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Abstract

We prove the existence of almost-periodic solutions for quasi-linear perturbations of the Airy
equation. This is the first result about the existence of this type of solutions for a quasi-linear
PDE. The solutions turn out to be analytic in time and space. To prove our result we use a
Craig—Wayne approach combined with a KAM reducibility scheme and pseudo-differential
calculus on T°.
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1 Introduction

In this paper we study response solutions for almost-periodically forced quasilinear PDEs
close to an elliptic fixed point.

The problem of response solutions for PDEs has been widely studied in many contexts,
starting from the papers [24,25], where the Author considers a periodically forced PDE with
dissipation. In the presence of dissipation, of course there is no small divisors problem.
However as soon as the dissipation is removed, small divisors appear even in the easiest
possible case of a periodic forcing when the spacial variable is one dimensional.

The first results of this type in absence of dissipation were obtained by means of a
KAM approach [16-19,22,28]. However, a more functional approach, via a combination
of a Ljapunov-Schmidt reduction and a Newton scheme, in the spirit of [24,25], was pro-
posed by Craig—Wayne [14], and then generalized in many ways by Bourgain; see for instance
[5-7] to mention a few. All the results mentioned above concern semi-linear PDEs and the
forcing is quasi-periodic.

In more recent times, the Craig—Wayne-Bourgain approach has been fruitfully used and
generalized in order to cover quasi-linear and fully nonlinear PDEs, again in the quasi-periodic
case; see for instance [1,2,12,15].

Regarding the almost-periodic case, most of the classical results are obtained via a KAM-
like approach; see for instance [9,10,23]. A notable exception is [8], where the Craig—Wayne—
Bourgain method is used. More recently there have been results such as [20,26,27], which use
a KAM approach. We mention also [3,4,11,29] which however are tailored for an autonomous
PDE.

All the aforementioned results, concern semi-linear PDEs, with no derivative in the nonlin-
earity. Moreover they require a very strong analyticity condition on the forcing term. Indeed
the difficulty of proving the existence of almost-periodic response solution is strongly related
to the regularity of the forcing, since one can see an almost periodic function as the limit of
quasi-periodic ones with an increasing number of frequencies. If such limit is reached suffi-
ciently fast, the most direct strategy would be to iteratively find approximate quasi-periodic
response solutions and then take the limit. This is the overall strategy of [23] and [20,26,27].
However this procedure works if one considers a sufficiently regular forcing term and a
bounded nonlinearity, but becomes very delicate in the case of unbounded nonlinearities.

In the present paper we study the existence of almost-periodic response solutions, for a
quasi-linear PDE on T. To the best of our knowledge this is the first result of this type.

Specifically we consider a quasi-linear Airy equation

Ot + Oxxxtt + Qu, Uy, Uny, Uxxy) + f(2,x) =0, xeT:=[R/2n7)) (L.1)

where Q is a Hamiltonian, quadratic nonlinearity and f is an analytic forcing term with zero
average w.r.t. x. We assume f to be “almost-periodic” with frequency w € £°°, in the sense
of Definition 1.1.
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We mention that in the context of reducibility of linear PDEs a problem of this kind has
been solved in [21]. Our aim is to provide a link between the linear techniques of [21] and the
nonlinear Craig—Wayne—Bourgain method. Note that such a link is nontrivial, and requires a
delicate handling; see below.

The overall setting we use is the one of [1]. However their strategy is taylored for Sobolev
regularity; the quasi-periodic analytic case has been covered in [13]. Unfortunately the ideas
of [13] cannot be directly applied in the almost-periodic case. Roughly, it is well known
that the regularity and the small-divisor problem conflict. Thus, in the almost-periodic case
one expect this issue to be even more dramatic. Specifically, we were not able to define a
“Sobolev” norm for almost-periodic functions, satisfying the interpolation estimates needed
in the Nash-Moser scheme; this is why we cannot use the theorem of [13].

Let us now present our main result in a more detailed way.

First of all we note that (1.1) is an Hamiltonian PDE whose Hamiltonian is given by

Hu) = 1/ ufdx— 1/ G(u,ux)dx—/ F(t,x)udx, f(t,x) =0, F(t,x) (1.2)
T 6 Jr T

2
where G (u, u,) is a cubic Hamiltonian density of the form
G(u, uy) = C3ui + czuui + cluzux + c0u3, co,...,c3 € R (1.3)
and the symplectic structure is given by J = 9,. The Hamiltonian nonlinearity
O(u, ..., uxxy) is therefore given by
O, Uy, iy, Uyxxx) = Oxx (Bu, Gu, uy)) — 0x(0u G (u, ux)) (1.4)

and the Hamilton equations are
o = 0 Vy, H ().
We look for an almost-periodic solution to (1.1) with frequency w in the sense below.
For n > 0, define the set of infinite integer vectors with finite support as
72 = e ez e, = Y ikl < oo, (1.5)
ielN
Note that ¢; # 0 only for finitely many indices i € IN. In particular Z2° does not depend on
7.

Definition 1.1 Given » € [1,2]N with rationally independent components' and a Banach
space (X, | - |x), we say that F(¢) : R — X is almost-periodic in time with frequency w and
analytic in the strip o > 0 if we may write it in totally convergent Fourier series

F(ty= Y F(0)e" suchthat F(£) € X, VL € Z°
LeZ®

and |Fls = Y |F(0)xe”In < oo.
tezZr

We shall be particularly interested in almost-periodic functions where X = Ho(Ty)

HO(TU) = {u = Z ujeijx’ uj = ’Z—j c(C : |M|H(’H‘G) = Z |uj|ea|j\ - OO}
JEZ\{0} JEZ\{0}

I we say that w has rationally independent components if for any N > 0 and any k € ZN one has
YN wik; #0.
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is the space of analytic, real on real functions Ty — C with zero-average, where T := {¢ €
C :Re(p) € T, |Im(¢)| < s} is the thickened torus. We recall that a function u : Ty — C
is real on real if for any x € T, u(x) € R.

Of course we need some kind of Diophantine condition on w. We give the following, taken
from [9,21].

Definition 1.2 Given y € (0, 1), we denote by D, the set of Diophantine frequencies
1
D, i={well,2IN: |w-¢ Ve ZP\ {0}, 1.6
y {w (2N : o '”,g(mm% *\{}} (1.6)

We are now ready to state our main result.

Theorem 1.3 (Main Theorem) Fix y. Assume that { in (1.1) is almost-periodic in time and
analytic in a strip S (both in time and space). Fixs < S. If { has an appropriately small norm
depending on S — s, namely

fls = > IfOhomee’ ™ <e(S—5) <1, €0) =0, (1.7)
LeZr

then there is a Cantor-like set O™ C Dy with positive Lebesgue measure, and for all
w € O asolution to (1.1) which is almost-periodic in time with frequency w and analytic
in a strip s (both in time and space).

Remark 1.4 Of course the same result holds verbatim if we replace the quadratic polynomial
Q by apolinomial of arbitrary degree. We could also assume that the coefficients c ; appearing
in (1.4) depend on x and wt. In that case Theorem 1.3 holds provided we further require a
condition of the type sup; Iafc jls < C. Actually one could also take Q to be an analytic
function with a zero of order two. However this leads to a number of long and non particularly
enlightening calculations.

To prove Theorem 1.3 we proceed as follows. First of all we regard (1.1) as a functional
Implicit Function Problem on some appropriate space of functions defined on an infinite
dimensional torus; see Definition 2.1 below. Then in Sect. 3 we prove an iterative “Nash-
Moser-KAM” scheme to produce the solution of such Implicit Function Problem. It is well
known that an iterative rapidly converging scheme heavily relies on a careful control on the
invertibility of the linearized operator at any approximate solution. Of course, in the case of a
quasi-linear PDE this amounts to study an unbounded non-constant coefficients operator. To
deal with this problem, at each step we introduce a change of variables 7, which diagonalizes
the highest order terms of the linearized operator. An interesting feature is that 7,, preserves
the PDE structure. As in [13] and differently from the classical papers, at each step we apply
the change of variables 7}, to the whole nonlinear operator. This is not a merely technical
issue. Indeed, the norms we use are strongly coordinate-depending, and the change of variable
T, that we need to apply are not close-to-identity, in the sense that 7, — Id is not a bounded
operator small in size.

In Sect. 4 we show how to construct the change of variables 7}, satisfying the properties
above. Then in order to prove the invertibility of the linearized operator after the change of
variables 7, is applied, one needs to perform a reducibility scheme: this is done in Sect. 5.
For a more detailed description of the technical aspects see Remark 3.2.
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2 Functional Setting

As it is habitual in the theory of quasi-periodic functions we shall study almost periodic
functions in the context of analytic functions on an infinite dimensional torus. To this purpose,
for n, s > 0, we define the thickened infinite dimensional torus T as

¢ = (pi)ien, @i € C: Re(p) € T, [Im(gp)| < s(i)".

