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Abstract We propose a modification of the standard Differential Evolution (DE)
algorithm in order to significantly make easier and more efficient standard DE
implementations. Taking advantages from chaotic map approaches, recently pro-
posed and successfully implemented for swarm intelligence-based algorithms, our
DE improvement facilitates the search for the best population and then the opti-
mal solution. More specifically, we work with a genetic memory that stores parents
and grand-parents of each individual (its kin) of the population generated by the
DE algorithm. In this way, the new population is carried out not only on the basis
of the best fitness of a certain individual, but also according to a good score of its
kin. Additionally, we carried out a wide numerical campaign in order to assess the
performances of our approach, and validated the results with standard statistical
techniques.

Keywords Optimization · Differential Evolution algorithm · Chaotic maps

1 Introduction

Heuristic algorithms are considered robust methods for finding optimum solutions
and handling multimodal optimization problems, employed in diverse fields, from
engineering to deep-learning. Along with their improved version, named meta-
heuristic algorithms, these procedures may be classified as evolutionary, or swarm
intelligence.

G. Formica
Dipartimento di Architettura, Roma Tre University, via Madonna dei Monti 40, Roma, Italy
Tel.:+39-06-57336253 — Fax:+39-06-57336265
E-mail: giovanni.formica@uniroma3.it
ORCID 0000-0002-6410-8083

F. Milicchio∗ (Corresponding author)
Dipartimento di Ingegneria, Roma Tre University, via della Vasca Navale 79, Roma, Italy
Tel.:+39-06-57336253 — Fax:+39-06-57336265
E-mail: franco.milicchio@uniroma3.it
ORCID 0000-0002-4875-4894



2 Giovanni Formica, Franco Milicchio∗

One of the most reliable heuristic algorithm is the Differential Evolution (DE),
the present work is framed into. DE belongs to the general family of evolution-
ary/genetic algorithms that proved to be successful on a variety of real world
problems from diverse domains of science and technology. Contrary to standard
evolutionary or genetic algorithms, DE stands out by distinguishing itself from its
peers for its properties: simplicity and self-referential mutation. A DE optimizer
can be implemented in any programming language, mandating only few lines of
code and very few control parameters. Moreover, the algorithm, when optimizing
a set of variables, does not require the specification or adaptation of absolute step
sizes—self-referential mutation property—basing its convergence properties on a
numeric scale factor. Performances of differential evolution, in terms of accuracy,
speed, and robustness, are remarkable despite its simplicity if compared to its
competitors (for details, please refer to the IEEE CEC1 conference website).

One of the main competitor branches of heuristic algorithms are the so called
swarm intelligence, basing their procedures on biological entities that interact and
self-organize—bees, ants, birds. Here we only mention few approaches, such as
ant colony optimization (ACO), particle swarm optimization (PSO), and artificial
bee colony (ABC); other, less popular swarm optimizers include bacterial foraging
optimization (BFO), biogeography-based optimization (BBO), artificial fish swarm
optimization (AFSO), firefly algorithm (FA).

It is arduous to provide a complete overview of both types of algorithms, as
they are continuously improved with more or less significant modifications. For
an up-to-date survey in swarm intelligence algorithms, we refer the reader to [26],
while for differential evolution please see [11]. Instead, we briefly remind here few
aspects of some of them in order to bring out the novel contributions of the present
work.

Optimization procedures require control parameters, whose selection towards
the optimal solution profoundly affect the effectiveness of the whole evolution. For
instance, genetic algorithms such as DE require an adequate control of its settings
such as mutation and crossover rates; particle swarm optimization also relies on
cognitive and social parameters, as well as inertia weights. Similarly, artificial
bee colony necessitates the specification of the number of bees in the colony, while
biogeography-based optimization the probability of habitat modification, mutation
probability, habitat elitism parameter, and population size (cf. [34] for a deeper
insight on such issue).

Recently, new DE algorithms employ adaptive strategies to modify control pa-
rameters used in the evolutionary process. For instance JADE [51] and SHADE [43]
select a given percentage of the best individuals, employing historical data to
drive the process. New control parameters may be also generated by utilizing uni-
form distributions as in jDE [5], or implementing multi-stategy mutation processes
(cf. SaDE [32]).

Chaos theories have been also recently introduced, such as chaotic differential
evolution [21,31], chaotic genetic algorithms [24,50], chaotic simulated annealing
[27,19], chaothic Jaya [13], chaotic firefly algorithm [16,17], chaotic-bat swarm
optimization [15], and chaotic biogeography optimization [35,48].

The application of chaotic theories contributes in three different ways in ame-
liorating the limitations of standard heuristic optimizers: i) random numbers may

1 See for instance http://cec2019.org/.
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be substituted by chaotic sequences generated by chaotic maps; ii) local search
approaches can be implemented via chaotic map functions; iii) chaotic maps may
be employed in the generation of control parameters.

Chaotic maps have recently been applied successfully to various Differential
Evolution approaches. One of the major advantages of applying chaos theory to DE
algorithms relies in improving convergence rates [28] and overall results when com-
pared to randomized approaches (cf. [6] and [36]). Moreover, a recent research [39]
presented an introspection on various DE algorithms in order to assess the benefits
of chaotic maps (for furhter reference, see, e.g., [38] and [37]). Variants of Dif-
ferential Evolution have been tested with the standard IEEE CEC’15 test suite,
among them more recent algorithms such as jDE [5,7] and SHADE [43,44], show-
ing that chaotic versions are comparatively highly efficient in optimizing the given
objective functions. Additionally, it has been shown that chaotic maps amplify the
diversity in the population of a differential evolution optimizer (cf. [39]), as well
as in other evolutionary algorithms, as detailed, e.g., in [45] for Particle Swarm
Optimization algorithms.

Contribution Taking advantages from chaotic map and genetic approaches, we
developed a modification of the Differential Evolution algorithm that drastically
facilitates the search for the best population and then the optimal solution. More
specifically, we developed a new mutation equation that take advantage from
chaotic maps, and new crossover one considering the genetic memory of each
individual in the DE population, i.e., its kin up to the second degree (parents and
grandparents). Therefore, this novel algorithm selects individuals not only on the
basis of the best fitness, but also according to its previous generation’s scores. An
extensive numerical testbed has been performed to underline the performances of
our approach, and validated via standard statistical tests.

Outline The manuscript is organized as follows. Section 2 introduces the main
aspects of Differential Evolution algorithms, while Section 3 describes in details
our kinship-based DE approach. Finally, Section 4 report all numerical tests ex-
haustively, by providing numerical analyses as well as statistical validation of all
the results.

2 Differential Evolution Algorithms

In the problem optimization field, Differential Evolution (DE) is an iterative evolu-
tionary algorithm—i.e., inspired by the evolution of biological entities—optimizing
a problem given an objective and a quality measure functions. Contrary to other
classical optimization methods, however, DE does not assume any a priori con-
dition on the objective function, for instance, it does not require the gradient
of the objective function to be know, or even differentiability. This fact renders
DE one of the most adaptable and important optimizing algorithm, suitable for
non-continuous, non-convex, subject to noise, and multimodal parameter spaces.

The initial Differential Evolution algorithm has been introduced by Storn in
1995 [41,42], and it spawned a plethora of diverse approaches applied in real-
life scenarios (e.g., engineering design [23], medicine [1], material design [14], and
economy [9]). DE algorithms can be summarized as follows: given a random set of
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candidate solution, the population, extracted from a search domain, DE iterates
mutating the population by scaling the differences between individuals. After an
initialization of the population, the DE algorithm can be designed as an iterative
process constituted by three steps, carried out in order: mutation, crossover, and
population selection. The optimization process ends when a series of halting cri-
teria are met, e.g., the number of maximum iteration has been reached, or the
current best solution is within a given threshold from the previously found one.

