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Abstract

Let E,, be the Legendre elliptic curve of equation ¥? = X (X — 1)(X — )). We recently proved
that, given n linearly independent points Py ()\),..., P, (A) on E, with coordinates in Q(\), there
are at most finitely many complex numbers )\ such that the points P; (Ag), ..., B, (o) satisfy two
independent relations on E),. In this article, we continue our investigations on Unlikely
Intersections in families of abelian varieties, and consider the case of a curve in a product of two
non-isogenous families of elliptic curves and in a family of split semi-abelian varieties.

1. Introduction

Let n, m be positive integers, and let £ denote the elliptic curve with Legendre equation
V2=XX-1)(X—-\). (1.1)
We consider an irreducible curve C C A2*+t27+2_ defined over Q, with coordinate functions
(Xty Vi e Xns Yo Ay Uty Vigewns Uy Vins 1)

such that, for every i = 1,...,n, the points £, = (x;, y;) lie on the elliptic curve E) and, for every
Jj=1,...,m, the points Q; = (u;, v;) lie on E,. We will assume that A, o = 0, 1 on the curve.
Therefore, C is not Zariski closed in A?"*2"+2_but it is locally closed.

We call R, and R, the endomorphism rings of E, and E,, respectively. These will be iso-
morphic to Z, unless we have a fixed elliptic curve with complex multiplication. For instance, if
M = i is constant on C and E}, has complex multiplication, then R, will be strictly larger than Z.
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1118 F. BARROERO AND L. CAPUANO

Suppose that, on C, the two elliptic curves E, and E,, are not isogenous (for instance, we must
have \ = p*!), and that the P; and Q; are independent, that is, there is no non-trivial relation
among them over R; or R,.

Now, as ¢ varies on C (C), the specialized points P, (c) and Q;(c) will be lying on the special-
ized elliptic curves E) () and E, (), respectively. We implicitly exclude the finitely many ¢ with
A(c) or uu(c) equal to O or 1, since in that case we have a singular curve.

It might happen that, for a certain ¢, the specialized points become dependent over R, or R,, or
an eventually larger endomorphism ring. We do not consider the latter case, and we will talk about
relations among the generic and specialized points always meaning relations over R; and R,.

In [1], we proved that, in case A is non-constant and the P; are independent on C, there are at
most finitely many ¢ € C(C) such that Pi(c),...,F,(c) satisfy two independent relations on Ej )
(see [22] for the case n =2).

In this article, we continue our program of studying Unlikely Intersections in families of abelian
varieties and prove the following theorem.

THEOREM 1.1  Let C C A T2"+2 e an irreducible curve defined over Q with coordinate functions
(X1, Vs oo Xis Vs As Uy Vis ooy Uy Vins 1), Such that, for every i = 1,...,n, the points P, = (x;, y;) lie
on Ey and, for every j = 1,...,m, the Q; = (u;, vj) lie on E,,. Suppose, moreover, that E, and E,,
are not isogenous and that there are no generic non-trivial relations among Py, ...,P, on E\ and
among Qi,...,Qn on E,. Then, there are at most finitely many ¢ € C(C) such that there exist
(ai,....a,) € R"\ {0} and (b, ...,b,) € R"\ {0} for which

atPi(¢) +-+a,B(c) =0 and b Qi(c)+ -+ bnQu(c) =0.

In case n = m = 1, the theorem says that there are at most finitely many points on the curve C
such that Py and Q, are simultaneously of finite order on the respective specialized elliptic curves.
This is nothing but the Proposition on p. 120 of [23]. Actually, Masser and Zannier deal also with
the case of a curve C not defined over the algebraic numbers. Note that if A and p are both con-
stant on C and n = m = 1, then the conclusion of the theorem is a special case of Raynaud’s
Theorem [32], also known as the Manin—-Mumford Conjecture.

For general n and m, in the case of two constant elliptic curves defined over the algebraic
numbers, the theorem follows from the recent work [13] of Habegger and Pila. Therefore, we can
suppose that at least one of the two parameters, say ), is non-constant and that R; >~ Z.

We also obtain a similar result for the fibered product of n copies of E, with G = (C*)"™. We
consider a curve C C A"+ x G™ with coordinate functions

(X1 Yps oo s Xns Yo A, Uy eyl

with A non-constant, such that, for every i = 1,...,n, the points P, = (x;, yi) lie on E, as above. As
the point ¢ varies on the curve C, the u; (¢) will be non-zero complex numbers.

THEOREM 1.2 Let C C A2t x G be an irreducible curve defined over Q with coordinate func-
tions (x, Vi oo Xns Yoo A, W, ...,Uy), A non-constant, such that, for every i = 1,...,n, the points
P, = (x;, y;) lie on E,. Suppose, moreover, that no generic non-trivial relation among Py, ..., P,
holds and that the w,, ...,u,, are generically multiplicatively independent. Then, there are at most
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UNLIKELY INTERSECTIONS IN PRODUCTS OF FAMILIES OF ELLIPTIC CURVES 1119

finitely many ¢ € C(C) such that there exist (a, ...,a,) € Z'\{0} and (by,...,b,) € Z™\ {0} for
which

aPi(¢c) +-+ayB(c) =0 and wu(c)u,(c) = 1.

Here, the case n = m = 1 (P, torsion and u; a root of 1) follows from work of Bertrand ez al.
[4]. In some special cases, Habegger et al. [12] recently gave an effective (but not explicit) bound
for the degree of the set of ‘special’ points, while in some more specific cases, Stoll [34] proved
emptiness, for example, there is no root of unity Ay = 1 such that (2, \/2(2 — X)) is torsion
onkE)y,.

Let us see a few examples. Consider the points
Pi(A) =(2, 22 - X)), P, (A\) =(3,J6(3—-1)),
on E, and
0i(A) = (2, 22+ X)), (V) =(3,J6(3+ 1)),

on E_,. The two elliptic curves E, and E_) are not identically isogenous. In fact, if they were,
each j-invariant would be integral over the ring generated by the other over C and it is easy to
prove that this is not the case (see Section 12 of [23]). Moreover, P, and P, are not identically
dependent on E,. Indeed, since these two points are defined over disjoint quadratic extensions of
Q(\), by conjugating one can see that the existence of a relation would imply that the points
are identically of finite order on E and this is not the case (see p. 68 of [39]). For the same reason,
Q) and Q, are not identically dependent on E_). Theorem 1.1 then implies that there are at most
finitely many complex Ao such that there are (ai, a2), (b, b)) € Z*\{0} with a P ()\o) +
a2P2(>\0) =0 on E)\o and lel()\O) + szz()\()) =0on E*/\o'

Now, consider E_;. This is an elliptic curve with complex multiplication by the gaussian
integers Z[i]. Let P;(\) and P, () be as in the example above, and let

0N =\ YA =1 (A + 1)), 02(N) = (2\, 202X — 1)(2A + 1)),

on E_;. The two points Q; and O, are not identically dependent on E_;. Indeed, they are defined
over disjoint quadratic extensions and they are not identically torsion. Therefore, Theorem 1.1
implies that there are at most finitely many complex )¢ such that there are (a1, a2) € Z*\ {0} and
(bl, bg) S Z[l]z\{()} with a]Pl()\o) + GQPQ()\()) =0 on E/\o and b]Q]()\o) + szz(/\o) =0
on E_;.

