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The maximum critical temperature for superconductivity in pressurized hydrides appears at the
top of superconducting domes in TC versus pressure curves at a particular pressure, which is not pre-
dicted by standard superconductivity theories. Filling this gap we propose first-principles quantum
calculation of a universal superconducting dome where TC amplification in multigap superconduc-
tivity is driven by the Fano-Feshbach resonance due to configuration interaction between open and
closed pairing channels, i.e., between multiple gaps in the BCS regime, resonating with a single gap
in the BCS-BEC crossover regime. We focus on the a high-order anisotropic van Hove singularity
near the Fermi level observed in band structure calculations of pressurized sulfur hydride, typical
of a supermetal, associated with the array of metallic hydrogen wires modules forming a nanoscale
heterostructure at atomic limit called superstripes phase. In the proposed three dimensional (3D)
phase diagram the critical temperature shows a superconducting dome where TC is a function of
two variables (i) the Lifshitz parameter (η) measuring the separation of the chemical potential from
the Lifshitz transition normalized by the inter-wires coupling and (ii) the effective electron phonon
coupling (g) in the appearing new Fermi surface including phonon softening. The results will be of
help for material design of room temperature superconductors at ambient pressure.

INTRODUCTION

Pressurized sulphur hydride H3S with TC=203 K at
162 GPa, [1] has reached in 2015 the record for the
highest critical temperature, held before by cuprate per-
ovskites since 1986 [2,3,4]. This discovery has been fol-
lowed by superconductivity in lanthanum hydrides with
TC above 260 K [5,6], in yttrium hydrides with TC =
243 K [7,8], and in a ternary carbonaceous sulfur hydride
CSHx [9] reaching room temperature. X-ray diffraction
using focused synchrotron radiation has shown the crys-
talline Im3̄m lattice symmetry of H3S above 103 GPa
[10–13] and X-ray absorption spectroscopy has provided
information on local structure of yttrium hydrides [14].
Recent experimental results show an anomalous super-
conductivity phase [7,8], while conventional superconduc-
tivity [15,16] considering only the pairing of the supercon-
ducting electrons via electron phonon coupling (Cooper
pairs) and a single-gap superconductivity paradigm has
been used to predict and to explain the high critical tem-
perature in pressurized hydrides since the early days [17–
21].

The paradigm shift to multi-gap superconductivity in-

cluding the key role of Majorana exchange interaction
between different condensates [22,23,24] has been pro-
posed [25]. The old single-gap paradigm was found to be
incompatible with band structure calculations of H3S in
the pressure range where the critical temperature shows
its maximum value, TCmax. In fact band structure cal-
culations [25–27], show that:

(i) the applied pressure induces an increasing compres-
sive lattice strain which pushes an incipient density of
states (DOS) peak, due to a van Hove singularity (vHS),
to higher energy and it crosses the Fermi level, [25] which
has been confirmed by several authors [28,29],

(ii) multiple Fermi surfaces coexist in different spots
of the k space, [26],

(iii) the Migdal approximation EFn » ~ω0 in the ap-
pearing nth Fermi surface spot breaks down near the Lif-
shitz transition [27] ,

(iv) the anomalous pressure dependent isotope coeffi-
cient [27] strongly deviates from the single-band constant
value predicted by standard BCS theory.

The Fermi energy EFn in the appearing new nth Fermi
surface spot at the Lifshitz transition and the energy
width of the vHS singularity are of the order of the energy
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of the optical phonon ~ω0=160 meV observed by Capi-
tani et al.[30] in pressurized H3S infrared spectra which
shows a Fano-lineshape with the characteristic strong
asymmetry indicating its interference with electronic de-
grees of freedom at the Fermi level. [31,32]

The van Hove singularity (vHS) has been assigned by
using band structure calculations to an electronic band
of s orbitals due to the network of hydrogen chains with
short H −H hydrogen bonds [27]. The lattice compres-
sive strain due to increasing pressure induces the energy
shift of the vHS which crosses the chemical potential
giving a Lifshitz transition for the appearing of a new
small Fermi surface spot [25] while other Fermi surfaces
contribute to the featureless weak broad background of
the density of states. The Lifshitz transition belongs to
the class of electronic topological transitions [33–36] for
the appearing of a new Fermi surface which are 2.5 or-
der stress induced transitions for non interacting Fermi
gas but these transitions become first order transitions
showing arrested phase separation for strongly interact-
ing fermions [37,38]

The proposed scenario of multigap superconductivity
near a Lifshitz transition in pressurized H3S [26] was
previously proposed by Bianconi, Perali and Valletta
(BPV) for other non BCS superconductors like for hole
doped cuprates [39–43], for diborides [22, 44–47], for iron
doped superconductors [48–52], for organics [53 and 54]
for metallic nanoscale multilayers with nodal lines where
spin-orbit interaction plays a key role in TC amplifica-
tion [55]. for superconductivity [56] at interface of oxide
perovskites which can host also Majorana fermions [57].
The BPV theory focuses on quantum Fano-Feshbach res-
onance which is a fundamental resonance in quantum me-
chanics due to configuration interaction between the open
and the closed scattering channels [22,23,24]. The Fano-
Feshbach resonance was first proposed theoretically in
atomic physics by Fano in 1935 [31,32] and extended by
Feshbach in 1962 in many-body physics of nuclear matter
[58] where it is called shape resonance and it is described
by the multi-channel optical model. This resonance has
to be considered as the interaction varies from short to
long time involving states of the system in which a part
of the system is in the continuum.

