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Unlikely intersections in families of abelian varieties
and the polynomial Pell equation

F. Barroero and L. Capuano

ABSTRACT

Let S be a smooth irreducible curve defined over a number field k and consider an abelian
scheme A over S and a curve C inside A, both defined over k. In previous works, we proved
that, when A is a fibred product of elliptic schemes, if C is not contained in a proper subgroup
scheme of A, then it contains at most finitely many points that belong to a flat subgroup
scheme of codimension at least 2. In this article, we continue our investigation and settle the
crucial case of powers of simple abelian schemes of relative dimension g > 2. This, combined
with the above-mentioned result and work by Habegger and Pila, gives the statement for general
abelian schemes which has applications in the study of solvability of almost-Pell equations in
polynomials.

1. Introduction

Let E) denote the elliptic curve in the Legendre form defined by Y2 = X (X — 1)(X — \).
In [34] (see also [33]), Masser and Zannier showed that there are at most finitely many
complex numbers Ag # 0,1 such that the two points with coordinates (2,+/2(2 — \g)) and
(3,4/6(3 — Ag)) both have finite order on the elliptic curve E),. Later, in [35] the same authors
proved that one can replace 2 and 3 with any two distinct complex numbers (# 0, 1) or even
choose distinct X-coordinates (# ) defined over an algebraic closure of C()), provided the
points are not identically linearly related.

Results of this kind are sometimes called ‘relative Manin-Mumford’ because of the clear
analogy with the classical Manin-Mumford conjecture. Masser and Zannier [38] recently settled
the problem for a curve in any abelian scheme, both defined over the algebraic numbers. To be
more precise, they showed that a curve in a non-isotrivial abelian scheme of relative dimension
at least 2, not lying in a proper subgroup scheme, contains at most finitely many points that
are torsion points in the respective fibres.

As a generalization of the result in [34], Masser (see [56, p. 88]) asked if there are infinitely
many Ag € C such that two independent relations with coefficients in Z between the points
(2,4/2(2 — o)), (3,4/6(3 —Xo)) and (5,4/20(5 — Ag)) hold on the same elliptic curve Ej,.
Masser and Zannier expected a negative answer in view of very general conjectures and, indeed,
this follows from the main result of [2], where we proved a more general theorem about the
intersection of a curve with codimension 2 flat subgroup schemes in the n-fold fibred power
of E)\.

The proof of this result follows the now well-established Pila—Zannier strategy, first
introduced in [45] to give an alternative proof of Raynaud’s Theorem [48] (Manin—-Mumford for
abelian varieties) and already used by Masser and Zannier in the works mentioned above. One
of the main ingredients of their proofs is a theorem of Pila [43] (which is itself a generalization of
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[9] and was then extended in [44] to a very general setting) to count rational points of bounded
denominator on a ‘sufficiently transcendental’ real subanalytic surface. In [2], we adapted ideas
introduced in [12], where the authors counted rational points on suitable definable subsets of
a Grassmannian variety to obtain an unlikely intersections result for curves in algebraic tori
(see also [8]). This allowed us to deal with linear relations rather than just with the torsion
points.

In this article, we push the method further and prove a statement analogous to the main
theorem of [2] for powers of simple abelian schemes. This, together with previous results [2, 3,
26] allows us to formulate a theorem for general abelian schemes over a curve.

Fix a number field k and a smooth irreducible curve S defined over k. We consider an abelian
scheme A over S of relative dimension ¢ > 2, also defined over k. This means that for each
s € S(C) we have an abelian variety A of dimension g defined over k(s).

Let C be an irreducible curve in A also defined over k and not contained in a proper subgroup
scheme of A, even after a base extension. A component of a subgroup scheme of A is either a
component of an algebraic subgroup of a fibre or it dominates the base curve S. A subgroup
scheme whose irreducible components are all of the latter kind is called flat.

In the previous works [2, 3], we proved that the intersection of C with the union of all
flat subgroup schemes of A of codimension at least 2 is finite, when A is a fibred product of
elliptic schemes.

The main result of this article is the following theorem.

THEOREM 1.1. Let k and S be as above. Let A — S be an abelian scheme and C an
irreducible curve in A not contained in a proper subgroup scheme of A, even after a finite base
change. Suppose that A and C are defined over k. Then, the intersection of C with the union
of all flat subgroup schemes of A of codimension at least 2 is a finite set.

The above theorem follows from [46, Conjecture 6.1], but it does not imply the same
statement for a curve in an abelian scheme. Indeed, in his conjecture, Pink considers subgroups
of the fibres and these might not come from flat subgroup schemes for fibres with a larger
endomorphism ring. To the authors’ knowledge, [46, Conjecture 6.1] (for the non-isotrivial
case) has been settled only in the case of a curve in a fibred power of an elliptic scheme when
everything is defined over Q (as a combination of [2] and [1]), and for a curve in an abelian
surface scheme, where the codimension 2 algebraic subgroups of the fibres are torsion subgroups
and the matter then reduces to the relative Manin—Mumford problem, settled by Masser and
Zannier in a series of articles [35-38]. The first two papers deal also with the case of a complex
curve in a product of complex elliptic schemes, while the same authors with Corvaja handled
complex curves in complex simple abelian surface schemes in [14].

If A — S is isotrivial, that is, there exists a finite cover S’ — S such that the generic fibre
of Axg S — 5 is isomorphic to an abelian variety defined over the algebraic numbers, our
Theorem 1.1 is nothing but Theorem 1.1 of [26]. Previous partial results for curves in certain
abelian varieties appeared in [13, 22, 47, 50, 55].

Among the problems of unlikely intersections for families of abelian varieties, we shall
also mention the recent result of Dill [17]. Namely, Dill proved that, in the same setting
of Theorem 1.1, given a fixed fibre Ay of A and a finite rank subgroup I' of Ag, there are at
most finitely many points ¢ € C(C) that lie in the image of I' under an isogeny, unless C is
contained in a translate of a torsion curve by a constant section of the constant part of A,
generalizing an earlier result of Gao [23].

As mentioned before, we deduce Theorem 1.1 from a work of Habegger and Pila, previous
works of the authors and a new theorem (Theorem 2.4) which is the main result of this article.
In the latter, we consider a simple non-isotrivial abelian scheme B — S of relative dimension
g = 2 and an irreducible curve C in its n-fold fibred power, not contained in a fixed fibre. This
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defines n points Pi,..., P, € B, (k(C)), where B, is the generic fibre of B. We suppose they
are independent over R, the endomorphism ring of the generic fibre, that is, the curve is not
contained in a proper flat subgroup scheme of the ambient abelian scheme. In Theorem 2.4, we
show that there are at most finitely many points on C such that Py, ..., P, become R-dependent
after specialization.

To prove Theorem 2.4, we follow the Pila—Zannier strategy which has been largely employed
in several works on unlikely intersections in different contexts. To deal with algebraic subgroups
rather than torsion subgroups, we use ideas appeared in [12] in the case of tori and in [26]
in the case of abelian varieties. From a general point of view, the strength of this method lies
in the fact that it allows to replace deep Dobrowolski-type or Bogomolov-type height lower
bounds, needed in previous approaches to similar problems, which are known only in special
cases, with weaker results that hold in more general settings.

To apply this strategy, we consider the abelian logarithms of the P;s and their real coordinates
in a basis for the period lattice of our abelian scheme. These give a subanalytic surface Z;
moreover, points of C for which the P;s become many points dependent correspond to points
on this surface lying on linear subvarieties with coefficients related to the coefficients of the
relations between the P;s. A refinement of the Pila—Wilkie theorem [44], due to Habegger and
Pila [26], gives, for arbitrary € > 0, an upper bound of order T¢ for the number of points of Z
lying on subspaces of the special form mentioned above and rational coefficients of height at
most T, provided our abelian logarithms are algebraically independent over the field generated
by the period basis. This is ensured by a result of Bertrand [5].

Now, to conclude the proof, we combine results of David [16], Masser [31], Masser-Wiistholz
[32], Masser—Zannier [38], Pazuki [42] and Silverman [52] (who gives a bound on the height of
the points on C we are considering) to show that the number of points on Z considered above
is of order at least T for some § > 0. Comparing the two estimates leads to an upper bound
for T" and thus for the coefficients of the relation between the P;s, concluding the proof.

The second part of the paper is devoted to applications of Theorem 1.1. In Section 8, we
deduce from Theorem 1.1 an apparently stronger result (Theorem 8.1) which we state here.
As before, we consider an abelian scheme A over a smooth irreducible curve S, of relative
dimension g and an irreducible curve C C A, not contained in a fixed fibre. Everything is
defined over a fixed number field k.

THEOREM 1.2. Let m be an integer with 1 < m < g. If the intersection of C with the union
of all flat subgroup schemes of A of codimension at least m is infinite, then there exists a
finite cover S’ — S such that C xg S’ is contained in a flat subgroup scheme of A xg S’ of
codimension at least m — 1.

Note that, for m =1 the statement is trivial, for m = 2 this is just a reformulation of
Theorem 1.1 and if m = g, this is Theorem 1.7 of [38].

We will give two applications of the above statement. The first is a Mordell-Lang-type
statement (Theorem 8.5) which somehow resembles a recent result of Ghioca, Hsia and Tucker
[24]. In the Appendix, we show how their Theorem 1.1 can be deduced from the main results
of [2, 3].

As a second application of Theorem 1.2 suggested by Zannier, we consider a function field
variant of the classical Pell equation. The application of unlikely intersections results to the
study of solvability of polynomial Pell equations was introduced for the first time by Masser
and Zannier in [37].

Let D be a positive integer. The Pell equation is an equation of the form 42 — DB? =1, to
be solved in integers A, B # 0. It is a classical theorem of Lagrange that such an equation is
non-trivially solvable if and only if D is not a perfect square.
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To obtain a polynomial analogue, we replace Z with K[X], for K a field to be specified later.
For a non-constant D = D(X) € K[X], one looks for solutions of

A’ - DB? =1,

where A(X), B(X) € K[X] and B # 0. We call a solution with B = 0 trivial.

The matter in the polynomial case is more complicated, and depends heavily on the choice
of the field K. In this paper, we consider fields of characteristic 0 and we call Pellian the
polynomials D(X) such that the associated Pell equation has a non-trivial solution in K[X].
Moreover, we will always assume D to be squarefree.

A necessary condition for D(X) to be Pellian is that D(X) is not a square and has even
degree 2d. However, unlike in the classical case, these conditions are also sufficient only if D
has degree 2. For higher degrees, there are examples of polynomials that satisfy these necessary
conditions but are not Pellian (see [57]).

