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Abstract. We study polynomial closure of ideals from the point
of view of star operations. We show that, ifD is an integrally closed
domain or a domain of residue characteristic 0, the polynomial
closure of an ideal coincides with the divisorial closure. We also
analyze what happens in characteristic p.

1. Introduction

Throughout the paper, D is an integral domain with quotient field
K.
Let E be a subset of K. A polynomial f(X) ∈ K[X] is D-integer-

valued over E if f(E) ⊆ D, and the set Int(E,D) of such polynomials is
a subring of K[X]. When E = D the set Int(D,D) := Int(D) is called
the ring of integer-valued polynomials over D. The polynomial closure
of E in D is the largest subset F of K such that Int(E,D) = Int(F,D)
([2]). In the following, since D is fixed, we will just write polynomial
closure.

Such a closure has been studied in several contexts from a topological
point of view: for example, if D is a valuation domain, the polynomial
closure is a topology if and only if D has dimension 1 (see [3, Theorem
5.3] and [8, Theorem 2.7]); when D is also a rank-one discrete valuation
domain (DVR) this topology coincides with the v-adic topology (see
[2, Proposition 4.5]).

Following [5] and [7], we study the polynomial closure of ideals as a
star operation. Star operations are a particular class of closure opera-
tions for ideals in commutative rings ([6, §32]). Recall that a fractional
ideal I of D is a D-submodule of K such that dI ⊆ D for some d ∈ D,
d ̸= 0. We denote by F(D) the set of fractional ideals of D. A star
operation on D is a map ⋆ : F(D) −→ F(D), I 7→ I⋆, such that, for
every I, J ∈ F(D), d ∈ K:

• I ⊆ I⋆;
• if I ⊆ J , then I⋆ ⊆ J⋆;
• (I⋆)⋆ = I⋆;
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• (dI)⋆ = d · I⋆;
• D⋆ = D.

The set Star(D) of star operations on D has a natural order given
by ⋆1 ≤ ⋆2 if I⋆1 ⊆ I⋆2 , for every fractional ideal I. Under this order,
Star(D) is a complete lattice whose minimum is the identity and whose
maximum is the v-operation (or divisorial closure) Iv := (D : (D : I)),
where (J : L) := {x ∈ K | xL ⊆ J} if J, L are D-submodules of K.
We also use the notation I−1 to denote (D : I), thus Iv := (I−1)−1.
Polynomial closure is a star operation in any domain D, as shown

in [5, Lemma 1.2]. More precisely, for every fractional ideal I of D, we
define Ipc to be the polynomial closure of I. It has been proven that pc
coincides with the divisorial closure for valuation domains [5, Proposi-
tion 1.8] and, more generally, for all essential domains [7, Proposition
2.4] (we recall that a domain D is essential if it is intersection of valu-
ation overrings that are localizations of D itself at some prime ideal).
This last result is obtained by expressing the polynomial closure of I
through the divisorial closure of a special type of powers of I (see the
beginning of Section 2).

In this paper we show that the polynomial closure and the v-operation
coincide for two very wide classes of domains, namely the integrally
closed domains (Theorem 3.3) and the domains of residue characteris-
tic 0 (Theorem 3.8); this is obtained by strengthening the method used
in [7], considering together with the polynomial closure a whole chain
of star operations constructed through powers of I.
Next, we analyze what happens in characteristic p: we show that, if

D contains an infinite field, then it is enough to consider p-powers of
the ideals I (Theorem 4.7).

2. An infinite chain of star operations

Let I be a fractional ideal of D and n ∈ N. We define I(n) to be
the D-module generated by the n-th powers of the elements of I; i.e.,
I(n) = (un | u ∈ I). We also define

D[X/I] :=
⋂

u∈I\{0}

D

[
X

u

]
=
⊕
n∈N

 ⋂
u∈I\{0}

1

un
D

Xn;

note that
⋂

u∈I\{0}

1

un
D = (D : I(n))(= I(n)−1). If Int(D) = D[X] (this

happens, for example, if the residue fields of D are infinite) then
Int(I,D) = D[X/I] [4, Lemma 4.5], and

Ipc = {x ∈ K | xn ∈ I(n)v for all n ∈ N}

for all fractional ideals I [7, Proposition 1.4].
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To refine the study of polynomial closure, we define

⋆n : F(D) −→ F(D),

I 7−→ {x ∈ K | xt ∈ I(t)v for all t ≤ n}

and
⋆∞ : F(D) −→ F(D),

I 7−→
⋂

{I⋆n | n ∈ N}.

