WALL DIVISORS AND ALGEBRAICALLY COISOTROPIC SUBVARIETIES OF
IRREDUCIBLE HOLOMORPHIC SYMPLECTIC MANIFOLDS
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ABsTRACT. Rational curves on Hilbert schemes of points on K3 surfaces and generalised Kummer
manifolds are constructed by using Brill-Noether theory on nodal curves on the underlying surface.
It turns out that all wall divisors can be obtained, up to isometry, as dual divisors to such rational
curves. The locus covered by the rational curves is then described, thus exhibiting algebraically
coisotropic subvarieties. This provides strong evidence for a conjecture by Voisin concerning the
Chow ring of irreducible holomorphic symplectic manifolds. Some general results concerning the
birational geometry of irreducible holomorphic symplectic manifolds are also proved, such as a non-
projective contractibility criterion for wall divisors.

0. INTRODUCTION

Rational curves play a pivotal role in the study of the birational geometry and the Chow ring
of algebraic varieties. The present paper concerns a specific class of varieties, namely, irreducible
holomorphic symplectic (IHS) manifolds and, more precisely, Hilbert schemes of points on K3 surfaces
and generalised Kummer manifolds (cf. §1), and is focused on some special rational curves arising
from the Brill-Noether theory of normalisations of curves lying on K3 and abelian surfaces. In order
to treat the two cases simultaneously, we introduce the following notation: we set € = 0 (respectively,
e = 1) when S is a K3 (resp., abelian) surface, and we denote by St[-k] the Hilbert scheme of k points
on S when € = 0 and the 2k-dimensional generalised Kummer variety on S when € = 1.

In the last few years, some classical results concerning (—2)-curves on K3 surfaces have been
generalised to higher dimension and in particular it was shown that rational curves fully control the
birational geometry of THS manifolds. More precisely, Ran [Ra| proved that extremal rational curves
can be deformed together with the ambient THS manifold, and this was exploited by Bayer, Hassett
and Tschinkel [BHT] in order to determine the structure of the ample cone. The same result was
independently obtained by the third named author [Mol] using intrinsic properties of IHS manifolds
and a deformation invariant class of divisors, the so-called wall divisors (cf. Definition 2.2), which
contains all divisors dual to extremal rays. This class of divisors was also studied by Amerik and
Verbitsky [AV], who investigated fibres of extremal contractions. Indeed, the MBM classes in [AV]
turn out to be precisely the dual curve classes to wall divisors, cf. Remark 2.4.

By results of Bayer and Macri [BM1, BM2| and Yoshioka [Yo3], moduli spaces of stable objects
in the bounded derived category of a K3 or abelian surface S provide examples of deformations of

Syf] and the space of stability conditions can be used towards computing their ample cones.

In this paper we use Brill-Noether theory of nodal curves on abelian and K3 surfaces in order to
exhibit rational curves in Sg[k] and describe, in many cases, the locus they cover. Our construction
proceeds as follows. Let (S, L) be a general primitively polarized K3 or abelian surface of genus
p := po(L) and let C € |L| be a d-nodal curve whose normalization C has a linear series of type
g,i 4.~ Existence of a family of such curves having the expected dimension (and satisfying certain
additional properties) has been proved in [CK, KLM] under suitable conditions on the triple (p, k, ),

cf. Theorem 3.1. Any pencil of degree k + € on C defines a rational curve in Syc], whose class is

Rp,6,k ::L—(p—(s—i-k—l—i-é“)tk,
1
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in terms of the canonical decomposition Nl(SyC]) ~ Ni(S) @ Zlvg), cf. (8) and Lemma 3.3. In
particular, its Beauville-Bogomolov square is easily computed to be
(p—56+k—1+¢)?

20k —14+2) 7

cf. (18). An important additional feature of the rational curves obtained in this way is that they

q(Rpsk) =2(p—1) -

move in a family of dimension precisely 2k — 2 in Syﬁ] and thus survive in all small deformations of
S’yf] that keep R, s algebraic.

We prove the following result concerning the dual (in the sense of the lattice duality induced by
the Beauville-Bogomolov form) divisor D,, 5 to the class Ry .

Theorem 0.1. (c¢f. Theorem 4.1) The divisor Dy s, is a wall divisor if and only if ¢(Rps5x) < 0.

Wall divisors will be introduced in Section 2; a rough idea of them is that they determine the
structure of the ample cone of S!"’] and they are related also to birational transformations of !“].
By comparison with [BM2, Yo3|, we show that for every isometry orbit of wall divisors there exist
p,6 and k such that D5 is an element of that orbit, cf. Proposition 4.6. This is rather striking,
as it shows that the birational geometry of Sg[k} and its deformations can be recovered from classical
Brill-Noether theory of curves on the underlying surfaces, at least when the monodromy group is
maximal. By work of Bayer, Macri and Yoshioka [BM2, Yo3|, these divisors are associated to walls
in the manifold of Bridgeland stability conditions, but there was no reason to believe that they could
be constructed by classical means, even up to deformation. We mention that some wall divisors have
also been recently constructed by Hassett and Tschinkel [HT3|, using a different approach.

Under opportune assumptions on the number of nodes (small with respect to the arithmetic genus),
we explicitly construct the locus in S covered by our rational curves of class R, s,. When D) s
is a wall divisor this locus may be described abstractly using only lattice theoretic properties, as in
[BM1, Yo3| and in the more recent [HT3]. However, our constructions only rely on the definition of
our curves of class I, s and are thus very concrete.

The first type of construction goes as follows. Let M be the component of the moduli space of
(Gieseker) L-stable torsion free sheaves on .S with Mukai vector v = (2, ¢1(L), x+2(e—1)) (cf. Remark
1.4 for the definition) containing the Lazarsfeld-Mukai bundle associated with the pushforward to a

d-nodal curve in S of a g,i% on its normalization. As soonas x :=p—90—k+3 —5e > 20+ 2, we

construct a variety P — M x S which is generically a projective bundle. The fibre of P over a
point ([€],7) € M x SV is the projectivization of the space of global sections of € vanishing along

7. We then define a rational map g : P --» Syf] and denote by T the closure of the image of g,
which is an irreducible component of the locus covered by curves of class R, s5x. We show that g is
birational, thus obtaining the following:

Theorem 0.2. (c¢f. Theorem 6.1) Let (S, L) be a very general primitively polarized K3 or abelian
surface of genus p>2. Let k> 2 and 0 < 0 < p — ¢ be integers such that

max{20 +2,4e} < x:=p—90—k+3—-5e<d+k+1.

Then, there is a subscheme T C Sik] birational to a PX~2°~1 pundle on a holomorphic symplectic
manifold W of dimension 2(k + 1+ 26 — x). Furthermore, the lines contained in any fibre of the
rational projection T’ --» W have class Ry, s k.

When ¢(R,s5%) < 0 and hence the dual divisor D5 is a wall divisor by Theorem 0.1, the
contractibility of 1" can be studied by means of Theorem 0.5 below.

In the case where 6 = 0 and R, 51 has the minimal possible Beauville-Bogomolov square, namely,
—(k+3 —2¢)/2, we use Theorem 0.2 in order to construct a Lagrangian k-plane P* C S such that
Ry, 51 is the class of its lines, cf. Example 6.5 and Proposition 6.6. This agrees with Bakker’s result

[Ba, Thm. 3| stating that, in the case ¢ = 0, a primitive class generating an extremal ray is the
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line in a Lagrangian k-plane if and only if its square is —(k + 3)/2, and suggests that the analogous
statement should hold for € = 1. Note that very few examples of Lagrangian planes are explicitly
described in the literature, cf. [Ba, Ex. 8,9, 10].

Our rational curves have applications to the Chow ring of IHS manifolds, too. In the recent paper
[Vo], Voisin stated the following:

Conjecture 0.3. (¢f. [Vo, Conj. 0.4]) Let X be a projective IHS manifold of dimension 2k and
let Sy (X)) be the set of points in X whose orbit under rational equivalence has dimension at least r.
Then S, (X) has dimension 2k — .

The above sets S, (X) are countable unions of closed algebraic subsets of X and endow the Chow
group CHy(X) of O-cycles with a filtration Se which is conjecturally connected with the Bloch-
Beilinson filtration and its splitting predicted by Beauville [Be2]. The question about non-emptiness
of S;(X) is still open and related to the existence problem for algebraically coisotropic subvarieties
of X. If X has dimension 2k and o is its symplectic form, a subvariety Y C X of codimension r is
algebraically coisotropic if there exist a (2k —2r)-dimensional variety B and a surjective rational map
Y --» B such that o|y is the pullback of a two-form on B. The subvarieties T C Sy‘:] of Theorem
0.2 are algebraically coisotropic by construction and they are components of ST(SE[M) of dimension
2k — r, with r := x — 20 — 1 (cf. Corollary 6.2). Starting from 7" and then applying the natural

rational map SFtel x SU=K __5 Sli+el one obtains a component of ST(Sg]) for any [ > k. We use this

observation in Theorem 6.3 in order to construct components of ST(S,;L’C]), with £ fixed, for several
values of 7.

Our second construction of uniruled subvarieties of Sg[k] is obtained by considering the Severi
variety Viry s parametrizing curves with precisely ¢ nodes in the continuous system {L} (which is
the linear system |L| up to translations) with ¢ big enough. In particular, the assumptions on § are
set to ensure that the normalization C of any curve in Vi1y s has a linear series of type g,i +o» Where
k > 2 is a fixed integer. For any integer k' satisfying suitable conditions, the surjectivity of the
Abel map Sym**¢(C) — Pic¥*+¢(C) yields that a general line bundle in Pic**¢(C) is non-special
and hence the symmetric product Sym* *t¢(C) is generically a P"-bundle over Pic* 7¢(C), where
r:=k'+e—p+4. By varying § and k' satisfying r = k' +¢ — p+ §, we exhibit (2k — r)-dimensional
components of ST(S&}) for any r, except r = k when € = 1. More precisely, we prove the following:
Theorem 0.4. (c¢f. Theorem 6.4) Let (S, L) be a general primitively polarized K3 or abelian surface
of genus p > 2 and fix an integer k > 2. Then for any integer r such that 1 < r < k — ¢, and any
integer k' such that r + ¢ < k' < min{k,p +r — €}, the set ST(S&}) has an irreducible component
Wi satisfying the following:

(i) dim Wr,k’ =2k — r;
(ii) Wik is birational to a P"-bundle and hence algebraically coisotropic;
(iii) the class of the lines in the P"-fibres is L — [2(K' + &) — r — 1]ty
(iv) the mazimal rational quotient of the desingularization of W, i has dimension 2(k —r).

Point (iv) positively answers, in the case of SEW, a question by Charles and Pacienza (cf. [CP,

Question 1.2]) concerning existence of subvarieties of an THS manifold whose maximal rational quo-
tients have the minimal possible dimension.

For ¢ = 0, examples of (2k — r)-dimensional components of ST(S@) for any r were already
provided in [Vo, §4.1 Ex. 1 and Lemma 4.3] by considering fibres of the Hilbert-Chow morphism
w2 S — Symk(S ). However, our components W, s are not contained in the exceptional locus of
w and are covered by rational curves whose classes are often ample, and thus provide much stronger
evidence for Conjecture 0.3.

In developing techniques towards proving the above theorems, we obtain some general results on
IHS manifolds. First of all, in Proposition 2.13 we provide a criterion to tell whether a deformation



4 ANDREAS LEOPOLD KNUTSEN, MARGHERITA LELLI-CHIESA, AND GIOVANNI MONGARDI
k] . . . 1k . .

of M is isomorphic to S for some surface S’. This appears to be related to ideas from [Ad| and
[MW]. Secondly, we prove that wall divisors can be contracted under general assumptions:

Theorem 0.5. (c¢f. Theorem 2.5) Let X be a projective IHS manifold and let D be a wall divisor
on X. Then one of the following holds:

o There exists a curve R dual to D such that rational curves of class R cover a divisor in X
and o birational map X --+Y contracting R. Moreover Y 1is singular symplectic.

e For a general deformation (X', D) of (X, D), there is a birational map X' --» X" with X"
IHS and a contraction X" — 'Y that contracts all curves dual to D'.

In the first item of the theorem, R is a negative curve covering a divisor F, hence running a
minimal model for Kx + E will contract R at some step. The second item only holds for general
deformations because we must remove the closed locus inside the deformation space of pairs (X, R)
where the deformation of R is not in the boundary of the Mori cone. Notice that the second item,
which states contractibility after a deformation and a birational map, also applies when the locus
covered by R is not divisorial, while the first item is stronger in the divisorial case.

This result holds in particular for general non-projective deformations of (X, D), where a proof of
the contraction theorem was, as yet, unavailable.

The paper is organized as follows. Section 1 contains background material concerning IHS mani-
folds and in particular varieties of the form Slk]. In Section 2 we recall known results on the birational
geometry of THS manifolds and use them to prove Theorem 0.5. We then specialize to deformations
of S™ and prove that —(k 4+ 3 — 2¢)/2 is a lower bound for the self-intersection of a primitive gen-
erator of an extremal ray of the Mori cone, cf. Proposition 2.11; the result is new for ¢ = 1, while it
had already appeared in [BHT, Mol] for € = 0.

