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Abstract

We prove an abstract Implicit Function Theorem with parameters for smooth operators defined
on sequence scales, modeled for the search of quasi-periodic solutions of PDEs. The tame estimates
required for the inverse linearised operators at each step of the iterative scheme are deduced via
a multiscale inductive argument. The Cantor like set of parameters where the solution exists is
defined in a non inductive way. This formulation completely decouples the iterative scheme from the
measure theoretical analysis of the parameters where the small divisors non-resonance conditions
are verified. As an application, we deduce the existence of quasi-periodic solutions for forced NLW
and NLS equations on any compact Lie group or manifold which is homogeneous with respect to a
compact Lie group, extending previous results valid only for tori. A basic tool of harmonic analysis
is the highest weight theory for the irreducible representations of compact Lie groups.

Keywords: Quasi-periodic solutions for PDEs; Nash-Moser theory; small divisor problems; Non-
linear Schrédinger and wave equations; analysis on compact Lie groups

MSC classification: 37K55; 58C15; 35Q55; 35L05

Contents

(1__Introductionl

2 An implicit function theorem with parameters on sequence spaces|

[2.1 Linear operators on H® and matrices|. . . . . . . . . . . ... ... ... .. ... ...

[3 Applications to PDEs|
[3.1 Analysis on Lie groups| . . . . . . . . . ..

10

14
14
16
22

24



4.2 Initialisation of the Nash-Moser schemel . . . . . . . ... ... ... ... ... 26
[4.3  Tterative step| . . . . . . . . e 27
5__Proof of Theorem 12.16 31
b1 TInitialisationl . . . . . . . . o 33
[5.2 Inductive step|. . . . . . . .. e 34
[0.3 Separation properties|. . . . . . ... L. e 37
[5.4 Regularity| . . . . . . . . 39
[A° Proof of the multiscale Proposition [5.8| 40

1 Introduction

In the last years several works have been devoted to the search of quasi-periodic solutions of Hamil-
tonian PDEs in higher space dimensions, like analytic nonlinear Schrodinger (NLS) and nonlinear
wave (NLW) equations on T™. A major difficulty concerns the verification of the so-called Melnikov
non-resonance conditions. The first successful approach, due to Bourgain [9], [10], used a Newton
iterative scheme which requires only the minimal (first-order) Melnikov conditions, which are verified
inductively at each step of the iteration.

In this paper we prove an abstract, differentiable Nash-Moser Implicit Function Theorem with

parameters for smooth operators defined on Hilbert sequence scales. As applications, we prove the
existence of quasi-periodic solutions with Sobolev regularity of the forced nonlinear wave equation

uy — Au+mu = e f (wt, x, u), rEM, (1.1)
and the nonlinear Schrodinger equation
iug — Au + mu = ef (wt, x, u), xreM, (1.2)

where M is any compact Lie group or manifold which is homogeneous with respect to a compact Lie
group, namely there exists a compact Lie group which acts on M transitively and differentiably. In
- we denote by A the Laplace-Beltrami operator, the “mass” m > 0, the parameter € > 0 is
small, and the frequency vector w € R? is non-resonant, see — below.

Examples of compact connected Lie groups are the standard torus T", the special orthogonal group
SO(n), the special unitary group SU(n), and so on. Examples of (compact) manifolds homogeneous
with respect to a compact Lie group are the spheres S™, the real and complex Grassmannians, and
the moving frames, namely, the manifold of the k-ples of orthonormal vectors in R"™ with the natural
action of the orthogonal group O(n) and many others; see for instance [11].

The study of — on a manifold M which is homogeneous with respect to a compact Lie group
G is reduced to that of — on the Lie group G itself. Indeed M is diffeomorphic to M = G/N
where N is a closed subgroup of G and the Laplace-Beltrami operator on M can be identified with
the Laplace-Beltrami operator on G, acting on functions invariant under N (see [7]-Theorem 2.7 and

17, 18, 23]).



Concerning regularity we assume that the nonlinearity f € C9(T¢ x M x R;R), resp. f(p,x,u) €
C9(T? x M x C;C) in the real sense (namely as a function of Re(u), Im(u)), for some ¢ large enough.
We also require that

f(wt,z,u) = 0gH (wt,z,u), H(p,xz,u) € R, Yu e C, (1.3)

so that the NLS equation ((1.2]) is Hamiltonian.

We assume that the frequency w has a fixed direction, namely

d
w=o, Ae€T:=[1/2,3/2], [@ =) lwpl <1, (1.4)
p:

for some fixed diophantine vector @, i.e. w satisfies
-1 > 2y|l|7¢, Viezd\ {0} (1.5)

For the NLW equation (|1.1]) we assume also the quadratic diophantine condition

g Wil;Pij

1<i,j<d

70
> e 7P 24D\ {0} (1.6)

which is satisfied for all |&]; < 1 except a set of measure O(’yé/ %), see Lemma 6.1 in [5].
The search of quasi-periodic solutions of ([1.1))-(1.2)) reduces to finding solutions u(p, ) of

(w-0,)*u — Au+mu = cf(p,z,u), iw-Ou— Au+mu = ef(p,z,u,T), (1.7)
in some Sobolev space H?® of both the variables (¢, x), see Section

Theorem 1.1. Let M be any compact Lie group or manifold which is homogeneous with respect to a
compact Lie group. Consider the NLW equation (1.1), and assume (1.4)-(1.6); for the NLS equation

(11.2)-(1.3) assume only (1.4)-(1.5). Then there are s,q € R such that, for any f, £ € C1 and for all

e € [0,e0) with eg > 0 small enough, there is a map

Uge ECl([1/2,3/2],Hs), sup  |lus(A)|ls — 0, ase — 0,
Ae[1/2,3/2)

and a Cantor-like set C. C [1/2,3/2], satisfying meas(C;) — 1 as e — 0, such that, for any A € C.,
us(A) is a solution of (1.7), with w = A\w. Moreover if f, £ € C* then the solution u.(\) is of class
C™ both in time and space.

Actually Theorem is deduced by the abstract Implicit Function Theorems (and
Corollary on scales of Hilbert sequence spaces. We postpone their precise formulations to
Section since some preparation is required.

Theorem is a first step in the direction of tackling the very hard problem of finding quasi-
periodic solutions for NLW and NLS on any compact Riemannian manifold, if ever true. This is
an open problem also for periodic solutions. In the particular case that the manifold M = T" is a
n-dimensional torus, Theorem is proved in [4] for NLS, and, in [5], for NLW.

So far, the literature about quasi-periodic solutions is restricted to NLS and NLW on tori (which
are compact commutative Lie groups). The first results were proved for the interval [0, 7] by Kuksin



[19, 20], Wayne [27], Poschel [22] 21], or for the 1-dimensional circle T by Craig-Wayne [13], Bourgain
[8], and Chierchia You [12]. For higher dimensional tori T™, n > 2, the first existence results have
been obtained by Bourgain [9} [10] for NLS and NLW with Fourier multipliers via a multiscale analysis,
recently applied by Wang [26] for completely resonant NLS. Using KAM techniques, Eliasson-Kuksin
[14, 15] proved existence and stability of quasi-periodic solutions for NLS with Fourier multipliers, see
also Procesi-Xu [25]. Then Geng-Xu-You [16] proved KAM results for the cubic NLS in dimension 2
and Procesi-Procesi [24] in any dimension n and polynomial nonlinearity.

The reason why these results are confined to tori is that these proofs require specific properties
of the eigenvalues and the eigenfunctions must be the exponentials or, at least, strongly “localized
close to exponentials”. Recently, Berti-Bolle [4], 5] have extended the multiscale analysis to deal with
NLS and NLW on T¢ with a multiplicative potential. In such a case the eigenfunctions may not be
localized close to the exponentials.

In the previous paper [7], Berti-Procesi proved existence of periodic solutions for NLW and NLS on
any compact Lie group or manifold homogenous with respect to a compact Lie group. Main difficulties
concern the eigenvalues of the Laplace-Beltrami operator, with their unbounded multiplicity, and the
rule of multiplications of the eigenfunctions. A key property which is exploited is that, for a Lie group,
the product of two eigenfunctions is a finite linear combinations of them (as for the exponentials or
the spherical harmonics). From a dynamical point of view, it implies, roughly speaking, that only
finitely many normal modes are strongly coupled.

Theorem extends the result in [7] to the harder quasi-periodic setting. As already said, it is
deduced by the abstract Implicit Function Theorems These results rely on the Nash-Moser
iterative Theorem and a multiscale inductive scheme for deducing tame estimates for the inverse
linearised operators at each step of the iteration, see Section [5] A main advantage of Theorem [2.16]is
that the Cantor-like set of parameters C. in for which a solution exists is defined in terms of the
“solution” u., and it is not inductively defined as in previous approaches. This formulation completely
decouples the Nash-Moser iteration from the discussion about the measure of the parameters where
all the required “non-resonance” conditions are verified. The possibility to impose the non-resonance
conditions through the “final solution” was yet observed in [3] (in a Lyapunov-Schmidt context) and
in [2] for a KAM theorem. In the present case the Cantor set C; is rather involved. Nevertheless we
are able to provide efficient measure estimates in the applications. This simplifies considerably the
presentation because the measure estimates are not required at each step. In conclusion, in order to
apply Theorems one does not need to know the multiscale techniques nor the Nash-Moser
approach: they can be used as a black boz.

We believe that Theorems|2.16H2.18|can be applied to several other cases. The abstract hypotheses
can be verified by informations of the harmonic analysis on the manifold. In the case of compact Lie
groups and homogeneous manifolds, Theorem follows by using only the harmonic analysis in [7]
(see Section , which stems from the informations on the eigenvalues and eigenspaces of the Laplace-
Beltrami operator provided by the highest weight theory, see [23].

We find it convenient to use a Nash-Moser scheme because the eigenvalues of the Laplacian are
highly degenerate and the second order Melnikov non resonance conditions required for the KAM
reducibility scheme might not be satisfied.

Informal presentation of the ideas and techniques. Many nonlinear PDEs (such as (1.7])) can be seen
as implicit function equations of the form

F(e,\,u) =0,

4



having for € = 0 the trivial solution u(t,z) = 0, for each parameter A € Z. Clearly, due to the
small divisors, the standard Implicit Function Theorem fails, and one must rely on some Nash-Moser
or KAM quadratic scheme. They are rapidly convergent iterative algorithms based on the Newton
method and hence need some informations about the invertibility of the linearisation L(e, A\,u) of F’
at any function u close to zero.

Due to the Hamiltonian structure, the operator L(e, \,u) is self-adjoint and it is easy to obtain
informations on its eigenvalues, implying the invertibility of L(e, A,u) with bounds of the L?-norm
of L7Y(g,\,u) for “most” parameters . However these informations are not enough to prove the
convergence of the algorithm: one needs estimates on the high Sobolev norm of the inverse which do
not follow only from bounds on the eigenvalues. Usually this property is implied by a sufficiently fast
polynomial off-diagonal decay of the matrices which represent the inverse operators.

In the case of the interval [0, 7], the eigenvalues of L(e, A, u) are often distinct, a property which
enables to diagonalise L(e, A, u) via a smooth change of variables (reducibility) implying very strong
estimates of the inverse operator in high Sobolev norm. This method automatically implies also the
stability of the solution. Unfortunately, the eigenvalues of A are not simple already on T (a fortiori
neither on T", n > 2), so that generalising these reducibility methods is complicated and strongly
depends on the equation. For NLS it is obtained in [14].

However, the convergence of the Nash-Moser scheme only requires “tame” estimates of the inverse
in high Sobolev norm (for instance like the one in (4.4))) which may be obtained under weaker spectral
hypotheses. In the case of NLS and NLW on T" these estimates have been obtained in [4, B] via
a multiscale analysis on Sobolev spaces (see [10] in an analytic setting). Informally, the multiscale
method is a way to prove an off-diagonal decay for the inverse of a finite-dimensional invertible matrix
with off-diagonal decay, by using informations on the invertibility (in high norm) of a great number
of principal minors of order N much smaller than the dimension of the matrix. The polynomial
off-diagonal decay of a matrix implies that it defines a “tame” operator between Sobolev spaces.

In this paper we extend these techniques also to the case of compact Lie groups and manifolds
which are homogeneous with respect to a compact Lie group (in the latter case we “lift-up” the
equation to the Lie group). Two key points concern

1. the matrix representation of a multiplication operator u — bu,
2. the properties of the eigenvalues of the Laplace-Beltrami operator.

The multiplication rules for the eigenfunctions, together with the numeration of the eigenspaces
provided the highest weight theory, implies that the multiplication operator by a Sobolev function
b € H5(M) is represented in the eigenfunction basis as a block matrix with off-diagonal decay, as stated
precisely in Lemmas (proved in [7]). The block structure of this matrix takes into account
the (large) multiplicity of the degenerate eigenvalues of A on M (several blocks could correspond to
the same eigenvalue). This in principle could be a problem because one can not hope to achieve any
off-diagonal decay property for the matrices restricted to such blocks. However, as in [7], we do not
need such a decay, being sufficient to control only the L?-operator norm on these blocks. Interestingly,
properties of this type have been used by Bambusi, Delort, Grébert, Szeftel [1] for Birkhoff normal
form results of Klein-Gordon equations on Zoll manifolds (a main difficulty in [I] is to verify the
Birkhoff normal form non-resonance conditions).

Concerning item 2, the eigenvalues of the Laplace-Beltrami operator on a Lie group are very similar
to those on a torus, as stated in (3.6)). This enables to prove “separation properties” of clusters of



singular/bad sites (i.e. Fourier indices with a corresponding small divisor) a la Bourgain [9], [10].
Thanks to the off-diagonal decay property proved in item 1 such “resonant” clusters interact only
weakly. As in the case of T™ (where the eigenvalues of —A are |j|?, j € Z™) one does not gather into
the same cluster all the indexes corresponding to the same eigenvalue. The reason is that such clusters
would not satisfy the needed separation properties.