In quantum theory of many body systems made of
different electronic components the Fano-Feshbach reso-
nances appear in systems where the Fermi wavelength of
one of the components is of the order of the system size
like in nuclear matter [59,60] and in condensed matter
at nanoscale [61]. Shape resonances have been found in
the final states of x-ray absorption near edge structure
where the photoelectron wavelength is of the order of in-
teratomic distance and the electronic multiple scattering
resonance is degenerate with the continuum [62–64]. The
exchange interaction between condensates was included
in theories for overlapping band by Suhl, Matthias, and
Walker (SMW) [65], Moskalenko [66] and Kondo [67] but

Figure 1. Panel a: The superconducting dome of H3S for
P > 120 GPa with the critical temperature TCmax = 203K
at its top at Popt = 162 GPa with half width of about
43 GPa. Panel b: The superconducting dome of CSHx for
P > 220 GPa with TCmax = 287K at Popt = 265 GPa

they assumed in a first approximation that all intraband
pairing channels in each of the n bands are in the BCS
regime with (EFn � ω0) and the exchange term for
interband pair transfer was assumed to be a constant
parameter with no energy or momentum dependence
therefore the theories of overlapping bands did not
include Fano-Feshbach resonances. The Fano-Feshbach
resonance In the Bogoliubov superconductivity theory
of multigap superconductors is due to configuration
interaction between different pairing channels in different
Fermi surfaces [68] with exchange of pairs between first
condensates in the BCS regime and second condensates
in the BCS-BEC crossover where the momentum and
energy dependence of the exchange interaction between
different coexisting gaps plays a key role while it is
neglected in anisotropic Eliashberg theory of multigap
superconductors. On the contrary, in the BPV theory
[39] the Fano-Feshbach resonance between a first
pairing channel (called closed channel) in the BCS-BEC
crossover regime and the open pairing channels (called
open channels) in other large Fermi surfaces in the
BCS regime has been calculated from the overlap of the
wave-functions of the electron pairs in different bands
determined by the subtle overlap of the wave-functions
of pairs in superlattices of interacting 1D or 2D units. In
ultracold fermion gases the Fano-Feshbach resonance has
been applied in 2004 to generate unconventional fermion
superfluids with a very large ratio of Tc/TF [69,70]. The
quantum amplification mechanism at Fano-Feshbach
resonance near a Lifshitz transition is generated by the
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quantum interference of pairing between: (i) electrons in
the new appearing small Fermi surface with low Fermi
energy and Fermi wavelength λF of the order of the
system size with (ii) electrons in other Fermi surfaces
with very high Fermi energies and very short Fermi
wavelength λF . At optimum TC in the closed pairing
channel, λF is larger but close to the superconducting
coherence length kF ξ0 ∼ 10 [71,72].

Here we propose that the experimental superconduct-
ing dome given by the curves of the critical tempera-
ture TC as a function of pressure P in Fig.1 in sulfur
hydrides are the smoking gun of the Fano-Feshbach res-
onances between pairing channels driven by the variable
lattice strain [39,53,73] which tunes the chemical poten-
tial at a topological Lifshitz transition. In fact panel
(a) of Fig.1 shows that the external pressure induces
a compressive strain of the crystalline lattice constant
ε = 100(a − a0)/a0, where a0 is the lattice constant at
P = 103 GPa where a structural phase transition the
Im3̄m lattice symmetry appears. The superconducting
dome over the strain range 0.5 < ε < 4 shows the maxi-
mum TC at ε = 2.5. Panel b of Fig.1 shows that the width
of superconducting dome observed in CSHx [9] is more
narrow than the width of H3S dome and the maximum
TC is higher.

The Fano-Feshbach resonance in multigap supercon-
ductivity inH3S, is supported by the unusual behavior of
the isotope coefficient. Indeed, the isotope coefficient de-
creases from 2.37 to 0.31 in the range going to the thresh-
old to the top of the superconducting dome [6, 27, 74, and
75] deviating markedly from 0.5 predicted by the single
band BCS theory. A similar anomalous behavior of the
isotope coefficient has been found in the superconducting
dome of cuprate perovskites [76],[41],[43,51].