Given a Banach space (X, | - |x) we consider the space F of pointwise absolutely convergent
formal Fourier series T{° — X

u() = > u(®e?, u() e X 2.1)

LeZr

and define the analytic functions as follows.

Definition 2.1 Given a Banach space (X, | - |x) and s > 0, we define the space of analytic
functions T§° — X as the subspace

H(T®, X) = {u(<p) = S w@ e F ¢ Juli= Y M@y < oo].
ez ez

We denote by H, the subspace of H(T$°, Ho(Ty)) of the functions which are real on
real. Moreover, we denote by H(T{° x T;), the space of analytic functions T x Ty — C
which are real on real. The space H; can be identified with the subspace of zero-average
functions of H(T$° x Ty). Indeed if u € H, then

u= Y u(t,x)e? = > uj(0)eltvriix,

ez (€, )EZL xZ\{0}
with u;(€) = u_;(—0)

For any u € H(T¢® x Ty) let us denote

1
(mou) (@, x) = (u(p, ))x := E/TM((/),X) dx, w5 :=1-n0. (2.2)

Throughout the algorithm we shall need to control the Lipschitz variation w.r.t. @ of
functions in some H(T'?°, X), which are defined for w in some Cantor set. Thus, for O C 00
we introduce the following norm.

Parameter dependence. Let Y be aBanachspaceandy € (0, 1).If f : Q — Y, Q C [1, 21N
is a Lipschitz function we define

|f (@1) = fw)ly

o,me o1 — @200
W1 Fw)

IFI3P = sup [ f@)ly. /1y =
weR (2.3)

S li
A1 o= 1F15° + I

If Y = H, we simply write | - 5] |§P

RN

|- |§2. If Y is a finite dimensional space, we write
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Linear operators. For any o > 0, m € R we define the class of linear operators of order m
(densely defined on L2(T)) B as

BM = {R S LX(T) —» L3(T) : |R|gom < oo} where

o 2.4
IRl = sup 3 eI~ RY ()™, @4
J'€Z\{0} JEZ\{0}
and for 7€ H(T°, B®™) we set
1 Tlom =Y e TC) | o 2.5)
LeZP
In particular we shall denote by || - ||§2, m the corresponding Lipshitz norm. Moreover if
m = 0 we shall drop it, and write simply || - |5 or || - ||§2.
3 The Iterative Scheme
Let us rewrite (1.1) as
Fo(u) =0 (3.1)
where
Fo(u) = (o - 8(/7 + Ot + QQu, Uy, Uyy, Uxxx) + f(@, X) (3.2)

where we f(t,x) = f(wt, x) and, as custumary the unknown u is a function of (¢, x) €
T x T.
We introduce the (Taylor) notation

Lo:= (0 3y + dxx) = Fy(0),  fo=Fo(0) = f(p,x),
Qo) = Qs s s ) ‘= D (3e3d + 2cauy + c i) (3.3)
— Bx(czui + 2ciuuy + 3cou2)
so that (3.1) reads
Jfo+ Lou + Qo) =0.

Note that Qy is of the form

Qow =Y ¢ @w@lu (3.4)

0<i+j<4

with the coefficients qi(oj) satisfying

0
Yool =c, (3.5)
0<i<2,0<j<3
0<i+j=<4
where the constant C depends clearly on |cg], . .., |c3]|. In particular, this implies that for all

u € Hy one has the following.

QL. 1QoW)ls—o S o Hul?
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Q2. [0,W)[hls—o S o *ulslhls

‘We now fix the constants

1
L > max {1, f} ,
n
1_ —n
Yo < EV» Yo =0 =2"y1, n>1
1 60_ 3.6
o= omin{(S—), 1}, opi= ol wx1, G0
8 2n2
so=S8S—o0-1, Sy =S-1—060,-1, n>1,
_yn 3
e 1=gpe X, xX=3
where g is such that
01| fls = €507 | fols < eo. (3.7)
Introduce
aw) = [ [a+1alPey). veezy. (3.8)

ielN

We also set O .= Dy and

(9<°>:={weD7: lw - e+j|>% VeeZ®, jeN, (Z,j);é(0,0)}. (3.9)

Proposition 3.1 There exists t, 11, T2, 13, C, €o (pure numbers) such that for
e0 < ole 0 ¢, (3.10)
forall n > 1 the following hold.

1. There exist a sequence of Cantor sets O™ € O"~Y n > 1 such that
PO\ oMy < 1. (.11
n

2. Forn > 1, there exists a sequence of linear, invertible, bounded and symplectic changes
of variables defined for o € O~V of the form

Tyv(@, x) = (1 + M) (g + 0™ (9), x +EM (g, x) + p™(p))  (3.12)
satisfying

R Ll ol (3.13)

e
Sn—1—0n—1" Sp—1—0n—1" Sp—1—0n—1 lgn 1

for some constant C > 0.
3. For n > 0, there exists a sequence of functionals F,(u) = F,(w, u(w)), defined for
w € OV of the form

Fo(u) = fu+ Lopu + Qn(u), (3.14)

such that
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(a) Ly, is invertible for € O™ and setting
hy ==L, f,

there exists r, = 1, () € H(T® ) such that

Sp—1—30,—

Fu(u) = v, T, " Fyoy (hyey + Thw),  n> 1,

on=n - ,Co,_
l
Sp—1—30p-1 = Gn le " En—1

ltn — 1]
d) fu = fule, x) is a given function satisfying

on=n —4
[/l S

Sp—1—20p—1 ~ g nz 1

2
n—18n—1-
(¢) Ly, is alinear operator of the form

Ly=w- a(p + (1 + Ap)dxxx + Bu(@, x)3x + Cp (o, x)

such that
1 _
7/ B, (¢, x)dx = b,
2w T
and forn > 1

(n—1)
|Ay — An71|0 <0, r%ngn len—1,

on=n - Co,

|Bn - Bn_llsn—l_3alz—l 5 O-n ¢ " 18 n—1
on=n 2] Ca

|C — Cpz 1|571 —30,_ 150' " 15 n—1-

(d) Qy is of the form
= > 4 0EmEw

0<1+] <4

with the coefficients qi(z? (¢, x) satisfying (3.5) for n = 0, while forn > 1

(n), 0= 1
Z |11|Yn13ffnl—cz2

0<z+/<4
() (n—1),00=1 73 ,Co,,
;7 =i lo1—30, S Op_i€ " e,
4. Finally one has
om
|hn|5n = én
Moreover, setting
O .— m O(n),
n>0

and

n
un:ho—i-ZT]o...oTjhj.
j=1
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then
Uso := lim u,
n—oo

is well defined for w € O, belongs to Hy, and solves F(uso) = 0. Finally the O has
positive measure; precisely

PO®)) =1 - 0(p). (3.26)

From Proposition 3.1 our main result Theorem 1.3 follows immediately by noting that
(3.7) and (3.10) follow from (1.7) for an appropriate choice (S — 5).

Remark 3.2 Let us spend few words on the strategy of the algorithm. At each step we apply
an affine change of variables translating the approximate solution to zero; the translation is
not particularly relevant and we perform it only to simplify the notation. On the other hand
the linear change of variables is crucial.

In (3.14) we denote by f,, the “constant term”, by L, is the “linearized” term and by Q,
the “quadratic” part. In this way the approximate solution at the n-th step is h, = —L,; Lf,.

In a classical KAM algorithm, in order to invert L, one typically applies a linear change
of variables that diagonalizes L,; this, together with the translation by £, is the affine change
of variables mentioned above, at least in the classical KAM scheme.

Unfortunately, in the case of unbounded nonlinearities this cannot be done. Indeed in order
to diagonalize L, in the unbounded case, one needs it to be a pseudo-differential operator.
On the other hand, after the diagonalization is performed, one loses the pseudo-differential
structure for the subsequent step. Thus we chose the operators 7}, in (3.12) in such a way that
we preserve the PDE structure and at the same time we diagonalize the highest order terms.

In the [1]-like algorithm the Authors do not apply any change of variables, but they use
the reducibility of L, only in order to deduce the estimates. However such a procedure works
only in Sobolev class. Indeed in the analytic case, at each iterative step one needs to lose
some analyticity, due to the small divisors. Since we are studying almost-periodic solutions,
we need the analytic setting to deal with the small divisors. As usual, the problem is that the
loss of the analyticity is related to the size of the perturbation; in the present case, at each
step L, is a diagonal term plus a perturbation O (g9) with the same ¢ for all n.

A more refined approach is to consider L, as a small variation of L,_1; however the
problem is that such small variation is unbounded. As a consequence, the operators 7, are
not “close-to-identity”’. However, since F), is a differential operator, then the effect of applying
T, is simply a slight modification of the coefficients; see (3.20) and (3.22). Hence there is a
strong motivation for applying the operators 7;,. In principle we could have also diagonalized
the terms up to order —k for any k > 0; however the latter change of variables are close to
the identity and they introduce pseudo-differential terms.