We now give some more detail about the proof. In the usual PDE applications the function spaces
decompose as a direct sum of eigenspaces of L(0,\,0), each of them being a direct product of the
exponentials (for the time-direction) and the eigenspaces of —A + m (space direction). Hence we
decompose u = Y, ug with k = (1,5) € Z? x Ay (I € Z? is the time-Fourier component and j € A
the space-Fourier component). In particular L(0, A,0) is a diagonal operator which is proportional to
the identity on each eigenspace. Moreover the dependence on [ appears only through a scalar function
Dj(w- 1), see (2.24a)).

In Theorems we revisit in a more abstract way the strategy of [4, [5], obtaining a unified
and more general result for smooth operators F'(¢, A\, u) acting on a Hilbert scale of sequences spaces.
These results are based on three hypotheses which allow the possibility of passing from L?-norm
estimates to high Sobolev norm bounds for the inverse linearized operators. We try to explain the
meaning of this assumptions:

i. the linearised operator can be written as the sum of a diagonal part D = D()\) (which is the
linearised operator at ¢ = 0,u = 0) plus a perturbation which has off-diagonal decay and is
Toplitz in the time indices (see Hypothesis ,

ii. a uniform lower bound for the derivative of ©;(y) on the set where |9;(y)| is small (see Hypoth-
esis [2)),

iii. an assumption on the length of chains of “singular sites” (see Hypothesis .

Under these hypotheses Theorem [2.16| implies the existence, for e sufficiently small, of a function
u = u:(A) which is a solution of the equation F'(g, \,u) = 0 for all A in the Cantor-like set C. in ,
which is defined only in terms of the eigenvalues of submatrices of L(e, A, us(A)). Roughly speaking
the set C. is defined as the intersection of two families of sets:

1. the sets &y of parameters A for which the N-truncation of L(e, A, u.) is invertible in L? with
good bounds of the L2-norm of the inverse (see (2.34))),

2. the sets E?v of parameters \ for which the principal minors of order N having a small eigenvalue

are separated (see (2.35)).

Technically the sets of type 2 are defined by exploiting the time-covariance property and
analysing the complexity of the real parameter 6 (see ) for which the N-truncation of the time-
traslated matrix L(e, A, 6, u.) have a small eigenvalue: since w = Aw is diophantine these two definitions
are equivalent.

Finally we underline two main differences with respect to the abstract Nash-Moser theorem in [6].
The first is that the tame estimates required for the inverse linearized operators are much weaker
than in [6]. Note, in particular, that the tame exponent in grows like ~ ds (this corresponds
to an unbounded loss of derivatives as s increases). This improvement is necessary to deal with



quasi-periodic solutions. The second difference is that in [6] the measure issue was not yet completely
decoupled from the Nash-Moser iteration, as, on the contrary, it is achieved in this paper thanks to
the introduction of the set C. in ([2.33)).

The paper is essentially self-contained. The Appendix [A] contains the proof of the multiscale
proposition which follows verbatim as in [4]. We have added it for the convenience of the reader.

Acknowledgements. We thank L. Biasco, P. Bolle, C. Procesi for many useful comments.

2 An implicit function theorem with parameters on sequence spaces

We work on a scale of Hilbert sequence spaces defined as follows. We start from an index set
R=T0xA=7Z"x Ay x2 (2.1)
where Ay C A is contained in a r-dimensional lattice (in general not orthogonal)
T
A::{jeIR’": j:ijwp,jpeZ} (2.2)
p=1
generated by independent vectors wy,...w, € R”. The set 2 is finite, and in the applications will be
either A = {1} (for NLW) or 2 = {1, —1} (for NLS). Given k € 8 we denote
k=(i,a)=(l,j,a) € Z% x Ay x A, |k| = |i| := max(|I],|5]), |j] = |jloc = mlz}x ljpl € N, (2.3)

If 24 = {1} we simply write k = (I, 7).
We require that Ay has a product structure, namely that

T ' T
= dpipd =Y Gy €Ay = §7 = jhw, € Ay if Vp min(jp, jp) < i < max(jp, j). (2.4)
p=1 p=1 p=1

Condition (2.4)) will be used only in order to prove Lemma It could be probably weakened. In
the applications it is satisfied.

To each j € A} we associate a “multiplicity” d; € IN. Then, for s > 0, we define the (Sobolev)
scale of Hilbert sequence spaces

H® = H5(R) := {u —{upbres, uk € C4 ¢ [lull? = 3 (w)?|lug |2 < oo} (2.5)
kER

where || ||o denotes the L2-norm in C% and the weights (wy) := max(c, 1,wy) satisfy
clk| <wp < Clk|, VkeR,

for suitable constants 0 < ¢ < C'. In the applications the weights wy, are related to the eigenvalues of
the Laplacian, see Examples below.

Remark 2.1. The abstract Theorem does not require any bound on the multiplicity d;. In the
applications we use the polynomial bound (3.4) for Lemmas and for the measure estimates.



For any B C R we define the subspaces
H:={ue H® : u,=0for k ¢ B} . (2.6)

If B is a finite set the space Hj = Hp does not depend on s and it is included in Ng>oH*.
Finally, for k = (i,a),k’ = (¢/,a’) € & we denote

1, i=i,a#d,

i — '], otherwise,

dist (k, k') == { (2.7)

where |i| is defined in (2.3]).

Remark 2.2. In principle i —i' may not be in Z% x Ay because Ay is not a lattice. However, since
Ay C A we can always compute |i —i'| by considering i —i' € Z% x A. In order to avoid this problem
we will extend our vectors by setting them to zero on (Z% x A x )\ &.

All the constants that will appear in the sequel may depend on the index set R, the weights wy,
and on s. We will evidence only the dependence on s.
2.1 Linear operators on H®° and matrices

Let B,C C &. A bounded linear operator L : Hj, — H{, is represented, as usual, by a matrix in
ME = { (M) e ME € Mat(d; x dj, ©) }. (2.8)
It is useful to evidence a bigger block structure. We decompose
B=Bx%B, B:= Projzaxa, B, B :=ProjyB

and C = C x €, defined in the same way. Now, for i = (I,5) € C, i’ = (I',j') € B, we consider the
matrix ) L y

M = (M Yecewen, ML) € Mat(|€]d; x |Bldy, ©),
where |B|, |€| denote the cardinality of ®B,& C A respectively. In the same way, given a vector

V= {Uk:}keéxc’ for i = (l,75) € C, we set Uiy == {via}ace.

Remark 2.3. The difference with respect to [Jl], [3] is that the dimension of the matriz blocks Mg]i}

may not be uniformly bounded. They are scalars for the NLW equation in [5] and, in [{)], for NLS, at
most 1 x 2, 2 x 1 or 2 x 2 matrices, because dj = dj =1 and 1 < |B],|€] < 2.

We endow Mat(|€|d; x |B|d;, C) with the L*-operator norm, which we denote | - [|o. Note that
whenever a multiplication is possible one has the algebra property.

Definition 2.4. (s-decay norm) For any M € ME we define its s-norm

M =Ey Y IM@P@> (2.9)

I€EZAXA



where (i) := max(1,i]),
sup HM{hl
()] = { h-=ineC.wep (210)
0, i¢C-B,

and Ky > 43 e 70,0 (i) 75
We denote by (M? )C C Mg the set of matrices with finite s—norm | - |,. If B,C are finite sets
then (./\/ls)g = ./\/lg does not depend on s, and, for simplicity, we drop the aper s.

Note that the norm |- |, <| -], for s < s
The norm defined in (2.9)) is a variation of that introduced in Definition 3.2 of [4]. The only
difference concerns the dimensions of the blocks M{{;}} as noted in Remark However, since the

matrices M E( }} are measured with the operator norm || - [[o the algebra and interpolation properties

of the norm | - |, follow similarly to [4], as well as all the properties in section 3-[4]. Indeed, given
M € Mg we introduce the T6pliz matrix

M= (]l

IheMB, =G — )1 0,00, (2.11)

{2}

which has the same decay norm

|M|, = ||, (2.12)
Lemma 2.5. Let M, € Mg and My € Mg. Then MM, € Mg satisfies | My Ma|, < |40 M| ,.

Proof. For i’ € B, i € D, we have
{a}
o = 2 o]l
qeC

= >l - q)M(szq—z")}Hnmdﬂ.%\dﬂ )

‘_° ) - M) a — )

qeC

H(M1M2)gl}}

qeC
. . 1D if
| 21016~ @)1 oy, iy, Mala = e e, || 5 ||
qeC
Therefore [(M;Ms)(i — )] < ||(///1///2)g/}}\|0 and the lemma follows. |

In what follows we fix s > so > (d +7)/2.

Lemma 2.6. (Interpolation) For all s > s there is C(s) > 1 with C(sg) = 1 such that, for any
subset B,C, D C 8 and for all My € M%,, M, € Mg, one has

C(s)

| M1 M|, < |M1| ol Mzl + — =M [ Mo, (2.13)

572
In particular, one has the algebra property |MiMs|, < C(s)| M| |Ma|,.

Proof. For the Topliz matrices .#1, .#> the interpolation inequality (2.13) follows as usual (with
C(s0) <1 possibly taking K larger). Hence Lemma and (2.12) imply (2.13). |

The s—norm of a matrix also controls the || ||s norm (see [4]-Lemma 3.5).



Lemma 2.7. For any B,C C R, let M € ./\/lg. Then

[Mhl[s < C(s)[ M|, [|hlls + C(s)[M[[|Alls, Vh € Hp . (2.14)

Proof. Regarding a vector h = {hg}, g5, @ a column matrix, its s-decay norm is |h|§ =

K1Y, e5(0)*[|hny |I5- Hence (2.14) follows by Lemma [2.6| because c(s)||hls < |h|, < ¢(s)[h]s. [ |

We conclude this section stating further properties of the s-norm: such lemmata are proved word
by word as Lemmas 3.6, 3.7 3.8 and 3.9 of [4] respectively.

Lemma 2.8. (Smoothing) Let M € M5 and N > 2. For all s > s > 0 the following hold.
(i) If M} =0 for all dist(k',k) < N (recall the definition ([2.7)), then

M|, < N-¢9|), (2.15)
(ii) If MF' =0 for all dist(k', k) > N, then
M|y < NP M, M < NS M. (2.16)
Lemma 2.9. (Decay along lines) Let M € Mg and denote by My, k € C, its k-th line. Then

|M|, < |C|K> r;leaé(|Mk|s+d+r, Vs> 0. (2.17)

Lemma 2.10. Let M € M@. Then |M|o < |M],, .

Definition 2.11. We say that a matric M € Mg is left invertible if there exists N € Mg such that
NM =1pg. In such a case N is called a left inverse of M.

A matrix M is left-invertible if and only if it is injective. The left inverse is, in general, not unique.
In what follows we shall denote by ["UAS any left inverse of M when this does not causes ambiguity.

Lemma 2.12. (Perturbation of left-invertible matrices) Let M € M2E be a left invertible matriz.
Then for any P € ME such that |[_1]]\4|SO|P|SO < 1/2 there exists a left inverse of M + P such that

(EIM + P, <2170 1PN+ P < Clo) (1M + [FIMIE | P, (2.18)
for any s > sq. Moreover, if ||I"UM ||o||P|lo < 1/2, then there is a left inverse of M + P which satisfies

1T+ P) o < 2171 M o (2.19)

2.2 Main abstract results
We consider a non-linear operator
F(e,\,u) = D(AN)u+ ef(u) (2.20)

where ¢ > 0 is small, the parameter A € 7 C [1/2,4+00), and D()) is a diagonal linear operator
D(\) : H¥" — H® such that

IDA)Als, 102 DA)A]]s < C(s) 1Al s+0 (2.21)

10



(in the applications D(A) = i\w - 9, — A +m or (\w - d,)* — A + m) whose action on the subspace
associated to a fixed index k is scalar, namely

D(A) = diag(Dr(A)1a;)kes - (2.22)

We assume that, for some sg > (d + r)/2, the nonlinearity f € C?(B;°, H*®) (where B{° denotes the
unit ball in H%) and the following “tame” properties hold: given S’ > sg, for all s € [sq,S’) there
exists a constant C'(s) such that for any |lu||s, < 2,

(f1) [ldf (w)[Bllls < C(s) (lullslPllso + [1B1ls),
(f2) [l £ (w)[h, v]l|s < C(S)(HUHsHhHsoHvHSO +[1Rllsllvllso + HhHsoHvHs>

hold. Our goal is to find u = u.(\) € H?® for suitable s which solves the equation F(e, A\, us(A)) =0
at least for “some” values of A € 7.

Then we assume further properties on the linearised operator
L= L(e,\u) = D\) +<T(w), D) = diag(De(\)la, e (2.23)
where T'(u) is the matrix which represents the bounded linear operator df (u), see (2.8)).

Hypothesis 1. Let w € R? satisfy (L.5). There exists a function ® : Ay x Ax R — C and vy > 0
such that

(Covariance) D jay(N) =Dja(A - 1), VA €T (2.24a)
" . . . l/"/’ / ‘/7 /

(Toplitz in time) TecME: T((l,j,Ja)a) = T((;’a)a)(l =1 (2.24b)

(Off-diagonal decay) 1T (u)],_,, < C(s)(1+ [Julls), (2.24c)

(Lipschitz) T (w) = T(W)],_y, < C)(lu—ulls + (lulls + 0| lu—'lls), (2.24d)

for all ||ul|sy, ||| <2 and sop+1vp < s < 5.
For any 6 € R we set
D(\,0) = Diag(Dy(A\,0)14,), Di(\,0) :=D; (Ao -1 +0) (2.25a)
L(g, N\, 0,u) := D(\,0) +eT(u) . (2.25b)
We need the following information about the unperturbed small divisors.
Hypothesis 2. (Initialisation) There are n such that for all 7y > 1, N> 1, A€ I, 1€ Z? jec A,
ac U, the set
n
{6eR : [DyjaN0)| <N} C U I, intervals with meas(ly) < N~ ™. (2.26)
q=1
We now distinguish which unperturbed small divisors are actually small or not.
Definition 2.13. (Regular/singular sites) We say that the index k € R is regular for a matriz
D := diag(Di1y,), Dy € C, if |Dg| > 1, otherwise we say that k is singular.
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We need an assumption which provides separation properties of clusters of singular sites.

