PHYSICAL REVIEW D 103, 014502 (2021)

First lattice calculation of radiative leptonic decay
rates of pseudoscalar mesons

A. Desiderio ,1 R. Frezzotti ,1 M. Garofalo ,2 D. Giusti ,3’4 M. Hansen ,5 V. Lubicz ,2
G. Martinelli ,6 C. T Sachrajda,7 F. Sanﬁlippo,4 S. Simula ,4 and N. Tantalo'
lDipartimento di Fisica and INFN, Universita di Roma “Tor Vergata,” Via della Ricerca Scientifica 1,
1-00133 Roma, Italy
2Dipartimento di Fisica, Universita Roma Tre and INFN, Sezione di Roma Tre, Via della Vasca Navale 84,
1-00146 Rome, Italy
*Universitdit Regensburg, Fakultdt fiir Physik, Universitdtsstrasse 31, 93040 Regensburg, Germany
*Istituto Nazionale di Fisica Nucleare, Sezione di Roma Tre, Via della Vasca Navale 84,
1-00146 Rome, Italy
SSDU eScience Center, University of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark
6Physics Department and INFN Sezione di Roma La Sapienza Piazzale Aldo Moro 5, 00185 Roma, Italy
7Department of Physics and Astronomy, University of Southampton,

Southampton SO17 1BJ, United Kingdom

® (Received 26 June 2020; accepted 4 November 2020; published 4 January 2021)

We present a nonperturbative lattice calculation of the form factors which contribute to the amplitudes
for the radiative decays P — £v,y, where P is a pseudoscalar meson and ¢ is a charged lepton. Together
with the nonperturbative determination of the corrections to the processes P — £, due to the exchange of
a virtual photon, this allows accurate predictions at O(a,) to be made for leptonic decay rates for
pseudoscalar mesons ranging from the pion to the D, meson. We are able to separate unambiguously and
nonpertubatively the pointlike contribution, from the structure-dependent, infrared-safe, terms in the
amplitude. The fully nonperturbative O(a) improved calculation of the inclusive leptonic decay rates will
lead to the determination of the corresponding Cabibbo-Kobayashi-Maskawa matrix elements also at
O(aen)- Prospects for a precise evaluation of leptonic decay rates with emission of a hard photon are also
very interesting, especially for the decays of heavy D and B mesons for which currently only model-

dependent predictions are available to compare with existing experimental data.
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I. INTRODUCTION

The unitarity of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix is one of the most precise tests of the
Standard Model. Indeed, CKM unitarity may rule out many
theoretically well-motivated models for new physics and
put severe constraints on the energy scale where new
phenomena might occur, well beyond the range accessible
to direct experimental searches. In this respect, leptonic
decay rates of light and heavy pseudoscalar mesons are
essential ingredients for the extraction of the CKM matrix
elements. A first-principles calculation of these quantities
requires nonperturbative accuracy and hence numerical
lattice simulations. Moreover, in order to fully exploit
the presently available experimental information and to
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perform the next generation of flavor-physics tests, O(aep)
electromagnetic corrections must be included. In this
endeavor, the radiative leptonic decays P — ¢7,(y) (where
P is a negatively charged pseudoscalar meson, £ a lepton,
v, the corresponding antineutrino, and y a photon) are
particularly important; see [1].

Knowledge of the radiative leptonic decay rate in the
region of small (soft) photon energies is required in order to
properly define the infrared-safe measurable decay rate for
the process P — ¢7,(y). Indeed, according to the well-
known Bloch-Nordsieck mechanism [2], the integral of the
radiative decay rate in the phase space region correspond-
ing to soft photons must be added to the decay rate with no
real photons in the final states (the so-called virtual rate) in
order to cancel infrared divergent contributions appearing
in unphysical quantities at intermediate stages of the
calculations.

On the one hand, in the limit of ultrasoft photon energy,
the radiative decay rate can be reliably calculated in an
effective theory in which the meson is treated as a pointlike
particle. This is a manifestation of the well-known
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mechanism known as the “universality of infrared diver-
gences” (see e.g. Refs. [3.,4]) that finds its physical
explanation in the fact that ultrasoft photons cannot resolve
the internal structure of the meson. On the other hand, the
ultrasoft limit is an idealization and experimental measure-
ments, particularly in the case of heavy mesons, are
inclusive up to photon energies that may be too large to
safely neglect the structure-dependent (SD) corrections to
the pointlike approximation.

In the region of hard (experimentally detectable) photon
energies, radiative leptonic decays represent important
probes of the internal structure of the mesons. Moreover,
radiative decays can provide independent determinations of
CKM matrix elements with respect to the purely leptonic
channels. A nonperturbative calculation of the radiative
decay rates can be particularly important for heavy mesons
since, unlike the case of pions and kaons where such
decays have been studied using chiral perturbation theory
(ChPT) [5-9], no model-independent calculations have
ever been performed. Even in the case of light mesons,
although the quoted ChPT calculations represent a first-
principles approach to the problem, the low-energy con-
stants entering in the final results at O(p®) have been
estimated in phenomenological analyses relying in part on
model-dependent assumptions.

In Ref. [10], a strategy to compute QED radiative cor-
rections to the P — £D,(y) decay rates at O(a.,) by
starting from first-principles lattice calculations was pro-
posed. The strategy has subsequently been applied in
Refs. [11-15], within the RM123 approach [16,17], to
provide the first nonperturbative model-independent calcu-
lation of the decay rates 7~ — u~7,(y) and K~ — 4~ 0,(y).
In these calculations, the real soft-photon contributions have
been evaluated in the pointlike effective theory and, using the
ChPT results quoted above, the SD corrections have been
estimated to be negligible for these processes (see [10]). In
the same phenomenological analysis, it has been shown that
the SD corrections might instead be relevant for the decays of
pions and kaons into electrons. Moreover, by using the same
single-pole dominance approximation as originally used in
Ref. [18], SD contributions have been estimated to be
phenomenologically important for decays of heavy-flavor
mesons.

In this paper, we present the first nonperturbative lattice
calculation of the rates for the radiative decays P — £7y,

v

FIG. 1.
final-state charged lepton £~ (right panel).

where P is a pion, kaon, D or D meson. We use the Ny =
2+ 141 gauge ensembles generated by the European
Twisted Mass Collaboration (ETMC) and analyzed for
mesonic observables in Ref. [19]. Preliminary results from
this study were presented in Ref. [20]; the decays of bottom
mesons will be studied in future papers. Note also that Kane
et al. have presented preliminary results for the decays
Df — ¢tvy and K~ — ¢~Dy, where £* represents the
charged leptons and y is a hard photon with energy in the
range of about 0.5-1 GeV in Ref. [21].

The plan of the remainder of this paper is as follows. In
Sec. II, we introduce the basic quantities which enter in the
amplitude for the leptonic decay of a pseudoscalar meson
with the emission of a real photon; in particular, we define
the axial and vector form factors F'4 and F'y,. We express the
decay rates in terms of these quantities in Appendix A. In
Sec. III, we describe the general strategy that we followed
to extract the amplitudes from suitable Euclidean correla-
tion functions and discuss finite-time effects. The presence
of discretization effects which diverge at small photon
momenta is demonstrated in Sec. IV and Appendix C,
together with a strategy for subtracting them nonperturba-
tively. In Sec. V, we present the numerical results for pions,
kaons, D and D, mesons. Many formulas which are used in
the paper are discussed and derived in Appendices A-C.
Finally, in Appendix D, we present some of our numerical
results, including the correlation matrices, in a way which
we hope may be useful to readers who wish to use them in
phenomenological applications.

II. DEFINITION OF THE FORM FACTORS

The nonperturbative contribution to the radiative lep-
tonic decay rate for the processes P — £v,y is encoded in
the following hadronic matrix element, see the left panel of
Fig. 1:

H (k.p) = €,(k)Hy, (k. p)

= eu(k) / d*ye™ (015, (0)jem (V) [P(P)). (1)
where €, (k) is the polarization vector of the outgoing
photon with four-momentum k, p is the momentum of the
ingoing pseudoscalar meson of mass mp (p = (E,p),

E = \/m% + p?, and p? = m3). Here and in the following

Feynman diagrams representing the amplitudes with the emission of a real photon from the P~ meson (left panel) or from the
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Greek letters, a,p,v, ..., denote Lorentz indices, Latin
letters, i, j, k, ... denote spatial indices, and r denotes the
index identifying the polarization of the real photon. The
operators

Jem(x) = ZCIle'f(X)Y”Wf(x)’
f

Jw(x) = Jv(x) = Ji(x) = wu () = rrs)wp(x)  (2)

are, respectively, the electromagnetic hadronic current and
the hadronic weak current expressed in terms of the quark
fields y  having electric charge g in units of the charge of
the positron; y;; and v, indicate the fields of an up-type or
a down-type quark and for the mesons considered in this
study U can be either an up or a charm quark and D a down
or a strange quark. In order to calculate the full amplitude,
one has also to consider the contribution in which the
photon is emitted from the final-state charged lepton; see
the right panel of Fig. 1. This latter contribution, however,
can be computed in perturbation theory using the meson’s
decay constant fp. Both contributions are included in the
formulas for the decay rate given in Appendix A.

The decomposition of H)(k,p) in terms of scalar form
factors has been discussed in Ref. [10] (see also [22]). Here
we adopt the same basis used in that paper to write

HE (k.p) = e;<k>{H1 K2 — o
+ Hy[(p - k= k2)k* = k2 (p = k)*](p — k)*
F
— im_‘;gﬂayﬁkypﬂ
F
+-2(p k= K)g" = (p = k)K"

: (2p2—p k)k(—pk_z k>”] }

+ fr |9+ (3)

The term in the last line of Eq. (3), which we write as
Hy'(k.p), is the pointlike infrared-divergent contribution.
The other terms correspond to the so-called SD contribu-
tion, Hgp (k. p). Hy' (k,p) saturates the Ward Identity (W)

. Hpy
satisfied by HY (k,p),

k,Hy; (k.p) = k,Hy{ (k.p) = i(0]j5,(0)|P(p)) = frp”,
k,Hsp (k.p) =0, (4)

as explained in detail in Appendix C. The four form factors
H,, and Fy 4 are scalar functions of Lorentz invariants,
m%, p -k, and k*. Equation (3) is valid for generic (off-
shell) values of the photon momentum and for generic
choices of the polarization vectors. The knowledge of
the four form factors in the case of off-shell photons
(k> #£0) gives access to the study of decays in which

the pseudoscalar meson decays into four leptons. These
processes are very interesting in the search of physics
beyond the Standard Model and will be the subject of a
future work. In this paper, we concentrate on the case in
which the photon is on-shell.

By setting k> = 0, at fixed meson mass, the form factors
are functions of p -k only. Moreover, by choosing a
physical basis for the polarization vectors so that

e (k) - k=0, (5)
one has
Fy Fa o fp
HY(k,p) = e (k) —i —L P A JP
Fikp) = {12 sty 4 | T2 S
a a f a
x (p - kg"* — prk )+p—f),€p”p : (6)

Once the decay constant fp and the two SD axial and
vector form factors F, and Fy are known, the radiative
decay rate can be calculated by using the formulas given in
Appendix A. These formulas are expressed in terms of the
convenient dimensionless variable

v 2
mp

m
with 0<x, <1-—F, (7)
m
P

where m, is the mass of the outgoing lepton in the P —
v,y decay.

Our definition of the form factor F, differs from the
definition, F&, of Refs. [21,23],

m

FB—=F,+ ;.JZ)' (8)
We note that F& includes the pointlike infrared divergent
contribution which totally dominates at low values of x,,
thus obscuring the interesting structure-dependent contri-
bution. For this reason, we strongly advocate the use of our
definition [10]. Moreover, the sign of F', used in this paper
is opposite to the one used in Ref. [21].