The problem of finding a solution of the Pell equation A2 — DB? = 1 reduces to establishing
whether a certain point has finite or infinite order in the Jacobian of the hyperelliptic curve
Y? = D(X). Hence, applying results of unlikely intersection type, one can deduce results about
the Pellianity of polynomials varying in a one-parameter family. Indeed, in [37], Masser and
Zannier investigated the problem for the one-dimensional family D;(X) = X% + X + t. Clearly,
if the family were identically Pellian, then D,, would be Pellian for every specialization ¢, € C.
However, it can be proved that this is not the case, and actually there are only finitely many
complex tq for which the polynomial X% + X +t4 is Pellian (for example ¢y = 0).

Of course there is nothing special about the family X6 + X 4+ ¢, and in fact the same finiteness
result is true for any non-identically Pellian squarefree D € Q(¢)[X], of even degree at least
6 and such that the Jacobian Jp of the hyperelliptic curve Y2 = D(X) contains no one-
dimensional abelian subvariety, as proved by the same authors in [38]. In the same paper,
the authors study also the case where Jp contains an elliptic curve. Related results for non-
squarefree D appear in [6, 51]. In this case, one must consider the generalized Jacobian of the
singular curve Y2 = D(X).

In [37], Masser and Zannier also studied equations of the form A? — (X6 4+ X +¢)B? =
/X + c. More specifically, they proved that there are infinitely many complex tq for which
there exist A and non-constant B in C[X] and ¢ # 0, ¢ in C satisfying the above equation.

If one instead fixes ¢’ and ¢, then finiteness is expected to hold. We are going to prove that
it follows from our main result.

More generally, we consider a squarefree polynomial D(X) € K[X] of degree 2d > 2 and
a non-zero polynomial F(X) € K[X]. We are interested in the non-trivial solutions of the
‘almost-Pell equation’, that is

A’ - DB? =F, (1.1)

where A, B € K[X] and B # 0. Note that this equation can have a trivial solution only if F' is
a square.

Let S be a smooth irreducible curve defined over a number field k and K be its function field
k(S). As before, if equation (1.1) is identically solvable (over K), then it will remain solvable
after specialization at every point so € S(C), except possibly for a Zariski-closed proper subset,
and the solutions will be nothing but the specializations of a general solution. On the other
hand, if it is not identically solvable, then we can still have points sy € S(C) such that the
specialized equation A% — D, B? = F,, has a solution A4, B in C[X] with B # 0, where we
denote by Dy, and Fy, the polynomials in k(so)[X] obtained by specializing the coefficients of
D and F in sy.

Again, the existence of a non-trivial solution translates into the existence of certain linear
relations between particular points on the Jacobian Jp of the hyperelliptic curve defined by
Y? = D(X). Our Theorem 1.1 allows us to deduce the following result.
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THEOREM 1.3. Let S be as above, K = k(S) and let D, F € K[X] be non-zero polynomials.
Assume that D is squarefree and has even degree at least 6 and that Jp contains no one-
dimensional abelian subvariety over K. Then, if the equation A> — DB? = F does not have a
non-trivial solution in K[X], there are at most finitely many sy € S(C) such that the specialized
equation A* — D, B? = F, has a solution A, B € C[X], B # 0.

If F' is a non-zero constant in K, then we fall in the case of the Pell equation and the above
theorem, as already mentioned, is a consequence of [38, Theorem 1.3].

Let us finally consider an example. For details and more examples, we refer to Section 10.
Let us consider the family defined by D;(X) = (X —¢)(X" — X3 — 1) and F(X) =4X + 1.
The Jacobian of the hyperelliptic curve Y2 = D;(X) is simple as an abelian variety over Q(t),
and it can be shown that the equation A? — D;B? = F has no solution in Q(¢)[X]. Then,
by Theorem 1.3, there are at most finitely many ¢ty € C such that the specialized equation
A% — D;,B? = F has a solution A, B € C[X], B # 0. For instance, for t; = 0, one has

(2X*+1)? - X(XT - X% —1)22 =4X +1.

2. Reduction to powers of simple abelian schemes

In this section, we use Poincaré Reducibility Theorem to reduce Theorem 1.1 to four cases.
Three of them have been dealt with in earlier works of the authors [2, 3] and in the work of
Habegger and Pila [26], while the fourth is considered in Theorem 2.4. Part of this section is
inspired by [25].

We recall our setting. We consider an abelian scheme A over a smooth irreducible curve S
and everything is defined over Q. We call  : A — S the structural morphism.

Note that, since we are proving a finiteness result, we are always allowed to replace S by a
non-empty open subset and we tacitly do so. This allows us to pass from an abelian variety
defined over a function field of a curve to the corresponding abelian scheme over (a non-empty
open subset of ) the curve.

A subgroup scheme G of A is a closed subvariety, possibly reducible, which contains the
image of the zero section S — A, is mapped to itself by the inversion morphism and such that
the image of G xg G under the addition morphism is in G. A subgroup scheme G is called flat
if 7, : G — S is flat. By [27, Proposition II1.9.7], as S has dimension 1, this is equivalent to
require that all irreducible components of G dominate the base curve S.

Now, we want to show that, in order to prove Theorem 1.1, we can perform finite base
changes and isogenies.

LEMMA 2.1. Let C be as in Theorem 1.1. Let A’ = A xg S’ for some finite cover S’ — S and
f be the projection A" — A. Then, if the conclusion of Theorem 1.1 holds for all irreducible
components of f~1(C), it holds for C.

Proof. First, we see that f is flat because it is a fibred product of two flat morphisms A — A
and S — S. Moreover, since A and A’ have the same dimension, by [27, Corollary I11.9.6],
it follows that f is quasi-finite, and finite, since it is also proper. By [27, Corollary I11.9.6],
we have that if X C A is an irreducible variety dominating S, as f is finite and flat, each
component of f~1(X) is a variety of the same dimension dominating S’. It is clear now that if
the assumptions of Theorem 1.1 hold for C, then they must hold for all components of f~1(C).
Finally, the preimage of any point of C lying in a flat subgroup scheme of A of codimension at
least 2 must lie in a flat subgroup scheme of the same codimension. O
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LeEMMA 2.2. Let A and A" be abelian schemes over the same curve S and let f, : A} — A,
be an isogeny between the generic fibres defined over k(S). Moreover, let C C A be a curve
satisfying the assumptions of Theorem 1.1. Then, if the claim of Theorem 1.1 holds for all
irreducible components of f~1(C), it holds for C.

Proof. Since every abelian scheme is a Néron model of its generic fibre (see [10, Proposition
8, p. 15]), there exists a map f : A" — A extending the isogeny A; — A,. We first show that
f is finite and flat. Since f), : A;] — A, is an isogeny, we know there exists an isogeny h,, :
A, = A% such that, for some positive integer d, the compositions f, o h, and h, o f, are the
multiplication-by-d endomorphisms on A,, and A;], respectively. Now, such morphisms uniquely
extend to the multiplication-by-d maps on the whole schemes. Therefore, for all s € .S, we have
that fsohs and hg o fs are finite surjective morphisms and so f, is a finite and surjective
morphism between non-singular varieties. Moreover, f is flat and by [10, Proposition 2, p. 52],
also f must be flat. Now, f must be quasi-finite and also proper because A" — A — S is proper
and therefore f is finite. Finally, since all f, are isogenies, the map f must respect the group
law of A" and A. Now, the claim follows as in the previous lemma since after a base change we
have that images and preimages via f of flat subgroup schemes are contained in flat subgroup
schemes of the same dimension. (]

Now, we want to show that it is enough to prove Theorem 1.1 for products of simple abelian
schemes. Consider the generic fibre A, of A as an abelian variety defined over k(S). It is well
known that every abelian variety is isogenous to a product of simple abelian varieties, see
for instance [28, Corollary A.5.1.8]. Therefore, there are geometrically simple pairwise non-
isogenous abelian varieties By, ..., By, such that A, is isogenous to A’ :=[], B/"". Note that
A’ and the isogeny might not be defined over k(S) but over a finite extension which is k(S5”)
for some irreducible, non-singular curve S’ covering S. By Lemma 2.1, we can (and do) assume
S’ = 5. For the same reason, we can assume that the endomorphism ring of A’ is defined over
k(S). The abelian varieties B; extend to abelian schemes B; — S and we define A’ to be the
fibred product over S of the n;-th fibred powers of the B;. We can now apply Lemma 2.2 and
we are reduced to proving Theorem 1.1 for products of simple abelian schemes.

We are now going to describe flat subgroup schemes of A, which is a fibred product A; xg
-+ xXg A,, where A; is the n;-th fibred power of B; and By, ..., B,, are abelian schemes whose
generic fibres are pairwise non-isogenous geometrically simple abelian varieties. Moreover, we
let R; be the endomorphism ring of B; which we can suppose to be defined over k(S).

Fix ip, with 1< iy <m. For every a=(ay,..., anlo) € R, we have a morphism
a: A, — B;, defined by

()

a(Pl, .. "P””io) = a1P1 + -4 amopmg-

We identify the elements of RZ}’”’ with the morphisms they define. The fibred product
a; Xg---Xga,, foraq,...,a, c RZ:O defines a morphism A;, — A" over S where A” is the
r-fold fibred power of B;,. Therefore, square matrices with entries in R;, and appropriate size
will define endomorphisms of A;,. Finally, every endomorphism of A is given by fibred products
of such endomorphisms, and is represented by an m-tuple in [[ Mat,,, (R;) which forms a ring
we call R.

If a € R, the kernel of « is the fibred product of o : A — A with the zero section S — A. We
denote it by ker o and we consider it as a closed subscheme of A. Let g; be the relative dimension
of B; over S. If a = (ay,...,am) € R, we define the rank r(a) of a to be > rank(a;)g;. In
practice, ker « is a closed subscheme of .4 obtained by imposing rank(c«;) independent equations
on each factor A;.



198 F. BARROERO AND L. CAPUANO

LEMMA 2.3. Let G be a flat subgroup scheme of A of codimension d. Then, there exists an
«a € R of rank d such that G C ker « and, for any « of rank d, ker «v is a flat subgroup scheme
of codimension d.

Proof. The lemma can be proved following the line of the proof of [25, Lemma 2.5]. The
fact that there is an s € S(C) such that the endomorphism ring of A is exactly R follows from
[40, Corollary 1.5]. O

From this lemma, we can deduce that each flat subgroup scheme of A is contained in a flat
subgroup scheme of the same dimension and of the form

G=G X5 x5 Gp,

where, for every i =1,...,m, G; is a flat subgroup scheme of A;. Now, we are interested in
flat subgroup schemes of codimension at least 2. If g;, > 2, then any proper flat subgroup
scheme of A;, has codimension at least 2. This implies that any flat subgroup scheme of A of
codimension at least 2 is contained in a G = G1 Xg - -+ Xg G, of codimension at least 2 where
all G, = A; except for one index iy or two indexes i1, 42 with ¢g;, = ¢;, = 1. It is then clear that,
by projecting on the factors, we only need to prove our Theorem 1.1 in the following cases.

(1) A is isotrivial, that is, it is isomorphic to a constant abelian variety after a finite base
change.