For any ¥ C R and 7 € A4 we denote the section of ¥ at fixed 7 by
20 = {k=(1,7,a) € T}.
Definition 2.14. Let 0, \ be fired and K > 1. We denote by Xk any subset of singular sites of
D(\,0) in R such that, for all 7€ Ay, the cardinality of the section Zg) satisfies #Eg) <K.

Definition 2.15. (I'-Chain) Let I" > 2. A sequence ko, ..., k¢ € & with ky # kq for 0 <p #q <¢
such that
dist(kg41,kq) < T, forallq=0,...,0—1, (2.27)

1s called a I'-chain of length £.

Hypothesis 3. (Separation of singular sites) There exists a constant s and, for any No > 2, a
set = I(No) such that, for all N € Z, 8 € R, and for all K,T" with KI' > Ny, any I'-chain of singular
sites in X as in Deﬁmtzonm has length ¢ < (TK)S.

In order to perform the multiscale analysis we need finite dimensional truncations of the matrices.
Given a parameter family of matrices L(#) with § € R and N > 1 for any k = (¢,a) = (I,j,a) € K we
denote by Ly ;(6) (or equivalently Ly ;(6)) the sub-matrix of L() centered at i, i.e.

Lyi(0):=LO)5, F:={k c&: dist(k, k') < N}. (2.28)
If | = 0, instead of the notation (2.28]) we shall use the notation
Ly j(0) = Lno;(0),

if also 7 = 0 we write
Ln(0) := Lno(0),

and for = 0 we denote Ly j := Ly ;(0).
By hypothesis |1} the matrix L = L(e, A, 0, u) has the following covariance property in time
LN,l’j(e,)\,H,u) :LN’J'(E, )\,«9+)@-l,u). (2.29)
For 75 > 0, Ny > 1 we define the set

T :=T(No, 7o) := {A €T : [Dp(N)| > Ny™ for all k = (i,a) € R |i| < Ng}. (2.30)

Theorem 2.16. Let ¢ > d+r + 1. Assume that F in (2.20) satisfies (2.21)-(2.22), (f1)-(f2) and
Hypotheses @ @ with S" large enough, depending on e. Then, there are 7y > 1, Ny € N, s,

S € (so+ 10, 8" — vg) with s1 < S (all depending on ¢) and c(S) > 0 such that for all Nog > Ny, if the
smallness condition
eNg < ¢(S) (2.31)

holds, then there exists a function ue € CH(Z, H'™V) with ug(\) = 0, which solves

Fe,\uz(\) = 0 (2.32)
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for all A € C. C I defined in (2.33)) below. The set Cc is defined in terms of the “solution” wuc(A), as

C-=) GRan N Bz NINnT (2.33)
n>0

where T = f(No) is defined in Hypothesis@ 7 in ([2.30), and, for all N € N,

By = {A €T |IL e M u(N)]o < N”/Q}, (2.34)

G?V = {)\ €7 : Vjo€ Ay there is a covering

. e (2.35)
B (jo,e,\) C U I, with 1, = I,(jo) intervals with meas(l;) < N_Tl}
q=1
with B
BYi(jo,e ) i= {0 € R+ ILRY (e, X 0,uc(W)llo > N7 /2} (2.36)

Finally, if the tame estimates (f1)-(f2), (2.24d), (2.24d)) hold up to S" = 400 then u-(\) € Ns>oH".

In applications, it is often useful to work in appropriate closed subspaces H $(R) C H*(R) which
are invariant under the action of F'. The following corollary holds:

Corollary 2.17. Assume, in addition to the hypotheses of Theorem that F(g, A, -) : fl””(ﬁ) —
H*(R), Vs > sg. Then the function u. provided by Theorem belongs to CH(Z, H* 17 (R)).

In Theorem the Cantor like C. defined in (2.33)) may be empty. In order to prove that it has
asymptotically full measure we need more informations. We fix Ny = [¢~1/(5+D] 5o that the smallness
condition (2.31) is satisfied for £ small enough.

Theorem 2.18. Let Ny = [¢~/5tD] with ¢ small enough so that ([2.31) holds. Assume, in addition
to the hypotheses of Theorem[2.16, that for all N > Ny,

meas(Z \ G%),meas(Z\ &) = O(N), meas(Z\ (ZNI)) = O(Ny Y. (2.37)
Then C. satisfies, for some K > 0,
meas(Z \ C.) < Kel/(5HD), (2.38)

Proof. Let us denote N,, = NZ2". By the explicit expression (2.33]) we have

meas(Z \ C.) = meas ( @%@, uzeu f"’)

n>0 n>0
< Zmeas(I \ Q?Vn) + Zmeas(f\ Gy, ) +meas(Z \ (ZNI))

e >0 (2.39)
(2.37)
< Co) N'+CiNgt < C'Ny kel D
n>0
which proves ([2.38]). n

In the applications to NLW and NLS the conditions (2.37)) will be verified taking 7y, 71 large, with
a suitable e, see Proposition |3.6
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3 Applications to PDEs

Now we apply Theorems to the NLW and NLS equations ([L.1])-(1.2]). To be precise, when M
is a manifold which is homogeneous with respect to a compact Lie group, we rely on Corollary

We briefly recall the relevant properties of harmonic analysis on compact Lie groups that we need,
referring to [23] (and [7]) for precise statements and proofs.

A compact manifold M which is homogeneous with respect to a compact Lie group is, up to an
isomorphism, diffeomorphic to
M=G/N, G:=GxT", (3.1)

where G is a simply connected compact Lie group, T" is a torus, and N is a closed subgroup of G.
Then, a function on M can be seen as a function defined on G which is invariant under the action of
N, and the space H*(M,C) (or H*(M,R)) can be identified with the subspace

H® = H*(G,C) := {u € H*(G) : u(z) =u(zg), Ve G=G6GxT"? g¢ N}. (3.2)

Moreover, the Laplace-Beltrami operator on M can be identified with the Laplace-Beltrami operator
on the Lie group G, acting on functions invariant under N (see Theorem 2.7, [7]). Then we “lift” the
equations (|1.1)-(1.2)) on G and we use harmonic analysis on Lie groups.

3.1 Analysis on Lie groups

Any simply connected compact Lie group G is the product of a finite number of simply connected Lie
groups of simple type (which are classified and come in a finite number of families).

Let G be of simple type, with dimension 0 and rank r. Denote by wy,...,w, € R" the fundamental
weights of G and consider the cone of dominant weights

A+ (G) := {j:ijpwp:jpelN}CA:: {j:ijpwp:jpeZ}.
p=1 p=1

Note that A4 (G) satisfies (2.4) and indexes the finite dimensional irreducible representations of G.
The eigenvalues and the eigenfunctions of the Laplace-Beltrami operator A on G are
122} :_’]+p’%+’p’%7 fj,a(x)7 r € G, j€A+(G)7 J:L...,dj, (33)

where p := > i w;, |-|2 denotes the euclidean norm on R, and f () is the (unitary) matrix associated
to an irreducible unitary representation (Ry;,V;) of G, precisely

(fj(@))nk = (Ry;(x)vp, vk), v, vk €V,

where (vp,) h=1,...dimV; 1S an orthonormal basis of the finite dimensional euclidean space V; with scalar
product (-,-). We denote by N; the corresponding eigenspace of A. The degeneracy of the eigenvalue
p; satisfies

d; < lj+pl3 (3.4)

The Peter-Weyl theorem implies the orthogonal decomposition

*e= @ ;.

JEAL(G)
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Many informations on the eigenvalues p; are known. There exists an integer 3 € IN such that (see
[7]-Lemma 2.6) the fundamental weights satisfy

wi-wy, €37 VZ, Vip=1,...,r, (3.5)
so that, in particular,

pi=—li+pol+1p3, i, p-d Ip3€37'Z, Vi€ AL (G). (3.6)

For a product group, L?(Gy x Go) = L?(G1)® L?(G2) and all the irreducible representations are obtained
by the tensor product of the irreducible representations of G; and Go. Hence we extend all the above
properties to any compact Lie group G. For simplicity we still denote the dimension of the group as 0
and the rank as r. In particular A (G) = A+ (G) x Z" (see (3.1))) is the index set for the irreducible
representations of G, with indices j = (j1,j2), j1 € A+(G), jo € Z™, and p ~ (p,0).

We denote the indices i = (I,7) € Z% x A (G), so that L?(T? x G x T"?) naturally decomposes as
product of subspaces N of the form

Ny 1= (€74 & NG = (1) @ NG, ® (o2,
We also set
i := max([l], [7), U] := Ul [7]:= [7loo = max|jil, (i) := max(L,[i]).

The Sobolev spaces H*(T¢ x G) and H*(T? x G) x H*(T? x G), for a Lie group G, can be now
identified with sequence spaces introduced in Section 2]

Example 1. Let A := {1}, Ay := A+ (G) be the cone of fundamental weights and, for k = (I,j) € R =
74 x Ay, let wy, := /|3 + 15 + p|3. Then we may identify H*(8) with the Sobolev space H*(T¢ x G).

Example 2. Let A := {1,—1}, AL = AL(G) be the cone of fundamental weights and, for k =

(I,j,0) € R:=Z% x Ay x A, let wy := /|1|2 + \] + pl3. Then we may identify H*(K) with the Sobolev
space H*(T¢ x G) x H*(T? x G).

The final fundamental property that we exploit concerns the off-diagonal decay of the block matrix
which represents the multiplication operator, see . The block structure of this matrix takes into
account the (large) multiplicity of the degenerate eigenvalues of A. We remark that several blocks
could correspond to the same eigenvalue (as in the case of the torus). The next lemmas, proved in [7],
are ultimately connected to the fact that the product of two eigenfunctions of the Laplace operator
on a Lie group is a finite sum of eigenfunctions, see [7]-Theorem 2.10.

The forthcoming Lemmas are a reformulation of Proposition 2.19 and Lemma 7.1 in [7] respectively,
and they require the polynomial bound (3.4]).

Lemma 3.1. ([7/-Proposition 2.19) Let R be as in E;rample and b € H*(T¢xG) be real valued. Then
the multiplication operator B : u(ip, z) — b(p, 2)u(p, z) is self-adjont in L? and, for any s > (d+0)/2,

‘ C(s)lolls
k ’ d
HBkJ HO < <k§ — k/>57(d+a)/27 Vk7k € 7° x A+7

where B,’:I € Mat(d; x dj/, C), see (2.8).
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Lemma 3.2. ([7]-Lemma 7.1) Let K be as in Example @ Consider a,b,c € H*(T? x G) with a,b real
valued. Then the multiplication operator with matriz

is self-adjont in L? and, for any s > (d +0)/2,

max(|[alls, [|6]]s, llclls)
<i _ Z'/>sf(d+0)/2 ’

||Bg;}\|o < C(s) Vi,i' € 74 x A, .

Corollary 3.3. Let B be a linear operator as in the previous two Lemmas. Then, for all s > (d+0)/2,

1Bl < C(s)max([[afls+vo, [Dllstvos Iells+ro) s v0:= 2d+0+7+1)/2.

3.2 Proof of Theorem [1.1] for NLW

We apply Theorems to the operator

F(e,\-) : H"H(TY x M,R) — H*(T? x M, R)
u — (AT 0p)*u — Au+mu — e f (¢, x, u)

which can be extended to H*T?(T¢ x G x T™,R) — H*(T¢ x G x T"2,R) such that for all u €
H5"2(T%) @ H*"2 one has F(e,\,u) € H*(T%) ® H* where H* is defined in (B-2).

Setting A := {1}, Ay := AL (G), G := G x T", we are in the functional setting of Example
The Hypothesis (2.21)-(2.22) holds with v = 2 and the interpolation estimates (f1)-(f2) are verified
provided that f(p,z,u) € C? for q large enough and sg > (d+0)/2 > (d +r)/2.

Remark 3.4. We require sg > (d + 0)/2 in view of the embedding H®(T? x G) — L>®(T? x G)
which, in turn, implies the algebra and interpolation properties of the spaces H*(T% x G), s > sq. The
weaker bound sy > (d +1)/2 is sufficient in order to prove the algebra and interpolation properties of
the decay norm | - |, (see Section[2.1), which hold with no constraint on the multiplicity d;.

The linearised operator
D) —eg(p. ), D) =A@ 0,)* = A+m, gl 2) = (0uf) (0,2, u(p, ),
is represented, in the Fourier basis el*¥ f ;(x), as in (2.23) with
Di(\) = D(l,j)(>\) =—(\w- l)2 +m — (3.7)

and T'(u) is the matrix associated to the multiplication operator by —g(¢,x). Corollary implies
that T'(u) € M*™ for all u € H*(T? x G) and the estimates (2.24d), hold by interpolation.
Hypothesis [1] holds with D;(y) = —y? +m — p;.

Also Hypothesis [2| holds: a direct computation shows that

AN
{0eR : [Dgjy(\O)|<NT}C U I,, I, intervals with meas(/;) < + O(N—2™),

T — L
q=1,2 H
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and Hypothesis [2[ holds with n = 16//m.

Hypothesis [3| about the length of chains of singular sites follows as in [5] because the eigenvalues
of the Laplace-Beltrami operator are very similar to those on a torus, see (3.6]). For v > 0 let

T:=1(v) ::{)\E [1/2,3/2] : |[POD) 7

| > W , Vnon zero polynomial

(3.8)
P(X) € ZIX1,..., X4 of the form P(X) =po+ Y pil,iZXhXiQ} .

1<iy iz<d

Lemma 3.5. For all Ny > 2, Hypothesz’s@ is satisfied with T defined in (3.8) and v = Nyt

Proof. The proof follows Lemma 4.2 of [5]. First of all, it is sufficient to bound the length of a I'-chain
of singular sites for D(\,0). Then we consider the quadratic form

Q:RxR —R, Qzj):=—2>+]jf, (3.9)
and the associated bilinear form ® = —®; + 5 where
D1 ((x,9), (2, 5") = a2/, Do ((x,7), (2", 5)) =74 (3.10)

For a I'-chain of sites {k; = (g, jq) }q=0,....c Which are singular for D(X,0) (Definition [2.13) we have,
recalling (3.7), (3.6, and setting z, := w - [,

Q(zg,4g +p)| <2+ |m—|pl3l,  Vg=0,....¢.
Moreover, by (B9), [£:27), we derive |Q(xy — g, jg — Joo)| < Clg — qo[*T2, V0 < g, go < £, and so
’q)((xqoa.jqo + p)v (f’«"q - quajq - jqo))‘ < C/‘q - QO‘2F2 . (311)

Now we introduce the subspace of R'" given by

S := Spang{(zq — 49, Jg — Jgo) : ¢=0,...,¢}

and denote by s < r + 1 the dimension of S. Let § > 0 be a small parameter specified later on. We
distinguish two cases.