Note that, when Int(D) = D[X], then ⋆∞ = pc [7, Proposition 1.4].

Proposition 2.1. Let n ≥ 1 be a fixed natural number. Then, x ∈ I⋆n

if and only if f(x) ∈ D for every f(X) ∈ D[X/I] of degree at most n.

Proof. Suppose x ∈ I⋆n , and let f(X) ∈ D[X/I] of degree m ≤ n.
Then, f(X) =

∑
i aiX

i with ai ∈ I(i)−1; hence, aix
i ∈ I(i)vI(i)−1 ⊆ D

and thus f(x) =
∑

i aix
i ∈ D.

Conversely, suppose x /∈ I⋆n . Then, there is a t ≤ n such that
xt /∈ I(t)v, i.e., xtI(t)−1 ⊈ D. Take s ∈ I(t)−1 such that sxt /∈ D:
then, f(X) := sX t is a polynomial in D[X/I] of degree t ≤ n such
that f(x) = sxt /∈ D. The claim is proved. □

Proposition 2.2. The ⋆n are star operations on D, and v = ⋆1 ≥ ⋆2 ≥
⋆3 ≥ · · · ≥ ⋆∞.

Proof. Clearly, I⋆n ⊆ I⋆m if n ≥ m; moreover, it follows easily from the
definition that v = ⋆1. Therefore, we only need to prove the each ⋆n is
a star operation.

We proceed by induction on n: if n = 1 then ⋆1 = v is a star
operation. Suppose the claim holds up to n− 1.

We first show that I⋆n is always a fractional ideal. Suppose x, y ∈ I⋆n

and c ∈ D: we need to show that cx, x+y ∈ I⋆n . For all t ≤ n, we have
(cx)t = ctxt ∈ ctI(t)v ⊆ I(t)v, and thus cx ∈ I⋆n . Let now x, y ∈ I⋆n :
by induction, x+ y ∈ I⋆n−1 and thus (x+ y)t ∈ I(t)v for all t < n. To
show that (x+ y)n ∈ I(n)v, it is enough to prove that xiyj ∈ I(n)v for
all i + j = n; if i = 0 or j = 0 this follows directly from x ∈ I⋆n or
y ∈ I⋆n .

Suppose i, j ̸= 0. We have:

(D : I(n)) =

(
D :

∑
u∈I

unD

)
=
⋂
u∈I

(D : un) =
⋂

u∈I\{0}

u−nD.

Therefore,

xiyj(D : I(n)) = xiyj
⋂

u∈I\{0}

u−nD =
⋂

u∈I\{0}

xiyj

un
D =

⋂
u∈I\{0}

xi

ui

yj

uj
D.

Since xi ∈ I(i)v, we have xi(D : I(i)) ⊆ D, and thus xi/ui ∈ D for
every u ∈ I; similarly, yj/uj ∈ D. Hence, xiyj(D : I(n)) ⊆ D, that is,
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xiyj ∈ (D : (D : I(n))) = I(n)v. Thus (x+y)n ∈ I(n)v and x+y ∈ I⋆n ,
so that I⋆n is an ideal.
We now prove that ⋆n is a star operation. Clearly, if x ∈ I then

xt ∈ I(t) ⊆ I(t)v and thus x ∈ I⋆n , i.e. I ⊆ I⋆n : likewise, if I ⊆ J ,
then I(t) ⊆ J(t) and thus I(t)v ⊆ J(t)v; hence also I⋆n ⊆ J⋆n . To
prove idempotence, we first claim that (D : I(t)) = (D : I⋆n(t)) for
all t ≤ n. Indeed, the (⊇) containment follows from I ⊆ I⋆n . On the
other hand, if s ∈ (D : I(t)) and u ∈ I⋆n , then ut ∈ (D : (D : I(t))),
and thus