A nanoscale heterostructure is expected to appear in
compounds made of multiple elements in combination
which include ordering in the lattice and electronic de-
grees of freedom. In pressurized hydrides the nanoscale
heterogeneity is determined by local lattice structure con-
trolled by the effects of the lattice strain resulting from
the interplay between lattice misfit-strain (or chemical
pre-compression) and the external pressure. The mate-
rials show the realization of supersolid phase or super-
stripes phase where condensates made of multiple differ-
ent itinerant and localized electronic states move in a low
dimension, 1D or 2D, nanoscale heterostructure. In pres-
surized hydrides hydrogen atoms in the crystalline unit
cell form nanoscale units, metallic wires, with a complex
impelling order including those originating from either
the nuclear (i.e., nanoscale lattice symmetry) and elec-
tronic symmetries.

The superconductivity in the superstripes phase with
coexisting different localized and delocalized electronic
components moving in complex nanoscale heterostruc-
tures of low dimensional (quasi one.dimensional 1D)

Figure 2. The upper panel shows the unit cell of pressurized
H3S crystal structure at 150 GPa with cubic Im3̄m lattice.
The central and lower panels show that at mesoscale H3S
appears to be made of stacks ofH2 layers (small green dots) in
the [101] plane intercalated by HS layers where S is indicated
by large yellow dots. The central projection of theH3S crystal
shows that the H2 layers are made of atomic hydrogen chains
with the shortest H-H metallic bonds in the [100] direction.

structural units : called chains or stripes or ladders has
been found in
i) A15 intermetallics which have held the record as

having the highest superconducting critical temperature
of 23.2 K from 1973 to 1986. A15 intermetallics like
Nb3Ge andNb3Sn have the same average crystal symme-
try Im3̄m as H3S [68] and show complex textures made
of a 3D network of interacting 1D metallic Nb chains [77].
ii) hole doped cuprate perovskites where 2D networks
of extrinsic stripes with different local lattice distortions
[78–80] appear at nanoscale in the CuO2 atomic layers
facilitated by the polymorphism of perovskite structures
which form metamorphic lattice stripes in mismatched
material systems [81] which is tuned by the lattice misfit
strain [73,82,83], iii) superconducting organics like doped
p-terphenyl [54] where 1D-wires of short hydrogen bonds
have been observed by X-ray diffraction [84] and it was
proposed that the high-TC is driven by Fano-Feshbach
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resonance in the nanoscale superlattice of quantum wires
[53].

Superlattices of two-dimensional (2D) metallic quan-
tum wells at nanoscale have been found in: i) diborides
made of stacks of boron layers intercalated by magnesium
[85–89],
ii) iron-based perovskite superconductors, iso-

structural with electron doped cuprates, [90,91], are
made of stacks of iron atomic layers and the tuning of
the chemical potential near the Lifshitz transition have
been clearly seen in ARPES experiments [52,92,93],
tuned by misfit strain and doping at optimum doping

In this work we present the theoretical prediction of the
superconducting dome for room-temperature supercon-
ductivity in pressurized hydrides due to a Fano-Feshbach
resonance in multigap superconductivity near a Lifshitz
transition in the frame of the multigap superconductivity
scenario discussed recently by several authors [94–105]. A
key feature of our approach is the calculation of exchange
integrals, obtained by the overlap of the wave-functions of
electrons in different Fermi surfaces calculated by solving
the Schroedinger equation for a lattice heterostructure
including the renormalization of the chemical potential
at the Lifshitz transition with the opening of a new su-
perconducting gap, controlled by constraints of the den-
sity equation. The results provide a significant step in
understanding room-temperature superconductivity and
the physical origin of the superconducting dome. More-
over, we propose a road map for the material design of
artificial mesoscopic heterostructures made of nanoscale
quantum wires which can be used by material scientists
to synthesize new room-temperature superconductors at
ambient pressure.

THE HETEROSTRUCTURE AT ATOMIC LIMIT:
SUPERSTRIPES PHASE

According to the claims in the patents [106,107], we
propose the material design of a heterostructure at
atomic limit made of a nanoscale superlattice of weakly
interacting quantum wires [108] which shows the multi-
component electronic structure in the energy window of
the cut-off of the pairing interaction as in pressurized
hydrides. Here we propose the design of a heterostruc-
ture at atomic limit made of superconducting quantum
wires running in the x-direction intercalated by spac-
ers of thickness W with periodicity d = W + L (in
the z-direction). The metallic wires are separated by
spacers which generate a potential barrier. of ampli-
tude V. Although the proposed nanoscale heterostructure
is an oversimplification with respect to the real crystal
structure shown in Fig.2, nevertheless it provides a het-
erostructure which is able to capture the main features of
the DOS at the van Hove singularity near the Fermi level

