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We provide a nonperturbative determination of the scheme- and scale-independent low-energy constant
¢, appearing in the QCD effective chiral Lagrangian at next-to-leading order, by means of lattice QCD
simulations with Ny = 2 + 1 quark flavors. We adopt staggered fermions and extract £ from the pion mass
splitting by suitably generalizing the method introduced by Frezzotti e al. [Phys. Rev. D 104, 074513
(2021)] for the Wilson discretization. Adopting 12 gauge ensembles with three different values of the pion
mass, and four different values of the lattice spacing, we are able to achieve controlled extrapolations

toward the continuum, infinite volume, and chiral limits. Our final result #; x 10° = 2.79(58),,(19)

syst —

2.79(61),,, agrees with and substantially improves on previous determinations.
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I. INTRODUCTION

Effective field theories represent a powerful approach
for studying quantum field theories in regimes where a full
description across all energy scales is either impractical
or unnecessary. They indeed provide a framework which
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allows one to capture the relevant dynamics at the desired
energy scales through approximations that are, in principle,
systematically improvable. In practice, effective theories are
built as an expansion in one or more small quantities, and
since the number of free parameters typically grows rapidly
with the order of the expansion, this can potentially limit
their applicability. However, there are many phenomeno-
logically relevant cases where already the first few terms
allow, in certain regimes, a satisfying approximation of very
complex theories with a controllable number of parameters,
the nonperturbative low-energy domain of quantum
chromodynamics (QCD) being a paramount example.

In the limit of Ny massless quarks, the QCD Lagrangian
exhibits a global SU(N;), x SU(N¢)g flavor symmetry,
which is spontaneously broken to SU(N¢)y at energy
scales much smaller than Agcp [1]. This fact allows a
low-energy description of strong interactions by means of
chiral perturbation theory (yPT), an effective theory describ-
ing massive QCD as a small perturbation around the chirally
symmetric point with massless quarks.

The yPT Lagrangian is constructed by writing down all
possible terms consistent with the symmetries of the theory

Published by the American Physical Society
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in terms of the Nambu-Goldstone boson fields associated to
chiral symmetry breaking, ordered in powers of the squared
momenta p? and of the quark masses myq (the so-called p
expansion). Each order of this expansion introduces a set of
parameters known as low energy constants (LECs), which
encode the nonperturbative dynamics of the full theory, and
must be fixed either phenomenologically from experimen-
tal data or through first-principles lattice QCD calculations.
At leading order (LO) in p? and my, the yPT Lagrangian
contains only two LECs: the pion decay constant F' and the
quark condensate X. Instead, at next-to-leading order
(NLO) O(p*), and for Ny =2 light quark flavors, one
needs to introduce seven more LECs, {¢;},_; 5. The
value of all LECs depends on the strange quark mass .

Among them, the scheme and scale independent LEC ¢,
is the only one parametrizing strong isospin-breaking (IB)
effects at NLO. For instance, it enters the strong charged/
neutral pion mass splitting [2,3],

8B?
M721+ _Mizto = (Am)2Ff7[l +O(mf)], (1)
where (m,, my are the up, down quark masses)

(mg +my), Am

| =

my = (mg—my), (2

N[ =

B=X/F? and where we are adopting the convention

Ff,phys) ~ 92 MeV for physical quark masses. Thus, ¢

plays a crucial role in several physical processes where
IB effects are important, ranging from hadron physics to
beyond standard model phenomenology. Despite its impor-
tance, among the seven Ny =2 NLO yPT LECs, 75 is
currently affected by the largest uncertainties, and the
number of papers tackling its calculation is rather scarce.
The first phenomenological estimate of #; was given
in [2,3] using arguments related to the # — 7, mixing,

F2 3
‘7 = — ~5 107, 3
! ()M% x ( )

However, NLO corrections turn out to be quite large and of
the same order of LO contributions, thus giving rise to
sizable systematics [4]: £7 = 7(4) x 1073,

On the other hand, also the current status of first-principles
determination of #; from numerical Monte Carlo simulations
of lattice QCD is not very advanced (for areview on the status
of the lattice determinations of the QCD LECs see Sec. 5 of
Ref. [5]). The RBC-UKQCD Collaboration provided a first
indirect determination of /; in Ref. [6] through a global fit
involving several pseudoscalar masses and decay constants:
¢4 = 6.5(3.8) x 1073. The accuracy of this determination is
however comparable with the phenomenological estimate
discussed above.

Improving the accuracy of current determinations of ¢;
has been recognized as a necessary ingredient for accurate
predictions about axion physics. The axion mass m,
receives a NLO correction whose overall uncertainty is
at the percent level, with the most significant contribution
coming from the one on 5 [4,7]. Moreover, the dominant
source of error in the determination of the axion quartic
self-coupling 4, (about 6%) comes from ¢’ too [4]. Finally,
recent studies of axion-pion scattering within SU(2) yPT at
NLO have shown that the error on #5 induces a 15%—-20%
uncertainty in the azx — zz amplitude, impacting con-
straints on the axion mass obtained from hot dark matter
bounds [8-10].

Going beyond the present state of the art demands
devising dedicated nonperturbative lattice strategies to
effectively determine #;. Recently, progress in this direc-
tion has been achieved. More precisely, two direct lattice
methods to compute ¢ from lattice QCD have been
proposed in Ref. [11], both rooted on the RM123 approach
[12,13]. One is based on the calculation of the coupling
between the neutral pion and the isosymmetric pseudosca-
lar quark density; the other, which is the one we will adopt
in this study, is instead based on the calculation of the
pion mass splitting in Eq. (1). The main idea behind this
strategy is to evaluate the charged and neutral pion mass
difference M2, — M2, at order O[(Am)*| by expanding
the path integral around the isosymmetric point m, =
myq = m, in powers of the quarks mass difference Am.
This makes it straightforward to directly evaluate deriva-
tives of the pion mass difference with respect to Am, which
are indeed proportional to ¢ itself, as we will discuss later.
In the same paper [11], the authors also provided a proof-
of-principle lattice calculation using rotated twisted mass
fermions [14] for a single gauge ensemble, and were able to
reduce the bound on #; down to #; =2.5(1.4) x 1073
combining the results from the two methods.

Given the very promising results obtained in [11], in this
work we aim at performing a dedicated lattice study
targeting the determination of £ using the same pion
mass splitting method of [11], but implementing it with
staggered fermions. This choice is motivated by the
computational efficiency of the staggered discretization,
which is significantly less expensive to simulate compared
to other fermion formulations; moreover, checking the
consistency of determinations obtained adopting different
fermion discretizations represents, as usual, a solid test of
universality and of the claimed control over the systematic
effects which may affect lattice QCD results.

Clearly, staggered fermions also present additional
complications related to the breaking of taste symmetry
at finite lattice spacing which require particular attention.
Despite these challenges, we were able to generalize the
strategy of [11] to staggered quarks, and apply it to several
staggered gauge ensembles obtaining reliable results for £.
This allowed us to obtain controlled continuum and chiral
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extrapolations of this quantity for the first time, and to
attain an overall final uncertainty which significantly
improves on previous estimates.

