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Abstract. Weinberg’s celebrated factorisation theorem holds for soft quanta of

arbitrary integer spin. The same result, for spin one and two, has been rederived assuming that the infinite-dimensional asymptotic symmetry group of
Maxwell’s equations and of asymptotically flat spaces leave the S-matrix invariant. For higher spins, on the other hand, no such infinite-dimensional asymptotic symmetries were known and, correspondingly, no a priori derivation of
Weinberg’s theorem could be conjectured. In this contribution we review the
identification of higher-spin supertranslations and superrotations in D = 4 as
well as their connection to Weinberg’s result. While the procedure we follow
can be shown to be consistent in any D, no infinite-dimensional enhancement
of the asymptotic symmetry group emerges from it in D > 4, thus leaving a
number of questions unanswered.

Based on the talk given by D.F. at Quarks-2018 – XXth International Seminar on High-Energy
Physics. Valday, Russia. May 27 – June 2, 2018.

1 Introduction
In this contribution we review the study of large higher-spin gauge transformations on
Minkowski backgrounds, of the corresponding conserved charges, and of their relations to
soft theorems carried out in [1, 2]. The main highlights of our analysis are the following:
• Upon imposing suitable falloff conditions at null infinity, providing a finite, non-vanishing
asymptotic energy flux, the residual gauge transformations of Fronsdal fields [3] on a fourdimensional Minkowski background generate an infinite-dimensional symmetry algebra,
comprising higher-spin counterparts of supertranslations and superrotations (the latter explicitly computed only for s = 3). The higher-spin supertranslation Ward identities, in
particular, can be shown to imply Weinberg’s soft theorem to leading order [4, 5], in strict
analogy with recent results concerning spin one and spin two gauge fields [6, 7].
• Extending the analysis to arbitrary values of the space-time dimension, we provided falloff
conditions in a Bondi-like gauge and tested their consistency against the computation of the
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corresponding conserved charges, that result to be finite and non vanishing. The asymptotic
symmetry algebra in D > 4, on the other hand, appears to only comprise the global solution
to the Killing tensor equations, while not displaying any infinite-dimensional enhancement.
The key observation that triggered our work was that Weinberg’s results of [4, 5], relating
amplitudes involving the emission or absorption of particles in the limit of vanishing momentum, hold for soft massless particles of any spin and possibly in any space-time dimension
D. It was then natural to ask whether or not also for s ≥ 3 one could connect those results to
the Ward identities of some yet-to-be identified infinite-dimensional symmetry, in the spirit
of the recent findings on the role played by supertranslations [8–10] (see also [11, 12]) and
U(1) large gauge transformations in amplitudes involving soft gravitons and soft photons
[6, 7, 13–20]. (See also [21] and references therein.)
In order to investigate this issue we assigned a set of Bondi-like falloff conditions to the
spin-s potentials, to be interpreted as a combination of local gauge fixing and consequences of
the equations of motion, and we computed the gauge symmetries that keep those conditions.
Among them, in D = 4 we identified an infinite-dimensional class of large gauge symmetries
of the Fronsdal action which provide proper counterparts of spin-2 supertranslations, and
showed how the corresponding Ward identities allow indeed to derive Weinberg’s soft theorem for arbitrary integer spin. Higher-spin supertranslations, however, provide only a special
class of asymptotic symmetries for our systems. For s = 3, in addition, we also exhibited the
general transformations preserving our Bondi-like falloff conditions and showed the existence
of additional infinite families of asymptotic symmetries, naturally identified with higher-spin
generalisations of superrotations [17, 18]. The higher-spin four-dimensional analysis was
presented in [1] and is reviewed in Section 2.
Section 3 is instead devoted to illustrating the results of [2], mainly concerned with the
arbitrary-dimensional case. First, we provide a full analysis of the non-linear Yang-Mills