This section will briefly outline the idea behind Differential Evolution algo-
rithms, introducing its basic steps and variants, and we refer the reader to [11,
12] for a thorough review of DE approaches. Contrary to other evolutionary algo-
rithms, DE presents itself as a very simple procedure that can be implemented in
a straightforward manner, with the original DE being controlled by just three pa-
rameters, i.e., a scale factor, a crossover probability threshold, and the population
size. Despite the ease of coding a DE algorithm, it sports a unique computational
performance and accuracy in the optimization of diverse problems, as shown by its
top ranking in the annual IEEE Congress on Evolutionary Computation (CEC)
conference series. Different versions have been developed of DE algorithms, for in-
stance by employing parameter adaptivity [51,20,32] or population control [44,49];
here we outline the original differential evolution algorithm as introduced in [41,
42].

Initialization Given a d-dimensional search space Ωd, a differential evolution al-
gorithm searches for a global optimum by creating an initial population at time
t = 0 constituted by N individuals represented by d-dimensional vectors:

xt
i = (xt

i,1, ..., x
t
i,d) ,

where the components of the i-th individual xt
i at time t are the d decision variables

of the search space.

As variables are usually restricted in Ωd, being part of physical measures that
are naturally bounded, the initialization step takes into account each bound by ran-
domly initializing each j-th component x0

i,j = xmin,j + randi,j(xmax,j − xmin,j),
given xmin = (xmin,1, ..., xmin,d) and xmax = (xmax,1, ..., xmax,d), the minimum
and maximum bounds vectors, and being randi,j ∈ [0, 1] ⊂ R.

Mutation The cornerstone of DE is the population mutation step. This phase gen-
erates a new vector x̃t

i corresponding to each individual according to an aleatoric
rule. Such rules may vary greatly, for instance, an implementation may choose a
“random” approach, selecting the new vector as

x̃t
i = xt

r1
+ F (xt

r2
− xt

r3
) , (1)

where r1, r2, and r3 are distinct random natural numbers in [1,N ] ⊂ N, and
F is a (real) scaling factor. Another method may choose a “best” mutation, by
selecting the best individual from the population—the one with the lowest objec-
tive function—and combining its components with other two random ones, i.e.,
x̃t
i = xt

best + F (xt
r1

− xt
r2
).
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Crossover Mimicking biological chromosomes, DE performs a crossover phase
where new individuals x̃t

i blend their genetic information, i.e., their components,
with the old ones; similarly to the mutation step, crossover relies on randomness
and on a crossover probability parameter Cr ∈ [0, 1] ⊂ R. The crossover step then
generate new “hybrid” individuals x̃′

i by selecting at least one random component
from x̃i, in other words:

x̃′

i,j =

{
x̃i,j , j = K or randi,j ≤ Cr

xi,j , otherwise .
(2)

In the above equation K ∈ [1,N ] ⊂ N is a random integer number that ensures
that the new individual has at least one component from the new one.

Selection The final step in a DE algorithm is the selection of the new population
based on their objective function evaluation. Hence, the new individual xt+1

i at
time t+ 1 is indeed chosen as the new one only if its fitness is better than the old
one, i.e.,

xt+1
i =

{
x̃′

i , f(x̃′

i) ≤ f(xi)

xi , otherwise ,
(3)

with f being the objective function to be minimized. For a general overview of the
algorithm functioning, see the flowchart in Fig. 1.

3 Kinship-based DE Algorithm

As outlined in Section 2, the control parameters F and Cr are at the heart of a
differential evolution, providing several different strategies according to the rules
of mutation and crossover phases. As such, literature has explored greatly di-
verse strategies to adapt F and Cr to different scenarios. Recently, the population
number N gained momentum as a possible additional control parameter. This
section will briefly outline some possible strategies concerning the population gen-
eration, and will introduce our kinship-based approach to differential evolution,
where parental relationships are exploited in order to boost the convergence speed
and avoid local minima.

3.1 Hybrid Algorithms

The mutation phase generates a novel individual based on random selection and
the scaling factor F , while the crossover step transforms the population ensuring
that it will differ, in each individual, from the older generation. However, the pop-
ulation size in a classical DE remains identical. Recent classical variants propose
to sub-sample, cluster, or mutate the population size. For instance, in [6] the pop-
ulation is halved at each time step: the old population is divided into two halves,
and a new individual is selected according to the fitness evaluation of two old ones,
one from each partition.

One of the major divergent variants of DE proposes the hybridization of Differ-
ential Evolution algorithms with other optimization techniques, such as Artificial
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Fig. 1 Flowchart of a classic Differential Evolution algorithm.
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Bee Colony (ABC), Particle Swarm Optimization (PSO), and other approaches [4],
yielding better results with respect to their corresponding conventional algorithms.
Our kinship algorithm may be viewed under the umbrella of an hybrid optimiza-
tion technique, as detailed in the ensuing paragraphs.

3.2 The Kinship Differential Evolution

Standard DE optimizers may suffer from stagnation, yielding a population that
does not balance exploitation and exploration, i.e., converging swiftly and search-
ing different domain regions, respectively. In order to overcome this issue, we
deviate from standard differential evolution algorithms by i) employing a chaotic

map in lieu of pseudo-random numbers in the mutation step, ii) considering the
ancestry of a population in the crossover phase. The ensuing paragraphs will detail
our algorithm, pictured in Fig. 2.
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Fig. 2 Flowchart of the Kinship Differential Evolution algorithm.
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Chaotic Map As outlined in Section 2, random numbers are employed in DE
algorithms to generate the initial population, as well as produce a new spawn of
individuals from previous ones. A better alternative to PRNG (pseudo-random
number generators) present in all computer languages can be found in chaotic

maps [29,25], where the nonlinearity in the dynamical system yields an elevated
sensitivity to initial condition variations; the use of chaotic maps in optimization
procedures have enhanced standard (non-chaotic) algorithms, such as DE, ABC,
GA, and HS (cf. [31,2,24], and [3]). Recently, chaos theory has been applied to
the Jaya algorithm [33], proposing the C-Jaya variation [13] that employs the
Chebyshev map:

{
y1i+1 = cos

(
k arccos(y2i )

)

y2i+1 = 16 (y1i )
5
− 20 (y1i )

3 + 5 y1i ,
(4)
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with the initial conditions y1i , y
2
i ∈ [−1, 1], k > 1, and (y10, y

2
0). Our differential

evolution employs the above chaotic map in order to ensure a balanced diversity
in the population.

Mutation The mutation step produces new trial individuals that, with the crossover
phase, will generate a new population that will be compared to the old one by
means of the objective function. In our case, the mutation equation (1) has been
modified to exploit the chaotic map in the mutation equations as follows. As ar-
gued in several works employing chaotic maps (see, e.g. [47,28,46,13]), we propose
two mutation equations in order to balance exploitation and exploration: the for-
mer would lead the optimizer to search for local solutions only, while the latter to
degenerate into a random search. Given a random number ai for each individual
and a threshold τ , we mutate an individual as

{
x̃t
i = χxt

r2
+ χ(xt

r1
− S xt

r2
) , a ≥ τ

x̃t
i = χxt

r1
+ χ(xt

i − χxt
r1
) + χ(xt

r2
− χxt

r1
) , a < τ ,

(5)

where χ = chaos1,2 is the absolute value of one of the two chaotic variables
(y1, y2), generated by the chaotic map (4) and then selected randomly; (r1, r2)
are random integer numbers selecting randomly two individuals in the population;
S is a scaling factor equal to S = χ+ 1 > 1.

Note that the threshold condition, as successfully implemented in recent works
on particle swarm optimization [45], is governed by ai = rand(0, 1) ∈ R and by
τ = t

/
(ξ tmax), accounting for the current number of iterations t, with ξ < 1 an

assigned positive coefficient. When t reaches the iteration threshold ξ tmax (i.e.,
τ ≥ 1) the second mutation equation (5)2 acts, whereas up to the iteration level
ξ tmax it is more probable that the first mutation equation (5)1 is selected. In
particular, in (5)1 the exploration is favoured by the scaling factor S, while ξ
adjustes the balance between global and local search.