Finally, let P, and P, be as above. Then, Theorem 1.2 implies that there are at most finitely
many complex Ao such that there are (aj, az), (b1, by) € Zz\{O} with @ P;(X\g) + a2P>(Ag) =0
on Ey, and \)' (\g — 1) = 1.

In general, there are infinitely many ¢, such that P (co), ..., P, (co) are dependent on E, (). For
instance, any P; specializes to a torsion point for infinitely many ¢y, see [39], p. 92. On the other
hand, a well-known theorem of Silverman [33] implies that the absolute Weil height of such points
is bounded. A direct effective proof of this can be found in Masser’s Appendix C of [39].
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1120 F. BARROERO AND L. CAPUANO

In particular, there are at most finitely many ¢, yielding one relation and defined over a given
number field or of bounded degree over Q.

The proof of our theorems follows the general strategy introduced by Pila and Zannier in [30],
and used by Masser and Zannier in various articles [20-23] and by the authors in [1]. In particular,
we consider the elliptic logarithms z, ...,z, of Py, ..., P, and wy, ..., w,, of Oy, ..., Q,, (or the principal
determination of the standard logarithms of u, ...,u,, in the G, case) and the equations

zi =pf+ g8 wj=rih + sk,

fori=1,...,nand j = 1,...,m, where f and g are suitably chosen basis elements of the period
lattice of E and h and k basis elements for the period lattice of E,, (or 2 =1 and k = 2mi for Gy,).
If we consider the real coordinates p;, g;, r;, s; as functions of a local uniformizer on a compact
disc D, the image of these functions in R***+2" is a subanalytic surface S. The points of C that yield
two relations will correspond to points of S lying on linear varieties defined by equations of some
special form and with integer coefficients. Now, we use a recent result of Habegger and Pila [13]
building on an earlier work of Pila [28], which in turn is a refinement of the Pila—Wilkie Theorem
[29], to obtain an upper bound of order 7°¢ for the number of points of S lying on subspaces of the
special form mentioned above and rational coefficients of height at most 7, provided the z; and the
w; are algebraically independent. This is ensured by a result of Bertrand [2], in case our curve C is
not contained in a translate of a proper algebraic subgroups by a constant point. This is always the
case in the setting of Theorem 1.1 if both A and p are non-constant. On the other hand, if ;o = p,,
is constant or we are in the setting of Theorem 1.2, our curve might be contained in a non-torsion
translate of a proper algebraic subgroup (for example, we might have Q) € E,,| (Q) of infinite
order). In this case, we are able to prove the same estimate essentially by reducing to the
case m=1.

Now, to conclude the proof, we use works of Masser [17, 18] and David [8], and exploit the
boundedness of the height to show that the number of points of S considered above is of order at
least T for some § > 0. Comparing the two estimates leads to an upper bound for 7, and thus for
the coefficients of the two relations, concluding the proof.

Our Theorem 1.2 does not deal with the case of A constant on C since Silverman’s bounded
height Theorem requires A not to be constant. On the other hand, a result of Bombieri et al. [7]
gives boundedness of the height in case the u; are independent modulo constants, while Viada [37]
proved the analogous result for a constant elliptic curve E defined over the algebraic numbers.
Therefore, our proof goes through in the constant case, unless (P, ...,FB,) and (u,...,u,,) are both
contained in a non-torsion translate of an algebraic subgroup of E" and G}, respectively.

We now formulate a statement in scheme theoretic terms and in the flavor of the so-called
Zilber—Pink conjectures. Let S be an irreducible non-singular quasi-projective curve defined over a
number field k. Fix non-negative integers /, p, ¢, and positive integers ny, ...,n;, my,...,m,. For
i=1,...,1, let & — S be non-isotrivial elliptic schemes such that the generic fibers are pairwise
non-isogenous. By non-isotrivial we mean that it cannot become a constant family after a finite
étale base change. Now, fori = 1,...,1, we let A; be the n;-fold fibered power of & over S. Let
E,...,E, be elliptic curves defined over k which are pairwise non-isogenous. We consider these
and the multiplicative group G, as constant families over S, that is, we call E; and G{, the fibered
products E; x; S and G, x; S, respectively. Finally, we let .A be the fibered product
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over S. This is a semi-abelian scheme over S. We call 7 the structure morphism .4 — §.

A subgroup scheme G of A is a closed subvariety, possibly reducible, which contains the image
of the zero section S — A, is mapped to itself by the inversion morphism and such that the
image of G xg G under the addition morphism is in G. A subgroup scheme G is called flat if
m,. G — § is flat, that is, all irreducible components of G dominate the base curve S (see [14],
Proposition III 9.7).

We can now state the following theorem, which is a very special case of a conjecture of Pink
[31], Conjecture 6.1.

THEOREM 1.3 Let A be as above and suppose that either p or q equal 0. Let A*} be the union of
its flat subgroup schemes of codimension at least 2. Let C be an irreducible curve in A defined
over Q and suppose 7 (C) dominates S. Then C N A2} is contained in a finite union of flat sub-
group schemes of positive codimension.

In Section 8, we will see how this theorem is a consequence of our two main theorems and the
previous works [1, 10, 13, 24, 38].

2. Preliminaries

We consider a smooth algebraic curve S/C and its function field K = C(S). Let A be an abelian
variety defined over K, and let 7 be a torus, T = G[.. We assume that the largest abelian variety Ay,
defined over C and isomorphic over K to an abelian subvariety of A, is embedded in A, and call it
the constant part, or C-trace, of A. Consider now G = T x A and set Go = T X A . Here and in the
sequel, when necessary we will tacitly restrict S to a non-empty open subset which we will still
denote by S. Then G defines a family of semi-abelian varieties, which we indicate by G — S.

We are going to consider our geometrical objects as analytic. When doing so, we use the upper
index “".

Now, our family G — S defines an analytic sheaf G of Lie groups over the Riemann surface
S and its relative Lie algebra Lie(G)/S defines an analytic sheaf Lie (G“") over S*". Fix a
A C S(C) homeomorphic to a closed disk. We have the following exact sequence of analytic
sheaves over A:

0 — IIg — Lie (G™) = G —s 0,

see Appendix E of [5].
We fix a basis for the local system of periods II; and call F the field generated over K by such
basis. For a local section x € Lie (G), we denote by y = exp; (x) its image in G*".