theory in any dimension where, with respect to the existing literature [22], we add the explicit
computation of the charges1 (see also [13–15, 24–28] for the four-dimensional case). For the
general case of spin s we assume that the asymptotic behaviour of the field components can
be parameterised by an expansion in powers of the radial coordinate2 , complemented with
the assumption of Bondi-like gauge conditions. We take into account that, whenever D is odd
and greater than four, in order for both the radiation and the Coulomb parts of the solution
to be accounted for, one finds that the expansion in powers of r requires both integer and
half-integer exponents to be considered. Differently, only integer powers of r are needed
whenever D is even3 .
Leading and subleading falloffs are determined by solving the equations of motion, while
their consistency relies on checking that the energy flowing to null infinity per unit of retarded
time is indeed finite. Once the falloffs are determined, we compute the asymptotic symmetries
and the corresponding charges, while also verifying finiteness of the latter. The resulting
symmetry algebra in D > 4, however, turns out to consist just of the global solutions to
the Killing tensor equations and no infinite-dimensional enhancement emerges, thus posing
a number of questions both on the ultimate physical meaning of our findings and on the
1 Although we do not include this aspect in the present review, let us mention that for the three-dimensional case,
already discussed in [23], in [2] we also included the contribution of radiation.
2 For the case of Yang-Mills theory in D = 3 logarithmic dependence was also taken into account. A covariant
alternative to the use of radial falloffs in Bondi coordinates would entail exploiting the notion of conformal null
infinity. The construction of the latter, however, was shown to be obstructed in odd-dimensional spacetimes containing radiation, because of singularities appearing in the components of the Weyl tensor of the unphysical space [29].
Differently, our computation of the falloffs, although non covariant, results in an exploration of null infinity that can
be implemented in all dimensions [30].
3 Radiation and Coulombic contributions behave as r (2−D)/2 and r 3−D , respectively, and thus coincide in D = 4.
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generality of the whole procedure. On the one hand, our result is in agreement with similar
conclusions drawn for spin two in previous works [31, 32]. On the other hand, it is manifestly
at odds with the validity of Weinberg’s soft theorems in any D, unless one is willing to
accept that the same class of physical phenomena admit a universal interpretation in terms
of symmetries just in one specific dimension, while still holding in infinitely many other
dimensionalities where the same symmetries simply do not exist.
In order to address this issue, in [33] an alternative treatment of boundary conditions for
spin two was proposed, together with a different gauge, allowing for infinite-dimensional
symmetries for linearised gravity to be identified in any even dimension in subleading contributions in 1/r. These symmetries, in their turn, were shown to be responsible for both
Weinberg’s theorem in D = 2k and for even-dimensional counterparts of the memory effect.
(See also [34–37] for earlier discussions on the matter.) It is therefore possible to envision
that a similar procedure could be carried out for spin one and for higher spins, in order to
address the corresponding questions about the ultimate origin of Weinberg’s soft theorem in
D > 4 and of electromagnetic, Yang-Mills or, perhaps, higher-spin memory [38].
Among the outstanding issues, it ought to be stressed that our linearised analysis does
not allow one to get a concrete grasp on the properties of the putative non-Abelian algebra
underlying our findings for higher spins. This aspect should be relevant in particular in order
to assess their role in the high-energy regime of string scattering amplitudes, where one may
expect to see remnants of such symmetries if string theory can really be viewed as a broken
phase of some higher-spin gauge theory (see e.g. [39] and references therein). Once again,
the investigation on the possible infinite-dimensional enhancement of global asymptotic symmetries for all spins in D > 4 would be of special relevance in this respect.