Section 3 summarises the results from [CK, KLM] concerning the Brill-Noether theory of nodal
curves on symplectic surfaces. Classes R, are computed. Proposition 3.6 proves the existence of
a family of rational curves of class R, s having the expected dimension and surviving in any small
deformation of Sg[k] that keeps the class algebraic. In Section 4 we prove Theorem 0.1 and exhibit a
collection of wall divisors that we later show to be essentially “complete” in Proposition 4.6.

Section 5 proves several results concerning vector bundle techniques associated with nodal curves,
which are essential in the proof of Theorem 0.2. We believe that these results are of independent
interest, due to the recent activity in the study of nodal curves on K3 and abelian surfaces. In
particular, Proposition 5.3 extends a result by Pareschi [Pa, Lemma 2| to possibly nodal curves on
symplectic surfaces; Proposition 5.5 and Lemma 5.6 describe properties of general (stable) sheaves.

The main results Theorems 0.2, and 0.4 are finally proved in Section 6.

Note. After this paper was completed, a paper by H. Y. Lin [Li] appeared on the arXiv, where
the author also constructs components of the locus S, for generalised Kummer manifolds. Our
constructions are different from Lin’s and the spirit of the two papers is quite distant.
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1. GENERALITIES ON IHS MANIFOLDS

A compact Kéhler manifold X is called hyperkdhler or irreducible holomorphic symplectic (IHS) if
it is simply connected and H%(Q%) is generated by a symplectic form.
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The symplectic form implies the existence of a canonical quadratic form ¢( ) on H?(X,Z), called the
Beauwville-Bogomolov form, and of a constant ¢, the Fujiki constant, such that for every o € H2(X,Z)
one has:

(1) a@)" = c- o,

where dim(X) = 2n. We will denote by b(, ) the bilinear form associated with ¢. This endows
H?(X,7) with the structure of a lattice of signature (3,b2(X) — 3) and provides an embedding of
Hy(X,Z) in H*(X,Q) as the usual lattice embedding LY < L ® Q. For any D € H?(X,Z) denote
by div(D) the positive generator of the ideal b(D, H?(X,Z)); then the elements D/ div(D), with D
running among all primitive elements in H?(X,7Z), generate Hy(X,Z). The quadratic form and the
symplectic form also allow to define a period domain for IHS manifolds, much as in the case of K3
surfaces, as follows. For any lattice L, one defines the period domain

QL :={w € P(L®C)|qg(w) =0, b(w,w) > 0}.

Any isometry f : H?(X,Z) — L is called a marking and there is a natural map, the period map
P, sending a marked THS manifold (X, f) to P(X, f) := [f(ox)] € Qr, where ox is any symplectic
form on X. Let My, be the moduli space of deformation equivalent marked IHS manifolds with H?
isometric to L. The period map P : My — € is surjective [Hul, Thm. 8.1] and it is a local
isomorphism [Bel, Thm. 5.

There are singular analogues of THS manifolds, called symplectic varieties. A compact normal
variety X is symplectic if it has a unique (up to scalars) nondegenerate symplectic form on its
smooth locus and a resolution of singularities 7 : X — X such that the pullback of this form is
everywhere defined, but possibly degenerate and X is simply connected. (Note that these conditions
do not depend on the choice of X ). Therefore, if the pullback of the two-form is nondegenerate, X
is IHS and we say that 7 is a symplectic resolution. Symplectic varieties share many properties with
IHS manifolds, especially when they admit a symplectic resolution. In this case it is indeed possible
to define a quadratic form on their second cohomology group and the following results hold.

Theorem 1.1. (Namikawa [Na, Thm. 22]) Let 7 : X — X be a symplectic resolution of a
projective symplectic variety X. Then the Kuranishi spaces Def(X) and Def(X) are both smooth

and of the same dimension. There ezists a natural map m : Def(X) — Def(X) that is a finite
covering. Moreover, X has a flat deformation to an IHS manifold. Any smoothing of X is an IHS

manifold obtained as a flat deformation of X.

The following results deals with the space of locally trivial deformations, which are deformations
of the manifold that do not change its topological structure, that is, they preserve singularities.

Theorem 1.2. (Kirchner) Let X be a normal symplectic variety admitting a symplectic resolution
of singularities and such that codim(Sing X') > 4. Let Def(X )y denote the Kuranishi space of locally
trivial deformations of X. Then there is a well defined period map P : Def(X)y — Qu, where
L ~ H?(X,7Z), having generically injective tangent map.

Proof. Locally trivial deformations are parametrized by a locally closed subset of Def(X). The latter
is smooth by Theorem 1.1. As Def(X )y might not be smooth for some X, we can suppose that
Def(X);; is smooth after replacing X with a small locally trivial deformation. Therefore, [Ki, Cor.
3.4.2] applies and first order locally trivial deformations are parametrised by H'(X \ Sing X, Q%) ~
HYY(X), where HY(X) is the pure algebraic part of the mixed Hodge structure on H?(X). Now
[Ki, Thm. 3.4.4] provides the period map from H'(X \ Sing X, Q%) with injective tangent map as
stated above. O

Remark 1.3. Keep notation as in Theorem 1.2, and let Ry,..., R; be the curve classes that span
the classes of curves contracted by the resolution of singularities X — X. Then, the proof of the

theorem implies that first order locally trivial deformations of X are parametrised by H!'(X) N
(R1,...,R))*t ~ HY(X).
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Very few examples of IHS manifolds are known. The present paper will focus on the two infinite
families of examples introduced by Beauville [Bel|, namely, Hilbert schemes of points on K3 surfaces
and generalised Kummer manifolds. Let S be a K3 or abelian surface. Throughout the paper we
will let

) fmegim {1 if S is abelian,

0 if Sis K3.

It was proved by Beauville [Bel] that the Hilbert scheme S¥+¢l of 0-dimensional subschemes of S
of length k + ¢ , where k > 2, inherits a symplectic form from S and is smooth. This uses in an
essential way general results on Hilbert schemes of surfaces proven by Fogarty [Fo|. When S is K3,
it is simply connected and thus an IHS manifold of dimension 2k. When S is abelian, S¥+1 is
not simply connected, but any fibre of the Albanese map ¥, : SFH — Alb Sk ~ S ig a 2k-
dimensional IHS manifold K*(S), which is called a generalised Kummer manifold. We recall that
¥ is the composition of the Hilbert-Chow morphism sy, : S¥+el — Sym*+¢(S) and the summation
map + : Sym e(S) — S,
In order to handle the two families simultaneously, we set
3) Sl = K*(9) %f e=1 (%.e., S %s abelian),
Slk] ife=0 (ie., Sis K3).
Note that dim S = 2k in both cases, even though S’yf] G Sk+1] By abuse of notation, in the latter

case we will still use the same symbol ui and the same name for the restriction of the Hilbert-Chow

morphism to SW .

There are natural embeddings
(4) NS(S) < Pic(SH),
(5) Ni(S) = Ni(SH).

Here N; denotes the group generated by classes of integral curves. The former is given by associating
with the class of a prime divisor D in S the divisor

(6) {Z € S | Supp(Z) N D # (Z)}

and the latter is given by fixing a set of general points {x1,...,Zkr.—1} C S and associating with
the class of an effective curve C' C S the class of the curve

{Z € SM a1 € Supp(Z2) N C, {1, @pse 1} C SUPP(Z)} :

The exceptional divisor Ay of the Hilbert-Chow morphism py, has class 2ex and one has an orthogonal
decomposition with respect to b(, ):

H2(S€[k]v Z) = HQ(Sv Z) DL Z[ek]a
such that b(, ) restricts to the usual cup product on S and ¢(ex) = —2(k — 1 + 2¢). The above
isometry restricts to the embedding (4) on the algebraic part, whence

(7) Pic(SM) ~ NS(S) & Z[ex].

Under the embedding Hg(Syf], 7Z) — HQ(SEW,@) given by lattice duality, HQ(SEW,Z) is generated by
H?(S,7Z) and vy := ¢,/2(k — 1 + 2¢). Here v is the class of a general rational curve lying in the
exceptional divisor Ay of the Hilbert-Chow morphism, that is, v is the inverse image under pi of a
cycle in Sym**¢(S) supported at precisely k — 1 + ¢ points. Hence, div(ey) = 2(k — 1 + 2¢) and

(8) N1 (S ~ N1 (S) & Z[ex).

3
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Any smooth Kihler deformation of Sg[k] is called a manifold of Kummer type if ¢ = 1 and of K3[¥
type if € = 0.

Remark 1.4. The manifold Sg[k] can also be defined by means of moduli spaces of stable sheaves on

the underlying surface. There is a natural map Coh(S) — H?*(S,Z) sending a sheaf F to its Mukai
vector

9) v(F) := ch(F)\/td(S) = (rk F, c1(F), x(F) + (¢ — 1)tk F).

We recall that the Mukai vector of a sheaf F on a symplectic surface S is the discrete invariant that
one has to fix when constructing moduli spaces of stable sheaves; it is defined as

v(F) := (rk(F), c1(F), x(F) + tk(F)(e — 1)) € H*(S,Z) ® H*(S,Z) ® H*(S, 7).

In order to construct a moduli space of sheaves, one needs also a choice of a polarization L and,
for most choices of primitive v (see [Yol, Thm. 0.1]), a general ample L gives a smooth irreducible
moduli space M(v) of Gieseker L-stable torsion free sheaves with Mukai vector v. Moreover, the
fibre of M(v) under the Albanese map is deformation equivalent to S

If v := (1,0,1 — 2 — k), every element [F] € M(v) can be written as F = Hy ® Iz with
Hy € Pic’(S) and [Z] € SIF+<l. Hence, one has M(v) ~ S in the K3 case, while in the abelian
case K¥(S9) is the fibre over 0 of the Albanese map of M(v), cf. [Yo2, Thm. 0.1].

For k > 2, we have a canonical Hodge isometry
H2(SM 7) ~ H*(S,Z) & Zley] ~ vt € H¥(S,Z) = A := U @ Eg(—1)%22,
such that ey is sent to (1,0,k — 1 + 2¢) and the second cohomology of S is sent back to itself, cf.
[Yo2, Thm. 0.2]. In particular, one has

v+ e v — e
A - cA
p chad oo €

(10)

2. BIRATIONAL GEOMETRY AND WALL DIVISORS OF IHS MANIFOLDS

Having trivial canonical bundle, IHS manifolds are minimal in the sense of MMP. Therefore, maps
between IS manifolds are rather rigid, as the following shows:

Proposition 2.1. Let X and X' be two IHS manifolds and let f : X --+ X' be a birational map.
Then the following hold:

(i) The manifolds X and X' are deformation equivalent and H?*(X,7) ~ H?*(X',Z) as Hodge
structures.
(ii) The map f has indeterminacy locus of codimension at least 2.
(iii) If X is projective, there exists a kit divisor D such that the map f is a sequence of flips
obtained by running the minimal model program for the pair (X, D).

Proof. Item (i) is the content of [Hul, Thm. 4.6], and (ii) is proved in [Hul, Rem. 4.4] and holds true
for all manifolds with nef canonical divisor. For (iii), any (sufficiently small) multiple of an effective
divisor on a IHS manifold is klt (see |[HT2, Rem. 12|). Therefore, if we take an ample divisor A on
X' and set D = ef*(A), for e << 1, we have a klt pair (X, D). As A is ample and f is well defined
on divisors, D is positive on all curves C such that Locus(R*[C])! is a divisor. Therefore, by running
the MMP for (X, D) we do not encounter any divisorial contraction. As f.D is ample, (X', A) is a
minimal model for (X, D). O

IWe recall that the locus of V C Ny (X) is the closure of the locus in X covered by curves of class lying in V, that
is, Locus(V) :={z eI’ C X : I e V}L
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We remark that a termination of alllog-minimal models for IHS manifolds has recently been proven
in [LP, Thm. 4.1], however we only need that there exists a log-minimal model which terminates.

Being well-defined on divisors, any birational map between two IHS manifolds induces a pullback
map between their second cohomology groups. This allows to define a birational invariant called the
birational Kdhler cone of an IHS manifold X. We recall that the positive cone Cx is the connected
component containing a Kihler class of the cone of positive classes inside H%!(X,R). It contains the
Kdhler cone Kx, which is the cone containing all Kdhler classes. The birational Kahler cone BK x
is the union Uf 'K x/, where f runs through all birational maps between X and any IHS manifold
X', If X is projective, then the closure of the algebraic part of the birational Kéhler cone is just
the movable cone, that is, the closure of the cone of divisors whose linear systems have no divisorial
base components.

We recall that an isomorphism H?(X,Z) = H%(Y, Z), where X and Y are two IHS manifolds,
is called a parallel transport operator if it is induced by the parallel transport in the local system
Rr.7 along a path of smooth deformations 7 : X — D over a disc D such that X and Y are two
fibres. The group of parallel self-operators is called the monodromy group and denoted Mon?(X).

Definition 2.2. ([Mol, Def. 1.2|) Let X be an IHS manifold and let D be a divisor on X. Then D
is called a wall divisor if (D) < 0 and f(D)* NBKx = 0 for all Hodge isometries f € Mon?(X).
The set of wall divisors on X is denoted by Wx.