LemMA 2.1 Let x € Lie(G™) and y = expg(x). Assume, moreover, that y is a K-rational point
of G. Then, if tr.deg.F (x) < dim G, there exists H, a proper algebraic subgroup of G, such that
y € H+ G((C).

Proof. This is a consequence of Théoreme L of [2] (see also [3]). The theorem is stated for
G =T x A, where A is the universal vectorial extension of A. The claim follows by the
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1122 F. BARROERO AND L. CAPUANO

functoriality of the exponential morphisms, by the fact that K-rational points of A and Lie (A) can
be lifted to K-rational points of A and Lie (A) and by a dimension count. Moreover, any algebraic
subgroup of A projecting onto A must fill up A. Finally, to see that K can be replaced by F in
Théoreme L, one must look at the formula at the beginning of page 2786. O

We consider E), as a family over ¥ (2) = P'\{0, 1, co}. By abuse of notation, we indicate by
E the fibered product over Y (2) of n copies of E.

Our theorems deal with a curve C inside a family of semi-abelian varieties G of the following
three types:

(1) G = E{ x E;” with A and i both non-constant;
(2) G = EY x E;" with A non-constant and p = p € Q;
(3) G = Ej x G with X non-constant.

For the rest of the paper, we will refer to these as cases (1), (2) and (3).

In the first two cases, our family has basis Y (2) x Y (2), but, since we must have a one-
dimensional basis in order to apply Lemma 2.1, we will restrict it to 7 (C), where m: E{ X E' —
Y (2) x Y (2) is the structural morphism.

Now, we let C be the set of points ¢ € C(C) that do not map to singular points of 7 (C), that
are not ramified points of 7. and such that A\, g = 0, 1 and x;,...,x, = 0, 1, A and, in cases (1)
and (2), uy,...,u,; = 0, 1, p on c. In this way, we remove only finitely many algebraic points of C.
We set S = 7 (C) and K = C(S). We can then consider our family of semi-abelian varieties G as
a semi-abelian variety defined over the function field K.

We now recall a few facts about algebraic subgroups. The following is a well-known fact (see,
for instance, Lemma 7 of [19]).

Lemma 2.2 Consider the algebraic group G = Ej' x E]' X G'. and suppose E, and E, are
non-isogenous. Then, any algebraic subgroup of G is of the form H; x Hy x Hs, where H, is an
algebraic subgroup of EY, H, of E|' and Hs of GL,.

Now, let G = E), E,,, (with j1, € C) or Gy, and R = End (G). We use the additive notation.
Any a € R™, induces a homomorphism

a: G™ -G
(gl7~--’gm) = a8 +t Am8»

and we indicate by ker (a) the kernel of this homomorphism. The following is again a well-known
fact (see Fact 5.2 of [15] for a proof sketch).

Lemma 2.3 Let H be a proper algebraic subgroup of G". Then, there exists a € R"\{0} such
that H C ker (a). Moreover, ker (a) is an algebraic subgroup of G" of codimension 1.

Now, set G = E,, (with u, € C) or Gy, and again R = End (G). Let @ € R™\{0}. Then, any
ker (a) is a finite union of cosets v + H, where v = (vy,...,V,) has finite order and H is a con-
nected proper subgroup of G™ of codimension 1. For g = (g,...,g,) € G™ and a € R, we use the
notation ag to indicate (ag, ..., ag,,)-

LemMa 2.4 Let a € R™ with ay, = 0 for some h € {1,...,m}. Then each component of ker (a) is
a coset v+ H for some v € G™ with a,v = 0.
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UNLIKELY INTERSECTIONS IN PRODUCTS OF FAMILIES OF ELLIPTIC CURVES 1123

Proof. We need to show that each component of ker (a) contains a v with ;v = 0. Fix a com-
ponent g + H for g = (g, ...,g,,)- The subgroup H is connected, and we can consider its Lie alge-
bra Lie (H) as a codimension 1 subspace of Lie (G™) defined by the equation ajx; +-+-+ a,x,; = 0.
Fix z,...,2, € Lie(G) with exp;(z;) = g. Now, since a;, = 0, there exists (z/,...,2,,) € Lie (H)
such that z/ = z; for all i = h. Then, if g’ = expgn(z/,....2;,) = (g/,....&,), We have that g, = g’
for all i = h. Therefore, if we set v = g — g’, we have v; = 0 for all i = h, but v € ker (a). Thus,
we have found our element v € g + H with ayv = 0. O

Now, choose ¢* € C and a neighborhood N of ¢* on C, mapping injectively to S via 7. Let
D be a subset of 7(N), containing * := 7 (c*) and homeomorphic (via a local analytic
isomorphism) to a closed disc.

On N, and, therefore, on D, it is possible to define analytic f, g, z,...,z, such that {f, g} is
a basis for the local system of periods Il and, for all 7 € D+, we have exppy c>(zi (1)) = P(c),
where ¢ is the unique point of N N 7! (¢). For this, see Section 5 of [1] or Section 3 of [23].

Analogously, we can define analytic &, k, wy,...,w,, such that {h, k} is a basis for the local
system of periods Ilg, and we have expy (wi (1)) = Qj(e).

In case (3), I, has rank 1 and we choose {27i} as a basis. We define wy, ..., w,, to be principal
determinations of the complex logarithm, that is, w; () = log P+ 2mif);, where u; = pjez”’ﬂf and
;€ [0, 1).

CorOLLARY 2.5 In case (1), under the hypotheses of Theorem 1.1, we have that zi,...,2,,
Wi, ..., Wy, are algebraically independent over C(f, g, h, k).

Proof. In case (1), we have Ap = 0 and there is no toric part. Therefore, if z,...,2,, Wi, ..., Wy
were algebraically dependent, then (P,,...,P, Qy,...,0Q,,) would lie in an algebraic subgroup of
EY X E;:" Therefore, by Lemmas 2.2 and 2.3, there would be an identical relation among the P; or
the Q; contradicting the hypotheses of Theorem 1.1. O

3. O-minimality and point counting
For the basic properties of o-minimal structures, we refer to [35] and [36].

DerINITION 3.1 A structure is a sequence S = (Sy), N > 1, where each Sy is a collection of
subsets of RN such that, for each N, M > 1:

(1) Sy is a boolean algebra (under the usual set-theoretic operations);

(2) Sy contains every semialgebraic subset of RY;

(3) ifAec Syand B € Sy, then A X B € Sy

4) if A € Sy,um, then 7(A) € Sy, where m: RV*M — RV is the projection onto the first N
coordinates.

If S is a structure and, in addition,
(5) S consists of all finite union of open intervals and points,

then S is called an o-minimal structure.

Given a structure S, we say that S C RY is a definable set if S € Sy.
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1124 F. BARROERO AND L. CAPUANO

LetU C RM*N Forty € RM, we set U, = {x € RV: (1, x) € U} and call U a family of subsets
of R¥, while U, is called the fiber of U above . If U is a definable set, then we call it a definable
family, and one can see that the fibers U;, are definable sets too. Let S C RN and f: S — R” be a
function. We call f a definable function if its graph {(x, y) € § x RM: y = f(x)} is a definable
set. It is not hard to see that images and preimages of definable sets via definable functions are still
definable.