2 Higher-spin asymptotic symmetries and soft theorems
In [4, 5], Weinberg considered the S -matrix element S βα (q), involving arbitrary asymptotic particle states α and β together with an extra soft massless particle of 4−momentum
q µ = (ω, q) → 0 and helicity s. The two main contributions to this process are schematically
encoded in the following picture:

+

where the second diagram, in particular, provides the leading contribution to the process.
Using only the Lorentz invariance and the pole structure of the S matrix, he showed that the
latter contribution takes a factorised form that, in the notation of [4, 5], can be written as
lim

ω→0+

±s
ω S βα
(q)


 X (s) (pi · ε± (q)) s
= − lim+  ω
ηi gi
ω→0
pi · q
i



 S βα ,

(1)

with ηi being +1 or −1 according to whether the particle i is incoming or outgoing, while S αβ
denotes the S matrix for the same process without the soft particle.

4
Recasting Weinberg’s soft theorem from the momentum-space form (1) to its positionspace counterpart in retarded Bondi coordinates4 u, r, z and z̄ one has


 X (s) (Ei ) s−1 (z̄ − z̄i ) s−1 
+s
s 2s −1
 S βα ,
(2)
lim ω S βα = (−1) 2 (1 + zz̄) 
ηi gi
ω→0+
(z − zi )(1 + zi z̄i ) s−1 
i
where Ei and (zi , z̄i ) characterise the massless particles scattered to null infinity5 . One would
like to understand the origin of (2) as due to some symmetry principle for all spins, and not
just for spin one and spin two.
2.1 Higher-spin supertranslations and Weinberg’s theorem

The Fronsdal action [3] is invariant under the transformation of the gauge potential
δϕµ1 ...µs = ∂(µ1 µ2 ...µs ) ,

(3)

with a doubly traceless field and a traceless gauge parameter. Our Bondi-like gauge is summarised by the conditions
ϕrµ2 ...µs = 0 = ϕzz̄µ3 ...µs ,

(4)

ϕuu...u

(5)

zz...z
|{z}

= rd−1 Bzz...z (u, z, z̄) + O(rd−2 ) ,

d

for d = 0, . . . , s, together with their conjugates. These ensure in particular that the field be
traceless, ϕ 0µ3 ...µs = 0, so that the Fronsdal equations take the Maxwell-like form [40, 41]
2 ϕµ1 ...µs − ∂(µ1 ∂ · ϕµ2 ...µs ) = 0 .

(6)

p
p
We shall denote with ϕd,c
and d,c
the field and the gauge parameter components, respectively,
where p is the number of “u” indices, d is the number of “z” indices appearing without z̄
counterpart and c is the number of pairs “zz̄”.
To begin with, we look for the residual gauge freedom which preserves (4) and (5) with
u−independent traceless parameters displaying power-like dependence on r. As it turns out,
it admits the following parametrisation:

rd Ddz T p (z, z̄)
p
d,0
= − Qd
,
k=1 (s − p − k)
 p

r2
p
p+1
− 2 d,c
,
d,c+1
= − γzz̄ d,c
2

(7)
(8)

where Dz denotes the covariant derivative given by the metric γzz̄ on the Euclidean unit twosphere, while T p (z, z̄) for p = 0, . . . , s − 1 is a set of angular functions satisfying
T p+1 =
4 The

s− p
1
Tp +
Dz Dz T p .
s[s − (p + 1)]
[s − (p + 1)]2

(9)

Minkowski metric in such coordinates reads
ds2 = −du2 − 2dudr + 2r2 γzz̄ dzdz̄ ,

γzz̄ = 2 (1 + zz̄)−2 .

5 The coordinates (z , z̄ ) identify the point on the celestial sphere where a wave packet of spatial momentum
i i
centred around pi becomes localised at late times, while Ei denotes the corresponding energy.
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Therefore, this family of residual gauge transformations is defined recursively in terms of a
single angular function T 0 (z, z̄) ≡ T (z, z̄), in close analogy with the cases of spin one and of
spin-two supertranslations.
Assuming that a suitable diagonal subgroup of the product of these infinite-dimensional
symmetries at I − and I + be a group of symmetries of the S matrix, we can write the
corresponding Ward identity schematically as follows
[Q s + Qh , S ] = 0 ,

(10)

where Q s + Qh is the total charge associated to the previous asymptotic symmetry. We would
now like to show that (10) implies (2). Using the auxiliary boundary condition (Dz ) s Bz...zz =
(Dz̄ ) s Bz̄...z̄z̄ and integrating by parts, the charge corresponding to our family of large gauge
transformations can be written at I + as
Z
Z
s
s
z s−1
2
+
s
(11)
∂z̄ T (D ) ∂u Bz...zz d zdu −
γzz̄ J(u, z, z̄)d2 zdu .
Q = (−1)
2(s − 1)! I +
2 I+
|
{z
} |
{z
}
Q+s

Q+h

One can then show that, assuming the action of Qh on scalar matter fields be given by
[Q+h , Φ] =

s (s)
g T (i∂u ) s−1 Φ ,
2 i

(12)

and by judiciously choosing
T (z, z̄) =

1 + wz̄
1
w − z 1 + zz̄

!s−1
,

(13)

the large−r behaviour of (10) yields indeed
lim

ω→0+

h

ω hout|aout
+ S |ini

i

= (−1) 2

s s/2−1

(1 + zz̄)

X
i

g(s) Ens−1 z̄ − z̄i
ηi i
z − zi 1 + zi z̄i

!s−1
.