III. FORM FACTORS FROM EUCLIDEAN
CORRELATION FUNCTIONS

In order to relate the hadronic matrix element to
Euclidean correlation functions, the primary quantities
computed in lattice calculations, it is useful to express
the H§)(k,p), defined in Eq. (1) in Minkowski space in
terms of the contributions coming from the different time
orderings. To this end, we define

H (k,p) = H; | (k,p) + Hiy ,(k,p),

J' (k) = €, (k) / dye™ jen(0.) ©)
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and perform the ¢, integral,

0 i ' i(H—E—ie)t, :r
Hi () = [ drye 0l 0)e - ) (o)
1
H+ E,—E—ic

HY o (k.p) = /O ™ e (07 ()= =190 . (0) | P(p))

= —i{01j5(0) J'(K)|[P(p)),

= —i(0]j" (k) =———j%(0)|P(p)). 10
O ) 7 AWOIPE). (10
where H is the QCD Hamiltonian operator, E =

\/m3 + p? is the energy of the decaying meson P, and
E, = |k| is the energy of the outgoing real photon.

The important observation that makes the lattice calcu-
lation possible by using standard effective-mass/residue
techniques is that the integrals over f, appearing in the
definition of Hj (k, p) can be Wick rotated to the Euclidean
space without encountering any obstruction. Such obstruc-
tions arise whenever there are states propagating between
the operators in the T-products that have energies smaller
than the energy of the external states [24]. This does not
happen in our case. For this reason, H;,,(k,p) can be
rewritten in terms of Euclidean integrals,

HS | (k.p) = —i / " iy 015, (0)¢ 1 0 Plp)

Hip (ko) = —i /0 dt, (017 (k)= =5 1, (0)|P(p)).
(1)

both of which are convergent for physical (nonvanishing)
photon energies. In Eq. (11) and below, ¢, is a Euclidean
time variable and r refers to the photon polarization as in
Eq. (9). Indeed, the hadronic state of lowest energy that can
propagate between the two currents is the pseudoscalar
meson with spatial momentum p — k (it appears in the time-
ordering Hy; ;) and we have

\/mb+ (p—k)?>+E, >/m}+p* k| #0.  (12)
P<O) me(y) Jw (t)
P p—k
+ time
0 t, t z

As a consequence, H§j(k,p) can be rewritten as

Hiy (k.p) = ‘i/d4ye ey (k) T(0] 5, (0) fem () [P (P))-

(13)

From this observation, it follows that the hadronic matrix
element can be extracted from the Euclidean correlation
functions

C%(t;k,p) = —ie (k)/d4yd3xe yikeytipx
x T(0] 7% (1) jém () P(0,x)|0), (14)

where P = iy pysyy 1s a Hermitian pseudoscalar interpo-
lating operator having the flavor quantum numbers of the
incoming meson. In Eq. (14), using the translational
invariance of the correlation function, we have moved
the origin in time to the pseudoscalar source, P(0,x), and
placed the weak current at ¢. In the large-# limit, one has

2E
e =B (P(p)|P(0)]0)
= Hy(k.p) + -, (15)

R (t;k,p) =

Cy(t:k.p)

where the ellipsis represents the subleading exponentials.

The expressions for the correlation function C§(z;k,p)
in Eq. (14) and for the ratio R} (¢;k,p) in Eq. (15) refer to
the ideal case of a lattice with infinite-time extent. The
extraction of the matrix elements from correlation functions
computed on a finite lattice in our numerical simulations is
discussed in Appendix B. Although some of the details of
the appendix refer to our specific lattice procedures (the
choice of lattice fermions, renormalization of the operators,
etc.), the strategy itself is general and can be directly
translated to other lattice discretizations of QCD and of
QED. Here in the main text, we use Fig. 2 to illustrate the
strategy used in our numerical simulations, performed with
(anti-) periodic boundary conditions in time for the (fer-
mionic) bosonic fields, to extract the form factors. The two
panels in Fig. 2 represent the forward (0 < t < T//2) and
backward (T/2 <t < T) halves of the lattice. In both

Jem () P(0)
p—k p

Jw(t)

; + time
t, T=0

N T
~

FIG. 2. Schematic diagrams representing the correlation function C§/(¢,T/2;k, p) used to extract the form factors; see Appendix B.
The interpolating operator for the meson P and the weak current jy, are placed at fixed times 0 and ¢, and the electromagnetic current j,
is inserted at 7, which is integrated over 0 < ¢, < T, where T is the temporal extent of the lattice. The left and right panels correspond to
the leading contnbunom to the correlation functions for ty < T/2and t, > T/2, respectively, with mesons propagating with momenta p

or p—k.
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Jem

FIG. 3.

27r0 .

"0 2
Jem Tﬂet

P Jw

2
7 0s

The diagram on the left represents the contributions to the correlation functions arising from the emission of the photon by the

sea quarks. In our numerical simulations, we work in the electroquenched approximation and neglect such diagrams. The diagram on the
right explains our choice of the spatial boundary conditions, which allows us to set arbitrary values for the meson and photon spatial
momenta. The spatial momenta of the valence quarks, modulo 27z/L, in terms of the twisting angles are as indicated. Each diagram

implicitly includes all orders in QCD.

cases, the 7, integral is dominated by the region in which 7,
is close to ¢, allowing for the propagation of the lightest
state over the longest time interval.

In Fig. 3, we show two more diagrams to illustrate two
important points concerning our numerical calculation
of the correlation functions and of the form factors. The
diagram in the left panel shows a quark-disconnected
contribution to the correlation function originating from
the possibility that the external real photon is emitted from
sea quarks. In this work, we have been using the so-called
electroquenched approximation in which the sea quarks are
electrically neutral. In practice, this means that we have
neglected the contributions represented by the diagram in
the left panel of Fig. 3.

The quark-connected diagram in the right panel of
Fig. 3 is shown in order to explain the strategy we have
used to set the values of the spatial momenta. We exploited
the fact that, by working within the electroquenched
approximation, that is, in the absence of the contribu-
tions illustrated in the left panel of the figure, it is possible
to choose arbitrary values of the spatial momenta by
using different spatial boundary conditions for the quark
fields [25]. More precisely, we set the boundary condi-
tions for the “spectator” quark such that w(x +nL) =
exp(2zin - 6,)y(x), where L is the spatial extent of the
lattice in each spatial direction. We treat the two propa-
gators that are connected to the electromagnetic current as
the result of the Wick contractions of two different fields
having the same mass and electric charge but satisfying
different boundary conditions [26]. This is possible at the
price of accepting tiny violations of unitarity that are
exponentially suppressed with the volume. By setting the
boundary conditions as illustrated in the figure, we have
thus been able to choose arbitrary (nonquantized) values for
the meson and photon spatial momenta,

2w

2r
sz(ao—os)a k:f(ao—ar), (16)

by tuning the real three-vectors 6, ;. We find that the most
precise results are obtained with small values of |p| and in
particular with p = 0.

The numerical results presented in the following sections
have been obtained by setting the nonzero components of
the spatial momenta along the third direction, that is,

p = (0,0, p]),

With this particular choice of the kinematical configuration,
a convenient basis for the polarization vectors of the photon
(see Appendix B for more details) is the one in which the
two physical polarization vectors are given by

k= (0,0,E,). (17)

(18)

while the unphysical polarization vectors vanish identically,
0

€, = eﬁ = 0. Notice that in this basis we have
e-p=¢€¢-k=0, (19)
and, consequently,
HY (k.p) = eimp X, [FA + nif)}c)j :
HI (kop) — i(E, " Ap—Ee" N k) Fy. (20)

mp

Using these formulas, we have built the following numeri-
cal estimators:

1 R (1,T/2;k, 2
Ru(t)=—— M—U@fo(xyﬂ—ﬁ,
2mp 5% 55 € np
(21)
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mp Ry (1, T/2;k.p)

4 =) i(E,€” Ap—Ee" Nk)/

- FV(xy)

(22)

for the form factors, which we determine by fitting to the
plateaux in the region 0 < t <« T/2. The discussion here
and below corresponds explicitly to the forward half of the
lattice (0 < t < T/2). We combine the results with those
from the backward half (7/2 <« t < T) by exploiting time-
reversal symmetry as explained in Appendix B.

The ratios Ry, (7,T/2;k,p) appearing in Eqgs. (21) and
(22), which we evaluate separately for the axial (W = A)
and vector (W = V) components of the weak current, are
the finite-7 generalizations [see Eq. (B19)] of the ratios
R/ (t;k,p) defined above in Eq. (15). The values of the
meson energies and of the matrix elements (P|P|0) needed
to build these estimators have been obtained from standard
effective-mass/residue analyses of pseudoscalar-pseudo-
scalar two-point functions. We have also computed the
pseudoscalar-axial two-point functions from which we
have extracted the decay constants fp on our data sets
in order to be able to separate the SD axial form factor F4
from the pointlike contribution 2fp/(mpx,).

IV. NONPERTURBATIVE SUBTRACTION
OF INFRARED DIVERGENT
DISCRETIZATION EFFECTS

In this section, we want to stress a very important issue
associated with infrared divergent cutoff effects which can
jeopardize the extraction of F at small values of x,. We
also introduce a strategy to overcome this problem.

In Fig. 4, we plot F4(x,) +2fp/(mpx,), the sum of the
pointlike and SD axial form factors which are extracted
directly from the correlation functions using R,(7) [see
Eg. (21)], as a function of x, for the K (left panel) and the
D, (right panel) mesons. The pointlike contribution,
2fp/(mpx,), dominates the axial form factor in the full
physical range of photon energies and is overwhelming at
small x,. Using the decay constant and mass, computed in
the standard way from the two-point functions, we can in
principle subtract the pointlike term and extract F(x,).
However, this turns out to be very difficult because of the
possible presence of discretization effects which cannot be
excluded by the WI of the lattice action. Moreover, these
lattice artifacts diverge as x, — 0. We now propose a
nonperturbative method to eliminate this problem.

At finite lattice spacing, the axial form factor is con-
strained, as in the continuum [see Eq. (4)], by an exact
lattice WI,

2sin(k,a/2) H

p; L' (k.p) = =(0j3(0)|P(p)) = =fEDf.

(23)

that is true at all orders in the lattice spacing a (see
Appendix C). The label L here, and in the remainder of this
section, stands for “lattice” as the discussion concerns the
Ward identity in a discrete space-time. It should not be
confused with the spatial extent of the lattice. This however
does not exclude the presence of cutoff effects in Eq. (21).
These are terms of O(aZ)1 and, in particular, include
contributions of O(a?/x,),

R, (1 1 2H' (k
ﬂ - — M = {FA (.xy) + azAFA (xy)}
Xy by, S A €ime
F 2t @A) (24)
ny

where the ellipsis represents higher orders in a?, while the
quantities AF 4 and A fp depend upon the parameters of the
theory regularized on the lattice, on the light- and heavy-
quark masses and upon Agcp. Discretization effects in the
pseudoscalar masses are also absorbed into AF 4 and Afp.
The crucial point to notice is that the lattice decay constant
of the WI in Eq. (23) f% # fp + a®?Afp. This implies the
presence of the extra term of O(a?/ x,) which appears, in
spite of the naive expectations based on the exact lattice
WI. Thus, the coefficient of the last term in Eq. (24) is not
in general given by 2f%/(mpx,), where f% is the quantity
extracted from the axial-pseudoscalar lattice correlation
functions at finite lattice spacing. More precisely, once the
matrix element (0|j4(0)|P(p)) is parametrized as in
Eq. (23), the definition of f% at fixed cutoff depends upon
the choice of the index « and of the lattice momentum p{
and, for this reason, is not unique. Therefore, given a
generic definition of f%, one cannot expect a complete
cancellation of the infrared divergent term on the right-hand
side of Eq. (24), because a residual lattice artifact will
survive,

Jr L
Fvr) = - 30 3 2 (k.p) _ 2f5
4x, =12 j=12 €jMp Xymp
2a2Af
= Fu(x,) + a?AF4(x,) + fr. (25)
x],mp

generating an effective, unphysical infrared divergent con-
tribution to F$°(x,) at finite cutoff (@?Afp = fp — f5+
a’Afp). This phenomenon is illustrated for the D, meson
in Fig. 5 where F3" is plotted as function of x,. Since the
subtraction of the potentially divergent term is incomplete,
we observe a fast rise of the effective F®(x,) at small

'We assume here that we are using a lattice discretization in
which the leading artifacts are O(a?). For Wilson fermions in
which they are O(a), the discussion has to be modified accord-

ingly.
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mi ~ 530 MeV, a = 0.0619 fm

mp, ~ 2027 MeV, a = 0.0619 fm

6 - - 7 - -
o 2fp/(mgwy) —E— 2fp/(mp,ay) —E—
5 Fa(zy) + 2fp/ (miay) —— 6l Fa(zy) +2fp/(mp,xy) —6— |
. |
5l
Al 8
@
4l
3l ®
% 3}
2t % ol
1k M BEpg
Mo 1 OB e
WD @o@emy g S0 ®@e om g
0 . . . . . . . 0
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Ty

FIG. 4. The blue circles represent F4(x,) + 2fp/(mpx,), extracted directly from R (r), as a function of x, for the K meson (left) and

4

for the D; meson (right). The red squares represent the pointlike contribution given by 2fp/(mpx,). The data are taken from the

ensemble D15.48 of Ref. [15].

values of Xy. For this reason, even if one has data at different
values of the lattice spacing, it is particularly difficult to
extract the continuum form factor Fu(x,) from Fi®(x,),
especially at small x, and for heavy mesons. This is
illustrated by the intermediate (red) points in Fig. 5 which
were obtained by fitting and subtracting the O(a?/x,)
artifacts. The divergence at small x, is reduced but the
relative statistical uncertainties are increased.

