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Abstract
The location of the Touch Down Point (TDP) of a slack mooring line, closely linked
to its residual resistance, requires accurate modeling. We introduce an analytical for-
mulation of seabed contact dynamics as a rigorous boundary condition for the system.
Building on this, a modal analysis is developed to fully characterize the natural oscil-
lation modes of a slack mooring line without assumptions on tension perturbations.
The framework captures the dynamics of the moving boundary at the seabed and
establishes a direct link between the maximum oscillation amplitudes and the onset
of shock formation at the contact point. A complementary formulation describes,
in static or quasi-static regimes, the relationship between fairlead displacement and
seabed contact point motion, providing a solid basis for the study of seabed interac-
tion mechanics. Finally, a numerical investigation contrasts the proposed exact seabed
boundary condition with a widely used empirical approximation. The comparison is
carried out against two exact benchmarks: (i) natural frequencies from modal analysis
and (ii) analytically derived seabed contact point displacement under steady fairlead
tension. Results confirm that the new boundary condition improves predictive accu-
racy without added computational cost. These findings advance the understanding of
slack-line dynamics and support future analytical and numerical studies.
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1 Introduction

The dynamic behavior of mooring lines is a subject of longstanding importance in
offshore engineering due to its impact on station-keeping performance and system
integrity. Mooring lines are often subjected to large displacements, nonlinear hydro-
dynamic forces, and complex seabed interactions, whose first modeling attempts can
be traced back to [1, 2]. The topic has remained active through decades, motivated by
the need for increasingly accurate models able to tackle demanding multidirectional
sea state forcings, complex bathymetries, and multiple mooring line arrangements [3–
9]. An even stronger scientific interest in the subject has been recently catalyzed by the
need to provide reliable mooring modules to support the design of offshore wind tur-
bines. Several modern numerical frameworks include coupling between mooring and
floating body dynamics, acknowledging the bidirectional feedback inherent to such
systems [10, 11]. Historical failures in permanent mooring systems further underscore
the need for accurate modeling techniques [12, 13]. Such detailed reviews of integrity
issues provide valuable insights into how improper representation of dynamic effects,
particularly in the touchdown region, has contributed to system malfunction.

Time domain approaches, despite their heavier computational burden, have been
preferred over themore agile frequency domain approaches [11, 14] due to their ability
to handle strong nonlinearities. Themathematical treatment of these problems has also
been supported by foundational works on cable dynamics [15] and mooring system
theory [16]. Numerous numerical investigations into time integration schemes have
clarified the accuracy and stability of solvers applied to mooring dynamics [17], and
comprehensive PhD studies have deepened our understanding of geometric nonlinear-
ity and compliant mooring systems [18]. Laboratory investigations into the top-end
(fairlead) motion and its influence on cable response have validated numerical models
under controlled conditions [19].

Though both experimental and numerical studies continue to refine our understand-
ing of mooring dynamics, the modal analysis of a mooring line has been overlooked.
Indeed, the knowledge of the natural frequencies of oscillation of the mooring line is
of pivotal importance for modeling the oscillating behavior of an offshore floater. In
broader contexts, the natural oscillations of catenary lines have been considered for
slack-sag layouts [20, 21], and in other fields [22].

Such studies, however, do not take into account the peculiar boundary condition
of the Touch Down Point (TDP) of mooring lines, where line–seabed interaction
occurs, despite several works highlighting that dynamic effects in the touchdown zone
significantly affect the global behavior of mooring systems [5, 23]. Recent works
compare modeling techniques and highlight the sensitivity of results to seabed contact
formulations, showing that empirical contact models may underpredict critical loads
andmodes [8, 23]. Nonlinear time-domain analyses incorporating seabed contact have
been developed for various line configurations and environmental conditions [3, 24].
Advanced numerical strategies such as hp-adaptive discontinuous Galerkin methods
[25] and high-order finite-volume approaches [26] have proven effective in resolving
dynamic snap loads and capturing sharp gradients in tension and curvature.

In this context, the main novelty of the present work lies in the development of a
modal analysis that explicitly accounts for the TDP condition by incorporating the
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Fig. 1 Sketch of the conceptual model of the mooring line adopted in this study

local geometric configuration of the line. This approach enables the formulation of
a differential equation governing the motion of the TDP, effectively treating it as a
moving boundary whose evolution depends on the solution itself. We compare our
approach with widely adopted empirical contact models for the seabed interaction and
analyze the resulting modal properties. We derive reference data from the numerical
integration of both the dynamic and static systems. The focus is placed on investigat-
ing how seabed modeling assumptions may influence the natural frequencies, mode
shapes, and stabilitymargins of themooring system, an aspect that has received limited
attention in the literature.

2 Mathematical modeling

In this section,weprovide a comprehensive description of themathematical framework
employed in this study. We start by writing the dynamic equations of a line moving in
the vertical plane; then we derive their static counterpart.