Crossover and Selection Last in the generation phases, the crossover step performs
a random selection of the “genes” of individuals in order to generate the new spawn
at time t + 1. Our kinship approach to the crossover phase mimics the biological
avoidance of inbreeding, i.e., selecting individuals that are not closely related. In
biology, genetic disorders are carried by individuals with two copies of a recessive
pathological genetic mutation [18]. In our DE algorithm, we exploit the kinship
relationship to exclude unwanted genes in the next population. In details, the
crossover probability is a function of the kinship coefficient κ:

x̃′

i,j =

{
x̃i,j , j = K or randi,j ≤ Cr(κ) =: 1/8(6− κ)

xi,j , otherwise .
(6)

The kinship coefficient κ effectively relates individuals xi and xj by their
ancestry, hence genes owing to their origin, and is defined as κ ∈ [0, 6] ⊂ N:
κ = np

i,j+ng
i,j is the total number of ancestors in common between two individuals

(see Fig. 3), up to the second-order, counting np
i,j “parents” (maxnp

i,j = 2 , ∀i, j)
and ng

i,j “grandparents” (maxng
i,j = 4 , ∀i, j).

In order to keep track of common ancestry, we store only the individuals with
the additional property that univocally identifies the ancestors, i.e., six integer
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Fig. 3 Two individuals x1 and x2 with kinship coefficient κ = 2; nodes in light and dark gray
indicate their common ancestors.

x1x1 x2x2

numbers: in fact, as one can see from Equation (6), crossover is computed within
the current population, and the kinship coefficient κ needs no reference to the
actual older parameters, and can be simply computed with a group of six unique
identifiers, one per each ancestor. Such additional storage, however, is for all practi-
cal purposes negligible, and accounts for 6N log2(N) bits. For instance, if we allow
the maximum number of individuals among all generations to be 224 ≈ 1.7 · 107,
we need about 300 MB of additional RAM with respect to a standard DE imple-
mentation.

Finally, the new individual is selected for the next generation following (3),
i.e., if and only if its fitness function is preferable to the old one, thus the last
phase is in line with standard DE approaches.

4 Results and Comparison

This section is devoted to illustrate numerical performances of the Kinship DE
optimization algorithm, in comparison with several popular optimizers.

In details, we chose standard benchmark functions employed to test optimiza-
tion algorithms (cf. [22,13], and [34]); these functions span different groups such
as unimodal, multimodal, and their rotated version, as illustrated in details in
Table 1. All tests were conducted on different problem dimensions, namely 10, 30,
and 100-dimensional optimization, fixing the population sizes for all dimensions
to 20.

We then compared our Kinship DE optimizer with respect to the following
algorithms: PSO (Particle Swarm Optimization), DE (Standard Differential Evo-
lution), HS (Harmony Search), ABC (Artificial Bee Colony), TLBO (Teaching-
learning-based optimization), Jaya, and C-Jaya (Chaotic Jaya). Such a selection of
optimizers available in the literature revealed to be significant as testbed methods
in this research field; in particular, we report here the outcomes recently provided
in [10,22,13], along with our results.

4.1 Convergence Evaluation

The convergence analysis of all algorithms for dimensions 10, 30, and 100 are
shown respectively in Tables 2, 3, and 4, where we show the mean, the standard
deviation, and the standard error of the mean for all functions to be optimized.
A statistical analysis was performed in order to obtain a fair comparison between
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Table 1 Test functions and their parameters; rotated versions are all intended with y = M×x.
Acceptance rates are set to 10−5, except for f1 (10−2), and f5, f12, f14 (50).

Formula Range Function

f1(x) =

D
∑

i=1

x
2

i [−100, 100] Sphere

f2(x) =
D
∑

i=1

(
i

∑

j=1

xj)
2 [−100, 100] Quadric

f3(x) =
D
∑

i=1

(ixi)
2 [−100, 100] Sum Squares

f4(x) =

D
∑

i=1

x
2

i + (

D
∑

i=1

0.5xi)
2 + (

n
∑

i=1

0.5xi)
4 [−10, 10] Zakharov

f5(x) =

D−1
∑

i=1

[100(x2

i − xi+1)
2 + (xi − 1)2] [−2.048, 2.048] Rosenbrock

f6(x) = −20 exp(−0.2

√

√

√

√

1

D

D
∑

i=1

x2
i
) − exp(

1

D

D
∑

i=1

cos(2πxi)) + 20 + e [−32.768, 32.768] Ackley

f7(x) =

D
∑

i=1

(x2

i − 10 cos(2πxi + 10)) [−5.12, 5.12] Rastrigin

f8(x) =
D
∑

i=1

(
20
∑

k=0

[0.5k cos(2π3k(xi + 0.5))])− D

20
∑

k=0

[0.5k cos(2π3k 0.5)] [−0.5, 0.5] Weierstrass

f9(x) =

D
∑

i=1

x2
i

4000
−

D
∏

i=1

cos(
xi
√

i
) + 1 [−600, 600] Griewank

f10(x) =

D
∑

i=1

i y
2

i [−100, 100] Rotated Sum Square

f11(x) =

D
∑

i=1

x
2

i + (

D
∑

i=1

0.5i yi)
2 + (

n
∑

i=1

0.5i yi)
4 [−10, 10] Rotated Zakharov

f12(x) =

D−1
∑

i=1

[100(y2

i − yi+1)
2 + (yi − 1)2] [−2.048, 2.048] Rotated Rosenbrock

f13(x) = −20 exp(−0.2

√

√

√

√

1

D

D
∑

i=1

y2
i
) − exp(

1

D

D
∑

i=1

cos(2πyi)) + 20 + e [−32.768, 32.768] Rotated Ackley

f14(x) =
D
∑

i=1

(y2

i − 10 cos(2πyi + 10)) [−5.12, 5.12] Rotated Rastrigin

f15(x) =

D
∑

i=1

(

20
∑

k=0

[0.5k cos(2π3k(yi + 0.5))])− D

20
∑

k=0

[0.5k cos(2π3k 0.5)] [−0.5, 0.5] Rotated Weierstrass

f16(x) =
D
∑

i=1

y2
i

4000
−

D
∏

i=1

cos(
yi
√

i
) + 1 [−600, 600] Rotated Griewank

our approach and other optimization techniques, hence all tests were conducted
30 times. In our algorithm, contrary to the other optimizers, the halting condition
respects the original problem setting, i.e., a hard stop is set if the error is lower
than the chosen threshold regardless of the number of iterations.

Convergence Results As one can see from the tabulated results, our algorithm
achieves the optimum for all tests outperforming other optimizers except in one
specific case. The Rosenbrock function f5 in dimension 30 obtains a worse result
than competing algorithms; with the Rotated Rosenbrock case in dimension 100
(f12), although Table 4 shows numerical values, it should be noted that no opti-
mizer converged to the solution, as detailed in Table 7. Another interesting case is
the f12 Rotated Rosenbrock in dimension 30, where our approach is substantially
on par with other algorithms, with the exception of Artificial Bee Colony (ABC),
obtaining convergence with a result of 144 with others laying in the range 20–30
(real optimum 50).

In order to evaluate exploitation of our algorithm, we refer to the first four
functions f1, . . . , f4 (unimodal), where no local minima are present with one global
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Table 2 Results for dimension 10 in terms of mean, standard deviation, and SEM of the
attained solution.