sut ∈ s(D : (D : I(t))) = (D : (D : sI(t))) = (sI(t))v ⊆ D

as sI(t) ⊆ D. Hence s ∈ (D : I⋆n) and (D : I(t)) = (D : I⋆n(t)). In
particular, if x ∈ (I⋆n)⋆n and t ≤ n then xt ∈ I⋆n(t)v; however,

xt(D : I⋆n(t)) = xt(D : I(t))

and so xt ∈ I(t)v. Since this holds for all t ≤ n, we have x ∈ I⋆n .
Therefore ⋆n is idempotent and thus a closure operation.

Finally, D⋆n ⊆ Dv = D and thus D⋆n = D; on the other hand, the
equality cI⋆n = (cI)⋆n follows from the fact that (cI)(t) = ctI(t) and
that the v-operation is a star operation.

By definition, ⋆∞ is the infimum of the ⋆n in the lattice of star
operations [REF], and thus it is itself a star operation. □

Remark 2.3. Given an ideal I of D, the set of polynomials of D[X/I]
of degree at most n is exactly

⊕n
i=0 I(i)

−1X i =: D[X/I]n.
By the proof of Proposition 2.2, we have that (D : I(i)) = (D :

I⋆n(i)), for each i ≤ n; therefore, D[X/I]n = D[X/I⋆n ]n. On the other
hand, if x /∈ I⋆n , then by Proposition 2.1 there is an f ∈ D[X/I]n
such that f(x) /∈ D. If f =

∑
i fiX

i, it follows that fix
i /∈ D for

some i; setting J := I ∪ {x}, we thus have f /∈ D[X/J ]n, and so
D[X/J ]n ̸= D[X/I]n.

It follows that I⋆n can be thought of as the largest set such that
D[X/I]n = D[X/I⋆n ]n, just like the polynomial closure of E is the
largest set F such that Int(E,D) = Int(F,D).
This was already noticed in [7] for the divisorial closure: in fact, Iv

is the biggest ideal such that HomD(I,D) = Hom(Iv, D) and it is easy
to check that HomD(I,D) ∼= I−1X.

3. Collapsing the chain

Proposition 2.2 shows that the ⋆n’s form a descending chain of star
operations, but it does not give any information about equalities among
these operations. If D is an essential domain, by [7, Proposition 2.4]
we have that ⋆∞ = pc = v and so all ⋆n are actually equal to v.
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In this section we generalize this result to the cases when D is in-
tegrally closed (Theorem 3.3) and when D has residual characteristic
zero (Theorem 3.8).

Lemma 3.1. Let I, J be ideals of D. If I⋆ = J⋆ for some star operation
⋆, then Iv = Jv.

Proof. Since I ⊆ I⋆ ⊆ Iv, we have (I⋆)v = Iv. Analogously, (J⋆)v = Jv;
since I⋆ = J⋆, it follows that Iv = Jv. □

Theorem 3.2. Let D be an integral domain and suppose that, for every
ideal I and every integer n, there is a star operation ⋆ such that I(n)⋆ =
(In)⋆. Then, ⋆∞ = v.

Proof. By the previous lemma, the condition I(n)⋆ = (In)⋆ implies that
I(n)v = (In)v for every ideal I and every n.

Clearly I⋆∞ ⊆ Iv since ⋆∞ is a star operation. Conversely, if x ∈ Iv

then, for all n,

xn ∈ (Iv)n ⊆ ((Iv)n)v = (In)v = (I(n))v

where the equality ((Iv)n)v = (In)v holds by [6, Proposition 32.2 (c)].
Thus x ∈ I⋆∞ . Hence I⋆∞ = Iv, as claimed, and ⋆∞ = v. □

Theorem 3.3. Let D be an integrally closed domain. Then ⋆∞ = v.