(2) A is not isotrivial, m = 1 and ¢; = 1.

(3) A is not isotrivial, m =2 and ¢g; = g2 = 1.

(4) A is not isotrivial, m = 1 and g1 > 2.

In the first three cases, the statement of Theorem 1.1 follows, respectively, from

(1) the work of Habegger and Pila [26];
(2) Theorem 2.1 of [2];
(3) Theorem 1.3 of [3].

In case (4), we have a non-isotrivial abelian scheme A — S which is the n-fold fibred power
of a simple abelian scheme B of relative dimension at least 2. As above, 7 denotes the structural
morphism A — S.

Now, since our irreducible curve C in A, also defined over k, is not contained in a fixed fibre,
it defines a point in A, (k(C)) or, equivalently, n points Pi,..., P, € B, (k(C)), while for any
c € C(C) we have a specialized point of A (k(c)) or n points Pi(c),..., P.(c) € Br(c)(k(c)).

Let R be the endomorphism ring of B,,, which we supposed to be defined over k(S). Every
element of R specializes to an element of End(Bs) and this specialization map is injective. By
abuse of notation, we denote by R the specializations of End(5,,). Note that for some s one
may have R C End(B;).

The points Py, ..., P, defined by C might or might not satisfy one or more relations of the
form

p1P1+"'+pnPn:Oa

for some p1,...,p, € R, not all zero, where O is the origin of B,,. If they do, then clearly the
same relations hold for all specializations Pi(c), ..., P,(c). On the other hand, for a specific ¢,
some new relations might arise, with coefficients in R or in the possibly larger End(B(c,)).
As we have seen above, flat subgroup schemes correspond to linear relations over R so we
consider the case in which no generic relation holds and prove that there are at most finitely
many specializations such that the points satisfy a relation with coefficients in R.
The following theorem deals with case (4) and completes the proof of Theorem 1.1.
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THEOREM 2.4. Let A — S and C be as above. Suppose that the points Py, ..., P, defined
by C are R-independent and that C is not contained in a fixed fibre. Then, there are at most
finitely many ¢ € C(C) such that there exist p1,...,pn € R, not all zero, with

p1Pi(c)+ -+ puP,(c) = O,

on Bﬂ(c)'

In case n = 1, one has a single point which is not generically torsion. There are at most finitely
many specializations such that the point is torsion. As already mentioned in the Introduction,
this was proved for g = 2 by Masser and Zannier in [37] and jointly with Corvaja in [14] when
everything is defined over C, while the case of arbitrary g has been considered in [38], again
with the abelian scheme and the curve defined over the algebraic numbers.

It is easy to see that Theorem 2.4 allows us to deduce Theorem 1.1 in case (4). Indeed, by
Lemma 2.3, a point ¢ is contained in a flat subgroup scheme of codimension > 2 if and only if
there is a non-trivial R-relation between Pi(c),...,P,(c) and C is not contained in a proper
subgroup scheme if and only if it is not contained in a fixed fibre and P, ..., P, are generically
R-independent. This concludes the proof of Theorem 1.1.

3. O-minimality and point counting

For the basic properties of o-minimal structures, we refer to [18, 19].

DEFINITION 3.1. A structure is a sequence S = (Sy), N > 1, where each Sy is a collection
of subsets of RY such that, for each N, M > 1:

(i) Sw is a boolean algebra (under the usual set-theoretic operations);

) Sy contains every semialgebraic subset of R™V;
ii) if A € Sy and B € Sy then A X B € Syyar;

) if A€ Sy then w(A) € Sy, where m: RVTM — R is the projection onto the first
N coordinates.

If S is a structure and, in addition,
(5) S consists only of all finite unions of open intervals and points,

then S is called an o-minimal structure.

Given a structure S, we say that S C RY is a definable set in S if S € Sy.

Let U C RM*N and let m; and m be the projection maps on the first M and on the last
N coordinates, respectively. Now, for t € 71(U), we set Uy, = {z € R : (tp,z) € U} and call
U a family of subsets of RY, while U, is called the fibre of U above ty. If U is a definable
set, then we call it a definable family and one can see that the fibres Uy, are definable sets
too. Let S CRY and f:S — RM be a function. We call f a definable function if its graph
{(z,y) € S x RM : y = f(x)} is a definable set. It is not hard to see that images and preimages
of definable sets via definable functions are still definable.

There are many examples of o-minimal structures, see [19]. In this article, we are interested
in the structure of globally subanalytic sets, usually denoted by R,,,. We are not going to pause
on details about this structure because it is enough for us to know that if D C R” is a compact
definable set, I is an open neighbourhood of D and f : I — RM is an analytic function, then
f(D) is definable in R,,. The fact that R,, is o-minimal follows from the work of Gabrielov
[21].
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PROPOSITION 3.2 [19, 4.4]. Let U be a definable family. There exists a positive integer
such that each fibre of U has at most vy connected components.

We now need to define the height of a rational point. The height used in [26] is not the
usual projective Weil height, but a coordinatewise affine height. If a/b is a rational number

written in lowest terms, then H(a/b) = max{|al,|b|} and, for an N-tuple (a1,...,ay) € QV,
we set H(aq,...,ay) = max(H(q;)). For a family Z of RM* and a positive real number T,
we define

Z7QT)={(y.») € Z:ye Q" H(y) <T}. (3.1)

We let m; and 75 be the projection maps from Z to the first M and last N coordinates respec-
tively.
The following is a consequence of [26, Corollary 7.2].

PROPOSITION 3.3 [26, Corollary 7.2]. For every € > 0, then there exists a constant ¢ = ¢(Z, €)
with the following property. If T' > 1 and |m2(Z™~(Q,T))| > ¢TI, then there exists a continuous
definable function 0 : [0,1] — Z such that

(i) the composition m 0§ :[0,1] — RM is semi-algebraic and its restriction to (0,1) is real
analytic;
(ii) the composition 73 0 d : [0,1] — RY is non-constant.

4. Abelian integrals and periods

In this section, we give some definitions and facts about abelian integrals and periods. These
will be used to define the set we will apply Proposition 3.3 to. For more details, we refer to
[7, the Appendix| and [14, Section 2].

We remove from C the singular points and the ramified points of .. We call C what is left.
Moreover, we set K = C(C).

Now, let c¢* € C and consider a small neighbourhood N¢- of ¢* in 5, mapping injectively
to S via 7. Let Dc~ be a subset of m(Ne«) containing m(c*) and analytically isomorphic to a
closed disc.

Our simple abelian scheme B — S defines an analytic family B of Lie groups over the
Riemann surface S®" and its relative Lie algebra Lie(B)/S defines an analytic vector bundle
Lie(B") over S, of rank g. Over D+ we have a local system of periods I of B /D« given
by the kernel of the exponential exact sequence

0 — g — Lie(B*™) RLLNY gy
over S,

Possibly restricting to a non-empty open subset of S, we fix a basis defined over K of the
K-vector space Lie(B) and this gives us a trivialization Lie(B%")/Dg+ =~ D+ x C9.

Since D~ is simply connected, we can choose 2g holomorphic functions w1, ...,waq : Dex —
C9 such that, for every s € D.-, we have that wi(s),...,wao4(s) is a basis for the period
lattice IIz,. Moreover, our points Pi,..., P, correspond to regular sections P, : Do — B"
for all i =1,...,n and we can define holomorphic functions z1,..., 2z, : De+ — C9 such that
expg_ (zi(s)) = Pi(s) for all s € Dge and i = 1,...,n.

The following Lemma is a consequence of the work of Bertrand [5].

LEMMA 4.1. Let F = K(w1,...,ws,). Under the assumptions of Theorem 2.4, we have
tr.deg.p F(z1,...,2,) = ng,

on D.-.
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Proof. This is a special case of [5, Theorem 4.1] (see also [4]) with T = (21,...,2,) and
y=(P1,...,P,). Indeed, we have no constant part and 7 is non-degenerate since there is no
relation among the P;s. Finally, we can choose F' as base field because of Theorem 4.3. O

5. Points lying on rational linear varieties

As before, we denote by C the points of C which are not singular nor ramified points of 7.
Fix a ¢* € 5, and, as in the previous section, consider Ng«, a small neighbourhood of ¢*,
mapping injectively to S via w. Moreover, let D.- be a subset of m(N.-) containing 7(c*)
and analytically isomorphic to a closed disc. For i =1,...,n, let P; : De» — B9 denote the
regular sections corresponding to the points P;. For the rest of this section, we suppress the
dependence on these data in the notation. Every constant will anyway depend on the choice
of them.

Let ¢1,..., ¢, be generators of R as a Z-module. Suppose that, for an sy € D, there are
P1,- -+, Pn, ot all zero, with

plpl (50) + -+ pnpn(SO) =0

on By, , and

S0

T
pi = E Qi P,
j=1

for some integers a; ;. Then, we have

Zai,j@jﬁ’q:(so) =0. (5.1)
4,
For T > 1, we define
D(T) = {so € D : (5.1) holds for some a; ; € Z"™ \ {0} and |a; ;| < T}. (5.2)

In this section and in the following ones, we use Vinogradov’s < notation: For two real valued
functions f and g, we write f < g if there exists a positive constant ¢ so that f < cg. At the
beginning of each section, we specify what these implied constants depend on. Any further
dependence is denoted by an index. Here, they depend on C, D and the choice of generators
of R.

PRrROPOSITION 5.1. Under the assumptions of Theorem 2.4, for every e >0, we have
|D(T)| <. T, for every T > 1.

To prove this Proposition, we need some preliminary lemmas. First of all, note that each
endomorphism ¢, for j = 1,...,r, is represented by a square matrix A; of dimension g, that is,

if for every i = 1,...,n we set w;; = A;z;, then expy_ (wi ;(s0)) = ¢ Pi(s0), for all sg € D.
We need to know more about the entries of these matrices.

LeEMMA 5.2. Any matrix M associated to an endomorphism of B,, has entries in K.
Proof. Recall that we supposed that the endomorphisms of B, are defined over K. The

matrix M associated to an endomorphism is the matrix representation of its differential at O.
Then, as we have chosen a K-basis of Lie(3), the entries of this matrix must lie in K. g
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Note that (5.1) implies
Z i, j Wi j (80) € Zwi(sg) + -+ Zng(SO)-
4,J
Recall that D is a subset of S(C) analytically isomorphic to a closed disc. We now identify it

with a closed disc in R?. On a small neighbourhood I of D, we can define 2g - nr real analytic
functions u? ; by the equations

29
_ h
Ww; 5 = E U; j@h,
h=1

and their complex conjugates

29
_ . h —
wi,j* E ui,j““’h'
h=1

Therefore, the uﬁj are real-valued. They are sometimes called Betti coordinates of an
abelian logarithm.
We then define the function

I:1CR*— (R")%

This is a real analytic function and Z = T'(D) is a subanalytic set in (R"")?9, therefore definable
in the o-minimal structure R,,.
Now, if sy € D(T), there exist 2g integers bq,. .., by, with

Z aivjwi_j(so) = blwl(so) + 4 bggWQg(So). (53)
4,J

Since the wp,(sp) are R-linearly independent, we have

Zai,juﬁj(so) =bp, forh=1,...,2¢. (5.4)
2]
We now consider (ufl ;) as real coordinates on Z.