Case 1. For all gqg =0,...,¢ one has
Spang { (4 — Tg05Gg — Jao) : lg— @0l <€, ¢=0,...,4} =S. (3.12)

In such a case, we select a basis fy 1= (2q, — Zqy, Jg, — Jgo) = (W - Alg,, AJg,), b=1,...,5 of S, where
Ak,, = (Aly,, Ajy,) satisfies |Aky, | < CT|qy — qo| < CT¥°. Hence we have the bound

[fol SCTL, b=1,....5. (3.13)

Introduce also the matrix 2 = (Qll;l)i,ble with Qg’ = ®(fy, f), that, according to (3.10)), we write

Q= (~@i(fu.fo) + 0alfy F), =X +Y. (3.14)
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where X,g’/ = (w-Alg,, )(w-Alg,) and Y;’/ = (qug) -(Ajg,)- By (3.5) the matrix Y has entries in 37'Z
and the matrix X has rank 1 since each column is
w - Alg,
X = (w-Aly,) : ., b=1,...,s.
w - Alg,

Then, since the determinant of a matrix with two collinear columns X°, X b/, b # b, is zero, we get

P(w) : = 3""det(Q) = 3" det(—X 4+ Y)
= 3" (det(Y) — det(X1, Y2, Y®) — ... —det(Y,..., YL X¥))
which is a quadratic polinomial as in (3.8)) with coefficients < C(I'¢?)2("+1)| Note that P # 0. Indeed,

if P =0 then
0= P(iw) =3 det(X +Y) = 3" det(fy - fr)opr=1..6 >0

because {fp};_; is a basis of S. This contradiction proves that P # 0. But then, by (3.§)),

r+1 — > Y > v
the matrix 2 is invertible and
Q7YY < oy 1 (Te?) @), (3.15)

Now let St := S+® .= {v € R™! : ®(v,f) =0, Vf € S}. Since Q is invertible, the quadratic
form ®gs is non-degenerate and so R"t! = S @ S*+. We denote IIs : R™! — S the projector onto S.
Writing

r+1

s (2o, Jao +p) = Z ay fi (3.16)
b'=1

and since f, € S, Vb=1,...,5, we get
5 S
wy = @ (2o, dgo + £): fo) = D ay®(fyr, fo) = > O ay
y=1 b=1

where Q is defined in ([3.14). The definition of f;, the bound (3.11)) and (8.12)) imply |w| < C(T'¢%)2.
Hence, by (3.15)), we deduce |a| = |Q w| < Oy~ 1 (1) :D+2 whence, by (3.16) and (3.13),

s (2, Jgo + P)| < 7*1(1%5)0’(7"@)_
Therefore, for any ¢1,q2 = 0, ..., ¢, one has
|(55q17jq1) - ($q27jq2)| = ’HS(ququ + p) — Hs(ﬂfq27jq2 + p)| < ’y_l(:[‘fé)cl(hd)’

which in turn implies |jg, — jg| < Y~ 1T D for all ¢1,q2 = 0,...,¢. Since all the j, have r
components (being elements of Ay (G)) they are at most Cy~"(I'09)1("dr  We are considering a
I-chain in ¥x (see Definition [2.14) and so, for each qo, the number of ¢ € {0, ..., £} such that j, = jg,
is at most K and hence

(< ,yfr(Fgé)Cg(r,d)K < (FK)T(I‘K(S)CQ(T’,d)K < deQ(T’d) (FK)T+CQ(T,d)

18



because of the condition 'K > Ny (Hypothesis [3) and Ny = y~. Choosing § < 1/(2Cs(r, d)) we get
/< (FK)2(7’+CQ(7'7d))'

Case 2. There is g9 =0, ..., ¢ such that

dim(Spang { (x4 — Zg05Jg — Jao) * |¢— @0l <€, ¢=0,...,4}) <s—1.

Then we repeat the argument of Case 1 for the sub-chain {(I,,j,) : |¢— qo| < £°} and obtain a bound
for ¢%. Since this procedure should be applied at most r + 1 times, at the end we get a bound like
(< (TK)Csnd), n

We have verified the hypotheses of Theorem [2.16] and Corollary The next proposition proves
that also the assumptions (2.37)) in Theorem hold.

Proposition 3.6. Fix g >r+3d+1, 71 >d+0+2ande=d+0+r+4. There exrists Ng € N
(possibly larger than the Ny found in Theorem such that (2.37)) holds.

The proof of Proposition [3.6] -which will continue until the end of this section- follows by basic
properties of the eigenvalues of a self-adjoint operator, which are a consequence of their variational
characterisation. Proposition is indeed a reformulation of Proposition 5.1 of [5]. With respect to
[5], the eigenvalues of the Laplacian in are different and the index set A is not an orthonormal
lattice.

Remark 3.7. There are two positive constants ¢ < C such that c|j| < |jle < C|j|. Hence if |j| >
ac™IN, N > 2|p|a, then the eigenvalues p; in ([3.6) satisfy —p; > a(a — 1)N2. On the other hand if
j| < ac™IN then —u; < a(a+1)(C/c)>N?.

Recall that if A, A" are self-adjoint matrices, then their eigenvalues p,(A), pp(A’) (ranked in
nondecreasing order) satisfy
|1p(A) = pp(AD)] < [|A = Alllo . (3.17)

We study finite dimensional restrictions of the the self-adjoint operator L(e,\) = L(g, \,u:(\)) =
D(\) + €T (e, N).

One proceeds differently for |jo| > (c +5)c™ N and |jo| < (c +5)c " !N. We assume N > Ny > 0
large enough and ¢||T||p < 1.

Lemma 3.8. For all jo € A (G), |jo| > (c +5)c™'N, and for all X\ € [1/2,3/2] one has

Nd+D+2
B (jo,e,\) C U I,, with I, = I,(jo) intervals with meas(I;) < N~ ™.
q=1

Proof. We first show that BY;(jo,e,A) C R\ [-2N,2N]. Indeed by (3.17) all the eigenvalues p j»(6),
o=1,...,dj, of Lyj,(e, A, 0) (recall that d; denotes the degeneracy of the eigenvalues p; in (3.3))),
are of the form

1o (0) = 61;0) + O Tlo), 615(0) == —(w-1+0)*+m— p;. (3.18)
Since |w|1 = A[@|1 <3/2, |7 —jo| < N, |I| < N, one has, by Remark [3.7]

3 2
65(0) = — (SN +16]) +20N? > TN? W] < 2N
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By (3.18) we deduce fi;(f) > 6N? and this implies B (jo,&, ) N [-2N,2N] = (. Now set B?\}Jr =
B (jo, &, A) N (2N, +00), By~ := B (jo, &, A) N (00, —2N). Since

Do L jo (€, 1, 0) = diagy<n|j—jo i<y —2(w - 1+ 0)1a; > N1,

we apply Lemma 5.1 of [5] with « = N™™, 8 = N and |E| < CN®? (this is due to the bound
dj < |7+ p|5") and obtain

Nd+b+1
B?\;_ C U I, . 1 =1, (jo) intervals with meas(/;) < N~ ™.
q=1

We can reason in the same way for B?\}+ and the lemma follows. [

Consider now |jo| < (¢ +5)c !N. We obtain a complexity estimate for B (jo,,A) by knowing
the measure of the set

BY (o, N) i= {0 € R+ |ILRY (\e,0)o > N7 /2.
Lemma 3.9. For all |jo] < (c+5)c™ N and all X € [1/2,3/2] one has
B3 x(jo,€,A) C Iy :=[—gN,gN], g:=(2c+8)Cc'.

Proof. 1f |0 > gN one has |w -1+ 6] > 0] — |w- 1| > (g — (3/2))N > (2¢c + 6)Cc~!N. Using Remark
all the eigenvalues

pjo(0) = —(w-1+0)* +m — p; + O(e]|To) < —(Cc™IN)?, V|0 > gN,

proving the lemma. ]

Lemma 3.10. For all |jo| < (c +5)c N and all X € [1/2,3/2] one has

CoMNTLH!
B (jo,e,\) C U I,, I, =1,(jo) intervals with meas(ly) < N~ ™
q=1

where M := meas(Bg’N(jo, e,\) and C = C(r).
Proof. This is Lemma 5.5 of [5], where our exponent 77 is denoted by 7. ]

Lemmas and imply that for all A\ € [1/2,3/2] the set BY(jo,e,A) can be covered by
~ N7+2 intervals of length < N~7. This estimate is not enough. Now we prove that for “most” A
the number of such intervals does not depend on 71, showing that meas(B3 y (jo,e,A)) = O(N*™)
where ¢ = d 40+ 7+ 4 has been fixed in Proposition (3.6 To this purpose first we provide an estimate
for the set
BY (o) i= {(\0) € [1/2,3/2] x R : | L3}, (2,,0)l0 > N7 /2} .

Then in Lemma we use Fubini Theorem to obtain the desired bound for rneas(Bg ~(jo, e, ).

Lemma 3.11. For all [jo| < (c+5)c™'N one has meas(BS y(jo,€)) < CN- 4 for some C > 0.
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Proof. Let us introduce the variables

C=pom=20 (Com) € [4/9.4] x [2N.29N] == [4/9.4] x I, (319)

and set
L(¢,m) := A"?Ljo (e, A, 0) = diag <y, j_jo|<N (( — @1+ +C(—py + m))ndj) +eCT(e,1//C).
Note that

min —u; +m>m. 3.20
jersiy (3.20)

Then, except for (¢,n) in a set of measure O(N~"F2+4+1) one has
IL(¢m) " lo < NT/8. (3.21)

Indeed
. € . _ m
OcL(¢,m) = diag<n,j—joi<n (=15 +m)La,) +eT(e,1/3/C) = 3¢ V20,1 > L

for € small (we used that ( € [4/9,4]). Therefore Lemma 5.1 of [5] implies that for each 7, the set
of ¢ such that at least one eigenvalue of L((,7n) has modulus < 8N~ is contained in the union
of O(N?) intervals with length O(N~"™) and hence has measure < O(N~"1+4+?)  Integrating in
n € Jy we obtain except in a set with measure O(N~"1T4H+1) The same measure estimates
hold in the original variables (A,#) in (3.19). Finally implies

1LY, (6.1, 0)lo < A2NT /8 < N /2,
for all (\,0) € [1/2,2/3] x R except in a set with measure < O(N~T1Hd+o+1), .

The same argument implies that

meas([1/2,3/2] \ ) < N-THd+o+l (3.22)
where &y is defined in (2.34)).
Define the set
Fr(o) = { N € [1/2,3/2) + meas(BS y(jo.e, N)) = CN 770742} (3.23)

where C is the constant appearing in Lemma
Lemma 3.12. For all |jo| < (c +5)c !N one has meas(Fn(jo)) = O(N~""1).

Proof. By Fubini Theorem we have

3/2
meas(Bg’N(jo,e)) = / dA meas(Bg,N(jo,s, A)).

1/2
Now, for any 8 > 0, using Lemma we have
3/2
CNTiHdRHL > / dA meas(B%N(jo,e, A))
1/2

> Bmeas({\ € [1/2,3/2] : meas(B%N(jo,E, ) > 6})
and for 8 = CN-T1T7+9+d+2 we prove the lemma (recall (3.23)). [
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Lemma 3.13. If 7o > r + 3d + 1 then meas([1/2,3/2] \ Z) = O(Ny ') where T is defined in (2.30).

Proof. Let us write

[1/2,3/2\T= | R  Ruy:= {AeA (@ )P+ g —m < No‘”)}-

Since —p; +m > m > 0, then Ro; = 0 if Ny > m~Y/7_ For | # 0, using the Diophantine condition
(L.5)), we get meas(R; ;) < CN(;TOHd, so that

meas([1/2,3/2]\Z) < > meas(R;;) < CN,; ™7+ = O(Ny)
l2],]51<No
because 19 —r — 3d > 1. [ |
The measure of the set Z in is estimated in [5]-Lemma 6.3 (where Z is denoted by G).
Lemma 3.14. If v < min(1/4,70/4) (where o is that in (L.6)) then meas([1/2,3/2] \Z) = 0(~).

Proof of Proposition completed. By the definition in (3.23) for all A & Fn(jo) one has
meas(Bng(jo, £,\)) < O(N—THrH+d+2)  Thys for any A € Fn(jo), applying Lemma we have

Nr+h+d+4
B (jo,e,\) C U I,, I, intervals with meas(f,) < N~ ™.
q=1

But then, using also Lemma we have that (recall (2.35) with e =7 +0+d+4)

[1/2,3/2]\ G} C U Fn (o) -

ljo|<(c+5)c 1N

Hence, using Lemma [3.12]

meas(Z\G3) < Y. meas(Fy(jo) < O(N )
ol (c+5)e 1N

which is the first bound in (2.37)). The second bound follows by (3.22) with 71 > d + 9 + 2. Finally,
Lemmas and with v = Ny ! implies the third estimate in ([2.37). ]

3.3 Proof of Theorem [1.1] for NLS

In order to apply Theorems to the Hamiltonian NLS, we start by defining two extensions
F(u,v), H(u,v) of class CI(T? x M x C?;C) (in the real sense) of £(u) in such a way that F(u,u) =
H(u,w) = £(u) and 9,F(u, @) = pH(u,w) € R, 9z8(u,w) = IgH(u,w) = &%F(u,u) = IH(u,w) = 0
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and 0,§(u,w) = uf_)(u,ml Then we “double” the NLS equation, namely we look for a zero of the
vector NLS operator

o - Oput — Aut + mut — eF(p, z,ut,u”)

3.24
—i\w - Opu” — Au” +mu” —efH(p,z,ut,u) (3:24)

F(e,\ut,u™) := {

on the space H*(T? x G) x H*(T? x G). Note that ([3.24) reduces to (T.2) on the invariant subspace
U:={u=w" v )e H x H : v~ =u't}.