There are many examples of o-minimal structures, see [36]. In this article, we are interested
in the structure of globally subanalytic sets, usually denoted by R,,. We are not going to pause
on details about this structure because it is enough for us to know that, if D C R" is a compact
definable set, I is an open neighborhood of D and f: I — RM is an analytic function, then f(D) is
definable in R,,.

We now fix an o-minimal structure S.

ProposiTioN 3.2 ([36], 4.4) Let U be a definable family. There exists a positive integer vy such
that each fiber of U has at most y connected components.

We are going to use a result from [13]. For this, we need to define the height of a rational point.
The height used in [13] is not the usual projective Weil height, but a coordinatewise affine height.
If a/b is a rational number written in lowest terms, then H (a/b) = max{la|, |b|} and, for an
N-tuple (ay,...,an) € QV, we set H(ay,...,ay) = max; H (o). For a family Z C RM+MAN,
a positive real number T and t € R, we define

z7(Q. T)={(y,2) €Z:y € Q" H(y) < T}. (3.1)

By m and m, we indicate the projections of Z, to the first M, and the last N coordinates,
respectively.

Proposrtion 3.3 ([13], Corollary 7.2) Let Z C RMTMAN pe q definable family. For every ¢ > 0,
there exists a constant ¢ = c(Z, €) with the following property. Fix t € RM and T > 1. If
|m ()| > cT¢ for some £ C Z(Q, T), then there exists a continuous definable function
6: [0, 1] — Z,; such that

(1) the composition m 0 6: [0, 1] — RM: is semi-algebraic and its restriction to (0, 1) is real
analytic;

(2) the composition m 0 6: [0, 1] — RN is non-constant,

(3) we have 1 (6(0)) € m(X).

4. The main estimate

Fixac € C and a neighborhood N, of ¢ on C. Moreover, fix a closed disc D, inside 7 (N,), cen-
tered in 7 (¢) and analytically isomorphic to a closed disc. In Section 2, we defined the analytic
functions f, g, h, k, 21, ...,2n, W1, ...,W, On D, as a basis for the local system of periods of E), and
E,, (or Gp), and elliptic logarithms of the P; and Q; (or logarithms of the u;).

For the rest of this section, we suppress the dependence on ¢ in the notation, since it is fixed.
We use Vinogradov’s < notation. The implied constant is always going to depend on D.

In cases (1) and (2), we define, fora € Z"\{0} and b € R;"\{0},
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UNLIKELY INTERSECTIONS IN PRODUCTS OF FAMILIES OF ELLIPTIC CURVES 1125
={teD: > aizi(t) € Zf (1) + Zg(r) and Y byw;(t) € Zh(t) + Zk(r)}. (4.1)
In case (3), fora € Z"\{0} and b € Z"\{0}, we set

D(a,b)={t€D:Y aiz(t) €Zf (1) + Zg(t) and Y bjw;(t) € 2miZ}.

For a vector of integers a, we indicate by |a| its max norm max{|ay|,...,|a,|}. In case (2), if E "
has CM, we have R, = Z + pZ, for some quadratic integer p. For b = (by,...,b,,) € R;", we set
|b| = max{|N (b))|,...,IN (b,)|}, where N (b)) is the norm of b;.

ProposiTioN 4.1  Under the hypotheses of Theorems 1.1 and 1.2, for every ¢ > 0 we have
|D(a, b)| <. (max{lal, |b|})* , for every non-zero a, b.

We are going to prove this proposition in cases (1), (2) and (3) separately. Let us first collect a
few definitions and facts needed for all three of them.
Define

A=f3 —fg,

which does not vanish on D, since f(f) and g (f) are R-linearly independent for every ¢ € D.
Moreover, let

wg-me  _ uf T
—

One can easily check that these are real-valued and, furthermore, we have
=pf+as.

If we view D as a subset of R?, then p; and ¢, are real analytic functions on a neighborhood of D.
Analogously, in cases (1) and (2), we can define the real-valued functions r;, s; with

Wj = th + Sjk.
In case (3), we set
w; = rj + 2mis;,

where again 7; and s; are real valued.
In all cases, we define

O:D— R2n+2m

1 (P (0)s @y (1)s-op (1), G, (1), 11(2)5 51(2), s (2), 5 (1)),

and set S = O (D).
Since O is analytic and D is a closed disc, we have that S is definable in R,,.
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1126 F. BARROERO AND L. CAPUANO

LemmA 4.2 Under the hypotheses of Theorems 1.1 and 1.2, there exists a constant v (depending
only on D) such that, for every choice of integers ay,...,a,.,, not all zero, the number of t in D
with

aiy (t) +--+anzy (t) = Cln+1f(f) + an+2g(t)’ (42)

is at most .

Proof. First, suppose that there is an infinite set £ C D on which, for every ¢ € E, (4.2) holds for
some fixed ay, ...,a,, 2, not all zero. Since this is a set with an accumulation point, the same rela-
tion must hold on the whole D (see Ch. III, Theorem 1.2 (ii) of [16]), contradicting the hypotheses
of Theorems 1.1 and 1.2.

The existence of a uniform bound ~y follows from Proposition 3.2 and the fact that © is a defin-

able function. O

In what follows, (py, q;, ..., s,) Will indicate coordinates in R21+2m,
We now consider the three cases separately.

4.1. Case (1)

We start considering case (1), that is, our curve lies in Ey X El’f’ and A and p are both not
constant.

For T > 0, we call S!)(a, b, T) the set of points of S of coordinates (p, g, ..., n, 5,) such that
there exist a, 1, @y12, bpur1, by € Z N [—T, T] with

aipy +- app, = An+1,
alql ++ ClnC[n — an+29
4.3
blrl+"'+ bmrm:bm+l’ ( )
bisy 4+ bysy = bm+2-
Lemma 4.3 Under the hypotheses of Theorem 1.1, for every ¢ > 0, we have
ISD(a, b, T)| <. (max{|a|, |b|, T}),
for all non-zero a and b and all T > 1.
Proof. SetT' = max {|al, |b|, T} and fix ¢ > 0.
Define W to be the set of (v, ..., 12, By --s Bt Pps s Sm) € RIF2TMH2 5§ such that
a1pq +- anpp, = Op41,
041611 ++ anqn = Qp42,
4.4
Birt +-++ Butm = Bmt1s (44)
ﬂlsl +- 6msm = ﬂm+2-

This is a definable set in R,,.

consists of those tuples (ay,...,qu42, O

Recall the notation introduced in (3.1). The set W™(Q, T’)

b eeos Btas PpseesSm) € RITZHME2 50§ with rational
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UNLIKELY INTERSECTIONS IN PRODUCTS OF FAMILIES OF ELLIPTIC CURVES 1127

QyeesQs2y Biyevs iz Of height at most 7. We set ¥ = W~(Q, T') and note that
™ (2) D SW(a, b, T), where m: W — S is the projection to S. Then, |S!)(a, b, T)| < |m ()]
We claim that |m ()| <. (T')°. Suppose not. Then, by Proposition 3.3, there exists a continuous
definable &: [0, 1] — W such that & :=mod: [0, 1] — R**+2+m+2 js gemi-algebraic and
6y :=m 0 6: [0, 1] — S is non-constant. Therefore, there is a connected infinite subset £ C [0, 1]
such that 6;(E) is contained in a real algebraic curve and 6, (E) has positive dimension. Then,
there exists a connected infinite D’ C D with © (D) C 6, (E).