We now present an alternative strategy that avoids this
problem. In Appendix C, we show that the correlation
function C4’(; k, p) has a smooth behavior as a function of
k and that from C3’(#;0,p) it is possible to extract directly
Hi(0,p) = €l fp [see Eq. (20)]. We can then construct the
quantity

0.3 ‘a = 0.0815fm‘ ‘
F3(y) s
0.25} Fi(ay) = 28°Afy [ (myzy) —— ]
F/I;‘VPsub(l,’y)
0.2t JH
< 015+ Hﬁi
b
0.1} ﬁﬁﬁ
i Eﬁﬁﬁ
1]
005 Wl i Eiiiﬂj]ij"!-n....
[
PR iy
% 01 02 03 04 0.5
Ly
FIG. 5. Study of F, for the D, meson. The upper (blue) points

show F3"*(x, ) obtained from Egq. (25). The divergence at small x,
is reduced by fitting and subtracting the O(a?/ x,) artifacts, at the
price of increased uncertainties at small x,; these are the
intermediate (red) points. The most accurate results are given
by FYPsU obtained by the nonperturbative subtraction of these
artifacts as in Eq. (27) and are shown by the lower (black) points.
The data are obtained using the ensemble B55.32 of Ref. [15].

Cl (1.T/2:k,
—tEy J _ 1 (26)

C"(1.T/2:0.p)
Y (1.T/2;

Ru(t)=e

that, by construction, vanishes identically at x, = 0. Up to
statistical uncertainties, each term in the sums in the
numerator and denominator of Eq. (26) is independent
of the indices j, r. For the study of the constraints imposed
by the electromagnetic Ward identity, it is helpful to view
the right-hand side as H’ (k, p)/H’ (0, p) — 1 (which is
also independent of j, r). From the improved estimator
R,(1), we can extract the structure-dependent form factor
F, using

2fp

mpXx

Ry(1) = FYP(x,) = Fa(x,) + 0(a®), (27
v

a quantity that we also show in Fig. 5 and that, in contrast to
F5™®, does not show any divergent behavior at small x,. The
reduction of the uncertainty on F,(x,) using R,(t), with
respect to a fit to the right-hand side of Eq. (25), as shown
in Fig. 5, is impressive, particularly at small x, and also for
heavy mesons where there are discretization effects of

O(a’mp, ). In the following, we will only present results

obtained with this method.

The knowledge of Cf{(t, T/2;0,p) allows us also to
define an alternative estimator for the form factor Fy (x,),
namely,

Y LY, CY(LT/2kp)=Cy (1T/200) (£,
- r=12/2.j=12 i(E,€" Ap—E€" Ak)
Ry(t)=fpmp

cr(1.T/2:0,
(Zr:l,z Zj:l,Z%)
= Fy(x,). (28)

that we find has reduced statistical errors compared to
Ry (1). Note that because of parity symmetry the correlation
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function C{,r (t,T/2;0,p) = 0, but this is only approximately
true when it is estimated using a finite statistical sample.
We find that taking the difference C{,r(t, T/2;k,p) —
C{,r (t,T/2;0,p) in the numerator of Eq. (28) results in a
significant reduction of the statistical uncertainty for physical
values of x, [see Eq. (7)].

V. NUMERICAL RESULTS

The results presented in this paper were obtained using
the ETMC gauge ensembles with Ny = 2 + 1 + 1 dynami-
cal quarks at three different values of the lattice spacing,
a =0.0885(36),0.0815(30), and 0.0619(18) fm, with
meson masses in the range 220-2110 MeV. Details about
these ensembles are given in Table II of Ref. [15]; see also
Table I in Appendix D. In total, we have included 125
different combinations of momenta obtained by assigning
to each of the 6, , ; five different values; making the same
assignments for all choices of the quark masses. In the
figures below, we illustrate the quality and features of our
results by showing examples of plots for light and heavy
mesons. The plots used for illustration correspond to
unphysical values of the MS renormalized light-quark
mass, m,,(2 GeV) = 11.7 MeV. The corresponding meson
masses are mp = 2027(3) MeV, mp = 1929(6) MeV,
myg = 530(2) MeV, and m, = 228(2) MeV. Similar plots
can be shown for other values of the simulation parameters.

The scale setting is taken from Ref. [19], where
the continuum value of ry [27] was obtained imposing
Mgz’ = mp = 13498 MeV and f77 = 130.41(20) MeV.
The values of the strange and charm quark masses,
obtained by extrapolating the kaon and D meson masses

D15. 48 My ~ 228MeV a~0. 0619f1n zy ~ 0. 9415

T
—0.02

MMMWM

—0.061 ‘ ‘ : ‘

0.08]
0.06
0.04
= 0.02

TP U SO R R

LA B B B S B

%%%%%%%+

25 30 35

[e=)
ot
=
(=)
=
wt
o
(=)

D15. 48 Mg ~ 228MeV a~0. 0619fm .L»Y ~ 0.1434

001 000g ¢>®®<I><I>
—T
@4}.01 +
—0.02F
~0.03}

| h

0 5 10 15 20 25 30 35
t/a

to the continuum and at the physical point in the
light-quark masses, are mg (2 GeV) = 99.6(4.3) MeV
and m,.(2GeV)=1.176(39) GeV. In the following for
the renormalized quark mass, we shall use m = u/Zp,
where 4 is the twisted mass of the given quark and Zp is the
renormalization constant of the pseudoscalar density in
the MS scheme, at 2 GeV, computed with method M2 [19].
The values of u used in our simulation can also be found in
Tables I and II in Appendix D (see also Table II of
Ref. [15]). Renormalization of the corresponding axial-
vector and vector currents with twisted mass fermions gives
Fy=ZyF and Fy = Z,FY,, where F} and FY are the
unrenormalized quantities as explained in Eq. (B6), Z, has
been computed with method M2 and Z,, with the WI [19].
In Table II of Appendix D, we give further details of our
simulation including the values of the angles 0;_ , , used to
fix the hadron and photon momenta; see Eq. (16).

In Figs. 6 and 7, we show examples of plateaux for the
ratios R, y (1), defined in Egs. (26) and (28), respectively,
for K and D mesons. These figures are representative of the
signal quality also for other values of masses, momenta,
and lattice spacings. The values of all the form factors
discussed in the following have been extracted from the
plateaux obtained by using Eqgs. (26) and (28). The time
interval used for the extraction has been chosen, for each of
the data ensembles and for each of the mesons, in such a
way as to observe a reasonable plateau for all values of
the meson/photon momenta. Regarding the quality
of the plateaux, we have performed an extensive study
of the dependence of the results on the time interval chosen
for the fits and the differences are included in the estimates
of the uncertainties on the extracted values of F y.

D15.48: m, ~ 228MeV, a ~ 0.0619fm, ., ~ 0.3890
0425 r T T T T T T
0.2F

<(Mg§®@¢@¢¢%%%%%
—0.05::

—0.1f
—0.15F

——
e
——
——
—O—
——
—e—i
——
—a—
pb——O—
—_——
—_——
p———+
—_——
——
—a—
1 1 Il Il Il Il 1 1

(=)
wt
=
(=)
=
ot
Do
(==}
o
ot
w
(=)
w
at

D15.48: my ~ 228MeV, a ~ 0.0619fm, 2, ~ 0.0481

0.1 w ‘ ‘ ‘ ‘ ‘ ]
0.08} T ]
0.06f ]

< 0.04f ]
040(2) ::@@@@@@@oo%@@@@{)é%%%%%%%% 1

_0'02[; | B s T 1
t/a

FIG. 6. Examples of fits to plateaux for the ratio R, (¢) for the kaon (left) and D meson (right) at larger (upper panels) or smaller (lower
panels) values of x,. The values obtained from the fits, together with their uncertainties, are indicated by the horizontal (red) bands.
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FIG.7. Examples of fits to plateaux for the ratio Ry () for the kaon (left) and D meson (right) at larger (upper panels) or smaller (lower
panels) values of x,. The values obtained from the fits, together with their uncertainties, are indicated by the horizontal (red) bands.

In order to extract the form factors F,y at physical
values of the quark masses and in the continuum limit, we
have used a variety of fitting formulas for light and heavy
mesons as discussed below.

FA,V(X}/) = %

This is certainly not the most general formula to include
higher-order terms in ChPT; for example, it does not
contain chiral logarithms, but it is sufficiently simple
and adequate to describe the pion data. The two coefficients
¢o and ¢, take into account possible mass-independent
discretization effects. ¢} is multiplied by m2 because it
arises in higher orders in ChPT. On the other hand, the
discretization term proportional to ¢; is not multiplied by
|

2

Farte) = (o + g

)?
+<c’ L S
' (4xf ) r

The higher-order coefficients Ac, Ay, ¢, Ac), and A¢,
have very little effect on the extrapolated results and for this
reason they are not well determined. Indeed, they only
contribute to a slight increase in the uncertainty in the value
of the pion form factors at x, = 0 and in the slope in x,.

K"’“”‘)@ fi)z+ °a§)+< '@ fi)z+ ) ]

a
+50—2+AC0
o

For pions and kaons, we have covered the full physical
range of x,, 0 <x, <1 —m3/m? (indeed we even have
data for unphysu:al values corresponding to x, > 1).

For the pion, guided by ChPT, we fit to the formula

(29)

|
the mass of the meson because at this order in a there is an
explicit violation of chiral invariance in the lattice fermion
Lagrangian.

When using the simpler expression in Eq. (29), we
exclude data at pion masses m, 2 350 MeV. Since in our
data we have pion masses up to about 500 MeV, we have
also performed fits in the full range by modifying Eq. (29)
to include higher-order terms as follows:

2 4

(4 fﬂ)

g TACa m2>x }

-+ Ac0a2m2>
4

| ant) (30)

|
Similarly, in the different fits that we performed, we also
added some of the possible lattice artifacts that break
Lorentz invariance, for example, those proportional to
a*|k|? (in the frame where the meson is at rest), where k
is the momentum of the photon. We found that their effect

014502-9



A. DESIDERIO et al.

PHYS. REV. D 103, 014502 (2021)

z, = 0.50 z~, = 0.50
v 0.08 R
D +—m—

0.07} i °

0.06}

0.05}

s

0.04}

0.03}

0.02}

0.01 s ‘ s

2 15 2 2.5 3

Mg/ fr M/ fr

FIG. 8.