Setting 2 = {1, -1}, Ay := A (G), we are in the functional setting of Example [2, namely H*(T¢ x

G) x H*(T? x G) = H*(8&) where & = Z% x A (G) x {1,—1}. Then equation (3.24) is of the form

[2.20) with

L iAw - 0 —A—i—m 0 R S((p,x,qu’u*)
D) = ( o0 —\T- 9, — A +m> o J)= (fo(so,a:,uﬂu‘)) ’

and (2.21]) holds with v = 2. Again the interpolation estimates (f1)—(f2) are verified if so > (0 +d)/2.

In the Fourier basis el'% f ;(z) the operator D()) is represented by an infinite dimensional matrix
as in (2.23), with D j (A) = —ad@ - — p; +m and

T(ll/’j.), = <ij/(l - Q;:'l(l } ll)) 5
w\Quu -1y PLI-1)

where Pj, (1), Q?,(l) are the matrix representation in the Fourier basis of the multiplication operators

P(@v (IZ) = u+$<907 xz, U’Jr(gov (IZ), U (307 (IZ)), Q(907 l') = _811,*'6(@07 xz, qu((pa x)v Ui(% x)) .
By the Hamiltonian assumption (1.3)), the constraints on §, $ and (u™,u™) € U, it results P(p,z) € R

and (T((lllj?g /))T = T((ll,’]J'.),). Hypothesis|l|is then verified because ([2.24al) holds with D, 4(y) = —ay—pu;+m,

(l/7-/7 ) . . _ (l/,'/,—l) B .
T(lvjvja)a =P,(1-1), a==£1, T(z,j,Jl) =QL1-1),

Corollary implies that T € M*7"0 and the estimates (2.24c), (2.24d|) hold by interpolation.
We introduce the additional parameter 6 and following ([2.25) we define the matrices

. —14. O
L(e, N\, 0,u) := D(\,0) + eT'(\,u), D(A0) =D\ +0Y, Y :=diagy ezixa, (@) < Odj 1, >
j

so that Hypothesis [2] holds with n = 2.

Hypothesis [3| and the measure estimates needed in Theorem [2.18| are obtained as in the case of
NLW, following [4] instead of [5].

Ywhere, for u = r 4 is, v = a 4 ib we set 9y, := (0, —105)/2, Oz := (Or +105)/2, Oy := (00 — 10p)/2, O := (Oa +i0p) /2.
A possible extension is the following: writing £(¢, z,r +1is) = f1(r, s) + if2(r, s) we consider

r+a s+b

2 2

T N b (14 i)Ra(e 25D)

2
r+a a—r s—0b r+a s+br—a s—5b

r+a

Sl 7 +is,a+i0) == (1 i)fa ("

,r—a+s)—ifi(

,r—a+s)

+ f2(2a —r — (s +b),

ﬁ(@,x,r+ls,a+lb) = (1+Z)f1( 2 ' 9 + 2 )77’f1( 2 - 9 2 + 2 )
r+a s+ba—r s—0> . s—b
+f2( P) + 9 ' 9 + 2 )7 (1+7')f2(aaT)
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4 An abstract Nash-Moser theorem

Let us consider a scale of Banach spaces (X, || ||s)s>0, such that
Vs <s', Xg CXs and ||lulls < |ully, Vu € Xy,

and define X := Ng>0X5.

We assume that there is a non-decreasing family (E O )) N>o of subspaces of X such that Un>oE (N)
is dense in X for any s > 0, and that there are projectors

™ . x, — W)
satisfying: for any s > 0 and any v > 0 there is a positive constant C' := C(s, v) such that

(P1) T ulgy, < CNY|luls for all u € X,

(P2) ||(1 = TI™)ul|y < CN~Y|Ju|ssp for all u € Xy, .

In every Banach scale with smoothing operators satisfying (P1)-(P2) as above, the following interpo-
lation inequality holds (see Lemma 1.1 in [6]): for all s1 < s, t € [0, 1],

lutllisy+1-t)5 < K (51, 82) ]S, lully - (4.1)

Remark 4.1. The sequence spaces H*(R) defined in ([2.5) admit spaces EN) == {u = {ug}ren: up =
0 for |k| > N} whose corresponding projectors IN) satisfy (P1) — (P2).

Let us consider a parameter family of C? maps F : [0,e0) X T x Xgy4» — X, for some sg > 0,
v >0, e >0 and Z an interval in R. We assume

(FO) F(0,A,0)=0 for any \ € Z,

and the following tame properties: given S’ > sg, Vs € [sg, S"), for all |Ju|ls, <1, (g, A) € [0,e0) X Z,
[OAF (e, A, u)lls < C(s) (1 + Jlullsto),

[DuF (e, A, 0)[A][ls < C(s)[[ls4v,

IDZE (e, X, u)[, v]lls < C(s) ([[ullso | Rllsollvllso + I allsullvllso + 72llso 10lls+o),

103D F (e, A u)[h]lls < C(s)([[Alls4r + l[ullssvlllls,)-

)
)
)
F4)
In application the following assumption is often verified

3)?5 C X closed subspaces of X, s > 0, such that F': )?S+V — )?S. (4.2)

In order to prove the existence of a zero for F' we shall follow a Nash-Moser approach whose main
assumption concerns the invertibility of the linearised operators

L) (e, \,u) := H(N)DUF(E, A w)| gy
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in a neighborhood of u = 0.
We introduce parameters o, 7 > 0, s1 > sg, d € (0,1), S € (s0,5") satisfying

o> max{2(r +ds1)+3v+2,4(1+0s1+v)}, 2Q2(1+0s1)+v+3+0)<S—s5<4(c+1). (4.3)

Define the sets

JT(,];[) = {()\,u) eZx EMN) : ulls, <1, L™N(e,\,u) is invertible and, Vs € [s1, 5], 4
e €[0,e0), LM (e A\ ) [Bllls < C()N*(Ihlls + NV ulls|hlls, ), o= 7 + 581} _
For K > 0 and u € CY(Z, EM)) satisfying |lulls, <1, [|Ozulls, < K, we set
W) :={neT : (\u\) e G (4.5)

Given Ny € IN set N, := N02n and denote with E,, I, Jfﬁ the subspace E(N”), the projector 1(~Nn)

and the set J_ s (P¥n) respectively. Given any set A and a positive real number n we denote by N(A,n)
the open nelghborhood of A with width n.

Theorem 4.2. (Nash-Moser) Assume (F0)-(F4). Then, for all 7 > 0, 6 € (0,1/4), 0,51 > S0,
S < 8, satisfying (4.3] ., there are ¢, No, Ko > 0, such that, for all Ng > Ng and 9 small enough
such that

eoNg <, (4.6)

and, for all e € [0,&0) a sequence {un, = uy (e, ) }n>0 C C(Z, Xs,4v) such that

(S1)n tn(2,N) € En, tn(0,0) =0, [[tn]lsy < 1 and |[Oxtin s, < KoNG'>.

(S1), If (E2) holds then un(c,\) € E, N X,.
(S2),, For all1 <i<mn one has ||u; — ui—1lls; < N; 7" and |0x(u; — wim1)||s; < N; 17V

(2

(S8)n Set u_q :=0 and define
= m G,(r],\gi)(ui—l) . (4.7)
i=0

For A € N (4, _0/2) the function uy, (e, A) solves the equation I1,,F(g, \,u) = 0.
(S4)n Setting By, := 1+ ||up|ls and B), := ||Oxun|ls one has

B, <2N},,, p::,u+%+1, 4.8a)

B, <2N!. ., qg:=2u+v+2+(0/2). 4.8b)

(

(
As a consequence, for all ¢ € [0,g0), the sequence {un (g, ) n>0 converges uniformly in CY(Z, Xs,+.)
to us with ug(A) =0, at a superexponential rate

lue(N) = unM)lsy < NZTH, VAET, (4.9)

and for all A € Aso 1= (59 An one has F(e, A, us()\)) = 0.
Finally, if [@&.2) holds then u.(\) € X, 1.
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4.1 Proof of Theorem [4.2]

Taylor formula and (F0)—(F4) imply the following tame properties: for any s € [sg, S] thereis C' = C(s)
such that for any u,h € X with [Ju|ls, <2 and ||h||s, < 1 one has

(F5) [[F (e, A u)lls < Cls)(e + [lulls+0),
(F6) [|DuF (e, A w)h]lls < Cs)(lullssollPllsy + lIAlls+2)
(F7) [|[F(e, A u+h) = Fe, A u) = DuF (e, A w)[Bllls < C(s)([ullsu |22, + [1Rllsvllhllso)-

The following Lemma follows as in [6], Lemma 2.2.

Lemma 4.3. Let (A u) € JT(](\;[) with ||ulls, < 1. For e small enough, there exists ¢ = ¢(S) > 0 such
that, if [N — X + ||h]ls; < eN~EH) e EN) | then L) (e, X u + h) is invertible and

HL(N)(s, Nout )7l <oNoll, Vo BYY, (4.10a)

£ X w7 | < ool + KNH Nl + 1Als) + N )l (4100

4.2 Initialisation of the Nash-Moser scheme

Set Ag := G(T]’\go)(()). By (4.5) we have that A € Ay if and only if (A,0) € JT(f;[O). Therefore, if Ny is large
enough Lemma [4.3| ensures that for all A € N (Ao, ZNO_U/Q) the operator L(No) (¢, X, 0) is invertible for
¢ small enough and
1L (e, 2,00 oy < 2N, L) (e, A,0)7 |5 < 2N (4.11)
Let us denote
Lo := LM (e, X,0),, 7_1:=1IIoF(e, A, 0)
R_i(u) :=1p (F(e,\,u) — F(g,X,0) — Dy, F'(g,X\,0)[u]) .

We look for a solution of the equation IIoF'(e, \,u) = 0, as a fixed point of the map
Ho: Fy — Eo, wu+— Ho(u):=—Ly'(r—1+ R_1(u)).

Let us show that Hy is a contraction in the set B,y = {u € Ep : |julls, < po := coNje}, for all
e € [0,e0(Np)] and some ¢y = ¢o(s1). We bound

(F1) , (D
Cls1)e, NRllsy < Clsy)lMoul? 4, < Cls)NGlullZ,,  (412)

(F5)
[7-1llsy < [[F(e, 2,05, <

so that for any u € B,, one has

- 1)
Ho(w)llsy 2N§C(s1)(e + Ngllull,) Ed 2C(s1)Nj'e +2C(s1)N§™ pg < po
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where we have set ¢cg = 4C(s1) and using (4.6). This means that Hy maps B,, into iteself. In the
same way (using (F3)) we obtain ||DHo(u)[R]||s; < [|h]ls;/2 so that Hy is a contraction on (B, | -||s;)

and hence it admits a unique fixed point ug(e, \) for all A € N (Ao, 2N0_0/2).

Now, for A € N (Ao, 2N60/2) one has, by (F0), that up(0,\) = 0. The Implicit Function Theorem
ensures that (e, -) € CH(N (A, 2Ngg/2); B,,) and d\up = L) (e, \, ) "L [TToOr F (&, A, to)]. Hence

_ N (F1),(P1)
Ha)\uO”sl S 2N§|]H08AF(5, )\,uO)Hsl S QNgC(Sl)(l + N(';H_VCQE) S C(Sl)N(lf

for € small.

We now define ug := voto : [0,e0] x T — Ey where 1) is a C(Z,R) cut-off function such that
0 <1y <1and

o Wo(A) =1 for X € N(Ao, Ny 7/%) and 9o(A) = 0 for A ¢ (Ao, 2N, '),
o |0xtbo| < CNG/?.
Of course uy satisfies (S3)g. Moreover ug(0,A) = 0 and satisfies also (S1)g, since

luollsy <1/2,  |9vuollsy < CNG'* + C(s1)NE < C(s1)NG"? (4.13)

because o > 2u. Finally, the bounds (S4)¢ follow in the same way.

4.3 Iterative step

Suppose inductively that we have defined u,, € C'(Z, E,,) such that properties (S1),, — (S4),, hold. We
define u, 41 as follows. For h € E, 1 let us write

M1 F (e, \,up(e,\) + h) = + Lyy1[h] + Ry (h),

where

o =1 F(e, M un),  Lngt i= Lng1(e, A) := LWV (e X un (e, \)),
Ry (h) :=Hpy1 (F (e, X\ un(e, A) + h) — F(e, X\, up) — Dy F (g, X, un)[h]) .

Note that (F7) and (S1), imply
IRa(B)lls < C(s)(lunllsollRZ, + hllssvl1Blls), (4.14)
and for A\ € N (4, Nn_a/z), we use (S3), to obtain
T = 1 F (e, A\ up) — I Fe, Ay up) = 1 (1 — I, F(g, A uy,) (4.15)

If Ayy1 =0 we define u; := u, for all i > n, otherwise we proceed as follows. By definition (4.7)), for
all A € Ay,41, the operator Ly1(e, ) is invertible. We also note that for Ny large enough, one has

N(Ani1, 2N, 7{%) € N(Ap, N77T2) (4.16)
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Lemma 4.4. For ¢ small enough, VA € N (Ap41, 2Nn+1/ ), the operator Lyp41(g, \) is invertible and
1L [olllss < 2N35 [1olls: (4.17a)
1Lt fellls < BN (lells + (NS4 Bo+ NYEI-72B, ) oll,) (4.17D)

where £ := max{p + v,5(S — s1)}.