Figure 3. Bottom panels: total Density of States (DOS)
for the case A, panel a (for the case B, panel b) shown by
the thick solid blue (black) line as a function of the Lif-
shitz parameter η of the superlattice of quantum wires with
weak inter-wire interaction giving the transversal dispersion
∆E = 274 meV (145 meV ). The figure shows also the high
partial DOS curves at the van Hove singularity due to the
upper third subband (red line) with small Fermi energy and
the low partial DOS curves due to first and second subbands
(blue dashed lines) with high Fermi energies. The top panel c
shows the Lifshitz topological transition in the Fermi surfaces
due to the third subband, shown with a solid red line, where
the Fermi surfaces for the first and second subbands are indi-
cated by blue and orange lines. The appearing Fermi surface
due to the third subband changes at three different values of
η indicated in panel a: η1 corresponds to the appearing of
a small tubular Fermi surface in the kx, kz plane; η2 is the
energy where the size of the tubular Fermi surface becomes
large and it is close to the Lifshitz transition for neck disrupt-
ing (opening a neck) where its topology changes from 2D for
η2 to 1D for η3 [25].

of H3S. This heterostructure is a particular case of a su-
persolid stripes crystal [109] called superstripes [52 and
110]. which can be realized with optical lattices in ultra-
cold gases [111]. The lineshape of the DOS peak shows
the features of a high-order anisotropic van Hove singu-
larity typical of a supermetal [112], In this superstripes
phase the superconductivity is calculated using the BPV
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Figure 4. The softening of the phonon energy ω̃0 according
to the Migdal theory, as a function of the intraband electron-
phonon coupling g in the small Fermi surface spot appearing
at the Lifshitz transition for the case A (blue line) and for the
case B (red line)

approach first proposed for striped cuprate perovskites
[39–43, 76, and 113].

We present numerical calculations of multigap super-
conductivity dome of the critical temperature as a func-
tion of pressure where we change both i) the proximity
of the chemical potential from the Lifshitz transition, ii)
the electron-phonon coupling for electrons in the upper
subband and the iii) the phonon softening for increas-
ing electron-phonon coupling g in the disappearing Fermi
surface.

The proximity to the Lifshitz transition is measured
by the Lifshitz parameter η given by the energy differ-
ence between the chemical potential and the energy EL
of the topological Lifshitz transition, which is the band-
edge energy of the highest energy subband, normalized
to the transversal energy dispersion, ∆E, between the
1D metallic chains

η =
µ− EL

∆E
.

The applied external pressure induces the variation
of either i) of the Lifshitz parameter η and ii) of the
electron-phonon coupling joint with phonon energy soft-
ening of the particular phonon mode coupled with the
electrons in the small Fermi surface spot in the new
appearing subband. In the heterostructure of quantum
wires the electrons along the x-direction are free, while
along the z-direction they are subjected to a periodic
potential. Hence, the eigenfunctions ψnkz (z) and the
eigenvalues En(kz), along the confinement direction, can
be computed only numerically by solving a correspond-
ing Kronig-Penney model. The solution of the eigen-
values equation gives the electronic dispersion for the n
subbands. Indeed, in the heterostructure of quantum
wires, the quantum-size effects give a multiband elec-
tronic structure where the subband with higher energy

shows a two-dimensional behavior due to hopping be-
tween 1D-chains. For the numerical calculation of the
superconducting dome of H3S we start with the evalu-
ation of the DOS peak in [27] at EF by using a model
of 1D-chains corresponding to the chains with short H-H
bonds, as shown in Fig.2. We have designed an artificial
nanoscale heterostructure at atomic limit made of quan-
tum wires which reproduces the van Hove singularity
(vHS) of H3S calculated by band structure calculations
[27] in a range of 500 meV around the Fermi energy i.e.,
within the energy cut-off of the pairing interaction rele-
vant for the emergence of superconductivity. We consider
two models (A and B) for the heterostructure made of
stripes of width L = 0.85 nm, spacers of width W = 0.55
nm separated by a potential barrier V characterized by
two different coupling between the quantum wires. The
model A for the case of higher inter-wires coupling is
characterized by a transversal dispersion energy ∆E=
274 meV as it was found in H3S, while model B for the
case of smaller inter-wires coupling is characterized by
a smaller transversal dispersion ∆E = 145 meV , which
is expected to give a sharper superconducting dome and
a higher maximum critical temperature reaching room
temperature. The DOS peak of the vHS and the partial
DOS for the model A and model B as a function of the
Lifshitz parameter are plotted in panel (a) and panel (b)
of Fig.3 respectively. Panel (c) of Fig.3 shows the Lif-
shitz transition for the appearing of a new Fermi surface,
called of type (I), tuning the chemical potential near the
band-edge (η1) of the subband with a critical point where
a new 2D Fermi surface spot appears. The second type
of Lifshitz transition (type II) occurs at the opening of
a neck (or neck disrupting) in the small Fermi surface
with the appearing of a singular nodal point which gives
the sharp DOS maximum at η2 (Fig.3 panel (c)) at the
crossover between the 2D and 1D topology. The nearly
flat portion of the DOS between (type I) and (type II)
Lifshitz transitions in Fig.3 correspond with the regime
where a small 2D Fermi surface with a low Fermi en-
ergy appears. While in previous theoretical descriptions
of the Fano-Feshbach resonance near the Lifshitz transi-
tion the electron-phonon coupling gnn was assumed to be
constant, in this work we take into account that the ex-
ternal pressure changes either the Lifshitz parameter (η)
and the electron-phonon coupling gnn in the appearing
Fermi surface in the upper subband and the renormalized
phonon energy ω̃0 shows the softening according to the
Migdal relation:

ω̃0 = ω0

√
1− 2g. (1)

The relation contains the coupling constant for the metal
forming the superconducting layers for g < 0.5, and it is
used here to qualitatively estimate the effect of the cou-
pling constant on the phonon frequency in the appearing
Fermi surface as it is shown in Fig.4. In our theory, the
variable ω̃0 is also the cut-off energy of the pairing in-
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teraction in the Bogoliubov gap equation which changes
with η. We have fixed, for the case A, ω0 = 330 meV
in order to reproduce with moderate intraband electron
phonon coupling, 0.3 < g < 0.33, the experimental
phonon frequency, ω̃0 = 160 meV [30], measured in pres-
surized H3S at 150 GPa For the case B we have fixed
ω0 = 225 meV , in order to get ω̃0 = ∆E = 145 meV with
moderate intraband electron phonon coupling g = 0.25.

In the case of organic superconductors [53] it has been
shown that the amplification of the critical temperature
in heterostructures of quantum wires and a narrow su-
perconducting dome occurs where the coupling in the
appearing new nth Fermi surface is larger than the in
other Fermi surfaces and the interband coupling is small.
In our model gnn′ is the superconducting dimensionless
coupling constant for the three-band system which has a
matrix structure that depends on the band indices n and
n′.

In this work we confirm previous results [53]: in fact
the superconducting dome with a sharp drop of TC
at both sides of the maximum with a stronger Fano-
Feshbach anti-resonance is generated by a weak intra-
band coupling for the Cooper pairing channel gnn and
weak inter-band exchange channels gnn′ . The Fano-
Feshbach resonance increases the maximum value of TC
at the top of the dome increasing the intra-band coupling
for the Cooper pairing channel gnn in the new appearing
or disappearing Fermi surface.
Moreover the maximum of the critical temperature is ex-
pected to increase where the phonon energy giving the
energy cut off for the pairing processes is of the same
order as the hopping energy between the wires ∆E = ω̃.

When the Lifshitz parameter is tuned between the
band-edge and the van Hove singularity, a new Fermi
surface appears with a very small number density of elec-
trons in the strong coupling limit. The condensates in the
other Fermi surfaces (first and second subband) have a
very high Fermi energy and therefore are in the adiabatic
regime and coexist with a third condensate in the small
Fermi surface where the classical BCS approximations
are violated. In the models (A) and (B) for 0<η<1 a new
closed 2D Fermi surface appears as shown in band struc-
ture calculations [25] for H3S around 160 GPa where the
maximum critical temperature is observed at a top of a
dome. For this heterostructure we assume that quantum
size effects are not negligible and the electron hopping
in the transverse direction is finite so that the quantum
wires can be considered weakly interacting This is re-
flected in the spectrum that appears to split into n sub-
bands characterized by quantized values of the transverse
moment that depends on the band index and the dimen-
sion of the wires.

In the heterostructure of quantum wires the electrons
along the x-direction are free, while along the z direction
they are subjected to a periodic potential V (z):

V (z) = V

∞∑
−∞

θ(W/2− |mλp − z|). (2)

In the periodic potential we assume that the full single-
particle wave-function can be written as

ψn,k,α(r) =
1√
LxLz

eikxxψnkz (z)χα, (3)

where Lx and Lz are the spatial dimensions of the sys-
tem, n is the band index, k = (kx, kz) is the wavevector,
and χα is the spinor part with spin α =↑ or ↓. The corre-
sponding energy eigenvalues, independents from the spin,
are given by

εn(k) =
~2

2mx
k2x + En(kz). (4)

The eigenfunctions ψnkz (z) and the eigenvalues En(kz)
are computed numerically by solving a corresponding
Kronig-Penney model. The solution of the eigenvalues
equation gives the electronic dispersion for the n sub-
bands.