The ample cone is one of the connected components of Cx — Upewy D+, which was proven in
[Mol, Prop. 1.5]. Indeed, wall divisors are closely related to extremal rays of the Mori cone, as was
analyzed independently in [BHT| and [Mol|. In particular, dual divisors to generators of rational
extremal rays of negative square are wall divisors by [Mol, Lemma 1.4]. Notice that the extremal
rays needed to determine the Kéahler cone are indeed rational since the part of the Mori cone of
curves of negative square is locally a finite rational polyhedron [HT2, Cor. 18]. The analogy runs
deeper:

Proposition 2.3. Let D be a divisor and let R be the primitive class D/div(D) € Hy(X,Z) C
H?*(X,Q). Then D is a wall divisor if and only if there exists a Hodge isometry f € Mon?(X) such
that f(R) generates an extremal ray of the Mori cone on some IHS manifold X' birational to X.

Proof. Let D be a wall divisor. As ¢(D) < 0, we have D+ N Cx # 0. Therefore, if X is projective,
there is a Hodge isometry f € Mon?(X) such that f(D)* NBKx # () by [Ma, Thm. 6.18 (2)]. If X
is not projective, the same result is a direct consequence of [Hul, Cor. 5.2 and Rem. 5.4], where the
cycle T' in the mentioned results is of parallel transport and acts as a Hodge isometry on H?(X,Z).
By definition of wall divisor, f(D)* supports a component of the boundary of BKx. Up to taking
a different birational model X’ of X, we can suppose f(D)* NKx # (. As (D) < 0, there exists
a divisor B € Cx such that D pairs negatively with B. As B is big and the B negative part of
the ample cone is locally rationally polyhedral by [HT2, Prop. 13], we can also suppose that f(D)*
supports a face of this cone (again, if needed, by changing birational model). This implies that R is
an extremal ray.

The converse is the content of [Mol, Lemma 1.4| (see also [BHT, Prop. 3]). O

Remark 2.4. The above result is also implied by [BHT, Cor. 6] and can be used in order to give an
equivalent definition of wall divisors, i.e., divisors dual to extremal rays up to the action of parallel
transport Hodge isometries. In other words, the MBM classes defined in [AV] are exactly the classes
of curves dual to wall divisors.

A different characterisation of wall divisors can be given in terms of contractions:

Theorem 2.5. Let R be a primitive rational curve on a projective IHS manifold X such that the
dual divisor D is a wall divisor. Then one the following cases occurs:
(i) Locus(R*[R]) contains a divisor of class a multiple of D. Furthermore, there exists a bira-
tional map f : X --» Y with Y singular symplectic such that f contracts R.
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(ii) For a general small deformation (X, Ry) of (X, R) the locus Locus(RT[Ry]) is not a divisor
and there exists an IHS manifold X[ along with a birational map f; : Xy --» X| and a
morphism X[ — Y; contracting fi(R:).

Proof. Let X” be an THS manifold deformation of X such that the parallel transport R” of R is an
effective rational curve generating the algebraic classes of Ha(X",Z) (cf. [Mol, Thm. 1.3] for the
existence of such an X”). Let D" be the dual divisor to R".

Suppose that Locus(R*[R"]) has codimension one (thus, the same holds for Locus(R™[R]) by
semicontinuity) and let bD” be the class of its closure. As we deform back to X, the divisor bD"
deforms to bD, which is thus effective and is contained in Locus(RT[R]). As D - R < 0, the MMP
for the pair (X, D) yields the existence of a birational map f as in item (i).

Let us suppose now that Locus(RT[R"]) has codimension at least two and show that we fall in
case (ii). Under this assumption X” contains no effective divisor. Then, by the wall and chamber
decomposition of the positive cone given in [Ma, §5], the closure of the birational Kdhler cone of X”
coincides with its positive cone. On the other hand, as the curve R” is effective, the Kéahler cone is
the intersection of the positive cone with the half space of real (1, 1)-classes intersecting R” positively.
By the definition of the birational Kihler cone, this yields the existence of an IHS manifold Z” along
with a birational map X” --» Z”, the indeterminacy locus of which is Locus(R™[R"]). In particular,
the class —R” is effective on Z” as proved in [Hu2, Cor. 2.4]. We now deform X" (hence, also X) to
a projective THS manifold where the class of R” is still effective; this is possible as, by [BHT, Prop.
3], all small deformations of X where D stays of type (1,1) have R or —R effective and projective
deformations are dense. In particular, we can choose a projective deformation X"’ where the parallel
transport of R is effective and extremal; indeed, up to changing birational model, R is an extremal
ray on all deformations (Xo, Ry) belonging to the Zariski open set where Cx, = BKx,. Therefore,
the Contraction Theorem yields a contraction X” — Y and the conclusion follows from the next
lemma. O

Lemma 2.6. Let Z be a projective THS manifold and let R be a curve generating an extremal ray
such that Locus(RT[R]) has codimension at least 2. Let Z — Y be the contraction of this extremal
ray. Then for all small locally trivial deformations Yy of Y there is o symplectic resolution Zy — Yy
contracting exactly Locus(RT[Ry]), where (Z;, Ry) is a small deformation of (Z, R).

Proof. By [Wi, Thm. 1.3|, the singular locus of Y has codimension at least four. Let Y; be a
locally trivial small deformation of Y. Then Y; has the same Beauville-Bogomolov form of that of
Y (and also the same second Betti number) and it has a symplectic resolution Z;, which is a small
deformation of Z by Theorem 1.1. Remark 1.3 ensures that the deformation [Ry] of [R] is algebraic.
As R is extremal, small deformations [R;] of its class are represented by curves R, [BHT, Prop. 3]; the
Rigidity Lemma then implies that R; is contracted by Z; — Y;. By Remark 1.3, ba(Z) = bo(Y) + 1.
Hence, bo(Z:) = ba(Y;) + 1 and the map contracts precisely Locus(RT[Ry]). O

Remark 2.7. The first item of Theorem 2.5 is slightly stronger than [Ma, Prop. 6.1] as it ensures
that exceptional divisors, as defined in [Ma, Def. 5.1|, are contractible, up to birational equivalence.
This should be regarded as the higher dimensional analogue of the contractability of effective divisors
with self-intersection —2 on K3 surfaces. Notice that, when R is reducible, the contraction does not
necessarily have relative Picard rank one. The contraction map f : X --» Y is a composition of flops
and divisorial contractions and therefore is only rational. The second item of the proposition cannot
be strengthened and in particular it might not hold for (X, R). Indeed, one has to take into account
the action of the subgroup Wegze of Mon? generated by the reflections on reduced and irreducible
exceptional divisors. The general deformations in the statement are precisely those manifolds where
Wezc is the identity. Note that this set strictly contains the open set of manifolds with an irreducible
Hodge structure and it is Zariski open as the set of generators of We,. is finite up to the monodromy
action.
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Wall divisors on S can be determined lattice-theoretically using results of Yoshioka [Yo3| and
Bayer and Macri [BM1]. In the following, we use the same notation as in Remark 1.4.

Remark 2.8. In [BM1]| and [Yo3], Bayer, Macri and Yoshioka determine a decomposition of the
space of stability conditions Stab®(S,v) given by walls and chambers. Any stability condition o in
a chamber gives a smooth moduli space M (v, S, o) of stable objects in D*(S) with Mukai vector v,
whereas most conditions lying on a wall give a singular space and conditions on nearby chambers
give its symplectic resolution. (For our purposes, the so-called “fake walls” as in [BM1, Def. 2.20(a)]
do not matter.) Moreover, for every ¢ in a chamber of Stab’(S,v), [BM1, Thm 1.2| gives a map
from StabO(S,v) to the positive part of the movable cone BK s, s,), and every chamber lands
in BKs(v,5,0)- By Proposition 2.3, this implies that all non-fake walls of Stab®(S,v) are dual to
wall divisors and, up to the action of Wey. (defined in Remark 2.7), we obtain all wall divisors of
M (v, S,0) in this way. By Remark 1.4 along with the fact that Gieseker stability lies in Stab®(S, v)
for any v, the ordinary moduli spaces of Gieseker stable sheaves with Mukai vector v is obtained as

M (v, S, o) for a o € Stab®(S,v). In particular, S™ is the Albanese fibre of some M(v, S, o).

Theorem 2.9. Let D be a divisor of S with q(D) <0 and let T C A := H*(S,7Z) be the saturated
lattice generated by v := (1,0,1 —2e — k) and D. Then D is a wall divisor if and only if there is an
s €T such that

(i) 0 <q(s) <b(s,v) < (q(v) +q(s))/2; or,

(i) e =0, g(s) = =2 and 0 < b(s,v) < q(v)/2.

Proof. Remark 2.8 implies that all wall divisors of Syﬁ] correspond to walls in the space Stab®(S, v).

For e = 0 we can thus apply [BM1, Thms. 5.7 and 12.1| with a := s and b := v —s; our inequalities
are equivalent to imposing that both a and b are in the positive cone of T' (cf. [BM1, Def. 5.4]), i.e.,
g(a) > 0 and b(v,a) > 0 and the same for b.

For € = 1 the statement follows from|Yo3, Prop. 1.3]. Indeed, the conditions in [Yo3, Def. 1.2]
can be rephrased by asking that a := s and b := v — s are in the positive cone of T" as before. The
additional condition b(s,v)? > q(v)q(s) in [Yo3, Prop. 1.3] is equivalent to the requirement that T
is indefinite, which is implied by ¢(D) < 0. O

Remark 2.10. A lattice 7" as in the above theorem can contain several elements s satisfying (i)
and (ii), and abstractly isometric lattices can even correspond to different kinds of wall divisors, as
the following example illustrates (cf. also [HT3, Sec. 4|). Let k — 1 + 2¢ = 2rt, where r and t are
relatively prime integers. Let S be a symplectic surface and let M be the moduli space of stable
sheaves with Mukai vector v := (r,0,—t). Let I' € HY'(M,Z) be the image of (r,0,t) under the
natural Hodge isometry H2(M,Z) ~ vt C H?**(S,Z). The saturated lattice generated by v and T" is
isometric to U and contains no elements s such that g(s) = 0 and b(s,v) = 1, unless either r or ¢ are

1. Note that ”;r L and ”;EF satisfy the conditions of the above theorem, and hence I' is a wall divisor.

The lattice U is also associated with the exceptional divisor Ay of Sgd, but in the saturated lattice
generated by v and ey there is an element s such that b(s,v) = 1 and ¢(s) = 0. However, isometric
lattices as in Theorem 2.9 give rise to isometric wall divisors.

Theorem 2.9 enables us to extend to manifolds of Kummer type a result obtained by Bayer, Hassett
and Tschinkel, and independently by the third author, in the case of manifolds of K3 type.

Proposition 2.11. Let R be a primitive generator of an extremal ray of the Mori cone of a manifold
X deformation of S¥. Then q(R) > —(k+3—2¢)/2.

Proof. For € = 0 this is the content of [Mol, Cor. 2.7] or |[BHT, Prop. 2|.
Let € =1 and ¢(R) < 0. Then the dual divisor D to R, namely, R = D/ div(D), is a wall divisor

by Proposition 2.3. As wall divisors are invariant under deformation, we can assume X = SYC] for



WALL DIVISORS AND ALGEBRAICALLY COISOTROPIC SUBVARIETIES OF IHS MANIFOLDS 11

some abelian surface S. Let T,v,s be as in Theorem 2.9. Let a := GCD(q(v),b(s,v)). We have
aD = b(s,v)v — q(v)s and div(D) = g(v)/a. Then we have
¢(D) = (q(v)%a(s) — q(v)b(s,v)?)/a® >
49(v)*q(s) — a(v)’ — a(v)q(s)* — 29(v)%q(s) _ _a(v)® _ (k+1)div(D)
4a? ~ 4a? 2 ’
where we have used the inequality b(s,v) < (¢(v) + ¢(s))/2. O

>

The above statement in the K3 case is part of a conjecture by Hassett and Tschinkel [HT'1, Conj.
1.2|, who predicted that the class R of a primitive 1-cycle in a manifold of K 3[k]—type is effective if
and only if the inequality in Proposition 2.11 holds. Counterexamples to the if part are known, cf.
[BM2, Rem. 10.4] and [CK, Rem. 8.10|. The analogous conjecture for manifolds X of Kummer type
was stated only in the four-dimensional case [HT1, Conj. 1.4|. Proposition 2.11 shows that the only
if part holds independently of the dimension of X; on the other hand, the if part fails as soon as
dim X > 4, as the following example shows.

Example 2.12. Let S be an abelian surface with an order four symplectic group automorphism
. Such an automorphism induces an automorphism ¢ of order four on all the generalised Kum-
mer manifolds arising from S. There exists a primitive non-effective class F' C NS(S) such that
¢(F)=—F and F? = —2, cf. [Fu, Table 15]. This class gives a 1-cycle class in Nl(SEk}) that is
orthogonal to any ¢-invariant ample class (hence, it is not effective) and has square —2. This shows
that the inequality in Proposition 2.11 is not sufficient for the effectivity of a 1-cycle.

We now state a criterion for determining whether a projective manifold of K 30 or Kummer type
is isomorphic to Sgd for some S.

Proposition 2.13. Let X be a projective manifold of K3 or Kummer type. Then X is isomorphic

to Se[k] for some S if and only if there is a birational map f : Sg[k] --» X and f*|D] € e% for some
nef divisor D € NS(X).