Dependence of F4(x,) (left panel) and Fy (x,) (right panel) for the pion on the light-quark masses, specifically on n1,/f,. The

letters A, B, and D refer to the sets of gauge field configurations at different lattice spacings listed in Table I of Appendix D.

is very small and this was only taken into account in the
evaluation of the final uncertainties. Since SU(3) breaking
effects may be important, and we only have results obtained

|

at two values of the strange quark mass, for the kaon we
first interpolate the form factors to the physical kaon mass
and then fit them to the formula

Fuv(x,) = % [(co + 66%4— 50(:—%2> + <C1 + ] %—F ¢, Crl—g)xy], (31)
with pion masses m, < 350 MeV and
mg m2 2 4 ,
FA’V(xy)_EKCO—'—COM f,,)2+ 0 2+ACO( >4+Acoam>
) a o
+<c1 + ¢ a f,[)2+ 12 —|—Ac]( ;)4+Ac1a m2>x] (32)

in the full range of pion masses. Formulas (31) and (32) for
the kaon are equivalent to those in (29) and (30), respec-
tively, for the pion. The presence of the constant term ¢; in
Egs. (31) and (32) is a reflection of the fact that the strange
quark mass is fixed to its physical value. To simplify the
notation, we have used the same symbols for the coef-
ficients in Egs. (29)—(32), but the reader should note that
their values are different in each case. We do not have
sufficient data to include terms proportional to m%m2
or m* with logarithmic corrections in Eq. (32). In order
to show that the quark mass dependence is well described
by our Ansatz, in Fig. 8 we plot the dependence of the
pion’s F,(x, = 0.5) (left panel) and Fy(x, = 0.5) (right
panel) on the light-quark masses (specifically on m,/f)
for different values of the lattice spacing. The results
are compared to the fit to the data obtained using the
expression in Eq. (30). Some interpolation of the data in x,
was needed to match the points and plot them as a function
of m,/f, only.

In Fig. 9, we present the values of the pion (left panels)
and kaon (right panels) form factors F4(x,) (upper panels)

and Fy(x,) (lower panels) as a function of x, for the

|

configurations at a = 0.0619 fm. The plotted points with
error bars correspond to different values of the light-quark
mass at several values of x,. The points with large
uncertainties (o, , > 0.01 for the kaon or o, , > 0.008
for the pion) are shown with faint gray symbols. These
points are obtained for mesons with substantial nonzero
momentap # 0. The results of our simulation are compared
to the lowest order in ChPT, given by

m
—L(Ly+ LYy)
P

F4(x,) = const. =

Fy(x,) = const. = (33)

mp
4’ fp’
where P represents 7 or K and we take (L§+ L},) =~
0.0017 [28]; this is indicated by the horizontal red lines.
The blue lines and green bands are the results and
uncertainties of the fits, obtained using Egs. (30) and
(32) after the extrapolation to physical quark masses and
to zero lattice spacing has been performed. In Fig. 10, we
show the value of the pion (left) and the kaon (right) form
factors F4(x,) (upper) and Fy(x,) (lower) as a function of

x,, extrapolated to the continuum at the physical point,
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FIG. 9. Extracted values of the pion (left) and kaon (right) form factors F,(x,) (upper) and Fy (x,) (lower) as a function of x, for the
configurations at @ = 0.0619 fm. The horizontal red lines correspond to the lowest order ChPT prediction in Eq. (33). The green lines
and bands are the results of the fits, using the formulas given in Eqgs. (29) and (31), after extrapolation to the continuum limit and
physical quark masses, together with the corresponding uncertainties.

either using Egs. (29) and (31) for the pion and kaon,
respectively, to fit the data, full green bands, or by using
Egs. (30) and (32), shaded blue bands. In the figure, we also
show the values of the form factors for selected values of x,
extrapolated to the continuum and to the physical point,

together with the corresponding statistical and systematic
uncertainties. The systematic uncertainties were estimated
from the differences in the results coming from different
fits of higher-order terms in the meson masses, the
inclusion of different possible discretization corrections

0.03 T T T T
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FIG. 10. Extracted values of the pion (left) and kaon (right) form factors F, (x,) (upper) and Fy (xy) (lower) as a function of x,. The
horizontal red lines correspond to lowest order ChPT predictions in Eq. (33). The full green bands are the results of the fits after the
continuum and chiral extrapolations obtained using Eqs. (29) and (31) for the pion and kaon, respectively, and the shaded blue bands are
obtained using (30) or (32). We also show the extrapolated form factors and the corresponding uncertainties (statistical and systematic)
for selected values of x,.
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and the functional forms of the fits, that is, whether we use
Egs. (29) and (31) for the pion and kaon, respectively, or
Eqgs. (30) and (32). The results for the form factors £ y at
selected values of x,, the corresponding uncertainties Ar, ,
and their correlation matrices are given for all the mesons in
Appendix D.

For heavy mesons H, we expect that the form factors

scale as m;3/2 ~ fy/my, where m, is the mass of the
heavy quark contained in H,

Fay(x,) = ng’{:]( +0< QCD)—I— )—l—O(a m%),

(34)

where the constants F g,v are a function of the light-quark
masses. Since, however, for this exploratory study, we have
only two values of the heavy-quark mass, both around the
charm mass, we prefer to interpolate the values of the form
factors to the physical charm quark mass and then to fit the
result with the simple formula

m2 ~ a2

— ! n _

7d0+d0(4][fﬂ_)2+d0 r%
2 2

<d1+d’( "})ﬁd1 a())xy. (35)

B25.32, a ~ 0.0815

FA,V(xy)

T
polynomial
pole oo

0.6 0.8 1
Ty

0.04 . : : .
0.02 + polynomial ]
pole wwsx
—0.02
S 004
—0.06
—0.08
—0.1

FIG. 11. The form factors F,(x,) (upper) and Fy(x,) (lower) of
the Dy meson as a function of x, at fixed lattice spacing
(a = 0.0815 fm) for the ensemble B25.32 [15]. The full blue
and shaded orange bands are the results of the fits with the
polynomial or pole formulas given in Egs. (35) and (36),
respectively.

We have also performed fits with the polelike formula

dy + d 47’["2 2 &
FA,V(xy) o f)z +dy—+d—x,
D (A1 + A ), 60T

(36)

In this first study, we only have results for the D,
mesons in the range 0 < x, < 0.4, corresponding to E, <
400 MeV in the rest frame of the hadron. In Fig. 11, we
give results for the form factors of the D, meson, F,(x,)
and Fy(x,), at a = 0.0815 fm. The full blue and shaded
orange bands are the results of the fits with the polynomial
or pole formula given in Eq. (35) and (36), respectively.
Since the lattice spacing is fixed, the coefficients d;; are
not included in the fit. We see that the both the fits give a
good description of our results in the region where we have
data, but differ significantly for x, > 0.4. This means that,
although both the linear and the pole fit describe accurately
the form factors in the region in which we have data, it is
not reliable to use these fits in the region x, > 0.4. In our
future investigations, we plan to provide nonperturbative
data for the form factors in the full kinematical
range 0 <x, <1 - m%/m%)m.

In Fig. 12, we present the values of the form factors
F4(x,) (upper) and Fy(x,) (lower) for the D; meson as a

0.12
0.1

0.08
0.06

< 0.04
0.02

T T
mEMS | continuum

Ty

0.02

T T
Phys - continuum
ol mb*, cont uu; —

jEad i —

~0.02
~0.04
= —0.06
~0.08
—0.1
~0.12

~0.14 : : : :
0 0.1 0.2 0.3 0.4 0.5

Ty

FIG. 12.  The form factors F, (x,) (upper) and Fy (x,) (lower) of
the Dy meson as a function of x, at three values of the lattice
spacing with separate fits to the data using Eq. (35) at each value
of the lattice spacing. The orange bands with their central red
lines represent the result of a single fit to all the data extrapolated
to the continuum limit and to physical quark masses.
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FIG. 13. The form factors F4 (left) and Fy (right) of the Dy meson at x, = 0.2 as functions of a®. The polynomial and pole fits

correspond to Egs. (35) and (36), respectively.

function of x,. We show the data obtained at the three
different values of the lattice spacing, together with fits
using Eq. (35) at each value of the lattice spacing. The
orange bands with their central red lines are the results of a
single fit to all the data after extrapolation to the continuum
limit and to physical quark masses. The discretization
artifacts, which include ones of O(m?a?), while approx-
imately of the expected size, appear to be relatively large
because the form factors are small. In fact, the form factors
at the three lattice spacings we have at our disposal are fully
consistent, within our uncertainties, with a linear behavior
in a2, as illustrated in Fig. 13 where the form factors at
x, = 0.2 are presented as a function of the lattice spacing.
The points in the figure are obtained after extrapolation to
physical quark masses either using a polynomial of pole

|

C% = 0.010 £ 0.003,
CK = 0.037 + 0.009,
CP =0.109 + 0.009,
CY = 0.092 + 0.006,

and for the vector form factors we obtain

7 = 0.023 4 0.002,
CK =0.12+0.01,
Ch = —-0.1540.02,
Chr = —0.12+0.02,

D% = 0.0004 + 0.0006,
DX = —0.001 + 0.007,
DP? = —0.10 4 0.03,
DY = —0.07 £ 0.01,

D7, = —0.0003 + 0.0003,
DE = -0.02+0.01,
DY =0.12 4 0.04,
DY =0.16 +0.03,

Ansatz corresponding to Eq. (35) or (36) at fixed lattice
spacing. In this first study, with only three lattice spacings
at our disposal, we are unable to include corrections of
higher order in a®> beyond those present in Egs. (35) and
(36). In Appendix D, we have estimated their effects in the
uncertainties of our final results for the form factors.

We also study our physical results (i.e those obtained
after the continuum and chiral extrapolations) as a function
of x, by fitting them to the following linear expressions:

Fg.v(xy) = Cg.v + Dg,vxw (37)

where P represents each of the pseudoscalar mesons, 7, K,
D, and Dj.
For the axial form factors, we find

pcr.pr = —0.419,
pex pr = —0.673,
peo pp = —0.357,
Pebs pbs = —0.745, (38)

per.pr = —0.570,

pck px = —0.714,

pee.pp = —0.580,

pebs pos = —0.900. (39)

In Eqgs. (38) and (39), for each of the C’s and D’s, pc p is the correlation between them, defined by

Zi(ci - ﬂc)(Di - MD)

Pc.p

- Vi(Ci—uei(Di = pp)?

Hc = %Zci’ Hp = %ZDi, (40)
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where C; and D, are the jackknife samples and the sum runs
over all the jackknifes following the procedure in Appen-
dix A of Ref. [29]. The full correlation matrices are given in
Appendix E.

For the pion and kaon, we can compare the constants
CZ‘,Ié in Egs. (38) and (39) with the constant (i.e. x,-
independent) values obtained in ChPT using Eq. (33):
F% =0.0119, F% = 0.0254, FX = 0.042, F§ = 0.096.

The pion vector form factor F§, was computed on the
lattice in Ref. [30] where the process 7 — yy was
studied. The main difference between Ref. [30] and our
approach is that in that case the space momentum p of the
meson and of one of the two photons, let us call it g, was
fixed, whereas the space momentum of the remaining
photon, corresponding to our k, was given by momentum
conservation. In general, then, the two photons are off-mass-
shell, and an extrapolation to the on-shell condition ¢* =
k*> = 0 is performed in order to obtain the form factor at the
physical point. The authors give their form factor, defined as
F(mZ,¢* k*) = F,(4z*f,)/m, at the points F(m2,0,0) =
1.005(20)(30) and F(0,0,0) = 1.009(22)(29), whereas
we have the form factor as a function of ¢2, which is fixed
by x,. Given the smooth dependence of the vector form
factor on the momenta, we can nevertheless make a
comparison of these results with ours, namely, with
(C% + D%)(4n*f,)/m, = 0.88(8). The results are compat-
ible within the errors.

In the remainder of this section, we present a brief
comparison of our results with experimental data. A more
detailed phenomenological analysis will be presented in a
separate paper.