(14)

Thus, Weinberg’s factorisation can be understood as a manifestation of an underlying spin-s
large gauge symmetry acting on the null boundary of Minkowski spacetime. For more details
on these computations see also [42].
2.2 Higher-spin superrotations

Looking for the most general asymptotic symmetry6 still preserving the Bondi-like gauge
defined by equations (4) and (5) and restricting to the case of spin three for the sake of
simplicity, one finds that the corresponding gauge parameter can be expressed in terms of the
following quantities defined on the celestial sphere: T (z, z̄), Kzz (z, z̄), Kz̄z̄ (z, z̄), ρz (z, z̄), ρz̄ (z, z̄)
(we refer the reader to [1, Section 6 and Appendix B] for further details).
The function T (z, z̄) is not constrained at all and this leads to the higher-spin supertranslations discussed in the previous subsection. The tensors ρ and K are instead bounded to
satisfy appropriate differential equations. Remarkably, when the dimension of the spacetime
is four, locally they both admit infinitely many solutions. The equation for Kzz , Kz̄z̄ is indeed
6 For D > 3, in [1, 2] we actually studied only symmetries with parameters admitting an expansion in powers of
r and u, excluding for simplicity possible logarithmic dependences even if they can appear in gravity (see e.g. [18]).
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the rank-2 conformal Killing equation [43]. Being traceless, it only admits two non-trivial
components that, using a holomorphic parameterisation of the metric, read
∂z̄ K zz = 0 ,

∂z K z̄z̄ = 0 .

(15)

Its solutions are therefore locally characterised by a holomorphic and an antiholomorphic
function
K zz = K(z) ,
K z̄z̄ = K̃(z̄) ,
K zz̄ = 0 .
(16)
In a similar fashion, the equations for ρz , ρz̄ ,
Dz Dz ρz = 0 ,

Dz̄ Dz̄ ρz̄ = 0 ,

(17)



∂z γzz̄ ∂z ρz̄ = 0 ,

(18)

ρz̄ = α̃(z̄) ∂z̄ k(z, z̄) + β̃(z̄) ,

(19)

can be cast in the form


∂z̄ γzz̄ ∂z̄ ρz = 0 ,
and are solved by
ρz = α(z) ∂z k(z, z̄) + β(z) ,

where k(z, z̄) is the Kähler potential for the 2-dimensional metric γzz̄ on the unit sphere7 , while
α(z) and β(z) are instead arbitrary holomorphic functions. Similar considerations apply to the
antiholomorphic sector.
In the case of the BMS algebra, supertranslations and superrotations can be considered
as infinite-dimensional enhancements of the Killing symmetries associated to the Poincaré
generators Pµ and M µν . For higher spins the global solutions of the Killing tensor equation
(imposing δϕµ1 ...µs = 0 rather than the preservation of our falloffs) are in one-to-one correspondence with the traceless projections of the combinations P(µ Pν) , P(µ M ν)ρ and M ρ(µ M ν)σ ,
candidate spin-three generators of a putative higher-spin algebra possessing a Poincaré subalgebra (see e.g. [44, 45] for discussions on higher-spin algebras possibly related to Minkowski
space). The asymptotic symmetries generated by T , ρz , ρz̄ , Kzz , Kz̄z̄ could thus be interpreted
as their corresponding infinite-dimensional enhancements.

3 Asymptotic symmetries and charges in any dimension
We now move to the case of spacetimes of arbitrary dimensions, adopting the following
notation for the retarded Bondi coordinates: (xµ ) = (u, r, xi ), where xi , for i = 1, 2, . . . , n,
denotes the n := D−2 angular coordinates on the sphere at null infinity8 . In these coordinates
the Minkowski metric reads
ds2 = −du2 − 2dudr + r2 γi j dxi dx j ,