Proof. The only if part is trivial and we prove the converse implication.
We first claim that BICS[k

this, the divisor class f*[D] € NS(SEW) lies in the image of (4) and is movable, hence nef. Let us
take an ample class A € Pic(X) and consider the ample class D + sA (for small s). The pullback

1N e,ﬁ = Ks[k] N eé, that is, all movable divisors on eé are nef. Granting

under f of D 4 sA is ample on Sg[k], as this class cannot be e¢g-negative (it stays movable) and the

limit of these classes as s goes to zero is nef. Thus, X ~ Syﬂ by the global Torelli Theorem [Ma,
Thms. 1.2 and 1.3].
It remains to prove the claim. Let FF € Cs[k] be a divisor such that b(E,ex) = 0. In particular, the

class [E] lies in the image of the restriction of (4) to the closure of the positive cone Cg and we will
denote by Eg an effective divisor on S representing its preimage. Let us assume that [E] is not nef.
Any irreducible curve I' C SEUﬂ such that I' - £ < 0 is not contained in Ag. The image of such a I’

under the projection to S of the incidence variety
(11) [ = {(P, 1Z]) e S x SF | P e supp(Z)}

is an effective curve I's C S, whose class is sent to [I'] by (5). Since Eg-I's < 0, the divisor Eg is
not nef. In the abelian case this is impossible and hence [E] is nef and we are done. Let us show
that in the K3 case [E] is not movable. Let R C S be a (—2)-curve such that Es- R < 0 and denote
by Dr € SI¥! the corresponding uniruled divisor defined as in (6). Then b(E, Dg) < 0, whence F is
not movable by [Ma, Prop. 5.6]. O

Remark 2.14. In the above proposition the condition that X is birational to S!“] is equivalent to

asking that there is a parallel transport Hodge isometry between the two manifolds, cf. [Ma, Thm.
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1.3]. If S is K3, there is a topological way of recognizing a parallel transport Hodge isometry, cf.
[Ma, Cor. 9.5]. By the computation of the monodromy group in the Kummer case [Mo2, Thm. 2.3],
it is highly expected that a similar characterisation holds if .S is abelian.

We end this section with a result that will be used in the proof of Theorem 0.2.

Proposition 2.15. Let X be a holomorphic symplectic manifold, i. e., there is an étale cover
X =1lietM; — X, where every M; is either IHS or al)elicm. For every subset J C I, denote by
Fj the image in X of a general fibre of the projection X — Iljc;M;. Let P be a projective variety
along with a morphism q: P — X that is generically a P"-bundle, for an integer r > 1.
Assume that g : P --+ Y s a rational map to an IHS manifold Y such that:

(i) dimY =2r +dim X;
(ii) g is well-defined in codimension one;
(iii) g is injective on general fibres of q;
(iv) for all J # 0, the map g is generically injective when restricted to ¢~ *(Fy);
(v) the image of g is an irreducible component of the locus covered by the rational curves of class

[9(0)], where € is a line in a fibre of q.

Then g is generically finite.

Proof. Our proof consists in showing that the symplectic form on Y pulls back to a non-zero two-
form on P and that this two-form degenerates only along fibres of g. Therefore, the statement will
follow, by contradiction, from assumption (iv).

Let T' denote the closure of the image of g and h : T — T be its desingularization. We consider
the maximal rationally connected fibration 7 : T --+ B of T'. We denote by g : P --» T the rational
map induced by g and assume that a general fibre of g (or, equivalently, of §) has dimension a. As T
is a component of the locus covered by rational curves of class [g(l)] by assumption (v), we can apply
[AV, Thm. 4.4] along with assumption (i) and obtain that a general fibre F’ of 7 has dimension equal
to codimy T = 7 + « and §~!(F) has dimension 7 + 2a. By hypothesis (iii), the locus ¢(§7(F)) is
2a-dimensional.

Let o be a symplectic form on Y. Asin [AV, Pf. of Thm. 4.4], one shows that the form h*(o|r) is
degenerate precisely on the fibres of 7, which are rationally connected and hence have no two-forms.
By definition of g, the two-form g*(or) coincides with g*(h* (o)) where the latter is defined. Since
g*(oyr) is well-defined in codimension one by assumption (ii), it extends to a two-form on P that is
degenerate along g~ '(F). On the other hand, any form on P is the pullback of a form on X and
forms on X can be degenerate only along the F;’s. Therefore, if a > 0, then the closure of (g~ (F))
coincides with Fy for some J C I. However, this contradicts assumption (iv). O

3. CURVES ON SYMPLECTIC SURFACES AND THEIR PENCILS

For a polarized surface (S, L), we denote by {L} the continuous system of L, that is, the con-
nected component of Hilb(S) containing the linear system |L|. If S is a K3 surface, then |L| = {L}.
If S is an abelian surface, then {L} is obtained translating curves in |L| by points of S, whence
dim{L} = dim |L[+2. We denote by V|1 5(S) (respectively, V1) 5(5)) the Severi variety parametriz-
ing irreducible curves in {L} (resp. |L|) with precisely § nodes, and by {L}(%,d (resp. |L]§7d) the
Brill-Noether locus parametrizing those nodal curves C' whose normalization C carries a linear series
of type gcll, that is, a pair (A, V) where A is a line bundle of degree d on C and V is a 2-dimensional

space of global sections of A. We denote by GL(C) the Brill-Noether variety parametrizing all linear
series of type g} on C. It has ezpected dimension max{p(g, 1,d),0}, where g is the genus of C, and
p(g,r,d):=g— (r+1)(g —d+r) is the classical Brill-Noether number.

We also recall that the ramification of a base point free (that is, globally generated) gcll is said
to be simple it the ramification of the induced covering map onto P! is, and a node of C is called
non-neutral with respect to the g(li if its two preimages in C are not identified by the covering map.
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We will make use of the following result (recall the convention (2)):

Theorem 3.1. Let (S, L) be a general polarized K3 or abelian surface of genus p := po(L). Let ¢
and k be integers satisfying 0 < 6 < p — 2¢ and k + ¢ > 2. Then the following hold:

(i) {L}(%J€+€ # 0 if and only if

(12) (52a<p—6—5—(k—1+25)(a+1)>,
where
p—0—¢ |
(13) 4= b(k—l—i—Qa)J’

(il) whenever non-empty, {L}éHE is equidimensional of dimension min{p —6,2(k —1+¢)} and

a general element in each component is an irreducible curve C with normalization C of genus
g :=p— 90 such that dim G} (C) = max{0,p(g,1,k +¢) =2(k —1+¢) — g};

(iii) there is at least one component Ysj . of {L}ﬁ,k% where, for C and C as in (ii), when
g > 2(k —1+¢) (respectively g < 2(k —1+¢)), any (resp. a general) g, on C is base
point free and has simple ramification and all nodes of C are non-neutral with respect to it.
Furthermore, when S is abelian, for general C' in this component the Brill-Noether variety

Ghy1(C) s reduced.
Proof. This is [KLM, Thm. 1.6] when S is abelian and [CK, Thm. 0.1], combined with [KLM, Rem.

5.6], when S is K3. O
Remark 3.2. (i) The condition (12) is equivalent to
(14) p(p, L, (k+¢e)l+6)+el(l+2) >0 for all integers | > 0.

Indeed, the left hand side of (14) attains its minimum for [ = « as in (13) and (12) is a rewrite of
(14) with | = a.

(ii) The condition (12) is also necessary for the existence of an irreducible curve C € {L} with
partial normalization C of arithmetic genus g := p— ¢ carrying a g,i 1o regardless of its singularities.
This follows from [KLM, Thm. 5.9 and Rem. 5.11| in the abelian case and |[CK, Thm. 3.1] in the
K3 case, by remarking that the proofs go through replacing the normalization of the curve with a
partial normalization, as remarked in [CK, Rem. 3.2(b)]. We will however not use this fact in the

present paper.

Let g be a linear series of type g;_ . on the normalization C of a curve C C S, that is, g = (4,V),
where A is a line bundle of degree k +¢ and V C HY(A) is an (r + 1)-dimensional subspace. If g is
base point free, we have a natural rational map

(15) Lg i PT = P(V) --» Slk+e]

obtained from the composition P(V) C |A| C Sym**¢(C) — Sym**¢(C) c Sym**¢(S), whose image
does not lie in the exceptional locus Ay of the Hilbert-Chow morphism. Thus, g defines a rational
r-fold inside the Hilbert scheme S¥t¢l. In particular, when r = 1, we obtain a rational curve.

When S is an abelian surface, the Albanese map ¥j restricted to the image of ¢4 is constant,
because otherwise we would get a rational subvariety in S. Therefore, up to translating the curve C,
we may assume that (15) lands into the generalised Kummer variety K*(S). Let us now specialise
to the case r = 1, denote by v : C — C the normalization map, and let R¢ .4 C Sgﬂ be the rational
curve image of ¢g, recalling (3). (The same construction can be performed for any linear series on a
partial normalization of C.)

Lemma 3.3. Let C € {L}}; ke be a curve whose normalization possesses a linear series g of type
g,iﬁ with simple ramification and such that oll nodes of C are non-neutral with respect to it.
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Then the class of the rational curve R, g in Hg(Sgk},Z) with respect to the decomposition (8) is
(16) Rp@k =L - (p—5+]€— 1—1—5)‘%
and its dual divisor class is

(p—0+k—1+¢)
2(k — 1+ 2¢)

Proof. In the K3 case, this is [CK, Lemma 2.1]. The proof in the abelian case is similar. O

(17) ‘Dp,(S,k =L — CL,

In particular, one has:
(p—0+k—1+¢)?
2(k — 1+ 2¢)

Observe that, for fixed values of k and p, the minimum in (18), as well as the maximal “slope”
p— 0+ k — 1+ € of the class R, 5, is reached for a curve with the minimal number of nodes.

(18) q(Rpsk) =2(p—1) —

Remark 3.4. Under the same hypotheses as in Lemma 3.3, one may rewrite (16) as

ﬁQ
q(Rpsk) = 2(p +ea(a+2)+e— 1) T o(k—1+20)

with a as in (13),
p:=ppa,(k+e)a+d) and f:=2a+1)(k—1+4+2c)—p+d+e.
In particular, we have —(k — 1+ 2¢) < f < k — 1+ 2¢, and (12), or equivalently (14) with [ = «,
says that p+ea(a+2) > 0. From these inequalities one reobtains the bound from Proposition 2.11:
a(Rpsk) > —w,
with equality if and only if
p=ala+1)(k—1+2)+¢e and d = a(a—1)(k—1+2¢)

(see also [CK, Cor. 3.4]).

Proposition 2.11 yields the following extension of [CK, Cor. 8.6] to Kummer manifolds.

Corollary 3.5. Assume that NS(S) ~ Z[L]. Let n € Z7° and set p := n(n +1)(k — 1+ 2¢) + ¢
and 0 :==n(n—1)(k — 1+ 2¢). Then the rational curves in SH obtained from the component Y5, of

Theorem 8.1 generate extremal rays of Sgd.
We also have:

Proposition 3.6. The rational curves in Syg] obtained from any component of the relative Brill-
Noether variety g,i({L}(%’HE) parametrizing pairs (C,g) such that C € {L}}ik+€ and g is a g, on
the normalization of C' move in a family of rational curves of dimension precisely 2k — 2.

Any small deformation Xy of Xg = Sy{] keeping the class of the rational curves algebraic contains

a (2k — 2)-dimensional family of rational curves that are deformations of the rational curves in Sg[k].

Proof. Any irreducible family of rational curves in Sg[k] containing our family yields, by the incidence
(11), a family of pairs (C,g) with C' € {L} and g a linear series of type g%% on the normalization of
C. By [KLM, Thm. 5.3], the rational curves will therefore move in a family of dimension precisely
2k — 2, which is the expected dimension of any family of rational curves on a (2k)-dimensional THS
manifold [Ra, Cor. 5.1]. Hence, as a consequence of [Ra, Cor. 3.2-3.3], the rational curves will
deform to any X; as in the statement, cf. [BHT, Pf. of Prop. 3|. O
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4. EXAMPLES OF WALL DIVISORS

Let (S, L) be a general abelian or K3 surface, and fix integers p, k and ¢ satisfying all inequalities
in Theorem 3.1, in particular (12). Let R, 5 be as in Lemma 3.3; in particular, its class is given by
(16). Denote by Dy, 5, its dual divisor (class).

Theorem 4.1. The diwvisor Dy s is a wall divisor if and only if (R, 5x) < 0.