This paper is organized as follows: in Sec. II we describe
our numerical setup and the mass-splitting method we
adopted to compute £7; in Sec. III we present our results for
¢7; finally, in Sec. IV we draw our conclusions.

II. NUMERICAL SETUP

A. Lattice QCD discretization and simulation
parameters

The numerical setup (i.e., the lattice QCD discretization
and the algorithm employed for the Monte Carlo sampling
of the path integral) and the gauge ensembles adopted here
are both inherited from the previous study [15].

We discretize QCD on an hypercubic N% space-time
lattice, with periodic (antiperiodic) boundary conditions for
gluons (quarks). We adopt a tree-level Symanzik-improved
action for the gluonic sector,

salt) = =5 3= {Zormfn ]

X UFV
L. (1x2)
+ =T [n,w (x)] } (4)

with TI{"(x) being the product of gauge links along
n x m rectangular paths starting at point x and extending
in the (u,v) plane. The fermionic sector consists of
N¢ =2+ 1 flavors of rooted stout-smeared staggered
fermions. The fermion matrix is given by,

ME U] = Dy [UD] + amy, (5)

4
Dy lUP] =" n,(0)[UP (x)5,,-
p=1

— U (x = )8,y 471, (6)
m() = (=1, @)

with #,(x) the so called staggered phases, a the lattice
spacing, m; the bare mass of the quark flavor f, and where
the stouted links U, ,(,2) (x) are taken after two steps of
isotropic stout smearing with pg, = 0.15 [16].

The total partition function,

Zioep = / [dU)e=SWilU) x det {ME9) 1]}
x det MO U]}, (8)
with # and s labeling the light and strange quark flavors,

respectively, has been sampled with the rational hybrid
Monte Carlo (RHMC) algorithm [17,18].

In this work we will employ 12 different gauge ensem-
bles, whose simulation parameters are reported in Table I.
These ensembles correspond to three different lines of
constant physics (LCPs) where the lattice size is fixed to
L = aNg ~ 3 fm, the bare strange quark mass m; is tuned to
keep its renormalized value constant and equal to its physical

value m{™, and the bare mass of the degenerate light

doublet m, = my = my is varied to explore different values
of the pion mass M,. These LCPs were determined in
Ref. [15], starting from the results of Refs. [19-21] for the
bare parameters belonging to the physical point LCP,
by varying the bare light quark mass at fixed bare strange
quark mass. More precisely, we considered light-to-strange

quark mass ratios R = m,/m{"™* equal to 4, 6 and 9 times
the physical ratio R(PhS) = m(fphys)/ mﬁp“ys) determined
in Refs. [19-21]. These choices correspond to M2~

4,6,9MPM2 AP — 135 MeV, and M,L > 4, a value
that is sufficient to keep finite-size effects below our
statistical errors, as we shall discuss later. For each LCP
we considered four values of the lattice spacing a ranging
from ~0.15 fm to ~0.075 fm. Our setup thus allows us to
take continuum limits @ — 0 at fixed light and strange quark
masses, and then to take the SU(2) chiral limit m, — 0 at

fixed physical strange quark mass m™, ie., R — 0.
Further details about the determination of the LCP simu-
lation parameters can be found in the original paper [15].!

B. 7, from the mass-splitting method

The mass-splitting method of [11] relies on two main
ingredients: the fact that the strong charged/neutral pion
mass difference induced by strong IB effects is para-
metrized by #; via Eq. (1); and the fact that this formula
can be directly evaluated at the first nontrivial order in Am
by using the RM123 method.

The starting point is to rewrite (1) in a way that is more
suitable for a numerical evaluation. By expanding the left-
hand side at LO in Am and using the yPT LO relation
M?* = B(m, + mq) = 2Bm,, we have,

M2, = M2, = 2M (M, — M.0)

2M*
= (Am)? 3t (9)
m%F2

"The results for F . in Table I correct those originally given in
Ref. [15], whose calculation was affected by a mismatch in the
renormalization constants, resulting in a ~15%—-19% shift up-
ward. This issue regarded the analysis of the ensembles at heavier
than physical pions, and it does not affect the chiral limit of F,
given in [15], but only its slope as a function of M. The latter
was not discussed in [15], and it is reported for the first time in the
present work in Appendix E.
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TABLE L.

Summary of the simulation parameters of the gauge ensembles employed in this study. The LCP parameters, including pion

masses and lattice spacings, were obtained in [15] starting from the physical point LCP determined in [19-21]. The values of the lattice
spacing have been determined in [15] with the w,, scale setting approach [22] with a ~2% error at most, and their value in fm units was
obtained assuming wy = 0.1757(12) fm [22] for all ensembles, independently of the pion mass. The variable N, is the number of
thermalized gauge configurations generated for each ensemble, each separated by 10 RHMC updating steps. For each ensemble we also

report the values of M, and F.

R =m,/mP™ B N, amy ams a(fm) Ny M, MeV) F,MeV) L=aN,(fm) M,L
0.1421 3.67838 20 0.008828  0.062136  0.1515 6200 260(3) 98.5(2.1) 3.03 4.00
3.75000 24 0.007150 0.050300 0.1265 5400 262(3) 99.0(2.3) 3.04 4.08

3.86847 32 0.005383 0.037884  0.0964 3373 263(4) 98.9(2.2) 3.08 4.21

398775 40 0.004244  0.029867 0.0758 3160 269(5) 98.4(2.3) 3.03 4.13

0.2131 3.67838 20 0.013242 0.062136  0.1532 1800 320(2) 102.4(2.7) 3.06 4.96
3.75000 24 0.010722  0.050300 0.1278 1800 315(3) 101.8(2.5) 3.07 4.90

3.86847 32 0.008075 0.037884  0.0976 2730 315(5) 100.9(2.4) 3.12 4.98

398775 40 0.006366  0.029867 0.0764 1390 317(6) 101.1(2.5) 3.06 4.92

0.3197 3.67838 20 0.019863 0.062136  0.1556 1320 381(1) 106.8(2.6) 3.11 6.00
3.75000 24 0.016080  0.050300 0.1297 1280 382(2) 105.8(2.4) 3.11 6.02

3.86847 32 0.012112 0.037884  0.0989 1250 380(1) 105.5(2.5) 3.16 6.09

398775 40 0.009549  0.029867 0.0768 1320 386(4) 106.3(2.6) 3.07 6.01

212
mfF (Mfr - Ml[U)QCD
= ¢7= M3 (Am)? ’ (10) Zpp = (P|Op[0). (14)
where (M+ — M 0)ocp denotes the mass splitting arising ~ Therefore, by taking derivatives with respect to Am one

solely from the up/down quark mass difference, i.e.,
excluding O(a.y,) electromagnetic effects. Thus, at the
order in Am at which we are working, the computation of
¢ is reduced to the computation of,

(M”+—Mﬂ0) C 1
T am (M =M eep + O(am) (1)

in isosymmetric QCD (i.e., the theory with Am = 0), with ’
denoting differentiation with respect to Am.