3.1 The Zero-th Step

Item 1., 2. are trivial for n = 0 while item 3.(b), (¢), (d) amount to the definition of Fj, see
(3.2), (3.3), (3.4). Regarding item 3.(a) the invertibility of Lg follows from the definition of
OO Indeed, consider the equation

Loho = — fo (3.27
with
(folg,))x =0
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we have the following result.

Lemma 3.3 (Homological equation) Let s > 0,0 < o < 1, fy € Hyrg, @ € OO (see
(1.6)). Then there exists a unique solution ho € H of (3.27) . Moreover one has

(0) _ T T
ol S v~ texp( = 1 ()1 /1o

o o
for some constant Tt = t(n) > 0.

Remark 3.4 Note that from Lemma 3.3 above it follows that there is C( such that a solution
ho of (3.27) actually satisfies

(0) —H
ol S €7 | flstor (3.28)
where we recall that by (3.6), © > max{l, %}. Of course the constant Cy is correlated with
the correction to the exponent %

From Lemma 3.3 and (3.27) it follows that A is analytic in a strip so (where S = so+o0_1
is the analyticity of f, to be chosen). Moreover, by Lemma 3.3 the size of Ay is

(0) -
ol ~ €71 | fols (3.29)

proving item 4. for | fo|s small enough, which is true by (3.7).

3.2 The n 4 1-th Step

Assume now that we iterated the procedure above up to n > 0 times. This means that we
arrived at a quadratic equation

Fo(u) =0, Fy(u) = fo+ Lou + Qn(u). (3.30)

Defined on O”~V (recall that OV = D,).
By the inductive hypothesis (3.22) we deduce that forall0 < s —o < 5,1 —30,_1 one
has

(n—1) _ (n—1)

10,2, <o~ (w9 )2 (3.31a)
(n—1) _ (n—1) (n—1)

10, <o 8" n? (3.31b)

Moreover, again by the inductive hypothesis, we can invert L, and define &, by (3.15).
Now we set

Fup1(v) = tai1 T, FuChn + Tg1v) (3.32)

where
T —( (n+1) (n+1) (n+1) (n+1) 333
n1v(g, x) = (1+E" (e + 0p" D (@), x + 7D (0, x) + p"TD(p)) (3.33)

and r;, 11 are to be chosen in order to ensure that L, | := F,: +1(0) has the form (3.18) with
n~>n+1.
Of course by Taylor expansion we can identify

o1 = rn+1Tn7_|_11(fn + Ln(hy) + On(hy)) = rn+17;;_11 O (hn),
Lpy1 = rn+1Tn_+11 (Ln + Q;,(hn))Tn+l
On+1(v) = rn+1(7-;;_11(Qn(hn + Tht1v) — On(hy) — Q;,(hn)TnJrlv))

= In+l Tn_Jrll On(Ty41v).

(3.34)
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Remark 3.5 Note that the last equality in (3.34) follows from the fact that the nonlinearity Q
in (1.1) is quadratic. In the general case, the last term is controlled by the second derivative,
and thus one has to assume a bound of the type (3.31) for Q”.

In Sect. 4 we prove the following
Proposition 3.6 Assuming that

ey < ol Con” (3.35)

for some C > 0, there exist €D, g+D p0+D gpgy, | € H(TSS_, x Ty, —q,), defined
forall w € O and satisfying

1 (1) 1 (n)
|§;(n+ )|O |ﬂ(n+ )|0

Sp—0n’ Sp—0p? |p

1);0™ om - Co, "
) s It = 110, S 0, M ene (336)

such that (3.33) is well defined and symplectic as well as its inverse, and moreover

n+l T,;_ll (L, + Q;l(hn))Tn+l =w:- a(p + (1 4+ Apy1)0xxx + But1(@, x)0x + Cpy1(e, x)
(3.37)

and (3.19) and (3.20) hold withn ~ n + 1.
The assumption (3.35) follows from (3.10), provided that we choose the constants t, C
and €( appropriately.

We now prove (3.21) and (3.22) for n ~» n + 1, namely the following result.

Lemma 3.7 One has

Oni1 @) =t T, Ou(Tpiv) =t Y ¢ @, ) (@0)(0]v) (3.38)

0<i<2,0<j<3
0<i+j<4
, . (n+1) e pe
with the coefficients gq; f (¢, x) satisfying
- n+1
(n+1), 0" —I
Z |ql] |5n_3gn = ¢ 22 ’
0<i<2,0<;<3 I=1 (3.39)

0<i+j=4
(n+1) (n), O™ 0 Cot
la; ;" =4 lg—30, S O "€ En.
Proof By construction

Onpi) =tupr Y. Tha" (0. )@ T v)@{ i), (3.40)
T0<itj<4
Now we first note that

A (Typ1v) = EXT D00, ) + (1 + £, (0, y)

where

©,y) = (g + 0BV (@), x + "V (g, x) + p"+D(p)).
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Hence the terms 8)’; T, +1v are of the form

1
O Tug1v = 050(0, y) + Y _ g1i(p, )0 (0, y),
=0
(n) — (i (n)
181,119, S oy CFPg0TDIOT (3.41)

Inserting (3.41) into (3.40) we get

+1 —1 —1
‘11(,’:11 ) = Tn+l n+1611(’,2 + Z T,,+1(q1 . gm ]) + Z Tn+l gl,i)

i=0
(3.42)
-1
+ Z n+1(q,‘(,r.l/')gl,igm,j)
0<i<2,0<j<3
0<i+j<4
so that
1 — () _ 13

gV =T, 0" + 0E)). 1T 0G0 s, S 0y PeneCr . (3.43)

In order to obtain the bound (3.43) we used the first line of (3.22) to control the sums
appearing in (3.42).
Finally, since

T () —q:= A +E" (e, x) —q(©, y)

the bound follows. O
Now, by (3.31a) and (3.34) f,+1 = fu+1(e, x) satisfies
(n) —
1§ 2o, S 00 ter (3.44)

In Sect. 5 we prove the existence of a Cantor set O+ where item 3.(a) of the iterative
lemma holds with n ~» n + 1.

Proposition 3.8 Assume that
26T g, < 1, (3.45)

with t > 1. Setting Ag”'H) =1+ A, 41, there exist Lipschitz functions

Q("+l)(j) _ k§n+l)j3 + )\'gn"l‘l)j + r§”+]) (346)
satisfying
|)\§n+1) _ )\gn)|0<n>, | S;EO} |r](n+l) _ r](n)|o(n) < o_n—rgneCUu_M (3.47)
S

such that setting
g+ . [w € OW : |w. £+ QD (j) = Q)

3 3
- 2Yn41lj” — R

> s YeRD#EOh h)] (3.48)
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forw € EMD there exists an invertible and bounded linear operator M+

||M(n+1) _ Id”sf:frsl;l < O-JTgCUO_#gO (3.49)

such that
MDY= D — o dia (w.g+g2("+1> j ) 3.50
( )" Lny1 n+1 g ) (o hyeze T 0] (3.50)

The assumption (3.45) follows from (3.10), provided that we choose the constants t, C
and €( appropriately.

Remark 3.9 Note that in the context of [13] Proposition 3.8 is much simpler to prove, because
in order to diagonalize the linearized operator one uses tame estimates coming from the
Sobolev regularity on the boundary of the domain. Then the smallness conditions are much
simpler to handle. Here we have to strongly rely on the fact that L, is a ““small” unbounded
perturbation of L, in order to show that the operators M and M"*+1 are close to each
other. This is a very delicate issue; see Lemma 5.2 and Sect. 5.3, which are probably the
more technical parts of this paper.

Lemma 3.10 (Homological equation) Set

1jI? .
Ut = {w e O w4+ Q"V()| > pup1=— ag TED# 0.0 G5
For w € Q0D .— (fn+D n e+ o0 has
hatt ==Ly}  fas1 € Hs, ., (3.52)

and one has
O+ n om
|hn+1|5n+1 eXP 70, " In |f”+1|in+1+0n'

Proof The result follows simply by using the definition of O+ and applying Lemma A.7.

O
Of course from Lemma 3.10 it follows that,
(n+1) _ -
hstlS, S oy teCn ep (3.53)
Now we want to show inductively that
n 3
o, 4eCm " 2 < gpe "y = 5 (3.54)
for 9 small enough.
By the definition of ¢, in (3.6), (3.54) is equivalent to
g0 S ogn X" Gm0-Cn" (3.55)

Since the r.h.s. of (3.55) admits a positive minimum, we can regard it as a smallness
condition on &g, which is precisely (3.10).

We now prove (3.11) with n ~ n 4+ 1. We only prove the bound for the set £/ \ £+
The other one can be proved by similar arguments (it is actually even easier). Let us start by
writing
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gm \g(n+l) — U(z,j,j’)#(o,j,j) R, j, ),
Rt j, ) = [0 € £ 1w 4 QD (j) — QU ()] < 2,
Y J, ) € Z X (L0 x (Z\{OY), (6, ), /) # 0, . /). (356)

Lemma 3.11 Denote €|y as in (1.5) with n ~ 1. For any (£, j, j') # (0, j, j) such that
|1 < n? one has that R(¢, j, j') = 0.