Proof. We only need to prove the “if” part. By Proposition 3.6, the family of rational curves with
class Ry 51 has a component of dimension 2k — 2 and deforms in all small deformations X; of Sgd
where the class R, s remains algebraic. Let (X, R;) be a very general such deformation. The class

R; spans Ni(X;), hence it is extremal. As it has negative square, its dual is a wall divisor. Since
wall divisors are invariant under deformation, D, s is a wall divisor on Sg[k], too. Il

Remark 4.2. If D, 5, is a wall divisor, we can recover the lattice T" associated with it in Theorem
2.9. Set a := GCD(2k —2+4e,g+k—1+¢),ab:=g+k—1+¢€ and ac := 2k — 2 + 4e. The
saturation of the lattice generated by v and D) s is T := (v, w), where w = g(v —¢)+ L —v. Note
that ¢(w) = 26 — 24 2¢ and b(w,v) = g —k+1— 3e. The element w does not necessarily satisfy the
inequalities (i) or (ii) in Theorem 2.9 for s. However, this occurs in some special cases, e.g., in the

examples below.
Example 4.3. Let p = 2k—2+5¢c and 6 = 0. Then ¢(R,5x) = —# and the lattice T associated

—2+4+2 k—1+2¢ ), cf. Remark 4.2.

with R, s is isometric to ( k1428 2% —92+de

Example 4.4. Let p =2k —2+4+5e —a, a < k—1+2¢, and 6 = 0. Then ¢(R,s%) < 0 and the

—2+4+2¢ k—1+2—a )7 cf. Remark 4.2.

lattice T" associated with R, s is isometric to ( k149 —a 2% —24de

Example 4.5. Let p = 2k — 2+ 5c and 0 < § < *%t25 Then ¢(R,s%) < 0 and the lattice T

26-2+2 k-1+2 ) of. Remark 4.2.

associated with R, 5 is isometric to ( b1t 2%- 2.4 4e

Proposition 4.6. Let k > 2 be an integer and set e = 0 (respectively, e = 1). Letv := (1,0,1—2e—k)
and let s € A = UP* @ Eg(—1)P272¢ be an element satisfying the inequalities (i) or (ii) in Theorem
2.9. Let T = (v,s). Then there exists a primitively polarized K3 (resp. abelian) surface (S,L) of
genus p and an integer 0 < 6 < p — 2e such that p, 0, k satisfy (12) and the following hold:

(a) the divisor Dy s is a wall divisor;

(b) the saturation of the lattice generated by v and Dy sy in A is isometric to T

Proof. As soon as {L}%},HE is non-empty, we obtain that also {L}clﬁ+1,k+s is non-empty, as the
condition (12) is satisfied and Theorem 3.1(i) applies. By a direct computation using the classes
of Dpsr and D, 541k, if the saturation of the lattice generated by D, s and v is isometric to

20 — 2+ 2¢ b
b 2k — 2+ 4e

( 221?6 ” i;i% ), for some b € Z. One readily checks that if inequality (12) is satisfied for a

triple (p, d, k), then it is also satisfied for the triple (p — 1,4, k). Therefore, if (S, L) has genus p and
{L}§ .. is non-empty, then {L'}§, .. is non-empty for every primitively polarized (S, L’) of genus
p — 1 by Theorem 3.1(i). By direct computation again, if the corresponding lattice in the genus p

20 —2+ 2¢ b . . 20 — 2+ 2¢ b—1
i ok — 2+ de ),the lattice in the genus (p—1) case is ( b1 o — 2 1 4 )

These remarks along with Example 4.3 give us all possible isometry classes of lattices T as in the
statement. U

), the saturation of the lattice generated by D, 541 and v is isometric to

case is (

Remark 4.7. As explained in Remark 2.10, the above proposition does not give all wall divisors up
to the monodromy action. However, when & — 1 + 2¢ is a prime power, we have that T" determines
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and is determined by the monodromy orbit of D as all isometries of H 2(&yd) can be extended to
isometries of A fixing v. Hence the above proposition gives a full list of wall divisors up to monodromy
in these cases.

5. LAZARSFELD-MUKAT BUNDLES ASSOCIATED WITH NODAL CURVES

In this section, we will analyze the structure of Lazarsfeld-Mukai bundles associated with linear
series on the normalization of a nodal curve, with the aim of using their moduli spaces to produce
interesting subvarieties of THS manifolds in the next section. The main result of this section is
Proposition 5.5, which characterizes the cohomology of Lazarsfeld-Mukai bundles twisted by ideal
sheaves of points. B

Let C be a nodal curve on an abelian or K3 surface S such that its normalization C' possesses a
complete g,i%, that is, a globally generated line bundle A of degree k + ¢ such that h°(A4) = 2. We
denote by v : C — C the normalization map, and by N the 0-dimensional subscheme of the nodes
of C. By standard facts (cf., e.g., [FKP, Prop. 3.2]), v« A is a torsion free sheaf of rank one on C
that fails to be locally free precisely at N.

Let f:S — S be the blow up of S at N, so that we have a commutative diagram

(19) cC c S
N
c c S

We denote by €5 , and £y, 4 the so-called Lazarsfeld-Mukai bundles associated with the line bundle

A on C and the torsion free sheaf v, 4 on C , respectively; the duals of these bundles are the kernels
of the evaluation maps regarding A and v, A as torsion sheaves on the surfaces, that is, we have the
following short exact sequences:

(20) 0 £Y HY(C, A) @ 05— A —0,
and
(21) 0 —> &Y, 4 — H(C,vuA) @ Og ~2 1, A,

The right arrow in (21) might be non- surjective, as v, A is not necessarily globally generated (cf.
Lemma 5.1). Pushing forward (20) to S and using the isomorphisms H°(C, A) ~ H(C,v,A) and
J«Og ~ Og, one shows that

(22) gg',y*A = f* (5%714)

The following result establishes when (21) is exact on the right. (Recall the definition of neutral
nodes from the beginning of §3.)

Lemma 5.1. Let C be a nodal curve and denote by v : C — C the normalization map. Let A be
a complete, base point free pencil on C. Then the sheaf v A is globally generated except precisely at
the nodes of C that are neutral with respect to |A|.

Proof. We can assume that C has only one node P, since the general case is analogous using partial
normalizations. Let ¢4 : C — P! be the morphism defined by |Al.

Assume that P is a neutral node with respect to |A|. Then ¢4 factors through a morphism
¢ : C — P! having the same degree as @14 Having set A" := ¢*Op1(1), one has v*A’ ~ A and
viA ~ v * A ~ A @ v, O¢, hence v, A sits in the following short exact sequence:

0— A —v,A— Op — 0.
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Since h(C, v, A) = hO(C, A) = h°(C, A’) = 2, the sheaf v, A cannot be globally generated.

Conversely, assume that v, A is not globally generated at P, that is, the evaluation map

ev : HO(I/*A) ® Oc — v A
is not surjective. Since A is globally generated and v is a finite map, we have a surjection
HO(1,A) @ 1,05 ~ H'(A) ® 1,05 — v, A.
Using the standard short exact sequence
0—>OC—>V*(’)5—>OP—>O,
one can easily show that the cokernel A; of ev sits in a short exact sequence
0— A4 —viA— Op — 0.

In particular, A; is a line bundle and v*4; = A. Hence, the morphism ¢4 factors through a
morphism ¢4, : C — P!, which means that P is a neutral node with respect to |A|. O

The above lemma implies that if C is a general curve of the nice component Yj . in Theorem

3.1 and |A| is a general g 4o On C , then v, A is globally generated and the short exact sequence (21)
is exact on the right. By dualizing it, we obtain:

(23) 0—— HO(C, V*A)V ® O —=Ecpoa — ezctl (veA,O0g) —0,

where ext! (v4 A, Og) is a rank one torsion free sheaf on C. This defines a subspace
V ~ H(C,v,A)Y € G(2,HY(S,Ecp.n))

such that the evaluation map V ® Og — &£c,, 4 is injective, drops rank along C' and has rank 0
exactly at the nodes of C. As a consequence, every section in V vanishes along a 0-dimensional
subscheme of length k + ¢ + ¢ always containing the subscheme N of the é nodes of C.

We want to understand whether the pair (C,v.A) univocally determines the subspace V; this
is equivalent to computing the dimension of Hom(&c , 4, ext}QS(V*A, Og)). To achieve this goal we
need some technical results.

For any torsion free rank one sheaf A on C we denote by AP the dual sheaf home,, (A, Oc). We
prove the following:

Lemma 5.2. Let F be any rank one torsion free sheaf on a curve C C S, where S is a K3 or abelian
surface. Then one has:

(24) we @ FP =~ exty (F, Og).

Assume furthermore that F is the cokernel of an injective map V ® Og — &, where £ is a rank
two bundle on S and V € G(2,H®(S,£)). If Z is a zero-dimensional scheme that is the vanishing
locus of s € V', one obtains the isomorphisms:

(25) F ~wo® Jyz/c

and

(26) erty (F,Og) ~ homp, (T7/c. Oc).
Proof. Applying homep (F, —) to the short exact sequence

(27) 0 — Joys — Og Oc 0,
we obtain

0= hom(’)s(‘Fa OS) *)hom(’)s<]:7 OC) Hept%?SLF;jC/S) Olﬁ)QPt}QSLF‘?C)S)
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Since o and o are given by multiplication with the local equation of C' and F is supported precisely
at C, the map o is zero. Hence, we get

home,, (F, Oc) = homp (F, Oc) = ety (F, Toys) = extp, (F, Os(—C)) = extp (F, Og)®0s(—C),

and (24) is obtained by tensoring with Og(C).
Concerning the second part of the statement, we set L := det £ and consider the following com-
mutative diagram:

(28) 0
0 Os
0 Og ———= & L®;Z/S ——0
0—=V ®0g 5: F 0
Os 0
0

The short exact sequence of ideals

0 Jcys Jz/s —>=Tz/c —=0

yields the isomorphism J7,c ~ Jz/5 ® Oc. Hence, (25) is obtained by restricting the vertical exact
sequence on the right in (28) to C and using that i is given by multiplication with the local equation
of C. Combining (25) and (24), we obtain (26). O

We now extend [Pa, Lemma 2| to possibly nodal curves on K3 or abelian surfaces (cf. also [LC2,
Pf. of Prop. 3.2] concerning other types of irregular surfaces). In the statement of the next result,
the map f10,4 is the Petri map given by nultiplication of sections

Ho,A : H0(57 A) ® Ho(évwé ® Av) - H0(67w5)7
and we use the well-known fact that
(29) ker pig,a ~ H'(C\wz ® (AY)9?)
by the base point free pencil trick.

Proposition 5.3. Let C be a nodal curve on a K3 or abelian surface S and denote by v : C = C the
normalization map. Let A be a globally generated line bundle on C satisfying h°(C, A) = 2. Then
there 1s a natural short exact sequence

(30) 0—>05—>5gA®w5®AV—>w5®(AV)®2—>0
whose coboundary map Q : Ho(é,wé ® (AV)®2)  HY(C, Og) coincides, up to mulliplication by a
non-zero scalar factor, with the composition of the Gaussian map

p1A : ker pp 4 — Ho(é,ng)
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and the dual of the Kodaira-Spencer map

Kk HY (Cv.05)Y ~ Ti)Vipy,s — T

via the canonical isomorphism H'(C,1,.Og) ~ HY(C, Oz).

M,y = HO(C,wE?)Y,

Proof. The exact sequence (30) is obtained as |Pa, (4)] since wg ~ Og.
We denote by N/, /8 the equisingular normal sheaf of C in S, defined by the short exact sequence

0 Tc Tslc ./\/’6/54>0,

where T¢ is the tangent sheaf of C' and Tg|¢ is the restriction of the tangent bundle of S to C.
Similarly, we denote by N, the normal sheaf to the morphism ¢ in (19), which is defined by the
normal sequence

(31) 0o Tp e T e Ny =t — 0,

where the isomorphism on the right follows from the triviality of wgs. We recall that N/, /5~ velNp
we ® (V*Oé)D by, e.g., [Se, Lemma 3.4.15] and [Ta, p. 111]. In particular, we have:

(32) Tio1Virys ~ HY(C, NG g) ~ HO(C,Ny) ~ HY(C,1.0)".
Applying vi to (31) and using the isomorphism r.wz ~ we ® (V*Oé)D , we obtain the exact
sequence

0—— V*(o%) — Ts @105 —>we @ (1,0z)P —=0,
and its dual

(33) 00— wl ® (105) — Qs @ (1.05)P — (V*(wé))D —0.

The right exactness of the latter is due to the fact that e;téc((V*Oé)D, O¢) = 0, which can easily
be verified using the standard exact sequence

0—>Oc—>u*(’)5—>(’)N—>O.

Tensoring (33) with wc, we obtain

(34) 0 — 1.0z — Qs Quwc ® (V*(’)C,)D ——we ® (y*(y(\é))D ~ V*((,U%Q) —0,

where the last isomorphism follows from [BP, Lemma 4.6]. By construction, the first coboundary
map of (34) is k.

We now follow [Pa, Pf. of Lemma 1]. Tensoring the derivation operator d : O — wg with the
evaluation map evg , : H°(A)®Og — A, we obtain a map H°(A)®Og — wz ® A, whose restriction
to kerevgy , ~ AV is Og-linear. Tensoring the restricted map with wz ® AV, we obtain a map of
Oé—modufes

. - 2 ®2
(35) st wg @ (AY)%2 —wE?,

whose associated map at the global section level is the Gaussian map p1 4, recalling (29).