Proof. We apply Lemma For A € N(An+1,2Nn+1/ ) there is X € A, 41 such that, setting
h(N) := up(e, ) — un(e, ') one has (use (S1),)

A= V] bl <3NP KNG < eN
using and Ny large. ]
For all A € N(A,41, 2Nn+1/ ), let consider the map
Hpt1: Epv1 — Eny1, hvr— Huyq1(h) = L;H[rn + R, . (4.18)

Lemma 4.5. For Ny large enough Hy11 has a unique fized point hy1 = H(Enﬂ) in B, :={he¢€
Eni1 o ||hllsy < pny1 = N;ffl} Moreover, the following estimate holds

Wrnsillsy < 20(s)Ny CT0R 2880 (L g luy L), Vs € (s1,5). (4.19)

Proof. Let us prove that H,41 is a contraction in B, . For A € N(4,41, 2Nn_f1/ ) we use (4.17al)
and the definition of Hy,11 in order to bound ||[Hpt1(h)|ls, < 2N5 ([[ralls; + [Ra(R)|ls,). Now we
have

lralle, S E T NG et s © CON B, 20)
where B, := 1+ ||luy||s, see (54),. On the other hand
Rall L ClaNL I, < Ol (421
Therefore
2N} (Irnllsy + IR (B))ls1) < Pt (4.22)
is implied by Nn_&f sa-2p + Ny 1pn+1 < pn+1Nn+1 , which in turn follows by , .
So Hpt1(Bp,.1) € By, - The derivative DyHyi1(h)[v] = —L, 11 Mg1(DuF (e, A\ uy + B)[v] —

D, F(e, A\, up)[v]), satisfies

[IDrHns1 (M), < 2Np4y [DuF (e, X un + R)[v] — DuF (e, A, up)[V]]|

s1

(F3)
< 4N#+1(Hun||81+1/||h||81HU||S1 +|Allsy+ullvlls, + HhH51||U||81+V)

(P1) .
< 12N, +1pn+1llv\|s1 12foif T ollsy < lolls, /2

using (4.3) and Ny is large. Then the Contraction Lemma implies the existence of a unique fixed point
hn+1 = Hn+1(hny1). Now, by (4.17a), and the first inequality in (4.21]), we get

[Ant1lls; < 2N7€L+1(H7"anl + C<31)NV+1th+1” ) < 2N, +1"rn“81 + QNS-—:lVC(SI)Pn—&-l”hn+1H81 .
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Using (4.20) with S ~~ s, By, ~ (1+ [Ju,]|s), and QN#ifC(sl)an < 1/2, the bound (4.19) follows. m

For \ € N(An+1,2Nn+1/ ), let hni1(e, A) be the unique solution of h = Hpi1(h). It results
hp+1(0,) = 0.

Remark 4.6. If (1.2) holds then L1, Hny1 : Ens1NXs — EnHmf(S and $0 hny1(g,\) € Epy1NX,.

Lemma 4.7. ||hny1lls < N, 2P where 2p = 2(1 + ds1) + v + 2, see ([L8a).
Proof. Using , , € > p+ v (see Lemma , we estimate
Vo s KNy (Iralls + I Ra(nsa)lls + NS ps (Bu + N, J/QB'))
< KNy (Nr':le (1+ Nuflpiﬂ) + N, +1Pn+1||hn+1HS + N n+1 Pn+1(B + N, U/QB' ))

where in the last bound we used that, , ¥ ||h||s, < pn+1,

(PO(FS) (P1),(FT) ) )
[rnlls < CNn+1Bna | Rn(h)|ls < K(N, 11Bnprni + Ny, +1pn+1||h||S) (4.23)

n

Now, since N”7 it pne1 < 1/2 by ([(d.3), we shift |hnt1|ls on the Lh.s. and obtain

lhnsills < K (NS 4 NS B, + NS /P72 BL)

and the lemma follows by (4.8]), (4.3). ]
Lemma 4.8. The map hns1 is in CH N (Any1, 2an1/2); B,,. ) and
1Ontillsy < Niti /2, [03nsalls < N34, (4.24)

Proof. For X\ € ./\/'(An+1,2Nn+1/ ) we have Upi1(\ hns1(A)) = 0 where we have set Upyq (A, h) =
I, 11 F (e, A\, un(N\) + h). Hence

0= %(UW(A,%H(A))) = (OAUn+1) A\ it (V) + (DaUn ) (A B (M) P (V). (4.25)

On the other hand, since |[hpi1|s; < N, '« an;(’lHrV) for Ny large enough (recall that p+v < o),
so that we apply Lemma [4.3] and obtain

rg —1
1(DaUn 1 Fingn) ol < ANE o]y (4.26a)

and, using also Lemma

T -1 v S—s v
| (PaUss ) 1ol < AN s llolls + KN (B (N2 + MOS0+ N2 ) o),
(4.26h)

o/2 ) and

Therefore by the Implicit Function Theorem we have En+1 € CY(N(Ap41,2N,, 1 )iBp,

Ozt i1 = = ((DhUns1)(A 1 (N)) ™ (OaUn 1) (A 1 (V).
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Now, by (4.16) we use (S3),, to deduce

8AUn+1()\, h) = Hn+1((a,\F)(6, A, Up + h) — (a,\F)(E, A, un))
+ 1 (D F) (e, Ay un + h) — (D F) (e, A\, up)) [Oaun])
+ 141 (1 —I1,) ((OAF) (e, Ay un) 4+ (DuF) (€, A, un)) [Oatn)].
Now, by (F1)-(F4), (F6), (P1)-(P2), (S1),, , we get

”8A7LH+1|’51 < CN}

e LN TYPNG?B, + BL) < N2

(NV n+1

n+1
by (4.8) and (4.3). Now to get the estimate for the S-norm we use (4.26b)) and obtain

~ \ —1 ~
| (PrOwa (e AB)) 00U (e, A B | AN 00U (A B s + KN,
X (Bn (N;j_’f + N, o(S~ Sl)) Nﬁj__erzp) H@\Unﬂ(g,)vhnﬂ)”&
o/2
AN (NS lnllsss + sl ses + [0runllsen) + KN,

x (Bo (Nt + NS0 ) 4 NN < N

by (E8) and (L3). .
Let us define
thrl(E’ )‘) ¢n+1( ) n+1(5 )\) (427)
where ¥,4+1 is a C! cut-off function such that 0 < Yp+1 < 1 and

o Yni1(\) =1 for A € N(Ayir, N, 7[?) and i1 (X) = 0 for A ¢ N(Ani1,2N,777),
o |O\ns1] < Ngﬁ
Then, by Lemma E , we get

Lemma 4.9. One has hy41 € CH(Z;B,,,,) and

hn+1(0> )‘) =0, ||hn+1H81 < Nn_fl 1v ||a>\hn+1H81 < Nn_Jlr/l 1' (4-28)

We now conclude the proof of Theorem Let
Up+1 ‘= Up + hn+1 . (429)

We want to show that (S1),41-(S4),+1 are satisfied. Property (S1)y,41 follows by (4.13) and ( -
Moreover Remark 4.6/ implies that wu,4+1 € En+1 NX s, 1.€. (S 1)p+1 holds. Property (S2)n+1 is
Property (S3),,41 follows by the definition (1.27)) and since 4 1(g, A) solves Il 11 F (g, A, un (e, )\)—l—h)
0, for all A € A,,41. Finally

(S4),L,Lemg 9
Bpi1 < B + [|hnalls < 2NP  + NB, <2NP.,

and (54),,, Lemma[£.7, (4.24), imply

o/2)4+2
By 1 < By, + [|O0hngtlls < 2N + ng+/1 ey N 1 <2N] L,
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because ¢ = 2p + (0/2). Hence also (S4),,41 follows. [ |

Note that so far the set A := Np>0A, where u. is a solution of F'(e, X\, us(\)) = 0 (Theorem |4.2))
could have zero measure or even be the empty set. The goal of the next section is to show that, under
further assumptions on F' (i.e. those of Theorem , the set C. in (2.33)) (which is defined in a non
inductive way) is contained in An.

5 Proof of Theorem 2.16

We now specialise the abstract Nash-Moser Theorem to the scale of sequence spaces X® = H*(R)
and to operators F' of the form (2.20)) satisfying the assumptions of Theorem In particular
([2-21)-(2.22)), (f1)—(f2), imply the assumptions (F0)-(F4) of Theorem

In addition to the parameters 7 > 0, 6 € (0,1/4), o, s1 > so, S < S satisfying needed in
Theorem we now introduce other parameters 7, xo, 70, C1 and add the following constraints

s1> S0+ o, S<S/—V0, T>T, T1>2x0d, T>2m+d+r+1, Ci>2, (5.1)
then, setting k :=7+d+ 1+ s9, 52 :=51 —

Xo(t—2m —d—71)>3(k+ (so+d+7r)C), X0 > C1, (5.2a)
s9 >3k +2x0(m1 +d+71)+ Cisp, 20s1>1p. (5.2b)

Note that no restrictions from above on S’ are required, i.e. it could be S’ = +oc.

Remark 5.1. In the applications, the constants 19, T1 have to be taken large enough, in order to verify

condition (2.37). Nevertheless, all the constraints (4.3)), (5.1)), (5.2) may be verified.
Given Q, Q) C &, we define

diam(Q) := sup dist(k, &), dist(Q,Q') ;== inf dist(k, k'),
k,kE'eQ keQ,k' e

where dist(, -) is defined in ([2.7)).

Definition 5.2. (N-good/N-bad matrices). Let F' C 8 be such that diam(F) < 4N for some
N € N. We say that a matriz A € ML is N-good if A is invertible and for all s € [so, 2] one has

|A_1|s < NT-‘r(SS.
Otherwise we say that A is N-bad.

Definition 5.3. ((A, N)-regular, good, bad sites). For any finite E C &, let A= D + T € ME
with D := diag(Dy1g;), Dy, € C. An index k € E is

o (A, N)-regular if there exists F C E such that diam(F') < 4N, dist({k}, E \ F)) > N and the
matriz AL is N-good.

e (A, N)-good if either it is regular for D (Definition or it is (A, N)-regular. Otherwise k
is (A, N)-bad.
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The above definition could be extended to infinite E.
Definition 5.4. (N-good/N-bad parameters). For L as in (2.25)), we denote

By (jo,e, \) i= {9 €R ¢ Ly (e, 0,u) is N-bad | (5.3)

A parameter A € T is N—good for L if for any jo € A+ one has

NB
By (jo,e,\) C U I,, I, intervals with meas(l;) < N~ ™ (5.4)
q=1

where e is the parameter introduced in Theorem [2.16. Otherwise we say that A is N-bad. We denote
the set of N—good parameters as

Gy =Gn(u) = {)\ €Z : \is N-good for L}. (5.5)

Note that the above definition deals only with finite dimensional truncations of L.
The following assumption is needed for the multiscale Proposition

Hypothesis 4. (Separation of bad sites) There exist C; = C1(8) > 2, N = N(&,79) € N and
T C7T (see (2.30)) such that, for all N > N, and ||lulls, < 1 (with sy satisfying (5.2b))), if

then for any 6 € R, for all x € [xo0,2x0] and all jo € Ay the (L,N)-bad sites k = (I,7,a) € R of
L = Lnx j, (g, A, 0,u) admit a partition UaQy in disjoint clusters satisfying

diam(Q,) < N1, dist(Qa, Qs) > N2, for all a # B. (5.6)
For N > 0, we denote

G (u) = {)\ €7 : Vjo€ Ay there is a covering

(5.7)
N (Jjo, e, A) U I,, I, =1,(jo) intervals with meas(I;) < N*Tl}
where
B (o, £, A) = B (jo, &, A, u) = {9 ER : | Ly, (e A\ 0,10 > N} (5.8)
We also set
Sy (u) = {)\ €T ¢ |Lyt(e \u)llo < N} (5.9)

Under the smallness condition (4.6|), Theorem applies, thus defining the sequence u,, and the sets
A,,. We now introduce the sets

Co =1, ﬂ (1) [ O, (wi) NI (5.10)
=1 =1

where 7 is defined in Hypothesis |4} &y (u) in (5.9), and G% (u) in (5.7).
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Theorem 5.5. Assume that F in (2.20) satisfies (2.21)-([2.22), (f1)-(f2) and Hypotheses (1], [q and [4)
Assume that the parameters satisfy ([4.3)), (6.1), (5.2]). Then there exists No € N, such that, for all

No > Ng and ¢ € [0,e0) with eg satisfying ([4.6)), the following inclusions hold:

(55)o Jullss <1 = Gn(u) =1
(S6)o Co C Ao,
and for all n > 1 (recall the definitions of Ay, in (4.7))
(55)n lu=wnallsy <NGT = [)GR(wis1) NI C G, (u) NT,
i=1
(S6), C, CA,.

Hence Co := ﬂnZO Cph C Ay = ﬂnZO A,.

5.1 Initialisation

Property (S5)¢ follows from the following Lemma.
Lemma 5.6. For all ||u|ls, <1, N < Ny, the set Gy(u) =Z.
Proof. We claim that, for any A € 7 and any jo € A, if
|Dp(N\,0)] > N~ Vk=(l,5,a) € Rwith |(l,j —jo)| <N, (5.11)
then Ly j, (e, A, 0) is N-good. This implies that
By (jo,e,A) C U {6 eR : [Dp(N\,0) <N},
[(Li—jo)I<N

which in turn, by Hypothesis [2| implies the thesis, see (5.4)), (5.5)), for some ¢ > d + r + 1. The above
claim follows by a perturbative argument. Indeed for ||u|ls, < 1, s1 = s2+ 1, we use (2.24¢) to obtain

_ _ @
DR ) T (W), < 2CsDIDRY, A O], (1 + tllsziy) = eNTClsr) = 5

Then we invert Ly j, by Neumann series and Lemma [2.12] implies
|LnY (8 A 0)], < 2IDRY (A 0)|, < 2NTSNTH%, s € [s0, 52]
by (5.1]), which proves the claim. |

Lemma 5.7. Property (56)¢ holds.

Proof. Since 7 C 7 it is sufficient to prove that Z C Ay. By the definition of A4y in (4.7), (4.5), ,
we have to prove that

AeI = Lyl 0)h])s < C(s)NJT%h|s, Vs € [s1,5]. (5.12)
Indeed, if A € T then |Dg(A)| > Ny ™, for all |k| < No, and so |[D(A\)7|, < NJ°, Vs. Since
el D(A)'T(0)],, < eNg°|T(0)],, < 1/2 for e small enough, Lemma implies

S1

Lo (& 0,0y, S2NG, L (e, 0,0)], < Cs)NGP(1+ NG IT(0)],) Vs > 1,
and, by (5.1)), (2.24d) and Lemma 2.7} the estimate (5.12) follows. ]
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5.2 Inductive step

By the Nash-Moser Theorem we know that (S1),—(S4), hold for all n > 0. Assume inductively
that (S5); and (S6); hold for all i < n. In order to prove (S5),+1, we need the following multiscale
Propositionwhich allows to deduce estimates on the |-| ,—norm of the inverse of L from informations
on the L?-norm of the inverse L', the off-diagonal decay of L, and separation properties of the bad
sites.