Function PSO DE HS ABC TLBO Jaya C-Jaya Kinship

f1 Mean 3.34E-26 8.05E-42 3.39E-01 1.64E-16 8.52E-112 9.65E-27 0.0 1.19E-03
StdDev 1.01E-25 2.34E-41 1.90E-01 6.95E-17 2.22E-111 1.19E-26 0.0 4.97E-19
SEM 1.85E-26 4.27E-42 3.46E-02 1.27E-17 4.05E-112 2.17E-27 0.0 1.11E-19

f2 Mean 2.99E-07 2.16E-01 1.79E+02 1.46E+02 1.29E-47 1.73E-02 0.0 8.06E-08
StdDev 5.02E-07 3.54E-01 1.42E+02 8.51E+01 5.90E-47 2.51E-02 0.0 6.07E-23
SEM 9.17E-08 6.47E-02 2.59E+01 1.55E+01 1.08E-47 4.57E-03 0.0 1.36E-23

f3 Mean 7.32E-26 1.70E-41 1.91E+00 1.98E-16 1.87E-111 2.78E-26 0.0 1.86E-09
StdDev 2.34E-25 4.09E-41 1.68E+00 1.01E-16 5.20E-111 2.67E-26 0.0 0.0
SEM 4.26E-26 7.46E-42 3.07E-01 1.85E-17 9.50E-112 4.87E-27 0.0 0.0

f4 Mean 5.50E-20 1.21E-09 1.54E+00 5.07E-01 3.98E-89 7.21E-13 0.0 2.82E-08
StdDev 1.82E-19 6.59E-09 1.62E+00 1.09E+00 1.61E-88 1.41E-12 0.0 3.19E-23
SEM 3.33E-20 1.20E-09 2.96E-01 1.99E-01 2.95E-89 2.57E-13 0.0 7.13E-24

f5 Mean 4.31E+00 4.89E+00 4.78E+00 1.99E+00 4.64E+00 1.72E-01 8.81E+00 11.3884
StdDev 1.10E+00 1.41E+00 2.93E+00 1.80E+00 6.59E-01 2.75E-01 2.59E-01 1.06E-14
SEM 2.01E-01 2.58E-01 5.34E-01 3.29E-01 1.20E-01 5.02E-02 4.73E-02 2.37E-15

f6 Mean 8.17E-14 4.44E-15 4.46E-01 6.74E-13 4.44E-15 6.22E-14 8.88E-16 4.63E-07
StdDev 1.71E-13 0.0 2.24E-01 7.57E-13 0.0 6.25E-14 0.0 7.29E-23
SEM 3.13E-14 0.0 4.09E-02 1.38E-13 0.0 1.14E-14 0.0 1.63E-23

f7 Mean 1.12E+01 9.95E-02 1.55E-01 3.32E-02 3.94E+00 3.14E+01 0.0 6.21E-07
StdDev 6.46E+00 3.04E-01 1.08E-01 1.82E-01 2.25E+00 9.31E+00 0.0 5.34E-22
SEM 1.18E+00 5.54E-02 1.96E-02 3.32E-02 4.10E-01 1.70E+00 0.0 1.19E-22

f8 Mean 5.00E-02 0.0 4.86E-01 1.54E-15 0.0 5.00E-02 0.0 8.05E-07
StdDev 2.74E-01 0.0 1.38E-01 6.51E-15 0.0 2.74E-01 0.0 3.89E-22
SEM 5.00E-02 0.0 2.52E-02 1.19E-15 0.0 5.00E-02 0.0 8.69E-23

f9 Mean 8.35E-02 1.55E-03 3.99E-01 1.33E-02 7.53E-03 4.56E-01 0.0 2.92E-07
StdDev 3.46E-02 3.00E-03 1.50E-01 1.21E-02 1.42E-02 1.25E-01 0.0 0.0
SEM 6.32E-03 5.47E-04 2.73E-02 2.21E-03 2.59E-03 2.28E-02 0.0 0.0

f10 Mean 2.50E-09 4.17E-13 4.59E+01 2.73E-02 6.68E-85 4.01E-18 0.0 4.71E-07
StdDev 1.37E-08 1.81E-12 4.83E+01 3.98E-02 3.39E-84 1.26E-17 0.0 1.94E-22
SEM 2.50E-09 3.31E-13 8.82E+00 7.27E-03 6.20E-85 2.29E-18 0.0 6.14E-23

f11 Mean 5.20E-05 1.89E+00 2.18E+00 3.48E+02 2.91E-37 2.65E+02 0.0 3.00E-07
StdDev 2.63E-04 2.98E+00 2.91E+00 1.16E+02 8.16E-37 9.60E+01 0.0 0.0
SEM 4.81E-05 5.45E-01 5.32E-01 2.12E+01 1.49E-37 1.75E+01 0.0 0.0

f12 Mean 8.89E+00 8.89E+00 9.26E+00 8.89E+00 8.89E+00 8.88E+00 8.96E+00 23.4709
StdDev 6.08E-02 1.70E-02 4.36E-01 1.53E-02 1.13E-02 1.45E-02 1.68E-02 17161.2
SEM 1.11E-02 3.10E-03 7.96E-02 2.79E-03 2.06E-03 2.65E-03 3.07E-03 5426.85

f13 Mean 9.69E-14 4.44E-15 1.84E+00 1.05E-08 4.44E-15 7.19E-14 8.88E-16 2.87E-07
StdDev 1.96E-13 0.0 7.66E-01 3.40E-08 0.0 5.90E-14 0.0 1.06E-22
SEM 3.58E-14 0.0 1.40E-01 6.20E-09 0.0 1.08E-14 0.0 3.35E-23

f14 Mean 3.17E+01 3.38E+01 2.98E+01 4.05E+01 2.44E+01 4.05E+01 0.0 4.17E-09
StdDev 7.73E+00 4.91E+00 4.05E+00 5.97E+00 8.25E+00 4.96E+00 0.0 5.51E-25
SEM 1.41E+00 8.97E-01 7.39E-01 1.09E+00 1.51E+00 9.06E-01 0.0 1.74E-25

f15 Mean 8.74E-01 2.45E+00 1.70E+00 1.23E+00 0.0 1.08E-04 0.0 3.75E-06
StdDev 2.58E+00 2.33E+00 7.71E-01 1.10E+00 0.0 1.05E-04 0.0 5.65E-22
SEM 4.70E-01 4.26E-01 1.41E-01 2.01E-01 0.0 1.91E-05 0.0 1.79E-22

f16 Mean 5.94E-01 4.41E-01 6.71E-01 9.50E-02 1.64E-03 2.22E-02 0.0 1.67E-07
StdDev 1.56E-01 1.64E-01 8.14E-02 1.07E-01 6.16E-03 7.54E-02 0.0 1.76E-23
SEM 2.84E-02 3.00E-02 1.49E-02 1.95E-02 1.12E-03 1.38E-02 0.0 5.58E-24

optimal solution. On the other hand, functions f6, . . . , f9 (multimodal) highlight
the exploration property of our approach handling more local minima compared
to other approaches that fail to reach the optimal value (cf. Table 4). Results,
thus, demonstrate that the Kinship DE attains good results compared to other
optimizers in terms of convergence.
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Table 3 Results for dimension 30 in terms of mean, standard deviation, and SEM of the
attained solution.