The coordinate functions av, ..., 12, B1s-..s Bny2 ON D' satisfy n + m + 3 independent alge-
braic relations with coefficients in C. Moreover, we have the relations given by (4.4), which trans-
late to

a1zt nZp = Qpprf + ani2g,
ﬁlwl +---+ ﬁmwm = ﬁm+1h + ﬁm+2k;

adding 2 algebraic relations among the «, ..., 0542, Bi, ..., B2, the z;, the w;, f, g, h and k.

Thus, on D', and therefore by continuation on the whole D, the n + 2 + m + 2 + n + m func-
tions gy vy Q25 Blseves Bt 2s s -esZns Wiy -+ Wy satisfy n + m + 3 + 2 independent algebraic
relations over F = C(f, g, h, k). Thus,

tr.deg, F (21, s Zns Wiy ooy Wi) <+ m — 1.

This contradicts Corollary 2.5, and proves the claim and the lemma. a

If € D(a, b), then O () satisfies (4.3) for some integers a, 1, @12, bms1, bi2. Now, since
D is compact, we have that the sets z;(D), w;(D), f (D), g(D), h(D), k(D) are bounded, and
therefore we can choose a,,11, a,+2, byy11, by bounded solely in terms of |a| and |b|. Therefore,
we have O(t) € S(')(a, b, 76), with Ty < max{lal, |b|}. Now, by Lemma 4.2, we have
|D(a, b)| < IS(I)(a, b, Ty)| and the claim of Proposition 4.1 follows from Lemma 4.3.

4.2. Case (2)

Case (2) deals with a curve C inside Ey x E ;7:) with A not constant and p, € Q.

For all b € R;"\{0}, there is a codimension 1 abelian subvariety Z of E;}', depending only on
b, such that if a point (Qy,...,Q,) € E;; satisfies the relation b1 Q) +-++ b, 0, = 0, then it is
contained in some coset R + Z, where R is a torsion point of E:Z) We let X = E;'L’(’) /Z. This is a
one-dimensional abelian variety and we set ¢: E :[1) — X to be the quotient morphism. This induces
the linear map d¢: Lie (E;) — Lie (X). If we identify Lie (E;;) with C" and Lie (X) with C, then
d¢ corresponds to a complex vector I € C™ acting on C™ as a scalar product. Note that I depends
only on Z and, therefore, on b.

We set Q;(t) = expE‘LO(wj(t)). For t € D, if (Qi(t),....,0n(t)) € R+ Z, with R of finite
order, then ¢ (Q;(1),....,0n(t)) = ¢(R), and there are dj, ey,...,dy, e, € Q with expg~ (dih +
erk,....dyh + eyk) = R and

dp (wi(2),...;w (2)) = do (dih + ek, ....dnh + enk).
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1128 F. BARROERO AND L. CAPUANO

We define S?)(a, b, T) to be the set of points of S of coordinates ( Dis Gy -+ Fms Sm) Such that
there exist a, 1, a,1» € ZN [T, T|and d,, ey, ...,d, e, € Q of height at most T with

a\p; -+ awp, = ant1,
aq, +--+anq, = any2, (45)
- (rnh + sik,...,ruh + suk) =1 - (dih + ek, ....dyh + enk).

In the following lemma, we are going to see I as a vector in R?”. The equation above is an
equality of complex numbers, but it corresponds to two equalities of real numbers (recall that &
and k are fixed complex numbers in this case).

Lemma 4.4 Under the hypotheses Theorem 1.1, for every € > 0, we have
1S?(a, b, T)| <. (max{lal, T})7,

for all non-zero a and b and all T > 0.

Proof. SetT' = max {|a|, T} and fix ¢ > 0.
Define W to be the set of (1, ..y Qni2s Xps Vs oevs Xos Upns Ps-vvs Sm) € REMHEAE2E2m 50 g
with

aip; ++ aup, = Qpi1,
a4y —+e anq, = Op42,
v (rnh+ sik,....rmh + spk) = v - (b + ik, ..o x 0 + Ynk).

This is a definable set in R,,. We consider the fiber W, where [ is associated to b as explained
earlier.

We set ¥ = (Z”Jr2 x Q2™ x Sy N Wi (Q, T'), and note that m (X) 2 S®(a, b, T), where m
is the projection on S. Then, |S?(a, b, T)| < |m (X)]. We claim that |m (X)| <. (T')°, where the
implied constant is independent of I/ and, therefore, independent of b. Suppose not, then by
Proposition 3.3, there exists a continuous definable §: [0, 1] — W; such that &, == m06: [0, 1] —
R"+2+2m g semi-algebraic and the composition &, := m 0 §: [0, 1] — S is non-constant. Moreover,
6,(0) € m(X). Therefore, there is a connected infinite subset E C [0, 1], such that & (E) is con-
tained in a real algebraic curve and 6, (E) has positive dimension. Thus, there exists a connected
infinite D’ C D with ©(D') = &, (E). Moreover, there is t, € D with ©(ty) = 8, (0). Then, since
62(0) € m (%), the point (Q1 (10), ..., Om (t0)) € R + Z for some torsion point R € E/".

Now, on D’, we have that e, 02y Xps -5 Y, are 1+ 2 4 2m functions that generate an
extension of transcendence degree at most 1 over C. Moreover, do (wy,...,wy,) = do (xgh +
Yk, ...,x,h + ¥,k) and note that d¢ is a linear map.

