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ABSTRACT. Let S be a K3 surface and assume for simplicity that it does not contain
any (—2)-curve. Using coherent systems, we express every non-simple Lazarsfeld-
Mukai bundle on S as an extension of two sheaves of some special type, that we refer
to as generalized Lazarsfeld-Mukai bundles. This has interesting consequences concerning
the Brill-Noether theory of curves C lying on S. From now on, let g denote the genus
of C' and A be a complete linear series of type g; on C such that d < g — 1 and the
corresponding Brill-Noether number is negative. First, we focus on the cases where A
computes the Clifford index; if » > 1 and with only some completely classified excep-
tions, we show that A coincides with the restriction to C of a line bundle on S. This is
a refinement of Green and Lazarsfeld’s result on the constancy of the Clifford index of
curves moving in the same linear system. Then, we study a conjecture of Donagi and
Morrison predicting that, under no hypothesis on its Clifford index, A is contained in
a ge which is cut out from a line bundle on S and satisfies e < g — 1. We provide
counterexamples to the last inequality already for » = 2. A slight modification of the
conjecture, which holds for r = 1,2, is proved under some hypotheses on the pair
(C, A) and its deformations. We show that the result is optimal by exhibiting, in the
Appendix, some counterexamples obtained jointly with Andreas Leopold Knutsen.

1. INTRODUCTION

The use of Lazarsfeld-Mukai bundles (LM bundles for short) in the study of the
Brill-Noether theory of curves C lying on a K3 surface S has brought several achieve-
ments, such as a new proof of the Gieseker-Petri Theorem [La], the classification of
prime Fano manifolds of coindex 3 [M], Green’s Conjecture for a general curve of any
given genus g [V1, V2]. More recently, there have been applications to higher rank
Brill-Noether theory (cf. [FO]) and hyperkdhler manifolds (cf. [CK]). The key obser-
vation is that, if C' is general in its linear system, non-trivial endomorphisms of the
rank r +1 LM bundle E¢; 4,1 associated with a linear series (A4, V) € Gj(C) measure
the failure of injectivity of the Petri map

po, Ay 0V @ HY(C,we ® AY) = H(C,we);

if p(g,7,d) < 0 with g equal to the genus of C, then the hypothesis on the genericity of
C'is not necessary. For later use, we recall that in the case of a complete g, on C, that
is, when V = H?(C, A), the corresponding LM bundle is denoted by E¢ 4.

The study of non-simple LM bundles turns out to be crucial. If » = 1, these arise
as extensions of two torsion free sheaves of rank 1 on S which are the image and the
kernel of an endomorphism dropping the rank everywhere ([DM]). Non-simple LM
bundles of rank 3 (i.e., satisfying » = 2) were investigated in [LC] by using the fact
that they cannot be stable and looking at the corresponding Harder-Narasimhan and
Jordan-Holder filtrations.
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Our idea in order to treat non-simple LM bundles E¢ 4 of arbitrary rank is to con-
sider the pair (Ec a, H 0(s, Ec 4)) as a coherent system a la Le Potier [LP]; if Ec 4 is
non-simple, then the same holds for the pair (Ec 4, H°(S, Ec,4)). The notion of stabil-
ity for coherent systems depends on the choice of a polynomial o € Q[t] with positive
leading coefficient, and non-simplicity implies the non-stability with respect to every
a. Having fixed o equal to the Hilbert polynomial ps of Og, we consider the maximal
destabilizing sequence of (E¢ 4, H’(S, Ec.a)).

A first application of our methods concerns complete linear series A of type g/, on a
smooth curve C' C S, whenever A computes the Clifford index of C and p(g,r,d) < 0.
Set L := Og(C); in order to state our result, we recall that a line bundle M € Pic(S) is
adapted to the linear system | L| exactly when:

(1) RO(S, M) >2and h°(S,L @ MV) > 2;
(2) Cliff(M ® O¢) is independent of the curve C € |L|.
Condition (1) makes sure that M ® O¢ contributes to the Clifford index, while (2) is
satisfied if either h'(S, M) = 0, or h1(S,L @ MV) = 0.
We prove the following:

Theorem 1.1. Let A be a complete g}, on a non-hyperelliptic and non-trigonal curve C C S
such thatd < g — 1, p(g,r,d) < 0 and Cliff(A) = Clff(C). Assume L := Og(C) is ample
and the following condition is satisfied:
(*) there is no irreducible elliptic curve ¥ C S such that ¥ - C = 4 and no irreducible
genus 2 curve B C S such that B - C' = 6.

Then, one of the following occurs:

(i) There exists a line bundle M € Pic(S) adapted to |L| such that A ~ M ® Oc.

(ii) The line bundle A satisfies RO(C,A) =2 (ie., 7 =1); furthermore, there exists a line
bundle M € Pic(S) adapted to |L| such that | A| is contained in the restriction of | M |
to C.

In particular, as soon as d < g — 1 and r > 1, the line bundle A coincides with
the restriction to C' of a line bundle M € Pic(S). In case (ii), the condition that | 4| is
contained in the restriction of | M| to C means that for every A, € |A| there is a divisor
My € |M| such that Ag C Mo N C;if H(S, M) ~ H°(C, M ® O¢), this is equivalent to
the requirement h°(C, AY @ M @ O¢) > 0.

If condition (*) is violated, there do exist exceptions where neither (i) nor (ii) hap-
pen; we actually prove a stronger version of Theorem 1.1 (cf. Theorem 4.2), which also
covers and completely classifies such exceptional cases. Note that our result makes no
assumption on the Clifford index of the curve C. Assoonas L := Og(C) is ample, The-
orem 1.1 can be seen as a refinement of Green and Lazarsfeld’s result that all smooth
curves in |L| have the same Clifford index (cf. [GL]).

The exceptional cases mentioned above provide counterexamples to the following
conjecture of Donagi and Morrison:

Conjecture 1.2 ([DM] Conjecture 1.2). Let C' be a smooth curve of genus g > 2 lying on
a K3 surface S and let A be a complete, base point free g, on C such that d < g — 1 and
p(g,r,d) < 0. Then, there exists a line bundle M € Pic(S) such that | A| is contained in the
restriction of | M| to C and the following inequalities are satisfied:

c(M)-C<g—1, CLff(M® Oc) < Cliff(A).

We describe one counterexample explicitly (cf. Counterexample 1). Let 7 : S — P? be
a 2:1 cover branched along a smooth sextic and assume that B := 7*Op2(1) generates



GENERALIZED LAZARSFELD-MUKAI BUNDLES AND A CONJECTURE OF DONAGI AND MORRISON 3

the Picard group of S. A curve C € 7*|Op2(3)| C [3B]| is a 2:1 cover of an elliptic curve
I'; let A be the pullback to C' of Op(P; + P> + P3), where P, P, P; are three non-
collinear points. One may show that A is a complete gZ on C and the linear system | A|
is contained in |O¢(2B)| but not in |O¢(B)|; since 2B - C > g — 1, Conjecture 1.2 fails.

Notice that the above counterexample does not contradict the existence of a line
bundle M € Pic(S) such that the linear system |A| is contained in the restriction of
|M]| to C, but only the inequality ¢, (M) - C < g — 1. In fact, one might still believe the
following modification of the conjecture:

Conjecture 1.3. Let C be a smooth irreducible curve of genus g > 2 lying on a K3 surface
S and A be a complete, base point free g, on C such that d < g — 1 and p(g,r,d) < 0. Then,
there exists a line bundle M € Pic(S), adapted to |L|, such that:

(i) |A] is contained in the restriction of | M| to C;

(i) Cliff(M ® O¢) < Cliff(A).

The condition ¢; (M) - C' < g — 1 is here replaced with the requirement that ) is
adapted to |L|. Theorem (5.1") in [DM] proves both Conjecture 1.2 and Conjecture 1.3
for r = 1. The refined Conjecture 1.3 for » = 2 was obtained in [LC, Theorem 1.1]
under some mild hypotheses on the line bundle L; note that, for » = 2, the inequality
c1(M)-C < (4g—4)/3 was also obtained and Counterexample 1 shows that this bound
is optimal.

By using coherent systems and a generalization of the notion of LM bundles, we re-
duce Conjecture 1.3 to a question of secant varieties. Our main result is the following:

Theorem 1.4. Let S be a smooth projective K3 surface containing no (—2)-curves. Let A
be a complete, base point free g, on a smooth genus g curve C C S such that d < g — 1
and p(g,r,d) < 0, and assume that the pair (C, A) has no unexpected secant varieties up to
deformation. Then, Conjecture 1.3 holds for A.

We explain the statement of the theorem by spending a few words on the new con-
cept of having no unexpected secant varieties up to deformation.
Given A € W} (C) and having fixed integers 0 < f < e, the variety of secant divisors

VE 7 (A) is the determinantal variety:
Vel (A):={DeC.|h°(C,A(~D)) >r+1—e+ f}.
By definition, the variety vel(A) parametrizes effective divisors of degree e on C

which impose at most e — f conditions on the linear system |A|. If A is very ample,

A
these are the (e— f —1)-planes which are e-secant to the embedded curve C <|—>| P". Also
note that, when A = wc, the variety Vf_f (A) is the inverse image of the Brill-Noether
variety wd (C) under the Abel-Jacobi map C, — Pic(C). It is classically known that:

expdim Ve /(A) =e— f(r+1—e+ f);

we refer to [Fa] for results concerning the existence (resp. non-existence) of linear
series with special secancy conditions on an arbitrary (resp. general) genus g curve.
Replace now C' with an integral (and possibly singular) curve X, and A with a

torsion free sheaf B € W,(X), i.e., lying in the compactified Jacobian 74(X) and
satisfying h%(X, B) > r + 1. Then, the definition of the secant variety V<7 (B) still
makes sense with some slight modifications:

VeI (B) == {g € Quoty [ k(X kergq) > r+ 1~ e+ f},

where the Quot scheme Quoty parametrizes quotients ¢ : B — @ of degree e.