Function PSO DE HS ABC TLBO Jaya C-Jaya Kinship

f1 Mean 5.04E-13 2.89E-28 7.35E+00 1.57E-13 2.48E-179 2.36E-10 0.0 1.64E-04
StdDev 1.28E-12 1.74E-28 2.61E+00 1.87E-13 0.0 1.25E-10 0.0 4.35E-20
SEM 2.34E-13 3.18E-29 4.77E-01 3.41E-14 0.0 2.28E-11 0.0 9.73E-21

f2 Mean 3.43E+01 1.71E+04 2.98E+03 9.92E+03 2.73E-38 2.74E+04 0.0 4.18E-08
StdDev 1.75E+01 3.03E+03 8.11E+02 2.17E+03 6.58E-38 5.84E+03 0.0 3.04E-23
SEM 3.20E+00 5.53E+02 1.48E+02 3.96E+02 1.20E-38 1.07E+03 0.0 6.79E-24

f3 Mean 6.43E-12 3.04E-27 1.01E+02 5.48E-11 9.19E-178 3.32E-09 0.0 2.68E-07
StdDev 1.60E-11 1.34E-27 3.70E+01 7.99E-11 0.0 2.12E-09 0.0 2.44E-13
SEM 2.92E-12 2.44E-28 6.75E+00 1.46E-11 0.0 3.87E-10 0.0 5.45E-14

f4 Mean 3.81E-04 1.95E+02 1.39E+02 6.79E+03 9.00E-96 1.87E+03 0.0 9.02E-08
StdDev 5.70E-04 6.89E+01 4.31E+01 1.20E+03 3.59E-95 3.55E+02 0.0 5.60E-13
SEM 1.04E-04 1.26E+01 7.86E+00 2.19E+02 6.55E-96 6.48E+01 0.0 1.25E-13

f5 Mean 2.54E+01 2.47E+01 5.46E+01 1.50E+01 2.25E+01 1.72E+01 2.88E+01 4528.95
StdDev 1.57E+00 6.05E-01 2.71E+01 5.44E+00 5.73E-01 1.12E+01 2.78E-01 2.06E+04
SEM 2.86E-01 1.10E-01 4.94E+00 9.93E-01 1.05E-01 2.05E+00 5.07E-02 4.62E+03

f6 Mean 1.46E-07 1.59E-14 1.33E+00 5.63E-08 6.10E-15 8.80E-06 8.88E-16 3.56E-07
StdDev 2.63E-07 1.53E-15 2.81E-01 2.58E-08 1.80E-15 5.86E-06 0.0 2.43E-22
SEM 4.80E-08 2.79E-16 5.13E-02 4.72E-09 3.29E-16 1.07E-06 0.0 5.43E-23

f7 Mean 4.15E+01 3.62E+01 2.48E+00 5.92E-03 1.22E+01 2.04E+02 0.0 1.96E-08
StdDev 1.48E+01 4.16E+00 7.80E-01 3.07E-02 6.97E+00 2.29E+01 0.0 6.07E-24
SEM 2.70E+00 7.59E-01 1.42E-01 5.61E-03 1.27E+00 4.19E+00 0.0 1.36E-24

f8 Mean 4.45E-01 0.0 2.47E+00 7.45E-06 0.0 6.43E-01 0.0 4.17E-07
StdDev 8.03E-01 0.0 5.10E-01 4.62E-06 0.0 9.27E-01 0.0 9.72E-23
SEM 1.47E-01 0.0 9.31E-02 8.44E-07 0.0 1.69E-01 0.0 2.17E-23

f9 Mean 1.02E-02 0.0 1.07E+00 2.92E-03 8.25E-10 8.19E-02 0.0 2.11E-07
StdDev 9.77E-03 0.0 1.99E-02 6.45E-03 4.52E-09 1.24E-01 0.0 1.70E-22
SEM 1.78E-03 0.0 3.62E-03 1.18E-03 8.25E-10 2.27E-02 0.0 3.80E-23

f10 Mean 1.05E+01 9.01E-03 8.09E+02 4.77E+04 2.98E-153 3.40E-02 0.0 1.86E-07
StdDev 2.66E+01 1.22E-02 3.88E+02 2.23E+04 6.12E-153 2.91E-02 0.0 2.78E-12
SEM 4.86E+00 2.23E-03 7.08E+01 4.07E+03 1.12E-153 5.31E-03 0.0 5.08E-13

f11 Mean 2.21E+02 5.15E+03 4.73E+02 8.25E+03 3.89E-27 9.43E+03 0.0 1.99E-07
StdDev 4.14E+02 7.05E+02 1.39E+02 8.99E+02 1.23E-26 1.12E+03 0.0 2.65E-22
SEM 7.57E+01 1.29E+02 2.53E+01 1.64E+02 2.25E-27 2.05E+02 0.0 4.85E-23

f12 Mean 2.91E+01 2.89E+01 3.02E+01 1.44E+02 2.89E+01 2.90E+01 2.90E+01 21.1314
StdDev 1.36E-01 2.88E-02 4.52E-01 8.71E+01 1.58E-02 3.42E-02 1.60E-02 4.42E-14
SEM 2.48E-02 5.25E-03 8.26E-02 1.59E+01 2.89E-03 6.25E-03 2.91E-03 8.07E-15

f13 Mean 5.23E-06 2.45E-13 2.95E+00 1.85E+00 5.39E-15 1.51E-05 8.88E-16 7.74E-08
StdDev 8.89E-06 2.18E-13 3.48E-01 6.22E-01 1.60E-15 6.05E-06 0.0 1.33E-22
SEM 1.62E-06 3.97E-14 6.35E-02 1.14E-01 2.92E-16 1.11E-06 0.0 2.42E-23

f14 Mean 1.69E+02 2.10E+02 1.87E+02 2.69E+02 1.27E+02 2.60E+02 0.0 2.84E-08
StdDev 1.19E+01 1.07E+01 1.07E+01 1.51E+01 5.07E+01 1.49E+01 0.0 5.71E-23
SEM 2.18E+00 1.95E+00 1.95E+00 2.75E+00 9.26E+00 2.72E+00 0.0 1.04E-23

f15 Mean 2.97E+00 3.40E+01 7.02E+00 3.73E+01 0.0 3.62E+01 0.0 3.48E-06
StdDev 3.49E+00 2.34E+00 8.93E-01 1.21E+00 0.0 1.26E+00 0.0 4.72E-21
SEM 6.36E-01 4.28E-01 1.63E-01 2.21E-01 0.0 2.30E-01 0.0 8.62E-22

f16 Mean 4.56E-01 1.18E-03 1.06E+00 1.89E-01 0.0 3.76E-01 0.0 3.74E-08
StdDev 3.63E-01 5.32E-04 2.99E-02 8.87E-02 0.0 7.05E-02 0.0 7.62E-23
SEM 6.63E-02 9.72E-05 5.45E-03 1.62E-02 0.0 1.29E-02 0.0 1.39E-23

Convergence Speed Optimizers are employed in several real-world problems that
require evaluating complex time-demanding functions, thus, the speed of an op-
timizing algorithm shall be considered not in terms of wall-clock time—varying
depending of several factors, from computer architectures to compilers used to
run the source code—but in terms of the number of function evaluations, or FEs.

Tables 5, 6, and 7 show the mean number of function evaluations over the 30
runs, as highlighted in the beginning of this section; along with the mean FEs,
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Table 4 Results for dimension 100 in terms of mean, standard deviation, and SEM of the
attained solution.

Function PSO DE HS ABC TLBO Jaya C-Jaya Kinship

f1 Mean 8.98E+00 1.43E-03 1.31E+04 2.99E-03 1.14E-162 2.38E+01 0.0 1.45E-04
StdDev 3.62E+00 2.53E-04 1.11E+03 2.76E-03 2.22E-162 8.75E+00 0.0 2.55E-19
SEM 6.61E-01 4.62E-05 2.03E+02 5.04E-04 4.06E-163 1.60E+00 0.0 5.70E-20

f2 Mean 2.17E+04 3.55E+05 3.15E+05 1.68E+05 1.85E-17 4.00E+05 0.0 8.93E-07
StdDev 5.94E+03 2.42E+04 3.40E+04 1.59E+04 3.71E-17 4.36E+04 0.0 1.12E-21
SEM 1.08E+03 4.41E+03 6.21E+03 2.90E+03 6.77E-18 7.96E+03 0.0 2.50E-22

f3 Mean 3.68E+02 5.52E-02 5.22E+05 1.14E-01 5.69E-161 1.41E+03 0.0 9.86E-08
StdDev 1.63E+02 1.33E-02 5.20E+04 8.46E-02 8.77E-161 6.96E+02 0.0 4.25E-23
SEM 2.98E+01 2.43E-03 9.50E+03 1.54E-02 1.60E-161 1.27E+02 0.0 9.51E-24