Therefore, «y,...,a,,4» and d¢ (Whs s W) = w' are n+ 3 functions on D’ satisfying n + 2
algebraic relations over C. Moreover, we have ayz+--+a,z, = i 1f + a,128. Then, the
2n + 3 functions zj,...,Z,, Q... Qyi2, w' satisfy n+ 3 independent relations over F = C(f, g)

on D’ and these extend on D. Therefore,
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UNLIKELY INTERSECTIONS IN PRODUCTS OF FAMILIES OF ELLIPTIC CURVES 1129
tr.degp F (21,...,20, W) < m,

on D.
Now, we want to apply Lemma 2.1 to G = E{ x X which has dimension n + 1 and
Go = {(0,...,0)} x X. Then, on D, the lemma implies that

eXpG(Zh’--,ZI‘U W/) = (Pls-“’B’ls ¢(Q1’-"’Qﬂl)) e H + GO(C)s

for some proper algebraic subgroup H of G. Since the P; are independent and X has dimension 1,
we have that H=E! x X/, where X is a torsion subgroup of X. Then
¢ (01(D),....,0n(D)) = {Q'} for some Q' € X(C). But recall that there is o € D with
¢ (01 (t0),...,Qm (t0)) = ¢ (R) for some torsion point R of E". Then, Q' = ¢ (R) and therefore we
have (Q;(D),...,0, (D)) C R + Z. This contradicts the hypotheses of Theorem 1.1, proving the
claim and the lemma. O

Lemma 4.5 There exists Ty < max{|al|, |b|} such that ift € D (a, b), then © (t) € S (a, b, Ty).

Proof. Fix t € D(a, b); then, O(t) satisfies (4.5) for some integers a,.1, a,;» and rationals
dy, ey,..., dy, ey. Now, since D is compact, as before we have that the sets z; (D), f (D), g (D) are
bounded and, therefore, we can choose a,,, |, a,., bounded solely in terms of |a|.

We need to prove that we can choose rationals dj, ey, ...,d,,, e, of height < |b| with

Wi (2),..cown (1)) — (dih + eik,...,dyh + enk) € Lie(Z).

We have that (Q; (),...,0,(¢)) = expgn (Wi (#),...own (t)) € R + Z, where Z is the unique abelian
subvariety of E :[1) associated to the vector b as explained above and R is a torsion point of £ x Since
(01 (t),...,0m(t)) € ker(b), by Lemma 2.4, we can suppose that R has order at most |b|.

Let w = (wi(¢),....,wn (¢)). We know that there are rationals d, ¢/, ...,d,, e,, € [0, 1) with
expgn (d/h + ék,....d,h + e} k) = R. Therefore, d{, ¢/, ...,d,, e,, have denominators < |b| and
we have

w— (dih + ek,....dyh + eyk) € g + Lie(Z).

We call ¢’ = (dh + €/k,....d,,h + e,,k). We indicate by ||| the max norm on Lie (E;) =Cm
Note that |[w — ¢'|| < 1. Let n € [lgn and x € Lie(Z) be such that w — ¢ =mn+x. The
subspace Lie(Z) is defined by the eqﬁation bywy 4+ byw, = 0. We can suppose b; = 0.
Consider the following 2(m — 1) vectors: n, = (byh, —b1h, 0,...,0), n, = (b2k, —bik, 0,...,0),
1y = (b3h, 0, —bih, 0,...,0),..., Mo m—1) = (buk, 0,...,0, —b1k). These are R-linearly indepen-
dent elements of HE;:) whose R-span is Lie(Z). Then, there are a,...,qz(,—1) € [0, 1) with
x=n' +x', where x' = 2" Veyn, € Lie(Z) andn’ € Iz . Note that [lx'|| < [].

Finally, we havew — ¢/ = n + 1/ + x’ and

I+l < lw —'|| + [l < 1BI.
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1130 F. BARROERO AND L. CAPUANO

If we set m + 'r;/ +c = (dih + eik,...,d,h + enk), we have just found our rationals of height
< |b| such that

w — (dih + eik,...,dnh + enk) € Lie(Z).
O

By Lemma 4.2, we have |D (a, b)| < |S) (a, b, Tp)| and the claim of Proposition 4.1 follows
from Lemma 4.4.

4.3. Case (3)

To deal with case (3) (curve in Ey x Gy, A not constant), one can follow the same line as case
(2). Here, one has that, for all b € Z’"\{O}, there is a codimension 1 subtorus Z of G, depending
only on b, such that, if a point (uy,...,u,) € G satisfies ulb‘n-u,ﬁ'" = 1, then it is contained in
some coset RZ, where R a torsion point of Gji of order at most |b|. Let X = GJi/Z. This is a one-
dimensional torus and we set again ¢: G — X to be the quotient morphism. This induces the
linear map d¢: Lie (G) — Lie (X) which, again, corresponds to a complex vector I € C™ acting
on C™ as a scalar product.

We define S®)(a, b, T) to be the set of points of S of coordinates (Pys s -+ > s Sm) such that
there exist a, 1, a,1» € ZN [T, T|and d,, ...,d,, € Q of height at most T with

apy +-+ anpp, = An+1,
arqy +- anq, = Ap42,
1 (ri+ 27isy, ... by + 2wisy) =1 - (2wid,, ..., 2wid,,).

Following the same line, it is possible to prove the analogous of Lemmas 4.4 and 4.5 and to
obtain the claim of Proposition 4.1 in case (3) using again Lemma 4.2.

5. Small generators of the relations lattices

In this section, we prove general facts about linear relations on elliptic curves and multiplicative
relations on Gy,.
For a point (ay,...,ay) € Q", the absolute logarithmic Weil height / (v, ..., ay) is defined by

1
h(ay,...,ay) = Qoo @ Xv:log max {1,

ooy

}

v

(63 ay

v

where v runs over a suitably normalized set of valuations of Q(ay, ..., ay).

Let 6 be an algebraic number and consider the Legendre curve E = E, defined by the
equation Y2 = X (X — 1) (X — 6). Moreover, let P, ..., P, be points on E, linearly dependent over
Z, defined over some finite extension K of Q(0) of degree x = [K: Q]. Suppose that P, ..., P, have
Néron-Tate height h at most g > 1 (for the definition of Néron—Tate height, see for example
p- 255 of [17]). We define

L(P[,...,Pn) = {(a],...,an) e?Z": aqjP\+---+a,B, = 0}
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UNLIKELY INTERSECTIONS IN PRODUCTS OF FAMILIES OF ELLIPTIC CURVES 1131

This is a sublattice of Z" of some positive rank . We want to show that L (P, ..., F,) has a set of
generators with small max norm |a| = max{|ai],...,|a,|}.

Lemma 5.1 ([1], Lemma 6.1). Under the above hypotheses, there are generators ay,...,a, of
L(P,...,B) with

il < i (h(0) + 1)gh0 ),

for some positive constants vy, 7y, depending only on n.

Analogously, consider a vector (ay,...,q,) € (K\ {0})'", for some number field K, with
x = [K: Q], as above. Suppose the ¢; are multiplicatively dependent. We define

L(au,...;om) = {(b1,....by) € 2" o .. abr =1},

Fix h > 1 with h(oy) < hforall j =1,...,m.

Lemma 5.2 Under the above hypotheses, there are generators by, ...,b, of L (ay, ..., ) with
Ibi| < yawh™

for some positive constants v, 7, depending only on m.