Such a quantity can be extracted on the lattice from the
second derivative with respect to Am of the difference
Ci () — Cho,0(t) between the Euclidean time correlation
functions of the charged and neutral pions. As a matter of
fact, the asymptotic behavior of these correlators for large
Euclidean time separations is,

T
Crpt (t)a<<7<<TAﬂ+ cosh |:Mﬂ+ (5 - t>:| ,

Coo(t) ~ Apcosh [M(g-tﬂ (12)

aitT

where T = aNj is the Euclidean time extent of the lattice,
and Ap represents the amplitude for the particle P obtained
from the interpolating operator Op,

2
ap = oo (13)
P

obtains [11],

[CZW* (t) - CZ%O (t )]isoQCD

CSJSTOQCD) (1) a<it<T
A" — A", T
T T M”+ _ M// — 1
A, M M) (2 >
T
x tanh [M,, <§—t>}a (15)
s0QCD)

with C,(;,, (1) the usual pion correlator computed in
isosymmetric QCD.

To obtain the numerator of the left-hand side of Eq. (15)
from an actual lattice QCD Monte Carlo calculation and
extract (M”, — MZO)’ we follow the RM123 approach [12],
which allows one to evaluate derivatives with respect to Am
by expanding around isoQCD. Let us briefly introduce this
method by starting from the fermionic part of the Euclidean
QCD Lagrangian for a nondegenerate light quark doublet

w = (W wq),
Ly =y (D, + My, (16)

where M is the mass matrix, diagonal in flavor space, i.e.,
M = diag(m,, mq). The mass term can be written as a sum
of a SU(2) symmetric part and a term which explicitly
breaks the isospin symmetry,

074510-4
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my +m
‘Cm - qu (Wul/’u + Wde)
myg —my , _
- T (l//ul//u
= my(Wupu + Waya) — Am @y, — Wawa)

= mApy — Amipzsy, (17)

—WaWa)

with 73 = diag(1,—1) being the third Pauli matrix. This
allows us to isolate the IB contribution Lz within the
starting Lagrangian (16) as,

[’q = l/_/(yuDy + mf)l// - Aml/_/T3l//. (18)
S
Loy Lig

Within the RM 123 approach, Lz is treated as a perturba-
tion with respect to £, and the path integral is expanded
around the isosymmetric point m, = my = m,. The vac-
uum expectation value (VEV) of a generic observable O
can then be computed as follows:

Ol(am)?]
+ 0[(Am)3], (19)

where (...), represents the VEV with respect to the
isosymmetric theory (recall that (Sig) = ( [d*xLig)y=0).

Using the RM123 approach outlined so far, one can
expand the difference between the charged/neutral pion
correlators in powers of Am. Performing the relevant Wick
contractions, one obtains the following diagrammatic
expansion at the first nontrivial order [11],

Cﬂ+.,r+ (t) — Croz0 (t) =

2(ZsZm)

[<I> GO]

(ZsZm)* (Am)? [Clem (1) — Cln
(Am)? [Ceom () — O (1)] (20)

4pt 4pt

2
2

where we have denoted with Cfgi"“)(t) and C‘(tiltw)( ),

respectively, the connected and disconnected four-point
correlation functions arising at O[(Am)?] in the RM123
expansion of C,+ -+ (1) — Cho,0(1).

In the diagrammatic representation of these 4-point
correlators, the full dots in the previous diagrams denote

an insertion of y5, while the crossed ones correspond to an
insertion of S = f d*xLz. We also included the renorm-
alization constants for the mass and for the scalar density
Z,,, Zs due, respectively, to the factors of Am and yz3y in
L. However, within our staggered fermion discretization,
Z,, = Z3', thus the quantity in (20) is a renormalization
group invariant [23].
Given that, at the first nontrivial order in Am,

Covr (1) = Coalt) =220
X [Chie (1) = Clo o (D]y,cgr (21)
we recognize that,
1
) (C (1) = Cly ()] 5,00
= 2[Ci™ (1) = Cin (1) (22)

In the end, we can construct the following lattice estimator
for £;:

2Pm 1 [5C,  &C
Aty = 2l ey () == (= ,
0 = ey e O e )
conn disc
5C( ) [Cé(l-pt )(t) - Cé(tpt )(t)]isoQCD
C Cor® (1)
F(x,M) = x tanh (Mx) — (x + a) tanh [M (x + a)], (23)

with a the lattice spacing, and M, F, the finite-quark-mass
determinations of these quantities in Table 1. The function

fgeff) (1), for asymptotically large time separations, will tend
to & 7.

Finally, on the technical side, both the 2-point and the
4-point correlators entering the estimator (23) were com-
puted using standard stochastic methods, using temporal
dilution with one stochastic source per time slice in order to
invert the staggered Dirac operator. We also verified in a
few cases that increasing the number of sources gave
compatible error estimates.

III. NUMERICAL RESULTS

A. Lattice determination of ¢;

In this section we will exemplify the lattice determi-
nation of 5 from the mass-splitting method introduced in
Sec. II B for one gauge ensemble.

Let us start by discussing the evaluation of the corre-
lation functions entering the #; estimator in Eq. (23). As it
is well known, see, e.g., Refs. [20,24,25], when using
staggered fermions there are several choices for the pion
interpolating operator,

074510-5
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FIG. 1. Leftpanel: lattice estimator f(fff) (1) and individual contributions of the connected/disconnected diagrams to this function for the

ensemble with R ~ 0.1421 and a = 0.0964 fm. Right panel: extraction of #; from the large-time-separation plateau exhibited by z,”geff) (7).

o = yys Q Esw, (24)

each one corresponding to a different spin-taste structure:
S =(I,P,V,A,T), labeling, respectively, the scalar, pseu-
doscalar, vector, axial-vector and tensor channels. Due to
explicit taste breaking at finite lattice spacing, the ground
state masses in each of these channels differ among
themselves, but they all converge to the same value in
the continuum limit (see Appendix A more details on this
point). However, at finite lattice spacing, only the pseu-
doscalar channel, &p = &5, corresponds to an actual pseudo-
Nambu—Goldstone boson whose mass is protected by the
remnant of the continuum chiral symmetry enjoyed by
staggered fermions. Thus, this is customarily the preferred
choice for the pion interpolating operator in most lattice
calculations involving the staggered discretization. As a
matter of fact, for the isoQCD 2-point pion correlation
function and the extraction of M, and F,, whose calcu-
lation was tackled in the previous study [15], and to which
we refer for more details, this was indeed the case.