Similarly, tensoring the pullback under f of the derivation operator d : Og — (g with the
evaluation map evg 4 H°(A) ® Oz — A, we obtain a map H(A) ® Oz — Qs ® A, whose
restriction to Eg’A is Og-linear. Tensoring the restricted map with wz ® AV, we obtain a map of
Oc¢-modules

(36) t: t‘%A@w@@AVHf*QS@w@-



20 ANDREAS LEOPOLD KNUTSEN, MARGHERITA LELLI-CHIESA, AND GIOVANNI MONGARDI
The sequences and maps (30), (34), (35) and (36) combine into:

00— 1/*(’)6, - > V*(g%/’A ®w5’ ®AV) . V*(wé & (A\/)®2) — =0

)

0—— I/*Oé — Qs Quwec ® (V*OG)D

and the result follows. O

We are now ready to prove the following:

Proposition 5.4. If C is a general element of the component Y5y in Theorem 3.1(iii) and |A| is
a general g,i% on C, then

dim Hom(&¢cp, A, e;’t%gs (1e4,05)) = 1.

Proof. By (24), we have Hom(Ec,, a, ext! (1A, Og)) ~ HO(SCVW*A ® we ®@ (v,A)P) and, by (23)
tensored with £, 4, the latter contains H O(Sgﬂj* 4 ®Ecp.a) >~ C, where the isomorphism follows
from the fact that £c,, 4 is simple when (S5, L) is general as in Theorem 3.1 (this is standard, cf.,
e.g., [Pa, CK, KLM], and follows from the fact that {L} does not contain reducible or non-reduced
members).

If S is K3 the result is well-known and due to the fact that h'(Og) = 0 yields h' (€. 4) = 0 by
(21). Tt remains to treat the case where S is abelian. We have we ® (v, A)P ~ v, (wg ® AY) by [BP,
Lemma 4.6]. Hence, by (22), there is a natural morphism

Elpa ®we ® (AP = fu(EL )@ riwg @ AY) —> (€Y ®ws ® AY),

which is injective as the left hand side is torsion free on C' and the map is an isomorphism outside
of N. In particular, we get an inclusion

HY(C, &L, 4 ®we ® (1, A)P) C HO(C, V(€5 , O ws® AY)) = Ho(é,%A Qwgz ® AY),

and thus it is enough to prove the injectivity of the first coboundary map @ of (30).

If p(p — 8,1,k +1) > 0, then Theorem 3.1 yields ker pg 4 ~ Ho(é’,wé ® (AV)®?) = 0 and Q is
automatically injective.

If p(p—9,1,k+1) <0, then dimker g4 = —p(p — 0,1,k + 1) because, by Theorem 3.1(iii), A
defines an isolated and reduced point of G}CH(G). By Proposition 5.3, we need to show that £"opq 4
is injective, or equivalently, :“i/,A o k is surjective. Since A is a pencil, then the map p1 4 is injective
and its dual sits in the following short exact sequence:

:“‘}/A
_ 1 . ’ -
0—TigMgppn — TiggMe —= Naar s ligg — 0

cf. [ACG, pp. 807-824]. By Theorem 3.1, Y541 has codimension —p(p — 9,1,k + 1) in the Severi
variety Vizy 5(5), hence the image of the natural map ¢ : Vi1 5(S) — M, is transversal to ./\/l;’kJrl
around [C]. This forces uy 4 o & to be surjective.

We now fix notation that will be used in the construction of a component of the locus in Si—k}
covered by rational curves of class I}, s k.

Let C' and A be as in Proposition 5.4. Since v, A is globally generated in this case (by Theorem
3.1 and Lemma 5.1), the Mukai vector (cf. Remark 1.4) of the Lazarsfeld-Mukai bundle £, 4 is

(37) Up,6,k = U(gC,V*A) = (27CI(L)7X + 2<€ - 1))7 with X = X(gC,V*A) =p— 0—k+3—be.
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If Pic(S) ~ Z[L], which holds off a countable union of proper closed subvarieties of the moduli space
of pairs (S, L), then £, a is stable with respect to the polarization L (as in, e.g., [KLM, Proposition
A2]).

Let M be the moduli space of Gieseker L-stable torsion free sheaves on S with Mukai vector v, s
as in (37) that contains £c,, 4. We recall (cf. Remark 1.4) that, since Pic(S) ~ Z[L], then vy s, is
primitive and M is an IHS manifold of dimension:

(38) dim M =2p —4x + (1 —¢)8,

with x as in (37).

Every torsion free sheaf [£] € M satisfies h%(£) = 0 because of Serre duality and the inequality
pr(€) > 0. Furthermore, as soon as h’(€) > 2, then for all V € G(2, H°(E)) the evaluation map
ev:V ®Og — £ is injective. Indeed, if this were not the case, its kernel would be isomorphic to
Og(—D) for an effective divisor D and we would find a short exact sequence:

0— O0s(D) — & — detE(—D) ® I — 0,

where ¢ C S is a 0-dimensional subscheme. As det & is indecomposable and h?(£) = 0, then D = 0
and this contradicts the fact that V is generated by 2 linearly independent sections of &.

The following two results determine properties of M that will play a fundamental role in our
construction of uniruled subvarieties of Sg[k}. They can also be seen as applications of Proposition
5.4 to moduli spaces of stable sheaves on S and are therefore interesting in themselves.

Proposition 5.5. Let p,d, k be integers such that (12) is satisfied and let v and x be as in (37).
Then the elements of M satisfy the following properties:

(i) If x > 26 + 2, then h () = KY(E @ I;) = 0 for a general pair ([€],7) € M x S

(i) If x < 20 + 2, the locus

X = {([5],7) e Mx SO | RERIL) > 2}

is non-empty, with an irreducible component Xo whose general point satisfies hO(€ @ I,)) = 2
and h' (€ ® I) = 2+ 25 — x. Furthermore, Xq is birational to a component of the relative
Brill-Noether variety

g;iﬁ (V{]ﬁg&) = {([C’],g) [[C] € V{kﬁg&, gc G}HE(G), with C the normalization of C’} ,
having the expected dimension 2(k — 1+ ¢).

Proof. Recall that M contains £c,, 4 with C' and A as in Proposition 5.4. Let X C M x Sl
parametrize pairs ([£],7) such that h%(€ ® I;) > 2. Trivially, X coincides with M x SU as soon as
X > 20 + 2. If instead x < 20 + 2, then X is a closed subscheme which can be defined using fitting
ideals and its expected codimension is 2(2§ — x + 2), whence its expected dimension is 2(k — 1 +¢).
Furthermore, X is non-empty because ([Ec,p, 4], V) lies in it.

Let G be the family of triples ([£],7,V) with ([£],7) € X and V € G(2,H*(£ ® I,;)), and let
p:G—> Xx8 ] be the natural projection. Existence of G follows from existence of a moduli
space of Og-stable coherent systems; indeed, since M parametrizes torsion free sheaves of rank 2
and indecomposable first Chern class, then any pair ([E],V) with [E] € M and V € G(2, H*(E)) is
automatically an Og-stable coherent system (proceed as in [LC1, §3]).

Since ([Ecu, 4], N, H'(C,v,A)V) lies in G, then for a general element ([€], 7,V) € G the evaluation
map ev : V®&0Og — & is injective and drops rank along a d-nodal curve I', which is singular precisely
at the support of 7. Furthermore, the cokernel B of ev is torsion free of rank 1 on I' and is not
locally free exactly along Sing(T"). We set By := ext!(B,Og). If n : I' = I is the normalization map,
we can write By = 1, A1 for some A; € Pick+6(f). From the short exact sequence

(39) 0—V®0s—E— B—0,
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we get that HY(A;)Y ~ H(By)Y ~ H'(B) — V and hence g = (A1,V") defines a g;,. on I. We
thus obtain a rational map h: G --» Q;JFE(V{’CLT(S). Our hypotheses, along with Theorem 3.1, ensure

that (C,v.A) lies in a component Z of the image of h of dimension:

(40) dim Z = dim V{]“LJE; +max{0,p(p— 9,1,k +¢e)} =2(k—1+¢).

On the other hand, Proposition 5.4 implies that h is generically injective and hence, for a general
(€], ) € X, we have:

(41) dim Z = dim X +2(h°(E® I,,) — 2).
If x > 26 + 2, then X = M x SV and (38), (40) and (41) yield:
(42) 2k —1+¢)=dimZ >dimM +dim S + 2(xy(E® I,) — 2) = 2(k — 1 + &);

thus, equality holds and a general ([€],7) € M x Sl satisfies h' () = K1 (£ ® I,) = 0.
If instead x < 26 + 2, then expdim X = 2(k — 1 4 ¢) and, by (40) and (41), one obtains dim X =
expdimX and h?(€ ® I,,) = 2 for a general ([£],7) € X. O

Lemma 5.6. Under the same hypotheses as in Proposition 5.5, assume moreover that S is abelian
and x > 4. Then a general [E] € M satisfies h' (€ ® Lo) = 0 for all Lo € Pic’(9).

Proof. It is enough to show that the locus F := {[] € M | h!(€) # 0} has codimension greater than
two in M. We perform a parameter count as in [LC3, Prop. 4.2 and §7|. Let G; be the parameter
space of extensions

(43) 0— 05— & 2ye—s0,

with [£] € F. Since Hom(&,Og) = 0 for all £ € M, the fibre of the natural map 7 : G — F over
(€] is isomorphic to P(H'(E)). A sheaf & as in (43) is stable; let v := v, 55 + (1,0,0) be its Mukai
vector and denote by ma : Gi — M (V') the natural projection mapping (43) to [£']. The fibre of o
over [E'] is the Quot-scheme Quotg(E’, P), where P is the Hilbert polynomial of £. The following
upper bound for the dimension of Quotg(E’, P) at [§: & — £] is well-known:
dimgg Quotg(&’, P) < dimHom(Og, &) = h°(€).

It follows that:

dim M — 2y = dim M(v') > dimIm g > dim F — y — 1,
and codimag F > x —1 > 2 as soon as x > 4. O

The next lemma concerns moduli spaces of rank-2 Gieseker stable torsion free sheaves on S.

Lemma 5.7. Let S be an abelian or K3 surface and let M be the moduli space of rank-2 Gieseker
stable torsion free sheaves on S with primitive Mukai vector v = (2,c1,x + 2(e —1)). For every
(] € M, denote by S(E) the cokernel of the injection £ — EVV and by lg its length. Then every
irreducible component of the locus

(44) My ={[] e M|lg =q}
has codimension at least q in M.

Proof. Assume that M, is non-empty. One defines a map o : My, — M(v,), where v, := v+(0,0, ¢),
which maps [€] € M to [EVY] € M(v,). The fibre of a over a general vector bundle F' € Ima is
isomorphic to the Quot-scheme Quotg(F, q) of zero dimensional quotient sheaves of F' of length ¢;
by [OG, Prop. 6.0.1], this Quot-scheme has dimension at most 3¢q. Hence,

(45) dim M — 4¢ = dim M(v,) > dim Ima = dim M, — Quotg(F, ¢) > dim M, — 3¢,
and this concludes the proof. O
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6. ALGEBRAICALLY COISOTROPIC SUBVARIETIES OF IHS MANIFOLDS

We are now ready to prove our results concerning existence of uniruled subvarieties of S!“}. Let
(S, L) be a very general primitively polarized K3 or abelian surface of genus p, in the sense that it
satisfies Theorem 3.1 and Pic(S) ~ Z[L]. For p, 6, k satisfying (12), let [C] € Y5 4o be general and
let A be a general complete gi% on its normalization.

Let M be the moduli space M(v, ) as in the previous section, with [Ec,, 4] € M. Assume
X > 26 +2 and set X := M x SU. We denote by P the parameter space for triples ([£],, [s]) with
([€],7) € X and [s] € P(H°(E ® I)). The existence of P follows from the existence of a moduli
space of a-stable coherent systems (cf. [He]), where o € Q[t] is any fixed polynomial with positive
leading coefficient. Indeed, it is not difficult to show that if £ is L-stable and the polynomial «
is small enough, then the coherent system (€ @ I, s) is a-stable for every [r] € S and for every
s € P(H°(£®I;)). There is a natural forgetful map q : P — X. For any ([£], T,[s]) € P, the section
s vanishes along a finite set because otherwise we would have Hom(det £, YY) # 0 and this would
contradict the py-stability of £. Hence, we have a short exact sequence:

(46) 0 Os == €& det £ @ Iy, — 0,

where W is a 0-dimensional subscheme of S of length k + € 4+ § containing 7. This provides a short
exact sequence

(47) 0 Ns OW

K]

O~ 0,

defining 7, which is a torsion sheaf whose support is contained in that of Wi.

If € is locally free, the scheme Wy is a local complete intersection as it is the zero scheme of s. It
follows that ez:%s((’)ws, Os) ~ Ow, by, e.g., [Fr, p. 36]. Applying the functor homp(—, Os) to (47)
we therefore obtain a surjection

OWS - e;’%s (7787 05)7

which yields the existence of a subscheme Z; C W; of length k + € such that e;’%s (ns,O0g) ~ Ogz,.
This defines a rational map

(48) g P > Skt
mapping a point ([€], 7, [s]), with & locally free, to Zs;. We want to extend ¢’ in codimension 1.
Pick a sheaf [£] € that is not locally free and such that &(€) (defined in Lemma 5.7) has

length one, i.e., §(£) =~ Op for some P € S. A section s of £ gives a section s’ of £V and, having
denoted by Wy the vanishing locus of s’, one has a short exact sequence:

0— Op — Ow, — Ow, — 0.