4 MARGHERITA LELLI-CHIESA

Given C and A as in Conjecture 1.3, we say that the pair (C, A) has some unexpected
secant varieties up to deformation if it can be deformed to a pair (X, B) such that the
following hold:

e The curve X € |L|is integral, the sheaf B € jd(X ) is globally generated and
Ex p ~ E¢, 4; in particular, Y(X,B) =1+ 1.
e For some integers 0 < f < e, one has Ve (B) # 0 and expdim V! (B) < 0.

The bundle Ex p above is defined in the same way as LM bundles for line bun-
dles on smooth curves, that is, Ex p is the dual of the kernel of the evaluation map
H°(X,B)® Og — B.

In the joint Appendix with Andreas Leopold Knutsen, we show that Theorem 1.4
is optimal by exhibiting a counterexample to Conjecture 1.3. The failure of the con-
jecture is obtained along with the existence of some unexpected secant varieties on a
deformation of the pair (C, A).

The organization of the paper is as follows. In Section 2, we introduce generalized
Lazarsfeld-Mukai bundles (g.LM bundles in the sequel, cf. Definition 1), which share
some common properties with LM bundles. In particular, the definition of the Clifford
index of a g.LM bundle E will play a central role in the proof of Theorems 1.1 and 1.4;
by Corollary 2.5, Cliff (E) is nonnegative as soon as ¢, (E)? > 0. The case c; (E)? = 0 is
covered by Proposition 2.7.

Section 3 contains some preliminaries on coherent systems. Theorem 3.4 expresses
any non-simple and globally generated LM bundle as an extension of a g.LM bundle
of type (II) by the elementary modification of a g.LM bundle of type (I).

In Section 4, Theorem 1.1 is proved. The proof is made technically difficult by the
possible presence of smooth curves on S which are rational or elliptic or hyperelliptic.

Finally, in Section 5 we focus on Conjectures 1.2 and 1.3 and prove Theorem 1.4.
The strategy consists in considering the maximal destabilizing pair (E1, H’(E1)) of the
coherent system (Ec 4, HY(Ec 1)) and in showing that, as soon as the vector bundle
E; has rank > 2, some deformation of the pair (C, A) has an unexpected secant variety.

Acknowledgements: I have benefited from interesting conversations and corre-
spondence with Ciro Ciliberto, Gavril Farkas, Daniel Huybrechts, Andreas Leopold
Knutsen and Peter Newstead, and I would like to thank all of them. I especially thank
Alessandro D’Andrea, Gavril Farkas and Andreas Leopold Knutsen for useful com-
ments concerning a preliminary version of the paper. This work was done during my
stay at the Max Planck Institute for Mathematics in Bonn and I am grateful to this
institution for the warm hospitality!

1.1. Notation and preliminaries. For us, S will always be a smooth projective K3
surface and C' a smooth irreducible curve on it, whose genus is denoted by g. A linear
series (A, V) of type g on C is called primitive if both (A, V') and wc® A are base point
free. We set L := Og(C), and we denote by W)(|L|) the variety parametrizing pairs
(€', A") with C" a smooth irreducible curve in the linear system |L| and A" € W (C’).

In all cases where no confusion arises, given a sheaf 7 on a scheme Y, we will sim-
plify notation and write H*(F) (or h'(F) for the corresponding dimension), dropping
any reference to Y.

Given a 0-dimensional sheaf 7 on S, we denote by I(7) its length, which coincides
by definition with 2°(7).

All diagrams appearing in the paper are commutative and all of their columns and
rows are exact.
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Throughout the paper, we will make frequent use of the following strong version
of Bertini’s Theorem, due to Saint-Donat.

Theorem 1.5 ([SD]). Let L be a line bundle on a K3 surface S such that h°(S,L) > 0.
Then, |L| has no base points outside its fixed components. Furthermore, if |L| has no base
components, then either of the following holds:

(i) If c1(L)? > 0, then h'(S, L) = 0 and a general element in |L| is a smooth, irreducible
curve of genus g = 1 + c1 (L)% /2.

(ii) If c1(L)? = 0, then there exist a number k € Z>° and an irreducible curve ¥ C S
with pa(X) = 1 such that L = Og(kY). In this case, one has h°(S,L) = k + 1,
hY(S, L) = k — 1 and every element in |L| can be written as a sum X1 + Yo +- - -+ 3y,
with¥; € |X| for 1 <i <k.

We recall that an effective divisor D C S is called numerically m-connected if, when-
ever D = Dy + Dy with D and D» effective and nonzero, one has Dy - Dy > m. The
following result is used in Sections 4 and 5.

Theorem 1.6 ([SD, R]). Let S and L be as in Theorem 1.5 and assume c;(L)? > 0. Then, |L|
has no fixed components if and only if every divisor in |L| is numerically 2-connected.

2. GENERALIZED LAZARSFELD-MUKAI BUNDLES

We start by recalling the definition of LM bundles. We refer to [Ap] for an exhaus-
tive survey about the topic. If (A4, V) is a base point free g, on a smooth irreducible
curve C' C S, the LM bundle E¢ (4 ) is by definition the dual of the kernel of the
evaluation map V' ® Og — A. In particular, E¢ 4 v sits in the short exact sequence

0—>VV®OS _>EC,(A,V) —>OJC®AV — 0,

and V'V defines an (r 4+ 1)-dimensional subspace of the global sections of Ecayv)-
When the g}; on C'is complete, then the LM bundle is simply denoted by E¢ 4. Here
are some basic facts concerning LM bundles:

Proposition 2.1. The LM bundles E¢, 4,y satisfies the following properties:

tk Ecavy=1+1 c(Ecayv)) =L, c2(Ecyay)) =d;

X(EC,(A,V)) =g — d+2r+ 1, hl(Ecy(A’V)) = hO(A) e 1, h2(EC,(A,V)) = O,‘
E¢,(a,v) is globally generated off the base locus of wg @ AY;

X(Eg’,(A,V) ® Ecayvy) = 2(1 — p(g,r,d)), and hence E¢ 4,y is non-simple if
p(g;r,d) <0;

e if C € |L|is general and yig 4y : V @ H(we @ AY) — H(wc) is the Petri map,
then the simplicity of Ec,(a,v) is equivalent to the injectivity of pg (a,v)-

In the sequel, we will especially treat the cases where wc ® A" is base point free.
We will show that every non-simple globally generated LM bundle is the extension of
two sheaves of a special type. With this in mind, we introduce the following:

Definition 1. A torsion free sheaf E' € Coh(S) is called a generalized Lazarsfeld-Mukai
bundle (g.LM bundle in the sequel) iff h*(E) = 0 and either

(I) Eislocally free and generated by global sections off a finite set;
or
(II) Eis globally generated.
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Remark 1. If conditions (I) and (II) of the above definition are both satisfied, then £
is the LM bundle associated with a smooth irreducible curve C' C S and a primitive
linear series (A,V) on C (i.e., E = E¢ 4,))- Furthermore, V = HO(A) if and only if
h'(E) = 0.

Definition 1 is motivated from the fact that g.LM bundles have properties similar to
LM bundles. This is proved in what follows.

Proposition 2.2. Let E be a g.LM bundle of type (I) and rank rg, and D,_1(V') denote
the degeneracy locus of the evaluation map evy : V ® Os — E for a general subspace
V € G(t, H'(E)). Then, the following are satisfied:

(i) ift <rg—2,then D;_1(V) is empty;
(ii) fort =rg—1, the locus D, ,_o(V') consists of a finite number of distinct points, none
of which lies in the locus where E is not globally generated;
(iii) fort = rg, the locus D,,_1(V') is 1-dimensional. Ifcl(E)2 > 0,then D, (V) isan
integral curve X (possibly singular at the points at which E is not globally generated)
and the cokernel of the evaluation map evy is a torsion free sheaf of rank 1 on X.

Furthermore, given any closed subset K of the total space of E such that dim K = rp—t+1,
the image of evy meets K in a (possibly empty) finite set.

Proof. We look at the short exact sequence

(1) 0E—E—71—0,

where F is a globally generated subsheaf of E satisfying H(E) ~ H(E), and 7 is
a 0-dimensional sheaf supported on the points at which E is not globally generated.
Since h!(E) = h'(E) + I(7), there exists an exact sequence

evy,

() 05 Viw0s S E 2 B0,

where dim V; = I(7) and the cokernel of ev; coincides with E. It can be easily shown
that F is a globally generated vector bundle on S satisfying h°(E) = h°(E) + () and
h'(E) = h*(E) fori = 1,2 (cf. [GL, Lemma 1.6]).

Take a general V5 € G(t, H'(E)). By a general position argument (cf. [Fu, B.9.1]), if
t <rp — 2 (respectively t = rg — 1) one can choose V3 such that the degeneracy locus
of the evaluation map ev = (evy, evq) : (V1 @ Va) ® Og — F coincides with that of ev;
(resp. is 0-dimensional and for all z € supp(7) the kernel of ev, coincides with that of
(ev1)y). Thus, (i) and (ii) follow because the map induced by p on the global sections
sends a general V> € G(t, H(E)) to a general point of the Grassmannian G(t, H(E)).
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Given a general subspace V» € G(rg — 1, H'(E)), we consider the following com-
mutative diagram:

0 0
0— 18 0s— F det E® Ig —>7 —>0
0—=Vi® 05— E E T
Vo ® Og Vo ® Og
0 0

The sheaf E is locally free and £ is a O-dimensional subscheme of S disjoint from
supp(7). The cokernel E’ of ev/ is a globally generated, torsion free sheaf of rank 1
on S. The vanishing locus X of a general section o/ € H°(E') is 1-dimensional; if
the inequality ¢; (£ )2 > 0 is satisfied, then X is an integral curve, which is smooth
whenever 7 is curvilinear. One can lift o to a section o« € H°(E). Having denoted by
V the image of (V4, o) in H°(FE), the evaluation map evy is injective and its cokernel
is a pure sheaf of dimension 1 supported on X. Hence, item (7ii) follows.

Concerning the last part of the statement, one has dim p~(K) < dim K + (7). If
Va € G(t, H'(E)) is general, then [Fu, B.9.1] implies that the image of the evaluation
map evs : Va ® Og — E meets K in at most a finite number of points; this concludes
the proof. O

As regards g.LM bundles of type (I), the following analogue of Proposition 2.2(iii)
holds; we only give a sketch of the proof since we do not use it in the rest of the paper.