For the pion, the Particle Data Group (PDG) [1]
quotes the following results: F% = 0.0119(1) (this value
comes from fixing the vector form factor at the con-

F7,=0.025(2) in nice agreement with our results, respec-
tively, F% = C% =0.010(3) and F} = C}, = 0.023(2).
Also the slope of Ff(x,) has been measured from
the expression F(x,)=F§(1)(1+A(1—-x,)) with the
result 4 =0.10(6), to be compared with our result
A= -D}/(C}, + Df,) = 0.011(12).

For the kaon, the PDG quotes the two combinations
FE + FX. They present separate values obtained from K — e
decays, FE + FK =0.133(8), and from K — u decays,
FE + FK =0.165(13). Of course, the results should be
independent of whether the final-state charged lepton is an
electron or muon. For this combination of form factors, our
value is F§ + FK =0.161£0.013 at x, =0 and F§ +
F§ =0.1363 + 0.0096 at x, = 1. For the other combina-
tion of form factors, the PDG quotes F& — FK = —0.21(6)
obtained from K — y decays, which is quite different from
our result F§ — F§ = —0.087 £0.013 at x, = 0 or F§ —
F§ =—-0.06 £0.01 at x, = 1. From K — ¢ decays, there
is only the upper bound FX(0) — FK(0) < 0.49.

The results in Eqs. (38) and (39) can be combined
with the values of the decays constants computed in
Refs. [19,31],

fr=(13041£020) MeV  fx = (155.0 = 1.9) MeV
fp=(207.4+38) MeV  fp = (2472 +4.1) MeV,
(41)

to compute the differential or total decay rate using the
expressions given in Appendix A.

=D
For completeness, we also present the constants C,')

~D . : .
and D, which appear in the pole representation of the
form factors for D and D, mesons,

~D 5
served vector current prediction from z° — yy decays, FD(S)( _ CA,<V) . 4
- 0 av (%) = T ~D,_ " (42)
F7(x,=0)=1/a/2T (2" > yy) / (wm,0) =0.0259(5)), and 1+ D,\x,
|
C? = 0.112 £ 0.009, DR =13+04,  peppp = 0346,
Ch = -0.15 +£0.02, Dy =12£04,  peppp = —0.383, (43)
Cy =0.094+0006, Dy =11£02,  peo o = 0.546,
Ch=-012+0.02, DY =26+02, peos ppe = —0.373. (44)

VI. CONCLUSIONS

In conclusion, we have shown that by using lattice QCD,
even with moderate statistics, it is possible to predict with
good precision the structure-dependent form factors F', and
Fy relevant for P — £,y decays for both light and heavy

mesons and that it is also possible to extract their momentum
dependence. Previous determinations of these quantities
relied either on ChPT for light mesons or on the heavy-quark
expansion and model-dependent assumptions for heavy
mesons. Our work shows that it is possible to compute the
relevant form factors from first principles.
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We found that the extraction of the axial form factor F,
at small values of x, is problematic because of the presence
of very large discretization effects of O(a?/(r§x,)) and we
provided a procedure for the nonperturbative cancellation
of these systematic errors. We also found that for charmed
mesons the discretization effects of O(a*m?), while of the
expected order of magnitude, are large relative to the small
size of the form factors. Nevertheless, the results for the
form factors at the three lattice spacings are consistent,
within our uncertainties, with a linear behavior in a?.
Simulations on one or more finer lattices would enable us to
improve our estimates of the higher-order artifacts and
hence reduce the corresponding systematic uncertainty.
Such preliminary studies of charmed mesons are also
essential in order to study radiative decays of B mesons
in the future. In this respect, the use of the ratio method may
also be very useful [32].

Although the present study clearly can and will be
improved by, for example, increasing the statistics, cover-
ing the full range of x, for D and D; mesons or simulating
on a finer lattice, the results presented in this work already
allow for an accurate comparison of the theoretical pre-
dictions with experimental measurements and we will
discuss the phenomenological implications of our results
in a forthcoming paper.

In future, we also plan to study the emission of off-shell
photons (k? # 0), computing all four form factors appear-
ing in Eq. (3), which would allow us to predict the rates for
processes in which the pseudoscalar meson decays into
four leptons. These processes are very interesting in the
search of physics beyond the Standard Model [33-35].
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APPENDIX A: EXPRESSIONS FOR THE DECAY
RATES IN TERMS OF Fy AND F,

In this appendix, we present the explicit formulas needed
to evaluate the total and differential decay rates at order o,
combining the nonperturbative determination of the virtual

corrections computed with the approach of Ref. [10]
with the calculation of the SD form factors F, and Fy
determined with the method proposed in this paper. These
formulas can be used to compute the double differential
decay rates d°TI'/(dx,dx,), the single differential decay
rates, dI'/dx, or dI'/dx,, as well as the integrated decay

rate I'(AE,) = fOZAE’/mP dx,(dU'/dx,) (AE, is the upper
limit on the energy of the emitted photon in the meson
rest frame).

The exchange of a virtual photon depends on the hadron
structure, since all momentum modes are included, and the
amplitude must therefore be computed nonperturbatively.
On the other hand, the nonperturbative evaluation of the
amplitude for the emission of a real photon is not strictly
necessary [10]. Indeed, it is possible to compute the
amplitudes for real-photon emission in perturbation theory
when x, is sufficiently small that the internal structure of
the decaying meson is not resolved. The infrared diver-
gences in the nonperturbatively computed amplitude with
the exchange of a virtual photon are canceled in the decay
rates by those present in the emission of a real photon, even
when the latter is computed perturbatively. The reason for
this cancellation is the universality of the infrared behavior
of the theory (i.e. the infrared divergences do not depend on
the structure of the decaying hadron). For large photon
energies, for example, those present in the decays of heavy
mesons, a full nonperturbative determination of the relevant
amplitudes is necessary.

To calculate the partial rates for the emission of a hard
real photon, it is sufficient to know the SD form factors, F4
and Fy, and the meson’s decay constant fp. For the
integrated rate I'(AE,) instead, in the intermediate steps
of the calculation, it is necessary to introduce an infrared
regulator. To this end, in order to work with quantities that
are finite when the infrared regulator is removed, it is very
useful to organize the inclusive rate I'(AE,) =T'(P~ —

f_DZ(Y)”E,SAEV as follows:

L(AE,) = lim [[y(L) = T/(L)]
+ lim [ () + TT (AE, 1)

+[Mi(AE,) =TT (AE, )], (A1)
where the subscripts 0,1 indicate the number of photons in
the final state, while the superscript pt denotes the pointlike
approximation of the decaying meson and g, is an infrared
regulator. On the right-hand side of Eq. (A1), the quantities
I(L) and I'; (AE,) are evaluated on the lattice.

The terms in the first parentheses on the right-hand side
of Eq. (Al), Ty(L) and T§'(L), have the same infrared
divergences which therefore cancel in the difference. Here
we use the lattice size L as the intermediate infrared
regulator by working in the QED; formulation of QED
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in a finite volume [36], but any other consistent formulation
of QED on the lattice can also be used. The difference
[, — T] is independent of the regulator as this is removed
[11]. Ty(L) depends on the structure of the decaying meson
and is computed nonperturbatively, Refs. [11-15].

In the terms in the second parentheses on the right-
hand side of Eq. (Al), the decaying meson is taken to
be a pointlike charged particle and both th(/zy) and

F?‘(AEJ,, #,) can be computed directly in infinite volume,
in perturbation theory, using some infrared regulator,
for example, a photon mass y, = m,. Each term is infrared
divergent, but the sum is convergent [2] and independent
of the infrared regulator. In Refs. [10,11], the explicit
perturbative calculations of [T (u,) +IT (AE,,p,)] and
r gt(L) have been performed with a small photon mass y, or
using the finite volume, respectively, as the infrared
regulators.

Finally, the term on second line of the right-hand side

of Eq. (Al) is infrared finite. It can be computed in the
infinite-volume limit requiring only knowledge of the
structure-dependent form factors, F,(x,) and Fy(x,),
and of the meson’s decay constant fp,
[0\(AE,) —TT(AE,)] = [sp(AE,) + Tivr(AE,),  (A2)
where ['gp is the structure-dependent contribution and 'y
is that from the interference between the SD and pointlike
components of the amplitudes. Both I'sp and 'y are
separately infrared finite and there is no need to introduce
an infrared regulator in this term.

dzrpt _ 2fpt(xy’ xf)
dx,dx,  (1-r2)? "~

d’T'sp

We express the differential decay rate in terms of the
following quantities:
(1) The two dimensionless kinematical variables

2

B _2p-pp—my

X, = E) xf_iza
mp mp

(A3)

where m, the mass of the lepton 7, 1 —x, + xyr§ /
(1-x,)<x,<1, and 0<x,<1-r2, with
Fp = My / mp.

(i) The decay constant of the meson fp.

(iii) The two SD axial and vector form factors F,
and Fy.

The differential decay rate is given by the sum of three

contributions,

d’Tsp
dx,dx,

TNy
A4
+dx},dxf}’ (a4)

where T'©) is the leptonic decay rate in the absence of
electromagnetic corrections. This is given by

AT e { d’T'y

dx,dx, 4z dx,dx,

(;2|VCKM|2f2
o) - SR L 21— 2

(AS)
where G is the Fermi’s constant and V gy the relevant
CKM matrix element.

The quantities in the braces on the right-hand side of
Eq. (A4) are given by

_ mp{[Fv(x,) + Fa(x,)lfép(x,. %) + [Fy(x,) = Fa(x,)Pf5p (%, )}

dx,dx, N

2731 - )2 |

d*Tiny _2mP{[FV(~xy) + Fu(x) e (6, X2) + [Fv(x,) = Falx,)|fine (6, x2)

dx,dx, N

fp(l= ”%)2

(A6)

and correspond to the contribution of the pointlike approximation, to the SD contribution and to the interference between
pointlike and SD terms (INT), respectively. The kinematical functions appearing in Eq. (A6) are given by

I—Xf

It = 3 =)

x? +2(1=x,)(1 - r2) —

2xyr§,(1 - r?)

x, +x,—1 ]

Fsp (e xe) = (6 + xe = DIy +x¢ = 14+ 17)(1 = x,) = 12],
Fan(xpxe) = =(1=xo)[(xe = 1+ 72)(1 = x,) = 2],

1—x
+ - %
fINT(xy’xf) -xy(-xy T, 1)

I—Xf

I ) = G e =)

[(xy—l—xf—l—i—r?)(l—x},)—r%],

2+ (x, +x,— 14+ r2)(1 —x,) — r7]. (A7)
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The distribution with respect to the photon’s momentum is
obtained after integrating over the lepton’s momentum

dar / 1 d d’r
— = by .
dx, i (x,) ‘ dx,dx,

(A8)

As x, — 0, the allowed kinematical range for x, is
squeezed around its maximum, x?"(x,) = 1 —x, + x,r%/
(1 =x,) <x, < 1. Thus, with the exception of the con-
tribution proportional to f(x,.x,) ~1/x;, all the other
contributions vanish in the soft-photon region, which
is consequently dominated by the pointlike (eikonal)
result

dar 1 d*r
d P
e dx,dx, /%

dx, i) v (A9)
The 1/x, behavior of the differential rate at small x, leads
to a logarithmic infrared divergence in the total rate. It is
canceled by the infrared divergence in the O(a,,) virtual
corrections to the inclusive decay rate. The SD and INT
contributions vanish at small x,.

Equations (A4)—(A9) allow us to compute the spectrum
dl"/dx,. We advocate organizing the determination of the
integrated rate in terms of the three sets of parentheses on
the right-hand side of Eq. (A1). The procedure to evaluate
the term in the first parentheses, To(L) —TH (L), is
explained in detail in Ref. [10], where the explicit expres-
sion for the term in the second parentheses, Fgl(/z,,) +
I''(AE,, u,), can also be found. The third term on the right-
hand side of Eq. (A1), T'(AE,) —T''(AE,) = I'sp + '\,
is the subject of this paper. As explained above, both I'gp
and 'yt are infrared finite and are obtained by integrating
the differential rates over the physical range of x,,

2AE, /mp dFSD

I'sp(AE,)) = d
2AE,/mp dar

Iinr(AE,) = / dx, d‘NT. (A10)
0 Xy

APPENDIX B: CALCULATING MATRIX
ELEMENTS FROM FINITE
EUCLIDEAN LATTICES

In this appendix, we derive some useful formulas for the
extraction of the two relevant form factors, F, y, from the
Euclidean correlation functions expressed in terms of
lattice operators on a lattice with finite-time extent 7.