Proof. Suppose first that not all the «; are roots of unity. By Theorem Gy, of [17], if a, ..., o, are
multiplicatively dependent algebraic numbers of height at most 4 > 7, then L («, ..., ,,) is gener-
ated by vectors with max norm at most
m—1
()
n

where w is the number of roots of unity in K and 7 = inf/ («), for a € K\{0} not a root of unity.
We need to bound w and 7. The constants , ...,7; are absolute constants.

The first bound is elementary since the roots of unity in K form a cyclic group generated by,
say, Cy a primitive Nth root of unity. We must then have ¢ (N) < x (¢ indicates the Euler func-
tion) and we know ¢ (N) > W’SW . Therefore, we can take

w < ’yﬁnz. (5.1)

For 7, an estimate of the form 1 > ~, ™% would be sufficient for us. We can use the celebrated
result by Dobrowolski [9], or a previous weaker result by Blanksby and Montgomery [6].
In case all the ¢ are all torsion, it is clear that one can take |b;| < w and use (5.1). O

6. Bounded height

In this section, we see that the height of the points on the curve C for which there is a dependence
relation between the P; is bounded and a few consequences of this fact.
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1132 F. BARROERO AND L. CAPUANO

Let k be a number field over which C is defined. Suppose also that the finitely many points we
excluded from C to get E‘, which are algebraic, are defined over k.

Let C' be the set of points ¢y € C (C) for which we have that P (cy), ..., P, (c) satisfy a non-
trivial relation on Ey(, and Qi(co),....,Qm(co) satisfy a non-trivial relation on E,, (or
ui (¢o), .-y (€o) are multiplicatively dependent). Since C is defined over Q, the points in C’ must
be algebraic. Moreover, by Silverman’s Specialization Theorem [33], there exists , > 0 such that

h (CO) < Y15 (61)

forall ¢y € C'.
We see now a few consequences of this bound. If § > 0 is a small real number, let us call

Cl = {c €C: || < %, le —¢'|| >6 forall ¢ e C\E}

Here ||-|| indicates the standard norm on C?"+27+2 or C?t+m+1,

LEMMA 6.1 There is a positive 6 such that there are at least Hk (¢o): k] different k-embeddings o
of k (o) in C such that o (cy) lies in C° for all ¢y € C'.

Proof. See Lemma 8.2 of [23]. O

Remark We would like to point out that it might be possible to avoid the restriction to a compact
domain and the use of the previous lemma by exploiting the work of Peterzil and Starchenko [27],
who proved that it is possible to define the Weierstrass g function globally in the structure Ry exp.

Lemma 6.2 There exists a positive constant vy, such that, for every ¢, € C,everyi=1,...,n,
and every j = 1,...,m we have

h (Pi(co)), 7 (Q(co)) < .

Proof. We have h(P(cy)) < h(cy) and, using the work of Zimmer [40], we have
h (B (co)) < h(Pi(co)) + v(h(A(ep)) + 1). The same inequalities hold for the Q;. The claim
now follows from (6.1). (|

7. Proof of Theorems 1.1 and 1.2

Let us start with Theorem 1.1.

By Northcott’s Theorem [26] and the bound (6.1) for the height, we only need to bound the
degree of ¢\ over k, for all the ¢y € C !

Fix one ¢y € C' and dy = [k (co): k] which we suppose large. First, by Lemma 6.1, we can
choose ¢, independent of ¢, Asuch that ¢y has at least %do conjugates in C%. Now, since C? is com-
pact, there are Cl,..sCq, € C with corresponding neighborhoods Nc,,...,Ncﬁ2 and Dc],...,D%Q

o~

7 (C) , where D, C 7 (N,,) contains  (¢;) and is homeomorphic to a closed disc, and we have that

i

the =1 (D,,) N N,, cover C°.

Downl oaded from https://academ c. oup. conf gj math/ articl e-abstract/68/4/1117/ 3091738
by WAZ Bi bliothek (Ceffentliche Bibliotherk der UniversitAat Basel) user

on 02 March 2018



UNLIKELY INTERSECTIONS IN PRODUCTS OF FAMILIES OF ELLIPTIC CURVES 1133

We can suppose that D, contains 75 = m(cy) for at least Z%rzdo conjugates ¢;. Since each
t € m(C) has a uniformly bounded number of preimages ¢ € C, we can suppose that we have at
least %do distinct such ¢7 in D,,.

Now, the corresponding points P (¢ ), ..., B, (¢§), O1(¢c§), --., Om (¢ ) satisfy the same relations.
So there are @ = (ay,...,a,) € Z"\ {0} and b = (bl,...,bm) € RJ"\ {0} such that

aPi(eg) +-+abi(eg) =0 on Eye), (7.1)
D101(€§) -+ buQu(e§) =0 on By e |

By Lemma 6.2, i1 (B (c{)), h (Q;(e§)) < ~,. Moreover, the P (c§) and Q; (c) are defined over
a number field K of degree < d over Q. Therefore, applying Lemma 5.1 and recalling (6.1), we
can suppose that

(7.2)

Recall that, in case Z C R, = Z + pZ, we set |b| = max{|N (by),....IN (b,)|} and we can just
apply Lemma 5.1 to Qy, ..., O, pQ1s -- ., pOm, noting that ﬁ(ij) <h (Q))-

Now, recall that, in Section 2, on D,,, we defined f, g to be generators of the period lattice of
E and the elliptic logarithms z, ..., z, such that if ¢ is the only point in N,, above ¢,

exp, (zi (1)) = Pi(c),

on D, and h, k, wy,...,w, as generators for the period lattice and elliptic logarithms of the Q;
for E,.
By (7.1), we have that

azi(19) +--+ anza (1) € Zf (1) + Zg (15),
b]Wl(t(;T) +---+ bme(f(;T) € Zh(tg) + Zk(téf)

Recall the definition of D, (a, b) in (4.1). By Proposmon 4.1 and (7.2), we have that
ID,, (a, b)| <. dy*". But by our choice of D,,, we had at least —do points in D,, (a, b). Therefore,
if we choose ¢ = 1/(2,) we have a contradiction if d, is large enough

We have just deduced that d, is bounded and, by (6.1) and Northcott’s Theorem, we have the
claim of Theorem 1.1.

Theorem 1.2 can be proved following the same line and combining Lemma 5.1 with
Lemma 5.2.

8. Proof of Theorem 1.3

We recall our setting. We have £ — S non-isotrivial elliptic schemes and, for all i, we let A; be
the n;-fold fibered power of &; over S. Moreover, we have E,, ..., E, elliptic curves pairwise non-
isogenous, which we consider as constant families over S. We defined .A to be the fibered product
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m
A Xg - Xs A Xg Elml Xg - Xg Epp Xs G?n

over S. We suppose that everything is defined over a number field k.
Fix iy, with 1 < iy < [. For every a = (ay,...,a,,) € Z"o, we have a morphism a: A;, — &
defined by

a(Ph"'sPn,'o) = alPI +- an,-OPn,-O-

We identify the elements of Z"o with the morphisms they define. The fibered product
a; Xs -+ Xg a,, for aj,...,a, € Z"o defines a morphism A; — B over S, where B is the r-fold
fibered power of &;,. Similarly, for jo, 1 < j, < p, vectors b € R j'-:"”, where R; is the endomorph-
ism ring of E;, define morphisms from E; " to E; and vectors ¢ € Z? define morphisms from G,
to Gyy,- Therefore square matrices with entnes in Z or in an eventually larger R; and appropriate
size will define endomorphisms of A;;, of E; "0 or of G},. Finally, we can take the fibered product
of such endomorphisms to obtain an endomorphlsm of A, which will be represented by a block
diagonal matrix whose blocks correspond to the endomorphisms defined above. These matrices
form a ring which we call R.