Now, for T' > 1, we define

Z(T) = {(ufj) € Z : (5.4) holds for some (a; ;,by) € Z™ 29\ {0} with |a; |, |bn| < T}.

LEMMA 5.3. For every choice of a; ;,by, € R, not all zero, the subset of Z for which (5.4)
holds is finite.

Proof. By contradiction suppose that the subset of Z of points satisfying (5.4) for some
choice of coefficients is infinite. This would imply that there exists an infinite set D’ C D on
which for every sg € D/,

D aijA;zi(s0) = biwi(so) + -+ + bagwag(so).

ij
Since this relation holds on a set with an accumulation point, it must hold on the whole D
(see [29, Chapter III, Theorem 1.2 (ii)]), contradicting Lemma 4.1. O

LEMMA 5.4. Under the above assumptions, for every € > 0, we have | Z(T)| <. T¢, for every
T>1.
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Proof. Define

W = (ai,]—,ﬂh,u?’j) € (R \ {0}) x R39 x Z : Zai,ju?’j =B forh=1,...,2g 7,

,J

and recall (3.1). We denote by m the projection on the first rn + 2g coordinates and by
mo the projection onto Z. Then, we have Z(T) C my(W™~(Q,T)) and therefore |Z(T)| <
|2 (W~ (Q,T))|. We claim that |m (W™~ (Q,T))| < T€. Suppose not; then by Proposition 3.3,
there exists a continuous definable 4 : [0,1] — W such that &, :=m 04 :[0,1] — R™29 is
semi-algebraic and the composition d := m5 04 : [0,1] — Z is non-constant. Therefore, there
is a connected infinite subset E C [0, 1] such that d;(E) is a segment of an algebraic curve and
d2(F) has positive dimension. Let D’ be an infinite connected subset of D with T'(D’) C §5(F).
The coordinate functions «; j, 8, on D’ satisfy rn +2g — 1 independent algebraic relations
with coefficients in C. Moreover, we have the relations given by

E Qw5 = Prwy + -+ Bagwag,
,J

which, as w; ; = A;z;, translate to

Zai,jAjzi = frwi + -+ + Bogway.
4,J

Thus, recalling that the «; ; cannot all be 0 and that the A; have entries in K by Lemma 5.2,
we have g algebraic relations among the «; ;, By, z; over F = K(w1,...,wa,).

Then, on D', and therefore on the whole D, the nr + 2g 4+ ng functions o ;, 85, z; satisfy
nr + 2g — 1 4+ g independent algebraic relations over F'. Thus, since by assumption g > 1, we
have

tr.deg.pF(z1,...,2,) <ng—g+1<ng,

contradicting Lemma 4.1, and proving the claim. t

Proof of Proposition 5.1. Since the w), are R-linearly independent, if so € D satisfies (5.1),

then equations (5.4) hold for I'(sg) for some integers by,...,by,. Now, since D is a compact
subset of R?, each z;(D) is bounded and therefore, if z1(sq), ..., 2n(s0),w1(s0),- - -, wa2,(s0)
satisfy (5.3), then [by], ..., |bag| are also bounded in terms of the |a; ;| and thus of T'. Therefore,

I'(sg) € Z(yT) for some v, independent of T. Now, using Proposition 3.2, Lemma 5.3 and
the fact that I' is a definable function, we see that there exists a 5 such that, for any

choice of a;; and by, there are at most v, elements sg in D such that z1(so),...,2zn(s0),
wi(80), ..., waq(so) satisfy (5.3). Thus, |D(T)| < |Z(nT)| and the claim of Proposition 5.1
follows from Lemma 5.4. O

6. Relations on a fixed abelian variety

Let G be an abelian variety of dimension g defined over a number field L and let T(G) be its
tangent space at the origin. The Néron—Severi group NS(G) of G can be identified with the
group of Riemann forms on T(G) x T(G). The degree deg(H) of an element H of NS(G) is
defined to be the determinant of the imaginary part Im(H) of H on the period lattice A(G)
of G. Suppose we are given an ample symmetric divisor D on G with corresponding Riemann
form Hp on T(G) x T(G) of some degree [. In this section, the constants 71,72,... and the
ones implied in the < notation depend on ! and g.
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We denote by hp(G) the stable Faltings height of G taken with respect to a sufficiently
large field extension of L so that G has at least semistable reduction everywhere. Moreover,
the divisor D induces a Néron—Tate height hp on G. N

Suppose that Q1,...,Q, € G(L) are m points dependent over Z, with hp(Q;) < ¢ for some
q = 1. Define

E(Qlw“an) :{(a17~-~aam) EZm:alQl'i_""i_aQO:O}-

This is a sublattice of Z™ of some positive rank r. We want to show that L(Py,..., P,,) has a
set of generators with small max norm |a| = max{|a1|,...,|am|}

PROPOSITION 6.1. Under the above assumptions, there are generators ai,...,a, of the
lattice L(Q1, ..., Qm) with

@il < £ q2 "D (hie(G) +72),

for some positive y1,72,7s, where k = [L : Q).

In the case g = 1, this is [2, Lemma 6.1].

We need a few auxiliary results in order to prove the Proposition 6.1. Some of the arguments
we are going to use, in particular in the proof of Lemma 6.5, were suggested to us by
David Masser.

We first need to see how to associate to G a principally polarized abelian variety. Let S,
be the Siegel space of g X g symmetric matrices with positive definite imaginary part. Let
T €S, and set A = Z9 + Z97. The analytic space CY/A embeds in some projective space PV
via a function z — ©.(z) whose coordinates are given in [16, (1), p. 510]. The image of such
function is an abelian variety A(7) which is principally polarized with associated Riemann form
H, defined by 7. In case A(7) is defined over a number field, we denote by h 1, the Néron—Tate
height relative to H, or, more precisely, to the ample symmetric divisor Dy associated to H.

Moreover, if 7 is such that ©,(0) € PV(Q), we denote by he(A(7)) the usual logarithmic
height of the point ©,(0) and call it the Theta-height of A(7). The following lemma is a
consequence of [42, Corollary 1.3].

LEMMA 6.2. Suppose A(7) is defined over a number field. There are positive constants s,
Y5, Y6, Y7 and g, depending only on g, such that

he(A(7)) < ya(hp(A(T)) +75)™°
and

hp(A(7)) < 7(he(A(T)) +1)7.

We need a result of Masser and Wiistholz from [32].
Let H be a Riemann form on G. If G’ is an abelian subvariety of G, because of [32, Lemma
1.1], we can take

(deg (G))? = (dim G'1)? det Im(H‘A(G,)) (6.1)

as a definition of the degree deg;; (G’) of G’ with respect to H, where A(G') = T(G') N A(G)
and H)|, , is the restriction of the Riemann form H to A(G"). If the divisor Dy associated to

H is very ample, then degy (G’) coincides with the degree of G’ in any projective embedding
of G associated to Dy. For more details about this see [32, p. 408] and [30, p. 238].
The following lemma associates an A(7) to any abelian variety G via an isogeny.
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LEMMA 6.3 [32, Lemma 4.3]. Assume that G is an abelian variety of dimension g defined
over L and let H be a positive definite element of NS(G) of degree §. Then there exist T € S,
and an isogeny f from G to A(T) of degree /6 with f*H, = H. Further, A(t) is defined over
an extension of L of relative degree < 9.

The following theorem of David is the key ingredient in the proof of Proposition 6.1.

THEOREM 6.4 [16, Théoreme 1.4]. Assume that A(7) is defined over a number field L
of degree k > 2 and set h = max{1l,ho(A(7))}. There are two positive constants g, 10,
depending only on g, such that any P € A(7)(L) satisfies one of the following two properties.

(i) There exists an abelian subvariety B of A(t), with B # A(T), of degree at most
Yop(A(7), L)? (log p(A(7), L))?

such that P has order at most

Yop(A(7), L)? log p(A(r), L)

modulo B.
(ii) We have

R, (P) > m0p(A(r), L)~ (log 2p(A(7), L)) "',

P

where
k(h +logk)
Here || - || denotes the sup norm on the space on g X g matrices with its canonical basis.

Note that |Im7| > +/3/2. Therefore, we can and do ignore that factor in applying
Theorem 6.4.
We are now ready to prove the following lemma.

LEMMA 6.5. Assume that G is defined over a number field L of degree k > 2 and let D be
an ample symmetric divisor on G corresponding to a Riemann form Hp of degree l. Then, for
every non-torsion P € G(L), we have

ho(P) > 577 (hp(G) + y12) 12, (6.2)
while if P € G(L)tqy, then its order is
L g4 (hF(G) + ’}/12)715, (6.3)

for some positive 11, ...,715 depending only on g and | and independent of G, L, k and D.

The inequality (6.3) has been originally proved by Masser and Zannier in [37, Lemma 7.1] for
g = 2 and in [38, Proposition 7.1] in general, obtaining explicit values for the exponents, namely
Y14 = Y15 = 89¢!? when G is principally polarized. Moreover, recently and independently Bosser
and Gaudron [11, Theorem 1.3] proved inequality (6.2) while Rémond [49, Proposition 2.9]
proved inequality (6.3).

Proof. First, let us apply Lemma 6.3 and 6.2 to associate an A(7) to G. We have an isogeny f
of degree v/I between G and A(7) with f*H, = Hp and everything is defined over an extension
of L of degree < 19. Therefore, we can reduce to proving the bounds for @ = f(P) because
isogenies change the order of a torsion point, the Néron—Tate height of a point and the Faltings
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height of the abelian variety by bounded factors depending polynomially only on their degree,
see [28, Theorem B.5.6] and [32, (7.2), p. 436].

We proceed by induction on the dimension g of A(7). For g = 1, there is no proper non-zero
abelian subvariety of an elliptic curve, therefore if @ is not torsion, it must satisfy the height
inequality in (ii) of Theorem 6.4. If Q € A(7)(L)tor, then (i) is true with B = 0 and the claim
follows from Lemma 6.2.

Now, assume g > 1. If @ is non-torsion and satisfies the inequality in (ii) or if @ has finite
order and B =0, we are done. If this is not the case, then (i) must hold with B of positive
dimension. Therefore, there is some positive integer e with

e < Aop(A(r), L) log p(A(7), LY,
such that e@ lies in B, a proper non-zero abelian subvariety of A(7) of degree
A < yop(A(T), L)? (log p(A(7), L))’ (6.4)

In both cases, if we find lower bounds of the form (6.2) and (6.3) for e, then we are done as,
by standard properties of the Néron-Tate height, we have

i, (Q) = € %h, (eQ) = (yop(A(7), L)? (log p(A(7), L)) *hur, (eQ),

and the order of @ is at most e times the order of eQ.