MULTIGAP SUPERCONDUCTIVITY BEYOND
BCS

In the multigap superconducting scenario the exchange
integral for pairs of electrons in different bands plays a
key role for the TC amplification while it is neglected in
the single-band BCS theory. The exchange interaction is
not constant but depends not only on the wave vector
along z but also on the band index, therefore it has a
matrix structure

Unn
′

kzk′z
= −U0

2

∫
S

|ψnkz (z)|2|ψn′k′z
(z)|2dz = −U0

2
Inn

′

kzk′z
,

(5)
where Inn

′

kzk′z
is the pair superposition integral, calcu-

lated considering the interference between electronic
wave functions in different subbands. The non diago-
nal pairing terms (nm) due to the exchange interaction
calculated for model A are shown in Fig.5. The self-
consistent equation for the superconducting gap at zero
temperature can be written as

∆nkz = − 1

2M

∑
n′,k′

Unn
′

kzk′z
∆n′k′z√

(En′(k′)− µ)2 + |∆n′k′z
|2
, (6)

where M is the total number of wavevectors.
In order to take into account the renormalisation of the

chemical potential and charge densities in each subband
when a new superconducting gap appears in a single sub-
band, the joint Bogoliubov gap equation and the charge
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density equation have been solved where the charge den-
sity ρ and the chemical potential in the superconducting
phase are related by

ρ =
1

S

Nb∑
n

∑
kx,kz

(
1− En(kx, kz)− µ√

(En(kx, kz)− µ)2 + ∆2
n,kz

)
, (7)

In this equation the dispersion along kx is parabolic, Nb
is the number of the occupied subbands. The joint so-
lution of the gap equation (3) and the density equation
(4) is essential in order to correctly describe the multi-
gap superconductivity near the Lifshitz transition where
the gap in the upper subband approaches to the Bose-
Einstein condensation.

The superconducting critical temperature is calculated

by iteratively solving the linearized equation

∆nk = − 1

2M

∑
n′k′

Unn
′

kzk′z∆n′k′z

tanh
(

(En′ (k′)−µ)
2TC

)
(En′(k′)− µ)

(8)

until the vanishing solution is reached with increasing
temperature.

Here we present a case of Fano-Feshbach resonant su-
perconductivity giving a superconducting dome where
the top of the dome reaches the high temperature range
200 < Tcmax < 300K of pressurized hydrides much
larger than Tcmax = 123K calculated in a previous work
for cuprates and organics [53]. This result is obtained by
the resonance regime by increasing gaps anisotropy where
the two gaps differ by a sizable factor in the range 2.9-
3.9, at the top of the dome where the coupling strength
in a small Fermi surface spot is in the range 0.3<g<0.42
and the phonon energy scale determines not only a large
prefactor for the critical temperature, but it also induces
a large width of the resonance.

Here following Ref.[53] the superconducting dome is
generated by considering the case where the first and the
second subband being in a weak coupling regime, i.e.,
we use for dimensionless coupling constants the following
values: g11 = g22 = 0.1, while we change the coupling
in the third subbands g33 = g, in the range of values
between 0.10 and 0.49, and in parallel we vary the cut-
off energy, ω0 according to the Migdal relation [114].

In Fig.6 the panel A1 (B1) shows the values of the gap
ratio, 2∆/TC , for the second and third subband for the A
(B) case as a function of the Lifshitz parameter η. The
panel A2 (B2) in Fig.6 shows the trend of the isotope
coefficient for the A (B) case as a function of the Lifshitz
parameter η. All these graphs were obtained at a fixed
coupling value equal to g = 1/4 for the case (A) and at
g = 1/3 for the case (B). At the Lifshitz transition for the
appearing of a new Fermi surface, η = 0, the value of the
gap ratio 2∆/TC is close to the predicted value the BCS
theory (2∆/TC = 3.5) but for 0.5 < η < 1 = 0 we see
strong deviations from the BCS single gap prediction. In
fact, 2∆2/TC reaches a very small value, between 0 and
1, while 2∆3/TC remains approximately constant at the
BCS value. A similar scenario was observed in magne-
sium diboride [48] due to the exchange integral for pairs
transfer between the second and third subbands.
While the BCS theory predicts that the isotope coeffi-
cient should be constant close to the value of 0.5 we
see that the isotope coefficient shows a strong maxi-
mum of the Lifshitz transition η = 0, and a minimum
at 0.5 < η < 1 = 0 near the topological Lifshitz transi-
tion for opening a neck in the Fermi surface of the third
subband, These theoretical predictions are in agreement
with the experiments showing that the isotope coefficient
shows an anomalous trend as a function of pressure in
pressurized sulfur hydrides [27]. I
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A1

B1

A2

B2

Figure 6. Panel A1: gap ratio as a function of the Lifshitz
parameter for g = 1/4 (case (A)) for the second and third
subband. Panel B1: isotope coefficient as a function of the
Lifshitz parameter for g = 1/4 (case (A)). Panel A2: gap
ratio as a function of the Lifshitz parameter for g = 1/3 (case
(B)) for the second and third subband. Panel B2: isotope
coefficient as a function of the Lifshitz parameter for g = 1/3
(case (B)).