(20)

where γi j is the metric of the Euclidean n-sphere. We first review the computation of asymptotic symmetries and charges in the non-linear Yang-Mills theory to then extend the analysis
to spin-s free fields.
instance, one can choose k(z, z̄) = 2 log(1 + zz̄).
this contribution we focus on D > 3, i.e., on n > 1. We refer to [2] for the analysis of the three-dimensional
(n = 1) case.
7 For

8 In
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3.1 Spin one

We shall denote the Yang-Mills field by Aµ := AµA T A , where the T A are the generators of a
compact Lie algebra g, whose gauge transformation is δ Aµ = ∇µ  + [ Aµ ,  ]. As in (4), we
enforce the radial gauge
Ar = 0 ,
(21)
which completely fixes the gauge in the bulk.
For D > 3 we consider field configurations Aµ whose asymptotic null behaviour is captured by an expansion in powers of 1/r. By analysing the leading-order equations of motion,
two possible types (or “branches”) of solutions arise retaining relevant physical meaning. The
first one corresponds to radiation, with the familiar leading falloffs
Au = A(n/2)
(u, xk ) r−n/2 ,
u

Ai = A(n/2−1)
(u, xk ) r−n/2+1
i

(22)

of a spherical wave, giving rise to a finite flux of energy at null infinity per unit of retarded
time. The latter, on the other hand, leads to Coulomb-type solutions with the characteristic
leading falloffs
Au = A(n−1)
(u, xi ) r1−n ,
Au = O(r1−n )
(23)
u
of the Coulomb potential, providing a finite contribution to the colour charge.
Let us stress that the presence of two distinct branches of solutions, radiation and Coulombic, is apparent only for D > 4, while in in D = 4 they effectively coincide. Furthermore,
since the exponent appearing in r−n/2 is non-integer for odd dimensions, one needs to consider
two separate 1/r expansions in the case of odd-dimensional spacetimes in order to account
for both Coulombic and radiation terms.
The ultimate goal of the analysis is the study of the compatibility between the falloff conditions and the on-shell finiteness of two relevant physical quantities: the charge associated
to asymptotic symmetries, and the energy flux at infinity.
The colour charge, in particular, receives contributions that diverge off-shell, such as, for
instance, a term behaving like rn/2−1 as r → ∞ from the leading radiation term A(n/2)
r−n/2 .
u
Upon performing a detailed analysis of the equations of motion, however, one can prove that
all the potentially divergent terms actually cancel on shell, thus ensuring the finiteness of the
colour charge to all orders. This is eventually expressed as the following integral over the
n-sphere at each point u,
Z


A
T A dΩn ,
(24)
Q (u) = (n − 1)
tr A(n−1)
u
Su

which only involves the Coulombic order. The energy flux, on the other hand, is expressed as
Z


P(u) = −
γi j tr ∂u Ai(n/2−1) ∂u A(n/2−1)
dΩn
(25)
j
Su

and consistently only involves the leading radiation terms. The nonlinearities induce however
an interplay between radiation and Coulombic terms: namely, radiation leads to a leakage of
colour charge across null infinity expressed by
Z
h
iA
d A
Q (u) =
γi j A(n/2−1)
, ∂u A(n/2−1)
dΩn .
(26)
i
j
du
Su
Let us observe that the above colour charges form a representation of the underlying algebra:
for any D ≥ 2, since δ Au = [Au , ],
Z
Z
[Q1 , Q2 ] = δ1 Q2 =
tr ([Au , 1 ]2 ) dΩn =
tr (Au [1 , 2 ]) dΩn = Q[1 ,2 ] .
(27)
Su

Su
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While (27) holds in any dimension, it should be stressed that, when D > 4, the corresponding charge algebra coincides with g, given that only constant gauge parameters preserve our
falloffs, whereas in D = 3, 4 it is in fact an infinite-dimensional Kac-Moody algebra, owing
to the arbitrary parameters (x1 , x2 ) and (u, φ) preserving the falloffs. In particular, we note
the absence of a central charge, which could however emerge by performing the analysis for
the linearised theory around a nontrivial background, as pointed out in [16].
3.2 Arbitrary spin

Although technically more involved, completely analogous results can be derived for the case
of a linearised field carrying an arbitrary integer spin s, with the exception of the charge flux
across null infinity, which would require control of the nonlinear theory.
To streamline the presentation, from now on groups of symmetrised indices will be substituted by a single letter with a label denoting the total number of indices. For instance,
ϕr...r i1 ...ik → ϕrs−k ik . The spin-s analogues of the radial gauge conditions (4) and (21) then read
ϕr µs−1 = 0 ,

γi j ϕi j µs−2 = 0 .