2.1 Dynamic equations of 2Dmooring line

We consider an inextensible line with negligible bending moment moving within the
x−z plane, being i−k the associated unit vectors. A curvilinear abscissa s is defined
along the line at the initial time. The configuration of the line at time t can be con-
veniently described by the parametric vector function X(s, t) = x(s, t)i+z(s, t)k. In
the following, subscripts s and t will be used as spatial and time derivatives, respec-
tively. If the quantity s also defines the position of a material point, the inextensibility
assumption is tantamount to requiring ∀t : Xs · Xs = 1.
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With reference to Fig. 1, the integral balance equation of linear momentum for the
line segment between sb and s can be written as follows:

T (s, t)τ (s, t) − T (sb, t)τ (sb, t) + −
∫ s

sb

(
ρf − ρf Afgk − 1

2
ρfCDdeq |Xt|Xt

)
dλ

= ∂/∂t
∫ s

sb
(ρ + ma)Xt (λ, t)dλ, (1)

where sb is the curvilinear abscissa of the material point of contact with the seabed
(briefly the TDP), f is the external force per unit mass, ρ is the linear mass density,
T (s, t) is the scalar tension field, τ = xsi + zsk is the tangent unit vector, ρf is the
fluid density, Af is the line volume per unit length, CD is the drag coefficient, deq is
the diameter of the equivalent “dragging” cylindrical cable, and ma is the added mass
per unit length, assuming an isotropic-added mass tensor. Under the assumptions
that buoyancy is negligible with respect to the body-force term, added mass effects
are negligible with respect to the structural inertia, and dissipative drag effects are
neglected, namely ρ � ρf Af , ρ � ma, Eq. 1 reduces, upon differentiation with
respect to s, to the local form which, once coupled with the inextensibility constraint,
furnishes the following:

ρf + (T τ )s = ρXtt,

Xs · Xs = 1.
(2)

By performing the same spatial differentiation on the tension field in Eq. 2, we obtain
the following: ρf+Tsτ + Tn/R = ρXtt, where n = (−zsi + xsk) is the normal unit
vector, R = 1/ϑs is the radius of curvature, being ϑ = arcsin(zs) which leads to
R = √

1 − z2s /zss.
Projecting the first of Eq. 2 along x and z, we obtain the following:

ρ f (x)+Tsxs−T zs/R = ρxtt,

ρ f (z)+Tszs+T xs/R = ρztt,

x2s + z2s = 1,

(3)

where f (x) and f (z) are the x and z components of the external force. Enforcing the
inextensibility condition, the radius of curvature can be expressed as R ≡ xs/zss;
by multiplying the first two of Eq. 3 by xs and zs , respectively, summing them and
exploiting the inextensibility condition, we obtain the non-evolutionary equation for
the tension field:

Ts = ρ
[
xs(xtt − f (x)) + zs(ztt − f (z))

]
. (4)
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2.2 Boundary conditions: seabed contact and fairlead points

2.2.1 Condition at the seabed

Burridge and Keller [2] demonstrated that the line at the seabed (s = sb(t)) exhibits
a horizontal tangent, i.e., τ (sb, t) = i , provided the TDP moves more slowly than
the wave celerity along the line, namely |s′

b(t)| <
√
Tb/ρ, where Tb = T (sb, t)

denotes the tension at the seabed and the prime indicates ordinary differentiation. All
the numerical simulations described in Sect. 7.2 are performed under conditions fully
compliant with the above requirement. By imposing the vertical component of the
tangent unit vector vanishes, namely,

zs(sb(t), t) = 0, (5)

differentiating the latter with respect to time: d/dt zs(sb(t), t) = zs,s(sb(t), t)s′
b(t) +

zs,t(sb(t), t) = 0, we can derive a differential law for the position of the TDP point:

s′
b(t) = −zs,t(sb(t), t)/zs,s(sb(t), t), (6)

which needs to be coupledwith an additional condition stating the equivalence between
the TDP position and the curvilinear abscissa:

x(sb(t), t) = sb(t). (7)

2.2.2 Condition at the fairlead

Assuming no vertical motion of the fairlead (s = sf), i.e., we can impose either a time
history of the horizontal tension Tf(t) together with a fixed value for z or a prescribed
horizontal motion. The former is employed here, namely,

z(sf , t) = h,

T (sf , t)xs(sf , t) = Tf(t).
(8)

It is worth mentioning that the local motion laws (Eq. 2) and the condition at the
fairlead (second of Eq. 8) can be derived from the principle of least action. Conversely,
the TDP condition does not emerge naturally from such approach, and needs to be
prescribed externally of the variational principle. Details on such alternative approach
are reported in Appendix A.