Proposition 2.3. Let E be a g.LM bundle of type (1) and rank r, and let V € G(rg, H°(E))
be general. Then, the evaluation map evy : V ® Og — E is injective and its cokernel is a pure
sheaf B of dimension 1 on S. If moreover ¢1(E)? > 0, then B is a torsion free sheaf of rank 1
on an integral curve X C S.

Proof. We consider the short exact sequence

3) 0—+E—=E"Y -k—0,
where  is a 0-dimensional sheaf on S. It is enough to observe that H°(E) ¢ HO(EVV)
generates EVV off the support of x and to apply Bertini’s Theorem. O

Our next goal is to find a lower bound for the second Chern class of a g.LM bundles
of given rank. It is convenient to introduce the following:

Definition 2. Let £ be a g.LM bundle. The Clifford index of E is:
Cliff(E) :==ca(E) —2(rk E — 1).

Remark 2. If E = E¢ 4 for a smooth irreducible curve C' C S and A € Pic(C), one has
the equality Cliff(Ec 4) = Cliff(A).

Starting from this observation, we prove the following:
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Proposition 2.4. Let E be a g.LM bundle such that c1(E)? > 0. If E is of type (I), then the
following inequality is satisfied:
Cliff(E) > 2hY(E) + I(7),

where T is the 0-dimensional sheaf appearing in the exact sequence (1). If instead E is of type
(II), we have:

Cliff(E) > ClLff(EVY) +I(k),
where k is the O-dimensional sheaf appearing in the exact sequence (3).
Proof. First of all, assume FE satisfies both conditions (I) and (II) in Definition 1. Then,

there exist a smooth irreducible curve C' C S and A € Pic(C') such that E¢ 4 sitsin a
short exact sequence:

(4) 0— (’)?hl(E) — Eca— E — 0.
It turns out that
(5) Cliff(E) = Cliff(Ec 4) + 2h'(E) > 20! (E),
where the last inequality follows from Clifford’s Theorem.
Now, we consider the case where E is of type (I). The globally generated vector

bundle E appearing in the exact sequence (2) satisfies h'(E) = h'(E), and co(E) =
c2(E) + (1), and rk E = rk E + (7). Inequality (5) for E yields:

(6) Cliff(E) = Cliff(E) + (1) > 2h"(E) + (7).
In order to cover the case of a g.LM bundle E of type (II), it is enough to remark
that tk EVY = rk F and c2(EYY) = co(E) — I(k). O

Corollary 2.5. Let E be a g.LM bundle of rank rg and c1(E)? > 0. Then, Cliff(E) > 0 and
equality holds only in the following cases:
(@) rg = 1and E is a globally generated line bundle;
(b) E = Ec ., for some smooth irreducible curve C C S of genus g =rg > 2;
() rg > 1land E = E¢ 1 for some smooth hyperelliptic curve C' C S of genus
g >TrEg.

rg—1)g

Proof. Proposition 2.4 trivially implies the first part of the statement. If Cliff(E£) = 0,
then E is both locally free and globally generated and satisfies h'(E) = 0. Hence, E
is the LM bundle associated with a smooth irreducible curve C C S and a primitive
line bundle A € Pic(C) such that Cliff (A) = 0. Case (a) occurs when A is the structure
sheaf of C. If instead deg(A) > 0, then Clifford’s Theorem implies that A is either
the canonical sheaf wc (case (b)), or a multiple of a linear series of type g3 on C (case
(c)). In the latter case, the inequality g > rg follows from the fact that the residual of
the linear series of type (rg — 1)g3 is globally generated (it is a quotient of E) and by
imposing (rg — 1)gs # we. O

With regard to item (c) of Corollary 2.5, we recall the classification of hyperelliptic
linear systems on S due to Saint-Donat ([SD, Theorem 5.2]).

Theorem 2.6. Let C' C S be a smooth hyperelliptic curve of genus g > 2 and set L := Og(C).
Then, one of the following occurs:

e The equality c1(L)? = 2 holds.

e There is a smooth, irreducible curve B C S of genus 2 satisfying L ~ Og(2B).

o There exists an irreducible elliptic curve ¥ C S such that ¢;(L) - ¥ = 2.
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Heretofore, we have treated g.LM bundles E satisfying c;(E)? > 0. The following
result concerns g.LM bundles whose first Chern class has vanishing self-intersection.

Proposition 2.7. Let E be a g.LM bundle such that ¢i(E)? = 0. Then, E is both locally
free and globally generated and satisfies co(E) = 0. Furthermore, if h*(E) = 0, then
E = O5(2)®™%F for an irreducible elliptic curve &3 C S.

Proof. Let E be of type (I). Up to replacing E with the bundle E’ sitting in the short
exact sequence

(7) O%O?hl(E) —FE - E—0,

we can assume h'(E) = 0. Then, Proposition (1.5) in [GL] yields E = Og(X)®**¥ for
an irreducible elliptic curve ¥ C S and our statement follows trivially.
Now, let E be of type (II) and consider the short exact sequence

0—+FE—E"Y -5 K—0,

Since EVV is a g.LM bundle of type (I), it satisfies c(EV") = 0. Therefore, in order
to prove that k = 0, it is enough to show that c2(£) = 0, too. To this purpose we may
assume h!(E) = 0. We define D(E) to be the dual of the kernel of the evaluation map
HY(F) ® Og - E, and we obtain the following exact sequence:

0= EY - HYE) @05 — D(E) = Ext'(E,Og) — 0.

The condition h!'(E) = 0 yields the isomorphism H°(D(E)) ~ H°(E)". As a con-
sequence, D(E) is a LM bundle of type (I) which is globally generated off the support
of Extt (B, Og) ~ Ext?(k, Og). Since ¢1(D(E))? = 0, we conclude that Ext%(k, Og) = 0
and k = 0 as well.

O

Remark 3. Proposition 2.7 trivially implies that, if £ is a g.LM bundle satisfying
c1(E)? = 0, then Cliff(E) = —2(tkE — 1).

3. COHERENT SYSTEMS

We give some background information about coherent systems and refer to [LP, He]
for details.

Definition 3. A coherent system of dimension d on a smooth projective variety Y is
a pair (E,V), where E € Coh(Y) is a d-dimensional sheaf and V'is a vector subspace
of HY(E). A morphism of coherent systems f : (E,V) — (E',V’) is a morphism of
coherent sheaves f : E — E’ such that f(V) c V.

Given a coherent system A = (F, V), we denote by Ext’(A, —) the derived functors
of the functor Hom(A, —). We recall the following result:

Proposition 3.1 ([He], Corollaire 1.6). Given two coherent systems A = (E, V) and A’ =
(E', V') onY, there exists an exact sequence:
0 — Hom(A,A) — Hom(E,E') — Hom(V, H*(E')/V")
— BExt'(A,A) — Ext'(E,E') - Hom(V, H'(E))
— Ext?(A,A") — Ext*(E,E') — Hom(V, H*(E')) — --- .
In particular, if E is non-simple, then the coherent system (E, H(E)) is non-simple
as well.



10 MARGHERITA LELLI-CHIESA

One can introduce a notion of stability for coherent systems depending on the
choice of a polynomial o € Q[t] with positive leading coefficient. Having fixed «,
we define a polynomial p%; . € Q[t] by setting

dim V

Pl () = o(t) +pe(t),

where pg is the reduced Hilbert polynomial of £ and 7 is its multiplicity. We say that
(E,V)is a-semistable if E is pure and any coherent subsheaf F' C E satisfies:

(8) Plrvny < plgyy With V=V 0 HO(F).
The a-stability for (£, V') requires that inequality (8) be always strict and implies sim-
plicity of (E, V).

We specialise to the case of a smooth projective K3 surface S and fix a equal to the
Hilbert polynomial ps of Og; for convenience, we will talk about (semi)stability when
referring to ps-(semi)stability. With this choice, inequality (8) becomes equivalent to
the requirement:

. / .
©) dim V < dim V
TF TE

and, if "=" holds, then pr(t) < pg(t).

Remark 4. If (E,V) is a semistable coherent system of dimension d, then the evalua-
tion map evy : V ® Og — E is generically surjective. In particular, if £ has no torsion
(i.e., d = 2), we obtain that rk(E) < dim V.

Given an unstable coherent system (£, V') such that E is torsion free, we look at its
Harder-Narasimhan filtration

0C (HN(E),Vi) C ... C (HN,_1(E),V,_1) C (HN,(E),V,) = (E, V).
We use the following;:

Lemma 3.2. Assume that E is globally generated by the sections in V and h*(E) = 0. Then
for all i the following are satisfied:

(1) Vi = V.0 HY(HNi(E)).

(2) The sheaf HN;(E) is generically generated by the sections in V;.

(3) For any subsheaf F C HN;(E) with H*(F) NV ~V;, one has h*(F) = 0.
The same holds true if (E, V') is semistable and we replace the Harder-Narasimhan filtration
with the Jordan-Holder one.

Proof. First of all, note that the vanishing h%(E) =0 implies dim V' > rk E; indeed, if
we had dim V' = rk E, then E would be isomorphic to the direct sum of rk £ copies of
Og and h?(E) > 0.

Since for all i the pair (E/HN;(E),V/V;) satisfies the same properties as (E,V),
by induction on the length of the filtration it is enough to prove the lemma for the
maximal destabilizing coherent system (H N1 (E), V1)), which is semistable. Then, the
first two points trivially follow from maximality and Remark 4.

Let F' be as in point (3); then, one has rk ' = rk HN;(F) > dim V; and the sheaf T’
appearing in the short exact sequence

0—-F—HN|(E)—-T—0

is a torsion sheaf. By Serre duality, one has to show that Hom(F, Og) = 0. Assume
there exists a non-zero morphism v : F' = Og and denote its kernel by K. Since Im v
is torsion free and generically generated by global sections, then 1) is surjective and the
pair (K, H°(K) N V) destabilizes (HN;(E), V1)), thus yielding a contradiction. O
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Proposition 3.3. Let E be a vector bundle on S generically generated by its global sections.
Assume moreover that every subsheaf F C E for which H°(F) ~ H°(E) also satisfies
H?(F)=0.