Proof. Let b be the b-operation on D, i.e., Ib =
⋂
{IV | V ∈ Zar(D)},

where Zar(D) is the set of valuation overrings of D. Since D is inte-
grally closed, b is a star operation on D; we claim that I(n)b = (In)b

for every ideal I and integer n, and to do so it is enough to show that
I(n)V = InV for all valuation overrings V . Clearly I(n)V ⊆ InV since
I(n) ⊆ In. Let x ∈ InV : then, x = i1,1 · · · i1,nv1 + · · · + ik,1 · · · ik,nvk
for some ij,l ∈ I, v1, . . . , vk ∈ V . Since V is a valuation domain, there
is an ia,b dividing all of the ij,l: hence, x ∈ ina,bV ⊆ I(n)V . Therefore

InV ⊆ I(n)V , so that InV = I(n)V . Hence I(n)b = (In)b and the
claim follows from Theorem 3.2. □

Corollary 3.4. Let D be an integrally closed domain such that Int(D) =
D[X]. Then pc = v.

Proof. By [7, Proposition 1.4], the hypothesis Int(D) = D[X] implies
that ⋆∞ = pc. The claim now follows from Theorem 3.3. □

We now analyze what happens when D contains Q; this condition is
equivalent to D having all residue fields of characteristic 0. The main
point of the proof is to show that I(n) = In.

Lemma 3.5. Let X, Y be indeterminates over Q. For every n, the
sets {Xn, (X + 1)n, (X + 2)n, . . . , (X + n)n} and {Xn, (X + Y )n, (X +
2Y )n, . . . , (X + nY )n} are linearly independent over Q.
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Proof. Let fi(X) := (X + i)n. Then, the Wronskian of f0, . . . , fn is the
determinant of

Xn (X + 1)n · · · (X + n)n

nXn−1 n(X + 1)n−1 · · · n(X + n)n−1

...
n! n! · · · n!

 .

Calculated for X = 1, the Wronskian is equal to a n!
(n−1)!

· n!
(n−2)!

· · · n!
1

(which is nonzero since Q has characteristic 0) multiplied by the Van-
dermonde determinant relative to 1, 2, . . . , n+1, which again is nonzero.
Hence the Wronskian is nonzero and thus f0, . . . , fn are linearly inde-
pendent [REF].

For {Xn, (X+Y )n, (X+2Y )n, . . . , (X+nY )n}, suppose that λ0X
n+

λ1(X + Y )n + · · · + λn(X + nY )n = 0. Then, by dividing by Y n, and
setting T := X/Y , we have λ0T

n + λ1(T + 1)n + · · · + λn(T + n)n =
0; by the previous part of the proof, T n, (T + 1)n, . . . , (T + n)n are
linearly independent, and thus so areXn, (X+Y )n, (X+2Y )n, . . . , (X+
nY )n. □

Proposition 3.6. Let D be an integral domain with Q ⊆ D. Let
I ∈ F(D). Then, I(n) = In for all n ≥ 0.

Proof. It is enough to show that I · I(n − 1) = I(n) for all n ≥ 1:
indeed, if this equality is true, then I(n) = I · I(n−1) = I2 · I(n−2) =
· · · = In−1 · I(1) = In−1 · I = In.
The containment I(n) ⊆ I · I(n− 1) is obvious. On the other hand,

the ideal I · I(n − 1) is generated by the elements of the form xyn−1,
for x, y ∈ I, and thus it is enough to show that these are in I(n). If
x = y this is obvious.
Suppose x ̸= y. By Lemma 3.5, the polynomials Xn, (X+Y )n, (X+

2Y )n, . . . , (X + nY )n are linearly independent over Q, and thus they
span a Q-linear subspace of Q[X] of dimension n + 1; since they be-
long to the subspace generated by the monomials of degree n, which
has dimension n + 1, they must generate exactly the latter subspace.
Therefore, for every a, b there are λ0, . . . , λn ∈ Q such that XaY b =
λ0X

n + λ1(X + Y )n + · · ·+ λn(X + nY )n. In particular, since Q ⊆ D,
we have xayb = λ0x

n + λ1(x + y)n + · · · + λn(x + ny)n ∈ I(n); hence,
in particular, xyn−1 ∈ I(n). The claim is proved. □

Remark 3.7. Proposition 3.6 does not work in general for rings of
characteristic 0 not containing Q. For example, if = Z[x, y] and I =
(x, y), then xy ∈ I2 but xy /∈ I(2).