As before, we consider the Riemann form H, associated to 7 as an element of NS(A(7)).
By restricting H, to B, we get an element of NS(B) of degree A%/(dim B!)?. Now, we use
Lemma 6.3. Suppose B has dimension ¢’. Then, there exist v € Sy and an isogeny f’ from B
to A’(v) of degree A/¢'! such that f*H, = H,|,. Moreover, we have that A’(v) is defined over

an extension of L of degree < A29'.
If e@ has infinite order, by [28, Theorem B.5.6 (d)] and the inductive hypothesis, we have

B (6Q) = g, (f/(eQ)) > (w22 ) (hp(A/() +1) 77,

On the other hand, if e is torsion, then its order is bounded by the order of f/(eQ) times the
degree of f’. Therefore, by the inductive hypothesis, we have that f’(eQ) has order at most

Y18 (KA )10 (hp (A'(v) + 1)72.

To conclude, we want to bound hr(A’(v)) with a polynomial in hp(A(7)) and A. Since A’ (v)
and B are isogenous we have, by [32, (7.2), p. 436],

hp(A'(v)) < hp(B) + 2log(A/(g'!)) + 1.

By [32, Lemma 1.4], there is an isogeny of degree at most (A/g'!)? from B x B+ to A(r),
where B~ is the abelian subvariety of A(7) orthogonal to B with respect to the Riemann form
H,. The dual isogeny from A(7) to B x B+ has degree at most (A/g')*9~2 (see [28, Remark
A.5.1.6]). Combining this with [32, (7.2), p. 436], we have

hp(B) + hp(BY) < hp(A(T)) +log(A%/(g'1)?) + 1.

We can forget about the term hp(B') since there exists a lower bound for the value of the
Faltings height which depends only on the dimension (see [42, Remark 1.4]). Finally, we obtain
the claim combining these last two estimates and (6.4). O

|5

We are now ready to prove Proposition 6.1. Suppose first that the points @1, ..., Q,, are all
torsion. The result easily follows from Lemma 6.5.
Now, suppose not all points are torsion. Then, by [31, Theorem A], we have

q %(nfl)
al ()
n
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where w is the cardinality of G(L)ior, n = inf hp (P) for P € G(L) \ G(L)1or, and recall that ¢
is an upper bound for the height of the @Q;. Again, the claim follows from Lemma 6.5.

7. Proof of Theorem 2.4

First, we reduce to the case in which B is principally polarized. By [39, Corollary 1, p. 234],
the generic fibre B,, is isogenous to a principally polarized B;,, which extends to an abelian
scheme B’ over a curve S’ that covers S. By Lemma 2.2, we can prove the Theorem for the
irreducible components of f~1(C) in A’. We then just assume that B is a principally polarized
abelian scheme.

The principal polarization gives an ample symmetric divisor D on B and an embedding in
some PV and therefore a Weil height hp on B and a Weil height hp_ and a Néron-Tate height
EDS on the fibres B;. We can also define a height he on C by taking the maximum of the heights
of the coordinates of C in the different copies of B.

As in Section 4, let C denote what remains from C after removing the singular points and
the points at which 7|, is ramified. Let Cy be the set of points of C such that Pi,..., P, are
R-dependent on the specialized abelian variety. Since the P;s are not identically dependent, we
have that Cy consists of algebraic points.

Let k be a number field over which C is defined. Suppose also that the finitely many points we
excluded from C to get C, which are algebraic, are defined over k. By the above considerations,
we also have that C embeds in (PV)". After removing finitely many further points (possibly
enlarging k again) from C, we can suppose that C embeds in an affine space A"V and call C
the closure of C in A™V.

In this section, the constants depend on B, C and on the choices (for example, of polarization)
we have made until now.

Now, by Silverman’s Specialization Theorem [52, Theorem C], our set Cy projects via 7 to
a set of bounded height. Therefore, there exists a positive «; with

he(eo) < 71, (7.1)

for all ¢y € Cp.
We see now a few consequences of this bound. If § > 0 is a small real number, let us call

~

1 _
cl = {cEC:c < g,|c—c*\ > 0 for all ¢* GC\C}
Here, | - | denotes the max norm induced by the embedding in A™V.

LEMMA 7.1. There is a positive § such that there are at least 3[k(co): k| different
k-embeddings o of k(cy) in C such that c§ lies in C° for all ¢q € Co.

Proof. The bound (7.1) implies that the coordinates of all ¢y have bounded height. Then,
the claim follows as in [36, Lemma 8.2]. O

LEMMA 7.2. There exists a positive constant vy, such that, for every cy € Cy and every
i=1,...,n, we have

ho. (., (Pi(co)) < 72.

Proof. We have hp_  (Pi(co)) < he(eo) and, by a result of Silverman and Tate ([52,

Theorem A]), we have EDW(CO)(PZ-(CO)) < hop,.,, (Pi(co)) +v5(he(eo) +1). The claim follows
from (7.1). O
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Now, by Northcott’s Theorem [41] and (7.1), in order to prove Theorem 2.4, it is sufficient
to bound the degree of the points in Cy to prove finiteness.

Fix ¢y € Cp and let dy = [k(cp) : k] which we suppose to be large. First, by Lemma 7.1, we
can choose 4, independently of ¢, such that at least half of its conjugates lies in C’. Since C°

is compact, there are c1,...,¢,, € C with corresponding neighbourhoods N,,..., N, , and
D¢y De,, C 7(C), where D, C m(N,,) contains m(c;) and is homeomorphic to a closed

disc and we have that the sets 71(D,.,) N N,, cover C°.

We can then suppose that D., contains s = 7(c§) for at least ido conjugates ¢ of ¢y
over k. Since each s € S(C) has a uniformly bounded number of preimages ¢ € C(C), we can
suppose we have at least %do distinct such s§ in D, .

Now, all such conjugates ¢f are contained in Cy because the Pi(c), ..., P,(cf) satisfy the
same relations as those holding between the points specialized at ¢y. So, there are p1,...,p, €
R, not all zero, such that

plPl(Cg) + 4+ pnPrz(cg) =0

on Bsg .
By Lemma 7.2, we have

g (P(€3)) < o,

and the P;(c§) are defined over k(c§).
If v1,...,p, are Z-generators of R, one can write

pi =Y aijp;, (7.2)
j=1

for some integers a; ;. Now, if we call Q; ; = ¢, P;(c{), we have that the Q; ; are nr Z-dependent
points in B,z (k(cf)) and have height

hp o (Qi) < hp g (Pi(cf)) < 1.

The divisor Dy corresponds to a principal polarization and so to a degree 1 Riemann form
on T'(Bsg) x T(Bsg ). Therefore, we can apply Proposition 6.1 and we can suppose that for the
coefficients a; ; in (7.2), we have |a; ;| < [k(cf) : Q] (hr(Bsg) + 7). Moreover, hp(Bsg) <
he(ef) < 1 (see, for example, the discussion on [15, p. 123]). Thus, we can suppose that all
la; ;| are < dJ° and we then have that there are at least %do distinet s§ € De, (79d)°) (Recall
the definition of D(T) in (5.2)).

By Proposition 5.1, we have that |D., (y9d]%)| <. dy’®. Therefore, if we choose € = i, we

have a contradiction if dj is large enough, which proves that dy has to be bounded as required.

8. Some consequences of Theorem 1.1

We start by deducing from Theorem 1.1 an apparently stronger statement, Theorem 1.2. As
before, we consider an abelian scheme A over a smooth irreducible curve S, of relative dimension
g and an irreducible curve C C A, not contained in a fixed fibre. Everything is defined over a
fixed number field k.

THEOREM 8.1. Let m be an integer with 1 < m < g. If the intersection of C with the union
of all flat subgroup schemes of A of codimension at least m is infinite, then there exists a
finite cover S’ — S such that C Xg S’ is contained in a flat subgroup scheme of A xg S’ of
codimension at least m — 1.
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Proof. We can assume m > 3. Note that, if the hypothesis is true for C in A, then it is
true after any base change. We can, therefore, suppose that there is a G that is the smallest
component of a flat subgroup scheme of A containing C and that after any base change S — S,
the curve C x g S’ is not contained in a flat subgroup scheme of smaller dimension. Note that, for
any positive integer d, Theorem 8.1 is true for C if and only if it is true for the image of C under
the multiplication-by-d map. Therefore, we can suppose that G is an abelian subscheme B of A.
If the codimension of B in A is at least m — 1, we are done so we suppose codim 4(B) < m — 2.
Any point of C lying in a component H of a flat subgroup scheme of A of codimension at least
m lies also in H N B. This is a component of a flat subgroup scheme of B. We see that it has
codimension at least 2 in B:

2 < codimy (H) — codim 4(B) = dim(B) — dim(H) < dim(B) — dim(H N B) = codimp(H N B).

Then C contains infinitely many points lying in flat subgroups schemes of B of codimension at
least 2 and so, by Theorem 1.1, it is contained in a proper flat subgroup scheme of B (possibly
after a base change), contradicting the minimality of B. (|

The following statement will be used for proving Theorem 1.3. The key point is that,
by Lemma 2.3, an abelian scheme whose generic fibre contains no one-dimensional abelian
subvariety cannot contain codimension 1 flat subgroup schemes.

COROLLARY 8.2. Let A, S and C be as above. If CN|JG, where the union runs over all
flat subgroup schemes of A which do not contain C, is infinite, then there exists a finite cover
S’ — S such that the generic fibre of A Xg S’ contains a one-dimensional abelian subvariety.

Proof. As in the proof above, we can suppose that the smallest component of a flat subgroup
scheme of A containing C is actually an abelian subscheme B of A and after any base change
C is not contained in a flat subgroup scheme of smaller dimension. We can also suppose that
there is no base extension such that the generic fibre of A has a one-dimensional abelian
subvariety if it did not have one already. Now, if CN|JG, where the union runs over all
flat subgroup schemes of A which do not contain C, is infinite, then C N J(B N G) is infinite
and each BN G considered in that union is a proper flat subgroup scheme of B. But then, if
A contains no one-dimensional abelian subvariety, we must have codimp(BNG) > 2. In this
case, by Theorem 1.1, C is contained in a proper flat subgroup scheme of B (possibly after a
base change), contradicting the minimality of B. O

We keep the above assumptions on S and C but we now assume that, for some n > 1, A is
the n-fold fibred power of an abelian scheme B — S whose generic fibre has no one-dimensional

abelian subvariety, even after a base change. Let Py,..., P, € B,(k(C)) be the points defined
by C. We define

M= {(al,...,an) €Z": Y aP; :0},
i=1

to be the lattice of integral relations among the P;. Moreover, for every ¢ € C(C), we let

Ale) = {(al, ceap) EZT ZaiPi(c) = O}.