2.3 Static equations: the catenary shape

The static counterpart of the problem at hand can be obtained by multiplying the first
two of Eq. 3, respectively, for xs and zs , dropping the time derivatives and considering
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only gravity as the external force:

T ′x ′2−T z′z′′ = 0,

T ′z′2+T z′z′′ = ρgz′,
(x ′)2 + (z′)2 = 1,

(9)

where g is the acceleration due to gravity. By adding the first two of Eq. 9, substituting
the third and integrating, we can obtain the tension distribution as a function of z(s):
T ′ = ρgz′ −→ T = ρgz + Tb. Note that, at this stage, no assumption has been made
about the shape of the line at the point of contact with the seabed. By substituting into
the first of Eq. 9, we have

ρgz′x ′2−T z′z′′ = 0,

from which we can solve for x ′ =
√

T
ρg z

′′ and plug it into the second of Eq. 9:

z′2 +
(
z+ Tb

ρg

)
z′′ = 1,which is an ordinary differential equation in the unknown z(s).

By imposing two conditions for z at the TDP, namely z(0) = 0 and z′(0) = 0, and
x(0) = 0 for x , together with the third of Eq. 9, the following analytical parametric
solutions are obtained:

z(s) =
√
s2 + χ2 − χ ≡ Z0(s)

x(s) = χ sinh−1(s/χ) ≡ X0(s),
(10)

where χ = Tb/(ρg). The classical Cartesian form of the catenary is obtained by
eliminating s in Eq. 10.

3 Modal analysis

With the aim of focusing on the effect of the modeling of the TDP boundary condition,
we limit the external forces acting on the line to gravity; thus, Eq. 2 can be written as
follows:

Tsx
2
s − T zszss − ρxsxtt = 0,

−ρzsg + Tsz
2
s + T zszss − ρzsztt = 0,

x2s + z2s − 1 = 0.

(11)

The static solution (X0(s), Z0(s), T0(s)) can be perturbed as follows:

x(s, t) = X0(s) + εX(s)eIωt

z(s, t) = Z0(s) + εZ(s)eIωt

T (s, t) = T0(s) + εT (s)eIωt ,

(12)

where ε is a small nondimensional quantity, I is the imaginary unit. By substi-
tuting Eq. 12 into Eq. 11, recalling that static solution satisfies Eq. 9, dropping
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higher-order terms in ε, we come to a homogeneous ODE system in the unknowns
(X(x), Z(s), T (s)):

X ′
0

(
ρω2X + 2T ′

0X
′ + T ′X ′

0

)
− T0Z

′
0Z

′′ − (
T0Z

′ + T Z ′
0

)
Z ′′
0 = 0,

Z ′
0

(
ρω2Z + T ′Z ′

0 + T0Z
′′ + T Z ′′

0

)
+ Z ′ (−ρg + 2T ′

0Z
′
0 + T0Z

′′
0

) = 0,

X ′′X ′
0 + X ′X ′′

0 + Z ′′Z ′
0 + Z ′Z ′′

0 = 0,

(13)

where the last equation is obtained by perturbing the derivative of the third of Eq. 11.
By algebraic manipulations, we can cast system (13) into the following form:

−X ′
0(2T

′
0X

′ + T0X
′′) − T0X

′′
0 X

′ −
(
T ′X ′2

0 − T Z ′
0Z

′′
0

)
= λ(ρX ′

0)X

−Z ′
0T0Z

′′ − Z ′(−ρg + 2T ′
0Z

′
0 + T0Z

′′
0 ) −

(
T ′Z ′2

0 + T Z ′
0Z

′′
0

)
= λ(ρZ ′

0)Z

−(T ′ − ρgZ ′) = λρ(X ′
0X + Z

′
0Z),

(14)
where λ = ω2. The eigenvalue problem (14), in the unknowns (λ, X(s), Z(s), T (s)),
is non-standard, since the term λT (s) is missing on the right-hand side of the third
equation: this feature will need to be handled properly when tackling the problem
numerically.

3.1 Boundary conditions for the perturbed solutions

3.1.1 Condition at the seabed

In the following, we will substitute the perturbed solution (12) into both boundary
conditions (6) and (5). Expanding around s = 0, we get

s′
b(t) = −ε IωZ ′(sb(t))eIωt

Z ′′
0 (sb(t)) + εZ ′′(sb(t))eIωt

= −ε IωZ ′(0)eIωt

Z ′′
0 (0)

+ O(ε2), (15)

Integrating once, discarding higher-order terms, and recalling that the static solution
satisfies the relation Z ′′

0 (0) = χ−1, we can write the following:

sb(t) = −χεZ ′(0)eIωt , (16)

which states that the TDP point of the perturbed solution inherits its harmonic form
from the perturbation. If we require the perturbed solution Z0(s)+εZ(s)eIωt to fulfill
the first of the seabed conditions z(sb(t), t) = 0, we obtain

Z0(sb(t)) + εZ(sb(t))e
Iωt = 0
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which can be expanded as

Z0(0) + Z
′
0(0)sb(t) + εZ(0)eIωt + O(ε2) = 0,

and, recalling that Z0(0) = 0, Z
′
0(0) = 0, we conclude that, at first order in ε

Z(0) = 0. (17)