Theorem 3.8. Let D be a domain such that D/m has characteristic
0, for each maximal ideal m. Then ⋆∞ = pc = v.

Proof. Since for each maximal ideal m, (Dm,mDm) is a local domain
and Dm/mDm has characteristic 0, the ring Dm contains Q and so D
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contains Q. By Proposition 3.6 I(n) = In for every ideal I and, by
Theorem 3.2, ⋆∞ = v. By [1, Corollary I.3.7] Int(D) = D[X], and by
[7, Proposition 1.4] ⋆∞ = pc. The claim follows. □

Corollary 3.9. Let (D,m) be a local domain such that D/m has char-
acteristic 0. Then ⋆∞ = pc = v.

For example, the previous results hold for polynomial rings of fields
of characteristic 0 like Q[X] or R[X].

4. Characteristic p

In characteristic p it is not always true that all the ⋆n are equal.

Example 4.1. Let F ⊆ K ⊆ L be a tower of purely inseparable ex-
tension of degree p, with L = F (y) simple over F . Consider the ring
D := F + XL[[X]] and its fractional ideal I := K + XL[[X]]: then,
I⋆1 = Iv = L[[X]]. On the other hand, I(p) = K(p) + XL[[X]] =
Kp + XL[[X]] = D, and thus I(p)v = D; therefore, yp /∈ I(p) since
yp /∈ F . It follows that I⋆p ̸= L[[X]] and thus ⋆p ̸= ⋆1.

The main difference from the previous case is that Lemma 3.5 does
not hold, as the matrix in the proof may have determinant equal to a
multiple of p and thus equal to zero in the ring D. However, under the
assumption that the ring contains an infinite field, we can show that
only the powers of p matter.

Lemma 4.2. Let F be an infinite field, and let e1, . . . , et ∈ N be dis-
tinct. There are a1, . . . , at ∈ F such that the determinant of (a

ej
i )i,j is

nonzero.

Proof. By induction on t. If t = 1 it is enough to take a1 ̸= 0. Suppose
that the claim holds up to t − 1, and choose a1, . . . , at−1 such that
the claim holds for the exponents e1, . . . , et−1. Consider the matrix M
obtained from (a

ej
i )i,j by substituting at with an indeterminateX; then,

the determinant of M is a nonzero polynomial (since the coefficient of
Xet is the determinant of (a

ej
i )i,j≤t−1, which is nonzero by inductive

hypothesis). Hence, there are only finitely many elements of F such
that the determinant of (a

ej
i )i,j is zero; since F is infinite, we can choose

an at that makes the determinant nonzero. The claim is proved. □

Lemma 4.3. Let F be an infinite field of characteristic p, and let n ∈ N
be positive. Let e1, . . . , et be the natural numbers k such that p does not
divide

(
n
k

)
. Then, there are a1, . . . , at ∈ F such that the F -linear space

generated by (X+a1)
n, . . . , (X+at)

n is equal to the space generated by
Xe1 , . . . , Xet.

Proof. By construction, each (X + ai)
n is contained in the space gen-

erated by Xe1 , . . . , Xet for every choice of a1, . . . , at; hence, we only
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need to find a1, . . . , at such that (X + a1)
n, . . . , (X + at)

n are linearly
independent.