Proof Let (¢, j, j') € Z° x (Z\{0}) x (Z\{O)), (€, j. j') # (0, j, j), |l <n*. 0 j = j,
clearly £ # 0 and R(£, 0, 0) = @ because w € Dy withy > 2y,,41; recall (3.6). Hence we
are left to analyze the case j # j'.

By (3.47), forany j, j' € Z\ {0}, j # j'

. n . n . n . — o P .
(20 = () = (27() = () |S o "ene 1 = 1. 357)

Therefore, for any w € gm
lo- €+ QU () — QDG > |w- £+ Q™ () — Q™ ()]

_ ’(Q(n+l)(j)_9(n+l)(j/)> _ (Q(n)(j)—Q(n)(j/))’

3 23
- 2yulj J"”1

- dac)

i3 _ 3
o 2atlJ” ="
- d)

where in the last inequality we used (3.6) and the fact that, by (A.4) one has

o, ) 3 ./3|

— Coy TeneCn |7 — )

(3.58)

anrgneCo{“ d(z) 5 o,’;fgileco',ru(] + nz)C(l)n 5 yozfn.

The estimate (3.58) clearly implies that R(¢, j, j') = @ for |£|; < n. ]

Lemma3.12 Let R(L, j, j') # 0. Then € # 0, |3 — 3] < €]l and]P’(R(E,j, j’)) < Bl

Proof The proof is identical to the one for Lemma 6.2 in [21], simply replacing j2 with j3.

[m}
By (3.56) and collecting Lemmata 3.11, 3.12, one obtains that
P(g(n) \€(n+1)) < Z Y+l Z Illfll%
~ o~ Ao
|e1=n? €1 =n?
L1/ I=ClI€l (3.59)
SIUEDY M0 < in?
~ /n+ A d(ﬁ) ~ /n+ .

where in the last inequality we used Lemma A.8. Thus (3.11) follows.
We now study the convergence of the scheme. Precisely we show that the series (3.25)
converges totally in Hs . Note that
Tl < a4+ 27y <21l (3.60)

s+o; — S+o;

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:1231-1267 1245

Thus, using (3.60) into (3.25) we get

n
(00) (c0) P (00)
unl® < kol + Y 2101 G4 o) (3.61)
j=1
Now since
o0
— _ 6(7_1 1
SHY =T+ ) =5 =) (3.62)

we deduce that us, € Hs. Finally by continuity
Fluso) = lim F(u,) = lim 7,77, ... T, Fy(hy) = 0.
n—0o0 n—0o0
so the assertion follows since (recall 5 := 550 — anl 0, and (3.62))

T T T F () € < 270 e

n n*

We finally conclude the proof of Proposition 3.1 by showing that (3.26) holds.
First of all, reasoning as in Lemma 3.12 and using Lemma A.8, we see that

PO) =1-0(n)
Then
IP’((’)(OO)) — p(@(o)) _ Z IP’(O(”) \ O(n+l))

n>0

so that (3.26) follows by (3.11). m]

4 Proof of Proposition 3.6

In order to prove Proposition 3.6, we start by dropping the index n, i.e. we set L = L,, (see
(3.18)) and Q = Q,(hy) (see (3.34)).
More generally, we consider a Hamiltonian operator of the form

LO=r49
L:=w-dy+ 130, + ai(p, x)dx + ao(g, x), (4.1)
Q :=d3(p, x)d; + da(, x)0} + di (9, X)dy + do(p, x)
defined for all @ € 2 C Dy, and A3, ap, ai, do . . . , d3 satisfy the following properties.

1. There is §p small enough such that
A3 = 11% < & 4.2)
2. Thereis p > O such thata; € 7‘[(’]1‘;O x T,) and
la;|§ <80, i=0,1 (4.3)
and moreover

1
A= —/ ai (e, x)dx “4.4)
2w T

i.e. it does not depend on ¢.
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3.dy...,ds € H('IFZO x T')) (note that by the Hamiltonian structure d» = 0,d3) and they
satisfy the estimate

\di|? < 8. (4.5)
for some § < min{dgp, p}.
Let us now choose ¢ such that 0 < { « p and
¢ 20« 1. (4.6)

for some 7’ > 0. We shall conjugate £ to a new operator %[ZJF with r = r(p) an explicit
function with

Li=w- 8, +270 +a; (0, 0)dc +af (9, %) (4.7)
with the coefficients satisfying
Ay =% <6 (4.8)

and
! — ]
Q —¢/ 200¢H )
lajt —aily o <t e L T o /Tal(tﬂ,x) dx. 4.9)

This will allow us to conclude the proof of Proposition 3.6.

4.1 Elimination of the x-Dependence from the Highest Order Term

Consider an analytic function « (¢, x) (to be determined) and let
Tiu(p, x) = (1 + ax (¢, X)) (Au) (@, x), Au(p, x) = u(p, x + a(p, x)).

We choose « (¢, x) and m3(¢) in such a way that

(A3 + d3(p, ) (1 + ax (g, X))3 =m3(¢p), (4.10)

which implies

a(p,x) 1= a;l[w—l], m)i= (55 [ (‘“)3
T

3 2n 3
(A3 + d3(¢. X)) A3+ ds(p. x))
4.11)
By (4.2), (4.5) and Lemma A.5 one has
Im3 — 2315, || <8 (4.12)

Note that for any 0 < ¢ < p such that 8{‘1 <« 1,by Lemma A.1, x — x + a(p, x) is
invertible and the inverse is given by y — y + (g, y) with
deHTY , xTypyg), [ . llf 6. (4.13)

A direct calculations shows that

A @, y) =u(p, y +@(p, ), T =1 +a,)A™! (4.14)
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and the following conjugation rules hold:
T alp, )T = A alp, x) A= (A" a) (g, y),
T T = (14 A7 @0)dy + (1 + @) A (@), (4.15)
T 'w-0,Ti =w- 9, + A (@ 9,0)dy + (1 + &) A (@ - paty).

Clearly one can get similar conjugation formulae for higher order derivatives, having
expression similar to (3.41). In conclusion

=0y + A7 [Ga + a3 (1 + a9}

(4.16)
+ ba(@. )3 + b1 (g, )y + bo(@, )

=w -3y +m3()d3 + b1 (g, )3 + bo(g, x)

for some (explicitly computable) coefficients b;, where in the last equality we used (4.10)
and the fact that 77 is symplectic, so that by (¢, x) = 29,m3(¢) = 0.

Furthermore, the estimates (4.2), (4.3), (4.12), (4.13), Corollary A.2 and Lemmata A.3,
A4 imply thatfor0 < ¢ < p

bl 5 S 80, |bi —aily 5, S¢778, forsome T > 0. (4.17)

4.2 Elimination of the ¢p-Dependence from the Highest Order Term

We now consider a quasi periodic reparametrization of time of the form
Tou(p, x) == u(p + wB(p), x) (4.18)

where 8 : Tz‘i ¢ ™ R is an analytic function to be determined. Precisely we choose A;r eR
and B(¢) in such a way that

(140 0,8@) =ms), 4.19)

obtaining thus
+._ = (-

where we recall the definition A.3. By the estimates (4.12) and by Lemma 3.3, one obtains
thatfor0 < ¢ < p

M —as1? S8 BT S et .21

By Lemma A.1 and (4.6) we see that ¢ — ¢ + wB(p) is invertible and the inverse is given
by ¥ = ¥ + wB(¥) with

B e HTY ). 1BIS 5 S e s (4.22)
The inverse of the operator 7 is then given by

T u@, x) = u@® + wp (), x). (4.23)
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so that
'YL =T (1 +w-8,8)0- 8y + T, (m3)03 + T, (b1)d + T, (bo)
1 (4.24)
= —L®
Y
where
LD = w3y + 178+ c1(9, )3y + co(9, x),
1 AT

= @D _23 (4.25)

L' (1 4w-0,8) T my)
¢i=xT, (b)), i=1,0.

Therefore by the estimates (4.12), (4.21), (4.22) and by applying Corollary A.2,
Lemma A.5, and (4.6), one gets

lr—1/%2,<s

Pt~
_ (4.26)
le; — ai|§7§54_16C05 “s, i=0,1.