Nowwe substitute the perturbed solution into the boundary condition (5) which yields
Z ′
0(sb(t)) + εZ ′(sb(t))eIωt = 0, expanding around s = 0 and retaining only lower-

order terms, we obtain Z ′
0(0) + Z ′′

0 (0)sb(t) + εZ ′(0)eIωt + O(ε2) = 0. Recalling
that Z ′

0(0) = 0 and using Eq. 16 we have 0 = (−Z ′′
0 (0)χ + 1)εZ ′(0)eIωt =

(−χ−1χ + 1)εZ ′(0)eIωt = 0. The resulting identity suggests that, as per the per-
turbation function, no zero derivative needs to be enforced at the seabed contact point.
Instead, since the whole perturbed solution still features a horizontal tangent at the
seabed contact point, the condition in Eq. 7 must be enforced on the perturbed solution
as well, leading to X0(sb(t))+εX(sb(t))eIωt = sb(t) again, expanding around s = 0:
X0(0) + X ′

0(0)sb(t) + εX(0)eIωt + O(ε2) = sb(t) and recalling that X0(0) = 0,
X ′
0(0) = 1, and truncating higher-order terms:

X(0) = 0, (18)

which, together with Eq. 17, states that the perturbed solution, at first order, must com-
ply with a seabed boundary condition analogous to that of the taut-line configuration,
i.e., a line whose endpoint is fixed to the seabed. For what regards the boundary condi-
tion for the tensionfield, by calculatingEq. 4 at s = sb, and imposing that xs(sb(t), t) =
1 and zs(sb(t), t) = 0, we obtain Ts(sb(t), t) = ρxt,t(sb(t), t). We can then plug the
perturbed solutions (Eq. 12) into the latter, resulting in T ′

0(sb(t)) + εT ′(sb(t))eIωt =
−ρω2εX(sb(t))eIωt . Expanding and retaining lower-order terms, as done previously,
we obtain T ′

0(0)+T ′′
0 (0)(−χεZ ′(0)eIωt )+εT ′(0)eIωt +ρω2εX(0)eIωt = 0.Recall-

ing that T ′
0(0) = 0, T ′′

0 (0) = ρgχ−1 and enforcing the requirement (18) yields

− ρgZ ′(0) + T ′(0) + ρω2X(0) = −ρgZ ′(0) + T ′(0) = 0. (19)

3.1.2 Condition at the fairlead

We now formulate the conditions for the fairlead boundary. Requiring the perturbed
solution to retain a constant height at the fairlead Z0(sf) + εZ(sf)eIωt = h. Since
Z0(sf) = h, we obtain

Z(sf) = 0. (20)

The same approach can be applied to T (sf , t)xs(sf , t) = Tf(t) yielding(
T0(sf) + εT (sf)eIωt

) (
X ′
0(sf) + εX ′(sf)eIωt

) = Tf . Recalling that the right-hand
side satisfies Tf = T0(sf)X ′

0(sf), at lower order in ε, it can be simplified as follows:

T0(sf)εX
′(sf)eIωt + εT (sf)e

Iωt X ′
0(sf) = 0. (21)
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In summary, all the homogeneous boundary conditions formulated so far are

Z [0] = 0, X [0] = 0,−T ′(0) + ρgZ ′(0) = 0,

T0(sf)X
′(sf) + T (sf)X

′
0(sf) = 0, Z(sf) = 0,

(22)

which are the sought five conditions required to correctly pose the system of two
second-order ODEs in X and Z , coupled with a first-order one in T .

It is worth noting that, for the case of fixed seabed contact point (taut-line), the
above conditions still apply. Indeed, the different modal response of the taut-line,
with respect to the slack configuration, is determined by the different shapes of the
X0, Z0, T0 which, in the taut configuration, do not necessarily require the line to be
tangent to the seabed.

4 Nondimensional form of the equations

In this section, we derive the nondimensional form of the previously introduced equa-
tions, which will be subjected to analytical and/or numerical solution. We will adopt
{ρ, g, L0} as the set of reference quantities, where L0 is the length of the hang-
ing portion of the static line. Hereinafter, for the sake of readability, all previously
defined symbols will also denote the corresponding nondimensional quantities. Sum-
marizing, s → s/L0, X → X/L0, while time will be made nondimensional through
t → t/

√
L0/g and tension through T → T / (ρgL0). It is worth highlighting that the

nondimensional curvilinear abscissa s now varies within the range [0, 1].

4.1 The dynamic equations

The nondimensional counterpart of Eq. 2, with f = −gk, reads

−k + (T τ )s = Xtt

Xs · Xs = 1.
(23)

4.2 The static equations

The static solution for the slack configuration depends only on one parameter, namely,

 = Tb/(ρgL0):

Z0(s) =
√
s2 + 
2 − 


X0(s) = 
 sinh−1(s/
).

T0(s) = 
 + Z0(s).