Instead, concerning the 4-point correlators ngnn)
i
was revealed to be impractical, as with this choice of the
pion interpolating operator the disconnected correlator
turned out to be completely dominated by statistical noise,
and remained compatible with zero within errors for all
time sepalrations.2 Thus, the pseudoscalar channel does not
allow for a reliable extraction of #5, motivating the need to

and

, we found that the standard pseudoscalar channel

A similar behavior for disconnected diagrams in the pseu-
doscalar channel was observed in Ref. [26]. In that study it is
pointed out that a term appearing in the effective staggered yPT
Lagrangian allows disconnected contributions in the meson
propagator only in the singlet, vector, and axial vector channels.
Thus, to study the 7 and 1’ mesons, where disconnected diagrams
are crucial due to their flavor-singlet nature, the y5 x I interpolat-
ing operator was employed, as it is the only pseudoscalar bilinear
with a nonvanishing disconnected contribution in the staggered
case.

explore alternative spin-taste structures. The first natural
candidate beyond the pseudoscalar channel is the axial-
vector one, corresponding to £, = &s,,. In this case, both the
connected and disconnected diagrams exhibit nonzero signal
with reasonable statistical quality, thus allowing a reliable

calculation of the estimator fgeff) (t) (see Appendix B for a
comparison of the obtained results for the disconnected
contribution to ¢, from the pseudoscalar and the axial
channels). As a further check, we also verified that compat-
ible results for /; are obtained from the vector channel
(&v = &,) once the continuum limit is taken, although within
larger error bars, see Appendix B, thus motivating our choice
of the axial-vector channel.

In Fig. 1 (left panel), we show the time-dependence of
the estimator f§°“> (1) for the ensemble with m, = 4m,<f;p hys)
and lattice spacing a ~ 0.0964 fm. In order to illustrate how
the physical signal for £ arises from the difference of the
connected and disconnected correlation functions of

Eq. (20), we also plotted in the same figure the individual

contributions to fgeff)(t) of the connected (c) and discon-

nected (d) diagrams, which are such that,
eff eff,c eff,d
5 (1) = 657 (1) - 570 0). (25)

As it can be appreciated from Fig. 1 (right panel), the
estimator exhibits a plateau for large time separations.
More precisely, for the case at hand, we observe the onset
of the plateau for ¢ > 8a = T'/4. It is reassuring to find the
onset of the plateau for F, and M, in similar time ranges,
cf. for example Fig. 6 in Ref. [15]. The evaluation of 7 is
thus performed via a constant best fit in a region close to
T/2, where contamination of excited states is minimized,
and the ground-state dominance is expected. The time
window for the best fit was chosen by ensuring stability
of the central value upon variation of the lower/upper range,
and reasonable reduced y2, while the final error was assessed
via a binned bootstrap analysis; typical windows are
[fmin» fmax] With f0/T ~0.2-0.3 and #,,,, /T ~ 0.4 -0.45.
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TABLEIL. Summary of all direct lattice determinations of #; as
a function of @ and of the parameter R (proportional to the light
quark masses m,) using the mass-splitting method. We also
report the squared pion mass splitting A = M2(E,) — M2(&p)
between the axial-vector and the pseudoscalar channel in units of
1/w}, which will be used for the study of systematic errors, see
Sec. III C. The error on W%A is of the order of ~2% at most.

R=m,/m"™ a [fm] £7 % 103 w2A
0.1421 0.1515 1.11(37) 0.0587
0.1265 2.18(25) 0.0400
0.0964 3.25(38) 0.0203
0.0758 3.67(40) 0.00990
0.2131 0.1532 3.18(89) 0.0611
0.1278 3.56(48) 0.0409
0.0976 4.36(43) 0.0208
0.0764 4.62(38) 0.00994
0.3197 0.1556 4.73(88) 0.0648
0.1297 5.16(57) 0.0433
0.0989 6.21(51) 0.0215
0.0768 6.08(36) 0.0101

The obtained values of #; for all ensembles are collected in
Table II.

We conclude by reporting for comparison the result from
the mass splitting method obtained in Ref. [11] with twisted
mass Wilson fermions, for a lattice spacing a ~ 0.095 fm, a
pion mass M, ~260 MeV, and a volume M ,L ~4,

£7 %108 =3.5(20),  (Ref.[11)). (26)

Among our ensembles we have one with the same values of
the lattice spacing, of the pion mass and of the lattice
volume, namely, our next-to-finest lattice spacing ensemble
for the smallest value of R simulated, cf. Table I. With
staggered fermions in this case we find:

£; %108 =3.25(38),  (this study).  (27)

It should be noted that the error reduction achieved here
cannot be entirely ascribed to the different sample sizes, as
our statistics is larger by about a factor of 3 with respect to
the one of [11], but we find a smaller uncertainty by about a
factor of 5.°

*On the other hand, the statistical accuracies of F . and M
obtained with staggered quarks here and with twisted mass
Wilson fermions in [11] are similar. More comprehensive
investigations with other discretizations and possibly with mixed
action setups are needed to clarify how the statistical accuracies
of different types of observables depend on the chosen fermion
formulation.

L/a
. 24 32 40
9 T T T
® Raw
i  NLO xPT Corrected
4 L .
7 % ............. PYE—— ]
; 3F i@ T
<&
2 L .
1 3.2 12 52
M.L

FIG. 2. Study of finite-size effects on ¢; for our ensemble with
a=0.0964 fm and M, =263(4) MeV. They are invisible
within our statistical errors for ML > 4. The same conclusions
are reached after subtracting finite-size effects estimated from
NLO yPT: #7(L) = ¢47(L)/[1 + R/, (L)], see Sec. Il B.

B. Finite-size effects on ¢-

Concerning finite-size effects, as outlined in Sec. II,
we chose for all our simulations a lattice size of L =
aNg ~ 3 fm, corresponding to ML ~4, 5, 6 for the three
sets of ensembles with M, ~ 265, 316, 384 MeV we
considered.

For the next-to-finest lattice spacing of our lightest
ensembles with M, L ~4 we explicitly checked that this
threshold is sufficient to keep finite-size effects under
control by performing two additional simulations for a
smaller and a larger value of M ;L ~ 3 and 5. The results of
this test, shown in Fig. 2, indeed confirm that our choice for
the lattice volume is safe. Such conclusion is also supported
by analytical results obtained from NLO yPT. Indeed,
analytic expressions for the volume-dependence of M, and
F, are available up to NLO in the chiral expansion [27,28]
(for the pion mass, also next-to-next-to-leading-order
(NNLO) effects are known [29] and have been included
in our calculation),

MH(L) = Mﬂ[l + RM,,(L)]’ (28)
Fi(L) = Fg[l + Rp (L)]. (29)
= 7(L) = £7{1 + 2[Rg, (L) = Ry, (L)]}. (30

with Ry, and Ry_ given by Egs. (26) and (27) of [28].
We find that R, (L) =2[Rp (L) — Ry (L)] is about
R, (L) ~ =6.5%, —=1.2%, —0.3% for M,L~3, 4, 5,
cf. Fig. 2. Based on the difference between NLO and
NNLO results for R, , we estimate that the reported
numbers for R, are affected by at most a ~1% error
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due to the truncation of the chiral expansion. Since finite-
volume effects estimated from R,. (L) are at least one order
of magnitude smaller than our statistical errors on ¢4 for
ML > 4, we conclude that they are completely negligible
with our current precision.

