[
D2

ǫΛ
−1
]

=
a

2

N∑

i=1

log d2ǫ,i −M
N∑

i=1

logλi −
N∑

i=1

d2ǫ,i
λS,i + ǫ

−
N∑

i=1

d2ǫ,i
λi

= gǫ (dǫ,1, . . . , dǫ,N , λ1, . . . , λN ) = gǫ(p),
(46)
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where p = [dǫ,1, . . . , dǫ,N , λ1, . . . , λN ]T and λS,i, i =
1, . . . , N , are the nonzero elements of ΛS . Therefore, the

stationary points of g (·, . . . , ·, ·, . . . , ·) can be obtained setting

to zero its gradient, namely ∂
∂p [gǫ(p)] = 0. To solve the above

equation, we exploit the linearity of the derivative operator and

focus on the pair (λi, d
2
ǫ,i). More precisely, equating to zero

the first derivative of gǫ(p) with respect to λi and d2ǫ,i leads

to the following system of equations




−M

λi
+

d2ǫ,i
λ2
i

= 0,

a

2

1

d2ǫ,i
−
(

1

λS,i + ǫ
+

1

λi

)
= 0.

(47)

It follows that optimizers of (46) are

d̂2ǫ,i =





K(λS,i + ǫ), if λS,i >
M
K − ǫ,

a

2

λS,i + ǫ

λS,i + ǫ + 1
, if 0 ≤ λS,i ≤ M

K − ǫ,
(48)

and

λ̂i =





K

M
(λS,i + ǫ), if λS,i >

M
K − ǫ,

1, if 0 ≤ λS,i ≤ M
K − ǫ,

(49)

The above equations allow to construct the ML estimates D̂ǫ,

Λ̂ǫ, and Âǫ. The expressions of the above quantities for ǫ < ǭ
are given by

D̂ǫ = diag

(√
K(λS,1 + ǫ), . . . ,

√
K(λS,r̂ + ǫ),

√
a

2

λS,r̂+1 + ǫ

λS,r̂+1 + ǫ+ 1
, . . . ,

√
a

2

λS,N + ǫ

λS,N + ǫ+ 1
,

)
, (50)

Λ̂ǫ = diag

(
K

M
(λS,1 + ǫ), . . . ,

K

M
(λS,r̂ + ǫ), 1, . . . , 1

)
,

(51)

Âǫ = B diag

(
1√
K

, . . . ,
1√
K

,

√
λS,r̂+1 + ǫ+ 1

a/2
, . . . ,

√
λS,N + ǫ+ 1

a/2

)
. (52)

Replacing (51) and (52) into (37), it turns out that

h̄1(ǫ, Âǫ, Λ̂ǫ;Z1,Z2) ≥ h̄1(ǫ,A,Λ;Z1,Z2), (53)

for the considered values of ǫ, and that there exists and is finite

the limit of h̄1(ǫ, Âǫ, Λ̂ǫ;Z1,Z2) and h̄1(ǫ,A,Λ;Z1,Z2) for

ǫ → 0+. In fact

Â = lim
ǫ→0+

Âǫ = B diag

(
1√
K

, . . . ,
1√
K

,

√
λS,r̂+1 + 1

a/2
,

. . . ,

√
λS,N + 1

a/2

)
= BDA (54)

Λ̂ = lim
ǫ→0+

Λ̂ǫ = diag

(
K

M
λS,1, . . . ,

K

M
λS,r̂, 1, . . . , 1

)
,

(55)

and exploiting the continuity of h̄1(ǫ, Âǫ, Λ̂ǫ;Z1,Z2), we can

claim that

lim
ǫ→0+

h̄1(ǫ, Âǫ, Λ̂ǫ;Z1,Z2) = h1(Â, Λ̂;Z1,Z2). (56)

Besides, recall that

lim
ǫ→0+

h̄1(ǫ,A,Λ;Z1,Z2) = h1(A,Λ;Z1,Z2). (57)

As a consequence, the following inequality holds

lim
ǫ→0+

h̄1(ǫ, Âǫ, Λ̂ǫ;Z1,Z2) = h1(Â, Λ̂;Z1,Z2)

≥ lim
ǫ→0+

h̄1(ǫ,A,Λ;Z1,Z2) = h1(A,Λ;Z1,Z2), (58)

which implies that

(Â, Λ̂) = arg max
A,Λ

h1(A,Λ;Z1,Z2). (59)

Thus, the ML estimates of M1 and M2 are

M̂ 1 = ÂÂ
†
= S

1/2
1 USD

2
AU

†
SS

1/2
1 (60)

and

M̂ 2 = ÂΛ̂Â
†
= S

1/2
1 USD

2
AΛ̂ U

†
SS

1/2
1 , (61)

respectively.
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Fig. 3. PD versus SINR for the MF, DT-AMF, RD-AMF, DT-RAOD, RAOD,
and AMF assuming N = 8, K = M = 9, CNR= 20 dB, and JNR= 30 dB.
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Fig. 4. PD versus SINR for the MF, DT-AMF, DT-RAOD, RAOD, and
AMF assuming N = 8, K = M = 9, CNR= 30 dB, and JNR= 30 dB.
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Fig. 5. PD versus SINR for the MF, DT-AMF, DT-RAOD, RAOD, and
AMF assuming N = 8, K = M = 9, CNR= 30 dB, and JNR= 40 dB.
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Fig. 6. PD versus SINR for the MF, DT-AMF, RD-AMF, DT-RAOD, RAOD,
and AMF assuming N = 8, M = 9, K = 16, CNR= 20 dB, and JNR= 30
dB.
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Fig. 7. PD versus SINR for the MF, DT-AMF, RD-AMF, and DT-RAOD
assuming N = 8, M = 7, K = 16, CNR= 20 dB, and JNR= 30 dB.
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Fig. 8. PD versus SINR for the MF, DT-AMF, and DT-RAOD assuming
N = 8, M = 5, K = 16, CNR= 20 dB, and JNR= 30 dB.
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Fig. 9. PD versus SINR for the MF, DT-AMF, RD-AMF, DT-RAOD, RAOD,
and AMF assuming N = 16, M = 18, K = 18, CNR= 20 dB, and
JNR= 30 dB.
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Fig. 10. PD versus SINR for the MF, DT-AMF, RD-AMF, DT-RAOD,
RAOD, and AMF assuming N = 16, M = 32, K = 18, CNR= 20 dB, and
JNR= 30 dB.
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