In Fig.7 we show the trend of the critical tempera-
ture as a function of the ratio between the gap in the
third subband and the gap in the second subband for the
case A in panel A and for the case B in panel B. The
results clearly show that the maximum critical tempera-
ture is reached with the highest anisotropy between the
gaps. In fact the graph shows that the maximum of TC is
reached when the ratio ∆3/∆2 is maximum. This figure
shows clearly that room-temperature superconductivity
is reached by increasing electron-phonon coupling in the
a small Fermi surface spot pushing up the gap in the ap-
pearing Fermi surface due to the third subband ∆3 while
the gap ∆2 in the second Fermi surface with large Fermi
energy remains small because the electron-phonon cou-
pling remains small. These results show the predicted ef-
fect of Fano-Feshbach resonance driven by the exchange
interaction between closed (strong) pairing channels in
the third subband and open (weak) pairing channels in

A

B

Figure 7. The critical temperature as a function of the ra-
tio between the gap in the third subband and the gap in the
second subband. Panel A represents the trend for the case
(A), while panel B represents the case (B). It can be noted
that in the range 2.6 < ∆3/∆2 < 2.9 (for the case (A)) or
3.5 < ∆3/∆2 < 3.9 (for the case (B)) the critical tempera-
ture increases as the anisotropy between the gaps increases
(blue arrows) until it reaches a maximum value when ∆3/∆2

is maximum, from this point on then the TC decreases al-
most exponentially as the ratio between the gaps decreases
(red arrow). The blue circle represents the point where TC is
maximum, the red circle the point of intersection of the two
opposite trends.

the second subband

SUPERCONDUCTING DOME

In Fig.8 we plot the critical temperature as a function
of the Lifshitz parameter in both semi-logarithmic and
linear scales for variable values of the electron-phonon
(e-ph) coupling in the upper subband. In the linear scale
we see a variable superconducting dome where TCmax in-
creases with g increasing up to g = 0.4 and it decreases in
the range 0.4 < g < 0.5 because of the phonon softening
goes to zero at g = 0.5. In the case (A) the maximum
value of the critical temperature is 250 K, therefore it
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Figure 8. Critical temperature as a function of the Lifshitz
parameter (horizontal axis at the bottom) and as a function
of the energy with respect to the band-edge (horizontal axis
at the top) as the electron-phonon coupling varies, for two
different models: case A (left panels) and case B (right pan-
els). The curves in the bottom panels are plotted in a linear
scale to show the evolution of the superconducting dome and
in a semi-log scale in top panels to show the suppression of
the critical temperature due to the Fano antiresonance of the
left side of the dome. This plot shows that the critical tem-
perature TC for case A reaches a maximum value of 250 K,
while for case B it reaches a maximum value of 330 K.

explain the superconductivity in H3S. While the maxi-
mum TC in case (B) reaches 330 K showing the possibil-
ity of room-temperature superconductivity. The graphs
in semi-logarithmic scale show the typical form of the
Fano-Feshbach anti-resonance which becomes more rel-
evant as g increases. Fig.9 shows the variation of the
critical temperature TC at constant η and the variable
electron-phonon coupling g for the A case. In the anti-
resonant regime −1 < η < 0 we observe a clear feature
of the Fano-Feshbach resonance. In fact at the low en-
ergy side of the Fano-Feshbach resonance between closed
and open channels the negative interference gives the ob-
served TC minimum appearing at η = −0.34 where the
critical temperature decreases with increasing e-ph cou-
pling, on the contrary for η > 0 TC increases with in-
creasing e-ph coupling up to g = 0.4.

Fig.10 shows the critical temperature TC(g,η) as a
function of two variables: (i) the e-ph coupling in the
third subband (g), where g is the reduced Allen-Dynes

Figure 9. The critical temperature TC as a function of the
electron-phonon coupling g at fixed different Lifshitz param-
eters η for the case A. The curves TC(g) in the lower part
of the figure show the case with fixed η in the anti-resonant
regime −1 < η < 0 where the critical temperature decreases
by increasing the electron phonon coupling g reaching a min-
imum at η = −0.34. The upper part of the figure shows the
cases for η > 0 in the resonant regime, where the critical tem-
perature increases by increasing g in the range 0.1 < g < 0.4
with the temperature scale in the right side.