If both [£] € My (cf. (44)) and s € H?(E) are general, then W does not contain P and P is a
general point on S. Indeed, H°(€) is not contained in H°(EVY ® Ip) as soon as H(EVY @ Ip) = 0;
the vanishing follows from the fact that a general [F] € M(v(EYY)) is generically generated by global
sections. For s € HY(E®I,) with 7 € SV such that P ¢ Supp(r), we get Oy, = Ow,, ®Op, whence
W is a local complete intersection, and we may find a subscheme Z; C Wy of length k 4+ € as before
and set ¢'([€], T, [s]) = Zs also in this case.
We set
M = {[€] € M\ UgzaMy | KHEVY @ Ip) = 0if (E) ~ Op},

with M, as in (44); then M° is open in M and its complement has codimension at least two by
Lemma 5.7. We define

X° = {([€],7) € X | [€] € M®, Supp(r) N Supp(&(£)) = 0} ;

the complement of X° in X has codimension at least two. Let P° be the open subscheme of
q 1(X°) C P consisting of those triples ([€],,s) such that either € is locally free, or the vanishing
locus Wy as above does not contain the singular locus of €. Then, the complement of P° in P has
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codimension at least two and, by the above discussion, the rational map ¢’ in (48) is well-defined on
the whole P°. We denote by

(49) g:P° —— Slhtel

the restriction of ¢’ to P°.
We prove the following result.

Theorem 6.1. Let (S,L) be a very general primitively polarized K3 or abelian surface of genus
p>2. Let 0 <6 < p—2 and k > 2 be integers satisfying

(50) max{20 +2,4e} < x:=p—0—k+3—-5e<dJ+k+1.

Then the morphism g is generically injective. In particular, the locus Locus(RY R, 55) C Sg[k],
with Ry sy as in (16), has an irreducible component that is birational to a PX~2~L_fibration on a
holomorphic symplectic manifold of dimension 2(k + 1+ 26 — x).

Proof. First of all, note that when x > 2§ + 2, condition (12) is equivalent to x < d + k + 1. Indeed,
the latter inequality is a rewrite of (14) with [ = 1; on the other hand, if 20 + 2 < x < J + k + ¢,
then § <k+e—2and a =11in (12). Hence, (50) ensures that the hypotheses of Proposition 5.5 are
satisfied and a general fibre of ¢ : P° — X° is isomorphic to PX~20=1 We denote by T the closure
of the image of the morphism g in (49). The proof proceeds by steps.

STEP I: The morphism g s injective when restricted to a general fibre of the projection q.

Let Z = g(([€],7,[s])) € T with ([£],7) € X° general, and denote by W; the zero scheme of s. The
fibre of g|g-1((e),-) over Z is contained in P(Hom(€,det & @ Iw,)). This projective space is a point
because Hom(€,det £ ® Iyy,) ~ H(E ® £V) ~ C by stability, exact sequence (46) and Proposition
5.5(i), which yields h'(€) = 0.

STEP II: The map g is generically injective when restricted to a general fibre of the projection
p1: P° — Sl If 6§ =0, then g 1is injective.

Let Z = g(([&1], T, [s1])) € T with ([&1], 7, [s1]) € P° general; in particular, Supp(7) is disjoint from
Supp(Z) and & satisfies h! (£1®Ly) = 0 for all Ly € Pic’(S) by Lemma 5.6. By contradiction, assume
the existence of ([&2], T, [s2]) € P° with & % &1 such that g(([E2], 7, [s2])) = Z. In particular, one has
W, = Ws,. We remark that det & % det & because otherwise we would have h!(det & ® Iy, ) >1
and, by considering the long exact sequence in cohomology associated with (46) for &1, we would get
a contradiction with h'(£1) = 0. We tensor (46) for &1 with (det &)Y ® det &, thus obtaining:

0 — (det &)Y @det & — & ® (det £1)Y @ det Ey — det & ® Iy, — 0.
This yields the contradiction H'(€; ® (det £1)Y @ det &) ~ H'(det & ® Iy,) # 0.

STEP III: The map g is generically injective when restricted to a general fibre of the projection
po : P° — M° C M.

Let Z = g(([€], 71, [s1])) € T for a general ([£], 71, [s1]). By contradiction, assume the existence of
a subscheme 15 € S different from 71 and a section so € HO(E ® I,,) such that g(([£], 72, [s2])) = Z.
The evaluation map ev : (s1,s2) ® Og — &£ is injective and drops rank along an integral curve
I' € {L} of geometric genus < p — k — ¢ (indeed, I' is singular along Z). If B is the cokernel
of ev, then By := ert'(B,0g) = n.Ai, where n : I 5 Iis a partial normalization of I" with
pa(f) =p—k—¢e— h for some h > 0 and A; a complete gé_h onl. As a consequence, there is a
subscheme 7] C 71 of length § — h and a rational curve R’ in SI~" passing through [r{]. Starting
from R’, one easily constructs a rational curves in S passing through 7y in contradiction with the
generality of 7.

STEP 1V: The map g is generically finite.
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This follows from the previous steps and Proposition 2.15, which can be applied because the
complement of P° in P has codimension at least two and X is holomorphic symplectic.

STEP V: Let P; = P(HY(E; ® I,)) for i = 1,2 with ([E1],71), ([E2],72) € X° distinct points such
that h*(&;) = 0 for i =1,2. Then g does not identify P1 and Ps.

By contradiction, assume that g(P1) = g(P2). As g|p, is injective for i = 1,2 by Step I, it is easy
to verify that, if /1 C Py is a general line, then f5 := g~ (g(¢1)) N Py is a line, too. By generality,
{1 = PV} corresponds to a pair (C1,v4A1), where C is a d-nodal curve and A; is a giﬁ on its
normalization. Having set ¢ = PV, the evaluation map Vo ® Og — & drops rank along a curve Cs
singular along 7. Then, C; = C2 as both coincide with the image in S of the incidence variety

= {(Z, P)eglty) x ScC S x S|Pe supp(Z)}.
As a consequence, 79 = 71 and & ~ o4, ~ E1.

STEP VI: The morphism g is generically injective.

By contradiction, assume that for a general Z &€ T there exist at least two distinct points
([E1], 1), ([E2), 72) € X° such that Z € g(P1) N g(P2), where P; = P(H°(&; ® I,)); we may as-
sume that h'(£1) = h!(&) = 0. The previous step then implies that g(P;) # g(P2). We denote by
r:T --» B the maximal rational quotient of the desingularization T of T, and by Z the inverse
image of Z in T. Since a general fibre of 7 is irreducible and 7= (7(Z)) contains the strict transforms
of both g(Py) and g(P3), then dim7(x(Z)) > x — 26 > codimgrie) T'; this contradicts [AV, Thm.
4.4] (when ¢ = 1, in order to apply the mentioned result, one needs to pass to the fibers of the
Albanese map and use that g(P1) U g(P2) is contained in such a fiber).

When € = 0, Step VI concludes the proof. If ¢ = 1, consider the composition of g with the
Albanese map %y : ST — S, Since ¥, o ¢ is constant when restricted to any fibre of ¢, it induces
a morphism F' : X° — S that factors, by the universal property of the Albanese variety, through a
map f : Alb(X) — S. One can easily show that both F' and f are surjective. The inverse image

gil(Sch}) C P° is generically a PX~29~L_bundle on the inverse image (albx|x-)~!(ker f), where albx
is the Albanese map of X. Since Alb(X) is the product of copies of S and SV, the same holds for
any connected component of ker f. Therefore, any component of (albx|xe)~!(ker f) is holomorphic
symplectic of dimension equal to dim X — 2 = 2(k + 1 + 20 — x), and the statement follows. O

We now give a first application to Conjecture 0.3.

Corollary 6.2. With the same hypotheses and notation as in Theorem 6.1, set r := x — 26 — 1.
Then, ST(SE[k]) has a (2k — r)-dimensional component which is an algebraic coisotropic subvariety of

k
5’6[ covered by curves of class Ry 5.

Proof. This follows directly from Theorem 6.1 and [Vo, Thm. 1.3], which states that a closed
subvariety of an THS manifold X contained in S,(X) has codimension at least 7. O

Starting from the closure of Im g C S¥+¢l with ¢ as in (49), and then applying the natural rational
map Stel x Sl=K __5 Sli+e] one obtains subvarieties of S for any | > k. We use this observation

in order to construct subvarieties of Sgd, with k fixed, of codimension r for several values of r:

Theorem 6.3. Let (S,L) be a very general primitively polarized K3 or abelian surface of genus
p > 2 and fiz an integer k > 2.
Then, for any integer r satisfying

_5 p—5
(51) 1§r§min{2k—5—p 5 =P . E+1},
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and
(52) p>9if (e,r) = (1,1); p>11if (e,7) = (1,2),

there is an algebraically coisotropic subvariety of codimension r in S’lk] that is a component of ST(S&[H)
and is birational to o P"-bundle over a holomorphic symplectic manifold.
More precisely, for any integer § satisfying

-3 2—r—k -5 2-2
(53) max{(),p €+3 ! }gégp gz r’ and 6 >0 ifr <2 ande =1,

there is such a subvariety ¥, 5 whose lines have class L — [2(p — 20 — 2e) — r + 1]ty

Proof. We note that if § and k are integers satisfying the conditions in Theorem 6.1, then, for
any integer [ > k, the image of Img x SI=H < Slk+el » SU=K ynder the natural rational map
Slktel s Sli=kl __5 Sl+el has the same codimension r as Img C SF+el. The intersection of this
image with any fibre of the Albanese map is birational to a P"-bundle over a holomorphic symplectic
manifold and the coefficients in the class of the lines with respect to the canonical decomposition (8)
remain unchanged. Hence, Theorem 6.1 yields that for any pair of integers (4, k") such that

(54) 2<kK <k
and
(55) max{20 + 2,4} <p—5e -5 —k'+3<5+k +1, 6>0
there is a subscheme of codimension r := p — 5e — 36 — k' + 2 satisfying the desired conditions.
Rewriting (54) and (55) in terms of r instead of k" yields, respectively,
(56) p—55+32—r—k§5§p—56+r
and
1 — 2-2
(57) §max{0,4€—r—1}§5§p 581— T,

One easily verifies that these two conditions are equivalent to (53). It only remains to prove that for
each r satisfying (51) and (52), the conditions (53) are non-empty.
The inequality r < 2k — 5 — % ensures that

p—55—|—2—r—k:<p—55+2—2r 3
3 - 4 4’
thus guaranteeing that the interval [p _55+32_T_k, b _5512_% contains an integer. The condition

r < % +1 is equivalent to p — 5 +2 —2r > 0 and thus guarantees that the above interval contains
a non-negative integer. We are therefore done, except for the cases € = 1 and r < 2, where the
requirement is that 6 > 0 by (53), that is, that p — 5e + 2 — 2r > 4, which is precisely (52). O

We now perform a different construction in order to exhibit uniruled subvarieties of SE[M of any
allowed codimension, except codimension k£ for € = 1. This provides very strong evidence for Con-
jecture 0.3.

Theorem 6.4. Let (S, L) be a general primitively polarized K3 or abelian surface of genus p > 2
and fix an integer k > 2. Then for any integer v such that 1 < r < k — ¢ there is an algebraically
cotsotropic subvariety of codimension v in S!“] that is a component of Sy( g[k]) and is birational to a
P"-bundle; furthermore, the mazimal rational quotient of it desingularization has dimension 2(k—r).

More precisely, for any integer k' such that r+e¢ < k' < min{k,p+r—e}, there is such a subvariety

W, jr whose lines have class L — [2(K' + &) —r — 1]vy,.
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Proof. For any r and k" as in the statement, set g :== k' — 7+ and § := p—g. Note that 2e < g < p.
Since p(g,1,k + €) > 0, the Brill-Noether locus {L}(lik—i-a coincides with the g-dimensional Severi
variety Virys of genus g nodal curves. For any component V' of Vir) 5, we denote by C — V' the
universal family and by C — V the simultaneous desingularization of all curves in C (the latter
exists, as V is smooth). Let Sym®¢(C) — V be the relative (k¥ + )-symmetric product, with
fibre over a point [C] € V equal to Sym”“(é), where C is the normalization of C. By surjectivity
of the Abel map Sym* *¢(C) — Pic¥+5(C), the line bundle Og(z1 + -+ + Tpr 1) is non-special if
T1,... x4 € C are general . Therefore, dim |Og(z1 + - + 2pye)| =K +e—g=r>1and
Sym**¢(C) is generically a P"-bundle over a dense, open subset of Pic* *¢(C), which has dimension
g. It follows that Symkl+€(C~) is generically a P"-bundle over a scheme of dimension g +dim V' = 2g.
Consider the natural composed morphism

f: Sym**4(C) — Sym**¢(C) — Sym* T5(9).