In order to construct the finite 7 equivalent of C§; (7, k, p)
in Eq. (14), that we will denote as C§(¢,T/2;k,p), it is
convenient to define the following hadronic correlation
function at fixed 7 and #,:

M (ty, kp) = D el(l)D Y e/t

i=1,2,3 y x

X T (1) Jem (1, ¥)P(0.%)) 17, (B1)
where (...);; denotes the average over the gauge field
configurations at finite L and 7" and we introduced suitable
independent vectors €’ (k), r = 1, 2, corresponding to the
physical polarizations of the emitted photon. A possible
simple choice, and one in which the unphysical polar-
izations vanish explicitly, is given by

el(k)5<0 —kiks —koks \/k%+k§>
. k| /&2 + K3 kR + K k]

k k

e2(k E(O, 2 ,— ! ,0). B2

#®) B+ K+ (B2
The polarization vectors satisfy
3 3

> elk =0, > el(k)ei(k) =5, (B3)

Since in our simulations we always use k = (0, 0, |k|), the
polarization vectors reduce to

1

The “topology” of the correlation function in Eq. (B1) is
explained in Fig. 2.
(1) The incoming meson is interpolated at fixed spatial
momentum p by the pseudoscalar operator P placed
at time t = 0,

P(0) = "e?*P(0,x).

X

(BS)

(i) The hadronic weak current j§,(7) is placed at the
generic time 7. We used a local discretization of the
weak current that, in the twisted-mass discretization
of the fermionic action used in this work [37], is
explicitly given by

J9 () = Zawy()y*wp (1),
(B6)

Jw(t) = jy(t) = ja(),
J5(t) = Zywy ()y*yswp(t),

where j§(¢) and j4(r) are the vector and axial
components that include the corresponding renorm-
alization factors. Note that the renormalization
factors to be used in twisted mass at maximal twist
are chirally rotated with respect to the ones of
standard Wilson fermions [38]. In Eq. (B6), wy
indicates the field of an up-type quark that, for the
mesons considered in this study, can be either an up
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(iii)

or a charm. Similarly, yp can be either a down or a
strange quark field. The actions of the up-type and
down-type quark fields have been discretized with
opposite values of the chirally rotated Wilson term in
order to numerically suppress O(a?) lattice artifacts
in the meson masses [38,39].

The electromagnetic current jen(7,.y), carrying a
three-momentum k is inserted at y = (t,,y). This
current is defined by

jé’m(@d) = Zij;(ty’y)’ (B7)
f

where f is the flavor index, ¢/ is equal to 2/3 for up-
type quarks and to —1/3 for down-type quarks, and

@iv)

We have used e~ 0+/2) rather than the simpler,
standard exponent e~ %Y _for the Fourier transform of
the current appearing in Eq. (B1),

3

J (k) =€l (k)Y e 0 (1y).  (BY)
Yy

i=1

Our choice of the exponent, which is equivalent to
standard one in the continuum limit, iS more
convenient for the discussion of the lattice WIs
since we have used the point-split exactly conserved
electromagnetic current in our simulations.

A technical subtlety needs to be stressed here.
As discussed in the main text, in order to choose
arbitrary (nondiscretized) values of the spatial

Ir (x) = _{Wf (x) 2 Uy (x+ ) momenta for the meson and for the photon, we
Liys + 7 have introduced a “flavored” extension of the elec-

—yy(x+f1) 5 U* (X)Tl//f(x)} tromagnetic current (see the explanation in the

caption of Fig. 3). In practice, in order to have two

(B8) quarks (y( and y,, where 0 and ¢ are labels for the

In Eq. (B8), U,(x) are the QCD link variables and
the signs + are induced by the choice made in the
case of the flavor f for the sign of the chirally rotated
Wilson term [17].

. iys -yl oy
e—ik‘(x+t/2)j}(x) — _{)_(t(x) ZEWSTVE%

where we have used the fact that [see Eq. (16)]

27[(00 - 0,)

k= ,
L

Ul(x)xo(x +1) = 7, (x +1)

Wi (x +iL) = 700y 1 (x),

quark fields) having the same mass, the same
electric charge, the same sign of the chirally
rotated Wilson term but different boundary con-
ditions [26], the expression to be used in the
numerical calculation is

R :Ei}’s + }/i _i;r(();+()[“])
= P e

: Uf<x>uo<x>}, (B10)

(B11)

and we have defined, as usually done in implementing twisted boundary conditions [25], the periodic fields

Zm'x-ﬂ(o 1}

Xion(x) =eT (B12)

Yi0.1} (x)
In all the formulas that will follow, the range of the time parameters is extended over the full lattice extension,

0<t<Tand 0<t,<T.
We are now ready to define the finite-7 correlation function

(O(T/2 — t,)eEn + 0(t, — T/2)e BT M (1, t;k.p)

]~

C¥(t,T/2;k,p) = —i0(T/2 — 1)

-~
I

=0

(B13)

]~

—i0(t—=T/2) Y (0(T/2—1t,)e Bty +0(t, — T/2)e E=T\MY (1, t; k. p).

i
o

ty
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In the continuum and large-T limits, one can readily show that for 0 <t < T/2,

Cw(t,T/2:k,p) — Cy(t:k,p) = Hiy (k,p)

e "(E=E,)(P|P|0)

(B14)

where C/(; k, p) is the correlation function introduced in the main text defined in Eq. (14), H§} (k, p) is the physical matrix
element defined in Eq. (1) and the ellipsis represent subleading exponentials.

For negative time t on the other hand, that is, for time separations such that 7/2 <« t < T, in the continuum and large-T

limits, we have

Ciy (1.7/2:k.p) — [H (k.p)]

e~ (T-1(E-E,) (0|P|P)
+

— (B15)

with the ellipsis again representing the subleading exponentials.

It is useful to note that, in order to separate the axial and vector form factors, it is enough to compute separately the
correlation functions corresponding to the vector, C{/' (¢, T/2;k,p), and the axial, C{"(z, T/2; k, p), components of the weak

current. Moreover, from the properties

[HY (k.p)]" = HY (k.p).  [HY (k.p)]" = —HY (k.p). (B16)
we deduce the following properties of the corresponding correlation functions under time reversal:
Cy(T—t.T/2:k,p) =Cy(1.T/2;k,p), Cy(T —1,T/2;k,p) = =C¥ (t,T/2;k.p). (B17)
Using these relations, the quantities
: Fa(p-k 4 Fy(p-k
k) = ip k[P IE| gp) = iEer ap - Ber nky T2 (B15)
mp p-k mp
were extracted from the ratios of the correlation functions averaged over the two temporal halves of the lattice
. 2ECY,(t,T/2;k.p) i
Ry, (t,T/2:k,p) = ) (PIP[D) = HY,(k.p)+.... (B19)

In all the formulas of this appendix, we have used continuum notation for the four vectors but the momentum and energy
carried by the current (including the associated projectors) have to be read by performing the following substitutions:

.2 K . 5 . 2 k
bt =26n(N), ko k= R+ B+ E, = s ().
a 2 a 2

In the lattice regularization that we are using (i.e. Wilson
quarks at maximal twist), Eqs. (B16) and (B17) hold for
given values of the indices @ and r € {1,2} only up to
O(a®"*1) lattice artifacts (for integer n). One can show
however, that, as a consequence of exact lattice symmetries
(see e.g. Refs. [38,39]) and the choice of momenta and
polarization vectors given in Eqgs. (16) and (18), these
O(a®™*1) cutoff effects cancel if one evaluates appropriate
combinations of the relevant correlation functions, namely,

}1 > Ol T/2k,p)/e (B21)

r=12j=12

and

(B20)

Cy (1, T/2;k.p)/F,(E, E),
r=1.2 j=1,

2
JE, E)=i(E,e” Ap—Ee" AK),,

S

(B22)

VAl

which are precisely those that occur in Eqgs. (26) and (28) of
the main text. For the terms in Eqgs. (B21) and (B22), the
time-reflection properties of Eq. (B17) hold and the derived
matrix elements, in addition to satisfying the Hermiticity
properties of Eq. (B16), allow for the extraction of the form
factors F, and Fy with no O(a?"*!) lattice artifacts. Our
analysis of lattice correlators leading to the results in this
paper has been based on data obtained from automatically
O(a) improved combinations of the form (B21) and (B22).
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APPENDIX C: EXPLOITING THE
ELECTROMAGNETIC WARD IDENTITY
TO RELATE THE MATRIX ELEMENT
HY (kpp) TO THE DECAY CONSTANT fp

In this appendix, we study the WI that relates the axial
correlation function C%(#;k,p) to the axial-pseudoscalar
correlation function and, consequently, the matrix element
HY (k,p) to the decay constant of the meson fp. As
discussed in the main text, a careful analysis of the cutoff
effects reveals that the WI does not exclude the possibility
of different O(a?) artifacts appearing in the decay constant
extracted from the three-point function and that from the
two-point function.

We start with a remark about the matrix element of the
axial current, determined at a finite lattice spacing a and
using a particular lattice discretization, which we write in
the form

(C1)
!

(0l (0)IP(p)) = f5p.

3

a

= - / dtydixe= 7P {5%(y) = 8*(y + ) HOT[j5 (0) P(=x)][0).

where the combination f%p¢ is a vector under the orthogo-
nal group H(4).> At finite a, the definition of the lattice
decay constant £ depends on the definition that we assume
for the lattice momentum p¢; for example, we may choose
p¢ = p® or pY =2/asin[ap®/2], where p“® is the con-
tinuum value of the momentum. In particular, we define 7 »
by (01j3(0)|P(p)) = f»(p)p". Note that f = fp + O(a?),
where fp is the continuum value of the decay constant.

Consider the following correlation function which is
relevant to our study:

/ d*yd’xe="¥=P(0|T[j(0) jem (y) P(=1. —x)]|0).  (C2)

With Wilson-like Fermions, such as those used in our study,
at fixed lattice spacing (for simplicity in the 7 — oo limit),
the electromagnetic WI implies that [40]

2> [ e OO () sty = 1)}
-0

(C3)

where integrals over the spatial coordinates have to be read as lattice sums and, in the case of a real photon,

kO = iEy(k) = ilk]|.
The WI can be rewritten in the form

i 2 sin(Zk,»/Z)

i=1

C%(t;k,p) = C4(t;p) — Co(t:k,p),

where we have defined [note the shift in the exponent with respect to Eq. (C3)]

Cy (6k.p) = —i / dtydxem KOO 1[5 (0) jem (y) P(~1, —x)]|0)

and

(C5)

Ci(t:p) = / d'yd’xe=" =P84 (y) (0| (3 (0)P(~1, —x)]|0)

:/fmwwmmmwemwm>

Ci(E,p—k) = /d4yd3xe‘”“y""’"‘54(y +x)(0|T[j3(0)P(=1, —x)]|0)

_ / dxeEr=i0=kx (0|[j (0) P(~t, —x)]|0).

(Co)

*In this appendix, as in Sec. IV, the label L stands for lattice, as the discussion concerns the Ward identity in a discrete space-time. It

should not be confused here with the spatial extent of the lattice.
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We can derive the Ward identity for the matrix element
itself by going onto the mass shell of the pseudoscalar
meson, which in the Euclidean corresponds to selecting the

Consider first the case with k # 0. In this case, the
second term on the right-hand side of Eq. (C4) does not
contribute because it corresponds to a different energy.

energy of the external hadronic state to be Ep as |— 1|
becomes very large.

Thus, in this case, we have the following identity which is
true at all orders in a:
|

.2sin(k,a/2)
"f/

2sin(k,a/2) H (k. p) —
T HY (kp) =

= (0/3(0)|P(p)).