(24)

Conversely, the taut configuration can be formulated as a boundary value problem
by fixing only the position of the TDP to the seabed (z(0) = 0) and the height of the
fairlead point (z(1) = β−1). Solving Eq. 9 with such boundary conditions by means
of standard Wolfram Mathematica solvers yields the following solution, expressed as
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Fig. 2 Left panel: map of all possible static line configurations as function of the two nondimensional state
variables; right panel: three line configurations sampled at the three locations in the map

a function of 
 and β = L0/h ≥ 1:

Z0taut(s) =
√
s2 + 
2 + s(β−2 + 2β−1
 − 1) − 


X0taut(s) =
√

(β2 − 1)(1 + β(2
+1))(1 + β(2
−1))

2β2 ·

ln

[
(1 + β(2
+1))(β − 1)

β(β(1 − 2s) − 2
+2β(Z0taut(s) + 
)) − 1

]

T0taut(s) = 
 + Z0taut(s).

(25)

Solution (25) reduces to solution (24) when the following relation holds:

β =
√
1 + 
2 + 
. (26)

In the
−β plane (see left panel of Fig. 2), all static configurations can be classified
into two regions based on the sign of the line slope at the seabed location: positive
(green region) and negative (red region, sagline configuration, inadmissible for a hor-
izontal seabed). The boundary between the two regions is described by Eq. 26 and
represents all the possible configurations with a horizontal tangent at the seabed. Note
that, for the solution given in Eq. 25 to be valid, the parameter β needs to be further
constrained by the relation β−1 + 2
 > 1, which defines the region below the blue
dashed trace in the left panel of Fig. 2.

Let us define α̃ as the angle between the seabed and the segment passing through
the two line extrema for the static slack configuration. Its formulation can be deduced
straightforwardly from Eq. 24 and reads

α̃ = arccot
[



(

 +

√
1 + 
2

)
arccsch(
)

]
. (27)

In the following, the above static angle will be compared to its dynamic counterpart.
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4.3 Themodal equations

The nondimensional version of the system (14) is

− X ′
0(2T

′
0X

′ + T0X
′′) − T0X

′′
0 X

′ −
[
T ′X ′2

0 − T Z ′
0Z

′′
0

]
= λ(X ′

0)X

− Z ′
0T0Z

′′ − Z ′ (−1 + 2T ′
0Z

′
0 + T0Z

′′
0

)
−

[
T ′Z ′2

0 + T Z ′
0Z

′′
0

]
= λ(Z ′

0)Z

− (T ′ − Z ′) = λ(X ′
0X + Z ′

0Z),

(28)

where λ = ω2 has been made nondimensional through g/L0. The nondimensional
forms of the boundary conditions are

X(0) = 0, Z(0) = 0, T ′(0) − Z ′(0) = 0

T0(1)X
′(1) + T (1)X ′

0(1) = 0, Z(1) = 0.
(29)

It is worth recalling that, when the modal analysis is to be carried out for the taut-line
configuration, the static functions given in Eq. 25 must be used in Eqs. 28 and 29.

Neglecting the tension perturbation with respect to the static value (i.e., T 	 T0),
and thus dropping all terms in square brackets in Eq. 28, one can decouple the sys-
tem (28), and solve the resulting second-order ODE for X . Such modeling approach,
sometimes referred to as the quasi-steady assumption, is analogous to the one
employed by [15, 19], and will be assessed in the following.

5 Numerical solution of themodal equations

A second-order finite difference approach has been employed to numerically solve the
eigenproblem (28) coupled with the boundary conditions in Eq. 29. The analytic forms
of the static solutions, either Eqs. 24 or 25, have been used to evaluate the coefficients
appearing in Eq. 28. Discretizing the vector-valued eigenfunction (X(s), Z(s), T (s))
uniformly in the domain [0, 1] 
 s the following generalized eigenproblem arises in
finite dimensions:

A · W = λB · W , (30)

where W is the eigenvector, λ is the eigenvalue, A, B are real-valued square matrices
of order 3N , being N the number of discrete nodes (N = 200 has been employed
throughout the whole analysis). The non-evolutionary nature of the inextensibility
constraint does not allow for a time derivative of the tension to appear as λT (s) at
RHS of the third of Eq. 28. Consequently, the matrix B in Eq. 30 results singular.
The vectorW contains the unknown values at the computational nodes, namely,W =[
X (i), Z (i), T (i)

]
i = 1 . . . N Applying a singular value decomposition to B, the

system (30) can be rewritten asUT .A.W = λDI.V T .W ,whereU , V are orthonormal
matrices, so that V T = V−1 and UT = U−1, and DI is a diagonal matrix. Defining
Y = V T .W , and Ad ≡ UT .A.V , the eigenproblem can be cast into the following
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form:
Ad.Y = λDI.Y . (31)

The resulting eigenproblem (31), while still sharing the same vector of eigenvalues
λ with the system (30), is still non-standard, since DI is not the identity matrix.
Nonetheless, the form (31) is computationallymore advantageous, and has been solved
by means of the Arnoldi method [27] .