4.3 Time Dependent Traslation of the Space Variable

Let p: T;{z ¢~ R be an analytic function to be determined and let

Tu(p, x) == u(p, x + p(p)). withinverse T3 'u(p,y) =u(p.y — p(p)). (4.27)
Computing explicitly
L3 .= 73—1£(2)T3 =w- 0y + )»;'83 + a?‘(q), X)0y + a(')"(go, x),
af ==w-dp+ T ), af =T (o),
and by (4.4) one has

(4.28)

1 1 _1
g/T?; (e, y)dy = Zn/qrc’l(so,X)dx
1 1
= 7/ a1(<p,X)dX+f/(C1 —ap)(p,x)dx (4.29)
2w T 2w T

1
— +—/<c1 a1 (g, x) dx.
27 T

We want to choose p(¢) in such a way that the x-average of d; is constant. To this purpose
we define

_ 1
p@)i= @37 (e —a - o [(@—an@nax] @30
T JT
where for any a : T3® x Ty — C, (a)y, is defined by
1
(@)p.x = —/ / a(p, x)dpdx

“ET @) Jp e

(recall the definition A.3). By (4.26) and Lemma 3.3 one gets

_, (4.6)
IS 5 ST < 4.31)
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Moreover
1
W= o [ diendx =+ (e - o, 4.32)
2 T

Finally using (4.26), (A.2) (with &, = 7;1), (4.31), one gets
lait — |, S¢S, (4.33)

for some v/ > 0.

4.4 Conclusion of the Proof

We start by noting that 7:= 73 o 75 o 7} has the form (3.33) with p®*+D) = p, g0+D = g
and 5(”+1)(<p,x) = a(p + wB(p), x + p(p)). Hence, setting r := r,41, p 1= §, — Oy,
8= 0;48,1, 8o := 2¢p and ¢ := o, we denote

1 +An+l :)";7 ’ Bl’l+1((p’x) = afL((pax)’ Cﬂ+l :a(]+((pa-x)»

and thus Proposition 3.6 follows. O

5 Proof of Proposition 3.8

In order to prove Proposition 3.8, we start by considering a linear Hamiltonian operator
defined for w € O € D, of the form

L= LM3,a1,a0) = -8y + 133; + a1(9, x)dx + ao(g, x). (5.1

‘We want to show that, for any choice of the coefficients A3, a1, ap satisfying some hypothe-
ses (see below), it is possible to reduce L to constant coefficients. Moreover we want to show
that such reduction is “Lipshitz” w.r.t. the parameters A3, a1, ag, in a sense that will be clarified
below.

Regarding the coefficients, we need to require that

or S

m
ai=Y a®, 1a|9 <& Vk=0.....m i=01,
k=0

I3 — 119 < 8, (5.2)
m

k k
A= A(a)) = ZA§ W=

—/ aik) (¢, x) dx = const.
k=0 T

21

forsome0 < ... < py <...<ppand 0 < ... K 8, K ... K §y K 1 so that there is a
third sequence ¢; such that 0 < ¢; < p; and

Z {';recqﬂl &; 5 80, (5.3)

i>0

for some 7, C > 0.
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5.1 Reduction of the First Order Term

We consider an operator £ of the form (5.1) satisfying the hypotheses above. We start by
showing that it is possible to reduce it to constant coefficients up to a bounded reminder, and
that such reduction is “Lipshitz” w.r.t. the parameters 13, ai, ap.

Lemma 5.1 There exists a symplectic invertible operator M = exp(G), with G = G(,3, ay)
and an operator Ro = Ro(r3, a1, ap) satisfying

m
G= Zg<'>, 1GONS _y < i

5.4)
R, ZR(I) ”R(i)”O < T Cg‘.*“&
0= 0 pl-fgl-Nf,' e " 0j
for some C, t > 1, such that
Lo:=M"LM=w-dy+r30] + 118, + Ro. (5.5)
Proof We look for G of the form
G = my &g, )o; !
and we choose the function g(¢, x) where g = g(A3, a;) in order to solve
3030xg(p, x) + ai(p, x) = Ay. (5.6
By (5.2), one obtains that
Lo 11— ai (5.7)
= —a .
g T 1 1
and therefore
(@) (@)
§=D & 8 =500 [A —a ]
Z S b (5.8)

|gi|pi Séi, i=0,...,m.

Of course we can also write the operator G := ﬂOLg(go, xX)oy 1 — Z:":O G; where G; =
nolg,- (o, x)a;‘ and one has

IGNIS S8 i=0,....m. (5.9)

Again by (5.2), defining P := a;dx + ag, one has that P = Z,m:() P;, where P; =
(1)8 + a(l) satisfies

1209, < (5.10)
Therefore
Lo=MT"LM=e%0 8,e9 + r3e 9939 + e IPeY
:w-8¢+)\38§’+(3A3gx+a1)3x+7€0 (5.11)

5.6
20 - 0y +)»333 + 110y +Ro
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where
Ro := (e_ga) . Bweg —w- 8¢,) + A3 (e_gafeg -9 - 3gx8x) + <e_gPeg — 73) + ap.
(5.12)

Then (5.3), (5.9), (5.10) guarantee that the hypotheses of Lemmata A.10-A.11 are verified.
Hence, we apply Lemma A.10-(i7) to expand the operator e~9PeY — P, Lemma A.11-(ii) to
expand e 993eY — 83 — 3g,9, and Lemma A.11-(iii) to expand e Y - 3,69 — w - d,,. The
expansion of the multiplication operator ay is already provided by (5.2). Hence, one obtains
that there exist C, T >> 1 such that (5.4) is satisfied. O

We now consider a “small modification” of the operator £ in the following sense. We
consider an operator

L =L0T,af af) =08, + 238 +a (0, )8, +af (@, x) (5.13)
with
%/;Tar(w, x)dx = A =const, |a;" —ailp,,,. AT — A3l S 8my1.  (5.14)
Of course we can apply Lemma 5.1 and conjugate £ to
Ll i=w-d,+2T0) + 2T + RS (5.15)

with R(J)r a bounded operator. We want to show that E(J)r is “close” to Lo, namely the following
result.

Lemma 5.2 One has
_ K
p"i - )‘1| S 8m+1’ ”Rg - RO”PrnJrlfngrl fS é"nilgcgrn+18m+l. (516)

Proof The first bound follows trivially from (5.14). Regarding the second bound one can
reason as follows. As in Lemma 5.1, er can define Gt := nolg‘* (o, x)a;l with

1
+._ —1[+ _ +
¢ = [+ —af] (5.17)
so that
1GT = Gllpmsr.—1 S Smt1- (5.18)

Defining Pt= afax + aO+ and recalling that P := a9, + ao, by (5.14), one gets
1P = Pllomsrl S Sma1- (5.19)

The estimate on R:{ — Ry follows by applying Lemmata A.13, A.14, and by the estimates
(5.14), (5.19), (5.18). O

5.2 Reducibility

We now consider an operator Ly of the form

Lo = Lok, 23, Po) :==w -9y, + Do+ Po (5.20)
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with Py a bounded operator and

Do = Do(hi1, 43) = idiag ez 0)R00).  Q0(j) = —A3j° +A1j. j € Z\ {0},
(5.21)

and we show that, under some smallness conditions specified below it is possible to reduce it
to constant coefficients, and that the reduction is “Lipschitz” w.r.t. the parameters A1, A3, Po.

In order to do so, we introduce three sequences 0 < ... < p; < ... < pp, 0 < ... K
Oy K ... K 8pand 1 €« Ng < Ni < --- and we assume that setting A; = p; — p;j4+1 one
has

Z AN s < 6, (5.22)

i>0

e Nebkgy 4 OO 52 27Ky, (5.23)
-

8 < (14 Ny~ (5.24)

and
A =119, 1119 < 8o,
m
. . ) (5.25)
Po:=Y Py IPYIS <8 i=0.....m,
i=0
for some 7, C > 0.
We have the following result.

Lemma5.3 Fix y € [y/2,2w]. Fork = 0, ..., m there is a sequence of sets E C &
and a sequence of symplectic maps ®y. defined for v € Er11 such that setting Ly as in (5.20)
and fork > 1,

Li= & L1 Ppy, (5.26)
one has the following.
1. Lx is of the form
Ly =w- 9, + Dy + P (5.27)
where

e The operator Dy, is of the form

Dy = diagjezy 10y 2% (), S (j) = Q0(j) + re(j) (5.28)
with ro(j) = 0 and for k > 1, ri(j) is defined for w € & = O and satisfies
k=1
sup |r(j) — -1 (D€ < 1 Y27 (5.29)
JEZ\(0) P

e The operator Py is such that

m k
for O<k=m, Pe=Y PO PPN <8 277, Vi=k,....m.
i=k i

<
Il
-
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2. One has ®y_1 = exp(Wr_1), such that

AP k—1) ,Ek— ATH
W15 < 2 PP 5t < ey (531)

3. The sets & are defined as

y1i* = i?l

V(. j.J) # O, ). el < Nk_l}.