Then, either the 1-dimensional locus where E is not generated by its global sections is a (pos-
sibly empty) union of (—2)-curves, or there exists a nef line bundle N along with an injective
map N — E.

Proof. There exists a short exact sequence
(10) 0E—>FE—T-0,

where T is a pure sheaf of dimension 1 supported on a (possibly singular and re-
ducible) curve v, and the sheaf F satisfies H'(E) ~ H°(FE) and is globally generated
off a finite set. Since we are on a surface, the sheaf 7" is reflexive (cf. [HL, Proposition
1.1.10]),ie., T ~ TVV with TV := Ext'(T, Os). From (10) one gets that Ezt'(E, Og) = 0
fori = 1,2, hence E is locally free. By assumption, hQ(E) = 0; therefore, E is a g.LM
bundle of type (I). Let v = 71 U - - - U 75 be the decomposition of v in irreducible com-
ponents and let 7; denote the generic rank of 7" along ;.

First of all, we reduce to the case s = 1. Define 7% := v, U ... U5; U ..., for
all 1 < i < s. The restriction of T to ~* may have some torsion TO(TW) (cf. [AFS,
3.1] for a detailed discussion); set T*) := T, /To(T|,:) and denote by T(;) the kernel
of the surjective map 7' — T'¥, which is supported on ;. Consider the following
commutative diagram:

0
Ta) 0
0 E@ E T 0
0 E E T 0
0 T

Since T is pure, then E® ig locally free and T is pure as well. The 1-dimensional
locus at which E® is not globally generated coincides with y; and HY(E®) ~ HO(E).
Therefore, it is enough to treat the case where + is irreducible and provide an injective
morphism Og(v) — E.

Let s = 1. The restriction of (10) to v = 1 gives an exact sequence:

0—-K—El,— E|,—T—0.

We look at K as a subset of the total space of E with dim K = ry + 1. By Proposition
2.2, given a general subspace V € G(rk E — r1, H'(E)), the image of the evaluation
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map evy meets K on a reduced 0-dimensional subscheme ¢ C v, that we may assume
disjoint from the singular locus of 7. We look at the diagram:

0 0
0 E' F—2 T 0
0 E E T 0
V ® Og V ® Og
0 0

If 1, = 1, one can choose V such that £/ = det F ® Itand B = detE ® I ® I,
where ¢ is a 0-dimensional subscheme of S disjoint from «. If instead ;1 > 1, then
E' is locally free while E’ is torsion free and satisfies Sing’ = ¢. The map « factors
through a surjective map o’ : E’|, — T. Since E’|, has torsion along ¢ and has the
same rank as 7', we obtain det £ = det E(—v) if r; = 1, and E/ = E'(—)"V if r; > 1.
The isomorphism H°(E’) ~ H°(E’) implies that every section of E’ vanishes along -y

and thus factors through a map Og(7) <s E'. The irreducibility of v yields that either
v is a (—2)-curve, or Og(7) is nef. In both cases the vanishing h!(Og(v)) = 0, given by
the strong version of Bertini’s Theorem, enables us to lift . to a morphism Og(y) — E.
This concludes the proof.

O

If E is a vector bundle as in Proposition 3.3, we say that £ is an elementary modifica-
tion of a g.LM bundle of type (I). As a corollary, we obtain the following;:

Theorem 3.4. Let Ec 4 be a non-simple LM bundle on S associated with a primitive line
bundle A on C. Then, E is the extension of a g.LM bundle E of type (II) by a vector bundle
E,, which is an elementary modification of a g.LM bundle of type (I); in particular, one has
h(Es) = h%(E) = 0.

Proof. Since E¢ 4 is non-simple, the coherent system (Ec 4, H°(Ec,4)) is not stable.
We look at its maximal destabilizing sequence:

(11) 0— (Ey, H'(E1)) — (Ec,a, H'(Ec,a)) — (E2,V2) — 0,

The sheaf Ej is torsion free and, being a quotient of E, it is globally generated by V5
and satisfies h?(E») = 0, that is, F; is a g.LM bundle of type (II). Concerning the pair
(E1, HY(Ey)), the statement follows directly from Lemma 3.2 and short exact sequence
(10) for Ej. O

Remark 5. In the next section it will be convenient to replace the maximal destabi-
lizing sequence (11) with a minimal destabilizing sequence, where we require (Es, V>)
to be a stable quotient of (E¢ ., H'(Ec,a)) with p(g, v,) minimal. In other words,
the coherent system (E», V3) is any stable quotient of the minimal destabilizing quo-
tient (Ec.a/HNs-1(E), H*(Ec,.a)/H°(HN;_1)). By construction, minimal destabiliz-
ing sequences are not unique. By Lemma 3.2 and short exact sequence (10) for £, the
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subbundle F; appearing in such a minimal destabilizing sequence is an elementary
modification of a g.LM bundle of type (I) and hence satisfies h?(E;) = 0.

4. LINEAR SERIES COMPUTING THE CLIFFORD INDEX

In this section, we describe complete linear series A of type g, on a curve C' C §
such that Cliff(C') = Cliff(4) and p(g,r,d) < 0. The following lemma explains how to
recognize when a linear series on C' is cut out by the restriction of a line bundle on S
by only looking at the corresponding LM bundle.

Lemma 4.1. Let Ny € Pic(S) satisfy h°(N1) > 2 and h'(Ny) = 0. Also assume that the
line bundle Ny := L ® Ny’ is globally generated and h'(Ns) = 0. Let E be a g.LM bundle
on S. Then, E = Ec n,g0,. for some smooth irreducible curve C' € |L| if and only if E is an
extension of the form:

(12) 0= Nt — E— Ecywe, =0,
for some smooth irreducible curve Cy € |N3.

Proof. First, assume E = E¢ n,00, for a smooth irreducible curve C' € |L|. Since N
is globally generated and h!(N;) = 0, we obtain a diagram:

0
NY 0

—— H'(N; ® O¢) ® Og — Na @ Oc — 0

|

\Y
0 EC,NQ@OC

0 KY HO(Ny) ® Og Ny 0.
0 Ny
0

One can easily check that K is a globally generated vector bundle satisfying h*(K) = 0
for i = 1,2, that is, K is a LM bundle. Furthermore, one has ¢;(K) = ¢1(NV2) and
co(K) = ¢1(N2)? = 2(tkK — 1). Corollary 2.5 thus yields K ~ Ecy e, for a smooth
irreducible curve Cy € | N3| and the "only if" part of the statement follows.

As for the converse implication, let E sit in a short exact sequence as in (12). Then,
E is locally free and globally generated, thatis, E = E¢ 4 for a smooth curve C' € |L|
and a line bundle A € Pic?(C) with d = c3(E). Look at the diagram:

00— H°C,A)V®0s ——E —2>wc® A —=0.
L

Ny
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Since h°(Ny) > 2, then Hom(Ny,Og) = 0 and 0 # a ot € Hom(Ny,we ® AY). By
adjunction, we get h°(AY ® Ny ® O¢) > 0. It is easy to verify that deg(No ® O¢) = d,
hence A is isomorphic to Ny ® O¢. O

Remark 6. The above proof also shows that, as soon as there exists N € Pic(S) such
that h°(IV) > 2 together with an injective morphism N < FE¢ 4, one obtains that
hY(AY ® (L® NY)®O¢) # 0, i.e., the linear series |A| is contained in (L ® NV) ® O¢/|;
this coincides with the restriction of |[L ® NV| to C if h*(N) = 0.

Example 1. Assume the existence of an irreducible curve B C S of genus 2 such that
c1(L) = 2B. For any smooth irreducible curve C' € |L|, the complete linear series
Oc(B) is of type g3 and Lemma 4.1 exhibits the LM bundle E¢ (g as an extension
of the form:
0— Os(B) — EcooB) = EBws — 0.

Since C has a g, it is then hyperelliptic and it turns out that B 1 = Os(B)%2.
This can be proved as follows. The unique g3 on C coincides with the line bundle
Oc(B)(—z — y) for any two points x,y € C which are conjugate under the hyperel-
liptic involution. Hence, there exists a section o € H*(O¢(B))Y € H°(E¢ 0. (p)) such
that H°(O¢(B))Y/{e) ~ H(O¢(B)(—z — y))¥, and the LM bundles E¢ o (p) and
E¢ 41 fitin the exact sequence:

0= Os = Ecou(p) — Eggi = Opty = 0.
We obtain an injection Os(B) — E¢, 41-and its saturation gives a short exact sequence:
0— Os(B + D) — EC,g% — Os(B — D) ®I§ — 0,

where [(¢) = D? and D > 0. Since 2 = CQ(EC’g%) > B2 — D2, we have D? > 0 and
hence D - B > 0 by the Hodge Index Theorem. We show that D = 0. Assume D > 0;
by Remark 6, the g3 on C'is contained in |O¢(B—D)|. Then, Oc(B— D) is either a g3 or
a gé on C'. The former case cannot occur because, if D ~ D'+ A with A being the fixed
partof D, then we would have B-D’ = B-D = 1; this is absurd as B+ D’ is numerically
2-connected. The latter case can also be excluded because C - (B — D) =2B - (B — D)
is even. Therefore, D = 0 and E¢, ;1 = Os5(B)®? as h'(Og) = 0.

Example 2. Assume the existence of an irreducible elliptic curve ¥ C S such that
Y - ¢1(L) = 2. Then, the restriction of 3 induces a linear series of type g3 on any curve
C € |L|. By the results in [R], any hyperelliptic K3 surface is a ramified double cover
of either P? or the Hirzebruch surface F,, for n < 4. Therefore, one can write
c1(L) =D+ (n+s)x,

where n, s are integers such that s > 0 and 0 < n < 4, and D is an effective divisor
satisfying D? = —2n, and D - ¥ = 2 and H°(Og(D — X)) = 0. Furthermore, every
component O of D satisfies © - (D + nX) > 0; in particular, for n = 0, the divisor
D is an elliptic curve moving in a base point free pencil. An easy computation gives
g =n+2s+ 1. Fix r < g — 1; then, the line bundle O¢(rY) gives the linear series rg;

on C. By proceeding as in the first part of the proof of Lemma 4.1, one can show that
the LM bundle £ = E, 1 sits in a short exact sequence of the form:

(13) 0— Os(D+ (n+s-1)%)) - E— HOs(L) - 0.
Note that the line bundle Og(D + (n + s — r)X)) is effective if and only if r < n + s.
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We can now prove the following strengthening of Theorem 1.1:

Theorem 4.2. Let A be a complete g}, on a non-hyperelliptic and non-trigonal curve C C S
such thatd < g — 1, p(g,r,d) < 0 and Cliff(A) = Cliff (C). Assume L := Og(C) is ample
and the following condition is satisfied:

(*) there is no irreducible elliptic curve ¥ C S such that ¥ - C = 4 and no irreducible
genus 2 curve B C S such that B - C = 6.