For an o € R, the kernel of «, ker « indicates the fibered product of a: A — A with the zero
section S — A. We consider it as a closed subscheme of A.

Lemma 8.1 Let G be a flat subgroup scheme of A of codimension > d; then there exists an
« € R of rank d such that G C ker a and, for any o of rank d, kKer « is a flat subgroup scheme of
codimension d.

Proof. The lemma can be proved following the line of the proof of Lemma 2.5 of [11]. The
fact that there is an s € S (C) whose endomorphism ring is exactly R follows from Corollary 1.5
of [25]. O

From this lemma, we can deduce that each flat subgroup scheme of .4 is contained in a flat sub-
group scheme of the same dimension and of the form

G Xs -+ Xg Gy Xs Hj Xg - Xg Hp xXs T,

where G; is a flat subgroup scheme of .A;, H; an algebraic subgroup of E "and T an algebraic sub-
group of G¥ . It is then clear that by projecting and recalling that we suppose p or g equal to 0, we
only need to prove our Theorem 1.3 for the following cases:

1) A=A x5 Ap;
(@) A=A x5 E™,
(3) A=A x5 G
4) A= EM xs EI.

Moreover, in case (4) the theorem follows from Theorem 1.1 of Habegger and Pila [13], so we are
left with the first three cases.

We first consider case (1). We need to perform a base change to the Legendre family. Consider
now the Legendre family with equation (1.1). This gives an example of an elliptic scheme, which
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we call &, over the modular curve Y (2) = P'\{0, 1, co}. We write 8(Lg> for the g-fold fibered
power of & . We call 7; (resp. 7rL<g>) the structural morphism A; — S (resp. £ (Lg) — Y (2)).

LemMma 8.2 Let A = Ay Xs Ajy. After possibly replacing S by a Zariski open, non-empty subset
there exist irreducible, non-singular quasi-projective curves S' and S" C Y (2) x Y (2) defined
over Q such that the following is a commutative diagram

At

7r1><57r2l J{ lﬂ'(Lnl)XTrénQ) (81)
S Sl S//

where | is finite, X is quasi-finite, A is the abelian scheme (A1 X5 Az) Xg s,
A = E(L"‘) x & (an)’ f is finite and flat and e is quasi-finite and flat. Moreover, the restriction of f
and e to any fiber of A — S’ is an isomorphism of abelian varieties.

Proof. We follow the line of Lemma 5.4 of [11] and skip several details which can be found there.
We fix an extension K of k (S) such that, for i = 1, 2, the generic fiber of £ — § is isomorphic to
an elliptic curve of equation y> = x(x — 1)(x — \;), for A; € K. The field K is the function field
of an irreducible, non-singular projective curve § " and we have a finite morphism § " 5. We let
S’ be the preimage of S in §' and call I: S’ — S the restriction of the above morphism which
remains finite. Moreover, we have finite morphisms )\;: S’ — Y (2). We may shrink S and suppose
that the \; and [ are étale. For i = 1, 2, by Lemma 5.4 of [11], we have the commutative diagrams

fi € ng
A; Al glm)

I

!
S o 8 = ¥(2)

where A = A; x5 ', f;is finite and flat and e; is quasi-finite and flat.

The square on the left of (8.1) is the appropriate fibered product over S of the morphisms
A — Al — A

Now, we have the diagram

A/ €1 Xeg génl) % géng)

l l,r;nnx,r(;g)

S —— Y(2) x Y(2)
)\1><)\2

We set 8" = A(S") = (A, A2)(S'), restrict the base of the abelian scheme & x £(") —
Y (2) x Y(2) toS” and call e the resulting map A’ — 8(L”1> X 8(L"2). We then have the square on
the right of (8.1). Finally, to prove the claimed properties of f and e and the fact that they are
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isomorphisms of abelian varieties when restricted to the fibers, one can proceed as in Lemma 5.4
of [11]. O

One can prove that analogous results hold for cases (2) and (3).
We will also need the following technical lemma which holds in all three cases.

Lemma 8.3 If G is a flat subgroup scheme of A, then e (f~'(G)) is a flat subgroup scheme of A"
of the same dimension. Moreover, let X be a subvariety of A dominating S and not contained is a
proper flat subgroup scheme of A, X" an irreducible component of f~'(X) and X' the Zariski
closure of e (X") in A”. Then X' has the same dimension of X, dominates S” and is not contained
in a proper flat subgroup scheme of A”.

Proof. This follows from the proof of Lemma 5.5 of [11]. O

We are now ready to see how Theorem 1.3 can be deduced from Theorems 1.1 and 1.2 and
earlier results.

Consider case (1). We can assume that C is not contained in a proper flat subgroup scheme of
A. Therefore, it is enough to show that C N UG is finite, where the union is taken over all flat
subgroup schemes of codimension at least 2.

Take C’ as an irreducible component of f~!(C) and consider the Zariski closure C” of e (C’).
By Lemma 8.3, C” is a curve in .A” dominating S” and not contained in a proper flat subgroup
scheme.

Now, since e is quasi-finite, if e(f~!(C N A{*)) is finite, then C N A is finite and, by
Lemma 8.3, we have

e(f~1(Cn AD)) Ce(f1(C)) N A",

Therefore, we can reduce to proving our claim for A" and for C”. Note that the generic fiber of 4"
is isomorphic to the generic fiber of A and is, therefore, a product of powers of non-isogenous
elliptic curves.

By Lemma 8.1, each flat subgroup scheme of codimension at least 2 of A" is contained in
ker « for some « of rank 2, where « is a block diagonal matrix with two blocks of respective sizes
n; and n,, and has two non-zero rows. In case these two rows are in the same block, then we are
in the case of Theorem 2.1 of [1] while, if they are in two different blocks, then we are in the case
of Theorem 1.1. In any case, C” intersects only finitely many such flat subgroup schemes and we
have the claim in case (1).

For the other two cases, one proceeds in the same way. If the two non-zero rows of « are con-
tained in two different blocks, then we apply Theorem 1.1 or 1.2. If they are in the same block,
then one can use results of Viada [38] and Galateau [10] for case (2) and Maurin [24] for case (3).
This concludes the proof of Theorem 1.3.
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