Proof The statement is trivial for k = 0 so we assume it to hold up to k < m and let us prove
it for k 4 1. For any ®; := exp(¥) one has

Lip1 = O Ly ®p = w- 3y + Dy + w - 9 Wi + [Dy, Wil + HNkP,({k) + Pry1 (5:33)
where the operator Py is defined by

Adfl’,k (@ 3y + Di)

m
. B .
Pr1 = HJ]\‘,k’P,(( )+ Z + Z e ka,(:)elp"

!

p>2 P i=k+1

Ad? (P(k)) (5.34)
% k
+ Z T.
p=1
Then we choose W in such a way that

© - 0, + (D, Wil + Ty, P = 2,

(5.35)

. k)\J
24 = diag ez 0y (P)](0).
namely for w € 41 we set

) P ©
(WO} (O = {i(w- €+ () — ()’

V(€ j, ) # O, ). 1y = Ni,

0 otherwise.
(5.36)
Therefore,
.y k)i’
(W) (O] S AOIPT (D)), VYo € &g (5.37)
and by applying Lemma A.6, using the induction estimate (5.30), one obtains
(5.30)

& - k -

Il S e IPONG S e s, (5.38)

forany ¢ < pg.

We now define the diagonal part Dy .
F . ©yi gy < plyce 2V
orany j € Z \ {0} and any w € & one has [(P; )j(O)I S WP Nlpe < Ok The

Hamiltonian structure guarantees that ’P,((k) (0)'}’: is purely imaginary and by the Kiszbraun
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Theorem there exists a Lipschitz extension @ € O — izx(j) (with zx(j) real) of this
function satisfying the bound |z (j )|© < 8. Then, we define

Di41 := diangZ\{()}Qk+l(j),
Q1) = () + 2 (j) = Qo) +re+1(j), Vj € Z\{0}, (5.39)
re1(J) == re(j) + 2 ()

and one has
(5.30) K .
1 () = reDIC = 1D < 1PN 7= 6y 27 (5.40)

which is the estimate (5.29) at the step k + 1.
We now estimate the remainder Py in (5.34). Using (5.35) we see that

ALz -y PRy 2
Pest = Mg, PP+ 57— E 4

p! .
p=2 i=k+1
ol (5.41)
N Z Ady, P,
P
p=1
Denote
m
Pr+1 = Z 73,((’_2_1 where
i=k+1
Adly (2 - Ty, PY)
R T L i e
=2 p: (5.42)
k
Adl, (PY)
+ Z p! ’
p=1
PO = e PPeM =42, m
1 = k , = s
ESTIMATE OF P,(CH, i =k+2,...,m. By the induction estimate, one has
” —\I/k'])(l) Wy ||£k+l < ||P]((l) ”gf + ”73]((1) _e—\Pk'P]Ei)e\I/k”‘Zerl
k k+1
(5.23) (5.43)
<& Y2 ISP S 8 Zz I
j=1

ESTIMATE OF P,((Ifll) We estimate separately the four terms in the definition of P,(clfll) in

(5.42). By Lemma A.9-(ii), one has

Iy, PONGE < oMb P16 < o Nebiyy, (5.44)

Pk+1 ~

By applying (A.7) and the estimate of Lemma A.9-(ii7), one obtains

r—1 (k) _
d\y (Zk nNkPk ) Ekr ce 1 Ert1 p—1 ) 1 &
3 e (21 e L ol 7
e Pt S p: (5.45)
& k 2
SIS PR G < o2 67
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and similarly

Ady PhYy g —u
H P ( 2™ < oot 52, (5.46)
m>1 Pk+1
In conclusion we obtained
k
IPERD NG < CleMdhgy 4+ CeCa" 8 gy Y27 (5:47)
j=1

where C’ is an appropriate constant and the last summand is a bound for the term
e~ P,(fﬂ)e‘l’k, which can be obtained reasoning as in (5.43). Thus we obtain

k+1
k &
PV I < S Z 27 (5.48)
provided
» k A k1
Cle Mg 4 Cle™" 82 45141 Y 277 <8 Y277,
j=1 j=1

which is of course follows from (5.23). ]

Now that we reduced Ly to the form £,, = @ - 9, + D, + P, we can apply a “standard”
KAM scheme to complete the diagonalization. This is a super-exponentially convergent
iterative scheme based on iterating the following KAM step.

Lemma 5.4 (The (m + 1)-th step) Following the notation of Lemma 5.3 we define

Emy1 = {w €&m - L+ Qu(j) — () = M
da)
V(L) # O )y 1y = N
and fix any ¢ such that
e NnE s, +eCC T8 & Sy (5.49)
Then there exists a change of variables ®,, := exp(V,,), such that
W [ < e85, (5.50)

Pm—C N
which conjugates L, to the operator
Lyy1 =9y + Dyt + Py

The operator Dy, 11 is of the form (5.28) and satisfies (5.29), with k ~» m + 1, while the
operator Py, 41 is such that

1P+t 1574, < St (5.51)
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Proof We reason similarly to Lemma 5.3 i.e. we fix W, in such a way that

w - a(;)\Ilm + D, Y] + I—IN,,,,Pm = Zp,

) j (5.52)
Zyp = diag ez, (o) (Pm)j(o),
so that we obtains
Em —® -
Wl S e NPl S e 6, (5.53)

for any ¢ < py,. ‘
Now, for any j € Z \ {0} and any w € &, one has I(Pm)j. ) < IIPmllijz <26,,. The

Hamiltonian structure guarantees that P, (O)'j’: is purely imaginary and by the Kiszbraun
Theorem there exists a Lipschitz extension w € O — iz, (j) (with z,,(j) real) of this
function satisfying the bound |z, ( j)lo < 8. Then, we define
D1 := diag ez, 0y m+1())s
Qut1(J) == Qu(j) + zm () = Qo () + rmt1(j), Vj € Z\ {0}, (5.54)
Fm+1(J) == rm(j) + z2m (J)

and (5.29), with k ~» m + 1.
In order to obtain the bound 5.51 we start by recalling that

-1
Pt =I5 P+ Y Ad, (Zmp'_ I, P) > Adl“:;fpm), (5.55)
p>2 ’ p>1 ’
so that reasoning as in (5.47) we obtain
Pt 57, < Cle™Mns,, + e 82, (5.56)
and by (5.49) the assertion follows. O

We now iterate the step of Lemma 5.4, using at each step a smaller loss of analyticity,
namely at the p-th step we take ¢, with

> w=¢
p=m+1
so that we obtain the following standard reducibility result; for a complete proof see [21].
Proposition 5.5 Forany j € 7.\ {0}, the sequence Q. (j) = Q0(j) + rx(j), k > 1 provided

in Lemmata 5.3, 5.4, and defined for any w € O converges to Qoo (j) = Q0(j) +roo(j) with
700 () — re(DN® < 8k. Defining the Cantor set

. . , o P =5 - .
o =10 €0 o €+ Qoo (j) — Qoo(j)] = —an Y, j,j) #O, 7, ))
(5.57)
and
Loo =0y + Doy, Doo:= idiag ez 10y Qoo (/) (5.58)
one has Eso € Ng=0&k-
Defining also
&Sk = ®dgo...0o D, with inverse &5;1 = @;1 0...0 d>51, (5.59)
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the sequence CT)k converges for any w € Ex to a symplectic, invertible map ®~, w.r.t. the
norm || - ||i;°_2§ and | ®Z! — Id”i: < 80. Moreover for any w € Ex, one has that

_24— ~
O LoPoo = Loo.

5.3 Variations

We now consider an operator
L =Lo 2. PY)=w-3,+Df +P;.
D§ = 230; + AT 0y = idiag; ez 0,20 (1) (5.60)
Qi) =23+ A7), jez\{o).
such that

+ + +
A =219 I =319 P = PollS, L, < (5.61)

where £, A1, A3, Py are given in (5.21) and O C O. In other words, Ea’ is a small variation
of Ly in (5.20) with also m ~ m + 1.

Of course we can apply Proposition 5.5 to £ ; our aim is to compare the “final frequencies”
of Eg‘o with those of L.

To this aim, we first apply Lemma 5.3 with £ ~~ E:{ and y ~» y4+ < y. In this way
we obtain a sequence of sets 8,‘: c Sktl and a sequence of symplectic maps @,j defined for
w € S,j 1 such that setting £(J)r as in (5.60) and

Li =@ Lio1Ppi, (5.62)
one has
Lf=w 0,+Df+P/, k=<m+]1, (5.63)
where
Df :=diagjcz\ )2 (1), QF () = Q5 () +rf () (5.64)

The sets S,j are defined as 80+ := OF and fork > 1

-3 +/3
& = {w €&, o+ 9 () -G = yeli” =%
dco) (5.65)
V() # O] ) 1) < Neea .
Moreover one has dDI:lI = exp(\llktl), with
& —n
I g S eC2 18 (5.66)
The following lemma holds.
Lemmab5.6 Forallk =1,...,m+ 1 one has
&NE
IPE = Pillge * < Sms1 (5.67a)
. . +
Ird () = me(NIPCT < S (5.67b)
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and

Skﬂg,f

I = Wil © S Smts (5.68)

Proof We procede differently fork = 1,...,mandk =m + 1.
For the first case we argue by induction. Assume the statement to hold up to some k& < m.
We want to prove

Er1NES
W5 = el < S (5.69)

By Lemma 5.3, one has for w € S,:rl

) «H™) @
WO O = Vi(w- €+ 2 () — 2 ()’

V(€ j,j) # O, ). ey < N,

0 otherwise,
(5.70)
and direct calculation shows that for w € &1 N 8,? 1> 0one has
[(QF () — G = Q) — G| < 8w lj® — 57 (5.71)

and hence
] ) = @] O < 5,080 (PP (0105
+ APV (0 — (PH®) o)+,
(5.72)

Therefore, reasoning as in (5.37)—(5.38), one uses Lemma A.6, the smallness condition
(5.23) and the induction estimate (5.67a) so that (5.69) follows.
Now, from the definition of 74 in (5.39) it follows

It () = rept (DI < 8,00, (5.73)

and by Kiszbraun Theorem applied to r,j 1) — re+1()), (5.67b) holds.