C. Continuum extrapolations of ¢

After the extraction of £ at finite lattice spacing and
quark mass, we have all the necessary ingredients to
perform continuum and chiral extrapolations.

Let us start from the continuum limit, which is taken in
all cases at fixed value of the light and strange quark mass,

ie.,, at fixed value of R =my,/ mgphy S). The continuum
extrapolations were carried out by fitting our data with a

few Ansditze:

t7(a*>,R) =¢7(R) + C,(R)a?, (A1),
¢7(a*.R)=¢7(R) + Cy(R)a* + Cy(R)a", (A2),
£7(A,R) =¢7(R) + Ch(R)W3A, (A3),
£7(A,R) =£7(R) + Ch(R)WFA + C,(R)WiA%,  (A4),

where for the fit Ansdtze Al and A3 we performed two fits
excluding/including the coarsest lattice spacing. In all
formulas, #;(R) denotes the continuum-extrapolated value,
while A denotes the taste-splitting between the squared
axial-vector and pseudoscalar pion masses,

A= Mi(En) — M2(&p), (31)

whose values in units of 1/w are reported in Table II. The
fit Ansdtze A3 and A4 are rooted on Symanzik effective
theory (SYMEFT), which predicts that leading-order a?
lattice artifacts are modified as a’al(u = 1/a) [30,31],
with o (u) the running strong coupling, and n depending on
the particular sea and valence discretizations considered.
Our choice of the quantity w3A follows the proposal of
Ref. [32] [cf. Egs. (17) and (18) in Sec. IV of that study],
where the authors study hadronic contributions to the
anomalous muon magnetic moment with stout-smeared
rooted staggered fermions. In particular, the authors
observe that A vanishes approaching the continuum limit
with a rate which is approximately A(a)a:()aza? (u=1/a),

and thus use this quantity in their SYMEFT-inspired fit
Ansdtze to study systematic errors related to the con-
tinuum limit.

As it can be appreciated from Fig. 3, our data can be
nicely fitted with O(a?) corrections both when including/
excluding the data at the coarsest lattice spacing, all giving
perfectly compatible results within errors. Similar conclu-
sions are drawn including a further a* term, or adopting the
fit Ansditze based on SYMEFT.

Given the overall good agreement among all possible
continuum limit fit functions, in all cases we considered the
outcome of the linear fit in a?, performed considering all
lattice spacings, to assign a central value and a statistical
error to our continuum determinations of #;(R). In addition
to statistical uncertainties, we also assigned to our con-
tinuum extrapolations a systematic error related to the small
difference observed when extrapolating our data with
different fit Ansdtze. Following the procedure outlined
in [15,33], we computed,

__ N®)]ar = [£3(R)]Al
VARl (R)] a1 + Ault7(R)] 4

which quantifies the relative difference between the central
values obtained with the fit Ansatz Al (including all lattice
spacings) and another fit Ansatz “A” among the ones earlier
listed.

The systematic error was then estimated as,

A , (32)

Aoyan = [E5(R)]ns = [£2(R)] lert (%) (33)

where erf(x) denotes the standard error function,

erf(x) = jfz /0 Cdre . (34)

The quantity (33) represents the mismatch between the
central values of the two fit Ansdtze, weighted with an
estimation of the probability that this mismatch is not due to
a statistical fluctuation. All sources of systematic errors are
then summed in quadrature: Ay = /> A AZ%. The final
continuum extrapolations for each value of R, including
systematic errors, are collected in Table III. As it can be
appreciated, systematic errors are always subdominant with
respect to statistical errors: even for R ~ 0.1421, which has
the largest systematic error, the statistical error is still ~85%
of the total budget (computed as the quadrature sum of the
two uncertainties).

D. Chiral extrapolation of ¢

We are now ready to extrapolate our continuum results at
finite quark mass toward the SU(2) chiral limit, m, — 0 at

. hys Lo
fixed mg = m§P yg), which in our setup corresponds

to R = mf/mgphys) - 0.

To achieve a solid control on the chiral extrapolation, it is
fundamental to know the analytic form of the leading finite-
quark mass contributions to 5. This in turn requires the
knowledge of the NNLO contributions to the pion mass
splitting in yPT. Despite the proliferation of operators
entering the effective Lagrangian at this order of the chiral
expansion, there are only a few isospin-breaking operators
at O(p%) [34]. This makes it feasible to work out the

074510-8



LATTICE DETERMINATION OF THE QCD LOW-ENERGY ...

PHYS. REV. D 113, 074510 (2026)

R ~0.1421

0.006

Continuum Limit
—

0-000 0.020 0015 0.010 0.005 0.000 0.00 0.01 0.02 0.03 0.04 0.05 0.06

a® [fm?] wiA

R ~0.2131
0.0060 T T T T T T T T T T T T
0.0055¢ 1
0.0050F ]
0.0045¢ 1
= 0.0040f ]
=~
0.0035p ]
0.0030F = ]
0.0025¢ ]
Continuum Limit Continuum Limit
—

0-0020 0.020 0.015 0.010 0.005 0.000 0.00 0.01 0.02 0.03 0.01 0.05 0.06

a? [fm?] wiA

R ~0.3197
0.008 . x
0.007F 1
0.006 1
0.005 1
0.004F 1 1
Continuum Limit Continuum Limit
0.003L 1t h|
0.02¢ 0.020 0.015 0.010 0.005 0.000 0.00 0.01 0.02 0.03 0.04 0.05 0.06
a® [fm?] wiA

FIG.3. Continuum limit extrapolations of #; for the three values of the parameter R = m,/ mﬁphy‘

9 explored. Left panels report best fits

as a function of a?, while right panels report best fits as a function of w3A. Continuous lines (with their related continuous shaded areas)
correspond to linear fits using all available data points, dashed lines represent linear fits restricted to the three finest lattice spacings, and
dotted lines represent quadratic fits. The star points represent our final results for the continuum limits, and are obtained from the linear
extrapolations in a® (no star point is represented for extrapolations in w3A, as these fits are only used to assess systematic errors). Since
the total error bar, given by the sum in quadrature of the statistical and systematic uncertainties, is barely distinguishable from the
statistical one for the two largest values of R, it has been slightly shifted horizontally for clarity.

structure of NNLO contributions to Eq. (1), and thus the
finite quark mass corrections to Eq. (10).

The calculation of the strong pion mass splitting at

NNLO in yPT is fully carried out for the first time in this
study. In the following, we will report the results that are
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necessary for the chiral extrapolation of £, while further
details can be found in Appendix D.

Remarkably, all NNLO contributions to the pion mass

splitting are O[(Am)?], and their structure turns out to be
rather simple, as there are only two O(m,) terms appearing
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TABLE III.