Note that to arrive at this identity we do not need to specify the choice of f5. As a — 0, the discretized derivative in Fourier
space 2/asin(ak,/2) — k, and we recover the continuum WI in Eq. (4). We can now proceed in analogy to the continuum
and separate H"(k, p) into a pointlike and a structure-dependent tensor, Hy (k,p) = Hy" ,(k.p) + H}" s, (k,p) such that

dtye U0 T[4 (0) jem (V)P ()

(C7)

2sin(ak,/2)

a HZﬂ—SD(ka’) =0

(C8)
at fixed a. Even in the continuum, the separation of H* into a pointlike and a structure-dependent component has an
ambiguity in the terms, starting at O(k?), which are not constrained by the Ward identity or the equations of motion.
Moreover, there are an infinite number of possible point-like lattice-regularized versions of H7" pt(k, p) which tend to the

chosen continuum one as a — 0. We choose to define H;" by

HY (k.p) = b (A(k,pw ;

r(kp)
), (©)

where A~! is some version of a lattice boson propagator, for example,

ATl !

1

T 4/ay sin?((p—K)a/2 +mh | —2p-k+k

S+ 0(a?) (C10)

asa — 0, A(k,p) =1+ O(a?) and T*(k,p) = (2p — k)*(p — k)* + O(a?) are functions of the momenta which depend
on the lattice regularization and f% is the meson decay constant extracted from the matrix element in Eq. (C1). We therefore

have
i, (k.p) = it (k.p). (c11)
At fixed lattice spacing, the only condition that must be satisfied is that in applying the WI,
2sin(ak,/2) 2sin(k%a/2) 2sin(k,a/2) T%(k,p)
ZRD ) = (D ) 4 2R
= f5p = frp" + O(a?), (C12)

the denominator A of Eq. (C9) disappears. The WI
guarantees that the right-hand side of Eq. (C12) is the
matrix element (0|j$(0)|P(p)) including all orders in a.

By iterating order by order in a, we may find solutions of
the form

A(k,p) =1+ a?A(p?) + O(a*)
T%(k,p) = (2p = k)*(p = k)* + a*T*(k,p) + O(a*)
(C13)

|
that satisfy the WI, where the coefficients of the expansion
are not unique. The only relevant term for the extraction of
the form factor F,, however, is the coefficient A(k,p)
(since €, (k)T™ (k,p) = 0), which may differ from one by
terms of O(a?), thus giving an effective decay constant
which is different from the one naively expected from the
WL The absence of lattice artifacts of O(a*'*!) is a
consequence of our use of the combinations of lattice
correlations functions in Eqs. (B21) and (B22) and the
resulting H7" matrix elements [see Eq. (C9)]. Alternatively,
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one might work with lattice formulations which preserve
chiral symmetry, such as those based on overlap or domain
wall fermions. For O(a) improved Wilson fermion lattice
actions, instead, corrections of O(a*) will in general occur.

From the above discussion, we conclude that the lattice

H’/(k.p) has the form

Y (k) = €5 [ 5, (Fale) + AP (3)

+i(fp+a2Afp>} o
mp

(C14)

where the dots represent higher-order discretization
corrections.

In order to implement the strategy described in Eq. (27),
we need to perform a direct calculation of H’ (0,p) and
hence to study the k — 0O limit of the WI. The problem is
nontrivial because from the spectral analysis of C{ (¢; k,p)
it follows that
CV(tk,p) = e Er) 1 e~ "Erp-R)+E,(R)} 4.

’

(C15)
|

Chltp) = =5

c(n; E,=0,p—k)= Ch(t.p—k) =

(P = k) Tp(p ~k)Grlp ~ k),

where the ellipsis represents exponentially suppressed
contributions, with a gap that is O(m,). The first expo-
nential corresponds to the on-shell external meson P and
represents the state we are interested in. The second
exponential corresponds to the state P +y where both
the meson and the photon are on-shell and have a total
momentum p and a relative momentum k. A similar
time dependence also appears in the WI from the rotation
of the P source; this is the second term on the right-hand
side of Eq. (C4). As discussed above, when k # 0, it is
possible to isolate the matrix element corresponding to the
state P.

The problem we now address is to study the limitk — 0,
paying special attention to the leading cutoff effects. This
can be done by using the exact W1 satisfied by C'(¢; k,p)
at finite lattice spacing; in particular, we aim to understand
the structure of the correlation function CY(r;k,p) at
k = 0. To this end, we consider the two-point correlation
functions on the right-hand side of Eq. (C4) when « is a
spatial index (the case @ = 0 is similar, but in the following
we shall concentrate on the case @ = 1, 2, 3). By setting
E, =0 in the last term of Eq. (C6), we have

PIr@)Cr®) )

ey

—Eppk) 4 (C16)

2Ep(p k)

where the ellipsis represents subleading exponentials (the gap is at least 2m,). In the previous expressions

fr) = fr+0(a?), Gp(p) = Gp + 0(a?), and Ep(p) = Ep(p) + O(a?) where fp, Gp, and Ep(p) are, respectively,
the continuum decay constant, the continuum matrix element of the pseudoscalar density used as interpolating operator,
Gp = (0|P|P(p)), and the continuum energy of the meson.

By using the previous two expressions and by differentiating Eq. (C4) with respect to the component k' of k and then

setting k = 0, we obtain
fP(P)GP(I’) e~ Er(p) {511 +p [/ afP + 1 _0G() — <t—|——A ! )LEP(.P)] } +..., (C17)
Ep(p)) OP'
3
> enk)p, =

0P = ) ®) 00 ' Gp) op

where the ellipsis again represents the subleading expo-

nentials and we have used the fact that -0, g(p — k) = - Ze{(O)p i =0 (C18)
apig(p _ k) ) u=0 i=1
As can be seen, the structure of C%(#;0,p) is highly
nontrivial. Note in particular the term linear in ¢ that is a  Indeed, the H (3) symmetry implies that
manifestation of the singular behavior at large distances of
the correlation function (this generates a double pole in o7 P
momentum space that is at the original the infrared fr (p) =p'x O(az), P (p) plx O(a )
divergence). An important consequence of the strategy op' op'
proposed in Sec. IV which we have used in our calculations  9E,(p) P
. . . . A + 0( a2) (C19)
is that the terms in squared brackets in Eq. (C17) disappear op’ Er(p)

at any value of p when we contract the correlation function
with the physical polarization vectors of the photon. With

our choice of kinematics, these satisfy the relation and thus
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3
Cll(1;0,p) :Ze (0)C) (1;0.,p)

i=1
o @G P) ot
_ej(o) Enls) ®+ ...

We conclude that Cf{(t; 0,p) can be analyzed as expected
to extract the coefficient of the leading exponential. We
stress that the above demonstration shows that from

(C20)

C) (1;0,p) we can extract precisely the decay constant
which appears in the lattice matrix element of the axial
current in Eq. (C1), without to have to make a choice for the
lattice momentum p§.

APPENDIX D: DETAILS OF THE SIMULATION
AND CORRELATION MATRICES FOR THE
FORM FACTORS

In this appendix, we present some numerical information
that may be useful to the reader. We start by listing in

TABLE 1.

Tables I and II the parameters used in our numerical
simulations: the values of f and the corresponding lattice
spacings, the volumes, the quark mass parameters and the
corresponding pion masses, m,, and m,L, the numbers of
configurations, and the twisting angles introduced to inject
momenta in the correlation functions.

Given the smooth behavior that we find for the form
factors as functions of x, in the region where we have data,
for most phenomenological purposes it is sufficient to use
form factors obtained using the Ansdrze and coefficients
given in Sec. V. However, in the tables in Secs. D [-D 4
below, we also present the values of the form factors, F4
and Fy at selected values of the photon energy x,, for the
pion, kaon, D and D, mesons, together with the corre-
sponding uncertainties, Ar, and Ay, . The results have been
extrapolated to the continuum and to physical quark
masses. We also give the correlation matrices of these
results. For the D and D, mesons, for which we only have
data in a limited range of x,, the results in Secs. D 3 and D 4
were obtained by averaging the results obtained using

There was a mistake in the values of the lattice spacing values of the simulated sea and valence quark

bare masses for each ensemble used in this work. The table is the same as in Ref. [15] except for u, and p. which are

given in Table II.

Ensemble B a(fm) V/a* Aoy = Ajly au, aps Ny,
A30.32 1.90 0.0885(36) 323 x 64 0.0030 0.15 0.19 150
A40.32 0.0040 100
A60.24 1.90 0.0885(36) 4% x 48 0.0060 0.15 0.19 150
A80.24 0.0080 150
B25.32 1.95 0.0815(30) 323 x 64 0.0025 0.135 0.170 150
B35.32 0.0035 150
B55.32 0.0055 150
B75.32 0.0075 80
D15.48 2.10 0.0619(18) 48% x 96 0.0015 0.12 0.1385 100
D20.48 0.0020 100
D30.48 0.0030 100
TABLE II. Central values of the pion mass m,, of the lattice size L, and of the product m L for the various

ensembles used in this work. We also give the values of the angles use to define the z-component of the meson and

photon momenta, p = (0,0,2% (6, — 6,)) and k =

(0,0,3% (0 — 6,)), respectively.

Ensemble B L(fm) m,(MeV) m,L apg, = au, au, ap, 0i—0..s
A30.32 1.90  2.84 273 3.9 0.0030 0.02363,  0.27903, 0, 0.2288, 0.3432,
A40.32 315 4.5 0.0040 0.02760  0.29900 0.6864, 0.8580
A60.24 1.90 2.13 383 4.1 0.0060

A80.24 441 4.7 0.0080

B25.32 1.95 2.61 256 3.4 0.0025 0.02094,  0.24725, 0, 0.2107, 0.3160,
B35.32 300 4.0 0.0035 0.0239 0.267300 0.6321, 0.7901
B55.32 373 4.9 0.0055

B75.32 436 6.1 0.0075

D15.48 2.10 2.97 228 3.4 0.0015 0.01612,  0.19037, 0, 0.2400, 0.3601,
D20.48 252 3.8 0.0020 0.01910 0.20540 0.7201, 0.9002
D30.48 309 4.7 0.0030
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Egs. (37) and (42) and including the difference between the
two Anzditze in the estimate of the uncertainties. As might be
expected from Fig. 11 and the accompanying discussion, the

extrapolations using the two anzatze diverge significantly at
larger x, which is reflected in the growing uncertainties in the
results in the tables in Secs. D 3 and D 4.