The estimate of 73,:_1 — Pr+1 follows by explicit computation the difference by using the
expressions provided in (5.41), using the induction estimates (5.30), (5.67a), the estimate
(5.69) and by applying Lemma A.12.

For k = m + 1 the proof can be repeated word by word, the only difference being that
W, is defined in (5.52) while \Dn“; is defined in (5.36) with k = m. ]

5.4 Conclusion of the Proof

To conclude the proof of Proposition 3.8 we start by noting that, setting O appearing in (5.2)
as O™ appearing in (3.11), the operator L, | appearing in (3.18) with of course n ~ n + 1
is of the form (5.1) with

A3 =14 Ayt
k

a? (¢, x) = Bry1(p, x) — Bi(g, x),
k

a? (@, x) = Cry1(@, x) — Crlg, x).

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:1231-1267 1259

Moreover from (3.20) we have

_ —n
S =0y, 26%% gy, Pk = Sk — 30%

where sy, oy and ¢ are defined in (3.6), so that L, satisfies (5.2) with m = n. Thus, fixing
sk =0k, 20 =o0y,

the smallness conditions (5.3) follows by definition. Hence we can apply Lemma 5.1 to L,

obtaining an operator of the form (5.5). In particular the conjugating operator M satisfies

_ —u
IM—14)¢ Sop Pe g

Sp—30, ~
We are now in the setting of Sect. 5.2 with

s
—13 e2C(7k

Pk =Sk —4ox, & =0y &k

for some 3 > 0. A direct calculation shows that the smallness conditions (5.22), (5.23),
(5.24), (5.49) are satisfied provided we choose Ny appropriately, so that we can apply Propo-
sition 5.5.

In conclusion we obtain an operator M, +; = M o @, (recall that M is constructed in
Lemma 5.1) satisfying (3.49), (3.50), where Q"D () := Q4 (j) and "D = £,,. Note
that in particular the functions QD J) turn out to be of the form (3.46).

Finally (3.47) follows from Lemmata 5.2 and 5.6 where £ has the role of L1 while £
has the role of L,. This means that here we are taking m ~» n — 1.
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A Technical Lemmata

We start by recalling few results proved in [21]. Of course, as already noted in [21]-Remark

2.2, all the properties holding for H (T, 0 £°°) hold verbatim for H (T2, » X Toqp, £2°).

In particular, all the estimates below hold also for the Lipschitz norms | - |f,2 and || - ||f,2. Given
two Banach spaces X, Y we denote by B(X, Y) the space of bounded linear operators from
XtoY.

Proposition A.1 (Torus diffeomorphism) Let o« € H(T2, ,, €°°) be real on real. Then there
exists a constant 8§ € (0, 1) such that if p~! ldloyp < 6, then the map ¢ +— ¢ + a(p)
is an invertible diffeomorphism of TS (w.rt. the £>°-topology) and its inverse is of the

form ¥ — ¥ + a(¥), where & € H(’]I‘Si 0, L%°) is real on real and satisfies the estimate
2

|&|g+§ ,S |05|<7+p-
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Corollary A.2 Given o € H(T5, ), £°) as in Proposition A.1, the operators

o H(TS, ). X) = H(TE, X)), ulp) — ulp + alp)),
Qg H(TY, ,, X) — H(TE, X), u(@) = u(@ +a()) (A.D)

o445’

are bounded, satisfy

Pl Pzl =1
B(H(Tgc+p,X),H(’]Pg°,X)> B(H(Tgc+p,x),H(Tg°,X))
and for any ¢ € TS, u € H(Tgoﬂ), X),ve H(Tgo+%, X) one has
Qg 0 Puu(p) =u(p), Poo Pzv(p) =v(p).
Moreover @ is close to the identity in the sense that
1o () —ulle S p~" el lttlotp- (A2)

Given a function u € H(T:°, X), we define its average on the infinite dimensional torus
as

1
de:= 1i —_— der...doy. A3
/Toou(fp) o= m oo /qu u(@)des ...don (A.3)
By Lemma 2.6 in [21], this definition is well posed and
/ u(p)de = u(0)
’]1"00
where u(0) is the zero-th Fourier coefficient of u.
Lemma A.3 (Algebra) One has |uvly < |uls|v|s foru, v € H(TY x Ty).
LemmaA.4 (Cauchy estimates) Let u € H(T3? , x Ts4p). Then [0%u|, <k p’k|u|d+p‘

LemmaA.5 (Moser composition lemma) Let f : Br(0) — C be an holomorphic function
defined in a neighbourhood of the origin Bg(0) of the complex plane C. Then the composition
operator F(u) := f ou is a well defined non linear map H(T x Ty) — H(TL x Ty)
and if |u|le < r < R, one has the estimate |F (u)|s < 1+ |uls. If f has a zero of order k at
0, then for any |u|, < r < R, one gets the estimate |F (u)|, < Iullf,.

For any function u € H(T$°, X), given N > 0, we define the projector ITyu as

Myu(p) = Y u(®)e™ and TMyu:=u — Myu.
|1, =N

LemmaA.6 (i) Let p > 0. Then

1
In|Z)p 7
sup [T+ (@)1 He < " ()

for some constant T = t(n) > 0.
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(ii) Let p > 0. Then
_1
Z 67P|Z|77 < er In (;)P ! s
LeZr

for some constant T = t(n) > 0.
(iii) Leta > 0. For N > 1 one has

sup [+ 0 1) < (1 + M@V (A4)
CeZ: [tlg<N ;
for some constant C (o) > 0 such that C(a) — oo as o — 0.

LemmaA.7 Givenu € H(T, X) for X some Banach space, let g be a pointwise absolutely
convergent Formal Fourier series such that

18@1x <[]+ @167 ulx.

for some ' > 0. Then for any 0 < p < o, then g € H(TS ,, X) and satisfies

S

7ln (L) I’
lglo— p=e ? |ut]
Proof Follows directly from Lemma A.6 and Definition 2.1. O

Lemma A.8 Recalling (3.8) and the definition of |£|1 in (1.5), one has

3 ler]
LB (A.5)
L7 ace)

Proof First of all note that for all £ € Z7_ one has

e < TJa+ e’

which implies

aO ~ TLA+ OGP |

Then we recall that (see [9])
3 v
[T+ @216
which implies (A.5). O

LemmaA.9 Let N,o,p >0, m,m' € R, R € H(T, B>™), Q € H(Tgo+pv Ba+p,m’)'
(i) The product operator RQ € H(T, B+ with [RQgmim <m 0" IRl gum
1QNlo+p,m- If R(w), Q(w) depend on a parameter v € Q C D, then RO

<
o,m+m’ ~M

p~ D RIL QIS - Ifm =m' =0, one has |[RQIZ < IRIFIQIE.

(ii) The projected operator ||HJ,\‘,R||U,m < e_”N||R||g+p,m.
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Given two linear operators A, B, we define for any n > 0, the operator Ad"A (B) as
AdYB) := B, Ad"}'(B) := [AdY(B), Al
where
[B, A] := BA— AB.
By iterating the estimate (i) of Lemma A.9, one has that for any n > 1
A (B)lls < C" I Allg 1Blls (A7)

for some constant C > 0.

LemmaA10 Let0O < ... < p, < ...< poand0 < ... K 8, K ... K 8. Assume that
Zizo 8; < 00, choose any n > 0 and let A and B be linear operators such that

n n
A=>"A B=Y B |Ally-1. IBillpa <8, i=0,....n
i=0 i=0

Then for any 0 < &; < p; the following holds.