f4 Mean 2.47E+03 1.20E+05 5.94E+04 1.38E+05 1.28E-25 1.32E+05 0.0 4.41E-07
StdDev 4.22E+02 6.64E+03 5.85E+03 7.83E+03 5.17E-25 1.63E+04 0.0 3.40E-22
SEM 7.70E+01 1.21E+03 1.07E+03 1.43E+03 9.43E-26 2.97E+03 0.0 7.60E-23

f5 Mean 9.78E+01 9.64E+01 1.34E+03 2.48E+02 9.50E+01 1.72E+02 9.88E+01 9.98E+01
StdDev 1.05E+00 5.08E-01 9.55E+01 4.67E+01 1.06E+00 4.65E+01 2.10E-01 3.91E-14
SEM 1.92E-01 9.27E-02 1.74E+01 8.52E+00 1.93E-01 8.49E+00 3.84E-02 8.75E-15

f6 Mean 1.85E+00 5.56E-03 1.22E+01 2.01E+00 7.99E-15 5.38E+00 8.88E-16 1.78E-06
StdDev 3.06E-01 6.54E-04 3.40E-01 2.40E-01 0.0 1.01E+00 0.0 1.94E-22
SEM 5.60E-02 1.19E-04 6.20E-02 4.38E-02 0.0 1.85E-01 0.0 4.35E-23

f7 Mean 1.47E+02 6.06E+02 1.99E+02 5.15E+01 3.17E+00 6.94E+02 0.0 2.03E-08
StdDev 3.08E+01 2.03E+01 1.71E+01 8.72E+00 1.22E+01 1.50E+02 0.0 0.0
SEM 5.62E+00 3.71E+00 3.11E+00 1.59E+00 2.24E+00 2.74E+01 0.0 0.0

f8 Mean 8.64E+00 3.18E-01 3.68E+01 2.28E+00 0.0 3.51E+01 0.0 2.92E-06
StdDev 3.14E+00 2.76E-02 2.17E+00 6.57E-01 0.0 4.83E+00 0.0 0.0
SEM 5.73E-01 5.03E-03 3.95E-01 1.20E-01 0.0 8.82E-01 0.0 0.0

f9 Mean 1.10E+00 9.46E-04 1.23E+02 6.62E-02 0.0 1.26E+00 0.0 3.81E-07
StdDev 3.98E-02 3.47E-04 1.12E+01 5.51E-02 0.0 1.31E-01 0.0 7.29E-23
SEM 7.26E-03 6.34E-05 2.05E+00 1.01E-02 0.0 2.40E-02 0.0 1.63E-23

f10 Mean 5.74E+04 8.77E+05 7.81E+05 9.28E+06 7.21E-151 7.01E+04 0.0 2.64E-07
StdDev 1.77E+04 3.09E+05 7.14E+04 6.40E+05 1.12E-150 3.25E+04 0.0 5.91E-22
SEM 3.22E+03 5.63E+04 1.30E+04 1.17E+05 2.05E-151 5.94E+03 0.0 5.91E-23

f11 Mean 2.60E+04 1.32E+05 8.00E+04 1.32E+05 7.81E+02 1.63E+05 0.0 4.75E-09
StdDev 9.39E+03 8.24E+03 6.10E+03 7.51E+03 4.67E+02 1.42E+04 0.0 4.99E-24
SEM 1.71E+03 1.50E+03 1.11E+03 1.37E+03 8.53E+01 2.60E+03 0.0 4.99E-25

f12 Mean 1.15E+02 3.34E+02 8.46E+02 2.47E+04 9.88E+01 1.40E+02 9.89E+01 419.845
StdDev 3.60E+00 1.07E+02 9.12E+01 2.71E+03 2.04E-02 4.24E+01 2.16E-02 1.49E-12
SEM 6.58E-01 1.95E+01 1.67E+01 4.96E+02 3.73E-03 7.75E+00 3.94E-03 1.49E-13

f13 Mean 3.91E+00 2.12E+00 1.24E+01 2.06E+01 7.76E-15 3.06E+00 8.88E-16 5.84E-07
StdDev 2.33E-01 1.89E-01 4.46E-01 1.62E-01 9.01E-16 3.23E-01 0.0 1.36E-21
SEM 4.26E-02 3.44E-02 8.14E-02 2.96E-02 1.65E-16 5.89E-02 0.0 1.36E-22

f14 Mean 8.17E+02 1.14E+03 9.64E+02 1.44E+03 2.95E+00 1.07E+03 0.0 5.17E-08
StdDev 3.02E+01 3.15E+01 2.67E+01 3.97E+01 6.13E+00 2.83E+01 0.0 8.38E-23
SEM 5.51E+00 5.74E+00 4.87E+00 7.25E+00 1.12E+00 5.17E+00 0.0 8.38E-24

f15 Mean 4.94E+01 1.51E+02 8.81E+01 1.53E+02 0.0 1.47E+02 0.0 1.76E-06
StdDev 1.06E+01 1.96E+00 2.92E+00 2.00E+00 0.0 2.57E+00 0.0 1.49E-21
SEM 1.94E+00 3.58E-01 5.33E-01 3.65E-01 0.0 4.70E-01 0.0 1.49E-22

f16 Mean 1.09E+00 8.66E-01 1.22E+02 8.22E-01 0.0 1.24E+00 0.0 7.80E-08
StdDev 3.41E-02 3.39E-02 1.06E+01 1.45E-01 0.0 1.21E-01 0.0 1.32E-21
SEM 6.23E-03 6.18E-03 1.94E+00 2.65E-02 0.0 2.21E-02 0.0 1.32E-22

we reproduce the success rate (SR) for each function, i.e., the percentage of times
the algorithm was able to produce the optimal solution over the total number of
executions.

Our Kinship DE improved sensibly the number of required FEs compared to
other optimizers, as one can see from Figs. 4 and 5, where we present the number
of function evaluations in a logarithmic scale, comparing our approach the TLBO
and C-Jaya, the third and second best algorithms in terms of speed. We point out
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Table 5 Timing for dimension 10 in terms of mean number of Function Evaluations (FEs)
and Success Rate (SR). Dot symbol indicates non-convergence.

Function PSO DE HS ABC TLBO Jaya C·Jaya Kinship

f1 MeanFEs 2.69E+03 2.70E+03 6.16E+03 2.82E+03 1.12E+03 4.05E+03 2.01E+02 6.92E+00
SR(%) 100 100 3.3 100 1000 100 100 100

f2 MeanFEs 1.52E+04 · · · 3.46E+03 · 3.09E+02 9.22E+00
SR(%) 100 0.0 0.0 0.0 100 0.0 100 100

f3 MeanFEs 5.27E+03 4.36E+03 · 7.49E+03 1.75E+03 6.47E+03 2.86E+02 9.65E+00
SR(%) 100 100 0.0 100 100 100 100 100

f4 MeanFEs 5.83E+03 1.33E+04 1.96E+04 · 2.38E+03 1.24E+04 2.94E+02 8.02E+00
SR(%) 100 100 3.3 0.0 100 100 100 100

f5 MeanFEs 1.12E+02 8.91E+02 1.48E+03 9.25E+02 2.47E+02 1.04E+03 7.53E+01 3.46
SR(%) 100 100 100 100 100 100 100 100

f6 MeanFEs 7.80E+03 5.95E+03 · 1.04E+04 2.36E+03 9.19E+03 3.96E+02 1.12E+01
SR(%) 100 100 0.0 100 100 100 100 100

f7 MeanFEs · 7.20E+03 1.89E+04 1.01E+04 1.36E+04 · 2.67E+02 8.73E+00
SR(%) 0.0 90 3.3 93.3 10 0.0 100 100