6 Numerical solution of the dynamic equations

For the numerical solution of the system (23), a second-order in space, finite difference
scheme is employed over a uniform grid. The first two of Eq. 23 are solved bymeans of
a time marching, explicit, three-level, second-order in time scheme. The enforcement
of the inextensibility condition is achieved by annealing the above time marching
scheme in an iterative relaxation procedure which corrects both the local configuration
of the line and the tension until the inextensibility is fulfilled within a prescribed
precision. The aforementioned numerical scheme, implemented in MATLAB without
any specific code optimizations, requires approximately 3 h of computation time to
perform 106 time steps on a grid comprising 100 nodes when executed on a standard
desktop computer. This approach is somehow similar to the one employed in [24].

Regarding the seabed boundary condition, either the rigorous condition (Eq. 6)
or the commonly employed empirical description of the contact point is used in the
simulations; both have been integrated in the same code. The former is implemented by
continuously resizing the numerical domain to account for the movement of the TDP,
and thus solving Eq. 23 only on the portion of the line above the seabed elevation.
In particular, the displacement of the TDP is predicted by solving the ODE (6) by
means of a first-order explicit method. The new position of the TDP is treated as the
updated location for the boundary condition, effectively rendering the approach a 1D
PDE solver with a solution-dependent moving boundary.

The latter condition, instead, solves for all points of the line, including the ones
resting on the seabed. Should the elevation of a point fall below the level of the local
seabed, it is set to the seabed height. The position of the TDP is then assumed to
correspond to the first point which lies above the seabed height.

7 Results

7.1 Eigenmodes shapes and natural frequencies

In Fig. 3, we show the first three modal shapes resulting from the solution of Eq. 28, as
well as the eigenmode for the tension along the line. Themagnitude of the perturbation,
shared by all three shapes, has been chosen to ensure a clearly visible departure of
each eigenmode from the corresponding static configuration.

Thenumerical solutionof themodalEq. 28 requires, for the slack-line configuration,
the specification of either the parameter 
 or β. A wide range of β values, β ∈
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[1.1, 8], was finely sampled. For each value, the natural frequencies ω of the first
three modes were numerically computed including the simplified model that neglects
the perturbations of T with respect to the static ones. It is worth recalling that such
approximation is obtained bydropping the terms in square brackets inEq. 28.As shown
in Fig. 4, all frequencies ω increase with β, though at a decreasing rate, ω′′(β) <

0, since larger β corresponds to larger 
 and, therefore, to higher static tensions.
Moreover, the approximate model consistently and significantly underestimates the
correct values across the entire β range considered. As β → 1 the numerical solution
becomes increasingly harder, since high line curvature localized at the TDP requires
progressively finer grids. However, it is interesting to inspect the limit behavior of
the static system as β → 0. In such limit, X0 → 0, Z0 → s, T0 → s which,
once plugged into Eq. 28, reduce the first equation to an identity, and the whole
eigenproblembecomes degenerate, which features the following trivial solutions:λ →
arbitrary, X → arbitrary, Z = 0, T = const

7.1.1 Shock-free natural oscillations

It is of notable interest to discuss underwhich conditions the assumption of a horizontal
tangent at theTDPholdswithin the framework ofmodal analysis. Indeed, asmentioned
in Sect. 2.2.1, a departure from such conditions occurs when the TDP velocity exceeds
a critical value, namely,

√
Tb/ρ, with the possible formation of shocks in the cable.

The vector-valued eigenfunction (X(s), Z(s), T (s)), solution of the eigenprob-
lem (28), is defined up to an arbitrary scalar multiplicative coefficient. A possible
choice for such constant is to require that the Euclidean norm equals 1, namely,

||(X(s), Z(s), T (s))|| ≡
∫ 1

0

√
X(s)2 + Z(s)2 + T (s)2ds = 1. (32)

Since the perturbation ε(X(s), Z(s), T (s))eIωt is expected to be smaller than the static
solution (X0(s), Z0(s), T0(s)), we can pose ε

||(X(s),Z(s),T (s))||
||(X0(s),Z0(s),T0(s))|| 	 1 which, com-

bined with Eq. 32, yields ε 	 ||(X0(s), Z0(s), T0(s))|| where the expected smallness
can be quantified by setting ε = 10−2 in the following:

ε < ε ||(X0(s), Z0(s), T0(s))|| = ε S(
), (33)

where the function S(
) ≡ ||(X0(s), Z0(s), T0(s))|| can be readily obtained by
expressing the static solutions in Eq. 10 as functions of 
. The ratio of the velocity
of the seabed point to the characteristic value

√
Tb/ρ can be formulated from Eq. 15

and, after straightforward algebraic manipulation, is given by

∣∣∣∣∣
s′b(t)√

Tb
ρ

∣∣∣∣∣ = εω
∣∣Z ′(0)