(i) Foranyk > 1, one has
n
AdYB) = RY with
i=0
k — .
IR® Ny, < Ch&7'8 Vi=0,....n

(ii) Let R := e ABe? — B. Then
n
R=Y"Ri with |Rilp— 3¢ '8 Yi=0.....n
i=0
PROOF OF ITEM (i). We prove the statement by induction on k. For k = 1, one has that

n i—1
(B.A1=Y"R. R =B A1+ Y (1Bi. Ajl — [A:. Bj)).
i=0

Jj=0

Since for j < i one has that p; > p; and so all the terms in the above sum are analytic at
least in the strip of width p;. By applying Lemma A.9-(i) one has for any 0 < ¢; < p;

i
| B _ _
||R1( )”pi—{i S ¢; 1(81‘2+ z :Sisj) 5 g 18[ z :8./ ’S § 13[.
j=0 jz0

fori = 0,...,n. Now we argue by induction. Assume that for some k > 1, R .=
AdY(B) = Y RV, with

k — .
||R§)||Pi—§i chfi 151', i=0,...,n
for any 0 < ¢; < p;. Of course this implies that for all j < i one has

k —1 .
IRV - = Che7'05, i =0..om.
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By definition

Adlj4+1(8) — [R(k), ..A] — Z,R,Ek+l)7
i=0

REHD . [R®, AHZ (R, A1 = [AL RY), Vi=0.....n
j=0

Hence by applying Lemma A.9-(i) and using the induction hypothesis, one obtains

i—1
k+1 k k
IR = C(IRE g 14— + I IRl 1A 1
j=0
k
+ IR g 1A, )
i—1
<Cg'CEsi Y 8, = CCie ey 8 < Ctle s

j=0 j=0
PROOF OF (ii). One has
AdE(B) () & R®
e Bt — B= Z A @ ZR,- where R; = Z kl! ,
k>1 i=0 k>1
so that
(k) k
IR; || i~ Cy . _ _
IRillpgy < 3 85 o <Y e s
k>1 k>1
Therefore the assertion follows. ]

LemmaA.11 Let {p,}n>0 and {8,}n>0 as in Lemma A.10. Choose any n > 0 and consider
n
glo.x) =Y gilp,x), with g €My, lgilp <8, i=0,....n

Then the following holds.
(i) Consider the commutator [83, G where G .= nd‘g((p, x)a;‘. Then, one has

n
[0},01=3g,:0, + R, R:=Y Ri, where |Rilp— <S¢ 8. for 0<& < pi.
k=0

(ii) Let&p, 1, ..., ¢nsatisfying0 < 28 < p;, 0 < 0 —8n < pp=1—Cn—1 < ... < po— <o
and assume that ) ;- ¢ i738,~ < 00. Then, one has

n
e 903" =0} +3g,0,+R, R=> Ri, [Rillp2g S¢ '8 i=0.....n
i=0
(iii) Let¢o, C1, ..., Cy satisfying0 < & < p;, 0 < pp—&n < pn—1—Cn—1 < ... < po— Lo
and assume that ) ;- {l._IS,- < 00. Then

n
e 9w 3 =w 9, +R, R=D Ri, |Rilpg S '8 i=0....n
i=0
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Proof PROOF OF (i). One has

[0, 75 g0, "1 = 7y (3gxdx + 38ux + Guxxdy ') = 3gxdx + R,

n
R = ZRia Ri = nd_(3(gi)xx + (gi)xxxax_l) — 3m0(gi)x0x

i=0
Therefore
I1Rilloi—c; S &8
PROOF OF (ii). In view of the item (i), it is enough to estimate
3 A6 Adk(83)
e k!
Let
n
=[87.01 =3g:0: + R =) B Bi:=3(g)dx +Ri. i=0.....n,
] =0 (A.8)
g= Zg,-, G = JTOLg,'(w,x)B;] i=0,...,n.
i=0
One has
1Billpi—cit S &8, i=0,.. (A9)

1Gi o~ —1 < 1Gillor1 S il 5 8§ <¢ 78, i=0,....n
For any k > 2 one has
Adg(37) = Adg (12}, ) = Adg (B,

hence, we can apply Lemma A.10 (replacing p; with p; — ¢; and §; with {i_38i) obtaining

n
Adk@)) =Y RY

i=0
where Rl(k) satisfies
k — .
IR® Il py2e; < Cke 7%, i=0,...,n (A.10)
and hence by setting
Ad- (33) u

R=) —— % ZR,»

k>2

item (i7) follows.
PROOF OF ITEM (iii). The proof can be done arguing as in the item (i7), using that

efg(w . B(p)eg

Adg ‘w 3,9
=00, _|_Z ( ), where (w - 9,0) :=ﬂd‘a)~3¢g(<p,X)3;1-

k>1
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LemmaA.12 Let A, A, B, By be bounded operators w.r.t. a norm || - ||, and define
My = max{[|Atllo, I Alle},  Mp:=max{l|B+lo, 1B} (A.11)
Then the following holds.
(i) Foranyk > 0, one has

IAdYy, (B+) — AdyB) o < CEMEMB(IIAL = Allo + 1B+ — Bllo)

for some constant Cy, > Q.
i)

e~ Bret — e ABet ||y < AL — Allo + 1B+ — Blly.

~

Proof PROOF OF (i). We argue by induction. Of course the result is trivial for k = 0. Assume
that the estimate holds for some k > 1. Then

A (B — AT (B) = Adu, (Ad’j4+ (B+)) — Ady (Ad’;l(B))
= Ady, (Ad’j4+ (By) — AdK, (B)) — Ady, 4 (Ad’;(B)).

Hence, by the induction hypothesis, using (A.11), (A.7) and Lemma A.9-(i), one obtains
that

IAdS (B1) — AdY Bl
S Ao IAdY, (By) — AdYB)lls + 1AL — Alls CH LA 1Bl
S CEMK M (1AL — Allo + 185 = Bllo) + C*ME MBI AL — Alls
< M M (1A — Allo + 1By — Bllo)

for some C, > 0 large enough.
PROOF OF (ii). It follows by item (i), using that

AdYy (By) — AdYy(B)

e_A+B+eA+ — e ABet = Z 0

k>0

LemmaA.13 Let A, AT, B, BT be linear operators satisfying
AL, —1, IAF N o, —1, 1Bl .1, 1B¥ 5,1 < Co.
Then the following holds.
(i) Foranyk > 1,
IAdy, (By) = AdYB)llp—c < C*¢ (144 — Allp.—1 + 1By — Bll.1)

for some constant C > 0 depending on Cy.
(ii) Setting R := e ABe? — B, and Ry := e~ A+ Bye — By, one has

IR =Rillp—c S ¢ (IA = Atllp—1 + 1B = Bilip1).
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Proof PROOF OF (i). We first estimate Ad 4, (By) — Ad4(B). One has
Ad g, (By) — Ada(B) = Ad 4, (By — B) + Adg, —A(B).
By Lemma A.9-(i), one has
IAdAB) o> IAdA, By S (A.12)
and
IAdA, (By) = AdaB)lp—r S ¢ (A = Asllp—1 + 1B = Billp1)- (A.13)

In order to estimate Ad’f4+ By) — Ad’;(B) = Adﬁ;ﬁl Adg, (By) — Adlj 'Ad A(B) for any
k > 2, we apply Lemma A.12-(i) where we replace B with Ad 4, (B ) and B with Ad 4(B),

together with the estimates (A.12), (A.13).
.. o AdYy (B1)—AdY(B)
PROOF OF (i7). It follows by (i) using that R, — R = Zk>1 ﬁ. O

LemmaA.14 Let g1, g € Hy, G = nOLg(w,x)a;‘, G+ = n&g+(<p,x)8x_l. Then the
Sollowing holds.

(i) The operators R := e’ga)?eg — 83 —3g,0y, Ry = e’g+83eg+ - 8)? — 3(g4+)x0x
satisfy IR+ — Rllp—¢ S ¢7T1g+ — gl for some constant T > 0.

(ii) The operators R := e Y- 8(,,eg —w- 0, and Ry = e 9w 8¢eg+ — w - 0y satisfy
the estimate |R4+ — Rl p—¢ S ¢ lg+ — &lp, for some constant T > 0.

Proof We only prove the item (i). The item (ii) can be proved by similar arguments. We
compute

=[83, 73 g0y 11 = 75 (3gx Oy + 3gux + guxxdy ) = 3g:0x + R,
Rp =75 Bgux + Grxxdy ) — m0(38x ).
By = [83, m578+9; 1= 75 (3(g4+)xd + 3(8+)xx + (8)xxxdy D) = 3(g4)xdx + R,
RB, =15 (3(g)xx + (81)xxxdy ) — T0(3(84)x ).

(A.14)
Hence
Adk (93) — Adk, (8)
g X g X
Ry—-R=TRp, —Rp+y —+ T
k>2
- 1 1 (A.15)
Ald) o Adg (B+) Adg (B)
—Rp+ Z
k>2

By a direct calculation one can show the estimates

1Blp—c1 S ¢ 1glos IBllo—eit S & 7018410,
1GIp,—1 S 18lps NG+1p,—1 S 18+1p, (A.16)
IR, = Rllo-c S ¢ I8+ = 8lps G+ —Gllp-1 S g+ — &lp-
The latter estimates, together with Lemma A.13-(i) allow to deduce
IAdg, ' (B1) — Adg ' (B)llp—¢ < C*¢ 77 Yk =2, (A.17)
for some constant T > 0. Thus (A.15)-(A.17) imply the desired bound. ]
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