Then, one of the following occurs:

(i) There exists a line bundle M € Pic(S) adapted to |L| such that A ~ M ® Oc.

(ii) The line bundle A satisfies h°(C, A) = 2 (i.e.,, v = 1); furthermore, there exists a line
bundle M € Pic(S) adapted to |L| such that | Al is contained in the restriction of | M|
to C.

If condition (¥) is not satisfied, then the following cases may also occur:

(iii) There exists an irreducible curve B of genus 2 such that C ~ 3B and A is either a
complete g2 or a complete g3; in both cases | A| is contained in |Oc(2B)].

(iv) There exist an irreducible curve B of genus 2 and an irreducible elliptic curve ¥ such
that B - = 2 and C ~ 2B + X; furthermore, A is of type either g2 or g3 and |A| is
contained in |Oc(B + X)|.

(v) One has C ~ X + X' + X" for three irreducible elliptic curves ¥, ¥/, X" pairwise
intersecting in two points, and A is of type g3; moreover, the linear system |A| is
contained in |O¢ (X + X")).

(vi) There exist two irreducible elliptic curves X, ¥/ and a divisor D on S satisfying
D*=—4,and D-% =0,and D -¥ = %% = 2 such that C ~ D + 2% 4+ %;
furthermore, A is of type g2 and | A| is contained in |Oc (% + X')|.

(vii) There are two elliptic curves 3, ¥’ and a divisor D such that C ~ D + 2% + ¥/ with
D?=-2,and D-¥ =0,and D - ¥ = ¥ - ¥/ = 2; furthermore, A is of type g3 and
|A| is contained in |Oc (X + X))

(viii) There is an irreducible elliptic curve ¥ and a divisor D such that C ~ 2D + 3%,
and D? = —2and D - ¥ = 2; moreover, A is a complete g3 and |A| is contained in
|Oc(D + 2%)|.

(ix) There are two irreducible elliptic curves ¥, ¥/ satisfying 3-X' = 2 and C' ~ 2X42%';
moreover, either A is of type g2 and | Al is contained in |Oc (X + X')|, or A is of type
gs and |A| is contained in |Oc (2% + ¥')|.

Before starting the proof of Theorem 4.2, notice that in all the cases (iii)—(ix) one has
Cliff(C) = 2 and g < 10. In fact, condition (*) is automatically satisfied as soon as
Cliff(C) > 2.

Proof. Since A computes Cliff(C'), then A is primitive and the LM bundle E := E¢ 4
is globally generated and non-simple (because p(g, 7, d) < 0). The conditiond < g — 1
forces h°(E)/tk E = h°(E)/(r +1) > 2. We consider a minimal destabilizing sequence
of the coherent system (E, H*(E)):

(14) 0 — (E1,H(Ey)) = (E,H(E)) — (Fs,Va) — 0.
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In particular, E» is a g.LM bundle of type (II) and (E», V2) is stable (cf. Remark 5).
There exists a commutative diagram:

0
T 0
0 Ey E B, 0
0 E E B, 0,
0 T

0

where F; is a g.LM bundle of type (I) satisfying h°(F;) = h(E;), and T is a pure
sheaf of dimension 1. Furthermore, Lemma 3.2 gives h?(E;) = h?(E;) = 0 and hence
h'(Ey) = h'(Esy) = 0. Being a quotient of E, the sheaf Es is globally generated and its
torsion coincide with T'. We set r; := rkF; fori =1, 2.

Note that both det E; and det E» are globally generated (cf. [LC, Lemma 3.3]), and
hO(det Ey) > h°(det By) > 2 and h%(det Ey) > hO(det Ey) > 2; in particular, both
det(E;) ® O¢ and det(Fy) ® O contribute to the Clifford index. By the Hirzebruch-
Riemann-Roch Theorem applied to 7', easy computations show that:

Cliff (E) = Cliff (B, )+Cliff (Ey)+

(15 + () )+ jalmP - x@) +alB) - al) -2

Since h!'(E1) > x(T) and C - ¢(T) = (¢1(E2) + c1(E1) + ¢1(T)) - e1(T) > 0, one has:
Cliff(E) > Cliff(E;)+Cliff (Fa)+
(16) + %Cl(T) . (Cl(EQ) — 01(E~1)) — hl(E’l) + Cl(El) . C1(E2) -2,

and the inequality is strict as soon as T" # 0 because C is ample. Now, we proceed by
steps.

STEP I: Ifq (E1)2 = 01(E2)2 = 0, then either Cl(El) = 05(21), or 01(E~2) = Os(EQ)fOT’
some irreducible elliptic curve 3;.

Let ¢1(E1)? = ¢1(E2)? = 0. Proposition 2.7 implies the existence of two irreducible
elliptic curves 31, ¥y such that cl(E’l) = (r1 + hY(E1))%1 and c1(Fs) = 1Y, (as
h'(Es) = h%(E;) = 0). Note that both O¢(X1) and O¢(32) contribute to the Clifford
index and:

Clff (O (2))
Cliff (O¢(22))

T9di1 * 29 + 2 - C1(T) — 2,

<
< (r+RYED))D -+ Do - (T) — 2.



GENERALIZED LAZARSFELD-MUKAI BUNDLES AND A CONJECTURE OF DONAGI AND MORRISON 17

Using the fact that Cl(Eg) = ¢1(E2) + 1(T'), inequality (16) becomes:

Cliff(E) > —2r1 — 2ry + 2 — M (Ey) + %2 S - e1(T)+

+hY(E -
4 ) @) a4 0 () - 5

First assume X - ¢1(T") > Yo - ¢1(T); we will show that this implies r2 = 1 and hence
hl(det F2) = 0. Elementary manipulations give:

ri4ro—2+h'(E
— B 5, er(m)+

(17) + (rg — 1)(r1 + h1(E1))2; - B — hY(EY).

Cliff(E) — CLff (O (Z2)) > —2(r1 + 12 — 2) +

If ¥1 ~ 39, then T' # 0 (as C is irreducible and hence it is not linearly equivalent to a
multiple of ) and inequality (17) is strict. In this case one easily obtains:

Cliff (E) — Cliff (O¢(5)) > —2(r—1) + % Sy (T)+h (Ey) (W) >0,

where in the last inequality we have used that 33 - ¢1(T) = X2 - C > 4 because C is
neither hyperelliptic nor trigonal. We have thus reached the contradiction Cliff(C) =
Cliff(E) > Cliff (O¢(X2).

If instead 3 o X9, then ¥ + X9 is numerically 2-connected and one obtains:

(18) Cliff(E) — Cliff (O¢(X2)) > 2(r1 — 1) (12 — 2) + (2ry — 3)h (E1);

this brings to the same contradiction as above as soon as 7 > 2. Indeed, if we had
ro = 2 and Cliff(E) = Cliff(O¢(32)), this would imply 7' = 0 and h!(E;) = 0; in par-
ticular, we would find (Es, V2) = (Og(22)®%, H(Og(22)®?)) and this is not possible
since (Eq, V») is stable by assumption.

Analogously, if X3 - ¢;(T") > ¥ - ¢1(T'), one may show that

Cliff(E) — Cliff(O¢(%1)) > 2(r1 — 2)(r — 1) + (2ry — )R (EY),
and hence conclude that r; = 1 and h!(F;) = 0.

In particular Step I, along with the strong version of Bertini’s Theorem, implies that
either h!(det E1) = 0, or h'(det F3) = 0. Furthermore, by Corollary 2.5 and Remark 3,
at least one of Cliff(E;) or Cliff(E») is nonnegative.

STEP II: If ¢1(E))? = 0, then Ey = Os(Xy) for an irreducible elliptic curve ¥;.

By Step I, we can assume h'(det E5) = 0 and hence Cliff(E;) > 0. Let ¢;(E1)? = 0
and write cl(El) =(rm+ hl(El))Zl with ¥; as above. As in the previous step, O¢ (1)
contributes to the Clifford index and Cliff(O¢(21)) < %1 - ¢1(Es) — 2. Inequality (16)
thus yields:

Cliff(E) — Cff(Oc(51)) > —2r1 + 2 + %cl(Eg) e (T) —
— WY (Ey) + (r1 + RYHE) — D)X - e1(Fa);
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we recall that equality may hold only when T" = 0. Since det E> is globally generated
and c¢;(E2) = ¢1(E2) + ¢1(T), one obtains:

1+ hl(El) -2
2

Cliff (E) — Cliff (O (%) > a4+ (rn—1) (81 alk) —2)+

+ hl(El)(El . Cl(EQ) — 1).
Note that all divisors in |det E2 ® Og(X;)| are numerically 2-connected; indeed, we
have already showed thatif £y = Og(X3), then £; ¢ 9. Hence, X1 -¢;(E2) > 2and, in

order to avoid a contradiction, we conclude that h' (El) = Qandeitherr; =1,orT =0
and ¥ - ¢1(E2) = 2. The latter case can be excluded because C is not hyperelliptic.

Note that Step II implies Cliff(E;) > 2h'(E;) and h'(det E1) = 0. In particular, the
line bundle det E is adapted to |L| and the linear system | det E; ® O¢| coincides with
the restriction of | det Es| to C. Furthermore, Cliff (det £y @ O¢) < c1(E1) - c1(Ea) — 2.

STEP III: If ¢1(E2)? = 0, then Ey = Og(%s) for an irreducible elliptic curve .

The proof is very similar to that of Step II and consists in showing that Cliff(F) is
strictly greater then Cliff(O¢(X2) as soon as 72 > 2. We do not enter into computa-
tional details.