Continuum limits of #; as a function of the light-to-strange quark mass ratio R. We also report the continuum limits of

M ,(R) and F,(R) (reported errors include both statistical and systematic uncertainties), and of the improved estimator ?7(R) where
leading logs have been removed via ¢;(R) and c,(R) (see Sec. Il C for more details).

R = my/m™ £4(R) x 103 M,(R) MeV)  F,(R) (MeV) a1 (R) e>(R) Z5(R) x 10°

0.3197 6.66(51) 40y (15) 4550 384(7) 105.1(2.9) 0.637(61)  0.5541(42)  2.37(29),(04)yq,
0.2131 5.17(53) 0 (07) 0 316(6) 100.7(2.8) 0.762(52)  0.612537)  2.42(27)4 (03)y
0.1421 4.58(45) 300 (29) gyt 265(6) 97.7(3.1) 0.857(61)  0.671534)  2.64(32),, (12)y
in Eq. (35). One is a chiral logarithm of order The first factor, ¢;(R), takes into account the fact that, for

O(m,logm,), which turns out to be proportional to ¢
itself—see also [35,36], where the calculation of the
leading nonanalytic contributions to AM?Z, once matched
to our notation, yields a chiral log multiplying #; with the
same coefficient as ours. The second is a linear O(my)
correction, whose coefficient depends instead on some
combination of the couplings of the NNLO isospin-
breaking operators appearing at O(p®), see Appendix D.
All other corrections are higher-order in the chiral expan-
sion, i.e., O(m%) in the quark mass. In the end, Egs. (1)
and (10) are modified, respectively, as follows:

8B?
Mi+ —M]zro = (Am)2F
M? M?
£701=3 1
X{ 7[ 1672 F2 Og(mnzzﬂ)]
+ CM? + O(M“)}, (35)
MﬂméFzMﬂJr —Mno
M M (Am)?
M? M?
=771-3 1 CM? + O(M*),
7{ 167°F2 Og<l6ﬂ'2F2>:| + CMZ + O(M)

(36)

Note that, to pass from (35) to (36), we here used
AMZ~2M_AM ,, as opposed to AM2~2MAM , in Eq. (9),
since we are now retaining O(m,) corrections to ¢;.
Inspired by Eq. (36), before performing any chiral
extrapolation, we apply the following correction factors
to our continuum determinations of #;(R) in Table III,

£7(R) — ¢7(R) x ¢|(R) X ¢;(R) = 27(R), (37)

where the two correction factors ¢;(R) and ¢,(R) read,

F?2  M%(R)
R) = o, 38
R = B RY F2(R) 8
_ Bm,R Bm,R
'Y (R)=1-3 8712;72 log <8n2;2>' (39)

the purpose of evaluating the prefactor of fgeff) in Eq. (23)
we have used the simulated values of M2(R)/m, and
F,(R), cf. Table I, rather than their expression in the chiral
limit M?/m, = 2B and F, which is what actually appears
in the left-hand side of Eq. (1), see [2,3,36]. This choice is
irrelevant for the purpose of computing the chiral limit
of #7(R), but of course introduces additional finite-
quark-mass corrections to Eq. (36), that ¢;(R) aims to
cancel. The second factor ¢,(R) aims instead to remove the
O(m,log m,) leading-log term appearing in the right-hand
side of Eq. (36). To compute c¢; and ¢,, we took F from the
latest FLAG average, F = 86.6(6) MeV [5], and M?/R =
Bmg = [2.36(5) x 103] MeV? from [15]. For the finite-
quark-mass quantities M, (R) and F,(R), instead, we took
the continuum-extrapolated results of [15], reported in
Table III. The correction factors and the corrected quantity

¢ are also found in Table III.

After the application of the two yPT-inspired corrections
outlined above, we expect our corrected data for Z;(R) to
be well-described by the following function:

Z7(R) = ¢7 + CR + O(R?), (40)

i.e., according to a leading linear dependence in R, with no
O(R1og R) terms, up to O(R?) subleading terms. As it can
be seen from Fig. 4, the corrected data show almost a flat
behavior as a function of R, C ~ (—1.4 + 2.4) x 1073, and
are thus in perfect agreement with our expectations. A
naive linear extrapolation in R of the uncorrected data
would still give a compatible extrapolation, but with a
much larger slope.

In order to propagate systematic uncertainties associated
with the continuum limit to the chiral extrapolation, we
followed a bootstrap-based strategy. In particular, we
performed a bootstrap resampling of each data point,
and added to each value of #;(R) a zero-mean stochastic
Gaussian noise with variance equal to the squared system-
atic error. For each bootstrap sample we repeated the chiral
fit, and estimated the final systematic error from the average
absolute deviation between the central value of the chiral
limits of each bootstrap sample and the central value of the
chiral extrapolation obtained ignoring systematic errors.
Concerning instead the systematic error related to the
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FIG. 4. Chiral limit extrapolation of the corrected values of #;(R) according to a linear function of the ratio R = m,/ mﬁphys) . The full
star point at R = 0 stands for the extrapolated value in the chiral limit, according to the best fit of the corrected data (dashed line). The
two error bars plotted for the chiral extrapolation represent, respectively, the statistical and the sum of the statistical and systematic
uncertainties. For the sake of comparison we also show the noncorrected data and their naive linear extrapolation, depicted as a dashed

shaded band.

possible influence of higher-order O(R?) terms, with only
three points it is not possible to perform a comprehensive
study. A possible crude estimate can however be obtained,
using again Eq. (33), by comparing the linear extrapolation
presented above with the one obtained from a 0-degrees-of-
freedom best fit to the data corresponding to the two
smallest values of R. This uncertainty is added in quad-
rature to the one obtained from the propagation of the
systematic errors on the continuum limits.

In the end, our final result for the NLO LEC #; in the
chiral limit, including both statistical and systematic
uncertainties from continuum and chiral extrapolations,
and represented as a full star point in Fig. 4, reads:

£7 %103 = 2.79(58),,(19)0 = 2.79(61).  (41)

syst

As it can be seen, our final error is dominated by statistical
uncertainties (mainly due to the chiral extrapolation), which
account for about the 85% of the total error budget.
Therefore, further reducing it would require determinations
of £ for lower quark masses. Unfortunately, the signal-to-
noise ratio of #; rapidly deteriorates as we approach the
physical point, mainly due to the disconnected contribution
to 75 (see Appendix C for more details). Thus, determining
¢ at, for example, the physical point R ~0.0355 would
require a very challenging numerical effort.

IV. CONCLUSIONS

In this work we presented an extensive direct lattice
calculation of the QCD low-energy constant #;, which
parametrizes IB effects in SU(2) yPT at NLO, adopting
staggered fermions.