Proposition 5.8. (Multiscale) Assume (5.1), (5.2). For any s > s, T > 0 there exists g =
eo(T,s2) > 0 and Ny = No(Y,5) € IN such that, for all N > Ny, |e| < €0, X € [x0,2x0], E C R with
diam(E) < 4NX, if the matriz A = D + eT € ME satisfies

(Hl) |T|82 S T’
(H2) Ao < NX7,
(H3) there is a partition {Qa}a of the (A, N)-bad sites (Definition[5.3) such that

diam(Q,) < N, dist(Q, Q) > N2, for a # 3,
then the matrix A is NX-good and
-1 1 T ds —
A7, < N (N4 elTl,) s Vs € 50,3 (5.13)

Note that the bound ([5.13]) is much more than requiring that the matrix A is NX—good, since it
holds also for s > s9.

This Proposition is proved by “resolvent type arguments” and it coincides essentially with [4]-
Proposition 4.1. The correspondences in the notations of this paper and [4] respectively are the
following: (7,71,d+r, s2,5) ~ (7/,7,b,51,5), and, since we do not have a potential, we can fix © = 1
in Definition 4.2 of []. Our conditions (5.1]), imply conditions (4.4) and (4.5) of [4] for all
X € [x0,2x0] and our (H1) implies the corresponding Hypothesis (H1) of [4] with T ~» 2Y. The other
hypotheses are the same. Although the s—norm in this paper is different, the proof of [4]-Proposition
4.1 relies only on abstract algebra and interpolation properties of the s—norm (which indeed hold also
in this case — see section . Hence it can be repeated verbatim and we report it in the Appendix
for completeness.

Now, we distinguish two cases:

case 1: 2"t! < yq. Then there exists x € [xo,2x0] (independent of n) such that
~ — 1 1
Nopi =N%, N = [NYX] e (Ng/X, No). (5.14)
This case may occur only in the first steps.
case 2: 2" > yq. Then there exists a unique p € [0, 7] such that

Nop1=NY,  x=2""""7 € [x0,2x0) - (5.15)

Let us start from case 1 for n + 1 = 1; the other (finitely many) steps are identical.
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Lemma 5.9. Property (S5)1 holds.

Proof. We have to prove that G (ug) N 7 C Gny(u) N T where |lu — uglls, < N;°. By Definition
and (5.7) it is sufficient to prove that, for all jo € A4,

BN1 (jDa g, )‘7 U) g B?\ll (j07 g, >‘7 UO),

where we stress the dependence on u, ug in (5.3)), (5.8]). By the definitions (5.8)), (5.3]) this amounts to
prove that

HL]_VijO(s, X G ug)llo < NJ' = Lnj(e, A\ 0,u) is Ny — good. (5.16)

We first claim that ||L]_\,1’].O (e, X, 0,up)|lo < N{* implies
1
LR (&M 0,u0)l, < VT (N +elT(w)l,) Vs € [so,S]. (5.17)

Indeed we may apply Proposition to the matrix A = Ly, j,(¢,\,0,up) with s = S, N = N,
Ny =N*and E = {|l| < N1,|j — jo| < N1} x 2. Hypothesis (H1) with T = 3C(s) follows by
and |lug||s, < 1. Moreover (H2) is HL;&JO (g, A, 0,up)]lo < N{* . Finally (H3) is implied by Hypothesis
provided we take NOI/XO > N(8,70) (recall 5.14)) and noting that A € Gxr(ug) N 7 by Lemma 5.6
(since N < Ny then Gyr(uo) = Z). Hence (5.13)) implies (5.17).

We now prove by a perturbative argument. Since ||u —ug|ls, < Ny 7 (recall that ||uglls, <1
so |Julls, <2) then, for vy := max(v, vp),

|LN17]'0(5’ A, 95”0) - LNl,j0(57 A0, u)|52 < |LN1,j0(5a A 97”0) - LNlJO(Ev A, H,U)l

s1—V1

2. @m
< Cllu —uglls, <CNy7 <1/2.

By Neumann series (see Lemma D and ([5.17)) one has |L]_V1 io (e, N, 0,u)], < NlTJ”SS for all s € [so, s2],
namely Ly, j, (¢, A, 0,u) is Nqi-good. [ ]

Lemma 5.10. Property (S6); holds.

Proof. Let A € C; := Q?Vl(ug) N &y, (uo) NZ, see (5.10). By the definitions ([£.7), (£.5), and (S6)o, in
order to prove that A € Ay, it is sufficient to prove that (A, ug())) € Jggl). Since A € &, (ug) the
matrix HLj_Vi (e, A\, uo)llo < NY* (see (5.9))) and so (5.17)) holds with jo = 0, # = 0. Hence, using (12.24c))

and ug € Ey, we have

1
4
that, by Lemma 2.7, ds; > 19/2, (P1), implies, (S1),, Vs € [s1, 5],

Iy (e, A uo)l, < TNT(NP® +eC(s)(1+ NP |luolls)) s Vs € [0, ],
_ 4685 d(s—s
1L e, A uo)[B]]ls < C()NTH ([|R]ls + NP g s||hlls,),  Vh € By,

which is the inequality in (4.4) with N = Ny, u = ug. Hence (A, up()) € JT(i\;l). ]

Now we consider case 2.
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Lemma 5.11. ﬂ”+1 QN (ui—1) N7Zc Gn, (un) NT.

Proof. By (52),, of Theorem we get [lun — up—1lls, < D, (lui —uicalls, < D01, Nol<
N7y N7t < N7 Hence (95), (p < n) implies

A . PG 3
mgNi(Ui 1)NZ C ﬂ (ui—1) C Gn,(up)NT

proving the lemma. u

Lemma 5.12. Property (S5),+1 holds.

Proof. Fix A € NI 68 N, (wim1) N 7. Reasoning as in the proof of Lemma it is sufficient to prove
that, for all jo € Ay, ||u —un|s, < N, 7;, one has

HL g, N 0,up)|lo < N

1 = LN, 1(e, N 0,u) is Nyyp1-good. (5.18)

n+1 JO (

We apply the multiscale Proposition [5.8| to the matrix A = LNn+1,jo (e, N\, 0,u,) with NX = N, 11 and
N = N,, see (5.1F)). Assumption (H1) holds and (H2) is HLNn+1 (& A0 up)lo < Nl Lemma

implies that A € Gy, (un) N 7 and therefore also (H3) is satisfied since we are assuming Hypothesis
But then Proposition implies

| L

1
oGOl < N (N2 el T (), ) o s € [s0, ). (5.19)

Finally, for ||u — uy|ls;, < N, 7

ni1 (recall that [luy|ls, <1 so |lulls, < 2) one has

|LNn+1,j0 (57 A, 0, un) - LNn+1,j0 (57 A, 07 ’U,) |32 = |LNn+1,jo (57 A, 07 un) - LNn+17jO (Ea A, 97 u)l

s1—U1

< Cllu —uplls, < CNn_flv
where the second bound follows by (2.21)) and (2.24d)) with vy = max(v, 1p). Hence (5.19)) and Lemma
imply |Ln, (€, A\ O,u)7h, < NnTIfS for all s € [sg, s2], proving (5.18]). [ |

Lemma 5.13. Property (S6),+1 holds.

Proof. Follow word by word the proof of Lemma with N,,41 instead of Ny, and u, instead of wuyg.
Since A € &, (uy) (see (5.9))) the bound (5.19) holds with jo = 0, # = 0, and so

_ 1 s
LR (e A )l < N (NG +elT(un)l,) Vs € [s0, 5] (5:20)
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5.3 Separation properties

In order to complete the proof of Theorem we show that Hypothesis 3] implies Hypothesis [4]

Ifroposition 5.14. Hypothesis @ implies Hypothesis |4| with C; = (e +d+r +3)s + 3, 7:=7N7 and
N large enough.

We split the proof of Proposition [5.14] in several Lemmas. For |jul|s, < 1, we consider L :=
L(\,0,u) = D(X,0) + €T (u) defined in (2. 2 ).

Definition 5.15. A site k = (i,a) € & is

e (L, N)-strongly-regular if Ly ; is N-good,

° )-weakly-singular if, otherwise, Ly ; is N-bad,

(L,N
e (LN

)-strongly-good if either it is reqular for D = D(\,0) (recall Deﬁnition or all the sites
K = (i,d") with dist(k, k') < N are (L, N)-strongly-reqular. Otherwise k is (L, N)-weakly-bad.

The above definition differs from that of (L, N)-good matrix (Definition in the following way.
Here we do not introduce a finite subset E but study the infinite dimensional matrix L, and require
invertibility conditions on the N-dimensional submatrices centered at a strongly-regular point k (with
respect to [4] we use a different notation, see Definition 5.1-4]).

Lemma 5.16. For any jo € Ay, x € [Xx0,2x0] consider k = (I, j,a) such that |l],]j — jo| < NX, if k is
(L, N)-strongly-good then k is (Lnx j,, N)-good.

Proof. Set N' = NX and (recall the definition ({2.2))

E=Tx6x9, T:=[-N, NNz & := (jo n {iapwp Ly € [—N’,N’]}) NA,.
p=1

If k € E isregular then it is (L, N)-good. If k = (I, j,a) € E is singular but (L, N)-strongly-regular,
we define the neighborhood F = Fn (k) as

d r
Fyi=Tyx 6y x % Tvo= ([[L) 0z, env={3 8w : g el}ni,
g=1 i=1

where the intervals .J, € R are defined as follows (we set ap, := (jo)p — N', by := (jo)p + N'):
Jp—ap >N, b,—j, >N = Jp = [jp — N, jp + NI,
Jp—ap <N, by—jp, >N = Jp = [ap, ap + 2N]
Gp—ap>Nby—l, <N = J,=[b,—2N,b,],

same for I,. By construction dist(k, E'\ Fy) > N and diam(Fy) < 2N < 4N. Moreover, by (2.4)
there exists k € E with dist(k, k) < N such that

Fy = ((Z+ [N, N]%) x (g+{iapwp Cap €[N, N]}) X 91) nA&.
p=1

Then, since k is (L, N)-strongly-regular, the |(L§x)*1|s = |(Ly7) s < N7+ proving the lemma. m
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Remark 5.17. The assumption that Ay has the “product structure” (2.4) has been used only in
Lemma above.

The Diophantine condition (1.5) implies (since A > 1/2) that
w1 =A@ 1| >yll|7¢, WVIez\{o}. (5.21)
Lemma 5.18. Let A be N-good for L, see Definition[5.4 Then, for any jo € Ay, X € [x0,2x0], the
cardinality

#{k = (,jo,a) € & : k is (L, N) — weakly-singular, |I| < 2N><} < |AIN®. (5.22)

Proof. By Definition [5.15] if (I, jo, a) is (L, N)-weakly-singular, then Ly, 5, (e, A, ) is N-bad. By
this means that Ly j, (e, \,0+Aw-1) is N-bad, i.e. §+Aw-1 € Bn(jo, €, \), see . By assumption A
is N-good for L and hence holds. We claim that in each interval I, there is at most one element
6+ w -l with w = Aw and [I'| <2NX. This, of course, imply (5.22)). Indeed, if there are I’ # " with
||, [I"| <2NX such that § + w-U', 0 +w-1" € I, then

jw-('=1")=|(w-I'"+0)— (w-I"+0)| < || <N (5.23)
On the other hand ([5.21]) implies

70 70 —d —xd
w- (" =1")] > T > ANy =47 %N X%, (5.24)
Clearly (5.23) and ([5.24]) are in contradiction for N > Ny large, because 11 > 2xod, see (5.1)). |

Corollary 5.19. Let X\ be N-good for L. Then, for all jo € Ay, the number of (L, N)-weakly-bad
sites (1, jo,a) € R with |I| < NX is bounded from above by Nt"+4+1 Hence the (L, N)-weakly-bad
sites are a set X as in Definition with K = Netd+r+l,

Proof. By Lemma above, the set of (L, N)-weakly-singular sites (I,j,a) with |I| < NX + N,
|7 — jo| < N has cardinality at most CN¢ x N". Each (L, N)-weakly-bad site (I, jo, a) with |I|] < NX
is included in some N-ball centered at an (L, N)-weakly-singular site and each of these balls contains
at most CN? sites with j = jo. Therefore there are at most CN¢t" x N¢ of such bad sites. ]

Definition 5.20. Given two sites k,k' € K we say that k = k' if there exists a T'-chain {kq}gzo
(Definition of (L, N)-weakly-bad sites connecting k to k', namely ko =k and ky = k'.

Proof of Pmposition completed. Let A\ € Gy NZ, see Deﬁnition and recall that Z is introduced
in Hypothesis Set I' = N2. A N2-chain of (L, N)-weakly-bad sites is formed by sites which are
i

singular for D()\, ), see Definition Corollary |5.19|implies that #Eg) < K = Netdtr+l wic A,
so that Hypothesis (for A € Z(Np) and since TK = N¢t47+3 > Ny) implies

(< (N2N2+d+r+1)s _ N(e+d+r+3)s‘ (525)

The equivalence relation introduced in Definition induces a partition of the (L, N)—weakly-bad
sites in disjoint equivalence classes €2, with (recall I' = N?)

dist(Qa, Q) > N2, diam(Q,) <N < NZHekdbrad)s < NC1
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which is (5.6). We have verified Hypothesis |4 with C; =3+ (e +d + r + 3)s and 7:=InT. |

The assumptions of Theorem [2.16] imply those of Theorems [4.2] and by Proposition We

fix the parameters to satisfy (4.3)), (5.1), (5.2). Note that, by Proposition the constant C is
large with e and so, by (5.2), the constant S’ has to be large with e. Then, Theorem implies the

existence of a solution u.(\) of F(e, X\, uc(\)) =0 for all A € Ay :=(),,>¢ An and Theorem implies
that Coo C Aso. a

Lemma 5.21. C. C Cy where the set C. is defined in (2.33)).