f8 MeanFEs 1.13E+04 7.38E+03 · 1.26E+04 3.81E+03 1.52E+04 4.57E+02 1.36E+01
SR(%) 96.7 100 0.0 100 100 96.7 100 100

f9 MeanFEs · 1.08E+04 · 1.21E+04 9.31E+03 · 3.24E+02 8.75E+00
SR(%) 0.0 76.7 0.0 30 66.7 0.0 100 100

f10 MeanFEs 8.12E+03 1.09E+04 · · 2.21E+03 8.60E+03 3.01E+02 1.10E+01
SR(%) 100 100 0.0 0.0 100 100 100 100

f11 MeanFEs 1.30E+04 · · · 5.83E+03 · 2.86E+02 8.74E+00
SR(%) 90 0.0 0.0 0.0 100 0.0 100 100

f12 MeanFEs 1.39E+02 1.15E+03 5.03E+02 1.81E+03 2.76E+02 9.27E+02 7.33E+01 3.78
SR(%) 100 100 100 100 100 100 100 100

f13 MeanFEs 8.28E+03 7.26E+03 · 1.53E+04 2.43E+03 9.21E+03 3.50E+02 1.19E+01
SR(%) 100 100 0.0 100 100 100 100 100

f14 MeanFEs 8.12E+02 3.44E+03 1.53E+03 8.23E+03 8.79E+02 5.53E+03 9.93E+01 9.41E+00
SR(%) 96.7 100 100 96.7 100 96.7 100 100

f15 MeanFEs 1.89E+04 · · · 5.01E+03 · 5.04E+02 1.49E+01
SR(%) 3.3 0.0 0.0 0.0 100 0.0 100 100

f16 MeanFEs 9.06E+03 · · · 5.53E+03 1.48E+04 2.76E+02 9.85E+00
SR(%) 3.3 0.0 0.0 0.0 76.7 73.3 100 100

that our algorithm fails to attain the optimal value for f5 and f12 (Rosenbrock,
and Rotated Rosenbrock, respectively) in dimension 100, functions proved to be
non-optimized by any of the tested algorithms.

Another interesting property is the convergence behavior of the Kinship DE,
as pictured in Fig. 6 for the 10-dimensional Ackley (f6) and Rastrigin (f7). Here
we represented all the population individuals in terms of absolute values of their
fitness with respect to their generation, i.e., their FE number. As easily seen
both in the tables and in Fig. 6, our approach converges rapidly within the first
generations, obtaining an acceptable solution within the first ten generations.

4.2 Statistical Analysis

The statistical analysis of the results detailed in the previous sections show that our
Kinship DE, compared with other approaches, has consistent better performances
in terms of the number of function evaluations. In details, the average rankings
of all the algorithms are pictured in Fig. 7 grouped by problem dimension, and
in order to assess its validity, we performed the Cochran’s Q test, by defining as
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Table 6 Timing for dimension 30 in terms of mean number of Function Evaluations (FEs)
and Success Rate (SR). Dot symbol indicates non-convergence.

Function PSO DE HS ABC TLBO Jaya C·Jaya Kinship

f1 MeanFEs 2.43E+04 1.69E+04 · 1.60E+04 3.05E+03 3.77E+04 4.92E+02 7.19E+00
SR(%) 100 100 0.0 100 100 100 100 100

f2 MeanFEs · · · · 1.79E+04 · 8.39E+02 9.79E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f3 MeanFEs 4.49E+04 2.71E+04 · 4.53E+04 4.83E+03 6.04E+04 7.01E+02 1.02E+01
SR(%) 100 100 0.0 100 100 100 100 100

f4 MeanFEs · · · · 1.45E+04 · 8.39E+02 8.51E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f5 MeanFEs 1.48E+03 1.22E+04 3.42E+04 1.66E+04 1.01E+03 1.73E+04 2.07E+02 4.08
SR(%) 100 100 50 100 100 96.7 100 100

f6 MeanFEs 5.93E+04 3.37E+04 · 6.23E+04 6.05E+03 7.77E+04 9.07E+02 1.16E+01
SR(%) 100 100 0.0 100 100 76.7 100 100

f7 MeanFEs · · · 6.40E+04 3.18E+04 · 6.81E+02 8.88E+00
SR(%) 0.0 0.0 0.0 93.3 10 0.0 100 100

f8 MeanFEs 7.39E+04 4.29E+04 · 7.75E+04 9.39E+03 · 1.16E+03 1.40E+01
SR(%) 50 100 0.0 70 100 0.0 100 100

f9 MeanFEs 4.12E+04 2.69E+04 · 5.04E+04 5.31E+03 5.75E+04 6.83E+02 9.15E+00
SR(%) 36.7 100 0.0 80 100 30 100 100

f10 MeanFEs · · · · 5.59E+03 · 7.44E+02 9.89E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f11 MeanFEs · · · · 3.85E+04 · 8.13E+02 8.39E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f12 MeanFEs 1.90E+03 1.66E+04 1.18E+04 6.59E+04 1.12E+03 1.99E+04 2.15E+02 3.99
SR(%) 100 100 100 20 100 100 100 100

f13 MeanFEs 7.00E+04 4.21E+04 · · 6.03E+03 7.93E+04 9.00E+02 1.12E+01
SR(%) 83.3 100 0.0 0.0 100 6.67E+00 100 100

f14 MeanFEs · · · · 6.13E+04 · 2.92E+02 8.64E+00
SR(%) 0.0 0.0 0.0 0.0 13.3 0.0 100 100

f15 MeanFEs · · · · 1.07E+04 · 1.24E+03 1.29E+01
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f16 MeanFEs · · · · 5.94E+03 · 7.20E+02 9.40E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

converged a series of 30 runs on a single dimension optimization problem yielding a
success rate of at least 95%, highlighting that the ranking is statistical significant.
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Table 7 Timing for dimension 100 in terms of mean number of Function Evaluations (FEs)
and Success Rate (SR). Dot symbol indicates non-convergence.

Function PSO DE HS ABC TLBO Jaya C·Jaya Kinship

f1 MeanFEs · 7.18E+04 · 6.39E+04 3.60E+03 · 5.92E+02 8.40E+00
SR(%) 0.0 100 0.0 100 100 0.0 100 100

f2 MeanFEs · · · · 3.57E+04 · 1.05E+03 9.90E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f3 MeanFEs · · · · 5.82E+03 · 8.84E+02 1.15E+01
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f4 MeanFEs · · · · 5.03E+04 · 1.41E+03 1.04E+01
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f5 MeanFEs · · · · · · · ·

SR(%) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

f6 MeanFEs · · · · 6.59E+03 · 9.81E+02 1.09E+01
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f7 MeanFEs · · · · 7.79E+03 · 7.75E+02 9.40E+00
SR(%) 0.0 0.0 0.0 0.0 93.3 0.0 100 100

f8 MeanFEs · · · · 1.01E+04 · 1.34E+03 1.30E+01
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f9 MeanFEs · · · · 4.99E+03 · 7.84E+02 8.80E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f10 MeanFEs · · · · 6.19E+03 · 9.08E+02 8.70E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f11 MeanFEs · · · · · · 1.11E+03 7.90E+00
SR(%) 0.0 0.0 0.0 0.0 0.0 0.0 100 100

f12 MeanFEs · · · · · · · ·

SR(%) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

f13 MeanFEs · · · · 6.65E+03 · 9.79E+02 1.09E+01
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f14 MeanFEs · · · · 3.95E+04 · 3.37E+02 8.30E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f15 MeanFEs · · · · 1.06E+04 · 1.42E+03 1.13E+01
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

f16 MeanFEs · · · · 6.57E+03 · 7.77E+02 8.90E+00
SR(%) 0.0 0.0 0.0 0.0 100 0.0 100 100

Fig. 4 MeanFEs values in log·scale for the most performing algorithms of Table 6, timing of
dim 30, 100 runs.
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Fig. 5 MeanFEs values in log-scale for the most performing algorithms of Table 7, timing of
dim 100, 100 runs (omitted values mean failure in convergence).