Then, we must have A(¢c) D M for all ¢ € C(C).
The following result is a direct consequence of Corollary 8.2.

COROLLARY 8.3. We have A(c) = M for all except at most finitely many ¢ € C(C).
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Proof. Each point ¢ such that A(c) # M is contained in a flat subgroup scheme of A4
which does not contain C. Therefore, there can only be at most finitely many such points by
Corollary 8.2. O

Now, we present another application of our Theorem 1.1. Recently, Ghioca, Hsia and Tucker
[24] proved a statement in the spirit of unlikely intersections which is relatively similar to the
main result of [3].

THEOREM 8.4 [24, Theorem 1-1]. Let m; : & — S be two elliptic surfaces over a curve
S defined over Q with generic fibres E;, and let op,,0¢0, be sections of m; (for i =1,2)
corresponding to points P;,Q; € E;(Q(S)). If there exist infinitely many s € S(Q) for which
there exist some my 5, Mo s € Z such that m; sop,(s) = 0g,(s) for i = 1,2, then at least one of

the following properties hold.

(i) There exist isogenies ¢ : 1 — Eo and 1) : E5 — E5 such that o(P1) = ¢ (Ps).
(ii) For some i € {1,2}, there exist k; € Z such that k;P; = Q; on FE;.

In the Appendix, we will show how the main theorems of [2, 3] imply Theorem 8.4 while
in what follows we deduce an analogous statement for families of abelian varieties without
elliptic factors.

Let B be as above and let A be the n + 1-fold fibred power of B, for somen > 1. Let C C A
be an irreducible curve, as usual not contained in a fixed fibre, and suppose that everything is
defined over a number field k. The curve C defines points P, Pi, ..., P, € B, (k(C)) and we let

I'=(P,....,RP,) = {Q € B,(k(C)): Q= iaiﬂ-, for some (ay,...,a,) € Z”}

i=1

be the subgroup of B,(k(C)) generated by Pi,...,P,. This will have specializations
I'(c) =< Pi(c),..., Pu(c) >C By (k(c)), for all ¢ € C(C). The following is a consequence
of Corollary 8.3.

THEOREM 8.5. If B, has no one-dimensional abelian subvariety and P(c) € I'(c) for
infinitely many ¢ € C(C), then P € I' identically.

Note that the assumption on A, not having elliptic factors is necessary. Indeed, one
can easily construct counterexamples from the fact that a non-torsion section of a (non-
isotrivial) elliptic scheme specializes to a torsion point infinitely many times (see [56], Notes to
Chapter 3).

9. Almost-Pell equation

In this section, we prove Theorem 1.3. For now, we fix K to be a field of characteristic 0, and
D € K[X] a squarefree polynomial of even degree 2d > 4.

Consider the hyperelliptic curve defined by Y2 = D(X). If we homogenize this equation, we
obtain a projective curve which is singular at infinity. There exists, however, a non-singular
model Hp with two points at infinity which we denote by oot and co™. We fix them by
stipulating that the function X¢ +Y has a zero at co™. The curve Hp is then a hyperelliptic
curve of genus d — 1.

Let us denote by Jp its Jacobian variety, that is, the abelian group

Jac(Hp) = Div’(Hp)/DivF (Hp),
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where Div’(Hp) denotes the group of divisors of degree 0 and Div"’ (Hp) is the subgroup of
principal divisors. If A € Div'(Hp), we will denote by [A] its image in the Jacobian Jp.
Fix a non-zero F' in K[X]| and consider the ‘almost-Pell equation’

A’ - DB? =F, (9.1)

where we look for solutions A, B € K[X] with B # 0.

Assume F factors as F(X) = 8(X —a1)™ ... (X — ap)® € K[X]\ {0}, with 8 € K\ {0},
Qag, ..., 0, € K pairwise distinct and aq, ..., a,, non-negative integers.

We order the roots of F' so that D does not vanish at «; for i = 1,...,h and D vanishes at
a; for i = h+1,...,m. Note that h is allowed to be 0 or m.

If a; is not a common root of D and F', then there are two points on Hp with first coordinate
equal to «; which we denote by a:r and «; . In case D and F' have a common root «;, then
there is only one point with first coordinate «; and we call it «;, as well. Let us assume that
all these points and the two points at infinity are defined over K.

We now define P; = [a] —oco~] for alli=1,...,h, P, =[a; —oco | foralli=h+1,...,m
and Q = [0o™ — 00| as points on Jp(K). Note that, for i < h, we have [a] — 0™ = —[a; —
oot] since div(X — «;) = @ + a; — 0o — 0o~ while for i > h, as div(X — ;) = 2a; — 00t —
0o0~, we have [o; — 00~ ] = —[a; — 00™].

REMARK 9.1. Suppose there is an « € K that is a root of D (a single root since D is
squarefree) and a multiple root of F. Then, if we have an equation like (9.1), we must have
that (X — «)? divides both A2 and B2. Therefore, in this case, A> — DB? = F has a non-trivial
solution if and only if A> — DB? = F//(X — a)? has a non-trivial solution. Thus, we can always
suppose without loss of generality that, if D and F' have a common root «, then the order of
vanishing of F' in « is equal to 1.

In what follows, we will use the fact that a function in K (Hp) has the form R + Y'S for some
R,S € K(X) and that ordp(R +Y'S) = ord,(p)(R — Y'S), where ¢ is the involution ¥+ —Y".
Therefore, we have that R =0 or S =0 if and only if the divisor of R+ Y S is invariant
under ¢.

The next two lemmas translate the existence of a non-trivial solution of equation (9.1) to a
relation between points of Jp and vice versa. For the case F of degree at most 1, see [37, Lemma
10.1 and 11.1].

LEMMA 9.2. Suppose there are A, B € K[X] such that A> — DB? = F with B # 0. Then,
there exist g1,...,9m,l € Z, not all zero, with |g;| < a; and g; = a; mod 2, such that

Zgipi+lQ:O

i=1

on JD.

Proof. We consider the non-constant functions f* = A+YB on Hp. Since Y? = D,
we have that f*f~ = F. Therefore, there are non-negative integers b, , by ,... ,b;{,b,: with
OI'dazi (ft) =bF, fori =1,...,h. Note that, since orda; (f) zordaj (f7), we have b +b; =
a;. For i > h, because ord,, (f)=ord,,(f~), we must have ordy, (f*) = a;. Therefore, since
fT cannot have other zeroes or poles at finite points, there exists an integer [ such that

h

div(fT) = Z(bjaf +b a; )+ Z a;a; + loot — <[+ ZQZ) oo .
i=1

i=1 i=h+1
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Let f be the function f* /", (X — ;)" , which is non-constant since B # 0. Then,
~ h ~ h ~ h m
div(f) = (b7 = b )aj + Z ao + <Z+Zb;>oo+<l+2b;r+ > al-)oo.
i=1 i=h+1 i=1 i=1 i=h+1

Then, 1fl—l+zl 1 b;, we have

h m

S F b )P+ > aPi+1Q=0

i=1 i=h+1

on Jp. If the relation was trivial, we would have f constant, which is not possible. This gives
the claim. 0

LEMMA 9.3. Suppose that there is a relation

> ePi+1Q=0 (9-2)
for some integers ey, ..., ey, 1 not all zero. Moreover, suppose that, for alli = h + 1,...,m, the
integer e; is odd or zero. Then, there exist A, B € K[X], with B # 0 such that

- DB*=3 H ag)lel)

for some non-zero € K.

Proof. From (9.2), we have that

h m
Zeﬂa?‘—ooﬂ—i— Z eila; — 00 ]+l — 007 = 0.
i=1 i=h+1

This implies that there is a non-constant function f € K(Hp) with

div(f Zeoﬁ—}— Z e + loo™ (l—i—iei)oo
i=1

1=h+1

Let us now define f* = f[[; . o(X — ;)¢ then,

div(f*) = Z lei|a™ + Z leila; + Z lei|a; + 100 <Z’+Z|ei|>oo_,
i—1

i=h+1
ezgo py o

where I’ =1—-37", _ _gleil. As f* is a rational function on Hp, there exist A, B € K(X)
such that fT = A 4+ Y B. Moreover, using the properties of the involution ¢ : Y+ —Y, we have

that, if f~ := A —YB,

div(f Z|el|a +Z|ez|a + Z leila; + 100 — <1’+i|ei|>oo+
i=1

i=h+1
8120 o =0

Therefore, we have

m

=Bl —a),
=1
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for some non-zero § € K. Finally, we have that f* 4+ f~ = 24 has no pole at finite points, so
A is a polynomial and so must be B because DB? = A? — B][(X — ;)% and D is squarefree.
Finally, let us prove that B cannot be 0. Indeed, that would mean that all e; are even

and that div(f*)=div(f~). These two facts, together with our assumptions on ejy1,...,€nm,
imply that all e; = 0. Therefore, I’ = 0 and so also [ should be zero, which contradicts the
hypotheses. O

Consider now the setting of Theorem 1.3. Recall that we have a smooth, irreducible curve
S defined over a number field k and polynomials D and F with coeflicients in K = k(S5).
Recall moreover that we suppose that the Jacobian Jp contains no one-dimensional abelian
subvariety. We can consider a finite extension K’ of K so that the points P; and Q of Jp
associated to D and F are all defined over K’. Since K’ has the form k(S’) for some irreducible
non-singular curve S’ with a finite cover S’ — S, in view of the claim of Theorem 1.3, we can
suppose S’ = S.

Similarly to what is done is Section 8, we define

M ={(a1,...,am) € 2%, : 3 A, B e K[X],B#0,
A*—DB* = (X —a1)" (X —an)"},
and, for all sg € S(C),
A(so) = {(a1,...,am) € 22y : 3 A, B € C[X],B # 0,
A? — D, B* = (X —ay(s0))™ - (X — m(50)) },

where the «;(sg) are the a; specialized at sg.
The claim of Theorem 1.3 can be easily deduced from the following.

THEOREM 9.4. We have A(sg) = M for all but finitely many so € S(C).

Proof. Suppose we have an infinite set Sy of points sg € S(C) such that there exist vectors
(a1(80),---,am(s0)) € A(sg) \ M. Recall that we ordered {aq,...,a;,} so that D does not
vanish at a; for i =1,...,h and D vanishes at a;; for i = h+ 1,..., m. By Remark 9.1, we can
choose the vectors (a1(so),...,am(s0)) € A(sg) \ M so that, for all i = h+ 1,...,m, we have
a;(s0) = 0 or 1. Then, by Lemma 9.2, we have that, for all sy € Sy,

Zgi(SO)Pi(SO) +1(50)Q(s0) = O,

for some ¢1(s0),---,9m(50),1(s0) € Z, not all zero, with |g;(s0)| < ai(s0), gi(s0) = a;(s0)
mod 2 and g¢;(sg) = ta;(sg) for all i =h+1,...,m. By Corollary 8.3, after throwing away
at most finitely many elements of Sy, we have that all of the above relations are actually
identical. In other words,

m

> 9i(s0)Pi+1(s0)Q = O,

i=1
for all sp € Sp, identically on S. Applying Lemma 9.3, we have that (|g1(so)|, .-, |gm(s0)|) are
in M, and then clearly (a;(so),-..,am(s0)) € M, which contradicts the existence of the above

infinite set. Therefore, the set of s such that A(s) # M is finite. O
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10. Some examples

In this section, we apply Theorem 1.3 to some examples. Let K = Q(¢) and consider the
generalized Pell equation

A* - D,B*=F, (10.1)

where D, € K[X] is the family of polynomials defined by D;(X) = (X —¢)(X” — X® — 1) and
F(X)=4X +1 € Q[X].