To this end, we employed a recently proposed method
[11] to extract £5 from the strong charged/neutral pion mass
splitting, based on the RMI123 approach to compute
derivatives with respect to the quark mass difference Am =
(mg—m,)/2 from an expansion around the Am =0
isosymmetric theory. This method was originally proposed
and applied to twisted mass Wilson fermions, and is here
implemented for staggered fermions for the first time.

Our calculation utilizes three different LCPs with the same
value of the strange quark mass (fixed to its physical value),
and varying values of the mass of the light doublet satisfying,
M, L > 4. Moreover, for each LCP four values of the lattice
spacing were considered. This allowed us to provide the first
direct lattice determination of £; with controlled continuum,
finite-volume, and chiral extrapolations.

Our final result for this LEC in the SU(2) chiral limit, i.e.,
massless up and down quarks and physical-mass strange
quark, is,

£7 % 10% = 2.79(58), (19) = 2.79(61),,.  (42)

syst

A comparison with previous estimates is displayed in
Fig. 5. Our result is compatible with, and significantly
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FIG. 5.
and with the phenomenological estimate of [4].

improves on, previous lattice determinations, £ x 10> =
6.5(3.8)445¢(0.20) , [6] (indirect determination), £7 x 10° =
2.50(1.30)4(0.50) 4y [11] (direct determination for a
single gauge ensemble), as well as with the phenomeno-
logical estimate £7 x 10° = 7(4) [4].
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APPENDIX A: TASTE SYMMETRY
RESTORATION IN THE CONTINUUM
LIMIT OF THE PION MASS

The estimator in Eq. (23) essentially involves comput-
ing the time derivative of the difference between two
four-point correlators, corresponding to the connected and
disconnected diagrams in Eq. (20). A crucial step in
computing these correlators is the proper choice of
interpolating operators. The relevant operators are those
corresponding to the neutral and charged pion, namely
Oﬂo and Oﬂ+.

However, with staggered fermions there is no straight-
forward one-to-one correspondence between the pion fields
in the continuum and those on the lattice. This problem
arises due to the so-called taste symmetry [20]. Specifically,
the staggered pion states are described by operators of the
form yys ® &gy, where the taste matrices &g span five
irreducible representations [37],

556{195595;4’5”5’5/41/} = {LP’V’A7T}’ (Al)
representing the singlet (I), pseudoscalar (P), vector (V),
axial-vector (A), and tensor (T) channels. Among these, the
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pseudoscalar (P) channel corresponds to the pseudo-
Nambu—Goldstone boson. In the continuum limit, taste
symmetry is exact, and all the staggered pions are degen-
erate. On the lattice, however, taste symmetry is broken at
finite lattice spacing, causing the staggered pions to split
into multiplets according to the tensor structure of their
interpolating operators in (A1). An important consequence
of taste symmetry breaking is that the order in which the
continuum and chiral limits are taken becomes nontrivial.
In the staggered formulation, these limits do not commute:
to properly restore continuum physics, one must first take
the continuum limit before performing the chiral extrapo-
lation. This ensures the restoration of taste symmetry,
leading to a degenerate pion spectrum.
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FIG. 6. Continuum limits of the pion masses extracted from
interpolating operators with different taste structure for all the
gauge ensembles employed in this study.

At finite lattice spacing, however, if the chiral limit is
taken first, only the mass of the pion associated with the
pseudoscalar channel vanishes. This behavior is due to the
fact that staggered fermions preserve a remnant of the chiral
symmetry of the continuum theory, protecting the pseudo-
Nambu—Goldstone boson from acquiring a mass. Hence, a
controlled continuum extrapolation is essential to recover
the full taste symmetry structure and the correct physical
pion spectrum [37]. As shown in Fig. 6, we have indeed
verified with our data that this is the case.

APPENDIX B: COMPARISON
OF ¢; DETERMINATIONS FROM
THE PSEUDOSCALAR, VECTOR
AND AXTAL-VECTOR CHANNELS

As outlined in Sec. III, no signal was obtained for the
disconnected contribution in the customary pseudoscalar
channel, motivating our choice of using the axial channel
throughout the calculations presented in this study. In this
appendix we show, in Fig. 7, the improvement in the signal
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0.001F
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(eff,d)

a.ooo»cu@@@@@@@%%%%m
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t/a

FIG. 7. Comparison of the disconnected contribution to £5

obtained from the pseudoscalar and the axial channels, for a ~
0.0964 fm and R ~0.1421.

R ~0.1421
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0.020
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0.0001 n " " "
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FIG. 8. Comparison of our determinations of #; from the vector
and the axial-vector channels for R ~ 0.1421.
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for the disconnected contribution fgeff’d) obtained using the

axial channel with respect to the pseudoscalar one.

As a further check of our procedure, we also extracted £
using Eq. (23) from the vector channel. Despite results
differing from the axial-vector ones at finite lattice spacing,
the two determinations nicely converge toward the same
continuum limit, see Fig. 8. This is not surprising, giving
that all interpolating operators, in the continuum limit,
describe exactly the same particle with the same mass,
cf. also Appendix A. Since the axial-vector channel gave
smaller uncertainties with respect to the vector one, we
chose the former to perform our final calculations.

APPENDIX C: SCALING OF THE
SIGNAL-TO-NOISE RATIO OF ¢,
TOWARD THE CHIRAL LIMIT

Our final result for ¢, is dominated by statistical
uncertainties due to the chiral extrapolation. Thus, improv-
ing our final error would require to perform direct deter-
minations of 7, for lower values of m,. However, we
observed a rapid deterioration of the signal-to-noise ratio of
this quantity when approaching the chiral limit.

In order to quantify this effect, we studied the scaling of

the statistical variance of fgeff) (1) as a function of the quark
mass for a fixed time slice in the region where the plateau is
observed. For each mass, we considered the finest available
lattice spacing a ~ 0.075 fm, and computed the variance of

fgem—both for the full estimator and for its connected and
disconnected components—multiplied by the total number
of configurations of the corresponding ensemble. This
rescaling allowed us to isolate the intrinsic noise of our
observable of choice in a statistics-independent way. The
results, shown in Fig. 9, display a clear rapid growth of the
rescaled variance as the chiral limit is approached.
Furthermore, as shown in the main text (see Sec. III), the
signal for #5 tends to decrease linearly with the quark mass
toward the chiral limit. The combination of a diminishing

t/a =16
0.0030 /

0.0025

£ 0.0020

& 0.0015 °

= El A

0.0010

Physical I
>

0.0005

0 0.0355 0.1421 0.2131 0.3197
R= m'/m';"lm\’
FIG. 9. Scaling of the rescaled variance of fgeff)(t) (and its
connected/disconnected components) for a time slice in the

plateau region (t/a = 16) as a function of R = m,/m™"* for

the finest lattice spacing of each LCP considered in this study.

signal and of rapidly growing statistical fluctuations makes
a reliable determination of #5 at, say, the physical point,
currently unfeasible with the typical statistics that can be
generated with an affordable numerical effort.