Fig. 6 Convergence behaviour of dim 10 for Ackley and Rastrigin functions (see Table 5).

Fig. 7 Average ranking of all algorithms by problem dimension.
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Table 8 Comparison of results for different DE variants in dimension 30. In particular,
Std. DE indicates the standard DE/rand/1/bin algorithm.

Function JADE SHADE jDE SaDE Std. DE Kinship

f1 Mean 1.8E-60 1.0E-70 2.5E-28 4.5E-20 9.8E-14 1.64E-04
StdDev 8.4E-60 4.4E-70 3.5E-28 6.9E-20 8.4E-14 4.35E-20

f2 Mean 5.7E-61 5.4E-64 5.2E-14 9.0E-37 6.6E-11 4.18E-08
StdDev 2.7E-60 3.3E-63 1.1E-13 9.0E-37 8.8E-11 3.04E-23

f5 Mean 8.0E-02 8.0E-02 1.3E+01 2.1E+01 2.1E+00 4528.95
StdDev 5.6E-01 5.6E-01 1.4E+01 7.8E+00 1.5E+00 2.06E+04

f7 Mean 1.0E-04 1.6E-02 1.5E-04 1.2E-03 1.8E+02 1.96E-08
StdDev 6.0E-05 7.4E-03 2.0E-04 6.5E-04 1.3E+01 6.07E-24

f13 Mean 8.2E-10 2.5E-10 3.5E-04 2.7E-03 1.1E-01 7.74E-08
StdDev 6.9E-10 9.4E-11 1.0E-04 5.1E-04 3.9E-02 1.33E-22

f16 Mean 9.9E-08 1.5E-14 1.9E-05 7.8E-04 2.0E-01 3.74E-08
StdDev 6.0E-07 9.3E-14 5.8E-05 1.2E-03 1.1E-01 7.62E-23

Comparison with other DE algorithms In order to assess the contribution of the
proposed Kinship DE scheme with respect to recent variants of Differential Evo-
lution family of algorithms, we performed a Wilcoxon signed-rank test, with the
function statistics for dimension 30 reported in Table 8.

In details, the DE algorithms we chose are JADE [51], SHADE [43], jDE [5],
SaDE [32], and the standard Differential Evolution algorithm (DE/rand/1/bin),
where all but the last are adaptive DE optimizers. In particular, the JADE algo-
rithm employs the mutation strategy dubbed DE/current-to-p-best, that improves
DE/current-to-best by selecting a given percentage (p) of the best individuals;
JADE also offers adaptation of control parameters, and optionally, driving their
modification on the basis of historical data (archive). SHADE is derived from
JADE, and works with historical memory of all successful tested control parame-
ters, sampling the parameter space in a neighborhood of one of the old stored pairs;
additionally, the percentage of the strategy DE/current-to-p-best is associated to
each individual, and not constant. Based on the DE/rand/1/bin strategy, jDE is
an adaptive DE algorithm with fixed population and adapting parameters: the
adaptation phase employs uniform distributions to compute, at each generation,
the new control parameters. As a multi-mutation algorithm, SaDE implements
two different strategies, in particular the DE/rand/1 and DE/current-to-best/1
strategies; the probability of creating new individuals is based on previous history,
and, in order to achieve a better convergence speed, applies a quasi-Newton search
to part of the population.

The results of the Wilcoxon signed-rank test showed that Kinship DE per-
forms comparably or better than other DE variants. One single exception is the
Rosenbrock f5 test-function, where Kinship performs worse than the others. Note
that we adopted in our computation a fixed threshold of acceptance rates equal
to 10−5, except for f1 (10−2), and f5 (50). This is evident, for instance, in the
sphere f1 test-function, where Kinship algorithm stops immediately after reaching
the given threshold.



Kinship-based DE algorithm for unconstrained optimization 19

4.3 Sensitivity Analysis

We performed three different sensitivity analyses in order to inspect the results
variability, while altering key aspects of our kinship algorithm.

A first analysis consists of six functions—Ackley, Rastrigin, Weierstrass, and
their respective rotated versions— tested with different values of coefficient ξ < 1:
the numerical value of ξ, controlling the threshold parameter τ = t

/
(ξ tmax) in

equation (5), gauges the preference of the kinship optimizer towards favoring global
or local searches. Fig. 8 shows that for each optimized function the performances
in terms of function evaluations (FEs) are weakly sensitive to variations of ξ, with
the maximal distance resulting in 12% from default value ξ = 1/4.

Fig. 8 Average number of FEs plotted against ξ threshold parameter (dim 10); the dotted
line represents the number of FEs for ξ = 1/4 used in Section 3.

A second sensitivity analysis is devoted to test the influence of the use of
the chaotic maps within our algorithm. In particular, we adopted six different
chaotic maps: Chebyshev, Burgers, Dissipative, Logistic, Lozi, and Tinkerbell. For
more information about chaotic maps, their applications and theory, we refer the
reader to [39] and [40]. Of note, two chaotic maps, namely the Chebyshev [8] and
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the Logistic one [30] are employed in secure communications, in particular, for
authentication and encryption. As Fig. 9 shows, the Chebyshev map, chosen as
the default, obtains average performances with the respect to the other maps: as
our focus is on the proposed Kinship mutation strategy, such a result validates
that the performances of the whole algorithm can be minimally attributed to the
choice of a specific chaotic map, rather than the Kinship mutation strategy in
itself.

Fig. 9 Different chaotic maps and their effects on the average FEs (dim 10).

Finally, we analyze the effects of changes in the kinship relationship function
computing the kinship coefficient κ. Additionally to the default function detailed
in Section 3, we implemented four alternatives, saturate, single, floor, and non-
relatives, respectively:

κ =

{
6 , np

i,j = 2 ,

np
i,j , otherwise ,

(7)

κ =





6 , np
i,j = 2 ,

5 , np
i,j = 1 ,

np
i,j , otherwise ,

(8)

κ =

{
6 , np

i,j = 2 ,

0 , otherwise ,
(9)

κ =

{
4 , np

i,j ≥ 0 ,

3 , otherwise .
(10)

The first relationship (7) saturates to the maximal value when two individu-
als share both parents, while leaving the weight of the single-parent contribution
unvaried; the second one (8) favors single parents, i.e., attributing a similar im-
portance to individuals with one or two progenitors. As shown in equation (9),
the third relationship accounts for only individuals with both identical parents,
while the last equation (10) assigns almost identical weights to individuals with
no relationship, and to those sharing one or two progenitors. The default kinship
function, counting the number of ancestors up to the second grade, has the av-
erage performances between the other relationships, underlying how the overall
algorithm is not highly dependent on the choice of a particular kinship relation.
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Fig. 10 Average number of FEs with distinct kinship relationships (dim 10).

5 Final Remarks

In this manuscript we presented a novel approach to standard Differential Evolu-
tion (DE) optimization algorithms that exploits the concept of kinship. By ensuring
that the genetic memory is propagated through generations, i.e., each individual
stores its parents and grandparents, our algorithm improved the performances over
various techniques by attaining optimal solutions with fewer function evaluations.

We took advantage of chaos theory, by implementing a chaotic map—recently
proposed for swarm intelligence—that facilitate the search for the best population
in the mutation phase of our Kinship DE optimization algorithm.

Several numerical tests showed how our approach is performing in comparison
with other optimizers, in terms of both function evaluations and success rates. In
particular, we performed a statistical analysis by means of Cochran’s Q test to
ensure that the ranking is statistical significant, and a Wilcoxon signed-rank test
revealed comparably or better performances of our approach with respect to other
adaptive DE algorithms.

Finally, we emphasized through a wide sensitivity analysis how the capabilities
of the whole algorithm can be attributed to the Kinship mutation strategy in itself,
rather than the use of a specific Kinship relationship or a specific chaotic map.
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