∣∣√


where all quantities on the right-hand side are to be understood as nondimensional.
For the evaluation of the above ratio, the numerical approach discussed in Sect. 5

has been employed for various
 values. In Fig. 5 we plot the curves εGi (
) = 1 in the
(
, ε) plane for the first three modes (i = 1...3), where Gi (
) ≡ ωi

∣∣Z ′
i (0)

∣∣√
. The
regions below these curves correspond to shock-free solutions for the eigenproblem,
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Fig. 3 Top and bottompanels show, respectively, the first three eigenmodes, forβ = 4.4. The static reference
shape is shown as well. The inset of the top panel shows the different displacement of the fairlead point in
the different modes

namely
∣∣∣s′
b(t)/

√
Tb
ρ

∣∣∣ < 1. The above analysis shows that exceeding the limiting speed

at the seabed contact point depends on the amplitude of the perturbed solution ε, the
nondimensional tension 
, and the mode number. Since a higher mode number entails
a larger pulsation and therefore a higher seabed contact point velocity, one would
expect the admissible regions to shrink with increasing mode number. This is not the
case here: the third mode is indeed the most restrictive, but the second one bounds
the largest admissible, shock-free region. This non-trivial ranking can be explained by
noting that the eigenmode profile for the second mode (see the inset in the top panel of
Fig. 3) exhibits the smallest oscillation at the fairlead, thus inducing slower oscillations
of the seabed contact point. The admissible regionsmust be further restricted by noting
that not all shock-free solutions comply with the requirement of small perturbations
of the static configuration, as prescribed by the constraint in Eq. 33. Only the points
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Fig. 4 First three natural pulsations as predicted by the modal analysis. Green-filled marker refers to the
results obtained with the assumption of negligible departure of tension from the static value
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Fig. 5 Shock-free regions for the modal analysis: each solid trace represents the upper bound for the
existence of a perturbed solution which does not trigger shocks due to a fast moving seabed contact point.
The dashed line indicates the limit for small perturbations, assuming ε = 10−2 in Eq. 33

below the dashed line in Fig. 5 can thus be regarded as small, according to the assumed
value for ε = 10−2.
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Fig. 6 Values attained by the angle α between the seabed and the segment passing through the two line
extrema, normalized with its static value α̃, during a typical time-varying simulation, versus the correspond-
ing 
 values

7.2 Free oscillations in the time domain: influence of the seabed boundary
condition.

We solved the dynamic equation (23) by means of the numerical method described
in Sect. 6. In particular, after initiating the profile according to the static solution
equation (24), we imposed a step variation of the fairlead tension, which eventually
triggered free oscillations of the whole line. Then, we extracted the spectrum of the
time series of the position of the fairlead, as shown in Fig. 7, for both implementation
strategies of the boundary condition at the seabed. The two spectra show very close
peaks, with the rigorous condition yielding values more adherent to the reference
values of the modal analysis, the latter reported in Fig. 7 as vertical lines. Moreover,
the empirical description of the seabed contact results in a spectrum with a lower
number of detectable peaks. This occurs because the reduced stability induced by
such a naive boundary condition requires the use of a smaller time step, resulting in
higher numerical dispersion and, consequently, smearing of higher-frequency waves
due to increased phase errors and, thus, destructive interference.

While the natural frequencies yielded by the empirical description of the seabed
dynamics satisfactorily approximate the ones predicted by the modal analysis, the
mean displacement is poorly approximated, as shown in the next section. It is inter-
esting to inspect the values attained, during a typical time-varying simulation, by the
angle α between the seabed and the segment passing through the two line extrema.
Figure 6 shows the cloud of such angles, normalized by the critical (static) value as
in Eq. 27, as a function of 
. It is worth mentioning that both quantities vary in time,
though α shows small departures from the critical value, as expected for a simulation
setup to assess the natural frequencies of the system.
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Building upon the static equations (24), an explicit formulation for the displacement
of the TDP between two static configurations has been reported in Appendix B. Such
quasi-static transitioning from the initial to the final state can be employed as the
reference value for the mean location of the TDP oscillation, as predicted by the
dynamic equations. As shown in Fig. 8, the comparison highlights that the prediction
strongly depends on the choice of the boundary condition. Implementing the correct
boundary condition (Eq. 6) yields significantly more accurate results: indeed, the
associated error is approximately 1%, whereas the empirical seabed condition leads to
a discrepancy of about 15%. This is certainly to be considered a lower boundary since
the free oscillations are obtained by solving the dynamic equation (23) with a small
variation of the fairlead tension, in the order of 10%. Higher errors are expected in
presence of larger variations: indeed, as shown in Fig. 9, small variations of the location
of the fairlead point reflect into considerably larger displacements of the TDP.

Future research will seek to elucidate the extent to which discrepancies in the
replication of experimental data reported by several authors can be attributed to the
utilization of simplified seabed boundary conditions.