The curve defined by Y? = D;(X) has a non-singular model Hp, which is a hyperelliptic
curve of genus 3. As before, we denote by Jp, its Jacobian variety, which is an abelian variety
of dimension 3. It is easy to see that the polynomial X7 — X3 — 1 has no multiple roots and
that the Galois group of its splitting field is the permutation group S7. Using [58, Theorem
1.3], this implies that Jp, is geometrically simple and, in particular, it does not contain any
one-dimensional abelian subvariety (for similar examples of families of this type, see also [20]).

We want now to prove that (10.1) has no non-trivial solution with A, B € K[X]. Suppose
for contradiction that the equation has a non-trivial solution. By [54, Proposition 3.6], if A, B
are polynomials in X satisfying A% — D;B? = F with degy (F) < degy(D;)/2 — 1, then A/B
has to be a convergent of the continued fraction expansion of v/Dy; in particular, this means
that A, B are polynomials in K[X], that is, the coefficients are rational functions in ¢. Clearing
denominators, we have a new equation A’”> — D;B"? = E*F with A’, B’ € Q[t, X] and E € Q[t].
But now we have two cases: if £ € Q, then it is easy to see that the equation cannot have an
identical solution because D; has degree 1 in ¢ and F' is independent of ¢. On the other hand,
if £ € Q(t)\ Q, then we can specialize to a zero ty of E, giving that D, (X) would be a square
in Q[X], which is again a contradiction. We can then apply Theorem 1.3 to conclude that
there are at most finitely many ¢, € C for which the specialized equation A? — D; B? = F is
solvable. For example, for ty = 0, we have

(22X +1)2 - X(XT - X3 —1)22 =4X +1.

Note that the same argument using [54] applies if we take as D; a squarefree polynomial
in Q[t, X] satisfying the assumptions of Theorem 1.3 with odd degree in ¢ and F € Q[X]
with degy (F) < degy (D;)/2 — 1; in this case, we always have that the almost-Pell equation
A? — D,B? = F is not identically solvable.

We also remark that, if degx (F) > degx(D;)/2 — 1, we cannot in general conclude that
the polynomials A, B have coefficients in K rather than K. If we take, for example,
Di(X)=X%+ X+t and F(X)=—X%— X, then the almost-Pell equation has non-trivial
solutions in A, B € Q(t)[X], that is,

(\/E)Q (XS4 X )12 = — X5 X,

but it is easy to see that it cannot have a solution in Q(t)[X] just looking at the degrees in t.

Let us finally show on some examples that the requirement that Jp, contains no
one-dimensional abelian subvariety is necessary to prove finiteness.

Examples of polynomials in Q(¢)[X] of degree at least six that are not identically Pellian
but become Pellian for infinitely many specializations because the associated Jacobian has an
elliptic factor appear on [37, p. 2396] and [38, p. 3].

Let us now consider the family of polynomials D;(X) = X'? + X* 4+t € Q(¢)[X] and let us
take F(X) = X* — 1. We can define the map

B:HDt, _>H[~), /B(X7Y):(X1aY1)Z(X4aX2Y)7



UNLIKELY INTERSECTIONS AND POLYNOMIAL PELL EQUATION 215

where Hp is the genus 1 curve defined by the equation Y7 = Dy(X1) = X*+ X2 4 1X,. Let
us define also F(X;) = X; — 1 and consider the almost-Pell equation

A*> - D,B>=F. (10.2)

Using [54] and the same argument as in the previous example, (10.2) is not identically solvable
(neither is the original equation A> — D;B? = F). However, we show that there are infinitely
many to € C such that (10.2) specialized at ¢y, has a non-trivial solution. In fact, using the
notation introduced in the previous section, we consider the Jacobian .J B, of H B, which can be

identified with Hp itself by choosing a point on it. Consider moreover P; = [(1,v/2 +t) — 00|
and Q; = [0co™ — 0o™], where co™ and oo™ are the two points at infinity of Hj . First, note that

@: is not identically torsion of J B> otherwise the polynomial ﬁt would be identically Pellian

(that is, the Pell equation A? — D;B? = 1 would be identically solvable), which is not the case
again using [54]. Using Lemmas 9.2 and 9.3, we have that for some ¢, € C, equation (10.2) has
a non-trivial solution if and only if there exists an integer I(to) such that Py, = I(t9)Q4,-

However, it is a consequence of Siegel’s theorem for integral points on curves over function
fields that this happens for infinitely many ¢g € C.

In fact, if L = Q(v/2 + t), then both P, and @, are defined over L. Suppose that we have a
finite number of ¢, € C such that Py, = I(t9)Q4, for some I(ty) € Z and denote by Sj the set of
such tg. Let Rgl) = P, — lQ;. Then, as Q; is not identically torsion, the set of Rgl), for varying
[, is an infinite set of L-rational points of Hj . Now, the fact that for all I the set of ¢y such

that RE? = O, is contained in Sy implies that all REZ) are Sp-integral. Since we supposed that
S is finite, this contradicts Siegel’s theorem for integral points on curves over function fields
(see [53, Theorem 12.1]).

Thus, we proved that there exist infinitely many tg € C such that (10.2) has a non-trivial
solution. For such a tg, suppose we have

AT — (X1 + X7+ toX1)Bf = X — 1,
for some A1, By € C[X;]. Recalling that X; = X*, we have
X =1 = (Ai(X")? = (X0 4+ X5+ 10X ) (B1(X))? = (A1 (X1))? = Dy (X) (X By (XH))?,

so A1(X*), X2B;(X*?) is a solution of the original equation A? — D, , B?> = F. Hence, we showed
that the equation A2 — D, B? = F is not identically solvable but there are infinitely many ¢, € C
such that the specialized equation is solvable.

Appendix. An alternative proof of Theorem 8.4

In this appendix, we show how the main results of [2, 3] (and so also our Theorem 1.1) give
an alternative proof of a result of Ghioca, Hsia and Tucker, namely Theorem 8.4.
For the sake of completeness, we state it here again.

THEOREM A.1 [24, Theorem 1-1]. Let 7; : & — S be two elliptic surfaces over a curve
S defined over Q with generic fibres E;, and let op,, 00, be sections of m; (for i=1,2)

corresponding to points P;, Q; € E;(Q(S)). If there exist infinitely many s € S(Q) for which
there exist some mq 5, Mo s € Z such that m; sop,(s) = 0q,(s) for i = 1,2, then at least one of
the following properties hold.

(i) There exist isogenies ¢ : By — Eo and ¢ : Ey — E5 such that o(Py) = ¢(Py).
(ii) For some i € {1,2}, there exist k; € Z such that k; P, = Q; on E;.
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Proof. We consider an infinite sequence (s,),en of points of S(Q) for which there exist
some mq g, ,Ma,s, € Z such that

ml,snaﬂ(sn) = UQI(Sn)7 (i)

and

Ma.s, 0Py (Sn) = 00, (Sn)- (A.2)

So, for each s,, we have two integers m; 5, and mo s, that we assume to be the smallest in
absolute value to satisfy (ii) and (A.2). We can moreover assume the absolute values of both
mis, and mg s, are unbounded as n — oo, otherwise (ii) is true.

First, suppose that F; and Fy are not isogenous. Then, by [3, Theorem 1.3], we have that
P, and @), are dependent on Fy, say

a1 Py =b,Q1, (A.3)

for integers a1, by not both zero. We have by # 0, otherwise |my g, | is uniformly bounded and
we have (ii). Combining (ii) and (A.3) we have that op, (s, ) is torsion for almost all n. Using
[3] again, we have that P; is identically torsion, which would imply again (ii), or

az Py = b2Q2, (A.4)

for integers as, ba not both zero. Arguing as above, we have that op,(s,,) is torsion for almost
all n. If we apply [3] one last time (actually [36] suffices this time), we have that at least
one between P; and P, is torsion. This again implies (ii) and finally gives the claim in the
non-isogenous case.

If 1 and F5 are isogenous, the proof is a bit more involved. Clearly, we can suppose that E; =
E5 and we have to prove that (ii) holds or that P, and P are dependent. Using [2, Theorem
2.1], we get

a1 Py 4 a2 Py = b1Q1 + b2Q2, (A.5)

for integers ai, b1, as,by not all zero. If by = by = 0, we are done so suppose b; # 0. Then,
combining (ii) and (A.5), we have that op, (sy,),0p,(s,) and og,(s,) are dependent for almost
all n. We apply [2] again and obtain

Clpl + CQPQ = deQ, (AG)

for integers c1, co,ds not all zero, and we suppose dy # 0 otherwise we are done. Combining
(A.2) and (A.6), we have

c10p,(sn) + (c2 — dama s, )op,(s,) = O. (A7)
This, together with (ii), gives
e1P1 + e P = f1Q1, (A8)
with f; # 0. We combine this with (ii) again and get
(e1 = fimi s, )op (sn) + e20p,(sn) = O. (A9)

Now, if (A.7) and (A.9) are independent relations, then by [2] ([35] suffices here) P; and P»
are dependent and we are done, so we are left to show that

ciez — (c2 —dama s, )(e1 — fimis,) # 0.

If not, then
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But its absolute value has to tend to infinity as n — oo and this is impossible because |msg , |
has to tend to infinity as well. O

Acknowledgements. We thank Philipp Habegger, Gareth Jones and Jonathan Pila for their
support, Umberto Zannier for sharing his ideas and David Masser for suggesting to us some
arguments used in Section 6. We are also grateful to Masser and Zannier for sending us their
preprint [38]. We moreover thank Daniel Bertrand, Gabriel Dill, Harry Schmidt, Amos Turchet
and Francesco Veneziano for useful discussions. Finally, we would like to thank the anonymous
referee for several valuable comments and suggestions.

10.

11.

12.

20.

21.

22.

23.

24.

25.

26.

27.

28.

References

F. BARROERO, ‘CM relations in fibered powers of elliptic families’, J. Inst. Math. Jussieu, to appear.

F. BARROERO and L. CAPUANO, ‘Linear relations in families of powers of elliptic curves’, Algebra Number
Theory 10 (2016) 195-214.