Proof. We claim that, for all n > 0, the sets Q_?Vn - Q?Vn(un_l) and By, C By, (up—1). These inclusions
are a consequence of the super-exponential convergence (4.9)) of u,, to u.. In view of the definitions
(2.35) and ([5.7)), it is sufficient to prove that B?Vn (Jo,&, N\, up—1) C B?vn (Jo,&,A), Vjo. Equivalently, if
0¢ B?Vn(jo,s, A) then HL&}“].O(H,un_l)HO < N', namely 6 ¢ B?Vn (Jo,&, A\, up—1) (recall (5.8])). Indeed,

||L]_\f1 jo(ga)‘ﬂgqu)HO < N;L-l/2 by ‘ ) and so

n

-1
1ERL 50 0 wnm)llo < 5L 5,0 uollo | (2 + ERL 5, (0 u) (L, i (6, 1) = v, i (6,0))) |
< (N7/2)2 = N

by Neumann series expansions and using Lemma (2.24d)), (4.9), and (4.3). The inclusions

Sy, C Gy, (up_1) follow similarly. ]

The last conclusion of Theorem [2.16|is proved in the next section.

5.4 Regularity

We now consider the case S’ = +o0o. The key estimate is the following upper bound for the divergence
of the high Sobolev norm of the approximate solutions w,, which extends (S4),. It requires only a
small modification of Lemma [4.7

Lemma 5.22. For all s > S one has Bp(s) := 1+ |Jun|ls < C(s)N¥ where 2p := 2( + 851) + v + 2.

Proof. Given s, we take ng(s) € IN such that Ny ) > No(T,s) where No(7T,s) is introduced in the

multiscale Proposition For all n < ng(s), the required bound By(s) < C(s)Nﬁ(T”sl””H holds
taking C(s) large enough. We now prove the same bound for n > ng(s). In this case, Proposition

implies the estimate (5.20)) also for s > S, see (5.13)). Then (2.24c|) and (P1) imply

_ 2
Lk, (M)l < ()N (N + Ny ) - (5.26)
Hence, for all h € E, 11, using (2.14), (5.26)), (S1)n, v0/2 < ds1,
ILNE (& A un) (Bl < C' ()N TP (1B ]ls + (NS + Bu(s)1hlls,) - (5.27)

Now, as in (4.20), (4.21]), we get

—(s—s1—1v)/2 v 7
|70 + Rn(hpy1)|ls; < C(S)NnJ£1 ey By (s) + C(Sl)Nn-s-thnJrngl

(5.28)
< C'(s)N, 5B ()
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using (4 and N,/ +T+581N ey < 1 by (4.3)). Since hpi1 defined in Lemma is the fixed point
ot Hopr o (LI, we have, teing GZ. (LT (with S o oy (T3, 5 (0. 1/ BT

NT ds1+(v $—s TToS1TV h
nsills < O ()N g™ /2>B(>(1+N< V2B,(5)) + C' ()N pra s lls - (5.29)

For all n > mng(s) (possibly larger) we have C"( YNTHositv=o=1 = 1/9 (see ([@.3)). Moreover

n+1
Nnﬁ “)/2p By (s) <2 (by (P1) and (S1),) and (5.29)) implies
[ salls < CENT 2B (s). (5.30)

Therefore (recall (@29) and @27)) Bps1(s) < Bu(s)+ [hntills < C'(s)NI 22 B, (), and so the

sequence Bn(S)NJQ(TJNSSI)7”72 is bounded. [

By (4.27), Lemma and the estimate (5.30) imply that (use also Lemma for s1 <5 <9)
Bnlls < [[hnlls < C(s)N2THOHHL < C()NZP Vs > 5. (5.31)

Now for all s > s1 let s’ = 2s — 57 > s. The interpolation inequality (4.1)) implies

(52)n,(5-31) _ o+l (4.3)
hnlls < )|l MRl > < Cls)N, = ?c%s)zv;l
which implies [[ucs < 37,50 [[hnlls < o0, i.e. us € H® for all s. |

Proof of Corollary . Since ([.2) holds with X, = H*(R) by assumption, the solution u. € H* (&)
by the last sentence of the Nash-Moser Theorem [ |

A Proof of the multiscale Proposition

We first prove a lemma about left invertible block diagonal matrices.

Lemma A.1. Let D € Mg be a left invertible block diagonal matrixz, with B C C' i.e.

Dk o Dllz’a Zf (ka k/) < UO&(QCX X Qil)’ (A 1)
MU0 i (kK € Ua(Qa x ), ‘

where {Qa}o is a partition of B, i.e. UaQlq = B, QaNQg =0, Vo # 3, and the family {Q,}q is such
that UaQ2, € C, Qo C Q, and Q, NQ5 =0, Va # B. Then D has a block diagonal left inverse and,

given any left-inverse L € Mg of D, its restriction

(R)k/ _ Lﬁlv Zf (kvk/) S UCV(QO‘ X Q:l)’ (A 2)
V0 i (K) € Ua(Qa x 9L, |

s a left inverse of D.
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Proof. D is left invertible and block diagonal, hence each block is left invertible. This produces a
block diagonal left inverse of D. In order to prove that R in (A.2) is a left inverse of D it is sufficient
to show that (L — R)D = 0. Indeed, for any k € B there is a (unique) index « such that k € Q,, and
for any k' € B one has
(L-RD)f = Y (L R)DE, (A3)
qEe,
since, by definition (A.2), (L — R){ = 0if ¢ € Q. Now, if ¥’ € Q4 then Dgl =0 for all ¢ ¢ Q, (see

A1) and hence (A.3) implies ((L — R)D)F = 0. If, otherwise, k' € Qg for some 3 # a, then, by
A.3) and D’q“/ =0 for all ¢ ¢ Qj, we have

(L-RD) =)  (L-RiDy = LiDy =(LD); = (1p)} =0

/ !
qGQB qGQB

where in the second equality we used that R} = 0,Vq € QIB (since Q’ﬁ NQ., = (), and in the third that
DY =0, Vq ¢ Q. n

Call G the set of the (A4, N)-good sites and B the set of (A, N)-bad sites, see Definition
Let IIp,IIs be the projectors on the subspaces Hp, Hg (see (2.6)) and decompose v = up + ug,
up = llgu, ug := lgu.

Lemma A.2. (Semi-reduction on the good sites). There exists Ny = Ni(Y) such that, for
N > Ny, there exist B € /\/lg and G € ./\/lg satisfying (recall that k =T +d~+1r+ s9)

Gl,, < eN®,  |B|,, < ceT, (A4)

S

for some ¢ = c(s2) and, for all s > s,
1G], < C(s)N?"(N*—%0 +€N_d_T|T|S+d+T), |B|, < C(s)eN"(N*"% + sN_d_T|T|8+d+T), (A.5)

such that if u solves Au = h then
ug = BUB + gh. (A.G)

Conversely, if ug = Bup + Gh then, for all k regular, one has (Au) = hy.

Proof. We first prove that there exist matrices W, R € Mg, satisfying

|W|SO S NH7 |R|SO S 0(82)6T7 (A7)
W1, < C(s)Nts750|R|, < eC(s)N"(N* 0 + N~""|T| ..., Vs> s, (A.8)

such that if u solves Au = h then
ug + Ru=Wh. (A.9)

Indeed, fix k € G. If k is regular set F' = {k}, while, if k£ is singular but (A, N)-regular, let F' C E
with diam(F) < 4N be such that dist(k, E\ F) > N and AL is N-good. If u solves Au = h then

Abup + AIE;\FUE\F = hp, and hence

ur + Queyp = (AR)he, Q= (AR)TTALN = (AR TP (A.10)

41



Lemma the fact that AL is N-good (see Definition and the Hypothesis (H1) imply
Ql,, < C(s2)e TN+, (A.11)

Moreover, since diam(F') < 4N, (2.13]) and the first inequality in (2.16)), we get

|Q|s+d+r < EC(S)N((S_l)SO(TN8+d+T+T + NT+s0 |T|s+d+r)' (A.12)
Projecting (A.10) onto {k} we obtain uy + ) ,/cp Ry = YoweE W} by where
LT % Fy—17K e pt
/ tk"e E\F / A ftk" eF
RY = Q. ifk € E\F, and WF = [CV nr ek, (A.13)
0 if k' € F, 0 if K e E\ F

which is (A.9).
If k is regular (see Definition [2.13) then F' = {k}, and, for & small, one has ||(A¥)~![|op < 2. Then
the k-th line of the matrix R is bounded by |Rg|, 4, < el(Allz)_lTk|so+d+’r < 2Ye by (5.2D).

If k is singular but (A, N)-regular then RF = 0 for dist(k, k) < N and

(2.15) (A.11)

Rilgyrary = N™O07TDIRy |, < N-E2msomd=0|Q) C(s2)Ye,

using also that 74 sg+d+7—(1—38)s2 < 0, see (5.2b) and & € (0,1/4). But then, Lemma[2.9) implies
the second inequality in (A.7]). The first inequality in (A.7]) follows in the same way. The first estimate

in (A.8)) is a consequence of the first in (A.7]) and (2.16)). The second estimate in (A.8) follows by

217) (EWE)

| R| Kigg |Rilgrarr S K|Qlyar, < C(s)eNT(N* 4 N=HIT| ).

S

We rewrite (A.9) as (1g + R®)ug = Wh — RBup where R® denotes the restriction R® : G — G. By
(A.7), if |e| < ep(s2) is small enough, then |RG|SO < 1/2 and, by Lemma [2.12

(g + B, <2 (A.14)

|(1g + RG)_1|S < 0(3)(1 +|RY),) < C(s)(1+ eN"(N*™%0 + N~ "|T| ,4p)) . Vs > s9.  (A.15)

Then we obtain with G := (1g + RE)™'W, B := —(1g + RG)_IRB. The bounds (A.4), (A.5)

follow by Lemmaﬂ 2.6/ and (]A 14)), (A. 15|) (A.7), (A.8). Finally, (A.6) is equivalent to (A.9)) which, for
k regular, gives ug + (A) ™' Y4y AR ‘up = (A¥)~1hy.. The final assertlon follows. u

Lemma A.3. (Reduction on the bad sites). If u solves Au = h then

Augp = Zh where A :=AB + AGBe MB, 7z .=1p5— A%G ¢ ME (A.16)

satisfy
1A, <co. A, S C()NF(N*™0 4 eNT|T| o), (A.17a)
|Z],, < eN",  |Z|, < C(s)N**(N* %0 + eN~""|T| , yy0)- (A.17b)

Moreover (A~1)E is a left inverse of A’
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Proof. If u solves Au = h then A%ug + APupg = h (we denote A% = A% same for AP) and, by (A.6)
we deduce (A°B+ AP)up = h — A9Gh, which is (A.16)). By the last assertion of Lemma for any
k regular and for all h, we have ((AGB + APy B) P = (h — AGgh) ;. Identically, namely the lines

A, =0 and Z;=0, forallk regular. (A.18)

That is, denoting R C E the set of the regular sites in F, we have IIgA’ = 0. Then (A.17) follow by

applying the interpolation estimates (2.13), (A.4), (A.5), k > d+r, and |Dp\g|, <1 for all s.
Finally, (A~1)p is a left inverse of A’ because A~1A’ = A=Y (AB + AGB) = 18 + 1¢B which, in

turn, implies (A~1)gA’ = 1p. |

Lemma A.4. (Left inverse with decay). The matriz A" in (A.16]) has a left inverse =4 such
that
1747, < O(s) NPtrt2sotdtnCu(NCis oI L) Vs > s (A.19)

Proof. Let us define the matrix D € M2 as

D (ANK,if (kK € Ua(Qa x ),
Y7l o if (k, k') ¢ Ua(Qa x ),

where the family {Q,}aez is the one in Hypothesis (H3) of Proposition and Q) :={k € E
dist(k, Q) < N2?/4}. First of all we prove that D admits a left inverse W with [|[W|lg < 2NXT.
Indeed, setting R := A’ — D, we have that RY, = 0 for all k, &’ such that dist(k, k') < N?/4 and

(12.15)

r e 452N—2(52—50—d—r) |R| < 452N—2(52—50—d—'r) |A/|

so—d—r —

using (A.17a), (H1). But then, by Lemma

< C(sg)N¥752 (A.20)

|50 so—d—r

(A20),(H2) )
< O(sp)NZrms2txm =2 1/,

IRNoll(A™N)5llo < IR, 1A o

for N large enough. Now, since (A~!)p is a left inverse of A’ (Lemma , Lemma implies that
D = A" — R has a left inverse W such that (see (2.19))

Wllo < 2[(A™)5llo < 2] A7 o < 2NXT, (A.21)

by hypothesis (H2) of Proposition Now Lemma allows to define a block diagonal left inverse
of D, denoted by [=1D, as the restriction of W as in (A.2)). Since diam(Q,) < N (Hypothesis (H3))
then diam(Q,) < 2N and so [_1}2)5 = 0 if dist(k, &) > 2N, Therefore, for any s > 0 one has

219)
|[71]fD|S < C(S)N(s+d+r)01 H [fl}zDHO < C(S)N(s+d+r)01+x‘r1, (A.22)
by (A21I) and Lemma[A.1] Finally, A’ =D+ R and, (A:22)), (A:20) imply
[FUDI, R, < Csg) NoHCbxmt2n—sa < 13 (A.23)

by (5.2]) for N large enough. But then, Lemma implies

|[_1]A/|so < 2|[71]fD|SO < C<SO)]V(soerJrr)Clerﬁ7 (A.24)
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and, using (2.18)), (A.17a)), (A.22)), we obtain (A.19). [ |
Proof of Proposition@ completed. By Lemmas [A.2] [A.3] and [A 4] if u solves Au = h then ug =
A"

gh—i-BuB, up :(

Hlanz h, which in turn implies

AYp ="z, A Ye=0+BANzZ2=6+BA s

Then (2.13), (A.24), (A.19), (A.170), (2.16), (A.4), (A.5) imply, setting ¢ := 27 +d +r +2x " (x +
Ci(so+d+r)), for all s € [sp, §], that

(AN Bl + (A Dal, < C(s)NX(N +¢e|T),) < NXT(NX +€|T),) /4

by (5.2a) and N > Ny(s) large enough. Thus (5.13)) is proved. ]
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