Since
(
n
ej

)
=
(

n
n−ej

)
for all j, we can consider instead the basis

Xn−e1 , . . . , Xn−et . Choose a1, . . . , at satisfying the property of Lemma
4.2: then, the coefficients of (X + ai)

n with respect to Xn−ej is
(
n
ej

)
a
ej
i ,

and thus the transition matrix of (X + a1)
n, . . . , (X + at)

n with re-

spect to Xe1 , . . . , Xet is M :=
((

n
ej

)
a
ej
i

)
i,j
, whose determinant is the

product of all the binomial coefficients
(
n
ej

)
(which is nonzero in F by

definition of the ej) and the determinant of (a
ej
i )i,j, which is nonzero

by definition of the ai. Hence the determinant of M is nonzero, and so
(X + a1)

n, . . . , (X + at)
n are linearly independent, as claimed. □

Lemma 4.4. Let D be a ring of characteristic p containing an infinite
field, and let n,m ∈ N. If p does not divide

(
n+m
n

)
, then I(n + m) =

I(n)I(m).

Proof. We always have that I(n +m) ⊆ I(n)I(m). Let now x, y ∈ I:
we need to show that xnym ∈ I(n + m). Find a1, . . . , at ∈ F as in
Lemma 4.3: then, all of (x + aiy)

n+m are in I(n + m). Since the
space generated by (X + a1)

n+m, . . . , (X + at)
n+m is equal to the space

generated by Xe1 , . . . , Xet , and since n = ei for some i (by definition),
we have Xn =

∑
i λi(X + ai)

n+m for some λi ∈ F ⊆ D; therefore,
xnym =

∑
i λi(x+ aiy)

n+m ∈ I(n+m), as claimed. □

When the ring has characteristic p, the ideal I(p) is called the Frobe-
nius power of I and is usually denoted by I [p]. We keep the notation
I(p) to be consistent with the rest of the paper.

Lemma 4.5. Let D be a ring of characteristic p, and let n ∈ N be
positive. Then I(pn) = I(n)(p).

Proof. If x ∈ I, then xpn = (xn)p ∈ I(n)(p), and so I(pn) ⊆ I(n)(p).
Conversely, if x ∈ I(n)(p) then x =

∑
i λiy

p
i for some yi ∈ I(n); thus

we can write yi =
∑

j µijz
n
ij for some zij ∈ I. Hence,

x =
∑
i

λi

(∑
j

µijz
n
ij

)p

=
∑
i,j

λiµ
p
ijz

pn
ij

using the fact that the ring has characteristic p. Since zpnij ∈ I(pn) by
hypothesis, we have x ∈ I(pn), and so I(n)(p) ⊆ I(np). Thus the two
ideals are equal. □

Theorem 4.6. Let D be a ring of characteristic p containing an infi-
nite field. Let n = t0 + t1p + · · · + tkp

k, with 0 ≤ ti < p for every i.
Then,

I(n) = I t0 · I(p)t1 · I(p2)t2 · · · I(pk)tk .



9

Proof. By induction on n. If n = 1 then I(1) = I and the claim
is proved. Suppose that the claim holds up to n − 1. If p does not
divide n, then it doesn’t divide

(
n
1

)
either, and thus by Lemma 4.4

I(n) = I(1)I(n− 1) = I · I(n− 1) and the claim follows by induction
(since the p-expansion of n− 1 is (t0 − 1) + t1p+ · · ·+ tkp

k).
Suppose n = pn′: then I(n) = I(pn′) = I(n′)(p). Applying the

inductive hypothesis on n′, we have I(n′) = I t1 · I(p)t2 · · · I(pk−1)tk ,
and thus I(n) = (I t1 · I(p)t2 · · · I(p)tk)(p). The claim now follows since
(AB)(p) = A(p)B(p) for all ideals A,B. □

Theorem 4.7. Let D be a ring of characteristic p containing an infi-
nite field. Then Ipc = {x ∈ K | xpe ∈ I(pe)v for every e ≥ 0}.