F. BARROERO and L. CAPUANO, ‘Unlikely intersections in products of families of elliptic curves and the
multiplicative group’, Q. J. Math. 68 (2017) 1117-1138.

D. BERTRAND, ‘Théories de Galois différentielles et transcendance’, Ann. Inst. Fourier (Grenoble) 59 (2009)
2773-2803.

D. BERTRAND, ‘Galois descent in Galois theories’, Arithmetic and Galois theories of differential equations,
Séminaires et Congres 23 (eds L. Di Vizio and T. Rivoal; Société Mathématique de France, Paris, 2011)
1-24.

D. BERTRAND, D. MASSER, A. PILLAY and U. ZANNIER, ‘Relative Manin-Mumford for semi-Abelian
surfaces’, Proc. Edinb. Math. Soc. (2) 59 (2016) 837-875.

D. BERTRAND and A. PILLAY, ‘A Lindemann-Weierstrass theorem for semi-abelian varieties over function
fields’, J. Amer. Math. Soc. 23 (2010) 49-533.

E. BoMBIERI, D. MASSER and U. ZANNIER, ‘Intersecting a curve with algebraic subgroups of multiplicative
groups’, Int. Math. Res. Not. 20 (1999) 1119-1140.

E. BomBIERI and J. PiLA, ‘The number of integral points on arcs and ovals’, Duke Math. J. 59 (1989)
337-357.

S. BoscH, W. LUTKEBOHMERT and M. RAYNAUD, Néron models, Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)] 21 (Springer, Berlin, 1990).

V. BosseR and E. GAUDRON, ‘Logarithmes des points rationnels des variétés abéliennes’, Canad. J. Math.
71 (2019) 247-298.

L. CapuaNO, D. MASSER, J. PiLA and U. ZANNIER, ‘Rational points on Grassmannians and unlikely
intersections in tori’, Bull. Lond. Math. Soc. 48 (2016) 141-154.

M. CARRIZOSA, ‘Petits points et multiplication complexe’, Int. Math. Res. Not. 16 (2009) 3016-3097.

P. Corvaja, D. MASSErR and U. ZANNIER, ‘Torsion hypersurfaces on abelian schemes and Betti
coordinates’, Math. Ann. 371 (2018) 1013-1045.

S. DAVID, ‘Fonctions théta et points de torsion des variétés abéliennes’, Compos. Math. 78 (1991) 121-160.
S. DAVID, ‘Minorations de hauteurs sur les variétés abéliennes’, Bull. Soc. Math. France 121 (1993) 509-544.
G. DiLL, ‘Unlikely intersections between isogeny orbits and curves’, J. Eur. Math. Soc. (JEMS), to appear.
L. VAN DEN DRIES, Tame topology and o-minimal structures, London Mathematical Society Lecture Note
Series 248 (Cambridge University Press, Cambridge, 1998).

L. vAN DEN DrIES and C. MILLER, ‘Geometric categories and o-minimal structures’, Duke Math. J. 84
(1996) 497-540.

J. ELLENBERG, C. ErsHorrz, C. HALL and E. KOWALSKI, ‘Non-simple abelian varieties in a family:
geometric and analytic approaches’, J. Lond. Math. Soc. (2) 80 (2009) 135-154.

A. M. GABRIELOV, ‘Projections of semianalytic sets’, Funkcional. Anal. i PriloZen. 2 (1968) 18-30
(Russian).

A. GALATEAU, ‘Une minoration du minimum essentiel sur les variétés abéliennes’, Comment. Math. Helv.
85 (2010) 775-812.

7. GAO, ‘A special point problem of André-Pink-Zannier in the universal family of Abelian varieties’, Ann.
Sc. Norm. Super. Pisa CI. Sci. (5) 17 (2017) 231-266.

D. GHioca, L.-C. Hsia and T. TUCKER, ‘A variant of a theorem by Ailon-Rudnick for elliptic curves’,
Pacific J. Math. 295 (2018) 1-15.

P. HABEGGER, ‘Special points on fibered powers of elliptic surfaces’, J. reine angew. Math. 685 (2013),
143-179.

P. HABEGGER and J. PiLA, ‘O-minimality and certain atypical intersections’, Ann. Sci. Ec. Norm. Supér.
(4) 49 (2016) 813-858.

R. HARTSHORNE, Algebraic geometry, Graduate Texts in Mathematics 52 (Springer, New York—Heidelberg,
1977).

M. HINDRY and J. H. SILVERMAN, Diophantine geometry: an introduction, Graduate Texts in Mathematics
201 (Springer, New York, NY, 2000).



218

29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

40.

53.
54.
55.
56.
57.

58.

F. BARROERO AND L. CAPUANO

S. LANG, Complex analysis, 2nd edn, Graduate Texts in Mathematics 103 (Springer, New York, NY, 1985).
S. LANG, Number theory. 111, Encyclopaedia of Mathematical Sciences 60 (Springer, Berlin, 1991).

D. MASSER, ‘Linear relations on algebraic groups’, New advances in transcendence theory (ed. A. Baker;
Cambridge University Press, Cambridge, 1988) 248-262.

D. MasseR and G. WUSTHOLZ, ‘Periods and minimal abelian subvarieties’, Ann. of Math. (2) 137 (1993)
407-458.

D. MASSER and U. ZANNIER, ‘Torsion anomalous points and families of elliptic curves’, C. R. Math. Acad.
Sci. Paris 346 (2008) 491-494.

D. MaAsSeER and U. ZANNIER, ‘Torsion anomalous points and families of elliptic curves’, Amer. J. Math.
132 (2010) 1677-1691.

D. MasseR and U. ZANNIER, ‘Torsion points on families of squares of elliptic curves’, Math. Ann. 352
(2012) 453-484.

D. MAsSER and U. ZANNIER, ‘Torsion points on families of products of elliptic curves’, Adv. Math. 259
(2014) 116-133.

D. MasSER and U. ZANNIER, ‘Torsion points on families of simple abelian surfaces and Pell’s equation over
polynomial rings’, J. Eur. Math. Soc. (JEMS) 17 (2015) 2379-2416. (With an appendix by E. V. Flynn.)
D. MASSER and U. ZANNIER, ‘Torsion points, Pell’s equation, and integration in elementary terms’,
Preprint.

D. MUMFORD, Abelian varieties, Tata Institute of Fundamental Research Studies in Mathematics 5 (Oxford
University Press, London, 1970).

R. NooT, ‘Abelian varieties—Galois representation and properties of ordinary reduction’, Compos. Math.
97 (1995) 161-171.

D. G. NORTHCOTT, ‘An inequality in the theory of arithmetic on algebraic varieties’, Math. Proc.
Cambridge Philos. Soc. 45 (1949) 502-509.

F. Pazuki, ‘Theta height and Faltings height’, Bull. Soc. Math. France 140 (2012) 19-49.

J. P1LA, ‘Integer points on the dilation of a subanalytic surface’, Q. J. Math. 55 (2004) 207-223.

J. P1LA and A. J. WILKIE, ‘The rational points of a definable set’, Duke Math. J. 133 (2006) 591-616.

J. PiLA and U. ZANNIER, ‘Rational points in periodic analytic sets and the Manin-Mumford conjecture’,
Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 19 (2008) 149-162.

R. PINK, ‘A common generalization of the conjectures of André-Oort, Manin-Mumford and Mordell-Lang’,
Unpublished manuscript, 2005, https://people.math.ethz.ch/~pink/ftp/AOMMML.pdf

N. RATAzz1, ‘Intersection de courbes et de sous-groupes et problemes de minoration de derniére hauteur
dans les variétés abéliennes C.M’, Ann. Inst. Fourier (Grenoble) 58 (2008) 1575-1633.

M. RAYNAUD, ‘Courbes sur une variété abélienne et points de torsion’, Invent. Math. 71 (1983) 207-233.
G. REMOND, ‘Conjectures uniformes sur les variétés abéliennes’, Q. J. Math. 69 (2018) 459-486.

G. REMOND and E. Viapa, ‘Probléme de Mordell-Lang modulo certaines sous-variétés abéliennes’, Int.
Math. Res. Not. 35 1915-1931.

H. ScuMmiIDT, ‘Pell’s equation in polynomials and additive extensions’, Q. J. Math. 68 (2017) 1335-1355.

J. H. SILVERMAN, ‘Heights and the specialization map for families of abelian varieties’, J. reine angew.
Math. 342 (1983) 197-211.

J. H. SILvERMAN, The arithmetic of elliptic curves, 2nd edn, Graduate Texts in Mathematics 106 (Springer,
Dordrecht, 2009).

A. J. vAN DER POORTEN and C. X. TRAN, ‘Quasi-elliptic integrals and periodic continued fractions’,
Monatsh. Math. 131 (2000) 155-169.

E. ViaDpA, ‘The intersection of a curve with a union of translated codimension-two subgroups in a power
of an elliptic curve’, Algebra Number Theory 2 (2008) 249-298.

U. ZANNIER, Some problems of unlikely intersections in arithmetic and geometry, Annals of Mathematics
Studies 181 (Princeton University Press, Princeton, NJ, 2012).

U. ZANNIER, ‘Unlikely intersections and Pell’s equations in polynomials’, Trends in contemporary
mathematics, Springer INAAM Series 8 (eds V. Ancona and E. Strickland; Springer, Cham, 2014) 151-169.
Y. ZARHIN, ‘Families of absolutely simple hyperelliptic jacobians’, Proc. Lond. Math. Soc. 100 (2010)
24-54.


https://people.math.ethz.ch/~pink/ftp/AOMMML.pdf

UNLIKELY INTERSECTIONS AND POLYNOMIAL PELL EQUATION 219

F. Barroero L. Capuano

Dipartimento di Matematica e Fisica Dipartimento di Scienze Matematiche
Universita degli Studi Roma Tre “Giuseppe Luigi Lagrange”

Largo San Murialdo 1 Politecnico di Torino

00146 Roma Corso Duca degli Abruzzi 24

Italy 10129 Torino

fbarroero@gmail.com Ttaly

laura.capuanol987@gmail.com

The Proceedings of the London Mathematical Society is wholly owned and managed by the London Mathematical
Society, a not-for-profit Charity registered with the UK Charity Commission. All surplus income from its publishing
programme is used to support mathematicians and mathematics research in the form of research grants, conference
grants, prizes, initiatives for early career researchers and the promotion of mathematics.


mailto:fbarroero@gmail.com
mailto:laura.capuano1987@gmail.com

	1. Introduction
	2. Reduction to powers of simple abelian schemes
	3. O-minimality and point counting
	4. Abelian integrals and periods
	5. Points lying on rational linear varieties
	6. Relations on a fixed abelian variety
	7. Proof of Theorem 2.4
	8. Some consequences of Theorem 1.1
	9. Almost-Pell equation
	10. Some examples
	Appendix. An alternative proof of Theorem&#x00A0; 8.4
	References