APPENDIX D: CHARGED AND NEUTRAL
PION MASSES AT NNLO IN yPT

At NNLO in the chiral expansion, the charged and
neutral pion masses can be written as follows:

M2 = MP(1+ my 4+ my), (D1)

AMZ = M?A%(5, + 6,), (D2)
with AM7 = M2, — M2, the strong pion mass splitting. In
these formulas, M?> = 2Bm,, A = Am,/m,, while m;, &,
and m,, 6, are, respectively, the NLO and NNLO yPT
corrections for the charged pion mass and the pion mass
splitting. Their explicit expressions read,

M2
m =2 {65+ L. (03)
M (17
m =7z gL (1) = 16C5(u)
r r r 49
— | (1427 4 85 +325) (u) T L(u)
1 163 1
(T2 )
- 2lerL )+ 16C3 0] (D4)
M2
5] - 2?f7, (DS)
M ‘;
6 = 2F =3¢7L(n) +16Cig (1) — 22| (D6)

In Egs. (D3)-(D6), we have used the following shorthands:

L) = jostoe (o (o7
is the chiral log, while
Cy, =2cg + ch +2c5 + ¢h
= 3¢ip = 6¢yy = 2¢q7 — 4, (D8)
C, = ¢ —c§ — 3¢ty — 2y, (D9)
Crp = ¢§ — 3¢y — 2¢f; — 3cj; — 2cig —4cjy. (D10)
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indicate specific combinations of the 57 renormalized
LECs ¢! appearing in the two-flavor chiral Lagrangian
in yPT at NNLO.

The expressions for m; and d; date back to Gasser and
Leutwyler [2,3,36], while the expression for m, was
previously computed in Refs. [38,39] only in the iso-
spin-symmetric case A = 0, and neglecting the contribu-
tions coming from the NNLO LECs, as these were only
introduced later [34,40]. Thus, the full expression of m,
(including isospin-breaking corrections and the NNLO
LECs contributions) and of §, are new results first
presented in this study. Note also that our NNLO formula
for Mio corrects a misprint in Eq. (A6) of Ref. [7].4

Coming back to AM2, the running of Cyg(¢) and L(u) is
such that d, is renormalization-group invariant. Thus, one
may also rewrite the NNLO correction to the strong pion
mass splitting as,

M* M?
—-67 I D11
"1622F* °g<A%B>’ (D11)
with
12872 C u 1
A _,uexp{ 3 I;E )_E} (D12)

a physical (i.e., 4 independent) energy scale characterizing
isospin breaking at NNLO.
Adopting the representation for §, in Eq. (D6), setting

u=pug=4rF = 1.088(8) GeV, (D13)
and substituting
Cig (ko) &
CcC=16 - , D14
F? 327’ F? (D14)

one easily obtains Eq. (35) in the main text. From the chiral
fit of the corrected data #;(R), we instead extracted the

quantity C, cf. Eq. (40), which is related to Cyg () via the
following relation:

Bmy

8 Iz
Since we found, from the chiral fit,
C=(-14+24)x1073, (D16)

we obtain,

*As confirmed by the authors of [7] via private communica-
tion.

CIB(”O) = (—8 + 24) X 10_7. (D17)
This value for Cig (k) implies,
Ap A
A _ B _ () 97(32), INE
08732 (D18)
= Ap ~0.95(35) GeV. (D19)

APPENDIX E: DETERMINATION
OF 7; AND 7,

The determinations of M, and F, reported in the present
study in Table III, and used for the calculation of #5, can
also be employed to extract two other NLO LECs: 7,
and 7,. These couplings parametrize the corrections to
the chiral limits of the pion mass and of the pion decay
constant [3],

2

M2=M*{1————[f3—L(M) ¢, El
r-wefi- - onlf (e

2 -
F,=F{l —L(M E2
= {1t e - Lon} (E2)

with

M2
L(M) == log <M£[phy8)2> ’ (E3)
MPY = 135 MeV, (E4)

a chiral log. Using M? = 2Bm, = 2BmR, one can per-
form a four-parameter global fit of M,(R) and F,(R) and
extract 7 and 7,

M2(R) Bm{R . -
= 23’"5{1 "6 [¢5 - L(R)]}, (ES)
BmgR -
FR) = F{1+ OhtE - LRI} (B
where now the chiral log reads
~ 2BmgR

The joint fit was performed after the application of the
finite-volume corrections Rj; and Ry (cf. Sec. IIIB),
which turned out to be always smaller than our statistical
uncertainties.

The LO LECs Xm, = Bmy x F> and F were already
given in the original paper [15], while #; and 7, are
reported here for the first time. We find,
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FIG. 10. Joint chiral fit of the determinations of M, (R) and
F,(R) of Table I as a function of the quark mass ratio R =
h . .. .
my/m'™*) according to NLO yPT predictions in Eqs. (ES) and

(E6). Dashed lines represent the physical point R ~ 0.036 [5] and
the physical values of M, and F,. Starred points represent our
extrapolations in R = R(PhYS),

73 = 4.18(60) 4 (70) e = 4.18(92),,,,  (ES)

syst

2y =3.90(20) (27) s = 3.90(34),,.  (E9)

syst
The analysis for 5 and 7, goes along the same lines of the
one for £ presented in the main text. The central values
and the statistical uncertainties are obtained from the joint
chiral fit including all available points, shown in Fig. 10.
The systematic error is the result of the quadrature sum of
two error sources. One is the propagation of the systematic
uncertainties on F, and M, due to the continuum extrapo-
lation. The other is the observed difference in the fit results
for 75 and #, when including/excluding the point at the
heaviest pion mass from the joint chiral fit.

Our chiral extrapolations of F, and M, are well under
control, as it can be seen by the very good agreement of our

Gasser et al. 84
—O0— MILC 10
——O———— NPLQCD 11
—O— Borsanyi et al. 12
—H—-—0— BMW 13
—+0—+— RBC/UKQCD 15E
—a— FLAG 21
Bonanno et al. 26
0 1 2 3 4 5 6 7 8
4
—_— G t al. 84
00— Colangelo et al. 01
S W—— MILC 10
—_———— NPLQCD 11
O~ Borsényi et al. 12
H—CO—H BMW 13
O RBC/UKQCD 15E
—— FLAG 21
von Hippel et al. 25
Bonanno et al. 26
0 1 2 3 4 5 6 7 8
Zl
FIG. 11. Comparison of our Ny = 2 + 1 lattice determinations

of 75 (top panel) and 7, (bottom panel), drawn as starred points,
with previous ones [6,41-44] entering FLAG 21 averages [5]
(square points and shaded bands). For 7, we also reported the
recent determination of [45,46]. We also show the phenomeno-
logical estimates of [2,47].

results in R = RPYS) ~(0.036 [5] with the physical values

MPYS) — 135 MeV and FP™) = 92 MeV. Moreover, our
results for 75 and ¢, are in very good agreement both with
the latest FLAG world averages [5] and with previous
determinations in the literature. This comparison is illus-
trated in Fig. 11.
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