Proof. Since D contains an infinite field, Int(D) = D[X] and thus
⋆∞ = pc. For every x ∈ I⋆∞ , we have xpe ∈ I(pe)v and so I⋆∞ ⊆ {x ∈
K | xpe ∈ I(pe)v for every e ≥ 0}.
Conversely, suppose that xpe ∈ I(pe)v, and let n = t0+t1p+· · ·+tkp

k

be its expansion in base p. Then, for every r,

(xpr)tr ∈ (I(pe)v)tr ⊆ ((I(pe)v)tr)v = (I(pe)tr)v

and thus

xn = xt0+t1p+···+tkp
k ∈(I tr)v · (I(p)t1)v · · · (I(pk)tk)v ⊆
⊆((I tr)v(I(p)t1)v · · · (I(pk)tk)v)v =
=(I t0I(p)t1 · · · I(pk)tk)v =
=I(t0 + pt1 + · · ·+ pktk)

v = I(n)v

using Theorem 4.6. Hence x ∈ I⋆∞ , and thus I⋆∞ = {x ∈ K | xpe ∈
I(pe)v}. □

To conclude this section, we show what happens when the domain
D satisfies a strong form of root closedness.

Proposition 4.8. Let D be an integral domain and n a positive integer.
Suppose that every elements of D has an n-th root in D. Then:

(a) (D : I)(n) = (D : I(n)) for every ideal I;
(b) if x ∈ Iv, then xn ∈ I(n)v;
(c) ⋆n−1 = ⋆n.

Proof. (a) To prove that (D : I)(n) ⊆ (D : I(n)), it is enough to
show that xn ∈ (D : I(n)) for every x ∈ (D : I): this is equivalent to
xnI(n) ⊆ D, or xnyn ∈ D for every y ∈ I. However, xnyn = (xy)n ∈ D
since xy ∈ xI ⊆ D, and thus xn ∈ (D : I(n)).

Conversely, suppose that x ∈ (D : I(n)), that is, xI(n) ⊆ D. Then,
x = zn for some y ∈ K, and thus znyn ∈ D for every y ∈ I. However,
znyn = (zy)n, which belongs to D by the hypothesis, and thus zI ⊆ D,
i.e., z ∈ (D : I). Therefore, x ∈ (D : I(n)).
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(b) We have

I(n)v = (D : (D : I(n))) = (D : (D : I)(n)) = (D : (D : I))(n) = Iv(n)

applying twice the previous point. Thus, if x ∈ Iv then xn ∈ Iv(n) =
I(n)v, as claimed.

(c) By definition,

I⋆n = I⋆n−1 ∩ {x ∈ K | xn ∈ I(n)v}.

However, as I⋆n ⊆ Iv, the last set of the previous equation is actually
equal to {x ∈ Iv | xn ∈ I(n)v}, which contains Iv (and thus I⋆n−1) by
the previous point. Hence I⋆n = I⋆n−1 , as claimed. □

In characteristic p, we have the following.

Corollary 4.9. Let D be an integral domain of characteristic p that
contains an infinite field and such that every element of D has a p-th
root in D. Then, pc = v.

Proof. We always have Ipc ⊆ Iv. If x ∈ Iv, then xpe ∈ I(pe)v, by
Proposition 4.8(b) (note that, if every element has a p-th root, then
every element also has a pe-th root). By Theorem 4.7, this is enough
to show that x ∈ Ipc; thus pc = v. □

Example 4.10. Let F be a perfect infinite field, and let L be an alge-
braic extension of F . Consider the ring

D :=
⋃
n≥1

F +X1/pnL[[X1/pn ]]

Then, D contains an infinite field (namely, F ) and every element has
a p-th root: indeed, if x ∈ D then x ∈ F +X1/pnL[[X1/pn ]] for some n,
that is, we can write

x =
∑
i≥0

aiX
i/pn

with a0 ∈ F and ai ∈ L for all i > 0. Since both F and L are perfect,
there are b0 ∈ F and bi ∈ L (for i > 0) such that bpj = aj for all j.

Setting y :=
∑

biX
i/pn+1

, then y ∈ D and yp = x; therefore, D satisfies
the hypothesis of Corollary 4.9 and thus pc = v.

However, if F ̸= L, then D is not integrally closed, since every
t ∈ L \ F is integral over D and belongs to its quotient field, but it is
not in D.
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