Fa

Ap

A

0.0104088

0.00262483

0.1

0.0104435

0.00260149

0.2

0.0104782

0.0025792

0.3

0.0105129

0.00255799

0.4

0.0105477

0.00253788

0.5

0.0105824

0.00251889

0.6

0.0106171

0.00250106

0.7

0.0106519

0.00248441

0.8

0.0106866

0.00246897

0.9

0.0107213

0.00245474

0.010756

Fy

0.00244177

Ap,

0.0233352

0.00214581

0.1

0.023309

0.0021304

0.2

0.0232828

0.00211523

0.3

0.0232566

0.00210031

0.4

0.0232303

0.00208563

0.5

0.0232041

0.00207121

0.6

0.0231779

0.00205705

0.7

0.0231517

0.00204315

0.8

0.0231254

0.00202952

0.9

0.0230992

0.00201617

0.023073

0.0020031

1. Results for F,(x,) and Fy(x,) of the pion

1.000
1.000
0.999
0.998
0.997
0.995
0.992
0.989
0.986
0.982
0.977

1.000
1.000
1.000
0.999
0.999
0.999
0.998
0.997
0.996
0.995
0.994

1.000
1.000
1.000
0.999
0.998
0.997
0.995
0.992
0.989
0.985
0.981

1.000
1.000
1.000
1.000
0.999
0.999
0.998
0.998
0.997
0.996
0.995

0.999
1.000
1.000
1.000
0.999
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0.985

1.000
1.000
1.000
1.000
1.000
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0.999
0.998
0.998
0.997
0.996

0.998
0.999
1.000
1.000
1.000
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0.996
0.994
0.992
0.988

0.999
1.000
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1.000
1.000
1.000
0.999
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0.998
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F 4 correlation matrix

0.997
0.998
0.999
1.000
1.000
1.000
0.999
0.998
0.996
0.994
0.991

0.995
0.997
0.998
0.999
1.000
1.000
1.000
0.999
0.998
0.996
0.994

0.992
0.995
0.996
0.998
0.999
1.000
1.000
1.000
0.999
0.998
0.996

F'y correlation matrix

0.999
0.999
1.000
1.000
1.000
1.000
1.000
0.999
0.999
0.998
0.998
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Fa

Af

A

0.0370382

0.00876335

0.1

0.0369171

0.00828189

0.2

0.0367961

0.00784116

0.3

0.0366751

0.00744839

04

0.0365541

0.00711155

0.5

0.0364331

0.00683889

0.6

0.0363121

0.00663833

0.7

0.0361911

0.00651654

0.8

0.0360701

0.00647795

0.9

0.0359491

0.00652404

0.035828

Fy

0.00665305

Ap,

0.12439

0.00960998

0.1

0.121998

0.00891388

0.2

0.119606

0.00828371

0.3

0.117214

0.0077356

0.4

0.114821

0.0072881

0.5

0.112429

0.00696062

0.6

0.110037

0.00677062

0.7

0.107645

0.00672974

0.8

0.105253

0.00684066

0.9

0.102861

0.00709626

0.100469

0.00748173

2. Results for F,(x,) and Fy(x,) of the kaon

1.000
0.998
0.990
0.975
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0.869
0.808
0.736
0.654
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1.000
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0.985
0.961
0.921
0.860
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0.674
0.558
0.435
0.316
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1.000
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0.970
0.941
0.899
0.845
0.779
0.703
0.620
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0.996
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0.949
0.898
0.825
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0.753
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F 4 correlation matrix
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0.985
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0.855
0.793

0.916
0.941
0.963
0.982
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1.000
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0.976
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0.869
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F'y correlation matrix

0.921
0.949
0.974
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0.837
0.752
0.661
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3. Results for F,(x,) and Fy(x,) of the D meson

X, F, Ar, F 4 correlation matrix

0 | 011029 |0.00885428 1.000 |0.907{0.704|0.491|0.314 | 0.187|0.102| 0.049 | 0.015 | —0.006 | —0.020
0.110.0988347 | 0.00740568 0.907 |1.000|0.931|0.776 | 0.598 | 0.439| 0.314 | 0.223 | 0.156 | 0.108 | 0.072
0.2 10.0887281 | 0.00727782 0.704 {0.931|1.000|0.948 | 0.827 | 0.688 | 0.564 | 0.465 [ 0.387 | 0.327 | 0.281
031 0.079585 | 0.00791868 0.491 10.776 | 0.948 | 1.000 | 0.961 | 0.875|0.781 | 0.697 | 0.627 | 0.570 | 0.524
0.410.0711547 | 0.0092365 0.314 |0.598|0.827|0.961 | 1.000 | 0.974 | 0.921 | 0.863 | 0.810 | 0.764 | 0.726
0.5| 0.063267 | 0.0111973 0.187 |0.439|0.688 | 0.875|0.974 | 1.000| 0.985 | 0.954 | 0.920 | 0.888 | 0.859
0.6 0.0558021 | 0.0137148 0.102 |{0.314|0.564 | 0.781{0.921 | 0.985| 1.000 | 0.991 | 0.974 | 0.953 | 0.934
0.710.0486731 | 0.0166835 0.049 |0.223]0.465 | 0.697 | 0.863 | 0.954 | 0.991 | 1.000 | 0.995| 0.985 | 0.972
0.8 10.0418154 | 0.0200096 0.015 | 0.156|0.387 | 0.627 [ 0.810 | 0.920| 0.974 | 0.995 | 1.000 | 0.997 | 0.991
0.910.0351801| 0.02362 —0.006 | 0.108 | 0.327 | 0.570 | 0.764 | 0.888 | 0.953 | 0.985|0.997 | 1.000 | 0.998
1 10.0287293 | 0.027459 —0.020{0.072| 0.281 | 0.524 1 0.726 | 0.859 | 0.934 | 0.97210.991 | 0.998 | 1.000
X, Fy A, Fy correlation matrix

0 | —0.150466 | 0.0144033 1.000 |0.925|0.749]0.552|0.377(0.239 | 0.140 | 0.072 | 0.027 | —=0.003 | —0.023
0.11 —0.135916 |0.0119914 0.925 | 1.000|0.941 | 0.807 | 0.647 | 0.494 | 0.364 | 0.263 | 0.187 | 0.130 | 0.087
02| —0.123034 | 0.0114497 0.749 {0.941]1.000|0.956 | 0.851|0.721{0.596 | 0.488 | 0.401 | 0.331 | 0.276
03] —=0.111365 10.0119456 0.552 | 0.807]0.956 | 1.000 | 0.966 | 0.885| 0.789 | 0.696 | 0.615 | 0.547 | 0.492
04| —0.100606 | 0.0132415 0.377 10.647(0.851[0.966|1.000|0.975]|0.918|0.852|0.788 | 0.732 | 0.684
0.5 —=0.0905481 | 0.0152892 0.239 |0.494|0.721 | 0.885{0.975 | 1.000 | 0.983 | 0.946 | 0.904 | 0.862 | 0.824
0.6 | —0.0810413 | 0.0180286 0.140 |0.364|0.596|0.78910.918 | 0.983 | 1.000 | 0.989 [ 0.966 | 0.939 | 0.913
0.7| =0.071976 | 0.0213636 0.072 |0.263]0.488 | 0.696 | 0.852 | 0.946 | 0.989 | 1.000 | 0.993 | 0.979 | 0.962
0.8 —0.0632697 | 0.0251904 0.027 |0.187]0.401|0.615|0.788 | 0.904 | 0.966 | 0.993 | 1.000 | 0.996 | 0.987
0.9 —0.0548596 | 0.0294171 —0.003|0.130|0.331 | 0.547 | 0.732] 0.862 | 0.9390.979 1 0.996 | 1.000 | 0.997
1 | —=0.0466964 | 0.0339692 \ —0.023 | 0.087 | 0.276 | 0.492 | 0.684 | 0.824 | 0.913 | 0.962 | 0.987 | 0.997 | 1.000
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4. Results for F,(x,) and Fy(x,) of the D; meson

1.000
0.959
0.862
0.725
0.537
0.338
0.186
0.091
0.034
0.001
—-0.020

1.000
0.933
0.886
0.898
0.782
0.543
0.379
0.288
0.236
0.205
0.184

0.959
1.000
0.966
0.861
0.664
0.423
0.224
0.091
0.006
—0.048
—-0.084

0.933
1.000
0.989
0.935
0.667
0.317
0.107
—-0.004
—0.066
—0.103
-0.127

0.862
0.966
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0.957
0.802
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0.357
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0.105
0.037
-0.010

0.886
0.989
1.000
0.955
0.679
0.314
0.093
-0.024
—0.090
—0.130
—0.157

F 4 correlation matrix

0.725
0.861
0.957
1.000
0.937
0.768
0.583
0.437
0.334
0.261
0.208

0.537
0.664
0.802
0.937
1.000
0.942
0.824
0.713
0.626
0.561
0.512

0.338
0.423
0.569
0.768
0.942
1.000
0.966
0.906
0.848
0.802
0.764

0.186
0.224
0.357
0.583
0.824
0.966
1.000
0.984
0.956
0.928
0.903

0.091
0.091
0.206
0.437
0.713
0.906
0.984
1.000
0.993
0.979
0.965

Fycorrelation matrix

0.898
0.935
0.955
1.000
0.862
0.571
0.369
0.255
0.188
0.147
0.119

0.782
0.667
0.679
0.862
1.000
0.908
0.787
0.707
0.656
0.623
0.600

0.543
0.317
0.314
0.571
0.908
1.000
0.973
0.938
0.912
0.893
0.879

0.379
0.107
0.093
0.369
0.787
0.973
1.000
0.993
0.982
0.972
0.965

0.288
—0.004
-0.024

0.255

0.707

0.938

0.993

1.000

0.998

0.993

0.990

0.034
0.006
0.105
0.334
0.626
0.848
0.956
0.993
1.000
0.996
0.989

0.001
—0.048
0.037
0.261
0.561
0.802
0.928
0.979
0.996
1.000
0.998

0.236

—0.066
—0.090

0.188
0.656
0.912
0.982
0.998
1.000
0.999
0.997

0.205
—-0.103
—-0.130

0.147

0.623

0.893

0.972

0.993

0.999

1.000
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APPENDIX E: CORRELATION MATRICES OF THE COEFFICIENTS €%, AND DY,

X, Fy Ap,
0 | 0.09307 |0.00598514
0.1]0.0849608 | 0.00486963
0.210.0776688 | 0.00422644
0.3]0.0709899 | 0.00389515
0.410.0647833 | 0.00400167
0.5]0.0589483 | 0.00469896
0.6]0.0534115|0.00595597
0.7]0.0481175]0.00763605
0.810.0430239 | 0.00962076
0.910.0380979| 0.0118319
1 10.0333133| 0.0142191
X, Fy Ap,
0| —-0.120018 | 0.0155225
0.1] —0.0989568 | 0.0117214
0.2] —0.0824261 [0.00951697
0.3] —0.0684115 |0.00783577
0.4 —-0.05594 [0.00806476
0.5| —0.0444834 | 0.0110619
0.6] —-0.03373 | 0.0158477
0.7| —0.0234841 | 0.0215682
0.8] —0.0136163 | 0.0278383
0.9]-0.00403801| 0.0344741
1 | 0.00531392 | 0.0413737
(i) Pion

C% = 0.0104 £ 0.0026

Cy, = 0.0233 £0.0021

D% = 0.00035 £ 0.00057
D}, = —0.00026 £ 0.00027

cr % D; D},
x| 1.000 0323 | —0419 | —0.185
cr | 0323 1000 | —0.444 | 0570
T | -0419 | 0444 | 1.000 0.523
7| =085 | -0.570 | 0.523 1.000
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(i) Kaon

(iii) D-meson (linear)

(iv) D-meson (pole)

(v) Dg-meson (linear)

(vi) Dy-meson (pole)

CK = 0.0370 + 0.0088
CK = 0.1244 + 0.0096
DK = —0.0012 4 0.0074
DK =—-0.02+0.01

Ch =0.1090 + 0.0087
Ch =-0.148 £ 0.014
DR = -0.10 £ 0.03
DY =0.123 £ 0.041

CR =0.1115 £ 0.0088
Ch = -0.153 £0.015
DP? =13+04

DD =123 +0.44

Cl =0.0923 4 0.0058
Ch = -0.116+£0.014
DY = -0.071 £0.013
DY =0.160 4 0.029

CY =0.094 + 0.006
Ch = —0.124 £ 0.015
DY =1.0740.19

DY =2.64+0.24

ck ¢k Dk D
ck 1000 0.027 —0.673 0.067
ck | 0027 1000 0032 -0.714
DX | —0.673 0.032 1.000 —0.193
DE | 0067 —0.714 -0.193 1.000
cx cy DR Dy
ch 1.000  —0.234 —-0.557 0217
Ch | —0234 1.000 0.143 —0.580
D? | -0.557 0.143  1.000 —0.209
D2 | 0217 =080 —0.209 1.000
& S AR S
ch 1000 —0.259 0346  0.199
CP | —0259 1.000 —0.105 -0.383
D? | 0346 —0.105 1.000 0.173
D2 | 0199 0383 0.173  1.000
cy ¢y DYy Dy
ch: 1.000 —0.454 —0.745 0.544
C) | —0454 1.000 0474 —0.900
DY | —0745 0474 1000 -0.721
Dy 0.544  -0.900 —0.721 1.000
¢ G Dby Dy
oy 1.000  —0.444 0546 0477
COr | —0.444  1.000  —0.335 —0.373
P | 0546 —0.335  1.000  0.681
Oyt | 0477 —0.373  0.681  1.000
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