(28)

Locally these constraints can be imposed with an on-shell gauge fixing; let us stress, however,
that for spin two this choice is likely to be at the origin of the discrepancy between our
findings and those of [33].
Assuming an expansion in powers of 1/r, the equations of motion lead to two branches
of solutions also in the general, spin-s case. The first one corresponds to radiation: it admits
the leading falloffs
n
ϕus−k ik = r− 2 +k a s [k] (D·) s−k Ci(s)
(u, x j ) ,
(29)
k
where the a s [k] are some coefficients that have been determined in [2]. At the leading order,
this branch thus only depends on the traceless tensor Ci(s)
(u, x j ) and its divergences, and it
s
gives a finite energy flux per unit retarded time at infinity:
Z
P(u) =
γi1 j1 . . . γis js ∂uCi(s)
∂uC (s)
(30)
j1 ... j s dΩn .
1 ...i s
Su

The second branch corresponds to Coulombic solutions with leading falloffs of the form
ϕus−k ik = r1−n

k
X
l=0

b s [k, l] ul Di · · · Di Mi(k−l)
(x j ) + · · · ,
| {z } k−l

(31)

l terms

where we omitted the terms enforcing the traceless projection. It thus depends on k traceless tensors Mi(k)
(x j ) of “integration constants” and gives a finite contribution to higher-spin
k
charges.
The latter depend on the field components and on the parameters of large gauge transformations preserving the leading falloffs (29) as [46, 47]
!
s−1
rn−1 dΩn X s − 1 
ϕus−p i p (r∂r + n + 2p)  us−p−1 i p
r→∞ S (s − 1)!
p
u
p=0


s− p−1
+  us−p−1 i p (s − p − 2) (r∂r + n) ϕus−p i p −
D · ϕus−p−1 i p .
r

Q(u) = − lim

Z

(32)

The spin-s asymptotic symmetries are rather involved and they have been fully exhibited in
[1, 2] only for s = 3. Nevertheless, the charges (32) only depend on the leading order of the
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components rs−k−1 ik of the gauge parameter, that is given by
rs−k−1 ik = r2k

s−k−1
X

c s [k, m] um (D·)m Ki(k+m)
(x j ) ,
k

(33)

m=0

where the tensors Ki(k)
generalise the tensors T , ρi and Ki j that we encountered in subseck
tion 2.2. In particular, they are bound to satisfy appropriate differential equations spelled out
in [2]. Combining (31) and (33) one can see that the contribution of the Coulombic branch
to the charges is manifestly finite. The one of the radiation branch would instead naively
diverge. On the other hand, one can check that for D > 4 the contribution of radiation actually vanishes on shell thanks to the interplay between the relations imposed by the equations
of motion and the differential constraints on the gauge parameters. Moreover, in the same
setup the asymptotic symmetries actually coincide with the solutions of the (a priori more
restrictive) Killing tensor equation δϕµs = 0. When D > 4 the final expression for the spin-s
conserved charge therefore reads
Q=

Z
dΩn
Sn

s−1
X
q=0

d s [q] Ki(q)
M(q) iq ,
q

(34)

where the d s [q] are some normalisation constants fixed by the conventions that we have chosen in (31) and (33). The u−dependence precisely cancels, as required by the conservation of
the charges (32), that is guaranteed when the fields are on-shell and the asymptotic symmetries coincide with the Killing symmetries of the model under investigation.
Let us notice that (34) does not reproduce the Q+s in (11) when one sets all K (q) with q > 0
to zero. The four-dimensional charge Q+s indeed depends on the radiation branch, and this
is crucial in the derivation of Weinberg’s soft theorem. A contribution of the u−dependent
data of radiation is allowed because in this case the asymptotic symmetries do not coincide
with the solutions of the Killing tensor equation. In particular, the function K (0) ≡ T is
not anymore constrained as for Killing tensors, and the corresponding missing cancellations
allow for a dependence on the radiation branch. For more details we refer to section 5 of [2].
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