electron-phonon coupling (λ/(1+λ)) [16] and (ii) the Lif-
shitz energy parameter (η). The critical temperature
TC is calculated by BPV approach including the super-
conducting shape resonance between multiple gaps. The
maximum TC of the dome occurs in the (η, g) plane at
the point (1, 0.4) i.e., at the Lifshitz transition for neck
disrupting, at η=1, for opening a neck associated with
a transition from 1D topology at higher energy to a 2D
topology at lower energy of the small appearing Fermi
surface. The universal superconductive dome obtained
in this figure is needed to understand the experimental
dome observed in the experimental curves of the critical
pressure versus pressure TC(P) of sulphur hydrides. In
fact the external pressure induces a joint variation of both
the energy position of the chemical potential with respect
to the band-edge (the Lifshitz parameter η ) as well as the
electron-phonon coupling g in the upper subband along
a line in the (η,g) plane. The variable electron-phonon
coupling is associated with the softening of the phonon
mode energy coupled with electrons in the upper sub-
band according to the Migdal relation. Therefore the ex-
perimental curve of TC vs pressure shown in Fig.1 for a
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Figure 10. Calculated superconducting dome for H3S sim-
ulated using the proposed A model. The critical tempera-
ture is plotted in a color plot from blue (TC = 0K) to red
(TC = 250K) as a function of two variables controlling the
pairing strength in the new appearing small Fermi surface
above the band edge of the third upper subband: (i) the
Lifshitz parameter η measuring the normalized Fermi energy
EF3 in the range 0 < η < 2 and (ii) the reduced Dynes [16]
electron-phonon coupling g=(λ/(1+λ)) with lambda equal to
the bare pair coupling.

particular pressurized hydride is determined by different
cuts of the universal superconductive dome determined
by the particular pathway in the (η,g) plane driven by
variable pressure.

In order to reproduce room-temperature superconduc-
tivity in CSHx we have numerically evaluated the gaps
and critical temperature for the case (B) where we have
decreased the hopping between the wires to simulate the
modified spacer material in CSHx in comparison with
H3S. Therefore we have used the transversal dispersion
∆E = 145 meV to simulate the superconducting dome
of CSHx . The results are shown in Fig.10 and Fig.11.
In the case B the critical temperature TCmax at the top
of the superconducting dome reaches room-temperature
superconductivity.

Tuning the chemical potential, µ, in the proximity of
the band-edge the superconducting system reaches dif-
ferent regimes which are distinguished by the Lifshitz
parameter. At the Lifshitz transition for appearing of
the new Fermi surface spot the Fermi level in the hot
spot is very low and therefore the few electrons there are
strongly coupled with lattice phonons showing the Khon
anomaly and softening with superconductivity competing
with charge density wave (CDW) and phase separation
as it has been observed in doped diborides [85,88] which
show phonon softening at maximum TC [115].

Figure 11. 3D color plot of TC as a function of two variables
(η, g) calculated using the BPV approach for the heterostruc-
ture B, proposed here as the B model for pressurized CSHx.
The critical temperature increases from blue (TC = 0 K) to
red (TC = 300 K) in the (η,g) plane. The superconducting
dome is due to the shape resonance between multiple super-
conducting gaps where the superconducting critical temper-
ature reaches room temperature as shown in the color plot
of (TC) as a function of the Lifshitz parameter η and the
electron-phonon coupling g in the appearing Fermi surface
at the EL energy of the Lifshitz transition The critical tem-
perature reaches room temperature superconductivity where
the multigap superconductor is close to a Lifshitz transition
for neck disrupting with the Lifshitz parameter in the range
0.6 < η < 1 and e-ph coupling close to 0.4.

In the Lifshitz transition for the topological transition
of the type opening a neck the Fano-Feshbach resonance
gives the maximum TC . In fact the BCS condensates,
made of the majority of electrons in the first subbands,
coexist with a minority of electrons in the second sub-
band forming a condensate in BCS-BEC crossover [94
and 116]. These results show that the maximum critical
temperature in the multigap superconducting scenario
can reaches room temperature superconductivity driven
by exchange interaction between different condensates,
neglected in the BCS approximations.

CONCLUSIONS

In conclusion, we have shown that the theory of multi-
gap superconductivity in a superlattice of nanoscale
stripes which was first proposed for high temperature
superconductivity in hole doped cuprate perovskites [39–
43], could provide a quantitative description of room tem-
perature superconductivity in pressurized hydrides. We
have calculated the superconducting domes for two dif-
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ferent cases of the heterostructure of quantum stripes
with larger and smaller hopping between stripes where
the critical temperature is determined by both the Lif-
shitz parameter and the variable electron-phonon cou-
pling in the appearing Fermi surface. The key point of
our work is the solution of the Bogoliubov gap equations
in a multigap system including the Fano.Feshbach res-
onance driven by the variable exchange interaction be-
tween condensates, which is usually neglected in stan-
dard Migdal-Eliashberg theory. We have shown that
multiple gaps in large Fermi surfaces with high Fermi
energy in the weak coupling regime can be amplified by
exchange interaction with a large gap in the strong cou-
pling regime in a small Fermi surface spot. We have pre-
sented cases where the Fano-Feshbach resonance appears
by tuning the chemical potential near an electronic topo-
logical Lifshitz transition in heterostructures of quantum
wires. We have presented two different heterostructures
of quantum wires where the critical temperature reaches
the 200 < Tc < 300K range.
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of Institute of Microelectronics and Microsystems IMM of
Italian National Research Council CNR and Supertripes-
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