8 Conclusions

A modal analysis of the slack configuration of a mooring line has been carried out,
with focus on the role of the seabed boundary condition (TDP). An exact, simple
differential formulation has been rigorously derived for the dynamic displacement
of the TDP. Such condition, once implemented in the time-varying equations, yields
oscillations that closely reproduce both the frequency of the modal analysis, and the
mean displacement of the TDP. The empirical condition of line-seabed contact, on
the contrary, yields inaccurate predictions of the TDP location. Since the residual
available resistance of a slack mooring heavily depends on the amount of line lying
on the seabed, accurately predicting the TDP displacement is crucial for correctly
estimating the ultimate stability of the mooring. The present study highlights the
importance of a consistent modeling approach for the TDP condition within a modal
framework. Numerical results from time-varying simulations, although performed
in small-oscillation regimes, suggest that the above conclusions may also extend to
more realistic scenarios. Further investigations are, however, required to confirm this
indication.
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Eq. 6 (upper panel) and empirical description of the seabed contact (lower panel). Green vertical lines and
corresponding values are the first five eigenvalues resulting from the modal analysis
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Appendix A Variational formulation of the problem

In this section, we show how Eqs. 2 and 8 can be derived from the principle of least-
action. The action of a line subject to a conservative mass force f whose potential

energy is 
(X), can be formulated asA [X, T ] = ∫ t1
t0

[∫ sf
sb(t)

L ds + L f(t)
]
dt, where

L = 1
2ρ |Xt |2 − ρ
(X) − 1

2T
(|Xs |2 − 1

)
is the lagrangian density, and L f(t) =

Tf(t)x(sf , t) is the generalized potential of the external tension applied at the fairlead.
It is worth noting that the tension at the TDP Tb(t)τ (sb, t) is assumed to be horizontal,
and thus the TDP detaches from the bottom with purely vertical velocity, that is
xt (sb(t), t) = 0 owing to x(sb(t), t) = sb(t) and xs(sb(t), t) = 1. Therefore no work
is performed by the tension Tb(t), and thus it does not appear in the above action
budget. To come to the hamiltonian formulation we define the X conjugate moment
as P ≡ ∂L/∂Xt = ρXt ⇒ Xt = P/ρ. By applying the Legendre transform, the

hamiltonian reads H [P,X, T ] = ∫ sf
sb(t)

(
1
2ρ |P|2 + ρ
(X) + 1

2T (|Xs | − 1)
)
ds −

L f(t), with T as a Lagrange multiplier. The field equations on the open interval
(sb(t), sf) together with the boundary condition T xs = Tf(t) at s = sf are obtained
through a standard procedure of minimization of the action with respect to X and T ,
with the following admissible variations: δX(·, t0,1) = 0, δX(sb, t) = 0, δX(sf , t) =
{δx(sf , t), 0}. In particular, by imposing δXA = 0 we can derive both the momentum
balance and the boundary condition T xs = Tf while the prescription δTA = 0 leads
to the inextensibility constraint. In the Hamiltonian framework, the same equations
follow from admissible variations with respect to X,P, and T . The kinematic law
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governing sb(t) (see Eq. 6) cannot be derived within the present variational setting
and needs to be prescribed externally.

Appendix B “Static” displacement of TDP

.5ptIn this section, we derive a relation linking the displacement of the TDP, �sb, to
that of the fairlead point, �xf , the latter induced by a variation in the applied tension.
Assuming a slow variation of the tension from a state A to a state B, the results are
strictly valid in a quasi-steady setting. If the nondimensional fairlead tension varies
from 
0,A → 
0,B where 
0,A = Tf,A/ (ρgLA) and 
0,B = Tf,B/ (ρgLA), it is
worth recalling that, in a static slack-line configuration, the horizontal component of
the fairlead tension equals the tension at the TDP. The displacement of the TDP equals
the variation of the suspended line from state A to state B, namely �sb = �L =
LB − LA ≷ 0. It can be determined by imposing that, at both states, the fairlead
moves only horizontally, namely, Z0(LA) = Z0(LB) = h. Solving for s = LA and
s = LB the first of Eq. 10 LA = √

h (2χA + h) , LB = √
h (2χB + h) , which allows

formulating the nondimensional variation of L as �L
LA

=
√

2χB
h +1

2χA/h+1
2χA
h + 1 − 1. The

previous relation, considering thatχ = 
L and accounting forEq. 26, canbewritten as

�sb/h = β0,A − β0,B,

�xf/h = �sb/h + ln

√√√√(
β0,B + 1

β0,B − 1

)β2
0,B−1 (

β0,A − 1

β0,A + 1

)β2
0,A−1

,
(B1)

where the variation in tension reflects in the variation β0,A → β0,B.
The above relations can be employed to draw the parametric plot in Fig. 9, which

readily provides a means to assess the residual stability of a mooring system: indeed,
the length variation of the suspended portion of the mooring line can be estimated
based on the local depth and the displacement of the fairlead.
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