We first prove that f is generically injective. Clearly, for each curve [C] € V with normalization C , the
restriction of f to Symk/“(é) is generically injective. Hence, it is enough to show that, if [Z] € Imf is
general, then the scheme Z is contained in a unique curve parametrized by V. A general [Z] € Imf
consists of k¥’ + & general points on a general curve Cy parametrized by V. For a general point
z1 € Cy, the set {[C] € V | 21 € C} has codimension one in V, as Cp is not a common component
of all curves parametrized by V. Proceeding inductively, assume that for a fixed 1 < j < g—1
we have chosen j distinct points x1,...,2; € Cy such that the set {[C] € V | z1,...,2; € C} has
codimension j in V. Again, as Cj is not a component of any curve in this set different from Cjy, for
a general zj41 € Cp the set {[C] € V | x1,...,2j41 € C} has codimension j + 1 in V. It follows
that dim{[C] € V' | z1,...,24 € C} = 0 for general points z1, ...,z € Cy. Hence, for general points
x1,..., 2941 € Cp, we have {[C] € V | x1,...,2441 € C} = {Cp}, and the generic injectivity of f
follows since ¥’ +e=g+r > g+ 1.

The image of f does not lie in the singular locus of Symkl“(S ). Hence, its inverse image under
the Hilbert-Chow morphism is a (k' + & + g)-dimensional subvariety of S¥*¢l that is birational
to a P'-bundle. As above, the natural rational map SIF'tel x k=K1 __, Glkt+el maps Im f to a
codimension r subvariety of S*+l. Since the Albanese map is constant on each rational subvariety
of S*el we obtain a subvariety Wi C Sg[k] of codimension r that is birational to a P"-bundle and
the maximal rational quotient of the desingularization of W, ;s has dimension 2(k —r) by [AV, Thm.
4.4]. The coefficients in the class of the lines in the P"-fibres of W, ;s with respect to the canonical
decomposition (8) are the same as the ones of Ry s = Rp pir—i/—cpr = L — [2(K' +¢€) —r — 1]tg.
This concludes the proof. Il

We conclude with an interesting example, where Theorem 6.1 provides an immersion P* < Sgd.

Example 6.5. By Remark 3.4, when § = 0 the class R, has the minimal possible self-intersection
(ie., ¢q(Rpor) = —(k+3—2¢)/2) if and only if @ = 1 and p = 2(k — 1) + be. We assume these
numerical conditions are satisfied and show, by explicit construction, that R, is the class of a line

moving in a PF C S, Note that in this case dim M = 2 and condition (50) is satisfied. With

the same notation introduced just before Theorem 6.1, P° = P and any component of gil(Syﬁ]) is
isomorphic to PH?(E) for some vector bundle [£] € M. We consider the restricted morphism

7= glpmo(e) : PP = PHO(€) —= S C gli+el,
which is injective by Theorem 6.1 and, more precisely, an embedding by the result below.

Proposition 6.6. Let (S,L) be a general primitively polarized symplectic surface of genus p =
2(k — 1) + 5¢ for an integer k > 2. Then the map g is an embedding. In particular, the class Ry

is the class of a line in a P* C Syg].
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Proof. Tt is enough to show that for all [s] € PH(E) the differential
dgpy : TgP(HO(E)) — Tz S+
is injective, where Z is the zero scheme of s. First of all, we recall the isomorphisms
T[S]IP’HO(S) ~ Hom(C, H°(£)/(s)) ~ H°(&)/(s)
and T[Z]S[k“] = H%(Ng/s), and use them in order to describe dgyy. Given t € H%(E)/(s), the
evaluation map ev : (t,s) ® Og — & is injective and drops rank along a curve I'y € {L} containing

Z. We denote by B the cokernel of ev, which is supported on I';. Since h2(€) = h'(€) = 0 by
Proposition 5.5, we obtain isomorphisms:

(58) (t,s) ~ H'(B) ~ H(B))",
where By := erty (B, Os). By (26), one has By = home,. (Izr,, Or,). Let o5, 0p € H(By) denote
the duals of the images of s and ¢ under (58), and consider the following short exact sequence:

o

0 OFz - homOFt(IZ/Ft’OXt) LhomOFt(IZ/Ft’OZ) HO

Then we have 0 # H°(a4)o; € Ho(bomort (Iz/r,,0z)) = H'(Nzr,) = H°(N7z/s), where the last
inclusion is given by taking cohomology in

(59) 0—=Nyr, —= Ny Nr,/slz —0.

By construction, dgpg(t) = H® (1) o H(ay)oy € HO(N75).

We are now able to prove the injectivity of dgjy. Let t,t' € HY(E)/(s) such that dg (t) = dgy ().
We first assume that I'y ~ T'y. Since h'(€) = 0, then the natural map h: G(2, H°(€)) — G, (|L]) is
injective; indeed, any V € G(2, H(£)) defines a short exact sequence like (39) and and it is enough
to tensor it with £¥ in order to conclude that P(Hom(&, B)) is a point. Since h({s,t)) = h({s,t')) =
(T, Or,(Z)), we have (s,t) = (s,t'), that is, ' = At for some A € C. Then, oyy = Aoy # oy
unless A = 1. Therefore, we can assume I'y % I'y; it is then clear from (59) that the section
H°(1p) o H(ayr)oy € HY(Ny)s) does not lie in the image of H(z;). This concludes the proof. O

REFERENCES

[Ad] N. Addington, On two rationality conjectures for cubic fourfolds, Math. Res. Lett. 23 (2016), 1-13.

[AV] E. Amerik, M. Verbitsky, Rational curves on hyperkihler manifolds, Int. Math. Res. Notices 23 (2015), 13009—
13045.

[ACG] E. Arbarello, M. Cornalba, P. A. Griffiths, Geometry of algebraic curves. Volume II. With a contribution by
Joseph Daniel Harris, Grundlehren der mathematischen Wissenschaften 267, Springer-Verlag, Berlin (2011).

[Ba] B. Bakker, A classification of Lagrangian planes in holomorphic symplectic varieties, J. Inst. Math. Jussieu,
DOI: https://doi.org/10.1017/S1474748015000328.

[BM1] A. Bayer, E. Macrl, MMP for moduli of sheaves on K8s via wall crossing: Nef and movable cones, Lagrangian
fibrations, Invent. Math. 198 (2014), 505-590.

[BM2] A. Bayer, E. Macri, Projectivity and birational geometry of Bridgeland moduli spaces, J. Amer. Math. Soc. 27
(2014), 707-752.

[BHT] A. Bayer, B. Hassett, Y. Tschinkel, Mori cones of holomorphic symplectic varieties of K3 type, Annales scien-
tifiques de ’ENS 48, fasc. 4 (2015), 941-950.

[Bel] A. Beauville, Variétés Kihlériennes dont la premiére classe de Chern est nulle, J. Diff. Geom. 18 (1983),
755-782.

[Be2] A. Beauville, On the splitting of the Bloch-Beilinson filtration, in Algebraic cycles and motives. Vol. 2, Lond.
Math. Soc. Lecture Notes 344 (2007), Cambridge University Press, 38-53.

[BP] U.N. Bhosle, A. J. Parameswaren Picard bundles and Brill-Noether loci in the compactified Jacobian of a nodal
curve, Int. Math. Res. Notices 15 (2014), 4241-4290.

[CP] F. Charles, G. Pacienza, Families of rational curves on holomorphic symplectic varieties and applications to
0-cycles, arXiv:1401.4071.

[CK] C. Ciliberto, A. L. Knutsen, On k-gonal loci in Severi varieties on general K3 surfaces, J. Math. Pures Appl.
101 (2014), 473-494.



[FKP]
[Fo]
[Fr]
[Fu]

[He]
[HT1]

[HT2]
[HT3]
[Hul]

[Hu2]
[Ki]

[KLM]
[LP]
[LC1]
[LC2|
[LC3]

(L]
[Mal

[Mo1]

[Mo2]
[MW]

[Nal
[0G]

[Pa]
[Ral
[Se]

[Ta]
[Vol
[Yol]
[Yo2]
[Yo3]

[Wi]

WALL DIVISORS AND ALGEBRAICALLY COISOTROPIC SUBVARIETIES OF IHS MANIFOLDS 29

F. Flamini, A. L. Knutsen, G. Pacienza, Singular curves on a K3 surface and linear series on their normal-
izations, Internat. J. Math. 18 (2007), 1-23.

J Fogarty, Algebraic families on an algebraic surface, American J. of Math. 90 (1968), 511-521.

R. Friedman, Algebraic surfaces and holomorphic vector bundles, Springer-Verlag, New York (1998).

A. Fujiki, Finite Automorphism Groups of Complex Tori of Dimension Two, Publ. RIMS, Kyoto Univ. 24
(1988), 1-97.

M. He, Espaces de modules de sistémes cohérents, Internat. J. Math. 9 (1998), 545-598.

B. Hassett, Y. Tschinkel, Intersection numbers of extremal rays on holomorphic symplectic varieties, Asian J.
Math. 14 (2010), 303-322.

B. Hassett, Y. Tschinkel, Mowving and ample cones of holomorphic symplectic fourfolds, Geom. Funct. Anal. 19
(2009), 1065-1080.

B. Hassett, Y. Tschinkel, FEztremal rays and automorphisms of holomorphic symplectic wvarieties,
arXiv:1506.08153

D. Huybrechts, Compact hyperkihler manifolds: basic results, Invent. Math. 135 (1999), 63-113. Erratum:
"Compact hyperkihler manifolds: basic results”, Invent. Math. 152 (2003), 209-212.

D. Huybrechts, The Kdhler cone of a compact hyperkihler manifold, Math. Ann. 326 (2003), 499-513.

T. Kirschner, Irreducible symplectic complex spaces, PhD thesis, Universitdt Bayreuth, 2012. Available at
epub.uni-bayreuth.de/209/1/diss-kirschner-bibprint.pdf.

A. L. Knutsen, M. Lelli-Chiesa, G. Mongardi Severi varieties and Brill-Noether theory of curves on abelian
surfaces, J. Reine Angew. Math., DOI 10.1515/crelle-2016-0029 (Ahead of Print).

C. Lehn, G. Pacienza On the log minimal model program for irreducible symplectic varieties, to appear in
Algebraic Geometry.

M. Lelli-Chiesa, generalized Lazarsfeld-Mukai bundles and a conjecture of Donagi and Morrison, Adv. Math.
268 (2015), 529-563.

M. Lelli-Chiesa, Green’s Conjecture for curves on rational surfaces with an anticanonical pencil, Math. Z. 275
(2013), 899-910.

M. Lelli-Chiesa, Stability of rank-3 Lazarsfeld-Mukai bundles on K3 surfaces, Proc. Lond. Math. Soc. 107
(2013), 451-479.

H.Y. Lin, On the Chow group of zero-cycles of a generalized Kummer variety, Adv. Math. 298 (2016), 448-472.
E. Markman, A survey of Torelli and monodromy results for Hyperkdhler manifolds, Proc. of the conference
“Complex and Differential Geometry”, Springer Proceedings in Math. (2011), Volume 8, 257-322.

G. Mongardi, A note on the Kihler and Mori cones of hyperkihler manifolds, Asian. J. Math. 19 (2015),
583-592.

G. Mongardi, On the monodromy of irreducible symplectic manifolds, Algebraic Geometry 3 (2016), 385-391.
G. Mongardi, M. Wandel, Induced automorphisms on irreducible symplectic manifolds, J. London Math. Soc.
92 (2015), 123-143.

Y. Namikawa, Deformation theory of singular symplectic n-folds, Math. Ann. 319 (2001), 597-623.

K. O’Grady, The irreducible components of moduli spaces of vector bundles on surfaces, Invent. Math. 112
(1993), 585-613.

G. Pareschi, A proof of Lazarsfeld’s Theorem on curves on K3 surfaces, J. Alg. Geom. 4 (1995), 195-200.

Z. Ran, Hodge theory and deformations of maps, Compos. Math. 97 (1995), 309-328.

E. Sernesi, Deformations of algebraic schemes, Grundlehren der mathematischen Wissenschaften 334,
Springer—Verlag, Berlin Heidelberg (2006).

A. Tannenbaum, Families of algebraic curves with nodes, Compos. Math. 41 (1980), 107-126.

C. Voisin, Remarks and questions on coisotropic subvarieties and 0-cycles of hyper-Kdhler varieties, in K3
Surfaces and Their Moduli, Progress in Mathematics 315 (2016), 365-399.

K. Yoshioka, Irreducibility of moduli spaces of vector bundles on K3 surfaces, arXiv:9907001.

K. Yoshioka, Moduli spaces of stable sheaves on abelian surfaces, Math. Ann. 321 (2001), 818-884.

K. Yoshioka, Bridgeland’s stability and the positive cone of the moduli spaces of stable objects on an abelian
surface, arXiv:1206.4838.

J. Wierzba, Contractions of symplectic varieties, J. Alg. Geom. 12 (2003), 507-534.

E-masil address: andreas.knutsen@math.uib.no

ANDREAS LEOPOLD KNUTSEN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BERGEN, PosTBOKs 7800,
5020 BERGEN, NORWAY

E-mail address: margherita.lelliQunipi.it



30 ANDREAS LEOPOLD KNUTSEN, MARGHERITA LELLI-CHIESA, AND GIOVANNI MONGARDI

MARGHERITA LELLI-CHIESA, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF Pisa, LArco Bruno Pon-
TECORVO 5, 56127 PisA, ITaLy

E-mail address: giovanni.mongardi2@unibo.it

GIOVANNI MONGARDI, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BoLOGNA, P1azza p1 PorTA SAN Do-
NATO 5, 40126 BoLoGNA, ITALY