Step III yields Cliff(E5) > 0 and h!(det E3) = 0. Moreover, one has the inequality
Cliﬁ(det Ey® Oc) <c (El) - C1 (Eg) — 2.

STEP IV: One has T =0. .

Since ¢1(E1) - ¢1(Es) = e1(E1) - e1(Bs) — ei(T) - (cl(Eg) - cl(El)), from (16) we
obtain:
Chff(E) > Chff(El) + Chff(EQ) — hl (El) + min{cl(El) - C1 (Eg), CI(EI) - C1 (EQ)} -2

> hY(E)) + min{Cliff(det E; ® O¢), Cliff (det Ey ® O¢)}.

If T # 0, then the first inequality would be strict, thus contradicting the fact that
Cliff(C) = CLff(E).

We can now rewrite (15) as
(19) Cliff (C) = Cliff (Ey ) + Cliff (E2) + Cliff (det E4 ® O¢),

which forces Cliff(E;) = Cliff(E;) = 0. In particular, this yields h'(E;) = 0 and
Vo = HO(Ey).

STEP V: If condition (*) is satisfied, then the sheaf E is a line bundle and either Es is a line
bundle as well, or E5 = ECQ,WC2 for a smooth irreducible curve Cy of genus go > 2. The same
holds if condition (*) is not satisfied, except in the cases (iii)—(ix) of the statement.

We apply Corollary 2.5. First of all, we exclude that r; > 1 and E; = Eg, (., 1)1
for a smooth hyperelliptic curve C5 of genus go > . In fact, if this occurred, then the
stability of (E2, H(E»)) would imply p(gs,72 — 1, 2rs — 2) > 0, hence a contradiction.
Thus, either r9 = 1 or By = ECz,wc2 for a smooth curve C5 of genus go > 2.

Now we remark that the fact that (E1, H°(E;)) destabilizes (E, H(E)), together
with the inequality h°(E)/(r + 1) > 2, prevents E; from being equal to E¢, we, for
a smooth curve C; of genus g = 71 > 2. Assume instead E; = ECI’(hfl)g% for a
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hyperelliptic curve C of genus g1 > r1 > 2. In order to conclude the proof of Step V,
it is enough to show that this occurs only in the cases (iii)-(ix) of the statement, where
condition (*) is not satisfied.

First note that the inequality h°(E;)/ry > h%(E)/(r+1) > 2 implies 7 < (g1 +1)/2.

If C1 ~ 2B for a smooth irreducible curve B of genus 2, then either r; = 3 and EF; =
ECl,(Dcl(B)/ orr; = 2and E; = Og(B)%? (cf. Example 1). In both cases we have an
injective morphism Og(B) — E, hence by Remark 6 the linear system | A| is contained
in the restriction to C of | det E2 ® Og(B)|. The line bundle det F> @ Oc(B) contributes
to the Clifford index and one can easily check that Cliff (det E2 ® O¢(B)) = B - ¢1(E»).
By the Hodge Index Theorem together with the inequality

Cllﬁ(C) = Chff(det B ® Oc) =2B-¢ (EQ) —-2<B- Cl(EQ),
one of the following occurs:

e ¢i(E2) = B; then, ¢;(L) = 3B and either E; = B or Ey = Ep,,. We have
g = 10 and A is either a complete g3 or a complete gZ; we are in case (iii).

e ¢i(E2)? = 0 and ci(E») - ¢1(B) = 2 as every divisor in |det B> ® Og(B)| is
numerically 2-connected; then, Step III implies E; = Og(X) for an irreducible
elliptic curve ¥ C S, and ¢; (L) = £+ 2B. Hence, one has g = 9 and A is either
of type g2 or g3 depending on ry, that is, case (iv) occurs.

Now, assume the existence of an irreducible elliptic curve ¥ such that ¥-C; = 2and
let Cy ~ D+ (n+ s)X, with n, s and D as in Example 2. Since g; > 3, then n + 2s > 2.
Note that the line bundle Ny := Og(D + (n+ s —r; +1)X) appearing in the short exact
sequence (13) for E is effective since 11 —1 < (g1 —1)/2 = s+n/2; we naturally obtain
an injective morphism N; < E, and |A| is thus contained in |L ® Ny ® O¢|. We use
the inequality

(D+(n+s—1)%)2=2n+4s—4 =29 —6>0.

The line bundle O¢(X) contributes to the Clifford index and one can easily check that
Cliff(O¢ (X)) < ¥ - ¢1(E»). The following inequality is thus straightforward:

(20) 0 > Cliff(C) — Cliff(O¢(X)) > (D + (n+ 5 — 1)X) - ¢1(Ey) — 2.

Also note that ¢;(E»>) - D > 0 and ¢i(E32) - ¥ > 0, because det E is globally generated
and ci(E») # X (otherwise C' would be hyperelliptic). In particular, every divisor in
| det B2 ® Og(X)| is numerically 2-connected and hence ¢; (Es) - ¥ > 2. Inequality (20)
then implies n + s < 2 and we only have the following possibilities.

e n=0and s = 1: Then, C; ~ ¥+ ¥’ for an elliptic curve ¥’ such that ¥ - ¥/ = 2;
in particular g; = 3 and r; = 2. Note that ¢; (F2) # X' and ¢1(E2) # X because
otherwise C' would be hyperelliptic. Therefore, c¢1(E2) - ¥ = 2 and we get
equality in (20) . The line bundle O¢(Y’) contributes to the Clifford index and
the inequality

2= C1 (EQ) . 2/ Z CIIH(OC(E/)) 2 CIIH(C) = Chﬁ(@c(z)) = Cl(EQ) DY

implies ¢i(E2) - ¥ = 2. By applying the Hodge index Theorem to det E;
and det By, we conclude that ¢ (E2)? < 4. If ¢1(E2)? = 4, then we have
c1(Ey) = ¥ + ¥'. This case can be excluded since it is not compatible with
the inequalities 2 = h°(E4)/r1 > h%(Es)/r2 and d < g — 1. The same reason
prevents the equality c1(F»)? = 2. It remains the possibility ¢; (E3)? = 0, that
is, ¢1(E2) = ¥ for an elliptic curve ¥’ satisfying ¥ - ¥ = ¥/ - ¥” = 2. This
implies g = 7 (in fact, C ~ ¥ + ¥/ + ¥") and A is of type g3, as in (v).
e n = 1 and s = 0: This case cannot occur since it contradicts n + 2s > 2.
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e n =2and s = 0: Hence C; ~ D + 2% has genus g; = 3 and 1 = 2. Equalities
c1(Ep) - ¥ =2and ¢;(E») - D = 0, obtained from (20), yield C; - Cy = 4, where
Co = ¢1(E3). If E5 is a line bundle, then h°(E;) = 2 because of the inequality
2 = h%(E1)/r1 > hO(Es). Therefore, By = Og(X') for an irreducible elliptic
curve Y, the curve C ~ D + 2% + ¥/ has genus 7 and A is of type g3, as in (vi).
Assume instead that Ey = E027wc2 for a smooth curve C; of genus g2 > 2; easy
computations give g = go +6 and d = 2¢> +4, thus contradicting the inequality
d<g-—1.

en =1and s = 1: Then, C; ~ D + 2% and one has g1 = 4 and r; = 2. The
Hodge Index Theorem, along with (20), implies that either Fy = Og(X’) for an
irreducible elliptic curve ¥’ satisfying ¥'- D =0and ¥/ ¥ = 2,0or Cy ~ D+ X.
In the former case, A is of type gg as in (vii). In the latter case, F5 cannot be
a line bundle because otherwise the inequality 5/2 = h%(E1)/r1 > h%(Es)/re
would be contradicted. Therefore, we obtain Ey = ECQ,UJC2 for a smooth curve
C» and the line bundle A4 is of type g3, as in (viii).

e n=0and s = 2: Hence, C; ~ X’ + 2% where ¥ is an irreducible elliptic curve
satisfying ¥ - X/ = 2; in particular, one has g1 = 5 and r; < 3. Inequality (20)
forces X' - ¢1(E2) = 0 and thus Ey = Og(X'). We get C' ~ 2% + 2%’ and A is of
type g2 or g3, depending on ry; in other words, case (ix) occurs.

We can now conclude the proof of Theorem 4.2. By Lemma 4.1, one falls in case (i)
with M := det E5 as soon as Fy = Ecy we,- On the other hand, if both F; and E are
line bundles, then trivially = 1 and one is in case (ii). Remark 6 then implies that |A]
is contained in the linear system | det E2 ® O¢|, which coincides with the restriction of
| det E»| to C by Step II. This concludes the proof. O

Remark 7. In case (ii) of Theorem 4.2, assume the line bundle M is very ample. Then,
M induces an embedding S — P" and one can easily show that |A| is cut out by an
(n — 2)-plane which is (2n — 2)-secant to C.

When L is ample, Theorem 4.2 is a refinement of the following result of Green and
Lazarsfeld [GL], that we indeed reobtain as a corollary.

Corollary 4.3. If L € Pic(S) is ample, then all smooth irreducible curves in | L| have the same
Clifford index. Moreover, if this is strictly less then [(g — 1) /2], then there exists a line bundle
M on S such that M ® O¢ computes the Clifford index of any curve C € |L|.

Proof. Let C' € |L| be a curve of minimal Clifford index Cliff(C) < [(¢ — 1)/2]. We
can assume that C' is neither hyperelliptic nor trigonal because otherwise the result
follows directly from [SD]. If A is a complete g, on C such that d < g—1 and Cliff(A) =
Cliff (C), then p(g,r,d) < 0 and one of the cases (i)—(ix) of Theorem 4.2 occurs. In case
(i), the statement is straightforward. In all the other situations, Theorem 4.2 exhibits
a line bundle M on S adapted to |L| such that |A| is contained in |[M ® O¢|. One can
easily check that Cliff (M ® O¢) = Cliff(A). O

5. THE DONAGI-MORRISON CONJECTURE AND SECANT VARIETIES

In this section, we study the Donagi-Morrison Conjecture. First of all, we exhibit a
counterexample to Conjecture 1.2 in the introduction.

Counterexample 1. Let S be a K 3 surface of genus 2 such that Pic(S) = Z[B] and B? =
2. The vector bundle E = Og(B)®3 is globally generated and satisfies h‘(E) = 0 for
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i = 1,2, hence it coincides with the LM bundle E¢ 4 associated with some primitive
line bundle A of type g2 on some smooth irreducible curve C' € [3B|. The curve C
has genus g = 10 and p(10,2,6) < 0. By Remark 6, the linear system |A| is naturally
contained in |O¢(2B)|, which is a complete g7,; note that 12 > g — 1 = 9. In order
to show that Conjecture 1.2 fails for A4, it is enough to show that | A]| is not contained
in |Oc(B)|; since O¢(B) is a complete g2, this is equivalent to verifying that A and
Oc(B) are not isomorphic. By Lemma 4.1, if we had £ = E¢ o (p), then £ would
fit in a short exact sequence like (12) with N; = Og(2B); this is a contradiction as
Hom(Og(2B), E) = 0.

Consider the rational map hg : G(3, H(E)) --» WZ(|3B|) applying a general sub-
space A to the pair (C, Ap), where the evaluation map evy : A ® Og — E drops rank
along C and has we, ® A} as cokernel. We want to describe geometrically the pairs
(Ca, Ayp) arising in this way. Note that we are in case (iii) of Theorem 4.2.

The line bundle B defines a 2:1 cover 7 : S — P2. A curve C € ©*|Op2(3)| C |3B] is
a 2:1 cover of an elliptic curve I'. Three points on I' define a complete g3 on I', whose
pullback to C gives a complete linear series A of type ¢3; trivially, A ~ O¢(B) if and
only if the three points on I are aligned. The proof of Theorem 4.2 shows that, as soon
as A € Pic(C) is not isomorphic to O¢(B), the LM bundle E¢ 4 coincides with E, that
is, (C, A) € Im(evy). Note that dim 7*|Op2(3)| = 9 and any curve C € 7*|Op2(3)| has
a 1-dimensional family of g2 of the above form, hence the image of h has dimension
at least 10. The fiber of hp over a point (Ca, Ap) € Im(hg) is the projective space
PHom(E,we, ® AY) ~ P(H°(E ® EV)) and hence has dimension 8. Since the Grass-
mannian G(3, H(E)) is 18-dimensional, then Im(hg) coincides with W& (7*|Op2(3)))
and moreover Im(hg) \ Im(hg) = {(C,Oc(B))s.t.C € 7|Op2(3)|}.

Remark 8. One can easily check that in the cases (iii)—(ix) of Theorem 4.2 the line bun-
dle M, for which |A] is contained in the restriction of | M| to C, satisfies the inequality
ci(M)-C > g— 1. As a consequence, by taking a general K3 surface S containing
a line bundle L as in any of the cases (iii)—(ix), one can construct counterexamples to
Conjecture 1.2.

As already remarked in the introduction, in the class of counterexamples obtained
above, the only contradicted part of Conjecture 1.2 is the inequality ¢; (M) - C < g — 1.
In fact, our counterexamples still satisfy the modified Conjecture 1.3, where such in-
equality is replaced by the condition that )M is adapted to |L|.

The following proposition reduces Conjecture 1.3 to the problem of exhibiting a
suitable line bundle IV together with an injection N — E¢ 4.

Proposition 5.1. Under the hypotheses of Conjecture 1.3, let A be primitive and assume the
existence of a globally generated line bundle N € Pic(S) such that N is a saturated subsheaf

OfEQA.

Then, Conjecture 1.3 holds with M := L ® NV if hY(N) = 0, and with M := L(-X) if
c1(N) = kX for an irreducible elliptic curve ¥ C S and an integer k > 2.
Proof. 1f h1(N) = 0, then M := L ® NV is adapted to |L| and, by Remark 6, |A] is
contained in the restriction of |M| to C; it only remains to verify the inequality on the
Clifford indices. Since N C E := E¢ 4 is saturated, the quotient £//N is a g.LM bundle
of type (II). A trivial computation gives:

Cliff(A) = ci(N) - c1(E/N) + Cliff (E/N) — 2.
If h!(det E/N) = 0, then Cliff(E/N) > 0 and hence:
Cliff(det E/N ® O¢) = c1(N) - c1(E/N) — 2 < Cliff (A4).
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If instead h'(det E/N) # 0, use the vanishing of h!(E/N) along with Proposition 2.7
and write E/N = Og(X')®" with ¥’ being an irreducible elliptic curve. The equality
hO(det E/N ® O¢) = r + 1 thus yields

Cliff(det E/N ® O¢) = c1(N) - c1(E/N) — 2r = Cliff (A).

Assume now h'(N) > 0, that is, ¢;(N) = kX with £ > 2 and ¥ as in the statement.
One obtains an injective morphism Og(X) — E (that is not saturated). Since C is
not linearly equivalent to a multiple of ¥, then L(—X) = det E/N((k — 1)X)) satis-
fies h!(L(—X)) = 0. Therefore, L(—Y) is adapted to |L| and |A| is contained in the
restriction of |L(—X)| to C. It remains to prove the following inequality:

1) Cliff(Oc(X)) = = - det E/N — 2 < Cliff (E/N) + k(X - det E/N) — 2 = Cliff(A).

If hl(det E/N) = 0, this is trivial since Cliff(E/N) > 0. If instead h'(E/N) = 0, then
as above E/N = Og(X)®" and X’ ¢ X. Inequaliy (21) becomes

Cliff(Oc(X)) =rE - ¥ — 2 < rk(X - ¥) — 2r = Cliff (A);
this is satisfied because ¥ + X' is numerically 2-connected and hence ¥ - ¥’ > 2. O

In Donagi-Morrison’s proof of the conjecture for r = 1 (cf. [DM]), the line bundle N
is obtained as the kernel of an endomorphism of E¢ 4 dropping the rank everywhere.
In the case r = 2 (cf. [LC]), the role of the line bundle N is played by the maximal
destabilizing sheaf F of Ec 4 w.r.t. ur-stability. In fact, a case-by-case analysis of all
the possible types of Harder-Narasimhan and Jordan-Holder filtrations shows that the
condition p(g, 2, d) < 0 forces E; to have rank 1 and the quotient £/ E; to be ju-stable.
Unfortunately, these proofs cannot be extended to the general case.

We can now prove Theorem 1.4.

Proof of Theorem 1.4. Up to replacing A with A + bs(wcgav), we can assume that A is
primitive, thatis, the LM bundle £ := E( 4 is globally generated. Look at the maximal
destabilizing sequence of (E, H*(E)):

0 — (E1,H(Ey)) = (E,H°(E)) = (Fs,Va) — 0,

where E» is a g.LM bundle of type (II) and rank ry, while F; is generically gener-
ated by its global sections and has rank ;. Up to replacing (F1, H(E;)) with a sta-
ble coherent subsystem appearing in its Jordan-Holder filtration, we can assume that
(E1, HY(Ey)) is stable. Since S does not contain any (—2)-curve, we can also assume
that £ is a g.LM bundle of type (I); indeed, if this were not the case, Proposition 3.3
would then provide a nef line bundle N — FE,; and, after taking the saturation of
N C E, the statement would be a straight consequence of Proposition 5.1. By [LC,
Lemma 3.3], both det £y and det E» are globally generated.

Note that the conjecture follows directly from Proposition 5.1 as soon as 71 = 1.

Let now r; > 1. If ¢;(E1)% = 0, Proposition 2.7 yields the existence of an irreducible
elliptic curve ¥; C S along with a short exact sequence

0— O?hl(El) — Og(S) P ENH s By 0,

and hence Og(X;) — E;. Therefore, Ogs(%;) is a subsheaf of E and, after replacing it
with its saturation, Conjecture 1.3 follows from Proposition 5.1.

It remains to deal with the case c¢1(E1)? > 0, which yields h'(det E;) = 0. By
Proposition 2.2, given a general subspace V; € G(r1, H*(E1)), the degeneracy locus
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of the map ev; : V1 ® Os — Ej is a 0-dimensional subscheme £ consisting of some
distinct points which do not lie in Sing(£»>). We obtain the following diagram:

0 0 0
0 Es E} K 0
00— V1 ®0Og E £’ Oc®k——=0
00—V} ® 05 —> B — > det y O¢ 0.
0 0 0

The sheaf « is 0-dimensional and its support is contained in Sing(E>). By construction,
E' is locally free and E) has no torsion. Since h!(Ey) = h?(E;) = 0, then E} is globally
generated and satisfies h'(E}) = 0 for i = 1,2, i.e., it is a g.LM bundle of type (II).
Since both det E; and E), are globally generated, the same holds for E’; moreover, E’
fulfills the condition hi(E’) = 0 for i = 1,2, hence it is the LM bundle associated with
a primitive line bundle on a smooth curve in the linear system |L|.

The image of H°(E)/V; in H°(E'), that we denote by V’, generates the bundle E’
outside of ¢ U Supp(k). Furthermore, H(E')/V' surjects onto H(x) because both
h'(Es) = 0and hl(det E1) = 0. If Vo € G(rkE’, V') is general, then the evaluation map
evy : Vo @ Og — E' is injective and we get a diagram:

0 0
0 B B O Bk —0
00— 11 ®0g E E O¢ & k —0;

0—=V1®0s—— V1 d Vo) ® Og ——= Vo ® Og 0

0 0

here, B; and Bj are pure sheaves of dimension 1 supported on a curve X € |L|,
which is integral but possibly singular along Supp(x). Both B; and B are globally
generated and, as sheaves on X, they have rank 1 and no torsion. One can show that
HO(By) surjects onto H(k). We define B := Ext!'(B1,Og) and B’ := Ext!(B], Os).
It turns out that H°(B) ~ H(B;)Y and H°(B') ~ HY(B})" (cf. [Go, Lemma 2.3]),
hence V; ® Vo ~ H°(B)Y and V, ~ H°(B')Y; in particular, one has h°(B) = r + 1 and
hO(B’) = ry + 1. By dualizing the second column in the diagram, one easily shows
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that Fx p = E. Look at the diagram:
0 0

~

O¢

Ext2(Og, Og)

0 B’ B 5:6152((95 ®k,05) —=0

~

00— B —— B(—¢) —— Ext?(k, Og) 0.

0 0

Note that H(Ext?(k, Og)) ~ H(k)¥ — HO(B})" ~ HY(B') (cf. [Fr, p. 39] for
the first isomorphism). Hence, we have HO(B') ~ H°(B(—¢)) and ¢ € V&' (B) for
e =co(Eq) and f = c(Ey) — r1 + 1. Easy computations give
(22) expdim VS (B) = —roco(By) 4 (rg + 1) (11 — 1) < —(r1 — 1) (19 — 1),
where the inequality follows from the fact that Cliff(£1) > 0. Therefore, the variety
ved (B) has negative expected dimension unless r; = r (or equivalently, r; = 1) and
Cliff(E'1) = 0; we can exclude this case by applying Corollary 2.5. Indeed, the bundle
E; cannot be the LM bundle E¢, we, for a smooth curve C; of genus g; > 2 because
this is not compatible with inequalities h°(E1)/r1 > h°(E)/(r+1) > 2. Analogously, if
we had F = Ech(r 1—1)g} for a hyperelliptic curve C of genus g; > 1, then inequality
p(g1,71 — 1,2r; — 2) < 0 would hold thus contradicting the stability of (E1, H°(E})).

In summary, as soon as r; > 1, we have found a pair (X, B) as above such that
expdim VE™/ (B) < 0; as a consequence, the initial pair (C, A) has some unexpected
secant varieties up to deformation, in contradiction with the hypotheses. Hence, the
only possibility is r; = 1 and this concludes the proof. O

We conclude with two remarks concerning the condition of having some unexpected
varieties up to deformation. By definition, this involves integral curves X € |L| which
might be singular and sheaves B € 7d(X ). First, we explain how to deform such a
pair (X, B) to another pair (C, A) such that C' € |L| is smooth and A € Pic?(C) has
some special properties.

Remark 9. We will show that, if (C, A) has some unexpected secant varieties up to
deformation, then it can be deformed to a pair (C, A) such that C € || is smooth and
irreducible and A € Pic?(C) fulfills either condition

(i) hO(A) > ho(A) =r+1
or condition

(i") VE(A) # B and expdim V¢ (A) < 0 for some integers 0 < h < e.

Note that condition (i) implies that the line bundle A is of type g5 with s > r; in
particular, one has p(g, s,d) < p(g,r,d) < 0.

The construction of the pair (C, A) uses the results in [Go]. By assumption, there is

an integral curve X € |L| together with a sheaf B € 7d(X ) that satisfies h%(B) = r + 1
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and sits in a short exact sequence
(23) 0—B —-B-1Q—0,

where ¢ € ve s (B) for some integers e, f such that expdim ve s (B) < 0. We may
assume f = h%(B’') — h%(B) + e.

By [Go, Proposition 2.5 and Section 3], there exist a family of curves C parametrized
by a connected (but not necessarily complete) curve 7', a connected (possibly neither
irreducible nor complete) curve Y together with amap p : Y — T, and a sheaf B’ on
S x Y flat over Y such that:

(a) Ct, ~ X for some ¢ty € t, and for every t # t the curve C; € |L| is smooth and
irreducible;

(b) there is a component Y; of Y such that ply, is a finite cover, and p contracts all
the other components of Y to ty;

(c) for all y € Y the sheaf B, induced by B on the fiber of S x Y — Y over y is a
torsion free sheaf of rank 1 on C,(,), and B;, ~ B’ for some yo € p~*(to);

(d) hO(B,) > h'(B') forally € Y.

By [Go, Proposition 3.6], up to replacing ¥ with another curve Y’ (which maps to
Y and satisfies an analogue of (b)) and B’ with its pullback to S x Y”, we find sheaves
Band Qon S x Y flat over Y sitting in an exact sequence

(24) 0B —B—Q—0;

this induces, for all y € Y, a short exact sequence

y)’

0— B, — B, —Q, —0,

which is equivalent to (23) when y = yo. Set C := C, fora general t; € T and
A := B, for some y; € p~'(t1); then, By, = A(—D) for an effective divisor D € C.,. If
hO(A) > hO(B), then we are in case (i). If instead h°(A) < h°(B), then D € V¢ "(A)
for h = e — h%(A) + h°(A(—D)). Since h > f, we get

expdim VE"(A) =e — h-h%(A(=D)) < e — f - h%(B’) = expdim V7 (B) < 0,
and condition (i’) is satisfied.

Next remark explains the implications of our condition in terms of points on the
surface S.

Remark 10. As usual, let A be a primitive g}, on a curve C C S and set E := E¢ 4.
Then, for a general subspace W € G(r, H(A)Y) C G(r, H’(E)) we obtain a short exact
sequence:
0-W®0s—FE—L®I —0,

where /. is the ideal sheaf of a 0-dimensional subscheme of S of length d = cy(E).
Assume that L is very ample, i.e., it gives an embedding S < P""(I)~1 — P9_ Since
hO(L ® I¢) = g—d+r+1,then (is cut out by a (d — r — 1)-plane which is d-secant to
the surface S.

Now, assume that (C, A) has some unexpected secant varieties up to deformation
and let (X, B) be the pair given by the definition. As above, the subspaces lying in the
Grassmannian G(r, H(B)Y) C G(r, H*(E)) correspond to an r-dimensional family
of d-secant (d — r — 1)-planes to S C PY. One can show that the non-emptiness of
Ve (B) is equivalent to the requirement that at least one of these planes contains a
(d —r —1— f)-plane which is (d — e)-secant to S.
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An interpretation of the condition expdim Ve (B) < 0in terms of points on §
would also be interesting.

[Ap]
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Appendix. A counterexample to Conjecture 1.3

ANDREAS LEOPOLD KNUTSEN, MARGHERITA LELLI-CHIESA

In this Appendix we provide counterexamples to Conjecture 1.3 and show that The-
orem 1.4 is optimal.

Let S be a K 3 surface of even genus p > 2 such that Pic(S) = Z[H] with H? = 2p—2.
Lazarsfeld’s Theorem (cf. [La]) implies that every smooth irreducible curve Hy € |H |
has gonality k£ = (p+ 2)/2. By [M, Theorem 3], the LM bundle E := Ey, g, associated
with a complete linear series B of type g} on a smooth curve Hy € |H| does not
depend on the choice of the pair (Hy, By). Furthermore, E is both globally generated
and stable because the Picard group of S is cyclic and Hom(Os(H),E) = 0. The
vector bundle E & E is generated by its global sections and satisfies h'(E & E) = 0
for i = 1,2, hence it coincides with the LM bundle associated with a complete and
primitive linear series A of type ggp on a smooth irreducible curve C' € |2H |, which has
genus g := 4p — 3. Notice that 3p < g — 1 as soon as p > 4. An easy computation gives
p(g,3,3p) = —3 and we claim that both Conjectures 1.2 and 1.3 fail for the pair (C, A).
Notice that the only sheaf which might play the role of the line bundle M appearing
in the statement of the conjectures is Og(H). The condition that the linear system |A|
is contained in the restriction of |H| to C implies the inequality h°(AY ® O¢(H)) > 0.
Tensoring by Og(—H) the short exact sequence

0 H(A)V®0s = E®FE — Oc(2H) ® AV — 0,

one finds that h°(AY ® O¢(H)) = 2h°(E(—H)) = 0 and this proves our claim.

Now we show that the pair (C, A) has some unexpected secant varieties up to de-
formation; as a consequence, the result of Theorem 1.4 is as good as possible. Take a
general section « € H°(F) and consider the diagram:

0 0
E E
0—=0s—>EQE E' O¢ 0
0 Og ———EF Os(H) —= O — 0,
0 0

where ¢ C S is a 0-dimensional subscheme consisting of k distinct points and E’ is a
rank 3 vector bundle. As in the proof of Theorem 1.4, one finds a deformation (C, A)
of the pair (C, A) such that E & E = E ; and E' = Eg A(—¢); since & is curvilinear,
one can choose C' to be smooth. The equalities h(A(—¢)) = 3 = hO(A) — 1 prevent A
from being very ample; in other words, one has & € Vé) +2) /2(A) and can easily check

that expdim V(;H)ﬂ(fl) =-p+1<0.
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Remark 11. The above counterexample contradicts part (i) of Conjecture 1.3, thatis, A
is not contained in the restriction of |M| to C for any line bundle M which is adapted
to [2H|.

Remark 12. Similarly, one can construct counterexamples to Conjecture 1.3 in cases
where the line bundle L = Og(C) is primitive. For instance, take a K3 surface S with
Pic(S) = Z[H] ® Z[D] where H?> = 2r—2 >4, D?* = 2p—2 > 4and H - D = d such that
both p and r are even and p + r — d = 0. Necessary and sufficient conditions on r and
p for the existence of such an S with H very ample and D smooth and irreducible are
given in [K]. However, for our purposes it is enough just to assume that the integers r,
p are such that there are no divisors of self-intersection 0 or —2 in the lattice; such a K3
surface exists as explained in [K] (since the inequality d*—4(r—1)(p—1) > 0 is satisfied
because of the condition p+r —d = 0) and D and H are automatically very ample. By
the results in [AM], the integers r, p, can be chosen in infinitely many ways so that the
linear system |H| does not contain any reducible or non-reduced member (we leave
the details to the reader) and similarly for |D| by symmetry. In particular, a general
curve Hy; € |H| has maximal gonality k&; = (H? + 6)/4, and there are no injective
morphisms N — E; from an effective line bundle N to the LM bundle E; := Eg, 4,
associated with a linear series Ag of type g,il on Hj, and analogously for |D|. We set
ko = (D? + 6)/4 and denote by F» the LM bundle associated with a g,% on a general
curve Dy € |D|.

Consider the vector bundle FE; ® Fs; this coincides with the LM bundle associ-
ated with a primitive linear series A of type g} ., ., on a smooth irreducible curve
C € |H + D|. Trivial computations give

p(9(C),3, k1 + ko + d) = —1.

Since there are no morphisms from an effective line bundle N to the LM bundle
E, & E5, one shows, arguing as above, that Conjecture 1.3 fails for the pair (C, A).
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